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THE NORI FUNDAMENTAL GERBE
OF A FIBERED CATEGORY
NIELS BORNE AND ANGELO VISTOLI

Abstract
We extend Nori’s theory of the fundamental group scheme to a theory of
the fundamental gerbe, which applies to schemes, algebraic stacks, and
more general ﬁbered categories, even in the absence of a rational point.
We give a Tannakian interpretation of the fundamental gerbe in terms of
essentially ﬁnite bundles, extending Nori’s correspondence for complete
varieties with a rational point. We also show how our formalism allows
a natural formulation of Grothendieck’s Section Conjecture in arbitrary
characteristic.

1. Introduction
Let X be a reduced proper connected scheme over a perfect ﬁeld κ, with
a rational point x0 ∈ X(κ). The celebrated result of Nori [Nor82] says the
following.
(a) There is a proﬁnite group scheme π(X, x0 ), the Nori fundamental group
scheme, with a π(X, x0 )-torsor P → X with a trivialization P |x0 
π(X, x0 ) such that for every ﬁnite group scheme G → Spec κ and every G-torsor Q → X with a trivialization α : Q |x0  G, there is a unique
homomorphism of group schemes π(X, x0 ) → G inducing Q and α.
(b) There is an equivalence of Tannaka categories between representations of
the group scheme π(X, x0 ) and essentially ﬁnite locally free sheaves on
X.
Let us recall that a locally free sheaf E on X is ﬁnite if there exist two
polynomials f and g in one variable with natural numbers as coeﬃcients, with
f = g, such that f (E)  g(E) (here we evaluate f on E by using direct sums
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and tensor powers). The notion of essentially ﬁnite is more delicate, and we
refer to [Nor82, p. 82] for the deﬁnition, which uses a notion of semistable
locally free sheaf. In characteristic 0, it turns out, as a consequence of the
theorem, that every essentially ﬁnite sheaf is in fact ﬁnite.
In this paper we generalize Nori’s construction by removing the assumption
that X has a rational point x0 ∈ X(κ), and we give a simpler and more direct
approach to Nori’s correspondence between representations and essentially
ﬁnite locally free sheaves. We also show how our formalism allows a natural
interpretation of Grothendieck’s Section Conjecture and a natural formulation
of the conjecture in arbitrary characteristic.
As to the ﬁrst point, we replace the group with a gerbe (thus we use the
language of gerbes, not that of groupoids). In characteristic 0 this gerbe
is the one associated with the fundamental groupoid of Deligne [Del89]; an
alternative construction in the smooth case is due to Esnault and Hai [EH08].
The gerbes that appear are not of ﬁnite type, so we need to consider gerbes
in the uncomfortably large fpqc topology. Fortunately, we do not need to use
dubious notions such as the fpqc stackiﬁcation.
In our approach we do not need X to be a scheme, and we work with ﬁbered
categories over a ﬁxed ﬁeld κ (not necessarily stacks, the sheaf conditions on
X do not play any role). After some preliminary work on fpqc gerbes, projective limits, and on ﬁnite stacks, in Section 5 we introduce a class of ﬁbered
categories, called inﬂexible (see Deﬁnition 5.1). This notion has some geometric content: the class of inﬂexible algebraic stacks is properly contained in the
class of geometrically connected algebraic stacks, and it properly contains the
class of geometrically connected and geometrically reduced algebraic stacks.
Then we deﬁne a fundamental gerbe of a ﬁbered category X as a proﬁnite
gerbe ΠX/κ with a morphism X → ΠX/κ , such that every morphism from X
to a ﬁnite stack Γ factors uniquely through ΠX/κ . The fundamental gerbe
is unique. Our main result in this section is that a ﬁbered category has a
fundamental gerbe if and only if it is inﬂexible. In Section 6 we show that
the fundamental gerbe has a very useful base-change property with respect to
algebraic separable extensions.
Next we discuss the Tannakian interpretation of the fundamental gerbe,
generalizing Nori’s approach. Let us recall that Grothendieck, Saavedra Rivano, and Deligne ([SR72], [Del90]) have shown that there is an equivalence
between nonneutral Tannaka categories on one side and aﬃne fpqc gerbes on
the other; thus it is natural to ask whether the gerbe ΠX/κ has a Tannakian
interpretation. For this we need to work with ﬁnite locally free sheaves on X,
and this only works if we impose a ﬁniteness condition on X.
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In Section 7 we introduce a class of ﬁbered categories that we call pseudoproper : a ﬁbered category over κ is pseudo-proper when it has a fpqc cover by
a quasi-compact and quasi-separated scheme, and furthermore for any locally
free sheaf E on X the dimension of the κ-vector space H0 (X, E) is ﬁnite.
This last condition is a very natural one to impose, as it ensures that the
Krull–Schmidt theorem holds for locally free sheaves on X.
Then we discuss ﬁnite locally free sheaves on a pseudo-proper ﬁbered category, copying Nori’s deﬁnition. We also deﬁne essentially ﬁnite locally free
sheaves, using a deﬁnition that is simpler and more general than Nori’s, and
which does not use semistable locally free sheaves at all. (In the case of a
complete scheme over κ, our notion and Nori’s turn out to coincide.) We
denote by EFin X the category of essentially ﬁnite locally free sheaves.
The following is our main result.
Main Theorem (Theorems 7.9 and 7.13). Let X be a pseudo-proper
ﬁbered category.
(a) The ﬁbered category X is inﬂexible if and only if EFin X is Tannakian.
(b) If X is inﬂexible, then EFin X is equivalent as a Tannaka category to the
category of representations of the fundamental gerbe ΠX/κ .
(c) If char κ = 0 and X is inﬂexible, then every essentially ﬁnite locally free
on X is in fact ﬁnite.
We ﬁnd it interesting that the condition of being inﬂexible is in fact equivalent to the completely diﬀerent condition that EFin X be Tannakian; this
seems to suggest that indeed this inﬂexibility condition is a very natural one.
Next we study two natural quotients of ΠX/κ . The ﬁrst is the largest
étale quotient Πét
X/κ of ΠX/κ ; in Section 8 we show that this coincides with
the stack associated with Deligne’s relative fundamental groupoid, introduced
in [Del89].
In Section 9, we show how Grothendieck’s famous Section Conjecture can
be interpreted as a statement about the étale fundamental gerbe (Conjecture 9.5). Furthermore, we formulate a version of the Section Conjecture in
arbitrary characteristic (Conjecture 9.8).
The second quotient is the largest quotient of ΠX/κ that is tame, in the
sense of [AOV08]. Of course in characteristic 0 we have ΠX/κ = Πét
X/κ =
tame
ΠX/κ .
It is natural to ask which Tannakian subcategories of EFin X correspond
tame
to Πét
X/κ and ΠX/κ . The ﬁrst one does not seem to have a natural answer (although there is a Tannakian interpretation of Πét
X/κ in terms of local systems;
see Section 11).
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In Section 12 we show that the category of representations of Πtame
X/κ is
equivalent to the category of ﬁnite tame locally free sheaves on X: these are
the ﬁnite locally free sheaves E on X such that all tensor powers E ⊗n are
semisimple.
Finally, Section 13 contains some examples and applications to illustrate
the theory.

2. Conventions
We will work over a ﬁxed ﬁeld κ; all schemes and all morphisms of schemes
will be over κ, unless explicit mention to the contrary is made. All ﬁbered
categories will be ﬁbered in groupoids over the category (Aﬀ/κ) of aﬃne
schemes over κ, with the same proviso. As usual, we will identify a functor
(Aﬀ/κ)op → (Set) with the corresponding ﬁbered category, and a scheme
with the corresponding functor. A ﬁbered product (of ﬁbered categories, or
of schemes) X ×Spec κ Y will be denoted simply by X × Y . If κ is an extension
def
of κ and X is a ﬁbered category over κ, we set Xκ = (Aﬀ/κ ) ×(Aﬀ/κ) X.
If p : X → (Aﬀ/κ) is a ﬁbered category, we will consider it to be a site
by putting on it the fpqc topology, generated by the collection of morphisms
{ξi → ξ} such that {p(ξi ) → p(ξ)}
 is an fpqc cover. There is a sheaf OX on
X, sending each object ξ into O p(ξ) .
Let f : X → Y be a morphism of ﬁbered categories, where Y is an algebraic
stack. We call the scheme-theoretic image Y  of X in Y the intersection of
all the closed substacks Z of Y such that f factors, necessarily uniquely,
though Z. Alternatively, Y  ⊆ Y is the closed substack associated with the
largest quasi-coherent sheaf of ideals of OY contained in the kernel of the
natural homomorphism OY → f∗ OX . It is easy to see that f factors uniquely
through Y  (this is clear when X is a scheme, and the general case reduces to
this).
If X is an algebraic stack over κ, we will call Vect X the category of locally
free sheaves of OX -modules of ﬁnite constant rank on X, which we will also
call vector bundles. If X is a locally noetherian algebraic stack, we denote by
Coh X the category of coherent sheaves on X. We also denote by Vectκ the
category Vect(Spec κ) of vector spaces on κ.
All 2-categories appearing in this paper will be strict (2, 1)-categories, unless we mention otherwise. Likewise, all functors will be strict. We will use
the symbol ∗ for the Godement product.

Licensed to Universite Bordeaux I. Prepared on Tue Mar 3 05:45:20 EST 2015 for download from IP 147.210.130.33.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf

THE NORI FUNDAMENTAL GERBE OF A FIBERED CATEGORY

315

3. Projective limits of fpqc gerbes
We will work with the 2-category (Aﬀ Ger/κ) of aﬃne fpqc gerbes over κ,
called Tannakian gerbes in [SR72, Chapitre III, §2]. These are fpqc gerbes
with a ﬂat presentation R ⇒ U , where R and U are aﬃne κ-schemes. Equivalently, they can be deﬁned as fpqc gerbes over (Sch/κ) with aﬃne diagonal
and an aﬃne chart.
Suppose that R ⇒ U is a ﬂat groupoid, where R and U are aﬃne. Then
the associated fpqc stack is a gerbe if and only if the diagonal R → U × U is
faithfully ﬂat and U is nonempty.
If an aﬃne fpqc gerbe Φ has an object ξ deﬁned over κ, then it is equivalent
to the classifying Bk G, where G is the automorphism group scheme of ξ over
κ.
Proposition 3.1. Let Φ be an aﬃne fpqc gerbe.
(a) Φ has an fpqc presentation of the type R ⇒ U , where R is aﬃne and U is
the spectrum of a ﬁeld.
(b) Any morphism from a nonempty algebraic stack X to Φ is faithfully ﬂat,
and an fpqc cover. If X is a scheme, it is moreover representable.
(c) The diagonal Φ → Φ × Φ is representable, faithfully ﬂat, and aﬃne.
Proof. For part (b), one can make a ﬁeld extension; so we can assume that
Φ(κ) = ∅, so that Φ  Bκ G, where G is a aﬃne group scheme. Then the
morphism Spec κ → Bκ G corresponding to the trivial torsor G → Spec κ is
the universal torsor over Bκ G. In particular, it is aﬃne and faithfully ﬂat,
hence an fpqc cover. Hence, if S is a nonempty scheme and S → Bκ G is a
def
morphism, the ﬁbered product P = S ×Bκ G Spec κ is a G-torsor over S, so it
is nonempty, and P → Spec κ is an fpqc cover. Hence S → Bκ G is an fpqc
cover, as claimed.
For part (c) we can also make an extension of the base ﬁeld, since aﬃne
morphisms satisfy fpqc descent, so that Φ(κ) = ∅. In this case Φ  Bκ G for
an aﬃne group G, and the statement is clear.
def
For (a), take a ﬁeld extension K of κ such that Φ(K) = ∅, and set U =
def
Spec K and R = U ×Φ U . Since the diagonal Φ → Φ × Φ is aﬃne, we have
that R is an aﬃne scheme. Because of (b), the groupoid R ⇒ U gives an fpqc
presentation of Φ.
♠
Deﬁnition 3.2. A boolean coﬁltered 2-category I is a small 2-category such
that, for any two objects i and j of I,
(a) there exists another object k with arrows k → i and k → j, and
(b) given any two 1-arrows a, b : j → i, there exists a unique 2-arrow a ⇒ b.
One sees immediately that a 2-category is coﬁltered if and only if it is
equivalent to a coﬁltered partially ordered set, considered as a 2-category.
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From now on we will call a boolean coﬁltered 2-category simply a coﬁltered
2-category. The reason for the adjective “boolean” is that, as was pointed out
by the referee, a general coﬁltered 1-category is not equivalent to a partially
ordered set, and so it cannot be a boolean coﬁltered 2-category.
Deﬁnition 3.3. A projective system in (Aﬀ Ger/κ) consists of a coﬁltered
2-category I and a strict 2-functor Γ : I → (Aﬀ Ger/κ).
Remark 3.4. There are two possible ways of deﬁning a projective system.
One as in the deﬁnition above; the other is to take I to be a coﬁltered partially
ordered set and Γ to be a pseudo-functor. The two methods are essentially
equivalent, but the one above works better for our purposes.
Given a projective system Γ : I → (Aﬀ Ger/κ), we denote by Γi the image
of an object i of I, and by Γa : Γj → Γi the cartesian functor corresponding
to a 1-arrow a : j → i. Finally, if a, b : j → i are 1-arrows, we denote by
Γa,b : Γa → Γb the natural isomorphism corresponding to the unique 2-arrow
a → b.
Deﬁnition 3.5. Let Γ : I → (Aﬀ Ger/κ) be a projective system of aﬃne
gerbes. The projective limit lim Γ is the category ﬁbered in groupoids over
←−
(Sch/κ) deﬁned as follows.
An object ξ of lim Γ consists of the following data.
←−
(1) A scheme T over κ, and an object ξi of Γi (T ) for each object i of Γ.
(2) For each 1-arrow a : j → i in I, an arrow ξa : Γa (ξj ) → ξi in Γi (T ).
These are required to satisfy the following conditions.
(a) If a : j → i and b : k → j are 1-arrows in I, the diagram
Γa (ξb )

