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ABSTRACT. In this note we study the topology of the spaces Hol} (Cy,P™) of basepoint preserving holo-
morphic maps of a given degree £ € N from a Riemann surface of genus g > 0 into the n-th complex
projective space, n > 1. Using symmetric products of the surface as well as the geometry of the associated
Abel-Jacobi maps, we construct explicit topological compactifications of the Hol} (Cgy,P™) which allow us
in turn to construct spectral sequences with known F;-terms that can be used to determine the homology
groups H« (Holj (Cy,P™); K). Complete rational calculations are given for all hyperelliptic curves. Complete
calculations are also given for the elliptic case, i.e. g =1, n > 1.

1. INTRODUCTION

In recent years there have been a number of papers on the homology and geometry of spaces of holomorphic
maps of the Riemann sphere into complex varieties, [S], [C*M?], [MM1], [MM2], [BHMM], [Gu]. However,
the very classic question of the structure of the spaces of holomorphic maps from complex curves C; of genus
g > 1, to complex varieties has proved to be very difficult. There is Segal’s stability theorem, [S], which
shows that the natural inclusion of the space of based holomorphic maps of degree k into the space of all
based maps, Hol}(Cy, V) — Map;(Cy,V) is a homotopy equivalence through a range of dimensions which
increases with & when V' = P™, the complex projective space. Also, there is the extension of this result by
J. Hurtubise to further V; [H]. But that is about all.

In this paper we begin the detailed study of the topology of the Hol}(Cy,P™). We are able to completely
determine these spaces and their homology when C, is an elliptic curve and we give an essentially complete
determination in the case where Cj is hyperelliptic. In particular we determine the rational homology of
these spaces when k£ > 2g — 1 in the elliptic and hyperelliptic cases.

Let C, be a genus g complex curve. The key analytic result on the structure of Hol}(Cy,P') is Abel’s
theorem which identifies the disjoint pairs of k-tuples of unordered points (r1,...,rs) and (p1,...,px) on
Cy, that are the roots and poles of a meromorphic function on Cy in terms of the Abel-Jacobi embedding
of Cy into its Jacobi variety, p1: Cg—J(Cy). This extends to give necessary and sufficient conditions for an
(n+1) tuple {V; | V; = (i1,...,2ik),% = 0,...,n} of points in Cy with N{{V;} = 0 to be the root data
for a holomorphic map of Cy into P*, n > 2, and thus defines an embedding Hol}(Cy,P") C (SP*(C,))"+,
where SP*(X) is the k-fold symmetric product of X.

We begin by studying a compactification of the space Hol}(Cy,P™) which we denote E}(Cy) obtained by
taking the closure of the embedding

Hol},(Cy,P") C (SP*(Cy))" !
above. We show in (2.2) that E}'(Cy) is given as the total space of a fibering,
(PE9)™H —— B (Cy)—J (Cy)

for k > 29 — 1, with H*(EP(Cy);A) = H*(P*9, A)"* @ H*(J(C,);A) for A any commutative ring of
coefficients. Moreover, for k < 2¢g — 2, E}(Cy) is stratified by strata which are fiberings
(B)™ ! — 53— A7
1
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where the Aj are subspaces of J(Cy) determined by the curve. Specifically, W,ﬁ C J(Cy) is the subspace of
points in the image of the k** Abel-Jacobi map

HE: SPk(C’g)—>J(C’g)

with (1) "' (z) = P* where s > max(k — g,0) + j, and A, = W} — W{™'. Both spaces W] and AJ are
extensively studied in [ACGH], [G] (cf. section 6).

