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Abstract

Recently, Brezinski has proposed to use Wynn'’s e-algorithm in order to reduce the Gibbs
phenomenon for partial Fourier sums of smooth functions with jumps, by displaying very
convincing numerical experiments. In the present paper we derive analytic estimates for
the error corresponding to a particular class of hypergeometric functions, and obtain the
rate of column convergence for such functions, possibly perturbed by another sufficiently
differentiable function. We also analyze the connection to Padé-Fourier and Padé-Chebyshev
approximants, including those studied recently by Kaber and Maday.
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1 Introduction

For smoothing the Gibbs phenomenon for partial sums S,(f) of Fourier series of functions
f i [-m, 7] = R with jumps, the following procedure, called the complex e-algorithm [Br02], has
been proposed by Brezinsgki. If

Sn()(E) = 5+ D lag cos(jt) + by sin(j),

add 7 times the conjugate part

Su(£)(8) =D la;sin(jt) — bj cos(jt)],

7j=1
in order to get B .
Sn(F)(t) +iSn(£)(t) = Ga(f)(e"),
with G, (f) the nth Taylor series of the (formal) series

o0

G(f)(2) =) ci(H)7, colf) = %, and for j > 1, ¢;(f) = a; —ib;.
j=0

Then apply the e-algorithm to the sequence of partial sums (G, (f)(e)), for fixed , and use the
real part of the resulting quantities eg}c) (t) for approaching f(t) = Re (G(f)(e"). The acceleration
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Figure 1: The modulus of the error of approximation on a logarithmic scale of the Fourier series
of the sew tooth function (1.2). On the left we use the first 7 and on the right the first 17
coefficients of the Fourier series. The error for the partial sums is strongly oscillating, and,
according to the Gibbs phenomenon, remains quite large (about 1/10) even for higher order
Fourier sums. The error for Cesaro means is smoother, but about of the same size, even for
arguments far from 0, the singularity of our function, whereas the de la Vallée-Poussin mean
gives better approximants only far from 0. In contrast, the errors for eéo) and e%%) are much
smaller, even for arguments closer to the singularity.

of Fourier series via the e-algorithm applied to the partial sums of G, (f) has been already
proposed by Peter Wynn [Wy67], without discussing the link with the Gibbs phenomenon.
Wynn gives several examples where classical linear acceleration procedures for Fourier series
like Cesaro means or de la Vallée—Poussin means have convergence behavior clearly weaker than
the one discussed here, see Figure 1 below. In addition to the fast rate of convergence, Brezinski
observed that the real part of the sequence (eé?c) (t))n gives rise to approximations of f with
strongly reduced Gibbs oscillations. Though numerical evidence strongly supports Brezinski’s
smoothing approach, up to now, no theoretical error estimates have been known.

The aim of the present paper is to provide such error estimates for functions f which (either
themselves or their derivatives) have one jump on [—7, 7), but are sufficiently regular elsewhere,
a typical case of solutions of PDEs where spectral methods have a priori a poor convergence
behavior, and there is a need for an acceleration procedure. In [KMO05], the authors discuss the
simple model function f(¢) = sign(cos(t)), and give interesting acceleration properties for k fixed
and n — oo, see [KMO05, Theorem 4.10]. In the present paper we will consider more general
functions of the form f = f; + fo where f; has prescribed discontinuities and is smooth elsewhere
while fo has sufficiently fast decreasing Fourier coefficients. For such type of functions, we will
see that the partial Fourier series converges slowly and presents in particular the so-called Gibbs
phenomenon of oscillation close to the singularities of f (or f1), and the acceleration properties
of the e-algorithm will essentially depend only on f;.

A typical jump function f; considered in this paper is given by (a multiple of) the 27 periodic
saw tooth function

s(t)=m+1t forte (—m,0], s(t)=-m+t forte (0,7, (1.1)

having one jump of absolute value 27 at ¢ = 0 in [—m, 7). We have for the saw tooth function
the Fourier expansion

o0

Su(s)(t) = —2§n: S0  and thus G(s)(2) = 2¢Zz7,j — 2ilog(1—2).  (1.2)
j=1

J =



The error obtained by approximating s(¢) via partial sums and via the e-algorithm are displayed
in Figure 1.

In the present paper we will consider for G(f;) more general hypergeometric functions of the
form

(@8) () = a+ll a,b |\ _\~(a);(0); ;
G *7(z) = o1 ( a+B+2 ‘Z>, where  oF) ( . z) —Z (C;jj!] 2, (1.3)

Jj=0

a,f > -1, and (a)o = 1, (a); =ala+1)---(a+j—1) for j > 0, is the usual Pochhammer
symbol. Throughout, we denote by PISO"B ) the Jacobi polynomial of degree k, orthogonal with
respect to the measure (1 — z)®(1 + z)?dz, such that

1 a+pB+1
@82 v 5.2 Tk+a+1)I'(k+B+1)
/_1(Pk ())"(1 —2)*(1 + z)"dz = 2k+a+B8+1)I(k+a+ B+ 1)k

see for instance [Chi78, Chapter 5, eqn 2.18]. As seen in Table 1(d); — (d)4, (€)2, (f), and verified
by elementary computations, such a class of hypergeometric series allows us to include other
functions f(¢) with a particular jump behavior, like sign(cos(t)) (compare with [KMO05]), having
two discontinuities, or like | sin(%)|, and (1 — cos(t)) s(t), respectively, with first (and second) or-
der derivative having a discontinuity at 0. Moreover, combined with Table 1(a), (b), (c), (€)1, we
may easily construct other examples where the argument is shifted, or where f; € C¢~1([—m, 7)),
with its £th derivative having one discontinuity.

Our main tool in deriving error estimates for the complex e-algorithm will be the connection
to Padé approximation of perturbations of the (shifted) logarithm z — log(1—z) (or more gener-
ally of Stieltjes functions with respect to measures related to the Jacobi orthogonal polynomials)
on the unit circle: indeed, as mentioned already in [Br02], it is well-known that

(1.4)

€5 (1) = [n + K|kl () (1.5)
and hence we will have to estimate the modulus of
F(2) = Re (5 () = Re (G(/)(e") = [n+ KlK]gep) (1)) (1)

In particular, for n — oo and k fixed, we will have to find a Montessus de Ballore type conver-
gence theorem for perturbed Stieltjes functions.

