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The topic of our research is to do (some) geometry on infinite-dimensional mani-
folds like the restricted Grassmannian Grres, or the restricted Siegel disc Dres. The
restricted Grassmannian is related to loop groups ([10], [14]), hierarchies of equa-
tions of KdV-type ([13]), and Fermionic second quantization ([21]). The restricted
Siegel disc contains in a natural way the universal Teichmüller space T0(1) (with
the Hilbert manifold structure constructed in [16]) as well as the Teichmüller space
of any compact Riemann surface.

In recent work ([17]) we construct a hyperkähler metric on the cotangent space
of any infinite-dimensional Hermitian-symmetric affine coadjoint orbit of an L∗-
group of compact type. An example of such an orbit is the restricted Grassman-
nian Grres. This metric is natural in the following sense: it is invariant under
the L∗-group under consideration, restricts to the Kähler metric of the orbit and
is compatible with the complex symplectic form of the cotangent space. In the
case of the restricted Grassmannian, we obtain a hyperkähler metric on the cotan-
gent space T ∗Grres, which is invariant under the group U2 of unitary operators
which differ from the identity by Hilbert-Schmidt operators, restricts to the nat-
ural Kähler metric of the restricted Grassmannian and is compatible with the
complex-symplectic structure of the cotangent space. This result is a general-
ization of finite-dimensional results in [4], [5] and [6] to the infinite-dimensional
setting where the root theory of L∗-algebras is extensively used. The proof goes
by identifying the cotangent space of a Hermitian-symmetric affine coadjoint or-
bit of an L∗-group of compact type with the orbit of the complexified L∗-group,
where a potential can be computed. For orbits of non-compact type (also known
as symmetric Hilbert domains) this identification does not hold anymore and it is
still work in progress (with T. Ratiu and F. Gay-Balmaz) to construct a natural
hyperkähler metric on the cotangent space of any symmetric Hilbert domain such
as the restricted Siegel disc Dres for instance.

The background for this research is the root theory of simple separable L∗-
algebras developed by Schue in 1960-1961. The objects of study are infinite-
dimensional Hermitian-symmetric affine coadjoint orbits of L∗-groups, which one
may want to classify. The classification of the irreducible orbits can be made
as in the finite-dimensional case ([20]) using the notion of roots of non-compact
type ([18]). Finite-dimensional examples include the 2-sphere and the hyperbolic
space. The tool for the construction of the hyperkähler structures mentioned above
is the existence of maximal sets of strongly orthogonal roots on one hand, and the
existence of Cartan subalgebras adapted to a given Cartan decomposition on the
other ([8]). Looking back at the 50 year old theory of L∗-algebras, some questions
arise: given that even for simple L∗-algebras some automorphisms are not inner,
what are the conjugacy classes of Cartan subalgebras by inner automorphisms? Is
any Cartan subalgebra of a simple L∗-algebra the centralizer of one of its elements?
The conjugacy classes of Cartan subalgebras of simple L∗-algebras under the whole
group of automorphisms are characterized for complex L∗-algebras in [2] and for
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real simple L∗-algebras in [1] (see also [9] and [3] for similar questions on other
infinite-dimensional algebras).
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