This compactification has the property that Hol}(Cy4,P™) is open in E}(Cy) and we write V,*(Cy) for
the (closed) complement E}'(Cy) — Hol;;(Cy,P™). The space E}(Cy) being a closed, compact manifold,
Alexander-Poincaré duality now gives

HPHED =27 (ol (C, ") F) 2 HL (B} (Cy), Vi'(Cy); F)

for k > 2¢g — 1. This then indicates that one can understand Hol}(Cy,P") by first studying V;*(Cy).
The space V{*(Cy) C EJ(C,) is the union of two pieces. The first, for k > 2g—1, is a subfibration Z}(Cj)
of the form
n+1
{ J @*9) x prmo=t x (Pkg)“i} ——Z(Cy)—J(Cy)
i=0
with analogous definitions of Z]'(Cy) for k < 2g — 1 (see Definition 2.6). Moreover, it is easy to determine
the relative cohomology groups, H*(E} (Cy), Z'(Cy); F) for k > 2¢g — 1, and not too difficult for £ < 2¢g — 2,
provided we know enough about the Wg .
In the case of hyperelliptic and elliptic curves the Riemann-Roch theorem determines the W,ﬁ explicitly.
Moreover, a complete description of the W,ﬁ for all curves of genus < 6 is given in [ACGH, p. 206 - 211].

In section 6 we study the way in which the W} determine H*(E}(Cy), Z(C,); A) in detail and obtain a
spectral sequence converging to these groups with explicit E'-term.

Proposition 1. Suppose that k < g, then there is a spectral sequence converging to H*(E} (Cy), Z1'(Cy); A)
with E*-term

E' = H.(SP*(C,), SP* 1 (Cy); A) & [ [ H. (Wi, Wi_ 13 A) @ H*(S¥" 1 A)

and in case k > g then
E' =200 g (J(Cy) Wit A e [ WL Wi A) @ Ha (S A)
i>k—g
The second part of V;*(Cy) consists of the image of an action map
v: Cg x B 1(Cy)—E}(Cy)

introduced in (2.4) that puts in redundant roots, and is the main source of difficulty in recovering the homol-
ogy of Hol}(Cy,P") from the homology groups H.(E} (Cy); A) or H. (E](Cy), Z])(Cy); A). In order to handle
this part we construct a spectral sequence which converges to the homology of the pair (E}(Cy), V;*(Cy))
starting with the relative groups

H.(Eg(Cy), 2 (Cy); F)

Theorem 2. There is a spectral sequence converging to H.(ER(Cy), Vi"(Cy); F) for any field F with E'-term
E' = ] H.(E](Cy), Z1'(Cy); F) @ Hi(SP(5C,), SPTH(EC,); F)

itj=k
i>1

& H.(SPHEC,), SP* (S0, )iF)
The rest of section 5 discusses the structure of d; and various properties such as the multiplicative pairing
of the spectral sequences discussed immediately after the proof of (4.3). Of course the structure of the groups

H,(SPI(2C,), SP~1(2Cy); F) is well known from e.g. [DT], [D], and [M1]. It is also reviewed in section 7.
Next we use these results to clarify the structure of the natural inclusions

Hol(Cy,P") — Mapi,(Cy,P")
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The spectral sequence of (4.3) has a natural break at ¢ = 2g — 1 in the sense that ¢ > 2¢g — 1 implies that the
relative homology groups

0,x<2(i—g)(n+1),

H,(E}(Cy), Z](Cy);F) =
(E(Cy) (Cq); F) {H*g(ig)(nJrl)(J(Og)?F) otherwise

and, when ¢ < 2g — 1, the groups depend on the structure of p;, the W), and have to be determined
case by case. We call the case i > 2g — 1 the stable range for the spectral sequence and completely
determine the differentials in this range. For % > (2n — 1)(k — 2g + 1) only the stable homology con-
tributes to Hy(E} (Cy), Vi*(Cy); F). Thus, by Poincaré duality, the unstable range only contributes homology
above this range. On the other hand it is easily seen that the duals of the stable range classes inject into
H,(Map;(Cy,P™);F) and many of these classes live considerably above the stable range above. Thus, as
was the case with Hol}(P!,P") ([C*M?]) one has considerably more information about the map than was
given by Segal’s stability theorem.

