
A THREE DIMENSIONAL OBJECT POINT

PROCESS FOR DETECTION OF COSMIC

FILAMENTS

by

Radu S. Stoica

Vicent J. Martinez

Enn Saar

Research Report No. 17

January 2006
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1. Introduction

The large-scale structure of the Universe is studied by creating galaxy maps – positions
of thousands, a few years ago, and millions, nowadays, of galaxies in space. The angular
positions of galaxies are relatively easy to measure, but their distances can be estimated only
by measuring their recession velocities. The latter task is difficult, especially for faint distant
objects, and thus really detailed maps of galaxies have started to appear only lately. An
additional caveat is that the recession velocities contain a contribution from the dynamical
velocity of a galaxy, so the apparent distances of galaxies are in error. Such maps are called
’redshift space’ maps, but the distance errors are not as serious as to change the overall
picture of the large-scale structure.

An overview of such galaxy maps is given in Mart́ınez and Saar (2002). As an example,
we present here a map from a recently completed 2dF Galaxy Redshift Survey (2dFGRS,
Colless et al. (2001)). This survey measured the redshifts (recession velocities) of galaxies
in about 1500 square degrees, up to the distances of about 700 h−1Mpc† (corresponding to
a redshift z = 0.2 for the standard cosmological model). The redshifts were measured in
two different regions of the sky; Fig. 1 shows the positions of galaxies in two 2.6◦ thick slices
from both regions.

The dominant feature of this map, as of all other galaxy maps of the large-scale structure
of the universe, is the network of filaments of different size and contrast, along with relatively
empty voids between the filaments. The filamentary network contains different scales, where

†Distances between galaxies are usually measured in megaparsecs (Mpc); 1Mpc ≈ 3 · 1024cm.
The constant h is the dimensionless Hubble parameter; the latest determinations give for its value
h ≈ 0.71.
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Fig. 1. Galaxy map for two 2dFGRS slices. The observers (we) are situated at the centre of the
figure. Both slices are thin, with the thickness of 2.6◦. The distances are given in redshifts z; ap-
proximately, the physical distance D ≈ 3000 h

−1
z Mpc. The numbers along the arcs show the right

ascension (in hours). The filamentary network of galaxies is clearly seen; the disappearance of
stucture with depth (towards the sides of the figure) is caused by luminosity selection.

smaller-scale filaments are also less prominent. The gradual disappearance of structures
with increasing distance is due to the fact that the apparent luminosity of a galaxy is the
fainter the more distant it is, and in more distant regions we can observe only a few of the
brightest galaxies.

Although the filaments are prominent, there is no good method to describe such a fila-
mentary structure. The usual second moment methods in real space or in the Fourier space
(the two-point correlation and power spectra) do not describe well filamentary structures.
The method that has been used most is the minimal spanning tree (MST, see a review
in Mart́ınez and Saar (2002). The first application of the MST formalism to describe the
filamentary networks of galaxy maps was that of Barrow et al. (1985); many later studies
have used it.

The minimal spanning tree is unique for a given point set, which is good, and it connects
all points, which is not good. When the number of galaxies is large, the MST is rather fuzzy,
and it describes mainly the local nearest-neighbour distribution. The filamentary network
seen by the eye combines both local and large-scale features of the point distribution. Thus,
a better notion would be that of the skeleton, proposed recently to describe continuous
density fields Eriksen et al. (2004). The skeleton is formed by lines parallel to the gradient
of the field, which connect the saddle points to local maxima of the field. Calculating the
skeleton, however, involves smoothing the point distribution, which will introduce an extra
parameter, therefore this method is not well suited for point distributions.

In a previous paper (Stoica et al. (2005)), we proposed to use an automated method
to trace filaments for realizations of point processes, that has been shown to work well for
detection of road networks in remote sensing situations (Lacoste et al. (2005); Stoica et al.
(2002, 2004)). This method is based on the Candy model, a marked point process where
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segments serve as marks. The Candy model can be applied to 2-D filaments, and we tested
it on simulated galaxy distributions. The filaments we found delineated well the filaments
detected by eye.