For even f (and hence b; = 0 for all j), S,(f)(arccos(z)) is the partial Chebyshev series of
x — F(z) := f(arccos(z)). Here, according to the well-known formula T);(z) = cos(j arccos(z))

for the Chebyshev polynomials, it is not difficult to see that Re (eg,;) (arccos(z))) is a rational
function in z, the so-called Padé-Chebyshev approximant of type (n + k, k) of g due to Gragg
[BGMY6, pp.383-387]. Following the nomenclature of Baker and Graves-Morris [BGM96, Sec-
tion 7.4], there are other approaches to rational approximation of Chebyshev series, and these
latter methods can also be adapted to Fourier series (see Section 2) or to series of general or-
thogonal polynomials (see, e.g., [GRS92]): for the so-called linear Padé-Chebyshev approximant
REC, = PLG /QLS,, and the nonlinear Padé-Chebyshev approximant RS = PYG/QNC . re-
spectively, we look for polynomials P,%,C,;,P"]Y, ¢ of degree < m and Q,L,fn, ,]X,C?; of degree < n
such that either the linearized error F' Qﬁfn - Prﬁ’(;; or the error F' — R%?L itself is orthogonal to
To,T1, -, Tyytr- Linear Padé-Chebyshev approximants are easy to compute (a solutions of a lin-
ear system of equation with matrix of coefficients being Toeplitz plus Hankel) but require more
coefficients of the Chebyshev series; the acceleration properties of R,I;l(;;l(x) for the sign function
and n fixed, m — oo have been discussed by Kaber and Maday [KMO05]. It was observed numer-
ically by Fleischer [F173] and proved rigorously by Gonchar, Rakhmanov and Suetin in [GRS92]

for Markov functions that nonlinear Padé-Chebyshev diagonal approximants (m = n — oo) have



| f@) G(f)(z) | Padé approximant /reversed denominator |
(a) f(t —to) G(f)(e oz) [n + k|ElG(f)(2) = [n + klk]gf (e7*02)
(b) F(2t) G()(=?) [2n + 2k|2k]G () (2) = [n + K|K] g5 (27)
p(2) + 2" G(f)(2)
©) degp <n,ceC. [n + E|kla(s)(2)
Notice: G(f) = z¢G(*:P) =p(z) + ez [k - 1kla(f) ()
E—, G(f) = Glotn+1-£,8)
(d) G (@B (2) Gn+k—1,k(2) = P;gaJrn’ﬁ)(l - 2z)
—2ilog(l — 2) _ p(n,0)
(d)n 5(t), see (1.1) =2i 2GO0) (2) Inthk(2) = By 7 (1= 22)
sign(cos(t)) = (1 ; n—3%,
L2 gg)(— s((t)zr ) /x G 20(=2?) Gontanan(z) = P20 (14 222)
(d)s [sin(3)| 2 - £GCE0() gurr(2) = BTV 22)
(@ | Isin(®)] +sin(t) 2 - G () Gonroran(z) = B V(1 - 222)
(COS(t) - l)ﬂf(t)a z—1)%* F ¥
© Gje = 2-tA% G, p(2) + SE—[G(H)(2) = G (H)(2)]
biye = 2-LAE, degp < £—1,
t) — 1)Ef(t) p + cztG(xF+20 (atm B +20)
(e)1 (cos( _ Al 2= (5+1) Gnt2e+k-1,k(2) = P (1-22)
G(f)—G( ?) degPSK—LC:W_ﬂ)z k
(e)2 (cos(t) — 1)s(t) —diz + 5G(z) Gnirsrk(2) = PP (1= 22)

Table 1: Some examples for Fourier series f, their associated power series G(f) and explicit
formulas for Padé approzimants [n + k|k] or reversed Padé denominators gy ik (up to a nor-
malization constant). The quantities c,tg,t1,t2, @, 8 occurring in the table are real numbers
(o, > —1), also n,k,L are nonnegative integers (n > —k for cases (a) and (b)), and p are
suitable polynomials, not necessarily the same for different rows of the table.

better approximation properties than the linear ones. However, the nonlinear approximants are
in general difficult to compute, which limits their impact in practical applications. We will show
in Theorem 2.1 below that, provided that f is even and the Padé approximant [n + k|k]g(y) of
G(f) has no poles in the closed unit disk |z| < 1, the nonlinear Padé-Chebyshev approximant

Ré\]ﬁc,k of F = f o arccos is given by

RYG, 1 (cos(t)) = Re (5 (1)) = Re ([n + k[k] () (€%))- (1.7)

This observation, which to our knowledge is original, may help to understand the convergence
properties of Re (egz) (t)). A formal link between the denominators of both rational approximants
has been given before by Paszkowski [Pa63], without mentioning the necessary hypothesis on
the Padé approximant.

The information given in Table 1 requires additional explanations and proofs. Concerning
Table 1(a), we notice that a translation of the argument ¢ of f is equivalent to a multiplication

of the variable z of G(f) with a constant of modulus one

v v

f&)=ft—t) = SaNO)=Su(Nt—t) = G(f)(z)=G(f)e™z), (1.8)
since indeed a; = a; cos(jto) —b; sin(jtp), Iv)j = a; sin(jtg)+b; cos(jto), and thus Cj(f) = dj—ilv)j =

e~c;(f). In the last column of rows (a),(b), and (c) we recall some well-known properties
of Padé approximation [BGM96]. One may express the Padé approximants of G(*#) by means
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n+2k
Input: integers n, k > 0, partial sum G, y2:(2) = Z g;2%, a fixed argument z = e
=0

it

Initialization: for £=0,...,n+ 2k: e(()l) = Gy(2), e(_q =0.
-1
Recurrence: for j=0,2,...,2k—1,for {=0,....,n+2k—j—1: 55'21 = 6§'e_+11) + (€§e+1) - ey))

Output: [+ k|klg(z) =

Table 2: Evaluating the Padé approzimant [n + k|k]g(z) via the e-algorithm.

of the Gauss continued fraction (see, e.g., [Ba75, Chapter 5]), in particular, there exist explicit
formulas for the Padé denominator [Ba75, Eqn. (5.11)] which will enable us to estimate quite
precisely the Padé error on the unit circle of such functions. For the sake of completeness, this
connection between Jacobi orthogonal polynomials and the (reversed) Padé denominators of
G claimed in the last column of Table 1(d) will be shown in Lemma 3.1 in Section 3. The
claims in rows (d); — (d)4 are obtained by combining (d) with the statements of (a) — (c), we
leave the details for the reader. The claims in rows (e), (€)1 and (e)2 are again not too difficult
to verify and left to the reader. From the information in Table 1, we see that, in order to study
the error (1.6) for f being equal to one of the functions s(t), s(t — t1) — s(t — t2), sign(cos(t)),
|sin(%)], or (1 — cos(t))s(t), it is sufficient to estimate the modulus of

G(@.B) (e®) — [n+ k] as (e

(up to some explicitly known constant not depending on 7, k) in terms of the distance of e
to the singularities of f. This will be done in Section 3 below. We will also show that similar
bounds hold true for f = fi + fo with f; as before and f5 sufficiently smooth.

The paper is organized as follows. In Section 2, we exhibit a link between the Padé-Chebyshev
approximants of a Chebyshev series (and more general rational approximants of Fourier series)
and the ordinary Padé approximants of the corresponding Taylor series. We also relate our
analysis to the results of [KMO05]. In Section 3, we study the rate of convergence of Padé
approximants (in a column of the Padé table) to some specific hypergeometric functions, the
real parts of which correspond to functions with prescribed discontinuities, possibly occuring in
higher order derivatives. In Section 4, we extend the previous estimates by adding functions
with continuous derivatives (up to some order depending on the degree of approximation) to the
previous ones. Finally, in Section 5, we present numerical results.