In the final sections we study the cases of elliptic and hyperelliptic curves. Here, as indicated, the Riemann-
Roch theorem gives complete control of the W, and consequently the E'-term of the spectral sequence is
within range of calculation. In particular, for elliptic curves the situation is completely understood. Typical
of the results in the elliptic case is:

Lemma 3. Let I = (by,ba) be the augmentation ideal in the polynomial ring Q[b1,bs] where dim(b;) = 2,
i =1,2. Then

H,(Holjy(My,P"); Q) = {Q[b1, bo] /I*} (1, €1, €2, h1, ha,v) & Q(wy, wa, ..., wap_1)
where dim(e;) = 1, dim(h;) = 2, dim(w;) = 2k — 3 and dim(v) = 3.
Here Mj is an arbitrary elliptic curve. Additionally, it turns out that the map
H*(Mapj,(M,P"); Q)— H*(Hol};(M,,P"); Q)

is surjective for all £ > 1 in this case.

For hyperelliptic curves there are some technical questions which seem difficult to handle for finite field
coefficients, but with some effort a complete determination of the E'-term in (4.3) with Q-coefficients is
given in section 11-16, together with sufficient differentials to completely determine E*° and conclude that
H,.(Hol;(Cy,P™); Q) injects into H.(Map;(Cy,P™); Q) for k > 2g — 1 in the hyperelliptic case as well.

As the arguments are pretty involved we summarize the salient points here. To begin, the Riemann-Roch
theorem gives a complete determination of the W/ as quotients of SP(Cy) via an action discussed in the
proof of (10.2)

SP"(P') x SPY(C,)—SP'"?"(C,)
induced from the Abel-Jacobi map pa: SP?(Cy)—J(Cy) which fails to be an embedding at only one point

where it has inverse image a copy of P!, the P! in the action map above.
These observations give the following result for hyperelliptic curves (lemma 26)

Lemma 4. Suppose that Cy is hyperelliptic and 7 € J(Cy) is the hyperelliptic point. Let k > 1 and t < [%]
Then

(a) for k < g, the space W} is px—ot(SP¥=24(Cy)) + tr,

(b) for2g—1>k > g, t >k —g, we also have W} = py_2,(SP*=24(C,)) + tr.

Of course, this gives the W} as quotients, so, in order to obtain information about the W} we introduce
some spectral sequences which take care of the details of the quotienting process in section 12 through section
14. Using them we are able to determine the rational homology of the W} as follows.

Lemma 5. (a) The inclusion W; C J(Cy) induces an injection in rational homology H.(W;; Q) — H.(J(Cy); Q) =
T(e1,...,eaq) with image the subvector space spanned by the subspaces

{Fs(ela' "7629)[Cg]t | S+t SJ}
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where [Cy] = Z? esi—1€2; is the image of the fundamental class of Cy under the Abel-Jacobi map fu.
(b) H.(W;_1;Q) injects into H.(W;;Q) under the inclusion so the relative groups are given as

H,(W;,W,;_1;Q) 2 H,(W;;Q)/H.(W;_1;Q)

Next we turn to the homology of the spaces Hol}(C,,P™) in the hyperelliptic cases. This involves using
the spectral sequences and calculations above. Of course, the El-term in the spectral sequence (4.3) is
very complex, but one is able to recognize in it the direct sum of a family of chain complexes, each of
which calculates a part of a certain Tor or Ext group of the exterior algebra I'(eq, ..., ezy) modulo the two
sided ideal generated by [Cy]. This explains section 15 which is devoted to the calculation of the relevant
Tor-groups.

Finally, in section 16 we are able to put these results together to obtain our main calculational result,

Theorem 6. The natural map H.(Hol}(Cy,P"); Q)—H.(Map;(Cy,P"); Q) is injective for k > 2g and
n > 2 if Cy is hyperelliptic.

ACKNOWLEDGEMENTS: We would like to thank the CRM at the University of Montréal for their support and
hospitality during the period when much of this work was done. The special case of (based) meromorphic
functions on the torus; i.e. ¢ = 1,n = 1 was worked out as part of the first author’s Ph.D thesis written
under the direction of the second author. We also thank Professor J. Hurtubise for numerous comments and
his generous support.

2. PRELIMINARIES ON THE ABEL-JACOBI MAP

We review some classical definitions and theorems about the algebraic geometry of curves. We begin
by defining the Abel-Jacobi map together with the Jacobi variety J(Cy) associated to any positive genus
Riemann surface. Good references are [ACGH] and [G].

