University of Lille I
PC first year list of exercises n°4

Matrix calculus

Exercise 1 Let us consider the following matrices :

1 2 -1 1 0 —1 2 -2 2
A= 2 3 -2 |; B=|20 4 |; cC=11 1 |; D=|1]; E=(01 2).
00 O 1 0 =2 3 1 3

Compute, when they make sense, the following products : AB, BA, AC, CA, AD, AE, BC, BD, BE,
CD, DE.

Solution of Exercise 1 :

Let us first recall that a product AB of two matrices A and B is well-defined if and only if the number of
columns in A is equal to the number of lines in B. Therefore, the products CA, AE, BE and C'D are not
defined.

The general formula for the product of a matrix A = (aij); <;<, 1< <, With a matrix B = (k)1 <p<n.1<i<m
is the following : C' = AB is a matrix of size (p, m) whose coeflicients are : ¢;; = > p_; aixbp (the first
index i is for the lines, 1 <14 < p, the second is for the columns, 1 <1 < m).

For example, with the matrices A and B given in the exercise, we have p = 3 (the number of lines in A),
n = 3 (the numbers of columns in A and the number of lines in B), m = 3 (the numbers of columns in
B), and the third coefficient on the first line of the product AB is

3
c13 = Zalkbk?) = a11biz + ai2bs + ai3bz3 =1 x (=1) +2 x4+ (=1) x (=2) =9.
k=1

One obtains the following results :

4 0 9 1 2 -1 1 -1 1
AB=1| 6 0 14 BA=1| 2 4 -2 AC=11 -3 AD=11
0 0 O 12 -1 0 0 0

-1 -3 -1 0 2 4

BC = 16 0 BD = 16 DE=1|1 0 1 2

-4 —4 —4 0 3 6

Moreover ED = 7.

Exercise 2 Consider the following matrices :

1 2
; C= 0 4
0

2 17
A=10 1 3 ; B=|2 3
0 0 0 -1

Compute : (A —2B)C, CTA, CTB, CT(AT —2B™), where M denotes the transpose of M.



Solution of Exercise 2 : One has :

0 -9 1 -1 —36
A-2B=| -4 -5 -5 (A-2B)C=| 1 —28
0 -2 4 —4 -8
r_ (10 -1 r, (2 7 =5 ro (1 7 -1
C_<24 0 CA=14 11 w0 CB={10 2 14
0 40 -1 1 -4
AT —2BT =(A-2B)T = -9 -5 —2 cT(AT —2BT) =
L s 4 -36 —28 -8

As expected, we verify that CT (AT — 2BT) = ((A - 2B)C)
Exercise 3 Compute A™ for all n € Z, with successively

(et ) () ot )

Solution of Exercise 3 : Using the trigonometric formulas

cos(a + b) = cos(a) cos(b) — sin(a) sin(b)
sin(a + b) = sin(a) cos(b) + cos(a) sin(b)

(which we can recover by considering the real and imaginary parts of the equality eilatb) — elei) we

obtain by induction on n :
n cos(na) —sin(na)
A" = ) .
sin(na)  cos(na)

Another way to obtain this result is the following : the matrix A is the matrix of the rotation of angle a
in the plane. Composing A with itself n-times gives the rotation of angle na.

a

Consider now the second matrix. Recall that cosh(a) = # and sinh(a) = ea_267 ; in other words, cosh

is the even part of the exponential, and sinh is the odd part of the exponential. In particular, one has
cosh?(a) — sinh?(a) = 1. Using the formulas

cosh(a + b) = cosh(a) cosh(b) + sinh(a) sinh(b)
sinh(a + b) = sinh(a) cosh(b) + cosh(a) sinh(b)

(which we can recover by writing out everything in terms of the exponential function ), we obtain, again

by induction on n :
A — cosh(na) sinh(na)
~ \_sinh(na) cosh(na) /°

Exercise 4 Are the following matrices invertible ? If so, compute their inverses.
1 2 3 1 0 —1 2 1 -1
2 31|, 20 1 ,{ 03 0
3 1 2 1 1 3 0 2 1

Solution of Exercise 4 : Let us apply the Gauss algorithm to the matrix obtained by juxtaposing to
the first matrix the identity matrix of the same size :

1 2 3|1 00 1 2 3 1 0 0 Ly
23 1/]010]|— 0 -1 -5|-2 1 0 Ly — Ly — 214
31 2|0 01 0 -5 =7/-3 0 1 Ls — Ly — 314



12 3|1 0 O Ly
— 0 -1 -5|-2 1 0 Ly
0 0 18| 7 -5 1 Ls — L3 —5L9
On the left, we see a triangular matrix with nonzero diagonal coefficients. Hence the initial matrix is
invertible. To compute its inverse, one uses the operations of the Gauss algorithm to obtain the identity
matrix on the left. Once we have the identity matrix on the left, the inverse can be read on the right :