All the methods used to automatically detect filaments have been developed so far for
two-dimensional maps. This is a natural approach for studying the cosmic microwave sky
background (Eriksen et al. (2004)), which is two-dimensional, but galaxy maps are three-
dimensional. The previous filament studies (e.g., Bharadwaj et al. (2004); Bharadwaj and
Pandey (2004); Pandey and Bharadwaj (2005)) have also used two-dimensional galaxy maps,
projections for thin slices. The main reason for that is that most of the past large-scale
galaxy maps were observed for relatively thin spatial slices; also, in projection filaments seem
more prominent. But, of course, both slicing of filaments and projecting the distribution
onto a plane distorts the geometry and the properties of the filamentary network.

The studies of the three-dimensional filamentary network has just begun. Three-dimensio-
nal filaments have been extracted from galaxy distribution as a result of special observational
projects (Pimbblet and Drinkwater (2004)), or by searching for filaments in the 2dFGRS
catalogue (Pimbblet et al. (2004)). These filaments have been searched for between galaxy
clusters, determining the density distribution and deciding if it is filamentary, individually
for every filament. Similar studies have been carried out for N-body simulations (Colberg
et al. (2005)). A review of these and previous studies of large-scale filaments is given in
(Pimbblet (2005)).

No automated methods to trace filaments in the three-dimensional galaxy maps have
been proposed so far. Based on our previous experience with the Candy process, we general-
ized the approach for three dimensions. As the interactions between the structure elements
are more complex in three dimensions, we had to define a more complex model, the Bisous
model (Stoica et al. (2005)). We will describe the model below and shall apply it to the
samples chosen from the real three-dimensional galaxy distribution, the 2dFGRS catalogue.

2. Object point processes : definitions and manipulation tools

2.1. Definitions
Let (K,B, ν) be a measure space, where K is a compact subset of R

3 of strictly positive
Lebesgue measure 0 < ν(K) < ∞ and B the associated Borel σ−algebra of subsets of
K. If, to points in K, shape descriptors or marks are attached, objects are formed. Let
(M,M, νM ) be the probability measure space of these marks.

The considered configuration space is Ω = ∪∞
n=0Ξn, with Ξn the set of all unordered

configurations y = {(k1, m1), (k2, m2), . . . , (kn, mn)} that consist of n not necessarily dis-
tinct objects yi = (ki, mi) ∈ K × M . Ξ0 is the empty configuration. Ω is equipped with
the σ−algebra F generated by the mappings that count the number of objects in Borel sets
A ⊆ K × M .

An object point process with locations of objects in K and shape characteristics in M

is a measurable mapping from some probability space into (Ω,F).
For the sake of simplicity, throughout this paper the shape of an object is defined by a

compact set s(yi) = s(ki, mi) that is a subset of R
3 of finite volume ν(s(yi)). The shape of

a pattern y is defined by the random set Z(y) = ∪
n(y)
i=1 s(yi).

The simplest object point process is the Poisson point process. This process is used as
a reference measure. It generates a configuration of objects as follows : first the number
of objects is chosen according to a Poisson law of intensity ν(K), then the locations of
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objects are distributed uniformly in K and finally the corresponding shapes are chosen
independently for each object with respect to νM .

The Poisson process does not take into account interactions between objects. Indeed,
more realistic models can be constructed by specifying a probability density with respect
to the reference measure :

p(y|θ) = α exp [−U(y, θ)] (1)

with α the normalizing constant, θ the vector of model parameters and U(y, θ) the energy
function of the system. There is a lot of freedom for constructing the energy function,
provided there exists a positive real constant Λ > 0 such that

U(y, θ) − U(y ∪ {(k, m), θ)} ≤ log Λ (2)

The condition (2) is known in the literature as the local stability property and it im-
plies the integrability with respect to the reference measure, of the probability density given
by (1). Furthermore, the local stability property is of major importance in establishing con-
vergence proofs for the Monte Carlo dynamics simulating such a model Geyer (1999). The
quantity exp[U(y, θ)−U(y∪{(k, m), θ)] is usually called the Papangelou or the conditional
intensity ratio.

For further details related to the definition and the properties of object point pro-
cesses we recomend the reader the following monographs (van Lieshout (2000); Møller and
Waagepetersen (2003); Reiss (1993)).