Any Riemann surface Cy of genus g > 1 has ¢g independent holomorphic sections of the cotangent bundle
7*(Cy), (holomorphic 1-forms), wi,ws,...,wy, the abelian differentials on Cy. Fix a basepoint py € Cj.
Then we can associate to each point p € C; and each path vy between py and p the vector of integrals

p P
‘u,y(p):(/ 11)1,...,/ wg)ng
Po Po

Since any two paths v and 4’ between py and p together determine a closed loop based at pg, (which we will
denote as L), we have that . (p) is well defined up to vectors of the form (fL wi,. .., [ wg). If we choose a
set of loops L, ..., Lay which, in homology, form a basis for H;(Cy; Z) they give rise to the following g x 2¢
period matrix
le w1 e ngg wy
Q= : : :
le Wy - ngg Wq
Thus, since the w; are closed, the values i, (p) depend only on p and not v in the quotient torus

J(Cy) = CI/Q=(S)%
Consequently, they give rise to a well defined map p: Cg—J(Cy) which is called the Abel-Jacobi map for
Cy.

At this point we need to introduce symmetric products.

Definition: The n-fold symmetric product of the space X,SP™(X), is defined to be the set of unordered
n-tuples of points of X; i.e. SP"(X) = X™/S,, where S, is the symmetric group on n letters. A point in
SP"(X) will be written in the form Y m;z; with m; > 0 and > m; = n, or in the form (z1, 22, ..., zp).
Remarks: Let X be any CW complex with base point *, then there are inclusions SP™(X) < SP"™!(X)
which identify ), n;P; with >, n;P; + *, and we get the increasing sequence of spaces

x* =SP%X)cSPYX)c---cSP"}X)cSP"X)C---
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The union of this sequence is the infinite symmetric product SP>°(X), based at *. Moreover, if X is path
connected, then the homotopy type of SP>°(X) is independent of the choice of .

We can extend the Abel-Jacobi map to the symmetric products of Cy by the rule (m1,...,mg) — p(mi)+
-+« + p(my), obtaining the family of maps

M- Spk(cg)—’J(Cg)

The map p is called the Abel-Jacobi map and it, together with the extensions uy are a critical piece of the
structure data for Cy. It is a remarkable result due to Andreotti that for any Cy the symmetric products
SPk(C,) are all complex manifolds, indeed, complex algebraic varieties of complex dimension k. To see
this note that the symmetric product SPk(C) is diffeomorphic to C* via the map that takes the unordered
collection (z1, ..., zx) of points in C to the coefficients of the monic polynomial of degree k with the z;,
1 <i < k as roots. Since locally SP*(C,) is modeled on SP*(C), the result follows.

Remark: In the special case that Cy = P!, a slight extension of the above argument identifies SPk(]P’l) with
P* which is now regarded as the space of all homogeneous polynomials of degree k in 2 variables.
Remark: In (1.14) we point out an extension of this result due to Mattuck which, for k > 2¢ — 1 identifies
SP¥(C,) with the total space of a fibration over (S1)29 with fiber P¥—9.

Remark: Another way of thinking about J(C,) is as the Picard group of Cy, the space of isomorphism
classes of holomorphic line bundles on Cy. From this point of view the addition in J(Cj) corresponds to
the tensor product of line bundles. Under this correspondence, the map p takes m € Cy to the line bundle
obtained from the trivial bundle over Cy by gluing in a copy of the negative Hopf bundle over m (see [G]).

We can associate to every holomorphic function f € Hol(Cy,P') a divisor (f) defined by (f) = > n;Z; —
> m;P; where {Z;}, { P;} are the zeros and poles respectively of f with multiplicities n; and m; respectively.
By standard residue calculations, it is easy to see that Y n; =Y m;. The space of pairs of disjoint divisors
on a Riemann surface (¢, 7), subject to the condition deg({) = deg(n) constitutes then the first step in the
description of the space of holomorphic maps from the surface to the Riemann sphere P*.

