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Truncated Moment Problems

The study of truncated moment problems means, roughly
speaking, that giving a finite multi-sequence of real numbers

¥ = (Ya)jaj<2m With 79 > 0, where o’s are multi-indices of a
given length n > 1 and m > 0 is an integer, one looks for a
positive measure p on R" such that v, = [ t*dy for all
monomials {* with |a| < 2m . As Tchakaloff firstly proved, if
such a measure exists, we may always assume it to be atomic.
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Framework

Let S be a vector space consisting of complex-valued Borel
functions, defined on a topological space Q2. We assume that
1 eSandif f € S, then f € S. For convenience, let us say that
S, having these properties, is a function space (on ).
Occasionally, we use the notation RS to designate the “real
part’ of S, thatis {f € S; f = f}.
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Framework

Let S be a vector space consisting of complex-valued Borel
functions, defined on a topological space Q2. We assume that
1 eSandif f € S, then f € S. For convenience, let us say that
S, having these properties, is a function space (on ).
Occasionally, we use the notation RS to designate the “real
part’ of S, thatis {f € S; f = f}.

Let also S be the vector space spanned by all products of the
form fg with f, g € S, which is itself a function space. We have
S c 8@, and S = S® when S is an algebra.
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Unital Square Positive Functionals

Let S be a function space and let A : S@) — C be a linear map
with the following properties:

(1) A() = A(f) for all f € S@);

(2) A(|f)2) > 0 forall f € S.

(3) A(1) = 1.

A linear map A with the properties (1)-(3) is said to be a unital
square positive functional, briefly a uspf.

When § is an algebra, conditions (2) and (3) imply condition
(1). In this case, a map A with the property (2) is usually said to
be positive (semi)definite.

Condition (3) may be replaced by A(1) > 1 but (looking for
probability measures representing such a functional) we always
assume (3) in the stated form, without loss of generality.
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Elementary Properties

If A : S© — Cis a uspf, we have the Cauchy-Schwarz
inequality

IN(fg)I? < A(FP)A(g?). p,q € S (1)

Putting Zp = {f € S; A(|f|?) = 0}, the Cauchy-Schwarz
inequality shows that Z, is a vector subspace of S and that

S > f— A(|f|?)/?2 € R, is a seminorm. Moreover, the quotient
S/Z, is an inner product space, with the inner product given by

(f+Zn, g + In) = N(f3). (2)

Note that, in fact, Zy = {f € S;A(fg) =0Vg € S} and

Zp - S C ker(N).

If S is finite dimensional, then #, := S/Z, is actually a Hilbert
space.
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Framework Again

Let n > 1 will be a fixed integer. We freely use multi-indices
from Z' and the standard notation related to them.

The symbol P will designate the algebra of all polynomials in
t=(t,...,t) € R", with complex coefficients.

For every integer m > 1, let P, be the subspace of P
consisting of all polynomials p with deg(p) < m, where deg(p) is
the total degree of p. Note that P& = Py, and P@) = P, the
latter being an algebra.

Author: Vasilescu Short Title:



Giving a finite multi-sequence of real numbers

¥ = (Ya)|aj<2m» 70 = 1, We associate it with a map

Ay : Pom — C given by A, (1*) = v, extended to Po, by
linearity. The map A, is called the Riesz functional associated
to .

We clearly have A, (1) =1 and A, (p) = A, (p) for all p € Pop,. If,
moreover, A,(|p|?) > 0 for all p € Pm, then A, is a uspf. In this
case, we say that ~ itself is square positive.