2.2. Manipulation tools : sampling and inference
Since the normalizing constant α is not available analytically, Monte Carlo Markov Chain
techniques are required to sample from p(y|θ). Several choices are available (Geyer and
Møller (1994); Geyer (1999); Green (1995); Kendall and Møller (2000); van Lieshout (2000);
van Lieshout and Stoica (2003b); Preston (1977)). All these methods require local stability,
to guarantee the convergence of the equilibrium distribution of the simulated Markov chain
towards the probability distribution of the object point process of interest.

The spatial birth-and-death processes require the integration of the Papangelou ratio
over the object parameter space K × M . The computation of this integral can be avoided
via a thinning operation. In practice, this procedure requires reasonable values for Λ. This
is not always the case if models with complex and rather hard interactions are used (van
Lieshout and Stoica (2003a); Stoica et al. (2005)). Furthermore, a simulated annealing algo-
rithm makes all the penalizing interactions to become hard at low temperatures. Therefore,
this procedure is available in practice only for a limited range of parameters. Very attractive
exact simulation methods are based on spatial birth-and-death processes. Hence, they in-
herit the same drawback previously mentioned (Berthelsen and Møller (2002); van Lieshout
and Stoica (2003b)). The Metropolis-Hastings or reversible jump methods are a good com-
promise solution (Geyer and Møller (1994); Geyer (1999); Green (1995)). Indeed, these last
techniques do not indicate themselves when convergence is reached, in exchange they do not
exhibit the mentioned drawbacks related to the methods based on spatial birth-and-death
processes. Furthermore, Metropolis-Hastings dynamics allows the construction of transi-
tion kernels that “help” the model. This is a particulary efficient simulation method, when
models that exhibit complex interactions between objects need to be sampled (van Lieshout
and Stoica (2003a); Stoica et al. (2005)).
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Sampling from the joint law p(y, θ) is not trivial. The problem can be considered solved
if we are able to simulate p(θ|y). Clearly, this can be achieved by Monte Carlo simulations.
Nevertheless, implementing such a solution requires another simulated Markov chain. This
extra dynamics is used to approximate ratios of the normalizing constants of p(θ|y) when θ

explores the parameter space( Geyer and Thompson (1992); Geyer (1994, 1999)). When y

represents the configuration of an un-marked point process, some alternative solutions are
proposed in Møller et al. (2004). Still, the extension of these ideas to the case of object
point processes needs further investigation.

Under these circumstances, a prior p(θ) for the model parameters may be chosen. If no a
priori knowledge about θ is available, the uniform law on the parameter space is commonly
asigned to p(θ). Hence, the joint law p(y, θ) can be sampled using a two-step procedure.
First, the θ parameter is chosen according to p(θ), then a new object configuration is
obtained sampling p(y|θ).

For the problem on hand, d, the data to be analysed, consist of points (galaxies) spread
in a finite volume K. We want to detect the filamentary pattern “hidden” in these data.
Two hypothesis are assumed. First, this rather complex pattern is supposed to be formed
of simple interacting objects. And second, the filamentary pattern is considered to be the
realization of an object point process. The energy function of such a process can be written
as follows :

U(y, θ) = Ud(y, θ) + Ui(y, θ) (3)

where Ud(y, θ) is the data energy and Ui(y, θ) the interaction energy.
The estimator of the filamentary structure in a field of galaxies together with the param-

eter estimaes is given by the configuration of objects minimizing the total energy function
of the system

(ŷ, θ̂) = arg max
Ω×Ψ

p(y, θ) = arg min
Ω×Ψ

{Ud(y, θ) + Ui(y, θ) + log p(θ)}

with Ψ the model parameters space.
The minimization of the energy function can be performed by means of a simulated

annealing algorithm (van Lieshout (1994); Stoica et al. (2005)). This method iteratively
samples from p(y, θ)1/T while slowly decreasing the temperature parameter T . When the
system is frozen i.e. T → 0, the simulated annealing samples uniformly on the sub-space of
configurations minimizing the energy function (3).

In this case, the solution obtained is not unique. Hence, it is legitimate to ask if an
element of the pattern realy belongs to the pattern, or if its presence is due to random
effects (Stoica and Gay (2005)).