For maps of P! to itself this description is enough for there do exist meromorphic maps having prescribed
roots and poles (of equidegree); i.e. any divisor D = ¢ — 7, deg D = 0 is the divisor of a meromorphic
function on P!. For the general case g > 1 it turns out that a pair (¢,7) as above need not necessarily give
rise to a meromorphic function and one needs a further condition.

Theorem 7. (Abel) Given positive divisors D and D' on Cgy, deg D = deg D', then there exists an f €
Hol(Cy,P') so that (f) = D — D' if and only if u(D) = u(D").

The f associated to the difference D — D’ is unique provided we specify in advance the image of pg (based
maps) and neither D nor D’ contains the basepoint, pg. Additionally, given D — D’ there are unique disjoint
positive divisors Dy, D} so that D — D’ = D; — D} and any f with (f) = D — D’ will have roots precisely
the terms in D; and poles in D}. We make the following definition.

Definition 1.6: The divisor space Divy(X) for a given space X is the set of pairs of disjoint positive
divisors on X, i.e.

(1) Divy(X) = {(D,D') € SP*(X) x SP*(X) | DN D’ = 0}
and more generally
Divil(X) = {(D1,...,Dpy1 | D; € SP*(X), 1<i<n+1,
DiNnDyN---NDypy1 =0}

Corollary 8. The space of based holomorphic maps of degree k, Hol}(Cy,P'), is the inverse image of 0
under the subtraction map

S: Di’l)k(cg - po)—>J(Cg)
where the subtraction map s is given by s((D, D)) = u(D) — p(D’).

More generally, and perhaps more usefully, we have
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Corollary 9. The space of based holomorphic maps of degree k, Hol},(Cy,P™) is the subspace of Divy; (Cq—po)
consisting of (n+ 1)-tuples of degree k positive divisors, subject to the following constraint:

pe(D1) = pr(D2) = -+ = pg(Dny1)

It was using this formulation of the space Hol}(Cy,P") that Segal [S] proceeded to prove his stability
result. We will shortly give and use a yet more explicit version of this corollary. But before we do so, here
are some of the standard results on the Abel-Jacobi map that we will be using
(1.11) The original map p: C4g—J(Cy) is an embedding and the (complex) dimension of the image of
pa: SPY(Cy)—J(C,) is d for d < g. In particular p is onto for d > g (Jacobi inversion theorem).

(1.12) The preimage of any point u(p) € J(Cy), ;" (u(p)) € SPY(C,) is always a complex projective plane
P™ for some m > 0.

(1.13) For d < 2g — 2 the dimension m is less than or equal to 4 (Clifford).

(1.14) For d > 2g — 1 the map pq makes SP?(Cy) into an analytic fiber bundle over J(C,) with fiber P4~9
( Mattuck [Mt]).

In section 10 we will give more details on the structure of these maps for g < 5, but now we turn to the
construction of an explicit model for the space Hol},(Cy,P™) from our considerations thus far.

3. A COMPACTIFIED VERSION OF HoLz(C,,P")

It should be apparent from section 2that we are interested in the inverse image of 0 under s: Divy(Cy —
xo) — J(C,) for holomorphic maps to P!, and generally in the inverse image of the iterated diagonal

A"HJ(Cy) € J(Cy) x -+ x J(Cy)

n+1—times

under gy X -+ X py for maps into P™ .
Let the space Ej, ;,....i, be defined as the fiber product of p x --- x 1 and A in the diagram below

Eiiy,in — gpio (Cy) X - % gpin (C,)
Jr J{#X'“Xp‘
A
J — J(Cy) x -+ x J(Cy)

More explicitly
Eigyiseoviin = {(Doy -+, Dy) € SP™(Cy) x - x SP™(Cy) | u(Di) = u(D;)}

Clearly Holj,(Cy,P™) C Ej,... ., as the subset consisting of all the {(Dy, ..., D,)} where no D; contains
and (N D; = 0. Of course, for k sufficiently small Hol}(C,,P™) is empty and this is consistent with the fact
that Riemann surfaces of positive genus do not admit holomorphic functions with a single pole. However,
once Holj (Cy,P™) is non-empty, and k is sufficiently large, Hol, (Cy,P™) will be open in Ej, . j with Ej
as its closure. Then Ej ... is the compactification of Holj(Cy, P"™) mentioned in the title of this section.

