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We give a complete characterization of blow-analytic equivalence classes of two

variable real analytic function germs.

Theorem 0.1. Let f : (R2, 0) → (R, 0) and g : (R2, 0) → (R, 0) be real analytic

function germs. Then the following conditions are equivalent

(1) f and g are blow-analytically equivalent.

(2) f and g have isomorphic minimal resolutions.

(3) The real tree models of f and g coincide.

In the above we consider for simplicity only the orientation preserving case. Thus,

for instance, in (1) we require that f and g are blow-analytically equivalent by the

orientation preserving blow-analytic homeomorphism. A similar theorem can be

also stated in the non-oriented case.

0.1. Blow-analytic equivalence. In a search for a ”right” equivalence relation

of real analytic function germs, that should play a similar role to the topological

equivalence in the complex analytic set-up, Tzee-Char Kuo introduced at the end of

1970’s, [11], [12], [13], the notion of blow-analytic equivalence. Kuo also established

its basic properties in particular the local finiteness of blow-analytic types for a

family of real analytic function-germs with isolated singularities.

One says that two real analytic function germs f : (Rn, 0) → (R, 0) and g :

(Rn, 0) → (R, 0) are blow-analytically equivalent if there exist real modifications

µ : (M, µ−1(0)) → (Rn, 0), µ′ : (M ′, µ′−1(0)) → (Rn, 0) and an analytic isomorphism

Φ : (M, µ−1(0)) → (M ′, µ′−1(0)) which induces a homeomorphism h : (Rn, 0) →
(Rn, 0) such that f = g ◦ h:

(0.1)

(M, µ−1(0))
µ−→ (Rn, 0)

f−→ (R, 0)

Φ

� h

�
∥∥∥

(M̃, µ̃−1(0))
µ̃−→ (Rn, 0)

g−→ (R, 0)

Let X, Y be a real analytic connected manifolds of pure dimension n. We say

that a proper real analytic mapping σ : X → Y is a real modification if there exist

complexifications XC, YC of X and Y , respectively, and a holomorphic extension

σC : XC → YC of σ, such that:
1



2 SATOSHI KOIKE & ADAM PARUSIŃSKI

σC is an isomorphism in the complement of a closed nowhere dense subset B of

XC. (that is σC resticted to XC \ B is open and an isomorphism onto its image.)

The simplest example of a real modification is the blowing-up with a nonsingular

center. A real analytic map that is an isomorphism in the complement of a closed

nowhere dense subset of X is not necessarily a real modification, for instance σ :

R → R given by σ(x) = x3. For two variables, as we show, the notion of a real

modification is as simple as expected.

Theorem 0.2. Let X, Y be connected nonsingular real analytic surfaces and let

σ : X → Y be a proper surjective real analytic map. Then σ is a real modification

if and only if it is a composition of point blowings-up.

Most of the positive results that prove that two function germs are blow-analytically

equivalent were obtained using, mostly toric, equiresolutions by Kuo, Fukui-Yoshina-

ga [5], Fukui-Paunescu[8], Abderrahmane[1], and others. Several invariants allowing

to distinguish different blow-analytic types were constructed, using the geometry of

arc-spaces and motivic integration, by Fukui [6], Fichou[4], and the authors of this

note [10]. For mor on the blow-analytic equivalence see also [7].

0.2. Proof of theorem 0.1. Theorem 0.2 can be proved by an argument similar

to the elimination of indeterminacy of the rational maps between algebraic surfaces,

see e.g. [3] Proposition II.8.

Suppose that f : (R2, 0) → (R, 0) and g : (R2, 0) → (R, 0) are blow-analytically

equivalent. That is, afteer Theorem 0.2, there exists a commutative diagram

(0.2)

(M, µ′−1(E1))
µ′−→ (R̃2, E1)

π−→ (R2, 0)
f−→ R

Φ

� ∃h1 ?

� h

�
∥∥∥

(M̃, µ̃′−1
(Ẽ1))

µ̃′−→ (R̃2, Ẽ1)
π̃−→ (R2, 0)

g−→ R

where π and π̃ are the blowing-up of the origin, µ′ and µ̃′ are compositions of point

blowings-up, Φ is an analytic isomorphism and h is a homeomorphism such that

f = g ◦ h.

Main Point: Using the combinatorial properties of dual graphs of real resolutions

we show the existence a homeomorphism h1 : (R̃2, E1) → (R̃2, Ẽ1) closing the above

diagram.