For compact regions S ⊆ R
3 of finite volume 0 ≤ ν(S) < ∞, we write the probability

that an object from the pattern y covers S, as follows :

P


1





n(Y)∑

i=1

1{S ⊆ s(Yi)}






 =

=

∫

Ω×Ψ

1





n(Y)∑

i=1

1{S ⊆ s(Yi)}



 dP(Y, Θ) (4)

= E(Y,Θ)1





n(Y)∑

i=1

1{S ⊆ s(Yi)}
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The cover probability given by (4) can be approximated by its Monte Carlo counterpart :

P̂


1





n(Y)∑

i=1

1{S ⊆ s(Yi)}






 =

1

U

U∑

u=1

1





n(Yu)∑

i=1

1{S ⊆ s(Yui)}



 (5)

where Y1, ...,YU are obtained sampling from p(y, θ). For the pattern Yu, the set of their
corresponding objects is {Yui, i = 1, . . . , n(Y(u))}.

The mark behaviour in the region S can be analysed by computing the quantity :

mS =
E(Y,Θ)

∑n(Y)
v=1 mv1{S ⊆ s(Yv)}

E(Y,Θ)

∑n(Y)
v=1 1{S ⊆ s(Yv)}

(6)

with its the corresponding Monte Carlo approximation given by :

m̂S =

∑U
u=1

∑n(Yu)
v=1 mv1{S ⊆ s(Yuv)}

∑U
u=1

∑n(Yu)
v=1 1{S ⊆ s(Yuv)}

The formulas (4) and (6) can be seen as tools for studying the average behaviour in
terms of location and shape of the unknown pattern exhibited by the data .

3. Bisous model applied to filamentary pattern detection

Detection of cosmic filaments using marked point processes was first performed on two-
dimensional simulated data by Stoica et al. (2005). The marked point process that was
used throughout the mentioned work was the Candy model. This marked point process is
able to simulate and detect two-dimensional linear networks. Clearly, for real data analysis,
a three-dimensional model is needed.

In this paper, we vote for the Bisous model, which is an object point process built to
model and analyse general three dimensional spatial patterns (Stoica et al. (2005)). The
spatial pattern is made of simple interacting objects or generating elements. The particular
property of these objects is that they exhibit a finite number q of rigid extremity points
{e1, . . . , eq}. Around each object y an attraction region a(y) is defined. This attraction
region is the disjoint union a(y) = ∪q

u=1b(eu, ra), where b(eu, ra) is the ball of fixed ra-
dius ra centered in eu. Objects attract each other through their attraction region, getting
connected, hence forming the pattern. The object connected to the pattern by means of s

extremity points is called s−connected. Among the interactions exhibited by the objects
forming the pattern we enumerate connectivity, alignment and repulsion. They are to be
defined later in the next section of this paper.

For a pattern y the probability density of the Bisous model can be written as follows :

p(y|θ) ∝




n(y)∏

i=1

β(yi)




[
q∏

s=0

γns(y)
s

]
∏

κ∈Γ

γnκ(y)
κ (7)

with β : K × M → R+ the intensity function and γs > 0, γκ ∈ [0, 1] the interaction model
parameters. Γ is a set of interactions between objects that are pairwise, local (distance
based), symmetric and guarantee that the density (7) is well defined. For each s and κ
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the sufficient statistics ns(y) and nκ(y) represent, respectively, the number of s−connected
objects and the number of pairs of objects exhibiting the interaction κ in the configuration
y.

The total energy of the model U(y, θ) is computed taking the negative logarithm function
of (7). We naturally define its two components, the data energy

Ud(y, θ) = −

n(y)∑

i=1

log β(yi) (8)

and the interaction energy

Ui(y, θ) = −

q∑

s=0

ns(y) log γs −
∑

κ∈Γ

nκ(y) log γκ. (9)

In the following, we will present the generating element together with its corresponding
interactions that define (9), and will define the data energy (8), which is related to the
location of the filamentary pattern among the galaxies.

3.1. Generating element and its interactions
The generating element of the filamentary pattern “hidden” in the galaxy data is a random
thin cylinder. Such a cylinder has a random center in K and has a fixed radius r and a
height h, with r � h. Its random mark is given by ω, the orientation vector of the cylinder.
Its corresponding parameters ω = φ(η, τ) are uniformly distributed on M = [0, 2π) × [0, 1]
such that

ω = (
√

1 − τ2cos(η),
√

1− τ2sin(η), τ).