Lemma 10. Fori; >2g—1,0<j <n, we have a fibering

H P _g—>Ei0,i1 yeensin —>J(Cg)
7=0

and the fiber is totally non-homologous to zero so
H*(Eig,il,...,’in) = H*(]P)ig_g) X ® H*(P{Ln_g) ® H*(J(Cg))

PRrOOF: In this range of dimensions i; > 2g — 1, one can see by virtue of Mattuck’s theorem that the space
Eiyir,...i, becomes the total space of a fibration

Pio=9 x ... x Pn79— S F;

—J(Cy)

0581 5-+50n
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obtained from the pull-back of a product of Mattuck’s fibrations
P09 x ... x P79 — 8P (C,) x ... x SP" (Cy)——J(Cy)"+?
by the diagonal inclusion A. Since A is injective and since the Serre spectral sequence for Mattuck’s fibration

collapses at Fs, the lemma follows from standard spectral sequence comparison arguments. |

Further Properties of the E;, _; . First of all, we notice that for any j > 0, we have natural inclusions

. oy . . .
Em,h,mﬂn 10,. 05+ 1, 00n

given by adding the basepoint in the (j + 1)%¢ position.
Secondly we observe that the map px -+ x u: SP(Cy) x - - - x SP (Cy)—J(Cy)" ! is multiplicative by
construction and so it induces a multiplicative pairing on the F;; . ; which is commutative and associative:

1Zn
(2) vi s By,

X Ejo.....in —Eiotjo,....in+jn-

Also, E11,....1 = C4 and the pairing above thus yields an action

(3) v: <H SPk@g)) X Eig...in— || Biothrintk
k=1

k=1
explicitly defined via the diagonal multiplication
SPk(Cg) X (SPiO(Cg) X X SPin(Cg)) —SPOTH(Cy) x - x SPTR(Cy),

which acts on points as follows

(3 mes (fman e coomiig)s oo (M, )
e (<Z Mg, M11, .- - 7m17i0>7 RN} <stamn17 s 7mnin>'

We can then give an explicit reformulation of the description of Hol; (Cy,P") in these terms.

Lemma 11. Let E~l01n C Ei,,...i, be the subspace in which no m,s is equal to the base point *. Then,
Hol (Cy,P™") =2 E; ;i — Image(v) N E; ...
The following constructions are now needed for the remainder of our discussion.

Definition 12. For each n, the space LE; is the quotient

LE; = E;;.. i/ {UEzzzflzz}
The space QF; is the quotient LE; / {Image(v)}

Remark 2.7: When ¢ > 2¢g—1, the space E; . ; is a manifold of dimension 2(n+1)i—2ng = 2(i—g)(n+1)+2g.
However when ¢ < 2g — 1 there is no garantee that E; _ ; is actually a manifold.
Using Alexander-Poincaré duality, we can now deduce that

Lemma 13. Assume i > 2g — 1. Then for untwisted coefficients A we have
Hj(Hol; (Cq, B"); A) 2 H2(90 0 DF2070 (QE; A)
Note at this point that the multiplication p of (2.3) induces an associative, commutative multiplication
on the QF; as well:
e QE1 X QEj—’QEi—i-j
From lemma (2.8), it is clear that it is the space QF; that we wish to study in the remainder of this paper.
Unfortunately, it is generally very hard to obtain the cohomology of such a space without a careful analysis

of the piece we collapse out. So, in order to do this we follow the procedure of [C?M?] and replace the cone
on the union above by a more complex but much more structured space.
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4. A MODEL FOR QFE;

Consider the “twisted” product space
(4) DE(Cg) = (U Eio,i1 ..... 171) Xt SPOO(CCQ),

where ¢T' denotes the reduced cone on T' and where the twisting ¢ is given by the action above. Precisely,
points of DE are of the form