2 Rational approximants of Fourier series

The most efficient way of evaluating the value at z = e’ of a Padé approximant is known to be
Wynn’s e-algorithm, as described in Table 2. In this section, we relate the approximant (1.5)
to other rational approximants such as linear or nonlinear Padé-Chebyshev and Padé-Fourier
approximants.

In what follows we denote as usual by Lo([—7, 7]) the set of square integrable functions on

[—7, 7], with norm
1 [7 1/2
9= (5 [ 1)

—T

For a Fourier series
o0

F(t) =2+ (ajcos(jt) + bjsin(jt)) ,

2 ,
J=1



recall that, by Parceval formula, ||f]|3 = |“g 221 (laj” +1bj|*). We also deal with the
Hardy space Hs of functions G being analytic in the unit disk D, with

1 [ . 1/2
|Gll2 :== lim (—/ |G(re’t)|2dt) < 00.

r—1_\27

One may show, see e.g. [NS91, Chapter 3.3], that for G(z) = Z;io G;2’, one has

1 " it 12 = 2
(61 = 57 [ 1667 =3 65
J:

In particular we may represent such functions by means of the Cauchy formula with contour
being the unit circle T. As a consequence, we have for our real-valued Fourier series f that
[ € Lo([—m,x]) if and only if G(f) € Hs, with

|a0\

IG(AIE = 11715 — (2.1)

We will show in the proof of Theorem 2.1 below that Re (eg,? (t)) is a trigonometric rational
function in t € [—m,n|, with the numerator of degree n + k, and the denominator of degree
k. Following the nomenclature of Baker and Graves-Morris [BGM96, Section 7.4], the quan-
tity Re (egz) (t)) equals the Padé-Fourier approximant of type (n + k, k) of f. There are other
approaches to trigonometric rational approximation of Fourier series, and these latter methods
can be also adapted to series of general orthogonal polynomials, see for instance Section 1 for
Chebyshev series. For the so-called linear Padé Fourier approximant Rﬁfn = PLI;L /QL mn, and

the nonlinear Padé-Fourier approximant R} PN £y Qm n respectively, we look for trigono-
metric polynomials Prﬁ};, PN ' of degree < m and Qm " QNE of degree < m such that either the

linearized error f TLfn Péf;; or the error f — RY 1tself is orthogonal to the functions sin(jt)
and cos(jt) for j =0,1,....,m + n.
We have the following link between these rational approximants.

Theorem 2.1 Letn,k > 0, and consider the real-valued Fourier series f(t) := 9+>72 [a; cos(jt)+
b;sin(jt)] € Lo([—m,7]) together with the associated series G(z) = G(f)(z) = 9 + X272 [a; —
ibj]z7. Suppose that the linear Padé approzimant [n + k|klc = P/Q of G has no poles in the
closed unit disk, i.e.,

G(2)Q(2) — P(2)

Zn—|—2lc—|—1

degP <n+k, degQ <k, is analytic around 0, V|z| <1:Q(z) #0

Then the nonlinear Padé-Fourier approzimant Révfk p of f exists, and

RYE o(t) = Re (5 (8) = Re ([n + k[k]g(e),  te[-mm].

If moreover f(t) = F(cos(t)) is even (and thus b; = 0 for all j), then the nonlinear Padé-

Chebyshev approximant Rka i of the Chebyshev series F(z) = % + Z;’il a;Tj(x) exists, and

RYG (cos(t) = Re (5 () = Re([n + klKlg(¢), ¢ € [~m,xl.

Proof. Denote by P*, and Q*, respectively, the polynomials obtained by taking the complex
conjugate of the coefficients of P, and @, then

P(eit)Q* (e—it) 4 p* (e—z't)Q(eit)

Re (fn + klklo)(e") = =3 S b

=: R(t)

6



Here, the numerator and the denominator are trigonometric polynomials in ¢ of degree n+ k and
k, respectively, showing that R is indeed a candidate for the nonlinear Padé-Fourier approximant
of type (n+k,n) of f. If in addition f is even, then, with the coefficients of G, also the coefficients
of P and @ can be chosen to be real. In this latter case, P = P* and () = Q*, implying that
both numerators and denominator of R(t) are even, and thus cosine polynomials. Using the
relation Tj(z) = cos(j arccos(z)) it follows that R(arccos(z)) is indeed a rational function in
z, and thus a candidate for the nonlinear Padé-Chebyshev approximant of type (n + k,n) of
F = f o arccos.

In order to conclude, we only need to show that the real-valued function f — R is orthogonal
to the functions cos(jt) and sin(jt) for j = 0,1,...,n + 2k. We have for j € {0,1,...,n + 2k}

™ . 7T . . ezt ei
% /_ e‘”t(f(t)—R(t))dt:% [ eiitfaet) - ggezt;+a( b _ L.t)] dt
ari [ [0 - Gl + o [, 00 - Gl

2mi B CItt " 2mi fio)= B ¢

Q<) Q0T

By construction, G is an element of the Hardy space Hs, and so is G — P/ by assumption on
Q. In particular, G — P/Q is analytic in the unit disk and vanishes at zero, and therefore the
second integral on the right-hand side vanishes. The first integral equals the (j + 1)th coefficient
of the Taylor expansion of G — P/() at zero. By assumption, we have that 1/Q is analytic in
the unit disk, and that the first n + 2k + 1 coefficients in the Taylor expansion of GQ — P do
vanish. Hence also the first integral equals zero, and the above claim follows by taking real and
imaginary parts. O

Let us illustrate the previous result with the sign function F(x) = sign(z). We have

(1) = sign(cos(t)) = ~(s(¢ — 5) ~ s(t+ 3)).

3

and, according to (1.8), we get the Chebyshev series expansion

:%Z (1 T27+1 z).

Jj=1

l\.'J

The convergence properties of the linear Padé-Chebyshev approximants RLfk i of the sign func-

tion F'(z) = sign(z) for fixed k and n — oo has been discussed in detail in [KMO5] Paszkowski
[Pa63] gave an explicit expression for the nonlinear Padé-Chebyshev approximants Rgf;c i of the
sign function. Let us recover its denominator via Theorem 2.1: we have to compute the Padé
approximant of G = G(f), an odd function. In this case, it is well-known and easy to verify

that the Padé table of G(f) has a 2 x 2 block structure
[2n + 2k — 1|2k]¢ = [2n + 2k|2k]G = [2n + 2k — 1|2k + 1] = [2n + 2k|2k + 1. (2.2)

In particular, the denominator of the linear Padé approximant of G of degree [2n + 2k|2k + 1]¢
are vanishing at zero, and the hypothesis of Theorem 2.1 fails to hold. However, for the other
three members of the block (2.2), the denominator is the same, and its reversed counterpart has
been given in Table 1(d)s. In particular, all zeros of the denominator lie in (—ioco, —4) U (7, 100).
Thus Theorem 2.1 gives us the following formula for the denominator of the nonlinear Padé-
Chebyshev approximant of the sign function

-1/2,0 ;
QNG o 1o (cos(t) = [P0 (1 4 2¢2i) 2

in terms of a Jacobi orthogonal polynomial.
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Figure 2: The modulus of the error of approximation on a logarithmic scale at © = cos(t) of the
linear and the nonlinear Padé-Chebyshev approximant of F(x) = sign(z).