A cylinder (k, ω) has q = 2 extremity points. In Figure 2 the cylinder is centered in the
origin and it its symmetry axis is parallel to Oz. The coordinates of the extremity points
are

eu = (0, 0, (−1)u+1(
h

2
+ ra)), u ∈ {1, 2}

and is the orientation vector ω = (0, 0, 1). A randomly located and oriented cylinder is
obtained by the means of a translation and two rotations (Hearn and Baker (1994)).

Two cylinders y1 = (k1, ω1) and y2 = (k2, ω2) attract each other, and we write y1 ∼a y2

if the set

{(u, v) : 1 ≤ u, v ≤ 2, u 6= v, d(eu(y1), ev(y2)) ≤ ra}

contains only one element.
The same cylinders reject each other, and we write y1 ∼r y2 if d(k1, k2) < h. They are

aligned, and we write y1 ∼‖ y2 if

ω1 · ω2 ≥ 1 − τ‖

where τ‖ ∈ (0, 1) is a predefined curvature parameter and · designes the scalar product of
the two orientation vectors. If

|ω1 · ω2| ≤ τ⊥

with τ⊥ ∈ (0, 1), they are said to be orthogonal, and we write y1 ∼⊥ y2.
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rh x
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e2

e1

attraction region

Fig. 2. Generating element for the filamentary pattern.

Two cylinders y1 and y2 are connected and we write y1 ∼s y2 if the following conditions
are simultaneously fulfiled :

y1 ∼a y2

y1 6∼r y2

y1 ∼‖ y2

If the following conditions are simultaneously verified :

y1 ∼r y2

y1 6∼⊥ y2

the cylinders exhibit a hard repulsion, and we write y1 ∼h y2.
The filaments forming the pattern are made of cylinders that attract each other and

they are well aligned. These filaments may cross. In the same time configurations with
overlapping cylinders are not desirable since they may outline clusters of galaxies instead of
filaments. With respect to these considerations, all the ingredients needed for the natural
construction of the interaction energy (9) are defined. The s−connectivity is constructed
using the relation ∼s. The Γ set contains here only one element given by ∼h. The model
parameters for the interaction energy are γ0, γ1, γ2 > 0 and γh = 0. The definition of
the interactions and the parameter ranges ensure the object point process induced by the
interaction energy to be well defined, locally stable and Markov in the sense of Ripley-
Kelly (Stoica et al. (2005)).

3.2. The data energy
The data energy is related to the position of the filamentary pattern in the galaxy field. To
each cylinder y an extra cylinder is attached, so that it has exactly the same parameters as
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y, except for the radius which equals 2r. Let s̃(y) be the shadow of s(y) obtained by the
substraction of the initial cylinder from the extra cylinder, as indicated in Figure 3. The
cylinder y is divided along its main symmetry axis, in three equal volumes, and we denote
s1(y), s2(y) and s3(y) their corresponding geometrical shapes.

r

h/3

h/3

h/3
cylinder’s shape

2r

cylinder’s shadow

Fig. 3. A two-dimensional view of a cylinder with its shadow in a pattern of galaxies.

A cylinder may belong to the pattern if several conditions are verified. First, the density
of galaxies inside s(y) has to be higher than the density of galaxies in s̃(y), and it can be
written as follows:

1{“density”} = 1{n(d ∩ s(y))ν(s̃(y)) > n(d ∩ s̃(y))ν(s(y))}

where n(d∩ s(y)) and n(d∩ s̃(y)) represent the number of galaxies covered by the cylinder
and its shadow, respectively. Next, the galaxies covered have to be spread inside the whole
volume. This is formulated below :

1{“spread”} =
3∏

i=1

1{n(d ∩ si(y)) > 1}

with n(d∩ si(y)) the number of galaxies belonging to si(y). Under these assumptions, u(y)
the energy contribution of a cylinder is defined as follows :

u(y) = 1{“density”}1{“spread”}(n(d ∩ s(y)) − n(d ∩ s̃(y) + umax) − umax (10)

where umax is a positive fixed quantity.
The data energy (8) is obtained by summing the energy contributions (10) for all the

cylinders in the pattern :