{(Do,...,Dy), (t1,21) ... (t1, 1)}, D; € SP¥(C,) and u(D;) = u(D;)}

with the identification that when ¢; = 0 the point above is identified with

{(Do+ ziy...,Dyp+ 2), (t1,21) ... (i, z3) ... (L1, 20) }

where the entry (¢;, z;) is deleted from the last set of coordinates. Clearly u(D, + z;) = u(Ds + z;) and the
construction makes sense.
The space DE is filtered by the subspaces

DEk07k1,~~~7kn (Cg) = U Ei07i17m,in Xt SPl(CCg)

ig+1<ko

inti<hn
Observe that there are projection maps
Pho.k ookt DEko ko ook =Bl k... b, / {Image(v) }
where
(V1,0 ,0s, (t1,w1), ..o, (Erywr)) = {(v1, ..., 0s) }

and the inverse images of points consist of contractible sets. This implies that the maps pg k... %, are
acyclic and induce isomorphisms

H.(DEy, ky,... 5 ; F)——H(Eyg 1y ...k, / {Image(v)}; F)
We combine this with the isomorphism in lemma 2.8 to get
Corollary 14. Let k > 2g — 1, then

R =209 (ol (Cy, P");F) = Ho(DEy, 1/ JDE,  p 1
) ’ ; ’ ’v}\,_/ ’
nt1 ith—entry

This result is very useful because it is possible, using the filtration of the space DE} . 1 described above,
to construct spectral sequences with known E;-terms which converge to the cohomology of the relative spaces
above for all k£ > 1.

5. THE SPECTRAL SEQUENCE

The diagonal action. The diagonal multiplication introduced in 2.3

v
SPT(Og) X Elowl 7 Liigdr,. it

n

induces an action in homology, v,

H,(LE;F) | — [[ H-(LEi.;F)

j=1

(5) (ﬁ H*(smcg);m) ®
r=0

=T
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for any field coefficients IF. Of course, this quotient action fits together with the original action on the E; . ;
via the following commutative diagram

1d@ps
H.(SP"(C,):F) ® H.(Ei..i:F) —% H,(SP"(C,);F)® H.(LEy;F)

Vi Vi

Px

Hy(Eitr,.. itr; ) — H.(LE;y,;F).
Theorem 15. There is a spectral sequence converging to H,.(QEy;F) with E* term
E' = [l H.(LE;F) ® H,(SP/(2C,), SPI~1(2C,); F)
SH.(SP*(2Cy), SP*~1(2C,); F)
and di(© ® {|ay| - --|ar|}) = (=)Wl (a1 © ©) ® {laz] - -|a,[}.

PRrROOF: From the model for QF constructed in section 4 we have that

where .

DEy  x(Co) = |J Eipir,.in 1 SP?(cCy)

iri<k

Also, LE; = Ell/ {UEi,,. . i-14..i} S0 we can write

QE;, = U LE; x¢ (SP7(cCy)/SPI1(cCy))

i+j=k
where the twisting in the description above is given as before by
(ha {(val)v (tQa 11)2), RN (t’ﬁ wf’)}) ~ (V(wlv h)a {(tQa 11)2), SRR (tf’vw’r)})

To obtain the desired spectral sequence, introduce the filtration by

Fr(QEy) = |J LEix; (SP/(cCy)/SPI™H(cCy)),

i<r
i+j=k

and the remainder of the proof of the theorem is direct. |
A multiplicative structure for the spectral sequence: The induced multiplication on the QFE;’s,