Conversely, if A : Poy, — C is a uspf, setting

Yo = N(1), || <2m, we have A = A, as above. The
multi-sequence ~ is said to be the multi-sequence associated to
the uspf A.
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Introducing idempotents

Let= = {¢M, ... £@} c R™ and let £°(Z) be the (finite
dimensional) C* -algebra of all complex-valued functions
defined on =, endowed with the sup-norm. For every integer

m > 0 we have the restriction map P, > p — p|= € £*°(Z). Let
us fix an integer m for which this map is surjective. (Such an m
always exists via the Lagrange or other interpolation
polynomials.) Let also i1 = Y7 4 Ajde, with ;> 0 for all
j=1,....dand >, N = 1. We put A(p) = | pdy for all

p € Pom, Which is a uspf, for which p is a representing measure.
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Let now f € ¢°°(=) be an idempotent, that is, the caracteristic
function of a subset of =. Then there exists a polynomial

p € Pm, supposed to have real coefficients, such that p|= = f.
Consequently, A(p?) = [= p?du = |- pdu = A(p). This shows
that the solutions the equation A(p?) = A(p), which can be
expressed only in terms of A, play an important role when trying
to reconstruct the representing measure p.
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Let now f € ¢°°(=) be an idempotent, that is, the caracteristic
function of a subset of =. Then there exists a polynomial

p € Pm, supposed to have real coefficients, such that p|= = f.
Consequently, A(p?) = [= p?du = |= pdu = A(p). This shows
that the solutions the equation A(p?) = A(p), which can be
expressed only in terms of A, play an important role when trying
to reconstruct the representing measure p.

This remark is the starting point of our approach to truncated
moment problems.

Idempotents (with respect to a given uspf A) will be objects
related to the solutions of the equation A(p?) = A(p), where
where p is a polynomial with real coefficients.

The formal definition of idempotents will be later given.
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General Integral Representations

For a complex vector space V, we denote by V* its (algebraic)
dual. First of all, we extend the concept of representing
measure to arbitrary functionals from V*. In fact, this is a sort of
demystification of the concept of representing measure.
Definition 1 We say that ¢ € V* has an integral representation
on a subset A C V* if there exists a probability measure p on A
such that

B(x) = /A 5()dp(5), x € V.

The measure 1 is said to be a representing measure for the
functional ¢. The measure 1 is said to be d-atomic if the
support of i consists of d distinct points in A.

Such integral representations can be easily obtained for
functionals on finite dimensional vector spaces.
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An Integral Representation Theorem

Theorem 1 If V is a finite dimensional complex vector space,
then every nonnull functional from V* has a d-atomic integral
representation, where d is the dimension of V.
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An Integral Representation Theorem

Theorem 1 If V is a finite dimensional complex vector space,
then every nonnull functional from V* has a d-atomic integral
representation, where d is the dimension of V.

Sketch of proof Let ¢ € V*, and let . € V be such that ¢(¢) = 1.
There exists a basis {by, ..., by} of V such that ¢(b;) > 0 for all
fj=1,...,d,and .= by +---+ bg. Let also

A = {d1,...,0q} C V* be the dual basis. We may carry the
C*-algebra structure of /*°(A) onto V and get the formula

d
o(x) = /_21 AB(X) = /A 5(x)du(8)), x €V,

where \; = ¢(b;) > 0forallj=1,...,dand
o(t) =1= XM\ +---+ Ag. Therefore, 1 is a d-atomic probability
measure on A, with weights A; at6;, j=1,...,d.
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Theorem 1 shows that every linear functional on a finite
dimensional space has an integral representation via a
probability measure, for some C*-algebra structure of the
ambient space, depending upon the given functional. We can
refine the previous construction, relating it to a preexistent
multiplicative structure.

Let A : Pop — C be a uspf, let Zy = {p € Pm; A(Jp|?) = 0}, and
let Hao = Pm/Za, which has a Hilbert space structure induced
by A. We denote (x, %), || = ||, the inner product and the norm
induced on Ha by A, respectively. For every p € Pp,, we put

P = p+ I € Hp When p € Hp, we freely choose a fixed
representative p.