12 3[1 12 0]-% I8 -3 Ly — L1 —3Ls
— [0 1 5]2 —1 0 Ly — L2 - 1010 & £ -3 Ly — Ly —5L3
7 1 7 5 1
100 —1% £ & Ly — Ly — 2Ly
1 7 5
5 1 7
1 2 3 “IE B 18 -5 1 7
Hence the inverse of thematrix A= | 2 3 1 |isA~!= % 18 —1% :% 1 7 =5
31 2 L -2 X 7 -5 1
1 0 -1
In the same manner, one obtains that the matrix B=| 2 0 1 is invertible, with inverse
11 3
1 1
z = 0 1 1 0
3 1
B~ 1= § ?4 1 =3 -4 3
2
-5 35 0 -2 1 0
> 1 -1 ;-1 1
The matrix C=| 0 3 0 is also invertible, with inverse C™'=( 0 £ 0
02 1 0 -2 1
Exercise 5 Compute the inverses of the following matrices :
1 1 1 1 1 a o o 1 23 4
1 1 -1 -1 01 a a 01 2 3
1 -1 1 -1’00 1 a |’ O0O0 1 2
1 -1 -1 -1 00 0 1 00 01
1 1 1 1
. . . 1 1 -1 -1 .
Solution of Exercise 5 : The inverse of D = 1 -1 1 -1 |8
1 -1 -1 -1
0 o0 1% 1 0 0 1
pi_|0 3 0 —z|_1]0 1 0 -1
0 0 1 —3 210 0 1 -1
1 1 101
3 T2 T3 2 I -1 -1 1
1 a & d 1 —a O 0
. 01 a a 1 0 1 —a 0
The inverse of E = 00 1 a ,is B 00 1 -a
00 0 1 0 O 1
1 2 3 4 1 -2 1 0
. | 0123 o1 _| 0 1 =2 1
The inverse of F' = 00 1 2 yis F=h = 00 1 -9
00 01 0 0 1




Exercise 6 The exponential of a square matrix M is, by definition, the limit of the following sequence

M? al
=14+ M+ — li —_—.
TR Ve s PN Dy
One admits that this limit exists, by a theorem of Analysis.

1. Show that if AB = BA then eAt8 = e4¢B. One is allowed, to treat this question, to pass to the
limit without justification.

2. Compute e for the four following matrices :

00 0
b 0,10
0 c 0

o o e

I; <0 1)(10)
0 -1 0 00

o O R

3. Find a simple example where eAt5 £ eAeB,

Solution of Exercise 6 :
1. Under the hypothesis that AB = BA, one has :

(A+B)" =) Cka*B"F,
k=0

where CF = Therefore

T

A+B

L N (A+B)" _ . N 15w k gn—k
e = UMy yoo D g = UMN 100 D n—0 71 Dheo mA B

T N n Ak B(n—k)
= My 00 D po D=0 K (n—k)! "

On the other hand,

A_B s A 2 B!
ce = Nllgl—ll-ookz_()/d ‘ Nzlg{il-oo;l! '

Under the hypothesis that these two limits exists, one has :

N1 No k 1l
ee” = lim lim —_—
Ni1—~+00 No——+oo 0 1=0 k'l

Note that in this last expression the indices (k,1) take all values of N x N. Another way to count all
integers from N x N is to count the integers on the diagonal k + [ = n and make this diagonal vary
from n = 0 to n = +o0o. This gives rise to the following equalities :

ZZ AF B(" k)
— I AJrB.
e NHHEoon -

2. Let A be the first matrix. One has :

a® 0 0
A" = o o™ 0 |,
0 0 ¢
therefore
By oo Dong &7 0 0 e“ 0 0
e = 0 limpy 1o Zn 0 T; 0 = 0 e 0
0 0 WA o0 S0 & 0 0 e



Let us denote by B the second matrix. One has :

2

0 a b 0 0 ac
B2=|100c¢]|] =100 0|,
0 0O 0 0 O
and B™ = 0 for n > 3. Therefore
. B2 1 00 0 a b 1 0 0 ac I a S+0b
e :1+B+?: 01 0 |+ 0 0 ¢ +§ 0 0 O = 0 1 c
) 0 0 1 0 00 0 0 O 0 0 1

us

Denote by C the third matrix. It is the matrix of the rotation centered at the origin of angle —7.

Since C" is the matrix of the rotation centered at the origin of angle n x 7, one has :

at _ (10 ak+1 _ ~_ ( 0 1 ak+2 2 —1 0 ak+3 _ 3 (0 -1
C_<01>’C 0=l 0) =00 ) =11 0 )

Therefore
C 1 0 0 1 1 -1 0
01 -1 0 2! 0 -1
0 1
-1 0
1 0 1
(4k+1)! -1 0

_l_
+

A=

+
&=
NN
= O
|
e —
N~

+ + + +
g
.7 N
:O>—~
— o
N——
+ o+ + 4+
+ + + +
E
_IASH
. - .
IOLC
I o
N———
+ o+ + o+

. N (=1} : N (1) .
O My 00 D120 4((2l))1 My 00 D10 (él+ig! _ ( cosl sinl ) ’

: N —1)¢ . N (-1 o
—lmy 100 D1ty % Imy—too 2 g ((21))! sinl cosl

where we have used the series :

) N -1 11:21
cosw = Hmy_ 400 ) 1g ( (2)1)!

. L N (=1)lg2it?
sine = lImy_—q00 ) 110 G

0 0

1
D (& 0
c _(O 1).
. Consider the matrix F = (O 1>.One has ED = (O 0) #+ DE = <0 1>.Moreover

00 0 0
11
D—i—E—(OO),and

Denoting by D the fourth matrix, D = < L0 ), one has :



Therefore