/ Γa (ξj )
Γab (ξk )
NNN
NNN
ξa
NNN
ξab
NNN 
&
ξi
commutes.
(b) If a and b are 1-arrows from j to i, the diagram
Γa,b

Γa (ξj )
DD
DD
DD
ξa DDD
"

ξi

/ Γb (ξj )
z
z
zz
z
z ξ
|zz b

commutes.
An arrow f : ξ → η consists of a morphism of κ-schemes φ : T → T  and an
arrow fi : ξi → ηi for each i, such that
(a) fi maps to φ in (Sch/k) for all i, and
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(b) for each 2-arrow a : j → i, the diagram
Γa (ξj )

Γa (fj )

ηa

ξa


ξi

/ Γa (ηj )

fi

/ η i

commutes.
For the projective limit lim Γ we will also use the notation limi∈I Γi , or
←−
←−
limi Γi .
←−
It is a straightforward exercise in descent theory to show that lim Γ is an
←−
fpqc stack.
Remark 3.6. Here is a diﬀerent description of limi∈I Γi from the point of
←−
def
view of groupoids. Suppose that Φ = lim Γ is nonempty (it is not clear to us
←−
whether it can happen that it is empty). Let X be a nonempty scheme with
a morphism X → lim Γ corresponding to an object ξ = {ξi } of Φ(X). We
←−
claim that X → Φ is representable, faithfully ﬂat, and an fpqc cover.
For this, let T be an aﬃne scheme with a morphism T → Φ corresponding
to an object τ = {τi } of Φ(T ). The ﬁbered product X ×Γi T is represented by
def
the scheme Pi = IsomX×T (pr∗2 τi , pr∗1 ξi ); by Proposition 3.1(c), Pi is aﬃne
and faithfully ﬂat over X × T . If a : j → i is an arrow in I, the corresponding
isomorphisms ξa : Γa (ξj ) → ξi and τa : Γa (τj ) → τi induce a morphism of
X × T -schemes Pj → Pi . This deﬁnes a functor from I to the category
(Aﬀ/X × T ) of aﬃne schemes over X × T . Since the target is a 1-category,
this functor factors through the pre-ordered set I corresponding to I (that is,
the objects are the objects of I, and we set j ≤ i when there exists an arrow
def
j → i). Set P = limI Pi . It follows from the deﬁnition of projective limit that
←−
P represents the functor IsomX×T (pr∗2 τ, pr∗1 ξ) = X ×Φ T . Since the limit of
aﬃne faithfully ﬂat schemes over X × T is again aﬃne and faithfully ﬂat, we
see that P is aﬃne and faithfully ﬂat over X × T ; hence P is an fpqc cover of
T , and the result follows.
If we set Ri = X ×Γi X and R = lim Ri , it results from the above that
←−
lim Γ is the fpqc quotient of the groupoid R ⇒ X. This will be used in
←−
Theorem 8.3 to compare our construction with Deligne’s construction of the
étale fundamental groupoid.
Also, since R → X ×X is faithfully ﬂat and aﬃne and since X is nonempty,
we have that Φ is a fpqc gerbe. We record this in a proposition.
Proposition 3.7. Let Γ : I → (Aﬀ Ger/κ) be a projective system of aﬃne
fpqc gerbes. If the limit lim Γ is not empty, it is an fpqc gerbe.
←−
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Proposition 3.8. Let Φ = limi Γi be a projective limit of aﬃne fpqc gerbes,
←−
and let Δ be an aﬃne fpqc stack with a ﬂat presentation by aﬃne κ-schemes
of ﬁnite type. Then the natural functor limi Hom(Γi , Δ) → Hom(Φ, Δ) is an
−→
equivalence.
Proof. The stack Δ is ﬁnitely presented over κ. This implies that if {Ti }
is a projective system of aﬃne κ-schemes, the natural functor limi Δ(Ti ) →
−→
Δ(lim Ti ) is an equivalence.
←−
Let S → Φ be a morphism, where S = Spec K is the spectrum of a ﬁeld.
def
def
Set R = S ×Φ S and Ri = S ×Γi S for each i; as in the proof of Proposition 3.7,
we have R = lim Ri . There is an equivalence of categories between Hom(Φ, Δ)
←−
and the category of objects of Δ(S) with descent data on the ﬂat groupoid
R ⇒ S, and, analogously, an equivalence of Hom(Γi , Δ) with the category of
objects of Δ(S) with descent data on Ri ⇒S. But the equivalence of limi Δ(Ri )
−→
with Δ(R) is easily seen to yield an equivalence between the category of
objects with descent data on R ⇒ S and the colimit of the categories of
♠
objects with descent data on Ri ⇒ S.
If Φ is an fpqc gerbe over κ, we denote by Rep Φ the category of coherent
sheaves on Φ. These are all locally free, because Φ admits a faithfully ﬂat
morphism Spec K → Φ, where K is a ﬁeld. So Rep Φ = Vect Φ. The category
Rep Φ is Tannakian.
Proposition 3.9. Suppose that Φ = limi Γi is a nonempty limit of fpqc
←−
gerbes. The natural functor limi Rep Γi → Rep Φ is an equivalence.
−→
Proof. Let Δ be the ﬁbered category of locally free sheaves on (Sch/κ),
that is, the ﬁbered category whose objects are pairs (T, E), where T is a κscheme and E is a locally free sheaf on T , and in which the arrows are given
by arbitrary homomorphism of locally free sheaves (thus, Δ is not ﬁbered in
groupoids). Then Δ is still ﬁnitely presented, in the sense that the natural
functor limi Δ(Ti ) → Δ(lim Ti ) is an equivalence for any projective system of
←−
−→
aﬃne κ-schemes {Ti }. Hence, the proof of Proposition 3.8 goes through in
this case.
♠

4. Finite stacks
Deﬁnition 4.1. A ﬁnite stack over κ is an fppf stack that is represented
by a ﬂat groupoid R ⇒ X, where R and X are ﬁnite κ-schemes.
A ﬁnite gerbe is a ﬁnite stack over κ that is a gerbe in the fppf topology.
By a well-known theorem of M. Artin [LMB00, Théorème (10.1)], a ﬁnite
stack is algebraic. It can be deﬁned as an algebraic stack Γ over κ with ﬁnite
diagonal, which admits a ﬂat surjective map U → Γ, where U is ﬁnite over κ.
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Notice that a ﬁnite stack is always an fpqc stack, as it can be interpreted as
the stack of R ⇒ X-torsors (if R ⇒ X is an fppf groupoid, then an fpqc torsor
is also an fppf torsor, as it is trivialized by one of the projections R → X).
We have the following useful characterization of ﬁnite stacks.
Proposition 4.2. Let Γ be an algebraic stack over κ. Then Γ is a ﬁnite
stack if and only if the following conditions are satisﬁed.
(a) Γ is of ﬁnite type over κ.
(b) The diagonal of Γ is quasi-ﬁnite.
(c) The category Γ(κ) has ﬁnitely many isomorphism classes.
Proof. It is immediate to check that if Γ is ﬁnite, it has the properties
above. Conversely, assume that the conditions are satisﬁed.
If Γ is an algebraic space of ﬁnite type over k and Γ(k) is ﬁnite, then it
is immediate to see that Γ is in fact the spectrum of a ﬁnite k-algebra. Let
us reduce the general case to this one. By [sga70, V.7] (see also the second
paragraph of the proof of [Ols06, Proposition 2.11]), there exists a scheme X
and a quasi-ﬁnite ﬂat surjective morphism X → Γ of ﬁnite type. Then Γ has
an fppf presentation X ×Γ X ⇒ X.
Since X(κ) is immediately seen to be ﬁnite, it follows that X is ﬁnite, and
since X ×Γ X → X × X is quasi-ﬁnite, (X ×Γ X)(k) is also ﬁnite, so X ×Γ X
is ﬁnite. The result follows.
♠
Proposition 4.3. A ﬁnite stack over κ is a ﬁnite gerbe if and only if it is
geometrically connected and geometrically reduced.
Proof. It is obvious that a ﬁnite gerbe is connected. It is also reduced, since
it admits a faithfully ﬂat map from the spectrum of a ﬁeld (Proposition 3.1(a)).
Since by extending the base ﬁeld a ﬁnite gerbe stays a ﬁnite gerbe, it is also
geometrically connected and geometrically reduced.
Conversely, suppose that Γ is a ﬁnite stack that is geometrically connected
and geometrically reduced. Being an fppf gerbe is a local property in the fppf
topology, so we may base change to a ﬁnite extension of κ and assume that
Γ admits a section Spec κ → Γ, corresponding to an object ξ of Γ(κ). The
def
ﬁbered product G = Spec κ ×Γ Spec κ is the group scheme of automorphisms
of ξ. If we show that Spec κ → Γ is ﬂat and surjective, then Γ will have a
presentation G ⇒ Spec κ; that is, Γ  Bκ G, so it is indeed an fppf gerbe.
The morphism Spec κ → Γ is of ﬁnite type. By the theorem on generic
ﬂatness, it is generically ﬂat, since Γ is connected. But since Spec κ consists
of a point, it is in fact ﬂat. Hence its image in Γ is open. Since Γ is ﬁnite, it
is also closed, so it is surjective, because Γ is connected.
♠
If G and H are ﬁnite group schemes over κ, every homomorphism of group
schemes G → H induces a morphism of gerbes Bκ G → Bκ H. However, the
category Homκ (Bκ G, Bκ H) is not equivalent to the set Homκ (G, H). Denote
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by Homκ (G, H) the ﬁbered category over κ of homomorphisms G → H, that
is, the sheaf sending each κ-scheme T to the set HomT (GT , HT ). There is
a natural action by conjugation of H on Homκ (G, H). Then the ﬁbered
category Homκ (Bκ G, Bκ H) is equivalent to the category of κ-valued objects
of the quotient stack [Homκ (G, H)/H] (see [Gir71, III Remarque 1.6.7]).
Deﬁnition 4.4. The degree deg Γ of a ﬁnite gerbe Γ is the degree of the
automorphism group scheme Autκ ξ, where κ is an extension of κ and ξ is
an object of Γ(Spec κ ).
In the deﬁnition above, it is straightforward to show that deg Γ does not
depend on κ or on ξ. Furthermore, one should notice that the degree in this
sense is not the degree of the proper quasi-ﬁnite morphism Γ → Spec κ, which
equals 1/ deg Γ.
Proposition 4.5. Let f : Γ → Δ be a representable morphism of ﬁnite
gerbes. Then deg Γ divides deg Δ, and f is an isomorphism if and only if
deg Γ = deg Δ.
Proof. The property of being representable is stable under extension of the
base ﬁeld, as is the degree; hence, we may assume that Γ(Spec κ) is not empty.
Then f : Γ → Δ is equivalent to a morphism φ : Bκ G → Bκ H induced by a
homomorphism G → H of ﬁnite κ-group schemes. If f is representable, then
φ is injective, and the result is standard in this case.
♠
Deﬁnition 4.6. A proﬁnite gerbe over κ is an fpqc gerbe that is equivalent
to a projective limit of ﬁnite gerbes over κ.

5. The Nori fundamental gerbe
Let X be a ﬁbered category over κ.
Deﬁnition 5.1. A fundamental gerbe for X is a proﬁnite gerbe ΠX/κ with
a morphism X → ΠX/κ of algebraic stacks over Spec κ, such that, if Γ is a
ﬁnite stack over Spec κ, the induced functor
Homκ (ΠX/κ , Γ) −→ Homκ (X, Γ)
is an equivalence of categories.
Proposition 5.2. Let X → ΠX/κ be a fundamental gerbe. Then for any
proﬁnite gerbe Φ the induced functor
Homκ (ΠX/κ , Φ) −→ Homκ (X, Φ)
is equivalence of categories.
In particular, a fundamental gerbe is unique up to a canonical equivalence.
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Proof. This follows easily from the deﬁnitions of a proﬁnite gerbe and of a
projective limit.
♠
Deﬁnition 5.3. We say that a ﬁbered category X is inﬂexible if it is nonempty, and for any morphism X → Γ to a ﬁnite stack, there exists a closed
substack Γ ⊆ Γ that is a gerbe, and a factorization X → Γ → Γ.
Notice that in the statement above, if Γ exists, then it must be the schemetheoretic image of X in Γ; hence it is unique.
Here are some properties of this notion.
Proposition 5.4. Let X be a ﬁbered category over κ.
(a) If X is inﬂexible, the only κ-subalgebra of H0 (X, O) that is ﬁnite over κ
is κ itself.
(b) If X = ∅ and every morphism X → Γ to a ﬁnite stack Γ factors through
an aﬃne fpqc gerbe, then X is inﬂexible. In particular, an aﬃne fpqc
gerbe is inﬂexible.
Proof. (a): Let A be a ﬁnite κ-subalgebra of H0 (X, O). Then Spec A is a
ﬁnite stack, so corresponding morphism X → Spec A factors through a closed
subgerbe of Spec A. But the only scheme over κ that is a gerbe is Spec κ;
hence, the embedding A ⊆ H0 (X, O) factors through κ, and A = κ.
(b): Let f : X → Γ be a morphism to a ﬁnite stack, and suppose that
g
h
→Φ−
→ Γ, where Φ is an aﬃne fpqc gerbe. The
there is a factorization X −
adjunction homomorphism OΦ → g∗ OX is injective, because g is faithfully
ﬂat, by Proposition 3.1(b). Hence the kernel of OΓ → f∗ OX coincides with
the kernel of OΓ → h∗ OΦ . So X and Φ have the same scheme-theoretic image
in Γ, and we may assume X = Φ.
By Proposition 3.1(a), there exists an extension K of κ and an aﬃne faithfully ﬂat morphism Spec K → Φ; the scheme-theoretic images of Φ and of
Spec K are evidently the same. Since Spec K is reduced and connected, we
deduce that the scheme-theoretic image of Φ in Γ is reduced and connected.
On the other hand, the formation of the scheme-theoretic image commutes
with extensions of the base ﬁeld κ, by Remark 7.3 below, and by extending
the base ﬁeld an aﬃne fpqc gerbe remains an aﬃne fpqc gerbe; hence, the
scheme theoretic image is geometrically connected and geometrically reduced,
and we conclude by Proposition 4.3.
♠
This strange condition of being inﬂexible has some geometric content.
Proposition 5.5. Suppose that X is an algebraic stack of ﬁnite type over
κ.
(a) If X is inﬂexible, it is geometrically connected.
(b) If X is geometrically connected and geometrically reduced, it is inﬂexible.