In contrast, the approximants of index (N, M) for the sign function used in [KMO05] for
N > M — 1 are rational functions of numerator degree 2\ + 1 and denominator degree 2M,
which coincide with the linear Padé—Chebyshev approximants R%J_i_2 k—1,2k = R%,g_%,% forn > 0.
The authors in [KMO05] use an explicit formula for the denominator given by Németh and Péris
in [NP91]. Our numerical experiments reported in Figure 2 for £ = 2 and n € {0,4} seem to
indicate that the nonlinear Padé-Chebyshev approximants have better approximation properties.

3 Error estimates for hypergeometric functions of type G(®#)

In this section we study the Padé approximants to the functions

N +1,1 dp(@B)
G@h)(z) =2F1( aa-l-ﬂ+2 ‘z> :/7111_y(2y)’ (3.1)

where a, 8 > —1 and
- Ma+5+2)
Y= Ta+ DB +1)

We notice that the diagonal Padé approximants [k|k];e.s (and, by Table 1(c), also the off-
diagonal Padé approximants) are the even convergents of the Gauss continued fraction [BaT75,
Chapter 5], from which one may conclude uniform convergence for £ — oo on compact subsets
of C\ [1,400). In the present context we are more interested in convergence on the unit circle
including in particular points close to z = 1. Also, we are interested in convergence of columns
[n + E|k] a8 for fixed k and n — oc.

Here it is useful to recall the well-known explicit representation of the Padé denominator
of G(®#) in terms of Jacobi polynomials [Ba75, Eqn. (5.11)]. Indeed, we just need to use the
representation of G(®#) ag a Stieltjes function, see (3.1), to relate the reversed Padé denominators
to the polynomials orthonormal with respect to the measure du(®#) on [0,1], see [Ba75, Eqn.

(7.7)].

dpt*P)( y* (1 —y)’dy.

Lemma 3.1 Let o, > —1, and k > 0,n > —1 be two integers. The (n + k — 1,k) Padé
denominator Qpyk—1% of G@P) is unique (up to multiplication with a scalar). More precisely,
we may normalize such that for the reversed denominator we get the formula

Qnik—1,(2) = 2" Qnip—1,4(1/2) = v,ﬁ‘,"f)P,S"‘“’ﬁ)(l - 22),



where P,gaJrn’ﬁ) denotes the classical Jacobi polynomial, see (1.4), and

(@B) _ [@k+atn+f+ kN e+ B+ 2)nik-1 (3.2)
o (a0 + Dnyr(B+ 1)k
Moreover, for |z| =1, the following upper bound holds true,
@1 (20 (GP(2) = In + k= 1kl gra ()| € g (3.3)
’ Gt = dist (2, [0, 1])

Proof. We have

6o = [ [1uet et @+ D 4ued) = cua(a) + 760,

where ¢,_1(z) is a polynomial of degree n — 1 in z and

GloB) () — / "yt @D (y)
o l-yz
The Padé approximant [n + & — 1|k](a.s) is obtained from the Padé approximant [k — 1|&] (.5
in the following way

[’I’L + k- 1|k]G(a,3)(z) = cnfl(z) + z”[k — llk]fo"B) (z)

Since G,({X’B )is a Stieltjes function, the reversed Padé denominator C~2n+k_1,k(z) equals the or-
thonormal polynomial of degree k with respect to the measure y"du(a’ﬂ) (y) supported on the
interval [0,1] (up to normalization with a scalar), see, e.g., [Ba75, Eqn. (7.7)]. For the Jacobi
polynomials of indices (a + n, 8), we have

1
| RO 0— 2) PE O (= 2y d N ) =0 for i £ (3.4)
0

and it is easily checked from (1.4) that

' 2 (@4 Dnsr(B+1)
platnb) i o nd,(@B) () = n+k k — (@B -2
/0 ( k ( y)) VA = R atnt Bt kM@t BT Dpp s ke )
(3.5)
Hence, @m_k_l,k(z) = yl(cixf)P,ga+n’ﬂ)(1 — 2z), and these polynomials are orthonormal with re-

spect to the measure y"du(®#) (y).
It is well-known, see e.g. [Br80, Chapter 1, Thm 1.17], that the error of the Padé approximant

[k —1|k] of a function f(z) = ¢ (
by

ﬁ , where c is a linear form acting on the variable z, is given

Z2k‘ T 2
)~ - 1) = e (), (36)

where P is the orthogonal polynomial of degree k with respect to the linear form c. Therefore,

the linearized error of the Padé approximant [k — 1|k] ges) of the Stieltjes function G%a”g ) is
given by

_ P Qn+k—1k(y)?
Qn+k—1,(2) 1—2y

Quek 16(2) (G (2) = b = 1[K] o0 (2)) v dp @) (y)



which leads for G(®8) to the linearized error

z2k+n

~ 2
Qn+k—1,k(y) yndu(a;ﬂ) (y) (37)

_ z G(a’lB) — P _ )=
Qntk—1,(2) ntk—1,k(2) Qnik—14(2) 1-zy

From (3.7) and the orthonormality properties of Qvnﬂc,l’k(z), we obtain for |z| = 1, z # 1 the
following upper bound

1
(@) _ p )‘ < — .
‘Qn—l—k}—l,k‘(z) (Qn+k—1,k(z)G n—I—k‘—l,k(z) = dist (Z, [O, 1])
a
The next lemma gives estimates on the modulus of Qn+k,1’k(eit).
Lemma 3.2 Set
Ven = Quin-16(=1)| = 95 BT (3). (3.8)
Then,
226 (@4 B+ 2)piok(n +E+ 1+ a+ p)
it2 <2 o4 n+2k k 3.9
|Qn+k 1k( )l SVen > k! (a+1)n+k(,8+1)k ) ( )
and for 0 < § < |t| < m, we have
; : 2k (a+B+2
Quik 1 p(€)P > [Quiprp(@)? > ZACEBE Dzt (g _ oz (3.19)

T K (a+ Da(B+ 1

Proof. We recall the following representation of the Jacobi polynomials, see [Sze75, Chap.4,
Eqn 4.21.2, p. 62],

a, +1 —k,k+0&+ +1|1—=x
P,g ﬁ)(x):7( o )2F1( oz—l—lﬁ ‘ 9 ) (3.11)

Thus we get for the reversed denominators

5 (0,8) (@ +n+1)g —ka+n+1+B8+k
Qn+k-1,6(2) =V TZFI atn+1 z). (3.12)

For o, 8 > —1, we denote by a; the coefficient of z* of the o F; polynomial. Then
sign (a;) = sign ((—k)(—=k +1)--- (=k +i—1)) = (=1)",

and the coefficients of @n+k_1 k() have alternating signs, which implies that
maX‘Qn—H@ 1k(z ‘ = ‘ka 1e(— 1)‘-

Denote by z;; € (0,1), j =1,...,k, the zeros of Qn—i—k—l,k- We have

O _ (ep(atnt+ 1) |(=k)l (@+n+B+Ek+ 1) .
Quik—16(=1)| = Y. k! k! @+n+ s [I(-1— =)

< 2k (a,ﬂ)(a+n+ﬂ+k+1)
—_ k' .