The symbol RH, will designate the set {p € RHa; p — P € Za},
that is, the set of “real” elements from RH. If p € RHa, we
always choose p € RPpm.
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Definition of Idempotents

Definition 2 An element p € RH, is said to be idempotent if it
is a solution of the equation ||p||2 = (p, 1).

Remark (i) Note that p € RH, is idempotent if and only if
A(p?) = A(p), via relation (2). Set

ID(A) = {p € RHa: DI = (p,1) # 0}, (3)

which the family of nonnull idempotent elements from RH.
This family is nonempty because 1 € ZD(A).

Note that two elements p, § € H,a are orthogonal if and only if
A(pg) = 0.

(ii) If my < mp and Az : Po, — Cis a uspf, then Ay = Ax[Pap,,
which is obviously a uspf, has the property ZD(A1) C ZD(Ay).
Indeed, since Zx, C Zn, and Pm, N Ip, = Ip,, Ha, can be
isometrically embedded into Hx,. Thus Ha, may be regarded
as a subspace of H,,.
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Some Lemmas

Lemma2 (1) If p,q,p — g € ZD(A), then g and p — g are
orthogonal.

(2) f § € ID(N), § # 1,then 1 —§ € ID(A), and §, 1 — § are
orthogonal.

(3) If p,g € ID(A) are orthogonal, then p + g € ZD(A).
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Some Lemmas

Lemma2 (1) If p,q,p — g € ZD(A), then g and p — g are
orthogonal.

(2) f § € ID(N), § # 1,then 1 —§ € ID(A), and §, 1 — § are
orthogonal.

(3) If p,g € ID(A) are orthogonal, then p + g € ZD(A).

Lemma 3 Let {by,...,by} C ID(N), consistig of mutually
orthogonal elements. If the family {b1,. - bd}Ais maximal with
respect to the inclusion, then by + --- + by = 1.
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Abstract ldempotent Equation

We are interested inthe existence of the orthogonal families of
idempotents with respect to a given uspf A : Pop, — C.
It is easily checked that p € RPm, p = - ¢j<m Cct°, is @ solution

of the equation A(p?) = A(p) if and only if

Z Ve+nCeCn — Z YeCe =0,

€],Inl<m |€]<m
where v = (7¢)|¢|<2m I8 the finite multi- sequence associated to
A.
To study the existence of solutions for such an equation, it is
convenient to use at the beginning an abstract framework.
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Let N > 1 be an arbitrary integer, let A = (az,-k)j’-f’k:1 be a matrix
with real entries, that is positive on CN (endowed with the
standard scalar product denoted by (x|*), and associated norm
| %)), and let b = (b4, ..., by) € RN. We look for necessary
and sufficient conditions insuring the existence of a solution

X =(x1,...,xn) € RN of the equation

(Ax|x) — 2(b|x) = 0. (4)

The particular case which interests us will be dealt with in the
following.

The range and the kernel of A, regarded as an operator on CV,
will be denoted by R(A), N(A), respectively. Note also that
R(A) = R(B), and N(A) = N(B), where B = A'/2
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We are interested by the following particular case. Let

A : Pom = C be a uspf and let v = (va)|aj<2m the
multi-sequence associated to A. Then Ay = (Ve 1y)je|,jnj<m IS @
positive matrix with real entries, acting as an operator on CV,
where N is the cardinal of the set {{ € Z]; || < m}. In fact, by
identifying the space P, with CN via the isomorphism

PmOPx= Y Xal®+> X =(Xa)jajzm € C", (5)

laf<m

then A = A, is the operator with the property (Ax|y) = A(pxPy)
for all x, y € CV. The operator A will be occasionally called the
Hankel operator of the uspf A. Note that Z, is isomorphic to
N(A), and H, is isomorphic to R(A), via the isomprphism (5).
Note also that the elements py, p, are orthogonal in 7, if and
only if (Ax|y) = (Bx|By) = 0.
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Let us deal with equation (4) in this particular context. Set

2b = (7¢)¢<m € RN. With this notation, equation (4) will be
called the idempotent equation of the uspf A.