Licensed to Universite Bordeaux I. Prepared on Tue Mar 3 05:45:20 EST 2015 for download from IP 147.210.130.33.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf

322

NIELS BORNE AND ANGELO VISTOLI

Proof. (a): Suppose that X is inﬂexible but not geometrically connected.
Then there exists a ﬁnite separable extension κ of κ and a surjective morphism
of κ -schemes Xκ → Spec κ Spec κ . Let Γ be the κ-scheme obtained by
Weil restriction from Spec κ Spec κ . It is well known, and easy to see, that
the Weil restriction of a ﬁnite κ -scheme along a ﬁnite separable ﬁeld extension
is ﬁnite. The morphism X → Γ corresponding to the given morphism Xκ →
Spec κ Spec κ factors through Spec κ; hence, Xκ → Spec κ Spec κ factors
through Spec κ , by Proposition 5.4(a), and this is a contradiction.
(b): Let Γ be the scheme-theoretic image of f : X → Γ, where Γ is a ﬁnite
stack. The stack Γ is geometrically connected, since X is. We claim that
Γ is geometrically reduced. If char κ = 0, then Γ is étale. If char κ > 0,
the canonical morphism OΓ → f∗ OX is injective, by deﬁnition; and this
injectivity is preserved under ﬁnite ﬁeld extension.
Hence, in any case Γ is geometrically connected and geometrically reduced,
so by Proposition 4.3 it is a gerbe.
♠
The following examples seem to show that the geometric content in the
condition of being inﬂexible is somewhat subtle. A geometric characterization
of inﬂexible algebraic stacks eludes us.
Examples 5.6.
(a) The condition of Proposition 5.4(a) is not suﬃcient for an algebraic stack,
or even a scheme, of ﬁnite type to be inﬂexible. For example, let X0 be
a geometrically connected and geometrically reduced projective scheme
over κ with a nontrivial invertible sheaf L and an isomorphism L⊗2 
OX0 . Consider the relative spectrum X of the ﬁnite sheaf of algebras
OX0 ⊕ L over X0 , where the product of two sections of L is always 0.
Then H0 (X, O) = κ, but we claim that X is not inﬂexible.
The invertible sheaf L corresponds to a μ2 -torsor Y0 → X0 . Call Y
the relative scheme of the sheaf OY0 ⊕ OY0 , with 2 = 0. There is a free
action of μ2 on Y , extending the given action on Y0 ⊆ Y , changing the
sign of . There is a tautological μ2 -equivariant morphism Y → Spec κ[ ],
where κ[ ] is the ring of dual numbers and μ2 acts on κ[ ] by changing
the sign of . This induces a morphism X → Spec k[ ]/μ2 , which does
not factor through a gerbe.
(b) On the other hand, there are examples of projective schemes over κ that
are inﬂexible without being reduced.
Suppose that X0 is a geometrically connected and geometrically reduced positive-dimensional projective scheme over κ, and let L be the
dual of an ample invertible sheaf on X0 . Consider the relative spectrum
X of the ﬁnite sheaf of algebras OX0 ⊕ L over X0 , where the product of
two sections of L is always 0. Assume also the characteristic of κ is 0 (this
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is not necessary, but makes the proof somewhat easier). Then we claim
that X is inﬂexible.
The scheme X0 is a closed subscheme of X with sheaf of ideals L. Take
a morphism f : X → Γ to a ﬁnite stack. Assume that the homomorphism
OΓ → f∗ OX is injective (that is, the scheme-theoretic image of X in Γ is
Γ itself); we need to show that Γ is a gerbe. Call Γ0 the reduced substack
of Γ, and call N the sheaf of ideals of Γ0 in Γ. We have N 2 = 0, because
N 2 pulls back to L2 = 0. The morphism f restricts to a morphism
f0 : X0 → Γ0 with scheme-theoretic image Γ0 ; hence Γ0 is a gerbe, since
X0 is inﬂexible. So we need to show that N = 0.
The pullback f ∗ N = f0∗ N maps to L, and it is enough to show that
this map is 0. Choose a morphism φ : Spec K → Γ0 , where K is a ﬁnite
extension of κ; this map is étale, since we are in characteristic 0. Consider
the cartesian diagram
g

Y

/ Spec K

ψ


X0

φ

f0


/ Γ0 .

It is enough to show that H0 (X0 , f ∗ N ∨ ⊗ L) = 0. This follows if we prove
that


H0 Y, ψ ∗ (f ∗ N ∨ ⊗ L) = H0 (Y, g ∗ φ∗ N ∨ ⊗ ψ ∗ L))
is 0. But this is clear, because φ∗ N ∨ is free, the sheaf ψ ∗ L is the dual
of an ample invertible sheaf on Y , and Y is étale over X0 , hence it is
projective and reduced.
The following is the main result of this section.
Theorem 5.7. A ﬁbered category over κ has a fundamental gerbe if and
only if it is inﬂexible.
From this and Proposition 5.5(b) we obtain the following.
Corollary 5.8. A geometrically connected and geometrically reduced algebraic stack of ﬁnite type over k has a fundamental gerbe.
Remark 5.9. Of course one could relax the deﬁnition of fundamental
gerbe and only require that it be universal for maps from X to ﬁnite (or,
equivalently, proﬁnite) gerbes. However, still ΠX/κ would not exist in general.
For example, it is easy to see that Spec κ Spec κ cannot have a universal
gerbe in this sense.
When char κ = 0, one can show that an algebraic stack of ﬁnite type
has a fundamental gerbe in this weaker sense if and only if it is geometrically
connected. The main point is that in characteristic 0 every ﬁnite gerbe is étale,
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so for any ﬁnite gerbe Γ the restriction functor Hom(X, Γ) → Hom(Xred , Γ)
is an equivalence; hence the fundamental gerbe for Xred is also a fundamental
gerbe for X.
However, in positive characteristic, the exact conditions for the existence
of a fundamental gerbe in this weaker sense are not clear.
Let us prove Theorem 5.7. First, assume that X has a fundamental gerbe
ΠX/κ , and take a morphism X → Γ to a ﬁnite stack. This factors through
ΠX/κ , and the result follows from Proposition 5.4(b).
Now assume that X is inﬂexible.
Deﬁnition 5.10. Let Γ be a ﬁnite gerbe. A morphism of ﬁbered categories
X → Γ is Nori-reduced if for any factorization X → Γ → Γ, where Γ is a
ﬁnite gerbe and Γ → Γ is faithful, then Γ → Γ is an isomorphism.
Remark 5.11. The notion of Nori-reduced morphism is perhaps clariﬁed
by the following fact. Suppose that G is a ﬁnite étale group scheme over κ
and X → Bκ G is a morphism, where X is a geometrically connected and
geometrically reduced stack of ﬁnite type over κ. This morphism corresponds
to a G-torsor Y → X. We claim that X → Bκ G is Nori-reduced if and only
if Y is geometrically connected.
In fact, a representable map Γ → Bκ G, where Γ is a ﬁnite gerbe, is given
by the projection [U/G] → Bκ G, where U is a ﬁnite étale scheme on which G
acts transitively. So, X → Bκ G is not Nori-reduced if and only if there exists
a ﬁnite étale scheme U , diﬀerent from Spec κ, on which G acts transitively,
and a G-equivariant morphism Y → U . If this exists, Y cannot be geometrically connected, since Y → U must be surjective. Conversely, if Y is not
geometrically connected, we can take to be U the spectrum of the algebraic
closure of κ in H0 (Y, O), with the natural action of G.
Lemma 5.12. Let Γ be a ﬁnite gerbe, let X be an inﬂexible ﬁbered category,
and let X → Γ be a morphism. Then there exists a factorization X → Δ → Γ,
where Δ is a ﬁnite gerbe, Δ → Γ is representable, and X → Δ is Nori-reduced.
Furthermore, X → Δ is unique up to equivalence.
Proof. Take a factorization X → Δ → Γ with Δ → Γ representable, and
suppose that X → Δ is not Nori-reduced. By deﬁnition there will be a
factorization X → Δ → Δ, where Δ → Δ is representable but not an
isomorphism. By Proposition 4.5, the degree of Δ is less than the degree of
Δ. The proof is concluded by induction on the degree of Δ.
For the second part, suppose that X → Δ → Γ and X → Δ → Γ are
two factorizations as in the statement. Then Δ ×Γ Δ is a ﬁnite stack, and
its two projections onto Δ and Δ are representable. Consider the morphism
X → Δ ×Γ Δ induced by the two morphisms above. Since X is inﬂexible,
the scheme-theoretic image Δ of X in Δ ×Γ Δ is a ﬁnite gerbe and the two

Licensed to Universite Bordeaux I. Prepared on Tue Mar 3 05:45:20 EST 2015 for download from IP 147.210.130.33.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf

THE NORI FUNDAMENTAL GERBE OF A FIBERED CATEGORY

325

morphisms Δ → Δ and Δ → Δ are representable. Since X → Δ and
X → Δ are Nori-reduced, Δ → Δ and Δ → Δ are equivalences, and the
result follows.
♠
Here is the key lemma.
Lemma 5.13. Let f : X → Γ, and let g : X → Δ be morphisms of ﬁbered
categories, where Γ and Δ are ﬁnite gerbes and f is Nori-reduced. Suppose
that u, v : Γ → Δ are morphisms of ﬁbered categories and α : u ◦ f  g and
β : v ◦ f  g are isomorphisms. Then there exists a unique isomorphism
γ : u  v such that β ◦ (γ ∗ idf ) = α.
This can be expressed by saying that, given two 2-commutative diagrams
/Γ
XA
AA
AA
u
A
g AA

Δ
f

and

/Γ
XA
AA
AA
v
A
g AA

Δ
f

in which f is Nori-reduced, there exists a unique isomorphism u  v making
the diagram
/Γ
X I
II
II
I u
g III
I$ 
Δ
f

v

2-commutative.
Proof. Consider the category Γ → Γ ﬁbered in sets over Γ, whose objects
over a κ-scheme T are pairs (ξ, ρ), where ξ is an object of Γ(T ) and ρ is an
isomorphism of u(ξ) with v(ξ) in Δ(T ). This can be written as a ﬁbered
product
/Γ
Γ

Δ



u,v


/ Δ × Δ,

where the morphism Δ → Δ × Δ is the diagonal. So Γ is a ﬁbered product
of ﬁnite stacks, hence it is a ﬁnite stack.
An isomorphism u  v corresponds to a section of the projection Γ → Γ,
or, again, to a substack Γ ⊆ Γ , such that the restriction Γ → Γ of the
α