Plugging the expression (3.2) of ’y,(caf ) into the square of the last upper bound leads, after some

computations to (3.9). Let us now obtain the lower bound. We can write

k
Qnik-14(2) = Qnik—1,(0) H (1 - i) .
7j=1

lec
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Then we obtain

k
2 (zj+1/zii
‘Qn+k 1,6(e ‘ ‘QnJrk 1,6(0 ‘ Hx— (%—Cos(t))

~ INE
This shows that ‘Qn+k_1yk(e’t)‘ is increasing with ¢ and so, for 0 < 6 < |t| <,

5 NP Nk

‘Qm—kfl,k(e )‘ > ‘Qn+k71,k(€ )‘

r 2

12 f[[ 2| @4-14(0)|
n+k— lk ‘ %
=1 Hj:lxjk

The quotient Qn+k_1,k(0) / Hf 1(=z) equals the leading coefficient of Qn+k 1,k(z), which, in
view of (3.12), equals

(1- cos(é))] = (1 — cos(0))k. (3.13)

:ch

@) atnt g (“krlatn+B+Ek+1) (—1)kq(@? (a+n+B+Ek+1)
o k! (@ +7n+ 1)pk! e k! '

On the other hand,

~ «, a+n, Q, atntl
Qn+k—1,k(0) — Wls;,nﬂ)P]‘(; + ﬂ)(l) — vlsr,nﬂ)(lgi!)k

Making use of these two expressions in (3.13) leads to (3.10). O

Corollary 3.3 Assume f is such that G(f) = G®P). Then, for 0 < § < |t| < 7 and for all
integers k > 0,n > —1, we have that

B (n) < BB+ 1)k(a+ 1)ps1
I£(8) = Re (e (1) < 2k sind(1 — cos§)k(a+ B+ 2)pr1rok’ (3.14)
which implies that, for any 0 < <7, 0 <7 <1 and k >0,
_ - —(1-7)(2k+1)-B
a1 (1) = Re (e (6) = O (v ) s om0 (3.15)

Proof. We know that

f(£) = Re (€5} (£) = Re (G(f) — [n + klkla(p) (™),
and, by (3.3), the modulus of the last expression is less than

k(o + Dns1(B+ 1)k
~ 2ksin (1 —cosd)k(a+ B+ 2)nt142k

(dist (e",[0,1]) |Qn+k,k(eit) |2) B

for 0 < § < |t| < 7, where in the last inequality we have used (3.10). This proves (3.14) from
which (3.15) is immediate. O

This result shows the quite impressive convergence properties of the columns of the Padé table
for the Stieltjes function G(®#). If we fix the parameters § > 0,7 = 0 and the column % of
the table, then the error corresponding to the sequence of approximants [n + k|k](e®) is of
order O(n=2#=1-8) as n tends to infinity. This fact explains for the fast convergence of the

approximants observed when applying the e-algorithm to the Fourier series of functions like
GleB)

11



4 Error estimates for the sum of a G(?) function and a smooth
function

In this section, we show that the results of Corollary 3.3 remain valid when adding a smooth
perturbation to a function f as in Section 3.

Theorem 4.1 Let f = f1+ fo with G(f1) = G*P), a,f > —1, and fo € C™"(R) a 2r—periodic
function such that fz(m) exists almost everywhere, with fQ(m) € Li([0,27]). Let 0 < § < m,
0<7<1, and k > 0 an integer such that m > 5/2+ B+ 2k — 7. Then the following estimate
holds true

— (n) — —(1=7)(2k+1)-p
J/HITnSaéSW |f(t) —Re (e (1)) = O (n ) as n — oo.

In the sequel, we set
pk,n(x) = fyl(C‘;V'vaﬂ)Plgoz—f-n:ﬂ)(l o 2$)’

that is, py , is the orthonormal polynomial of degree k with respect to the measure ydp(®P) (y)
(and thus the reversed (n+ k — 1, k) Padé denominator of G(f1), see the preceding section). We
also set

En(f) =1 = Sn-a(f)

for the remainder of order n in the Fourier expansion of f.
Before proving Theorem 4.1, we establish three preliminary lemmas.

Lemma 4.2 Let f = f1 + fo be a function on [—m, 7] with G(f1) = G*P) and assume that
the Fourier coefficients of fo decrease sufficiently fast. Namely, we suppose that there exists an
Ny > 0 such that, for all n > Ny,

k
LATATA DI AR (41)
Jj=0

where the numbers vj, = |pjn(—1)| have been defined in (3.8). Then, for all n > Ny, the
(n+k—1,k) Padé denominator Qnik—1% of G(f) is unique (up to multiplication with a scalar),
and its reversed counterpart admits the decomposition

k-1
Qnik 16(2) = Pen(2) + D ajkmPin(2), (4.2)
Jj=0

with coefficients a; k., satisfying
|ajen| < 20k nllEn(f2)ll2 <1, 7=0,....,k—1. (4.3)

Proof. Let ¢{™ be the linear form acting on the space of polynomials such that ) (27) is the
coefficient of 2"*7 in the power series of G(f). In view of the integral representation (3.1) of
G and the Cauchy formula for G(f,) € Hy,

_ 1 G(f2)(§)
G(f2)(2) = 2_7”-/|§|_1 fjdf,
we have that for any polynomial P,
)= [yrwaedw o [ eme(g)odos ws

12



The second integral equals

L[ epeya) (16 de = 2L

211 |§|:1 27T’L

/ﬁ_1 1P () gu(1/€)dE,

where in the last inequality we have set ¢,(§) = G(E,(f2))(£), and have used the fact that
EH(fo(1/€) — En(f2)(1/€)) = ™18, 1(f2)(1/€) is analytic in the closed unit disk.