Because A(p2) = (Ax|x) = 0 implies A(px) = 2(b|x) = 0, we
are intrested only in solutions x = x(") € R(A) = R(A;), where
A; = A|R(A). Note also that b = b(1) ¢ R(A), because 2b = A,
where . = (1,0,...,0) € RN and p, = 1. Therefore,

(Ac|e) — 2(b|t) = 0, and so the vector ¢ is always a nonnull
solution of the idempotent equation.
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Proposition Let A : P,,, — C be a uspf and let A: CN — CN be
the associated Hankel operator.

The nonnull solutions of the idempotent equation of A in

R(A) NR" are given by

x =B (y™M + B "), y e RGA) RN, [y = |1B; "B,
(6)

except for y!) = —B;'b. In addition, tha assignment

y(M — x(1) is one-to one.

The idempotent equation of A has only one nonnull solution in

R(A) NR"if and only if dim R(A) NR" = 1.

If d := dim R(A) N R" > 1, there exists a family {x{") ... x{"}

of solutions in R(A) N R" of the idempotent equation of A such

that the vectors {B; x1(1), ..., By x((f)} are mutually orthogonal in

R(A).
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Corollary Let A : P, — C be a uspf such that the associated
Hankel operator A is invertible. The nontrivial solutions of the
idempotent equation of A are given by

x=By+ 3 y BV, |yl = LB,
except for y = —1Bu.

The idempotent equation of A has only one nonnull solution if
and only if m= 0.

If d ;== dim Py, > 0, there exists a family {xy,..., x4} of
solutions of the idempotent equation of A such that the vectors
{Bx1,...,Bx4} are mutually orthogonal.
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Remark Using (5), we deduce the existence of an ortogonal
basis {61 s Bd} of Ha, consisting of idempotent elements.
Specifically, if {x1(1), . ,XS)} is a family of solutions in

R(A) N R" of the idempotent equation of A with

(B:x{" ..., Bix{y mutually orthogonal, and if {by, . .., by} are
the correspondlng vectors from H, obtained via (5), then

{by,..., by} is a basis of the space ’HA, which is isomprphic to
R(A). In addition, as we have (Ax yxk ) = 0 for all

j#k, j.k=1,...,d, the elements {bs,..., by} are mutually
orthogonal in H,.
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Theorem 2 For every A : Py, — C uspf there exist orthogonal
bases of the Hilbert space #x consisting of idempotent
elements.
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Theorem 2 For every A : Py, — C uspf there exist orthogonal
bases of the Hilbert space #x consisting of idempotent
elements.

Corollary Let A : P, — C(m > 0) be a uspf such that the
associated Hankel operator A is invertible. Then there exists a
basis {b1, ..., by} of Py, consisting of polynomials with real
coefficients, such that A(bjbx) =0forall j # k, j,k=1,...,d,
where d = dim Pp,.
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Example
Consider the matrix
1 1 1
A=|11 1],
11 2

acting as an operator on C2, which is positive.

We are interested in the solutions of the idempotent equation
(Ax|x) = (¢|x), where . = (1,0, 0). It is easily seen that

N(A) = {(X7 —X,O);X € C}, R(A) = {(y,y,y+z);y,z € C}.
Looking only for solutions (y, y, y + z) € R(A), the idempotent
equation is given by

10y? +8yz + 2722 -3y —z =0,

which represents an ellipse passing through the origin.
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Integral Representations of USPF