β −1

projection is an isomorphism. The composite isomorphism u◦f −
→ g −−→ v◦f

yields a lifting X → Γ of f : X → Γ; the thesis can be translated into the
condition that there exists a unique substack Γ ⊆ Γ as above, such that
X → Γ factors through Γ . Since X is inﬂexible, there is a unique substack
Γ of Γ that is a gerbe, such that X → Γ factors through Γ . However,
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Γ → Γ is representable because Γ → Γ is, so Γ → Γ is an isomorphism
since f is Nori-reduced.
♠
Proof of Theorem 5.7. Consider the 2-category whose objects are Norireduced morphisms X → Γ, and whose 1-arrows from f : X → Γ to g : X → Δ
are pairs (u, α), where u : Γ → Δ is a morphism of ﬁnite stacks and α : u◦f  g
is an isomorphism. A 2-arrow from (u, α) to (v, β) is an isomorphism γ : u  v
such that β ◦ (γ ∗ idf ) = α. The composites and the Godement products are
deﬁned in the obvious way. Let I be a skeleton of this category; it is a small
2-category.
We claim that I is a coﬁltered 2-category. The fact that, given any 1-arrows
between two ﬁxed objects, there is a unique arrow between them is the content
of Lemma 5.13. Let us check that given two objects X → Γi and X → Γj ,
there is an object X → Γk with an arrow to both. Since X is inﬂexible, the
morphism X → Γi × Γj induced by two objects can be factored through a
ﬁnite gerbe Γ ⊆ Γi × Γj . From Lemma 5.12 we see that X → Γ can be lifted
to a morphism X → Γk , which is an object in I.
def
We set ΠX/κ = lim Γ. The morphisms X → Γi induce a morphism of
←−
ﬁbered categories X → ΠX/κ . If Δ is a ﬁnite stack over κ, we need to show
that the functor Hom(ΠX/κ , Δ) → Hom(X, Δ) is an equivalence. It follows
from Lemma 5.12 that it is essentially surjective, so we need to show that
it is fully faithful. By Proposition 3.8 we see that it is enough to show that
given a Nori-reduced morphism X → Γi , the induced functor Hom(Γi , Δ) →
Hom(X, Δ) is fully faithful. This follows immediately from Lemma 5.13. ♠
Remark 5.14. It was pointed out to us by Bertrand Töen that an alternate
proof of Theorem 5.7 can be given along the following lines. Consider the
embedding of the 2-category of ﬁnite stacks into the category of all algebraic
stacks. This embedding preserves 2-limits, hence, it extends to a functor from
the 2-category of pro-objects in the category of all algebraic stacks. By a 2categorical analogue of the adjoint functor theorem, this has a right adjoint,
which associates with each algebraic stack a universal pro-object in the 2category of ﬁnite stacks. From the deﬁnition of inﬂexible stack, the universal
pro-object of an inﬂexible stack is a pro-object in the category of ﬁnite gerbes.
By the results of Section 3, this can be thought of a proﬁnite gerbe.
This clariﬁes considerably the meaning of Theorem 5.7. Unfortunately, we
do not know a reference for the 2-categorical result used above. Furthermore,
via Nori-reduced morphisms, we ﬁnd the direct construction both useful and
enlightening.
Remark 5.15. Given an aﬃne group scheme G over κ, we obtain an fpqc
gerbe Bκ G, together with a preferred object G → Spec κ in Bκ G(κ), the
trivial torsor. Conversely, given an aﬃne fpqc gerbe Φ and an object ξ of
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Φ(κ), we obtain an aﬃne group scheme Autκ ξ, with a canonical equivalence
Φ  Bκ Autκ ξ.
Consider the 2-category whose objects are pairs (Φ, ξ), where Φ is an fpqc
gerbe over κ and ξ is an object of Φ(κ). The 1-arrows (Φ, ξ) → (Ψ, η) are
pairs (F, a), where F : Φ → Ψ is a cartesian functor, and a : F (ξ)  η is an
isomorphism in Ψ(κ). The 2-arrows (F, a) → (F  , a ) are the base-preserving
natural transformations F → F  , which are compatible with a and a , in the
obvious sense. It is easy to see that this 2-category is equivalent to the 1category of aﬃne group schemes: an aﬃne group scheme G corresponds to
the pair (Bκ G, G → Spec κ), while an object (Φ, ξ) is carried to Autκ ξ. In
this correspondence proﬁnite gerbes correspond to proﬁnite group schemes.
Now, assume that X is inﬂexible and that we are given an object x0 of
X(κ), corresponding to a section x0 : Spec κ → X. The image ξ0 of x0 in
def
ΠX/κ (κ) gives a proﬁnite group π(X, x0 ) = Autκ ξ0 . We claim that this is
the fundamental group scheme in the sense of Nori. This means the following.
Denote by P0 → X the π(X, x0 )-torsor corresponding to the morphism
X → ΠX/κ  Bκ π(X, x0 ); by construction we have a trivialization x∗0 P0 
π(X, x0 ). Suppose that we are given a ﬁnite group scheme G with a homomorphism π(X, x0 ) → G. By transport of structure, we obtain a G-torsor
P → X with a trivialization x∗0 P  G.
Conversely, suppose we are given a ﬁnite group scheme G, a G-torsor P →
X and a trivialization x∗0 P  G. This gives a factorization of the morphism
Spec κ → Bκ G corresponding to the trivial torsor as Spec κ → X → Bκ G.
By deﬁnition of ΠX/κ , we obtain a morphism ΠX/κ → Bκ G together with
an isomorphism of the image of the object in ΠX/κ (κ) corresponding to the
x0
X → ΠX/κ with the trivial torsor in Bκ G(κ). By the
composite Spec κ −→
discussion above, this yields a homomorphism of group schemes π(X, x0 ) → G.
This gives a bijective correspondence between isomorphism classes of Gtorsors P → X with a trivialization x∗0 P  G, and homomorphism of group
schemes π(X, x0 ) → G. Thus, in the case of stacks with a given rational point,
the Nori fundamental gerbe corresponds to the Nori fundamental group.

6. Base change for the Nori fundamental gerbe
Nori showed in [Nor82, II, Proposition 5] that the formation of the fundamental group scheme satisﬁes base change for algebraic separable extensions.
Here we prove the analogous result for fundamental gerbes under ﬁnite separable extensions, which is very useful for applications and calculations (see
Section 13). Nori used the action of the Galois group on the fundamental
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group scheme. This can be made to work in our case too, using the theory
of group actions on stacks (see [Rom05]); however, this is technically rather
involved, so we prefer a diﬀerent method, based on the Weil restriction of
algebraic stacks.
Proposition 6.1. Let κ /κ be a separable extension, and let X be an inﬂexible ﬁbered category over (Aﬀ/κ). Suppose that either
(a) κ is ﬁnite over κ, or
(b) there exists a quasi-compact scheme U and a morphism U → X which is
representable, faithfully ﬂat, quasi-compact, and quasi-separated.
Then Xκ is inﬂexible over κ and ΠXκ /κ = Spec κ × ΠX/κ .
Let us describe the essential features of the Weil restriction of stacks. If A
is a ﬁnite κ-algebra and Y → (Aﬀ/A) is a ﬁbered category, we deﬁne the Weil
restriction RA/κ Y , as usual, as the ﬁbered product (Aﬀ/κ) ×(Aﬀ/A) Y , where
def
the functor (Aﬀ/κ) → (Aﬀ/A) is deﬁned by S → SA = Spec A ×Spec κ S. As
a pseudo-functor, RA/κ Y is deﬁned by S → Y (SA ). When Y is represented
by a scheme, then RA/κ Y is represented by its Weil restriction, which is a
scheme when A is ﬁnite over κ. Furthermore, it is immediate to check that if
Y is a stack, say in the étale topology, so is RA/κ Y .
This construction is clearly functorial; that is, every morphism f : Y →
Y  of ﬁbered categories over (Aﬀ/A) induces a morphism RA/κ f : RA/κ Y →
RA/κ Y  .
When X → (Aﬀ/κ) is a ﬁbered category, we have a natural equivalence of
categories of base-preserving functors
Homκ (X, RA/κ Y )  HomA (XA , Y ) ,
where XA is the ﬁbered product (Aﬀ/A) ×(Aﬀ/κ) X (i.e., the Weil restriction is left adjoint to the pullback functor of ﬁbered categories, in the 2categorical sense). Because of this, one sees immediately that Weil restriction
preserves ﬁbered products; that is, if Y  → Y and Y  → Y are morphisms
of ﬁbered categories over (Aﬀ/A), the natural morphism RA/κ (Y  ×Y Y  ) →
RA/κ Y  ×RA/κ Y RA/κ Y  is an equivalence.
If  is an extension of κ and A =  ⊗κ A, it is easy to see that (RA/κ Y ) 
RA / (YA ).
Lemma 6.2. Suppose that κ is a ﬁnite separable extension of κ and Γ is
a ﬁnite stack over κ . Then Rκ /κ Γ is a ﬁnite stack over κ.
Proof. Call n the degree of κ over κ. Let κsep be the separable closure of
def
κ, and call ν1 , . . . , νn the embeddings of κ into κsep . Set A = κsep ⊗κ κ . We
have an isomorphism of κ-algebras A  (κsep )n , such that for each i ∈ I the
composite of the embedding κ ⊆ A with the ith projection is νi . For each
def
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stack Y over κ , denote by Yi the ﬁbered product Spec κsep ×Spec κ Y , where
the morphism Spec κsep → Spec κ is induced by νi : κ → κsep .
n
If Y is a stack over κ , then we have YA = i=1 Yi ; hence it is easy to see
that

n
n
(Rκ /κ Y )κsep = RA/κsep
Yi =
Yi ,
i=1

i=1

and hence if Y is a ﬁnite scheme over κ, then Rκ /κ Y is a ﬁnite scheme over
κ.
In the general case, take an fppf presentation R ⇒ U of Γ, where U and
R are ﬁnite schemes over κ . Then i Ri ⇒ i Ui is an fppf presentation
of i Γi , hence Rκ /κ R ⇒ Rκ /κ U is an fppf presentation of Rκ /κ Γ. Since
♠
Rκ /κ R and Rκ /κ U are ﬁnite schemes, the proof is complete.
Proof of Proposition 6.1. Let us show that (ΠX/κ )κ is a universal gerbe
for Xκ . For this, ﬁrst assume that κ is ﬁnite over κ.
Let Γ be a ﬁnite stack over κ , and consider the functor




Homκ (ΠX/κ )κ , Γ −→ Homκ Xκ , Γ
induced by Xκ → (ΠX/κ )κ . Under the adjunction between Weil restrictions
and pullbacks, we have equivalences




Homκ (ΠX/κ )κ , Γ  Homκ ΠX/κ , Rκ /κ Γ
and





Homκ Xκ , Γ  Homκ X, Rκ /κ Γ .

However, by the lemma above Rκ /κ Γ is a ﬁnite stack, so the natural functor




Homκ ΠX/κ , Rκ /κ Γ −→ Homκ X, Rκ /κ Γ
is an equivalence. This completes the proof in the case that κ is ﬁnite over
κ.
Assume that we are under the hypothesis (b). Choose a morphism U → X
def
as in condition (b), and set R = U ×X U . Suppose that we are given a ﬁnite
stack Γ over κ . We need to show that the functor




Homκ (ΠX/κ )κ , Γ −→ Homκ Xκ , Γ
is an equivalence. Let us show that the functor is essentially surjective; for
this, choose a morphism Xκ → Γ. By descent theory, this corresponds to an
object ξ of Γ(Uκ ), with descent data, that is, with an isomorphism of the two
pullbacks of ξ to Γ(Rκ ), satisfying the cocycle condition. Since the stack Γ is
ﬁnitely presented, there exists an intermediate extension κ ⊆  ⊆ κ ﬁnite over
κ and a ﬁnite stack Δ on , such that Γ  Δκ . Furthermore, by enlarging
, we may assume that there exists an object η of Δ(U ) with descent data
in Δ(R ), whose pullback to Γ(Uκ ) is isomorphic to ξ, as an object with
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descent data. This gives a morphism X → Δ which pulls back to the given
morphism Xκ → Γ. Since  is ﬁnite over κ, we have that X → Δ factors
through (ΠX/κ ) ; hence Xκ → Γ factors through (ΠX/κ ) κ = (ΠX/κ )κ , as
claimed.
The proof that the functor is fully faithful is similar, and left to the reader.
♠
Remark 6.3. The base-change result fails for inseparable extensions; see
[Nor82, p. 89], [MS02], and [Pau07].

7. The Tannakian interpretation of the fundamental gerbe
In this section all schemes, and all algebraic spaces, will be quasi-separated.
A morphism of ﬁbered categories is called representable when it is represented
by algebraic spaces.
Deﬁnition 7.1. A ﬁbered category X over κ is pseudo-proper if it satisﬁes
the following two conditions.
(a) There exists a quasi-compact scheme U and a morphism U → X which
is representable, faithfully ﬂat, quasi-compact, and quasi-separated.
(b) For any locally free sheaf of OX -modules E on X, the κ-vector space
H0 (X, E) is ﬁnite dimensional.
Notice that in the deﬁnition above, we do not assume that X is a stack in
any topology. Given a morphism U → X as in part (a), we obtain an fpqc
def
groupoid R ⇒ U , where R = U ×X U . If X is a stack in the fpqc topology,
then it is equivalent to the quotient stack of (R ⇒ U )-torsors.
Examples 7.2.
(a) A ﬁnite algebraic stack is pseudo-proper.
(b) An aﬃne fpqc gerbe is pseudo-proper.
This is clear for a ﬁnite stack.
If X is an aﬃne fpqc gerbe, condition (a) of Deﬁnition 7.1 is obviously
veriﬁed. To prove condition (b), let E be a locally free sheaf on X. Because
of Remark 7.3 below we can make a base extension and assume that X(κ) = ∅.
Then X = Bκ G, where G is an aﬃne group scheme. But then a locally free
sheaf on X is a ﬁnite-dimensional representation of G, H0 (X, E) = E G , and
the result is obvious.
Remark 7.3. We will use the following fact. Suppose that X is a ﬁbered
def
category, and let U → X be a morphism as in Deﬁnition 7.1(a). Set R =
U ×X U . If E is a locally free sheaf on X, we denote by EU and ER the
restrictions of E to U and R, respectively. Then H0 (X, E) is the equalizer of
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the pullbacks H0 (U, EU ) ⇒ H0 (R, ER ) (this is a straightforward application
of descent theory).
Furthermore, in the situation above, let κ be a ﬁeld extension. Then
the induced morphism Uκ → Xκ is also representable, faithfully ﬂat, quasicompact, and quasi-separated, and Rκ = Uκ ×Xκ Uκ . Since U is quasicompact and quasi-separated, we have H0 (U, EU ) ⊗κ κ = H0 (Uκ , EUκ ), and
analogously for R. Hence, we also have H0 (X, E) ⊗κ κ = H0 (Xκ , Eκ ).
Lemma 7.4. If X is inﬂexible and pseudo-proper, then H0 (X, O) = κ.
Proof. Since X is pseudo-proper, the κ-vector space H0 (X, O) is ﬁnite dimensional. The result follows from Proposition 5.4(a).
♠
Let A be a κ-linear rigid tensor category, with ﬁnite-dimensional Hom
vector spaces, in which the idempotents split. (For example, if X is a pseudoproper ﬁbered category, we can take A = Vect X, see [Ati56, Lemma 6].)
We can deﬁne the indecomposable K-theory ring K0 A as the Grothendieck
group associated with the monoid of isomorphism classes of objects of A,
with the product given by tensor product. The Krull–Schmidt theorem holds
in category A (see [Rin84, §2.2]); hence K0 A is a free abelian group on the
isomorphism classes of indecomposable objects of A, and two objects of A are
isomorphic if and only if their classes in K0 A coincide.
Notice that if f ∈ N[x] is a polynomial with natural numbers as coeﬃcients
and E is an object of A, we can deﬁne f (E) by interpreting the sum as a
direct sum and a power as a tensor power.
Deﬁnition 7.5. We say that an object E of A is ﬁnite when one of the
following equivalent conditions is satisﬁed.
(a)
(b)
(c)
(d)

The class of E in K0 A is integral over Z.
The class of E in K0 A ⊗Z Q is algebraic over Q.
There exist f and g in N[x] with f = g and f (E)  g(E).
The set of isomorphism classes of indecomposable components of all the
powers of E is ﬁnite.