Ud(y, θ) = −

n(y)∑

i=1

u(yi). (11)

It can be checked that the data energy term (11) induces a locally stable object point
process.
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4. Data

4.1. Observational data
The best available redshift catalog to study morphology of the galaxy distribution at present
is the 2dF Galaxy Redshift Survey (2dFGRS) (Colless et al., 2001). The catalogue covers
two separate regions in the sky, the NGP (North Galactic Cap) strip, and the SGP (South
Galactic Cap) strip, with total area of about 1500 square degrees. The nominal (extinction-
corrected) magnitude limit of the catalogue is bj = 19.45; reliable redshifts were obtained
for 221414 galaxies. As seen in Fig. 1, the effective depth of the catalogue is about z = 0.2
or D ≈ 600 h−1 Mpc, and the total volume V ≈ 3.3 · 107h−3 Mpc3.

As all galaxy redshift catalogues, the catalogue is not strictly homogeneous. First, due
to different observing conditions, the magnitude limit (the depth of the catalogue) changes
from observation to observation, but the changes are known and well documented. Secondly,
due to the fact that the fibers that lead the light from the focal plane to the spectrograph
have a finite size, the redshifts of a few per cent of selected galaxies could not be measured.
This effect is quantified as redshift completeness. All the data and the programs to calculate
the magnitude limits and the spectroscopic completeness are public and can be found at
http://www.mso.anu.edu.au/2dFGRS/.

The 2dFGRS catalogue is flux-limited catalog and therefore the density of galaxies
decreases with distance. For statistical analysis of such surveys, a weighting scheme that
compensates for the missing galaxies at large distances, has to be used. Usually, each
galaxy is weighted by the inverse of the selection function (Mart́ınez and Saar, 2002). The
selection function is determined by the two main selection effects described above. However,
such a weighting is suitable only for specific statistical problems, as, e.g., the calculation of
correlation functions. When studying the local structure, such a weighting cannot be used;
it would only amplify the shot noise.

At the cost of discarding many surveyed galaxies, one can alternatively use volume-
limited samples. In this case, the variation in density at different locations depends only
on the fluctuations of the galaxy distribution itself. We started our analysis by using the
volume-limited samples prepared by the 2dF team for scaling studies (Croton et al. (2004))
and kindly sent to us by Darren Croton. Unfortunately, we found soon that the galaxy
density in these samples was too low and the shot noise did not allow algorithms to find
filaments; there are, typically, only of the order of ten galaxies per filament is such samples.

Thus we choose another way – we started from a full galaxy sample, and choose from that
bricks in a limited distance range, where the galaxy density was approximately constant. As
the SGP half of the galaxy sample has a convex geometry (it is limited by two two conical
sections of different opening angles), the constant density bricks that is possible to cut from
the SGP have small volumes. Thus we used only the NGP data, and chose three bricks of
maximum length and height, with different depths. General characteristics of these data
sets are listed in Table 1. As seen from the (comoving) galaxy density histogram in Fig. 4,
the densities inside the bricks are approximately constant.

We show the arrangement of the bricks inside the 2dFGRS NGP sample limits and the
spatial distribution of galaxies in Fig. 5.

4.2. Experimental results
As described above, we use three data sets, drawn from the galaxy distribution in the
Northern subsample of the 2dGGRS survey. The size of the brick determines the size of
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Table 1. Galaxy content and geometry for the 2dFGRS bricks (in h
−1Mpc).

Column 7 (Dmax) shows the maximum distance from the observer (to the
far-away brick corners) and d is the mean distance between galaxies in the
sample.

sample galaxies near side depth width height Dmax d

n150 2499 87.9 53.1 101.5 12.4 150.0 2.99
n200 4180 117.2 70.9 135.3 16.5 200.0 3.36
n250 7588 146.4 88.6 169.1 20.7 250.0 3.44

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0.08

 0.09

 0.1

 0.11

 0.12

 50  100  150  200  250  300

n(
h3 /M

pc
3 )

D(Mpc/h)

2dF North comoving galaxy density

Fig. 4. Galaxy density for the full 2dFGRS NGP sample (in comoving coordinates) versus the dis-
tance D from the observer. As the nearby volume is small, single superclusters cause strong spikes
in the histogram. The most prominent supercluster that creates the spike at D ≈ 250 h

−1Mpc, lies
just outside of the largest data brick used in this work.