Remark According to Theorem 2, the space # has orthogonal
bases consisting of idempotent elements. If B is such a basis,
we may speak about the C*-algebra structure of #, induced by
B, in the spirit of Theorem 1. More generally, if BC ZD(A) is a
collection of mutually orthogonal elements whose sum is 1, and
if Hp is the complex vector space generated by B in Ha, we
may speak about the C*-algebra structure of Hz induced by B.
Using the basis B of the space # 3, we may construct a
multiplication, an involution, and a norm on Hg, making it a
unital, commutative, finite dimensional C*-algebra. For
instance, if 8= {bx,..., by} with 1 = >>7 , by, and if

b= by, =37, b are elements from Hp, their

product is given by p- § = 7, a;3b;..
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Proposition 2 Let A : Py, — C be a uspf, let

B ={by,...,by} c ID(NA) be a collection of mutually
orthogonal elements with 1 = 57 ; by, and let H be the
complex vector space generated by B in H,.

Let A be the space of characters of the C*-algebra Hz,
induced by B. If Sg = {p € Pm; p € Hp}, there exists a linear
map Sz 2 p — p* € (*°(A) such that

A(u) = /A p*(8)du(6), p € Sp.

where p is a d-atomic probability measure on A.
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Proposition 3 Let A : Py, — C be a uspf, and assume that the
space H, is endowed with the C*-algebra structure induced by
an orthogonal basis consisting of idempotent elements. Let
also H¢ be the sub-C*-algebra generated by the set
C={1,%,...,1,} in #a. Then there exist a finite subset = of
R", whose cardinal is < dim H,, and a linear map

Sc 3 U u? € 1°°(=), such that

A(u) = / UF(€)du(), u € Se.

where S¢ = {p € Pm; p € Hc} and p is a probability measure
on =.
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Remark Assume that the uspf A : Po, — C has a representing
measure in R" given by

d
Ap) =D _Np(EW), p € P,
j=1

with \; > 0 forallj=1,...,d,and 37, \; = 1, where

d = dimH,.

Let r > m be an integer such that P, contains interpolating
polynomials for the family of points = = {¢(1) ... ¢(@)}, Setting
Au(pP) = J= pdu, p € Pa;, we have A,|Poy = A, and

T, = {p € Pr; p|= = 0}, as one can easily see. Moreover, the
space H, := P, /Iy, is at least linearly isomorphic to £>°(=),
where = = {¢() ... ¢} via the map

Hr D p+ I, = p|= € £2(2).
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As Ha may be regarded as a subspace of #,, and

dimH = diml*>°(=), the map Hp > p > p|= € (*°(Z) is a linear
isomorphism. Let xx € ¢°°(=) be the characteristic function of
the set {¢(K)} and let by € #, be the element with

bk|= = xk, k=1,...,d. Note that

N(BE) = M(B2)(€W)) = M (bi) (€M) = A(bx), , k=1,...d

Similarly, A(bxb)) =0 forall k,/ =1,...,d, k # I. This shows
that {by, ..., by} is a basis of 7, consisting of orthogonal
idempotents. Consequently, if Ha is given the C*-albebra
structure induced by {61 S bd} then Hp and ¢°°(=) are
isomorphic as C*-algebras. Note also that A(b;) = A, for all
j=1,...,d, and thatif p = a1by + - - - + agby € Ha is arbitrary,
then a; = A(pby) = \jp(éW) forall j=1,...,d.
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Theorem 3 The uspf A : Pop, — C has a representing measure
in R™ having d = dim H atoms if and only if there exists
orthogonal basis B of the Hilbert space Ha consisting of
idempotent elements such that §(f) = 6(1*) whenever |a| < m
and ¢ is a character of the C*-algebra #H, associated to B,
where t = (%, ..., ).
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Corollary The uspf A : Po,, — C has a representing measure in
R" having d = dim H, atoms if and only if there exists
orthogonal basis B = {by, ..., by} of the Hilbert space
consisting of idempotent elements such that