The equivalence of these conditions is proved as in [Nor82, 2.3].
Proposition 7.6 ([Nor82, Lemma (3.1)]).
(a) Finite sums, tensor products and duals of ﬁnite objects are ﬁnite.
(b) If the direct sum of two objects is ﬁnite, both objects are ﬁnite.
Our deﬁnition of an essentially ﬁnite sheaf is more elementary and direct
than Nori’s, and it works more generally.
Deﬁnition 7.7. An object E of A is essentially ﬁnite if it is the kernel of
a homomorphism between two ﬁnite objects.
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If X is a pseudo-proper ﬁbered category and E is a locally free sheaf on X,
then we say that E is ﬁnite, or essentially ﬁnite, when it has the corresponding
property when viewed as an object of Vect X.
Proposition 7.8. Let Φ be a proﬁnite gerbe over κ. Then all representations of Φ are essentially ﬁnite. Furthermore, if the characteristic of κ is 0,
all representations are ﬁnite and the category Rep Φ is semisimple.
Proof. Since Rep Φ is the colimit of categories Rep Γ, where Γ is ﬁnite, it
is enough to show both parts when Φ = Γ is ﬁnite. Then the ﬁrst part follows
from Lemma 7.15(b).
For the second part it is enough to check that the functor H0 : Rep Γ →
Vectκ is exact. For this we can make a ﬁnite extension of the base ﬁeld and
assume that there exists a section Spec κ → Γ. Then Γ is of the type Bκ G,
where G is a ﬁnite group scheme on κ, and the result is standard.
♠
Theorem 7.9. Suppose that X is inﬂexible and pseudo-proper over κ.
Then the pullback functor Rep ΠX/κ → Vect X gives an equivalence of tensor
categories of Rep ΠX/κ with EFin X. Furthermore, if the characteristic of κ
is 0, we have Fin X = EFin X.
Here is a purely Tannakian consequence of the theorem.
Corollary 7.10. Let A be a Tannaka category. The full subcategory of A
consisting of essentially ﬁnite objects is Tannakian. Furthermore, if char κ =
0, then every essentially ﬁnite object of A is ﬁnite.
We do not know a purely Tannakian proof of this, one that does not use
the formalism of aﬃne gerbes.
Proof. Let Φ be an aﬃne fpqc gerbe, such that A is equivalent to Rep Φ.
Then Φ is inﬂexible (Proposition 5.4(b)) and pseudo-proper (Examples 7.2).
By Theorem 7.9, the category of essentially ﬁnite objects in A is equivalent
to the category of representations of the universal gerbe ΠΦ/κ , and the result
follows.
♠
For the proof of the Theorem 7.9, call F : X → ΠX/κ the morphism, and
consider F ∗ : Rep ΠX/κ → Vect X. The functor F ∗ is an exact functor of
tensor categories; as such, it carries ﬁnite representations into ﬁnite locally
free sheaves, and essentially ﬁnite representations into essentially ﬁnite locally
free sheaves. By Proposition 7.8 the image of F ∗ is contained in EFin X.
Let us check that F ∗ is fully faithful. The category Rep ΠX/κ is the colimit
of the categories Rep Γ over the category of Nori-reduced morphism X → Γ;
hence it is enough to show that if f : X → Γ is a Nori-reduced morphism,
the pullback functor f ∗ : Rep Γ → Vect X is fully faithful; this follows from
Lemma 7.17 and from the following.
Lemma 7.11. Let f : X → Γ be a Nori-reduced morphism. Then f∗ OX =
OΓ .
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Proof. From Lemma 7.16 below, we have that f∗ OX is a coherent sheaf of
OΓ -algebras; let Γ → Γ be its relative spectrum. Then Γ is a ﬁnite stack, the
f

morphism Γ → Γ is ﬁnite and representable, and f factors as X −→ Γ → Γ.
Since X is inﬂexible, there exists a closed subgerbe Γ ⊆ Γ such that f 
factors through Γ . If I ⊆ OΓ is the sheaf of ideals of Γ in Γ , we have that
all the elements of I pull back to zero on X. By the deﬁnition of Γ it follows
that I = 0; so Γ = Γ is a gerbe. But f is Nori-reduced, so Γ = Γ, and
♠
f∗ OX = OΓ .
Next we need to show that every essentially ﬁnite locally free sheaf is
isomorphic to a pullback from ΠX/κ . Since the functor F ∗ is exact and the
category Rep ΠX/κ is abelian, we may assume that E is ﬁnite.
Let f and g be distinct polynomials in N[x], such that there exists an
def
isomorphism σ of f (E) with g(E). Let r be the rank of E. Set V = kr , and
denote by I the scheme representing the isomorphisms of f (V ) with g(V ).
def
It is isomorphic to GLN , where N = f (r) = g(r); in particular, it is aﬃne.
There is a natural left action of GLr on I; the isomorphism σ gives a lifting
X → [I/GLr ] of the morphism X → Bκ GLr corresponding to the locally free
sheaf E. We need to show that the morphism X → Bκ GLr factors through a
ﬁnite gerbe. For this it is suﬃcient to prove that the scheme-theoretic image
of X in [I/GLr ] is a ﬁnite stack.
Lemma 7.12. The action of GLr on I has ﬁnite stabilizers.
Let us take this for granted for the time being, and let us complete the proof.
By the lemma, all geometric orbits of GLr on I are closed. Since I is aﬃne
and GLr is geometrically reductive, there exists an aﬃne geometric quotient
I → I/GLr , whose geometric ﬁbers are, set-theoretically, the geometric orbits
of the action of GLr on I. The composite X → [I/GLr ] → I/GLr must
factor through a rational point Spec κ → I/GLr , since H0 (X, OX ) = κ and
I/GLr is aﬃne. Call Ω the ﬁber of I over this rational point; the morphism
X → [I/GLr ] factors through [Ω/GLr ]. To conclude, it is enough to show
that [Ω/GLr ] is a ﬁnite stack. But [Ω/GLr ](κ) is a connected groupoid and
has quasi-ﬁnite diagonal since the stabilizers are ﬁnite, so the result follows
from Proposition 4.2.
Proof of Lemma 7.12. To prove the lemma, we may extend the base ﬁeld
κ, and assume that it is algebraically closed. Let φ : f (V )  g(V ) be an
isomorphism, and call G its stabilizer; we need to show that G is ﬁnite. Since
the Krull–Schmidt property holds, we may assume that deg f = deg g.
Let H be a subgroup of G. Then V has the property that f (V ) is isomorphic
to g(V ) as a representation of H.
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If G is positive dimensional, then it must contain either a copy of Ga or of
Gm ; hence it is enough to show that if H = Ga or H = Gm and V is a faithful
representation of H, then f (V )  g(V ).
For H = Gm , this is easy. Since every representation of Gm is semisimple,
two representations of Gm that have the same class in the ring of representations of Gm are isomorphic. The ring of representations of Gm is well known
to be isomorphic to Z[t±1 ]: since Z is algebraically closed in Z[t±1 ] and the
class of V is not in Z, because V is not trivial, f (V )  g(V ).
Suppose that H = Ga . For any representation V of Ga , deﬁne the δinvariant δ(V ) as follows. Fix a basis of V , giving an isomorphism GL(V ) 
GLn . Write the action as an invertible matrix whose entries are polynomials
in κ[t]; the largest degree of one of these polynomials is δ(V ). It is immediate
to see that δ(V ) does
not depend
on the basis. Furthermore, we have that


δ(V ⊕ W ) = max δ(V ), δ(W ) , δ(V ⊗ W
 ) = δ(V ) + δ(W ), and δ(V ) = 0 if
and only if V is trivial. Hence we have δ f (V ) = (deg f )δ(V
 ) =
 ) and
 δ g(V
(deg g)δ(V ). Since δ(V ) > 0 and deg f = deg g, we have δ f (V ) = δ g(V )
and f (V )  g(V ).
♠
This completes the proof of Theorem 7.9.
It is interesting to observe this theorem has a converse, showing that indeed
the concept of inﬂexible stack is a very natural one.
Theorem 7.13. Let X be a pseudo-proper ﬁbered category over Spec κ.
Then X is inﬂexible if and only if the tensor category EFin X is Tannakian.
Proof. We have already seen that if X is inﬂexible, then EFin X is Tannakian. So, suppose that EFin X is Tannakian.
Let Γ be a ﬁnite stack with a morphism X → Γ. We need to show that the
stack-theoretic image Γ of X in Γ is a gerbe. By Lemma 7.16, the sheaf f∗ OX
is coherent. If Γ is its relative spectrum over Γ, the morphism f : X → Γ
factors through Γ . By Proposition 5.4(b), it is enough to prove that Γ is a
gerbe. By replacing Γ with Γ , we may assume that OΓ = f∗ OX .
Lemma 7.14. If the category EFin X is Tannakian, it is an exact abelian
subcategory of the category of sheaves of OX -modules.
Proof. Let Φ be an fpqc gerbe with an equivalence of Tannaka categories
Rep Φ  EFin X. This equivalence is realized by a morphism f : X → Φ.
The pullback from Rep Φ to sheaves of OX -modules is exact, by Proposition
3.1(b), and this proves the lemma.
♠
We have H0 (X, O) = κ, because OX is the unit in the Tannakian category
EFin X. Since H0 (Γ, O) = H0 (X, O) = κ, we see that Γ is geometrically
connected. Now let us show that Γ is reduced. Let N ⊆ OΓ the sheaf of
nilpotent sections. Let ρ : U → Γ be a faithfully ﬂat morphism from a ﬁnite
connected scheme U , and call U0 the inverse image of Γred in U ; this is the
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subscheme whose sheaf of ideals is ρ∗ N . Choose a surjective homomorphism
n
→ ρ∗ N , applying ρ∗ , which is exact, because ρ is representable and ﬁnite,
OU
and then, pulling back along f , we obtain an exact sequence
n
f ∗ ρ∗ OU
−→ f ∗ ρ∗ OU −→ f ∗ ρ∗ OU0 −→ 0 .

From Lemmas 7.14 and 7.15(a), we have that f ∗ ρ∗ OU0 is locally free. Restricting to a point of X, we see that it cannot be 0; hence its annihilator
in OX must be 0. Since OΓ = f∗ OX , the annihilator of ρ∗ OU0 in OΓ , which
is N , must also be 0. So Γ is reduced, as claimed. If κ is perfect, this is
enough to conclude, by Proposition 4.3. When κ is not perfect, we need some
additional work to show that Γ is geometrically reduced.
From Lemma 7.15, we have the equality EFin Γ = Coh Γ. From the equality
H0 (Γ, O) = κ and from the fact that EFin Γ is an abelian category, we see that
EFin Γ is Tannakian. Let Φ be the corresponding fpqc gerbe; the equivalence
Coh Φ = Rep Φ  EFin Γ is realized as pullback along a morphism φ : Γ → Φ.
Let κ be a ﬁnite extension of κ. The category of coherent sheaves on Γκ is
equivalent to the category of coherent sheaves F on Γ, with a homomorphism
of κ-algebras κ → EndOΓ (F ), and analogously for Φ. Hence pullback along
the natural morphism Γκ → Φκ yields an equivalence of categories between
Coh Γκ and Coh Φκ . Since Φκ is a gerbe we have Coh Φκ = Vect Φκ ; it
follows that every coherent sheaf on Γκ is locally free. This implies that Γκ
is reduced (for otherwise the structure sheaf of (Γκ )red would not be locally
free). This shows that Γ is geometrically reduced, and completes the proof of
the theorem.
♠
Some technical lemmas. Here we collect some lemmas that were used
in the proof of the results above in order to unclutter the exposition.
Lemma 7.15. Let Γ be a ﬁnite stack over κ.
(a) Let ρ : T → Γ be a faithfully ﬂat morphism, where T is a connected ﬁnite scheme over κ. Then every locally free sheaf on Γ is a subsheaf of
(ρ∗ OT )⊕r for some r ≥ 0, and ρ∗ OT is a ﬁnite locally free sheaf.
(b) Assume moreover that Γ is reduced. Then every coherent sheaf on Γ is
locally free and essentially ﬁnite.
(c) Assume again that Γ is reduced. Every morphism from an algebraic stack
to Γ is ﬂat.
Proof. For all this, we may assume that Γ is connected.
For (a), call d the degree of ρ. Since F is locally free, the sheaf ρ∗ F is
free over T (since T is the spectrum of a local artinian ring, every locally
free sheaf on T is free). Fix an isomorphism ρ∗ F  OT⊕r . The adjunction
homomorphism F → ρ∗ ρ∗ F  (ρ∗ OT )⊕r is injective. This proves the ﬁrst
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part of the statement. For the second part, it follows from the projection
formula that
ρ∗ OT ⊗ ρ∗ OT  ρ∗ (OT ⊗ ρ∗ ρ∗ OT )
 ρ∗ (OT ⊗ OT⊕d )
 ρ∗ (OT )⊕d .
For (b), take a smooth surjective morphism π : U → Γ, where U is a scheme.
Let F be a coherent sheaf on Γ. Then π ∗ F is a coherent sheaf on the reduced
noetherian scheme U . Such a sheaf is locally free on an open dense subscheme
V ⊆ U . But Γ is ﬁnite, so V also surjects onto Γ, hence F is locally free. Now
take a faithfully ﬂat morphism ρ : T → Γ, where T is a connected ﬁnite scheme
over κ. By embedding the cokernel of F → ρ∗ ρ∗ F into a ﬁnite representation,
we see that F is essentially ﬁnite.
As to (c), notice that it is enough to prove that every morphism from an
aﬃne scheme to Γ is ﬂat. The diagonal of Γ is aﬃne, so such a morphism is
aﬃne, and it is enough to show that all quasi-coherent sheaves on Γ are ﬂat.
By [LMB00, Proposition 15.4] every quasi-coherent sheaf on Γ is a colimit of
coherent sheaves, so the statement follows from (b).
♠
Lemma 7.16. Suppose that f : X → Γ is a morphism of κ-algebraic stacks,
where X is pseudo-proper and Γ is ﬁnite. Then f∗ OX is a coherent sheaf of
OΓ -modules.
Proof. First of all, let us show that f∗ OX is quasi-coherent. Choose a
def
faithfully ﬂat quasi-compact morphism U → X, and set R = U ×X U . Call
fU : U → Γ and fR : R → Γ the composites of f with the morphisms U → X
and R → X. Then it is easily checked that f∗ OX is the equalizer of the two
morphisms fU ∗ OU ⇒ fR ∗ OR resulting from the projections R ⇒ U . Since U
and R are quasi-compact and quasi-separated, fU ∗ OU and fR ∗ OR are quasicoherent, so the result follows.
To prove that f∗ OX is coherent, choose a faithfully ﬂat morphism π : T →
Γ, where T is a ﬁnite κ-scheme, and consider the cartesian diagram
X

