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Algorithm

© Resource sharing problem between d customers

@ Resource = money, memory
o Maximum need for a customer = m
o Total amount of available resource = L x m<dxm, L >0

© Modelization by a process
R, = (R},...,RY)

@ R) = resource allocated
@ to the customer i € {1,...,d}
e at time n
© Questions of interest
s Dynamics for (Rp)n>0 ?
¢ Behavior for m large 7
@ Deadlock = breakdown of the system
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Modelization

@ Markovian dynamics for (R,)n>0
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Modelization

@ Markovian dynamics for (R,)n>0

s Constant transition probabilities (Ellis'77, Flajolet'86,
Louchard-Schott’ 91)

@ Influence of the spatial position (Maier'91)

¢ Probabilities governed by a dynamical system
(Guillotin-Schott’02)

q(T"x,te1), ..., q(T"x, teq)

© CDS: Transitions governed by a Markovian environment

q(fn)iel)) ceey q(fnaied)

© Properties of the deadlock time ?

o Behavior for m large: scaling properties 7
o Expectation ? Law ? (After scaling)

@ Influence of the environment ?
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Typical Behavior (Constant Transition Probabilities)

@ If the drift is directed to the absorption area

/

© Absorption time ~ m due to typical paths
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Typical Behavior (Constant Transition Probabilities)

Q If the drift is null (“diffusive case”)

®

@ Absorption time ~ m? due to normal fluctuations
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Typical Behavior (Constant Transition Probabilities)

© If the drift is directed to the origin (“stable case”)

@ Absorption time ~ exp(Cm) due to large deviations
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Part |- Framework and assumptions

Environment: Markov chain (£,)n>0

[0 Finite state space: transition matrix P

O Irreducible chain: invariant probab. measure u

Transition probabilities of the non-reflected walk (S,)n>0

p(Sn/m,&q,£e)), j€{1,...,d}

O p(y,i,=+e) Lipschitz in y

O Ellipticity: p(y,i,+e) >0

Transition probabilities of the reflected walk (Rp)n>1
q(Ra/m, &n, £e), j€{1,...,d}

Reflection aly. I.’_ej) = 0 fory; =0
q(y.i.e)) = 0 fory;=1
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Part |- Framework and assumptions

Transition probabilities of the reflected walk (Rp)n>1
q(y,i,xe) = p(y,i,Le)) for0<y <1
q(y,i,e) = ply,i,e)+ply,i,—e) foryj=0
qly,i,—e) = ply,i.g)+ply,i,—¢) fory; =1
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@ Local drift
fly,i)= > [ply,i,u)ul],

u=te;
y = location of the walk, i = state of the environment
© Averaged drift
Fly) =Y _u(i)f(y. i)

icE
© Decomposition of the non-reflected walk

n—1
S, =5Sp+ Z f(m™ 1Sk, &) + Mart.
k=0
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© Decomposition of the non-reflected walk

[mt]—1
ng) = m_lstmtJ = Eém)—l—m_l Z F(m™ Sk, &)+m Mart.
k=0
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© Decomposition of the non-reflected walk

t
S = m S ey~ 55 / F(5™)ds + m™"Mart.
0
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© Decomposition of the non-reflected walk

Hyperbolic Scaling

c (St(m) = m_lsLmtJ)tZO — (st)t>0
proba

ODE — = f(st)
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Hyperbolic Scaling

@ Non-reflected (5{™ = M8 me) )20 - (st)e>0
proba

ODE — = f(s)

Reflected DE — =f(r) - —

© (kt)e>0 pushing process

- 0 ifo<ri<i1 -
dk’ . ; t
—dtt: <0 ifrf=0 /

>0 ifri=1 —
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Reflection: formal definition

© Skorohod problem:
Yw : t € [0, +00) — wy € R¥(wp € [0,1]9) continuous,
(x, k) :t€[0,+00) — (x¢, ke) € [0,1]9 x RY with k.
locally bounded variation, such that

W = Xt + ki,

t t
k= [ medldes el = [ Tgcopandikds.
0 0

with ng unit outward normals to 9[0,1]? at xs.
Let Vg, the Skorohod map w. — x..
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Reflection: formal definition

@ Skorohod problem:
Yw : t €[0,+00) — w; € R (wp € [0,1]%) continuous,
(x, k) :t€[0,+00) — (x¢, k) € [0,1]9 x RY with k.
locally bounded variation, such that

Wy = Xt + ki,

t t
k= [ medlkdes el = [ Tgcopandikds.
0 0

with ns unit outward normals to 9[0,1]¢ at xs.
Let Wgy the Skorohod map w. — x..
drt _ 7 dkt
O Reflected DE P f(re) — o

= unique solution of r. = Vg (ro + / l_((ft)dt>
0
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Part II- Diffusive case (f = 0) CDS'07