Fig. 5. The cuboidal samples analyzed in this paper drawn from the Northern Galactic Cap of the
2dFGRS.
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K. As the data resolution is similar (column d in Table 1, we choose the same values for
the dimensions of the cylinder for all the data sets, as follows : r = 0.5, h = 6.0. The
radius of the cylinder is close to the minimal one can choose, taking into account the data
resolution. Its height is also close to the shortest, as our shadow cylinder has to have a
cylindrical geometry, too (the ratio of its height to the diameter is presently 3:1). We choose
the attraction radius as ra = 0.5, giving the for the maximum distance between connected
cylinders the value 1.5, and the pre-defined curvatures are τ‖ = τ⊥ = 0.15. This allows for
a maximum of ≈ 30◦ between the direction angles of connected cylinders, and limits the
orthogonality condition to angles larger than ≈ 80◦.

The data energy parameter is umax = −25. For the interaction energy, the parameter
domain is chosen as follows: log γ0 ∈ [−12.5,−7.5], log γ1 ∈ [−5, 0] and log γ2 ∈ [0, 5]. The
hard repulsion parameter is γh = 0. An uniform prior on this domain was chosen for p(θ).

The joint law p(y, θ) is simulated iteratively. An iteration consists of two steps. First, a
parameter value is chosen according to p(θ). Then, conditionally on θ, a new configuration
of cylinders is chosen with respect to p(y|θ). The conditional law p(y|θ) was simulated using
a tailored to the model Metropolis-Hastings algorithm (van Lieshout and Stoica (2003a);
Stoica et al. (2005)).

A very delicate point when building a simulated annealing procedure is the choice of
an appropriate cooling schedule for the temperature. (Stoica et al. (2005)) proved that the
use of a logarithmic cooling schedule guarantees the convergence of the simulated annealing
algorithm when the parameters of the point process are fixed. Therefore, we have chosen
the following scheme for the descent of the temperature :

Tn =
T0

1 + log n

with T0 = 1.

We ran the simulated annealing algorithm for 250000 iterations. Samples were picked
up every 250 iterations. The obtained cylinder configurations for the data sets n150, n200
and n250 are shown in Figure 6a, Figure 7a and Figure 8a, respectively.

The detected cylinders are situated in the regions where, after a visual examination, we
have decided that data exhibit filamentary structure. Still, as simulated annealing requires
infinitely many iterations till convergence, and also because of the fact that an infinity of
solutions are proposed, we shall use coverage probabilities to “average” the shape of the
filaments.

For each data set the corresponding domain K was divided into small cubic cells of size
1 h−1Mpc. The coverage probability for each region was computed using (5). The obtained
result was thresholded using three distinct values : 0.5,0.75 and 0.95. For each of these
values we obtain a map of the cells that have been visited by our model with a frequency
higher or equal than the given value. These visit maps for to the data sets n150, n200 and
n250 are shown in Figure 6b-c, Figure 7b-c and Figure 8b-c respectively.

The filamentary network is clearly outlined. Here we consider a filament the geomet-
ric structure obtained recursively from a visited cell and its corresponding neighbouring
cells. In this case, we have defined the neighbours of a cell, the cells that have coordinates
incremented or decremented by one with respect the reference cell. Hence, a cell has 26
neighbouring cells.

Although many filaments are of simple form, there are many filaments which exhibit
complex morphology, from simple branching to multibranch complexes. This is a new fact
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Fig. 6. Data set n150. a) The data. b) Cylinder configuration obtained using the simulated annealing
algorithm. Cover probabilities thresholded at c) 50%, d) 95%.
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Fig. 7. Data set n200. a) The data, b) Cylinder configuration obtained using the simulated annealing
algorithm. Cover probabilities thresholded at c) 50%, d) 95%.
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that will probably force cosmologists to reconsider their usual notion of filaments as simple
bridges between clusters of galaxies. We show two examples of such filaments below, one of
a comparatively simple shape (Fig. 9), and another of very complex shape (Fig. 10).