f

ρ


X

/T
π

f


/ Γ.

Clearly, X  is pseudo-proper. Since OX is contained in ρ∗ OX  , because ρ
is faithfully ﬂat, it is enough to show that f∗ ρ∗ OX  = π∗ f∗ OX  is coherent.
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But f∗ OX  is a coherent sheaf of OT -algebras, because H0 (X  , O) is a ﬁnitedimensional vector space over κ. Since π is ﬁnite, we have that π∗ f∗ OX  is
coherent.
♠
Lemma 7.17. Suppose that f : X → Y is a morphism of ﬁbered categories.
Suppose that the natural homomorphism OY → f∗ OX is an isomorphism.
Then the pullback functor f ∗ : Vect Y → Vect X is fully faithful.
Proof. This is a standard application of the projection formula.
♠

8. The étale fundamental gerbe
Let X be an inﬂexible algebraic stack, ΠX/κ = limi Γi its fundamental
←−
gerbe, expressed as a projective limit along the category I whose objects
are Nori-reduced morphisms X → Γi . Consider the full subcategory I ét of
I whose objects consist of Nori-reduced morphisms X → Γj in which Γj is
étale. In characteristic 0 we have I ét = I. Since the ﬁbered product of two
étale gerbes is an étale stack, we have that I ét is a 2-coﬁltered category.
Deﬁnition 8.1. The étale fundamental gerbe of X is the proﬁnite gerbe
def
Πét
Γ.
X/κ = lim
←−i∈I ét i
ét
Since I is a subcategory of I, there is a natural projection ΠX/κ → Πét
X/κ .
ét
The natural morphism X → ΠX/κ is easily seen to be universal among all
morphisms to a pro-étale gerbe.
The proﬁnite étale gerbe Πét
X/κ is isomorphic to the gerbe associated with
the relative fundamental groupoid introduced by Deligne in [Del89, 10.17–18].
First of all, let us recall Deligne’s construction. Suppose that X is a geometrically connected algebraic stack over κ. Let Y → X be a connected Galois
def
cover.1 This corresponds to a morphism X → Bκ (Aut Y ), where Aut Y =
AutX Y is the Galois group, which is an fpqc cover; hence Bκ (Aut Y ) is equivalent to the stack of fpqc torsors under the groupoid X ×Bκ (Aut Y ) X ⇒ X.
def
The ﬁbered product X ×Bκ (Aut Y ) X is equivalent to the X-scheme PY =
Y
∗
∗
IsomAut
X×S X (pr2 Y, pr1 Y ) of Aut Y -equivariant isomorphisms of the two pull0
backs of Y . Let PY be the connected component of PY containing the image
of the diagonal X → X ×Bκ (Aut Y ) X. Then PY0 ⇒ X is an fpqc groupoid.
Now, let Z → X be another connected Galois étale cover of X, and let
f : Z → Y be a morphism of coverings. Then f induces a morphism PZ → PY ,
which is easily seen to be independent of f . This sends PZ0 into PY0 , giving a
morphism of groupoids from PZ0 ⇒ X to PY0 ⇒ X.
1 By

cover we mean a representable morphism that is ﬁnite and étale.
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Let {Yj }j∈J be a set of representatives for isomorphism classes of Galois
connected covers of X. We introduce a partial ordering on J, saying that j ≤ k
if there exists a morphism of coverings Yj → Yk . So J becomes a coﬁltered
def
set. Deligne’s absolute groupoid is PX ⇒ X, where PX = limj∈J PYj , and
←−
0 def
Deligne’s relative groupoid is PX
= limj∈J PY0j .
←−
Deﬁnition 8.2. Let X be a geometrically connected algebraic stack over κ.
We deﬁne Deligne’s absolute fundamental gerbe ΠD
X (respectively, Deligne’s
)
as
the
stack
associated
with the groupoid
relative fundamental gerbe ΠD
X/κ
0
PX ⇒ X (respectively, PX
⇒ X).
Notice that, by construction, we are given natural morphisms X → ΠD
X/κ →
D
D
is
an
étale
proﬁnite
gerbe,
the
composite
X
→
Π
induces
ΠX . Since ΠD
X/κ
X/κ
D
→
Π
.
a morphism Πét
X/κ
X/κ

Theorem 8.3. Assume that X is inﬂexible. The natural morphism Πét
X/κ 
is
an
isomorphism.
ΠD
X/κ
Proof. We start with a useful lemma.
def
Lemma 8.4. Let Y → X be a connected étale Galois cover, and let G =
AutX Y . The morphism X → [X/PY0 ] is Nori-reduced.
Proof. Suppose that X → [X/PY0 ] = G factors through a representable
morphism G  → G, where G  is a ﬁnite gerbe. Since the diagonal of G is étale,
so is the diagonal of G  , and we deduce that both morphisms X ×G X →
X ×S X and X ×G  X → X ×S X are also étale. Hence, the natural morphism
X ×G  X → X ×G X is étale. Since G  → G is representable, this morphism is an
immersion, since X×G X = PY0 is connected, this must be an isomorphism. ♠
Hence with the notations of the lemma, the factorization X → [X/PY0 ] of
X → Bκ G is the canonical factorization of Lemma 5.12. This deﬁnes a lax 2functor J → I ét , which induces a homomorphism of pre-ordered sets λ : J →
I ét , where I ét is the pre-ordered set associated with I ét , as in Remark 3.6,
such that for each j ∈ J, we have a canonical isomorphism PY0j  X ×Γλ(j) X.
We need to show that the induced morphism lim PY0j = lim(X ×Γλ(j) X)
←−
←−
into X ×Πét X, which, by Remark 3.6 coincides with limI ét (X ×Γi X), is an
X/κ
←−
isomorphism. In fact, let us show that the image of J is coﬁnal in I ét ; in other
words, we need to show that given a Nori-reduced morphism X → Γ, where
Γ is a ﬁnite étale gerbe, there exists a ﬁnite group G and a representable
morphism Γ → Bκ G, such that the composite X → Bκ G corresponds to a
connected G-cover of X.
Since Γ is ﬁnite and étale, there is a ﬁnite separable extension κ of κ and
a morphism Spec κ → Γ, which is an étale covering; call n its degree. The
covering above corresponds to a representable morphism Γ → Bκ Sn (where
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Sn is the symmetric group on n letters). Consider the Sn -torsor P → X
corresponding to the composite X → Γ → Bκ Sn , and take a connected component Y ⊆ P ; this is a connected G-torsor for a subgroup G ⊆ Sn . There is
a commutative diagram
6 Bκ G
nnyny<
n
n
nnn y
nnn y
n

n
nn / y
/ Bκ Sn .
Γ
X
We need to show that we can insert a dashed arrow into it. Consider the
morphism X → Γ ×Bκ Sn Bκ G induced by the diagram above. Since X is
inﬂexible, the scheme-theoretic image Δ of X is a ﬁnite gerbe. The projection
Δ → Γ is representable, since Bκ G is representable over Bκ Sn ; since X → Γ
is Nori-reduced, the morphism Δ → Γ must be an isomorphism. The inverse
Γ → Δ, followed by the embedding Δ ⊆ Γ ×Bκ Sn Bκ G and the projection
♠
Γ ×Bκ Sn Bκ G → Bκ G gives the required morphism.

9. The fundamental gerbe and the section conjecture
As an application of the formalism in Section 8, let us show that the rational
points of the gerbe Πét
X/κ have a natural interpretation in terms of sections
of Grothendieck’s fundamental exact sequence. Let us ﬁrst recall what this
means.
Theorem 9.1 ([Gro71, IX, Théorème 6.1]). Let X/κ be a quasi-compact,
quasi-separated, and geometrically connected algebraic stack, and ﬁx a geometric point x : Spec Ω → X. Then the following sequence is exact:
(9.1)

1 → π1 (Xκ , x) → π1 (X, x) → Gκ → 1,

where Gκ denotes the absolute Galois group of κ relative to the separable
closure of k in Ω.
By functoriality, a rational point of X induces a section of this exact
sequence, well deﬁned up to conjugacy by an element of π1 (Xκ , x). Denoting by IsCl the set of isomorphism classes of a small category and by
Hom-extGκ (Gκ , π1 (X, x)) this set of equivalence classes of sections, we thus
obtain a map,
sX : IsCl(X(κ)) → Hom-extGκ (Gκ , π1 (X, x)).
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Grothendieck’s famous Section Conjecture is stated as follows:
Conjecture 9.2 ([Gro97]). If X is a proper, smooth, and geometrically
connected curve of genus at least 2 over a ﬁnitely generated extension κ of Q,
the map sX is one to one.
As we will explain now, this conjecture can be stated in our terms by
saying that the natural morphism X → ΠD
X/κ induces a bijection of isomorphism classes of κ-rational points. Rather than working with isomorphism classes, it is natural to consider the category X(κ) and the category
Hom-extGκ (Gκ , π1 (X, x)) whose objects are sections, and morphisms are
given by conjugacy by elements of π1 (Xκ , x), in the natural way.
Proposition 9.3. Let X/κ be a quasi-compact, quasi-separated, and inﬂexible algebraic stack, and ﬁx a geometric point x : Spec Ω → X. There is a (noncanonical) equivalence of categories ΠD
X/κ (κ) → Hom-extGκ (Gκ , π1 (X, x))
that composed with the canonical functor X(κ) → ΠD
X/κ (κ) is a lifting of
sX at the level of categories.
Proof. This will follow from the next lemma.
Lemma 9.4. The natural diagram
ΠD
X/κ

/ ΠD
X


Spec κ


/ ΠD
Spec κ

is cartesian.
♠
Indeed, let us admit this for a while.
If we ﬁx a geometric point x : Spec Ω → X, then by the deﬁnition of a
Deligne absolute fundamental gerbe, there is a canonical isomorphism
AutΠD
(x)  π1 (X, x), and it follows that there is a compatible isomorphism
X
AutΠD (x)  π1 (Xκ , x). In other words, the fundamental exact sequence
X/κ
can be interpreted as the exact sequence of Aut-groups associated with the
ﬁbration at x.
We note that we can safely replace X by its étale fundamental gerbe:
indeed, if x : Spec Ω → X is a geometric point, it induces a morphism of the
corresponding fundamental exact sequences, that is in fact an isomorphism of
D
exact sequences. Since ΠD
X/κ is a proﬁnite étale gerbe, the morphism ΠX/κ →
is an isomorphism, and the lemma implies then that the morphism
ΠD
ΠD /κ
X/κ

D
ΠD
is an isomorphism.
X → Π ΠD
X /κ
So let us assume X = G is a proﬁnite étale gerbe and ﬁx a point x ∈ G(S).
It induces a canonical equivalence G(S)  Torsκ Autκ x, the category of torsors over κ under the κ-group Autκ x. It induces also a canonical section of
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the exact sequence of Aut-groups associated with the ﬁbration at the corresponding geometric point x. This section induces, in turn, as is well known,
a canonical equivalence
Hom-extAutΠS (x) (AutΠS (x), AutΠG (x))  TorsAutΠS (x)−sets (AutG (x)),
the category of torsors under the AutΠS (x)-group AutG (x) in the category of
AutΠS (x)-sets. Hence we get the (non-canonical) equivalence we needed.
Proof of Lemma 9.4. Let Y → X be a connected Galois cover, with Galois
group G. Let κ /κ be the largest separable extension such that Xκ → X is a
quotient of Y → X, and let H be its Galois group. It is enough to show that
the following diagram is cartesian.
[X/PY0 ]