Let us suppose for a moment that there is a reversed denominator ©n+k—1,k of the Padé
approximant [n + k — 1|k]g(s) which is of degree exactly k. Then, after possibly multiplying
with a scalar, there exists coefficients a; j , such that (4.2) holds. The order condition for the
linearized Padé error yields the orthogonality conditions

" (Quak—1kPjn) =0, §=0,...,k— 1L (4.5)
Setting
Ay =g [ € O ©on (D, 15 =0. k1,
these orthogonality relations rewrite as
(I—A)a=b,
where A denotes the matrix (A ;)i j=0. k1,8 = (@0 kn,---10k—1kn)" andb = (Agg, ..., Ax_1x)"

From the Cauchy-Schwarz inequality together with (2.1) and (3.9) we obtain that

2 1 2
Al < (% /m _ Pin@pa(©)F |d§|)( /| s /9 |d§|) < 22, | Bn(£2) 3

(4.6)
so that, in view of (4.1), we have the following upper bound for the Frobenius norm of A,

2
1
1AlI% = Z AZ) < |IBa(f2)l3 Z <7
Lj=0
As a consequence, the matrix (I — A) is invertible and the vector a = (agn,---,8k—1kn)" i8
given by
o
=T -A)"b=>" A™.
m=0
Let us show by induction on m that
VjnVg, .
Vm >0, |(A"b);| < TEEIE(fo)ll2, 5 =0,k — 1 (4.7)

When m = 0, this is true, see (4.6). Assume we have

_ VinVkn .
|(A™10)j] < L En(fo)ll2, 4 =0,k L.

Then,
k—1
(Amb)f < (ZA )z\mm—w

2
ZVZn MEa(f2)l3)

<47 k:,n j,n||E’fl(f2)||2'

3
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where in the last inequality we have used (4.1). Hence, (4.7) holds true for any m € N. Tt
implies that
o0
|ajkml < D I(A™D);] < 205kl En(fo) 2,
m=0

where the last upper bound is less than 1 in view of (4.1).

It finally remains to show that @, x—_1 x is necessarily of degree k (which also implies that this
reversed Padé denominator is unique up to multiplication with a constant). By contradiction,

suppose that x := deg Qnir—1,1 < k. Then, after possibly multiplying with a scalar, we may
write

k=1
Qn—|—k71,k(z) = pn,n(z) + Z aj:’{'anpj!n(z)’
=0

and get the same estimates for the coefficients A; ; and a; . In particular, relation (4.5) for
7 =k leads to

K—1
0= |c(n) (pn,nQn—Hc—l,k:)' = |1 - An,n - Z aj,n,nAn,j|
=0

k—1

1 1
>1— Akl — Z || [Ar,jl > 1 — Vf%,n |1 En(f2)|| — §Vg,n | En(f2) > 1
=0
a contradiction. Hence deg Qvnﬂc,l,k =k. O

We now give a lower bound for the modulus of Qvnﬂc,l,k(z).

Lemma 4.3 Let f = f1 + fo satisfy the assumptions of Lemma 4.2. Then, for all n > Ny, we
have

~ . 1 - . T/ k(B +k
|Qnk—1.6(€)] > §|pk7n(e”)|, provided that 5% <t < . (4.8)

Proof. By the interlacing property of the (simple) zeros z;; € (0,1), I = 1,...,j, of the
orthonormal polynomials p; ,, we can write

Piminle) g Bu gy g

pin(2) iz @y

with ;; > 0. Then,

Pi-1n(2) z]: |zl By
Pjn(?) — |z = wi5] |21
< max | % | |Pi=12(0) 1 Pj-1,n(0)
TSGR Ty pj,n(o) B diSt(z, [O, 1]) pj,n(o) '
Since p;,(0) = 'yj(-,o;;’g)Pj(n”La”B)(l), we obtain using (3.11) that, for j = 1,..., k,
) + )
pj_l,nm)\ el [P
pin(0) | HleB) | pletmd)(q)
_ [2i—l+a+ftn (B +7) - Vk(B+k)
2j+1l+a+B+n(a+B+n+j)a+j+n) - n—-1

14



Thus, by assumption on ¢,

pj—1n(e") 1 KB+k) 1 FB+R) _1

Pjn(e™) ‘_ dist(e®,[0,1]) n—1 ~ sinft/2] n—-1 — 3

Since from (4.3) we know that |a; .| < 1, we obtain

k-1 1

3k—J
=0

py, e
Dk, n

k—
Qnik 1 k(e Pjn(e”
zt Za]’k’" it Z
Pk (e't) kn (et

j=0

.

Lemma 4.4 Let f = f1 + fo satisfy the assumptions of Lemma 4.2, and let

enk(2) = G(f)(2) = [n + k = 1[Elg(p) (2),

be the error corresponding to the Padé approzimant [n+ k — 1|k]G(f). Then for all n > Ny and
|z| =1 we have

2
2 < — 4.

|Qntk—1,k(2) €enk(2)] < dist (=, 0, 1]) +4an]20||En+J (/2)ll2- (4.9)
Proof. By adapting the reasoning leading to (3.7), the error e, x(z) can be written in the
following way

n+2k 2) 2
en(2) = 5 ™ Qnii14(2)” ;
Qn+r—1,k(2) 1—zz

where ¢{™) has been defined at the beginning of the proof of Lemma 4.2. Replacing ¢(™ by the
expression obtained there, we get

Qn+k—1,k(z)2en k:( )

ik [ @nik-16®)? (a,8) ZhH2k € Qukh—1,6(8)? )
1—yz Y (y) + 271 /g 1 1—¢2 gn(1/€)d¢

Let us denote by I; and I the two terms in the previous sum. We first bound the modulus of
I. Using the decomposition (4.2), we have

z

Qnak—16®)° = D Gk ik nPin(¥)PLa(y),
Jii=0

where ay, 1, = 1. From the orthonormality of the p; , with respect to the measure y"dp(P) (y)
and the fact that |z| = 1, we obtain

|71] < dist (z, [0, 1])_1/@n+k1,k(y)2y"dli(a”3)( ) = dist(z, [0, 1]) lza’jk)n (4.10)

Moreover, from (4.3) and assumption (4.1), we derive that
k—1 k1
> @ < WRLNEIB | v ] <1,

15



which, together with (4.10) and the fact that ay , = 1, shows that

|I1| < 2/dist (z,]0,1]). (4.11)
For the second term, we have

Zn+2k e 14
I, = j n=l4] 1
R J T Bt /)

zn+2k - Li )

= DY [ eI k€010
™ §=0 [§]=1

where in the second equality, we have used the fact that £"*=1(g,1; — g,)(1/€) is analytic in
the unit disk. Then, by applying the Cauchy-Schwarz inequality to the integrals, we obtain that

the modulus of I satisfies
1/2
2
3w o ® |d§|]

00
= maX‘Qn—l—k 1k ‘Z n+j f2 ||2 (4-12)
7=0

o0
|| < ﬁaX‘ka 1,6(2 ‘Z

Using (4.2), (4.1), (4.3), and the first inequality in (3.9), we obtain, for n > Nj and |z| =1,