Thus, by induction, we show that f and g are cascade blow-analytic equivalent

(0.3)

M
bk−→ Mk−1

bk−1−−→ · · · b2−→ M1
b1−→ R

2 f−→ R

Φ

�
�hk−1

�h1

�h

∥∥∥

M̃
b̃k−→ M̃k−1

b̃k−1−−→ · · · b̃2−→ M̃1
b1−→ R

2 g−→ R,

where bi, b̃i are point blowings-up and hi are homeomorphisms. A function blow-

analytically equivalent to normal crossings is normal crossings (we show it for two

variable function germs, the general case is open) and hence we may get rid of

unnecessary blowings-up and assume that both b1 ◦ · · · ◦ bk and b̃1 ◦ · · · ◦ b̃k are the
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minimal resolutions of f and g resp.. This shows the most difficult implication (1)

=⇒ (2) of Theorem 0.1. The implication (2) =⇒ (1) is fairly standard.

We also establish the following basic properties of cascade blow-analytic homeo-

morphisms (i.e. the homeomorphisms like h in (0.3)), that are used in the proof of

(1)⇐⇒ (3) of theorem 0.1.

Theorem 0.3. Let h : (R2, 0) → (R2, 0) be a cascade blow-analytic homeomorphism.

We suppose for simplicity that h does not change the orientation. Then h preserves:

(b) The Puiseux characteristics sequence of real analytic demi-branches γ : [0, ε) →
R

2 and the signs of coefficients at the Puiseux characteristic exponents.

(c) The order of contact between two real analytic demi-branches and the alge-

braic intersection number between two real analytic 1-cycles at 0.

(1) The magnitude of the distance to the origin: there exists a constant C > 0

such that for all (x, y) close to the origin

C−1‖(x, y)‖ ≤ ‖h(x, y)‖ ≤ C‖(x, y)‖.
(2) There exist constants C, c > 0 such that the jacobian determinant Jac(h) of

h, that is defined in the complement of the origin, satisfies

c ≤ Jac(h)(x, y) ≤ C.

Remark 0.4. Kobayashi and Kuo [9] constructed an example of a blow-analytic

homeomorphism that sends a smooth curve to a singular one and vice versa. As

follows from Theorem 0.3 such a homeomorphism cannot be a cascade one and hence

cannot establish the blow-analytic equivalence between two real analytic function

germs.

Similarly to the complex case the real tree model of f : (R2, 0) → (R, 0) contains

information about the order contact and the Puiseux characteristic exponents of the

Newton-Puiseux roots of f . For a complex root

(0.4) x = λ(y) = a1y
n1/N + a2y

n2/N + · · · .

we consider only its real part up to the first non-real coefficient. The real tree model

contains also the information about the signs of coefficients at the Puiseux charac-

teristic exponents. Thanks to Theorem 0.3 the proof of (1) ⇐⇒ (3) of Theorem 0.1

is based on a fairly straightforward computation of the tree model of the blown-up

singularity in terms of the original tree model.

0.3. Examples. Abderrahmane [2] showed that blow-analytically equivalent weigh-

ted homogeneous singular f : (R2, 0) → (R, 0) and g : (R2, 0) → (R, 0) have the

same weights. The blow-analytic classification of Brieskorn two variable singularities

±xp ± yq was obtained in [10]. It coincides with (x, y) → (±x,±y) classification

except the case p odd and q = pm with m even. Thus, for instance, f(x, y) = x3−y6

and g(x, y) = x3 + y6 are blow-analytically equivalent even if there is no bi-lipschitz

homeomorphism h : (R2, 0) → (R2, 0) such that f = g ◦ h.
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All these results can be easily verified by Theorem 0.1. Here are the simplest ex-

amples of different blow-analytic classes that cannot be distinguish by the previously

known invariants

(1) x3 + y5 and x3 − y5 are not blow-analytically equivalent by an orientation

preserving homeomorphism.

(2) x(x3−y5)(x3+y5), x(x3−y5)(x3−2y5) are not blow-analytically equivalent.
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[4] G. Fichou : Motivic invariants of arc-symmetric sets and blow-Nash equivalence, Compositio

Math. 141 (2005) 655–688.
[5] T. Fukui, E. Yoshinaga : The modified analytic trivialization of family of real analytic func-

tions, Invent. math. 82 (1985), 467–477.
[6] T. Fukui : Seeking invariants for blow-analytic equivalence, Compositio Math. 105 (1997),

95–107.
[7] T. Fukui, S. Koike, T.-C. Kuo : Blow-analytic equisingularities, properties, problems and

progress, Real Analytic and Algebraic Singularities (T. Fukuda, T. Fukui, S. Izumiya and S.
Koike, ed), Pitman Research Notes in Mathematics Series, 381 (1998), pp. 8–29.

[8] T. Fukui, L. Paunescu : Modified analytic trivialization for weighted homogeneous function-
germs, J. Math. Soc. Japan 52 (2000), 433–446.

[9] M. Kobayashi, T.-C. Kuo : On Blow-analytic equivalence of embedded curve singularities,
Real Analytic and Algebraic Singularities (T. Fukuda, T. Fukui, S. Izumiya and S. Koike,
ed), Pitman Research Notes in Mathematics Series, 381 (1998), pp. 8–29.
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