/ Bκ G


Spec κ


/ Bκ H

Denote by G = Spec κ ×Bκ H Bκ G; this is clearly a gerbe, since G → H is an
epimorphism. Because of uniqueness of Nori-reduced factorization (Lemma
5.12) and the fact that X → [X/PY0 ] is Nori-reduced (Lemma 8.4), it is enough
to show that the natural morphism X → G is Nori-reduced. So assume that
X → G factors through a representable morphism G  → G, where G  is a ﬁnite
def
gerbe. Let U = G  ×Bκ G Spec κ, this is a ﬁnite κ-scheme, endowed with a
transitive action of G, and a G-equivariant map Y → U . Since Y is nonempty, Y → U is an epimorphism. The scheme U is also endowed with a
natural morphism U → Spec κ = G ×Bκ G Spec κ. Since Y is geometrically
connected over κ by construction, so is U . Moreover, the morphism U → G 
is étale, and so by Proposition 4.3 the scheme U is reduced, hence is étale.
♠
We conclude that U → Spec κ is an isomorphism, and so is G  → G.
def

So according to Proposition 9.3, we can reformulate Conjecture 9.2 into
the following one, which can be stated without choosing a geometric point.
Conjecture 9.5. If X is a proper, smooth, and geometrically connected
curve of genus at least 2 over a ﬁnitely generated extension κ of Q, the natural
morphism X → ΠD
X/κ induces a bijection of isomorphism classes of κ-rational
points.
The injectivity is known as a consequence of the Mordell–Weil theorem (see
for instance [Sti08, Appendix B]). This goes through over a function ﬁeld if
one uses the Nori fundamental gerbe:
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Proposition 9.6. Let κ be a ﬁeld that is ﬁnitely generated over its prime
subﬁeld, and let X/κ be a proper, smooth, and geometrically connected curve
of genus at least 1. Then the natural functor
X(κ) → ΠX/κ (κ)
is injective on isomorphism classes.
Proof. Let us denote by sX (x) the image of a rational point x ∈ X(κ) in
ΠX/κ (κ). We have to show that if two rational points x, y ∈ X(κ) give rise to
isomorphic sections sX (x)  sX (y), then x = y. Since we can embed X into
an abelian variety A/κ and ΠX/κ is covariant in X, it is enough to show the
corresponding statement for A. So let a, b ∈ A(κ) such that sA (a)  sA (b).
Nori’s generalization of Lang–Serre theorem [Nor83] and Remark 5.15 imply
that
ΠA/S  lim Bκ A[n] .
←
−
n
Since isomorphism classes in Bκ A[n](κ) are in one-to-one correspondence with
H1 (κ, A[n]), it follows, for any non-negative integer n, that a − b lies in
ker(A(κ) → H1 (κ, A[n])) = nA(κ), in other words a − b is divisible in A(κ).
But the Mordell–Weil theorem, that asserts that A(κ) is of ﬁnite type, holds
for A/κ ([LN59, Theorem 1], see also [Con06, Corollary 7.2]).
♠
Remark 9.7. It is unclear whether Proposition 9.6 remains true
The critical point is to identify
when one replaces ΠX/κ by Πét
X/κ .
ker(A(κ) → H1 (κ, A[n]ét )), which does not seem to be an easy task.
This leads naturally to the following version of the Grothendieck Section
Conjecture in arbitrary characteristic.
Conjecture 9.8. If X is a proper, smooth, and geometrically connected
curve of genus at least 2 over a global ﬁeld κ, the natural morphism X → ΠX/κ
induces a bijection of isomorphism classes of κ-rational points.

10. The tame fundamental gerbe
Unfortunately, the étale fundamental gerbe does not seem to have a natural
Tannakian interpretation purely in terms of vector bundles. There is another
quotient of ΠX/κ , however, that does.
Deﬁnition 10.1. A ﬁnite stack Γ over κ is tame if the functor Coh Γ →
Vectκ given by F → H0 (Γ, F ) is exact.
A ﬁnite stack Γ has a moduli space π : Γ → M , which is ﬁnite over κ, hence
Γ is tame if and only if π∗ : Coh Γ → Coh M is exact; so this is a particular
case of the notion of tame stack in [AOV08].

Licensed to Universite Bordeaux I. Prepared on Tue Mar 3 05:45:20 EST 2015 for download from IP 147.210.130.33.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf

THE NORI FUNDAMENTAL GERBE OF A FIBERED CATEGORY

343

From [AOV08, Theorem 3.2] we obtain the following.
Proposition 10.2. A ﬁnite stack Γ is tame if and only if for any object ξ
in Γ(Ω), where Ω is an algebraically closed extension of κ, the group scheme
AutΩ ξ → Spec Ω is linearly reductive.
Recall, again from [AOV08], that a ﬁnite group scheme G over a ﬁeld is
linearly reductive if every ﬁnite-dimensional representation of G is a sum of
irreducible representations. Over an algebraically closed ﬁeld Ω, the ﬁnite
group scheme G is linearly reductive if and only if it is a semidirect product
H  D, where H is a ﬁnite constant group of order prime to the characteristic
of Ω, and D is a ﬁnite diagonalizable group ([AOV08, Proposition 2.10]). Of
course in characteristic 0 every ﬁnite group scheme is linearly reductive, so
every ﬁnite stack is tame.
Proposition 10.3.
(a) If Δ → Γ is a representable morphism of tame stacks and Γ is tame, then
so is Δ.
(b) If Δ1 → Γ and Δ2 → Γ are morphisms of tame ﬁnite stacks, the ﬁbered
product Δ1 ×Γ Δ2 is also tame.
(c) If κ is an extension of κ, then Γκ is tame over κ if and only if Γ is tame
over κ.
(d) If G is a ﬁnite group scheme over κ, then Bκ G is tame if and only if G
is linearly reductive.
(e) A proﬁnite gerbe Φ is tame if and only if the category Rep Φ is semisimple.
Proof. Part (d) follows immediately from the deﬁnitions.
Parts (a) and (b) are easy consequences of the following facts.
(a) A subgroup of a ﬁnite linearly reductive group scheme is linearly reductive
[AOV08, Proposition 2.5 (a)].
(b) A product of ﬁnite linearly reductive group schemes is linearly reductive
[AOV08, Proposition 2.5 (c)].
Part (c) is a particular case of [AOV08, Corollary 3.4].
Part (e) is easy and left to the reader.
♠
Let X be an inﬂexible algebraic stack, ΠX/κ = limi Γi as above. Consider
←−
the full subcategory I tame of I whose objects consist of Nori-reduced morphisms X → Γj in which Γj is tame. Since the ﬁbered product of two tame
gerbes is a tame stack, we have that I tame is a 2-coﬁltered category.
Deﬁnition 10.4. Let X be an algebraic stack over κ. The tame fundadef
limj∈I tame Γj .
mental gerbe of X is the proﬁnite gerbe Πtame
X/κ = ←
−
Again, there is a natural morphism ΠX/κ → Πtame
X/κ . It is easy to see that
for any tame ﬁnite stack Γ over κ, the natural functor
Hom(Πtame
X/κ , Γ) −→ Hom(X, Γ)
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is an equivalence. Also, the morphism X → Πtame
X/κ is universal among all
maps from X to a tame proﬁnite gerbe.

11. The Tannakian interpretation of the étale fundamental gerbe
Let X be a connected algebraic stack. We endow it with the ﬁnite étale
topology, where coverings are given by surjective families of ﬁnite étale morphisms. We denote by Xfét the corresponding site. Let LC(Xfét , κ) be the
category of local systems of ﬁnite-dimensional κ-vector spaces. This is a Tannaka category. The aim of this section is to relate it to EFin X, when X is
deﬁned over κ, inﬂexible, and pseudo-proper.
We can describe the objects of LC(Xfét , κ) in terms of gerbes in the following way. Since X is connected, we can stick to covers consisting of a single
ﬁnite étale morphism Y → X, that we can suppose Galois, with Galois group
G. A local system V in LC(Xfét , κ) trivialized by such a G-torsor Y → X
corresponds to a morphism X → BZ G, and a local system V0 on BZ G, which is
nothing else than a ﬁnite-dimensional κ-linear representation ρ0 : G → GL(V0 )
of the constant group G.
In view of this, it is clear that the gerbe associated with the Tannaka category LC(Xfét , κ) is canonically isomorphic to Deligne’s absolute fundamental
gerbe ΠD
X (Deﬁnition 8.2).
Deﬁnition 11.1. Let X be a connected algebraic stack over κ. The
Riemann–Hilbert functor RHX/κ : LC(Xfét , κ) → Vect X is deﬁned by the
formula RHX/κ (V ) = OX ⊗κ V .
In this description, it is implicit that we use descent theory to get a vector
bundle on X. In other terms, if V comes from a morphism X → BZ G and a
representation ρ0 : G → GL(V0 ) as above, we can use the diagram

X

Spec κ

/ Spec Z


/ Bκ G


/ BZ G

to descend the trivial bundle OSpec κ ⊗κ V0 to Bκ G and then pull it back to X
to get RHX/κ (V ). This construction is independent (up to canonical isomorphism) of the choice of the pair (X → BZ G, ρ0 : G → GL(V0 )). Moreover,
this description makes it clear that, when X is inﬂexible and pseudo-proper,
the functor RHX/κ factors through EFin X (see Lemma 7.15(b)). It is also
clear that the functor RHX/κ is functorial in X/κ.
To state our result we need two additional deﬁnitions.
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Deﬁnition 11.2. Let X/κ be an inﬂexible and pseudo-proper algebraic
stack. We denote by EFinét X the full subcategory of EFin X whose objects
are essentially ﬁnite locally free sheaves with étale holonomy gerbe.
In other words, EFinét X is the category of representations of Πét
X/κ . It is
clear that the functor RHX/κ factors through EFinét X.
Deﬁnition 11.3 ([Mil07]). Let C be a Tannaka category over κ, and let
B be a Tannaka subcategory. We say that a tensor functor F : C → D to a
Tannaka category D identiﬁes D with the quotient of C by B if:
(1) the objects of C whose image by F is trivial are exactly those of B,
(2) any object of D is a subquotient of an object in the image of F .
Theorem 11.4. Let X/κ be an inﬂexible and pseudo-proper stack, and
denote by s : X → Spec κ the structural morphism. Then the functor s∗ :
LC((Spec κ)fét , κ) → LC(Xfét , κ) is fully faithful and the functor RHX/κ identiﬁes EFinét X with the quotient of LC(Xfét , κ) by LC((Spec κ)fét , κ).
Proof. According to Proposition 5.5(a), the stack X/κ is geometrically connected, and one deduces that, if κX denotes the one-dimensional constant
sheaf on X, we have s∗ κX = κSpec κ . It now follows from the projection
formula that the functor s∗ is fully faithful.
To check the ﬁrst condition of Deﬁnition 11.3, we have to prove that, given
an object V of LC(Xfét , κ), its image RHX/κ (V ) is trivial (that is, a free vector
bundle) if and only if there exists an object W of LC((Spec κ)fét , κ) such that
V  s∗ W . The “if” direction is clear, because of the functoriality of RHX/κ
in X/κ. To prove the “only if” direction, let us start from a local system V
in LC(Xfét , κ) such that RHX/κ (V ) is a trivial vector bundle. We can assume
that V comes from a morphism X → Bκ G, and a local system V0 on Bκ G,
as above. Since X is inﬂexible, we can use Lemma 5.12 to factor X → Bκ G
through a Nori-reduced morphism to a ﬁnite gerbe f : X → Γ. Let V1 be
the pullback of V0 along the morphism Γ → Bκ G. Using the functoriality of
RHX/κ in X/κ again, and the fact that the functor f ∗ : Vect Γ → Vect X is
fully faithful (Lemmas 7.17, 7.11), we see that RHΓ/κ (V1 ) is trivial. So we
can ﬁnally assume that X = Γ is a ﬁnite gerbe, and V = V1 .
Lemma 11.5. Let Γ/κ be a ﬁnite gerbe, let κsep be a separable closure of
κ, and let V be an object of LC(Γfét , κ). Then V descends to an object of
LC((Spec κ)fét , κ) if and only if V|Γκsep is constant.
Proof. This is a straightforward consequence of descent theory, since we
♠
can see (Γ → Spec κ, Spec κsep → Spec κ) as a cover of Spec κ.
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So the last thing to do to prove the ﬁrst condition of Deﬁnition 11.3 is
to show that if RHΓ/κ (V ) is trivial, then V|Γκsep is constant. This is a consequence of the functoriality of RHX/κ in X/k and of the following obvious
lemma.
Lemma 11.6. The functor RHΓκsep /κsep : LC(Γκsep fét , κsep ) → Vect Γκsep
is an equivalence.
Proof. This is clear, since Γκsep  Bksep G for a ﬁnite constant group G,
and both categories then identify with the category of ﬁnite-dimensional rep♠
resentations of G with values in κsep .
Note that since V ⊗κ κsep is constant, the same holds for V|Γκsep , and this
ﬁnishes the proof of the ﬁrst condition of Deﬁnition 11.3.
We now prove the second condition. Let E be an object of EFinét X =
Rep Πét
X/κ . According to Theorem 8.3, we can choose a connected Galois cover
Y → X of group G so that E comes from a representation of the groupoid
[X/PY0 ] along the Nori-reduced morphism X → [X/PY0 ]. This morphism is
the canonical factorization of the given morphism X → Bκ G, in particular,
the morphism f : [X/PY0 ] → Bκ G is representable.
Lemma 11.7. Let f : Γ → Δ be a representable morphism of ﬁnite gerbes.
Then every representation of Γ is a quotient of a representation of Δ.
Proof. It is enough to show that f is aﬃne, since then for any vector bundle
E on Γ, the canonical morphism f ∗ f∗ E → E is an epimorphism. We may
base change so that Γ(Spec κ) is not empty. Then f : Γ → Δ can be identiﬁed
with a morphism φ : Bκ H → Bκ G induced by an injective homomorphism
H → G of ﬁnite κ-group schemes. But then the base change of φ in the chart
Spec κ → Bκ G is G/H → Spec κ, which is aﬃne, since H and G are ﬁnite. ♠
So the vector bundle E, seen as a representation of [X/PY0 ], is a quotient
of f ∗ f∗ E, where f is the natural morphism, f : [X/PY0 ] → Bκ G . But f∗ E is
trivialized by the G-torsor Spec κ → Bκ G, hence corresponds to a representation of the ﬁnite constant group G with values in ﬁnite-dimensional κ-vector
spaces. This gives rise to a local system on X which is sent to f∗ E by RHX/κ .
This proves the second condition of Deﬁnition 11.3, hence the theorem.
♠