2 2
k—1

~ 2

‘Qn+k—1,k(z)‘ = D aiknpin(2)| <2 vin+ D ajkapin(2)
k-1 2

< 2an+8an||E f2 ||2 V,n S41/1%,71'
j=0
Hence, inequality (4.9) follows from (4.11) and (4.12). O

Proof of Theorem 4.1. Since fQ(m) € Ly, we know from the Riemann-Lebesgue Lemma [Ru87,
(5.14)] that its Fourier coefficients satisfy

lay (F5™)] + by (£5™)] = 0(1) as j — oo,

Taking into account that |a]( )| + |b; ( ))\ = j™(la;(f2)] + |bj(f2)|) for j > 1, we may
conclude that, as n — oo,

1En(fo)ll2 = o(n'?7™), Y lEnsi(£2)ll2 = o(n®>7™).
j=0

On the other hand, we know from (3.9) that I/]%,n = O(n?*+148) as n — oo for fixed a, B, k, and
1/2—m+2k+1+ 8 <71 —1<0, by assumption on fy and 7. Hence, as n — oo,

k 00
IBn(f2)ll2 [ D vin | =0(1), vin Y 1Entj(f2)ll2 = o(nT),
Jj=0

§=0

and the assumption of Lemma 4.2 is true for sufficiently large Nj, by the choice of m. We also

observe that
0 ] m A/ k(B + k)
—, 7| C | =YL
n’ 3 n—1

16
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function - approximant Regwk\k}(exp(i'l)))l —_— [function - approximant Re((gmklk](exp(i‘l)))\

_— function - partial sum of order n+2*k| _— [function - partial sum of order n+2*k|

““““ function - Cesaro/Fejer mean of partial sum| AR [function - Cesaro/Fejer mean of partial sum|
|function - de la Vallee Poussin mean of partial sum| function - de la Vallee Poussin mean of partial sum|

Figure 3: The modulus of the error of approximation on a logarithmic scale of the Fourier series
of f(t) = |sin(%)|. On the left we use the first 7 and on the right the first 17 coefficients of the
Fourier series.

for sufficiently large n by assumption on §, 7.
Using Lemmas 4.3 and 4.4 we get for the Padé error that

max ‘e (eit)‘ <  max A 2 +o(n")
s/nm<|tj<m = o/nr<lti<n |py g (eit)|? Ldist (€2/77, [0, 1)) nee )
and hence Theorem 4.1 follows from (3.10). ONotice that, according to the explicit form

of Lemmas 4.3 and 4.4, it would be possible to give more explicit bounds for the Padé error in
case where explicit expressions for || E,(f2)||2 are available.

5 Numerical results
We have seen already in Figure 1 that for the saw tooth function s of (1.2) and hence
G(s)(z) = —2ilog(1 — z) = 2i2GY (2)

(compare with Table 1(d;)) we have an impressive acceleration of convergence via the e-algorithm
even for low order. Indeed, as shown in Corollary 3.3, the error is dominated by the Padé error
on the unit circle of the diagonal approximants [3|3]¢(s)(2) = 2i2 [2|3] 0.0 (2) and [8[8]g(y) (2) =
2i2 [7|8] go.0) (2), which is quite small: for the second approximant we obtain for z = €%, § =
7/4 < |[t| < 7 from Corollary 3.3 the upper bound 3.57 1078 /[sin §(1 — cos §)®] = 8.0810~7,
which is approximately attained for ¢ = §.

Let us compare in Figure 3 these findings with a 27-periodic function being C° but having
a derivative with a discontinuity at zero, namely

: cos cos cos z ~(—1
f(t) = |Sln(%)| = % - §x5>(<t7)r - 45><7E<2;) - 47><9(>?fr) e = G(f)(z) = % - g_WG( 2’1)(2)

(compare with Table 1(d;)). We again observe that the error for the partial sums is strongly
oscillating, and remains quite large even for higher order Fourier sums, namely about 1/100 for
order 7, and 1/1000 for order 17 (smaller as for the saw tooth function in Figure 1, since of
cause the latter function is less regular). In this example we see that both linear acceleration
procedures, namely the Cesaro means and the de la Vallée-Poussin mean, give very disappointing
results (in what follows we will no longer display them). According to Table 1(c), the error
obtained by the real part of egfc) (t) (here for k = 3 and k = 8) is dominated by 5= times
the error on the unit circle of [k — 1|k]G(7 41)» the latter being estimated in Corollary 3.3.
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error for n=0, k=2 _— error for n=0, k=2
error for n=4, k=2 _— error for n=0, k=4
error for n=8, k=2 error for n=0, k=6
error for n=16, k=2 _ error for n=0, k=10

error for n=0, k=2 _— error for n=0,
error for n=4, k=2 —_— error for n=0,
error for n=8, k=2 error for n=0,
error for n=16, k=2 —_— error for n=0,

k=2
k=4
k=6
k=1

0

Figure 4: The modulus of the error of approximation on a logarithmic scale of the Fourier series
of f1(t) = s(t — m) (on the top) and of f(t) = f1(t) + (1 — cos(t))3s(t) (on the bottom). On the
left we display the error for 64(1%) and on the right for eﬂ%, £=0,2,4,8.

Again, even for arguments close to the singularity ¢ = 0 we have a quite impressive convergence
improvement. We should mention that all numerical experiments have been performed using
Maple with sufficiently high precision such that rounding errors can be neglected.

In our last example in Figure 4 we consider the functions

filt) =s(t—m) ¢C°%  falt) = (1 —cos(t))®s(t) € C°\ C°

and hence G(f1)(z) = —2izG(®0)(—z). We compare the improvements obtained for columns
of the Padé table (here k = 2 and n = 2¢ for £ € {0,2,4,8}) and diagonals (here n = 0 and
k=2+¢for £ € {0,2,4,8}). Notice that the number of terms of the Fourier series required
for 65125) and for eﬂﬂ is the same (namely 5 + 2¢). We observe that in both cases there is
improvement of convergence for increasing £, however, the rate is much more interesting for our

(0)

diagonal sequence €,_,,, in particular for f(t) = fi(t).

The error for eg%) on the bottom of Figure 4 (that is, f(t) = f1(¢) + f2(¢)) and sufficiently
large £ has been discussed (implicitly) in Theorem 4.1: since G(f1)(z) = —2izG0(—z), we
replace z = et by —z = /™), and set k = 2, a = 8 = 0. Also, f, € C5, and £{” € L; (with
one jump), such that m = 6, showing that the asymptotic rate @(n5(1-7)) of Theorem 4.1 is
valid for all 0 < 7 < 1. In order to be more precise for finite n, we have to to compute explicitly
the quantity No (or even Nj for diagonal sequences) in the hypothesis of Lemma 4.2. Observe

18



that, by (3.8) and (3.11),

ZVf,n =(n+1D)+n+3)2n+3)2+(n+5)(n+2)22n+5)2 <5(n+5)(n+2)4
§=0

and from Table 1(e); for n > 3

2 = Sncs (B mep < AC 00 30 (G2 < () 3 (0P < B n =)
j=n—3 J j=n—2 ‘7)7 3

Thus, with the very rough choice Ny > 83, the hypothesis of Lemma 4.2 is true, and a combi-
nation of Lemma 4.3, Lemma 4.4, and (3.10) enables us to establish more explicit bounds for
n 2 N2.