© Law of Large Numbers for Reflected walk

(I_?t.gm) = m_lRLmtJ)tEO — (re)e>o0
proba

drt 7 dkt
Ref.DE E = f(rt — E
@ Assume . Then, the limit is trivial !
Ref. DE ﬂ =0.
dt

Theorem [CDS, Rand.Struct.Algo.'07]

Diffusive scaling: (R’,_S’") = m_lRLmth)tzo |—> (re)e=o0
aw

Stoch. Ref. DE drt = E(rt)dt —+ 5'(rt)dBt — dkt

(kt)e>0 of bounded variation
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Deadlock Time under Diffusive case (f = 0)

@ Prove convergence to dr; = b(r;)dt + 5(r;)dB; — dk; by the
corrector method:
© v solution of the Poisson equation

——
Generator

© 1td’s like formula = kill f
m_lsLm2tJ + m_lv(ELmZtJ ) SLm2tJ/m)
|m?t]—1
= Init.Cond. + m~2 Z b(&k, Sk/m) + m_lMart.Lmth
k=0

Corollary (Diffusive case) (f = 0)
O T\™ =inf(n>0, [Ryly > Lm}, T, =inf{t >0, |r|; > L}

m2TM T,
law
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Part Ill- Deadlock Time in Stable Case

© Hyperbolic scaling: (I_R’Em) = m_lR\_mtJ)tZO - (re)e>o0
proba

dr -
Ref. DE d—lf =f(r) —

ok,
dt’
@ Stable case

fi(x) <0, x; € (0,1]
© Dimension 2

@ Behaviour of RDE
rr—0ast— +oco
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Part Ill- Deadlock Time in Stable Case

© Hyperbolic scaling: (R’,_S”’) = m_lR\_mtJ)tZO ~ (rt)e>o0
proba

dki

Ref. DE —_— = ?(I’t) — E

@ Stable case

fi(x) <0, x; € (0,1]

d
To=inf{t>0, > (rn)i>L}=+00
i=1

© Conclusion

{Tém) < C} is a rare event for m large
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Freidlin and Wentzell Theory

© Non-reflected walk (S,)n>0
p(Sn/m, &n, £e)), j€1{1,...,d}

© Large Deviation Principle for (Et(m) = m_ISLmtJ Jo<t<T

liminf M InP{(5{ )ocecT € A} =~ inf  1(¢)

e $EABo=x0
limsup m™1n ]P’{(ng))ogtgr €eA}<— inf I(9)
m— oo PEA,po=xp

with action functional

T .
I(¢) = /o L(¢s, ps)ds if ¢ abs. cont.

o LDP for averaging: Freidlin-Wenzell'84,
Gulinsky-Veretennikov'93, Feng-Kurtz'05
@ LDP for reflected processes: Dupuis'88
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Freidlin and Wentzell Theory

@ Large Deviation Principle for (5™ = m1S e Jo<e<T
T .
1(¢) = / L(o¢s, ps)ds if ¢ abs. cont.
0

© Hamiltonian
n

H(x,a):r!i_n)won_llnE[H [ exp((a, v))p(x, k. v)] }

k=1 v:iej

Laplace trans. of jumps for freezed position

© Lagrangian L(x,v) = sup[(a, vy — H(x, a)]
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Freidlin and Wentzell Theory

© Hamiltonian

H(x,a) = Perron—Froebenius[P;,j Z exp({a, v))p(x,i,v)

v:iek
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Lagrangian in the Reflected Setting

© Lagrangian is a local cost
x € (0,1)¢ = L (x,v) = L(x, V)
© Boundary

o b
- L -

n
a b Cc
a L (x,v) = L(x,v)
b L*f(x,v) = +o0
c L (x,v) = infgso L(x, v+ n) Continuity, convexity lost!
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LDP in the Reflected Setting

Theorem [CDS preprint'07]

R(™ obeys Large Deviation Principle with this Lagrangian.
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LDP in the Reflected Setting

Theorem [CDS preprint'07]

R(™ obeys Large Deviation Principle with this Lagrangian.

(] Sketch: represent the walk as random recurrent sequence,
F(x,i,U) ~ p(x,i,-)
Uy i.i.d. uniform, and projection M : RY — [0,1]7,
R(™ = (2n — 1d) (RY™ + %F(R‘f),gk, Us))
(reflected walrlZ). Intromduce Y.Z (:nprojected, projected)
%J—YW+ F(RY™, &, U)

241 = (27 + SRR, 6, U)

3\»

Then,

7(m) _ \USk(y(m)) , |Z§m) _ ,._?Em)|oo < i
m
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LDP Reflected: Sketch of Proof

m m 1 O
ViR = Vi 4 —F(RY & Uy)

and
1

Zm = wg (vm) 1z - R < —
m
Q@ Y(™ has LDP with Jy(6) = [,/ L(Ws( t) 0,)dt
@ Z(™ has LDP with Jz(¢) = inf{ [, L(¢¢, 6:)dt; Wsk(8) = ¢}.
[Hence, R(™ too]
© identify J7 = | with our Lagrangian. O
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Deadlock Phenomenon