A(tby) Nt b)) = N(B)A(1*+ by)

whenever |a| + 8| <m,j=1,...,d.
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Example The matrix A from the previous Example is the
Hankel matrix associated to the uspf A : P}, where P} is the
space of of polynomials in one real variable t, with complex
coefficients, of degre < 4, and A is the Riesz functional
associated to the sequence v = (Vk)o<k<4, Yo = -+ =

v3 =1, 74 = 2. Note that Zy = {p(t) = a— at; a € C}, and

Ha = {p; p(t) = a+ at+ (a+ b)t?, a,b € C}. Setting

po(t) = 0.5 —0.5t, py(t) = 05+05t we have 1 = pg + p; and
t = py — po. But py € Za, and so t = 1. Consequently, for any
choice of an othogonal basis H conS|st|ng of idempotents, we
cannot have 2 = 12 because 22 = 1 = 1, while 2 = 2 + T # 1.
This shows that A has no representing measure consisting of
two atoms. As a matter of fact, the element ? does not separate
the points of the space of characters of #, for any choice of an
orthogonal basis {51 , 52} consisiting of idempotent elements.
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Example A previous Corollary implies that all uspf A : P, — C
have representing measures in R” having d = dim H, atoms.

Indeed, if B = {by,..., by} is an arbitrary orthogonal basis of

‘Ha consisting of idempotent elements, then the condition

A(tby) N b)) = N(B)A(1*+F by)

is automatically fulfilled when |a] + 8] <1,j=1,...,d
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Let A : Po, — C be a uspf. For every point £ € R”, we denote
by d¢ the point evaluation at &, that is, d¢(p) = p(§), for every
polynomial p € P. As in the Introduction, we set

Ip = {f € Pm; A(|f|?) = 0}, while H, is the finite dimensional
Hilbert space Pm/Zx.

Definition The point evaluation J; is said to be A-continuous if
there exists a constant ¢; > 0 such that

10¢(P)| < ceN(|pI?)/2, p € Prm.
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Let Zx be the subset of those points £ € R" such that i, is
A-continuous. For every polynomial p let us denote by Z(p) the
set of its zeros.

Lemma We have the equality Zx = Npez, Z(p)-
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Let Z, be the subset of those points £ € R" such that d¢ is
A-continuous. For every polynomial p let us denote by Z(p) the
set of its zeros.

Lemma We have the equality Zx = Npez, Z(p)-

RemarkThe previous lemma shows that the set Z5 coincides
with the algebraic variety of the moment sequence associated
to A (introduced by Curto & Fialkow).

Lemma (Curto & Fialkow) Suppose that the uspf A : Py — C
has an atomic representing measure p. Then supp(u) C Za.
Remark It follows from previous Lemma that a necessary
condition for the existence of a representing measure for A is
27 # 0.
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Let A : Pory — C be a uspf with the property Z, # (0. As
previously noted, the set {5?;5 € Zp} is a subset in the dual of
the Hilbert space Ha. Therefore, for every £ € Z, there exists a
unique vector ¥ € #, such that 62 (p) = (b, V) = A(pve) = p(€)
for all p € Pm. Let Vo = {V¢; € € Zp}. We may and shall always
assume that a chosen representative v¢ from the equivalence
class ¢ is a polynomial with real coefficients.
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Theorem 4 Let A : Py, — C with Z5 nonempty. The uspf A has
a representing measure having d-atoms, where d > dim Hp, if

and only if there exist a family {V4, ..., 4} C Ha such that
ANvj) >0, V/Mv) €Va, j=1,....d, (7)
P = ANpvi)Vi + -+ A(pVa) Vg, P € Pm, (8)
and

Avkvy) Z/\(v] Nvivi)A(vivy), k,I=1,....d. (9)
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Corollary Let A : Py, — C with Z, nonempty. The functional
A|Pm has a representing measure having d-atoms, where

d > dim H,, if and only if there exist a family {4, ..., Vg} C Hnm
such that

AV) >0, U/Nv) eV, j=1,....d,

and
p=Npvi)¥s + -+ Npva)Va, p € Pm.
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Thank you !
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