Finally, we should comment on the peak of the error on the lower right plot of Figure 4
around ¢ = 0: indeed, the influence of fo on [n+ k|k]g(y,+f,) is negligible for fixed k and n — oo,
but this is no longer true for fixed n and £ — oo: here the zeros of the Padé denominator also
detect the singularities of G(f2).

6 Conclusion

In the present paper we have established a link between the complex e-algorithm applied to
partial Fourier sums, and the non-linear Padé-Chebyshev and Padé-Fourier approximants. We
were able to show by deriving explicit error estimates for a class of hypergeometric functions
that the complex e-algorithm allows one to accelerate convergence of partial Fourier sums. In
particular, as observed numerically by Brezinski [Br02], this technique allows one to smooth the
Gibbs phenomenon for functions which either themselves or their higher order derivatives have
a jump. Finally we have shown that the rate of convergence for columns is preserved even after
smooth perturbations of the underlying function.

There are several open questions in this field of research: we have seen in our numerical
experiments that, for ray sequences of the form & = [An] with A > 0, we get a rate of convergence
better than that of columns (k fixed). Here one could derive a result similar to Theorem 4.1
by using the strong asymptotics of Jacobi polynomials with varying parameters as derived in
[GS91, MOO05]. However, then for the hypothesis (4.1) we would require very smooth fo with
exponentially decaying || E,(f2)||2, obtained for instance for rational G(f2). It would also be
interesting to combine our findings with those of Rakhmanov [Ra77] who discusses the error of
diagonal Padé approximants where G(f1) is a Stieltjes function and G(f2) is rational.

A nice test function s, not included in our class of hypergeometric functions would be the
m-th primitive of the saw tooth function s of (1.1), with j-th derivative being continuous for all
j # m, and having one jump for j = m. Notice that, by (1.2),

O i Am+l ol m
4m Z 2 2 log(1/y
G(sm)(z) = 2i*™*! jml = Z/O M,
j=1

m! 1—-yz

that is, we essentially get a Stieltjes function. Therfore, it would be interesting to extend
Corollary 3.3 and Theorem 4.1 to general Stieltjes functions.

Also it would be nice to understand the convergence behavior for functions f having several
jumps, like t — fo(t) = s(t —tg) — s(t+tp), having two jumps at +t¢, and reducing to a multiple
of t — sign(cos(t)) for t¢ = m/2. One may derive an explicit formula for the diagonal Padé
denominators of G(fy), showing that the poles stay outside the unit disk, but are no longer on

the real axis but now on a circle orthogonal to the unit circle and intersecting the unit circle at
+ito
e*"o.
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In addition, for spectral methods in PDEs, the datas are non necessarily available as partial
sums of Fourier or Chebyshev series, but also of Legendre series. We suspect that by exploiting
the link with Baker-Gammel approximants [BGM96, Section 7.2] we should get similar conver-
gence results.

Finally, a different approach for smoothing the Gibbs phenomenon for functions f with jumps
at t = 0 is discussed by Driscoll and Fornberg [DF01] who construct approximants of the form

[p1(2) + S(¢)p2(8)]/p3(t)

with pi,po,ps suitable trigonometric polynomials. Though numerical experiences show that
this approach seems promising, no error estimates have been given so far. We expect that the
technique of Hermite-Padé approximation of Nikishin systems should give more insight in the
convergence behavior.

References

[Ba75]  G.A. Baker, Essentials of Padé approximants, Academic Press, London (1975).

[BGM96] G.A. Baker, P. Graves-Morris, Padé approximants (second edition), Cambridge Uni-
versity Press, 1996.

[Br80] C. Brezinski, Padé-Type approximation and General Orthogonal Polynomials,
Birkhauser Verlag (1980).

[Br02]  C. Brezinski, Extrapolation algorithms for filtering series of functions, and treating
the Gibbs phenomenon, Numer. Algorithms 36 (2004) 309-329.

[Chi78] T. Chihara, An introduction to orthogonal polynomials. Maths and its Applications,
Gordon and Breach eds, (1978).

[DF01] T. Driscoll, B. Fornberg, A Padé-based algorithm for overcoming the Gibbs phe-
nomenon, Numer. Algorithms 26 (2001) 77-92.

[F173] J. Fleischer, Nonlinear Padé approximants for Legendre series, J. of Math. and Physics
14 (1973), 246-248.

[GS91] W. Gawronski and B. Shawyer, Strong asymptotics and the limit distribution of the
zeros of Jacobi polynomials Pr(lan+a’bn+’3 ), in P. Nevai and A. Pinkus, Eds., Progress

in Approximation Theory, 379-404, Academic Press, New York, 1991.

[GRS92] A.A. Gonchar, E.A. Rakhmanov, S.P. Suetin, On the rate of convergence of Padé
approximants of orthogonal expansions, in Progress in Approximation theory, A.A.
Gonchar & E.B. Saff, eds., Springer Verlag (1992) 169-190.

[KM05] S.M. Kaber, Y. Maday, Analysis of some Padé-Chebyshev approximants, Siam J.
Numer. Anal. 43 (2005) 437-454.

[MOO05] A. Martinez—Finkelshtein and R. Orive, Riemann-Hilbert analysis for Jacobi polyno-
mials orthogonal on a single contour, J. Approx. Theory 134 (2005) 137-170.

[NP91] G. Németh, G. Péris, The Gibbs phenomenon in generalized Padé approximation, J.
Math. Physics 26 (1985) 1175-1178.

[NS91] E. M. Nikishin & V. N. Sorokin, “Rational Approximations and Orthogonality”, Trans-
lations of Mathematical Monographs 92, Am. Math. Soc., Providence, R.I. (1991).

20



[Pa63]

[Ra77]

[Ru87]
[SzeT5]

[Wy67]

S. Paszkowski, Approximation uniforme des fonctions continues par des fonctions ra-
tionnelles, Zastosow. Math. 6 (1963) 441-458.

E.A. Rakhmanov, Convergence of diagonal Padé approximants, Math. Sbornik 33
(1977) 243-260.

W. Rudin, Real and Complex Analysis, McGraw-Hill, Singapore (1987).

G. Szegd, Orthogonal Polynomials, American Mathematical Society, Colloquium Pub-
lications Vol XXIII, 1975.

P. Wynn, Transformations to accelerate the convergence of Fourier series, in: Gertrude
Blanch Anniversary Volume, Wright Patterson Air Force Base, Aerospace Research
Laboratories, Office of Aerospace Research, United States Air Force (1967) 339-379.

21