© Quasi-potential : “global cost”

;
V(x) = inf[/o L' (¢s, bs)ds; ¢o =0, ¢ =x, T >0]

© Deadlock phenomenon ~ first success in a Bernoulli scheme

© Probability of success
~exp[-mV], V =inf(V(x);|x]1 = L)

@ Length of an excursion = O(m)
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Deadlock Phenomenon

© Quasi-potential : “global cost”

;
w@:qu L' (¢s, bs)ds; ¢o =0, ¢ =x, T >0]

© Deadlock phenomenon ~ first success in a Bernoulli scheme
© Probability of success

~exp[-mV], V =inf(V(x);|x]1 = L)

Theorem [CDS preprint’'07]

o E(T™) = exp[m(V + o(1))]
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Deadlock Phenomenon

© Quasi-potential : “global cost”

;
w@:qu L' (¢s, bs)ds; ¢o =0, ¢ =x, T >0]

© Deadlock phenomenon ~ first success in a Bernoulli scheme
© Probability of success

~exp[-mV], V =inf(V(x);|x]1 = L)

Theorem [CDS preprint’'07]
o E(T™) = exp[m(V + o(1))]

o P{exp[m(V —9)] < 7™ < exp[m(V +0)]} —1
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Deadlock Phenomenon

© Quasi-potential : “global cost”

;
w@:qu L' (¢s, bs)ds; ¢o =0, ¢ =x, T >0]

© Deadlock phenomenon ~ first success in a Bernoulli scheme
© Probability of success

~exp[-mV], V =inf(V(x);|x]1 = L)

o E(T™) = exp[m(V + o(1))]
o P{exp[m(V —9)] < 7™ < exp[m(V +0)]} —1

o R.m converges in probability towards the set of minimizers of v
L
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Deadlock Phenomenon

© Quasi-potential : “global cost”

;
w@:qu L' (¢s, bs)ds; ¢o =0, ¢ =x, T >0]

© Deadlock phenomenon ~ first success in a Bernoulli scheme
© Probability of success

~exp[-mV], V =inf(V(x);|x]1 = L)

o E(T™) = exp[m(V + o(1))]
Plexp[m(V —8)] < T(™ < exp[m(V +6)]} — 1
o R

<

T(m) converges in probability towards the set of minimizers of %
L

<

TL(’")/U,,, — Exp.(1) for some o = e™VHe) (4 assumpt.)
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Quasi-potential

@ If V C! inside the domain
H(x,VV(x)) =0 Hamilton — Jacobi

© Boundary condition

Reflection = (Weak) Neumann boundary condition

(0,x2) i\(o,xz)

© Quasi-potential increases along optimal paths
a) 0V/0x1(0,x) <0
b) OV/9x1(0,x) >0
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Quasi-potential

© If V C! inside the domain
H(x,VV(x)) =0 Hamilton — Jacobi

© Boundary condition

(0,x2) i\(o,xz)'

© Quasi-potential increases along optimal paths
a) OV/0x1(0,x) <0, H((0,x), VV(0,x2)) =0
b) OV /0x1(0,x2) >0, H((0,x),(0,[0V/0x2](0,x2))) =0
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Quasi-potential

© If V C! inside the domain

H(x,VV(x)) =0 Hamilton — Jacobi
© Boundary condition
H(x,ViV(x))=0

min(g—v(x),O) if x;i=0

1

(Vv 00y = max(5

ov .
O (x) if x; € (0,1)

(x),0) if x; =1
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Identification of the Quasi-potential

Let W be C! on [0,1]¢ \ {0} with W(0) = 0 and
o
H(x,VW(x)) =0

© Boundary condition
s H(x,ViW(x))=0
o (VoH(x, Vi W(x)),n) > 0 for n outward normal at x

Then, W is the quasi-potential,
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Identification of the Quasi-potential

Let W be C! on [0,1]¢ \ {0} with W(0) = 0 and
o

H(x,VW(x)) =0

© Boundary condition
s H(x,ViW(x))=0
o (VoH(x,V4W(x)),n) >0 for n outward normal at x
Then, W is the quasi-potential, and optimal path is the backward
RDE

¢ = VaH(de, Vi W(dr)) — ke
with ¢_ = 0,9 = x (“typical deadlock path”)
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Two-Stacks Model
Example. Generalization of Maier'91

© Environment with two states = {1,2}, d =2

20[1 — g1(x)] v=e
o) sl ()l v=—a ,
p(X, l V) - %(1 _ f,‘)[]. _ gz(Xz)] Y El € (0, 1)
51—+ g(x)] v=—e

Q g1,& :[0,1] — [0,1) Lipschitz, gj(z) > 0 for z > 0
© Mean trend
= Egl(xl) > .
f(x) = — < =" tip(i)
(1 —0)g2(x2) L

X2

o w2 el ey -+ 2 | e ety
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