12. The Tannakian interpretation of the tame fundamental gerbe
Let us ﬁx an inﬂexible pseudo-proper algebraic stack X over κ. Then we
have an equivalence of Tannaka categories Rep ΠX/κ → EFin X.
Deﬁnition 12.1. A locally free sheaf E on X is tamely ﬁnite when it is
ﬁnite, and all the indecomposable components of all the tensor powers E ⊗n
are irreducible in EFin X.
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We denote by TFin X the full subcategory of EFin X consisting of tamely
ﬁnite objects.
It is easy to see that TFin X is an exact abelian subcategory of EFin X;
however, it does not seem obvious to us that it is a Tannakian subcategory,
that is, that the tensor product of two tamely ﬁnite sheaves is tamely ﬁnite.
Clearly, if Γ is a tame ﬁnite gerbe every object of Rep Γ is tamely ﬁnite;
hence the pullback Rep Πtame
X/κ → Rep ΠX/κ , which according to Lemma 7.17
is fully faithful, gives an equivalence of Rep Πtame
X/κ with a Tannakian semisimple subcategory of Rep ΠX/κ , which is contained in TFin X. The following
theorem says that this is an equivalence.
Theorem 12.2. The pullback Rep Πtame
X/κ → EFin X induces an equivalence
with
TFin X. In particular, TFin X is a
of the Tannaka category Rep Πtame
X/κ
Tannakian subcategory of EFin X.
It follows from the theorem that TFin X is the largest Tannakian semisimple subcategory of EFin X.
Proof. The proof of the theorem is based on the following fact. Let V be
a representation of degree r of a ﬁnite gerbe Γ, corresponding to a morphism
Γ → Bκ GLr . We say that V is faithful if the morphism is representable.
Suppose that κ is extension of κ, such that Γ(κ ) = ∅. Then Γκ  Bκ G for
a ﬁnite group scheme G over κ . The pullback Vκ of V to Γκ comes from a
representation G → GLr . Then V is faithful if and only if the representation
G → GLr is faithful, in the sense that it has trivial kernel.
Lemma 12.3. Suppose that a ﬁnite gerbe Γ has a faithful tamely ﬁnite
representation. Then Γ is tame.
Proof. Let V be a faithful representation of degree r of Γ; this corresponds
to a morphism f : Γ → Bκ GLr . Notice that f is aﬃne. For this we can extend
the base ﬁeld and assume that Γ = Bκ G for a certain ﬁnite group scheme G,
so that V corresponds to a faithful representation G → GLr . In this case the
ﬁber of f over Spec κ is the quotient GLr /G, and since the quotient of an
aﬃne variety by a ﬁnite group scheme is aﬃne, we have the result.
Let κ be a ﬁnite extension of κ such that Γ(κ ) = ∅, and choose a morphism
ρ : Spec κ → Γ. By Lemma 7.15(a) every representation of Γ is contained in
def
a sum of copies of E = ρ∗ OSpec κ ; hence it is enough to prove that E is
def
semisimple. Set σ = f ρ : Spec κ → Bκ GLr . Consider the adjunction homomorphism f ∗ f∗ E → E. This is surjective, because f is aﬃne, so it is enough
to show that the inﬁnite-dimensional representation f ∗ f∗ E = f ∗ σ∗ OSpec κ is
semisimple.
Notice that any two morphisms Spec κ → Bκ GLr are isomorphic;
hence σ  πα, where α : Spec κ → Spec κ is the canonical morphism and
π : Spec κ → Bκ GLr corresponds the trivial GLr -torsor on Bκ GLr . If d
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⊕d
denotes the degree of the extension κ /κ, then α∗ OSpec κ  OSpec
κ , so

σ∗ OSpec κ  (π∗ OSpec k )⊕d . So it is enough to prove that V = f ∗ π∗ OSpec k is
semisimple. The representation π∗ OSpec k corresponds to the standard regular
representation of GLr , that is, to the action of GLr on the vector space k[GLr ]
induced by right translation. Let W be the tautological representation of GLr
of degree r; the pullback of W to Γ is exactly V . On the other hand we have
that k[GLr ] is a quotient of the representation

det(W ∨ )⊗m ⊗ Symn (W ⊗ W ∨ ) ,
def

m,n≥0

from which we obtain that f ∗ π∗ OSpec k is a quotient of

det(V ∨ )⊗m ⊗ Symn (V ⊗ V ∨ ) .
m,n≥0

Since each of the summands det(V ∨ )⊗m ⊗ Symn (V ⊗ V ∨ ) is a quotient of a
tensor product of tensor powers of V and V ∨ , and all these tensor powers are
semisimple, because V , and hence V ∨ , is tamely ﬁnite. This concludes the
proof.
♠
Let us proceed with the proof of the theorem. According to the discussion
above, it is enough to show that every tamely ﬁnite sheaf E on X is in the
essential image of Rep Πtame
X/κ . Choose a morphism f : X → Γ to a ﬁnite gerbe
and a representation V of Γ with f ∗ V  E. The representation V corresponds
to a morphism Γ → Bκ GLr , where r is the rank of E. We claim that there is
a factorization Γ → Δ → Bκ GLr , where Δ is a ﬁnite gerbe and the morphism
Δ → Bκ GLr is representable. Let IΓ be the inertia stack of Γ, which is a group
scheme over Γ, and let G ⊆ IΓ be the kernel of the induced homomorphism
of relative group schemes IΓ → Γ ×Bκ GLr IBκ GLr ⊆ Γ × GLr . The morphism
Γ → Bκ GLr is representable if and only if G is trivial. Now we can take Δ
to be the rigidiﬁcation Γ G, as in [AOV08, Theorem A.1]. Then the tamely
ﬁnite sheaf E is a pullback from a representation of Δ, which is a tame ﬁnite
gerbe, according to Lemma 12.3.
♠

13. Examples and applications
We conclude with some examples to illustrate the theory. We will use
without comment some standard facts in the theory of Brauer–Severi varieties;
as a general reference, see [Art82] or [GS06, Chapter 5].
Proposition 13.1. Let P be a Brauer–Severi variety over κ. Then ΠP/κ =
Spec κ.
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Proof. There exists some ﬁnite separable extension κ of κ such that
P (κ ) = ∅, so that Pκ = Pnκ . From Proposition 6.1 we see that we may
assume κ = κ , that is, P = Pnκ . Also, we can assume that κ is inﬁnite (if not,
pass to a separable closure).
It is enough to show that every ﬁnite bundle E on Pnκ is trivial, as this implies immediately that EFin Pnκ = Vectκ , which implies the thesis, by Tannaka
duality. By [OSS80, Theorem 3.2.1], it is enough to show that the restriction
of E to each line is trivial (in the reference given the result is only stated
over C, but the proof works over any inﬁnite ﬁeld). Since the restriction of
E to a line is again ﬁnite, we are reduced to the case n = 1, which follows
from Proposition 7.6 and Grothendieck’s theorem on the structure of vector
♠
bundles on P1κ .
Let us give examples of schemes X over κ in which ΠX/κ (κ) = ∅. Here is
a general method for producing examples.
Proposition 13.2. Let P be a Brauer–Severi variety over κ. Call r its
exponent. Then Pic P is generated by a sheaf of degree r, which we call OP (r).
Let f : X → P be a morphism, where X is an inﬂexible algebraic stack. Assume that there exists a prime p dividing r and an invertible sheaf Λ on X,
such that Λ⊗p  f ∗ OP (r). Then ΠX/κ (κ) = ∅.
Proof. Let P ∨ be the dual Brauer–Severi variety, that is, the Hilbert scheme
of hyperplanes in P . Then P ∨ has also exponent r. Let Γ → Spec κ be the
stack, whose sections over a κ-scheme S consist of invertible sheaves E on
S × P ∨ , with an isomorphism E ⊗p  pr∗2 OP ∨ (r). It is easy to check that Γ
is a gerbe banded by μp . Clearly, Γ(κ) = ∅, because OP ∨ (r) has no pth root
on P ∨ .
Denote by H ⊆ P × P ∨ the tautological divisor; the invertible sheaf O(H)
has bidegree (1, 1). Notice that there is an isomorphism
O(rH)  pr∗1 OP (r) ⊗ pr∗2 OP ∨ (r) .
Consider the morphism f × id : X × P ∨ → P × P ∨ and the invertible sheaf
E = (f × id)∗ O(H)⊗r/p ⊗ pr∗1 Λ∨
def

on X × P ∨ . We claim that E ⊗p is isomorphic to pr∗2 OP ∨ (r). This gives a
morphism X → Γ and shows that ΠX/κ (κ) = ∅.
If F is a geometric ﬁber of the projection pr1 : X × P ∨ → X, the invertible
H1 (F, O) = 0, we have,
sheaf E ⊗p ⊗ pr∗2 OP ∨ (−r) is trivial along F . Since
 ⊗p
by the standard base-change theorems, that pr1∗ E ⊗ pr∗2 OP ∨ (−r) is an
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invertible sheaf on X and that
E ⊗p ⊗ pr∗2 OP ∨ (−r)


= pr∗1 pr1∗ E ⊗p ⊗ pr∗2 OP ∨ (−r)


= pr∗1 pr1∗ (f × id)∗ O(rH) ⊗ pr∗1 Λ⊗−p ⊗ pr∗2 OP ∨ (−r)


= pr∗1 pr1∗ pr∗1 (f ∗ OP (r) ⊗ Λ⊗−p ) ⊗ pr∗2 (OP ∨ (r) ⊗ OP ∨ (−r))
= pr∗1 pr1∗ OX×P ∨
= OX .
This concludes the proof.
Remark 13.3.

♠

(1) In applying Proposition 13.2, it is useful to notice that if f ∗ OP (mr)
is a pth power in Pic X, where m is not divisible by p, then f ∗ OP (r)
is also a pth power.
(2) Using the relative Brauer group, Jakob Stix has shown the following
similar result ([Sti12], §10.3). Assume that P is a non-trivial Brauer–
Severi variety of dimension n − 1. Let L be an invertible sheaf on P
whose order in Pic P/n is a multiple of the period r. If L admits a
nth root on X → P , then ΠX/κ (κ) = ∅. In our result however, the
dimension of P does not play any role.
(3) Sylvain Brochard has given an independent proof of Proposition 13.2
using the torsion of the Picard scheme and an interesting duality
theory for commutative group stacks (see [Bro12]).
From this it is easy to give examples of smooth projective geometrically
connected curves of genus at least 2 over a ﬁnitely generated ﬁeld κ such that
ΠX/κ (κ) = ∅ over any ﬁeld with non-trivial Brauer group.
Proposition 13.4. Let P be a Brauer–Severi variety over κ with P (κ) = ∅,
let r be its exponent, and let p be a prime factor of r. Then there exists a
smooth geometrically connected projective curve X with a morphism f : X →
P and an invertible sheaf Λ on X such that Λ⊗p  f ∗ OP (r).
Proof. The result follows from the next lemma, applied to a smooth geometrically connected projective curve Y ⊆ P (for example, a complete inter♠
section in P ) and to the restriction of OP (r) to Y .
Lemma 13.5. Let Y be a smooth geometrically connected projective curve
over κ, let L be an invertible sheaf on Y , and let n be a positive integer. Then
there exists a morphism of smooth geometrically connected projective curves
f : X → Y and an invertible sheaf Λ on X with Λ⊗n  f ∗ L.
Proof. Suppose that f : X → Y is a morphism of smooth geometrically
connected projective curves over κ. If y ∈ Y is a closed point and we set
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f ∗y =
x∈f −1 (y) ex x (where the equality is an equality of divisors), with
ex ∈ N, we call the branch index of f at y the greatest common divisor by (f )
of the ex .
Now, by multiplying L by the nth power of a suﬃciently ample invertible
sheaf on Y , we may assume that L is very ample. Let D be a smooth divisor in
its linear system (which exists, since the ﬁeld κ is inﬁnite, because it has nontrivial Brauer group). It is suﬃcient to show that there exists a morphism of
smooth geometrically connected projective curves f : X → Y with by (f ) = n
for each y ∈ D. Let D be a smooth divisor in the linear system of L⊗(n−1)
which is disjoint from D. Then D +D is a smooth divisor in the linear system
of L⊗n . We obtain X as the ramiﬁed cover of nth roots of D + D in the usual
fashion.
♠
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