Fig. 9. A simple filament from the n250 sample. Lighter shading (green colour) shows the 50% cover
probability threshold, darker shading (red colour) – the 95% threshold.

Fig. 10. A complex filament from the n150 sample. Lighter shading (green colour) shows the 50%
cover probability threshold, darker shading (red colour) – the 95% threshold.

4.3. Statistics
The coverage probabilities are not a global test for our method, because these probabilities
are computed only for small regions. The computation of the probability that a whole
filament is covered by our model requires the knowledge a priori of the shape of the filament.
(Stoica and Gay (2005)) used for a different problem - cluster detection in epidemiological
data - a test, to check that the pattern is detected rather because of the data than of the
model parameters.

Following this idea, the following experiments was carried out for each data set. First,
the method was launched during 50000 iterations at fixed T = 1.0. Samples were picked
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up every 250 iterations. The means of the sufficient statistics of the model were computed
using these samples. The obtained results are shown in Table 11.

Data sets
Sufficient statistics n150 n200 n250
n̄2 4.13 5.83 9.88
n̄0 15.88 21.19 35.82
n̄1 21.35 35.58 46.49

Fig. 11. The mean of the sufficient statistics for the three data sets.

The second experiment consisted of re-distributing uniformly the points inside the do-
main K. So, the points follow a binomial distribution. For each data set this operation
was done 100 times, hence obtaining 100 point fields. For each point field the method was
launched in the conditions previously described. The mean of the sufficient statistics was
then computed. The maximum values over all the 100 means for each data set are shwon
in Table 12.

Binomial data sets
Sufficient statistics n150 n200 n250
max n̄2 0.015 0.05 0.015
max n̄0 0.54 0.27 0.45
max n̄1 0.39 0.24 0.33

Fig. 12. The maximum of mean of the sufficient statistics over binomial fields generated for each of
the three data sets.

These results clearly indicate that the original data exhibit a filamentary structure. No
filamentary structure is detected when the same model runs over binomial fields of points
that has the same number of points as the original data. This test discriminates the two
cases at a p−value less than 1%, and assures us that the filaments we find are due to data
and not to our model.

5. Conclusion and perspectives

We have applied an object point process - Bisous model - to objectively find filaments in
galaxy redshift surveys (three-dimensional galaxy maps). For that, we defined the model,
fixed some of the interaction parameters and chose priors for the remaining parameters. The
definition of the data term is very intuitive and rather a simple test. Much more elaborated
methods testing the alignement of the points along the direction of the cylinder against
the completely spatial randomness need investigation. The uniform law for the interaction
parameters was prefered in order to give the same chances to a wide range of topologies
of the filamentary network. Still, if concrete prior information about the topology of the
filamentary network is available then this should be integrated in the model.

We have run simulated annealing sequences and select filaments on the basis of coverage
probabilities for individual cells of sample volume. The coverage probabilities are to be seen
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as a way of averaging the shape of the filamentary structure. They have the advantage to
allow inference from statistics instead of a single realisation. Their main drawback is that
the coverage probabilities are computed locally, for small regions. Still, the visualisation
of the visit maps built on these probabilities brings new ideas and hypothesis about the
topologies of the cosmic filaments. A global Monte Carlo statistical test was built to test
the existence of the filaments in the data. To do this, we have calculated sufficient statistics
for the data sets and made a comparison with the sufficient statistics obtained on binomial
point fields having the same number of points as the data. Our test was indicating that the
filaments we find are defined by the data, not by the chosen model.

The method used in this paper can be extended in different ways. One natural exten-
sion is to use different generating elements instead on cylinders, e.g., planar elements or
clusters. (Stoica et al. (2005)). Although traces of planar structures are seen in superclus-
ters of galaxies, these have been difficult to quantify, mainly because of their low density
contrast. Another interesting application is to search for dynamically bound groups and
clusters of galaxies that have a typical ’finger-of-God’ signature in redshift space, extended
along the line-of-sight. And there remains a question if the method could be extended to
inhomogeneous point processes – this would allow us to use all the observational data, not
only volume-limited subsamples.
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