U: QF; X QEJ‘—>QE¢+J‘
passes to the spectral sequences above and defines a pairing of E'-terms:
(H*(LEi; F) @ H.(SPI(ZC,), SPI~Y2Cy); IE‘))
® (H.(LE,;F) ® H,(SP"(SCy), SPY "1 (2Cy); F))
——H.(LE;,,;F) ® H.(SP*"/(2C,),SP**~1(2C,); F)
for which the d;’s act as derivations. For this reason it is often convenient to consider all the spectral
sequences above at once. In particular we can describe the direct sum of all the E;-terms as a trigraded ring
where an element x € F; has tridegree (i, j, *) if and only if
x € Hy(LE;) ® H._,(SP/(XM),SPI~Y(=M);F)
Remark 4.4: There is a related spectral sequence for H,(QFE};F) obtained by filtering
QEr = |J LEi x; (SP?(cCy)/SPT™(cCy))
itj=k
in a somewhat different way. Instead of filtering by ¢ in the expression above, filter by the number of

distinct t’s in the point (h, {(t1,w1), (t2,w2),..., (tr,wy)}). In the space SP>*(XC,) this filtration results
in the Eilenberg-Moore spectral sequence with Es-term Emt}l* (s Pm(cq)_F)(F,F). To describe the resulting
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spectral sequence most efficiently it is best to include all the QFj’s at once, and what results in our case is
a trigraded Fs-term,

B2ty (spo(0,)m) (F> D Ho(LESF))
=1

where the summand such that r + s = k corresponds to the Fs-term of the spectral sequence converging to
H*(QEy;T).

Some remarks on differentials. There are similar spectral sequences for the Div-spaces (cf. 1.6) starting
(as in 3.1) with the model

(6) [ SP?(Cy) x -+ x SPY(Cy) | > SP(cCy)
Jj=0 }
n+1l—times

where T is now the diagonal twisting which identifies the point (0,z) in the cone ¢M with the diagonal
element A" (z) in (Cy)"*! and then extends this multiplicatively. The associated spectral sequences have
Fi-term

(7) [T [E*(SP/(Cy). SPH(Cy): F)] " @ H*(SPY(£C,), SPI 1 (SC, ); F)

it+j=k
and converge to H*(Div,.. x(Cy);F). (Here the superscript n + 1 means the (n + 1)-fold tensor product.)
Moreover, as is clear, the inclusions

Ei7...7i C SPl(Cg) N SP@(Cg)

induce maps of spectral sequences here (in cohomology) to the spectral sequences above for the Hol} spaces.
(Or in homology from the spectral sequences for the Hol}, spaces to these for the Div-spaces.)

But for the spectral sequences for the Div-spaces, and using H. Cartan’s little constructions [Car] to embed
the homology into the chain complex one is able to construct an explicit (small) filtered chain complex with
associated spectral sequence equal to that in (4.3), [K1]. In particular one knows that E. = Ey for n > 2
for the Div-spaces spectral sequence 4.6.

In the next section we will identify a region of the spectral sequence for the Holj, spaces where the induced
map of homology spectral sequences is an injection. Hence, in this range for n > 1 the spectral sequence for
Hol;,(Cy,P™) collapses at E1. When n = 1 there are differentials, however our knowledge of the differentials
in the Div-spectral sequence here implies considerable information about the differentials for the Hol; spaces
here as well.

The d'-differential for the highest filtration terms of the spectral sequence. One region where the
two sequences don’t compare very well is the tail end of (4.3), the terms

H,.(Cy;F) ® H.(SP*1(2C,), SP*2(2C,); F) and H.(SP*(2C,), SP*1(2C,); F)

More generally it can happen that pg: SP*(Cy)—J(C,) is an embedding for 1 < k < m(C,) in which case
we have

Lemma 16. If the Abel-Jacobi map ui,: SP*(Cy)—J(Cy) is an embedding for 1 < k < m(Cy), then in this
range we have Ej . = SPk(C’g), Bk, . k—1k,.. k= SPk_l(C’g) included in Ey, . i via the usual base-point
embedding

.....

SPF1(X) c SP*(X), (X1, Tp—1) = (X1, e, T, %)
and the action v corresponds to the usual multiplication
SP"(Cy) x SP¥"(Cy)—SP*(C,)

Consequently, in this range we have LEy, . = SP*(C,)/SP*1(Cy), 1 < k < m(C,), and the spectral se-
quence in this region is the corresponding spectral sequence for the quasi-fibration SP>(Cy)—SP>(cCy)—SP>(ECy).
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(The only statement above which might need clarification is the last. But recall that the spectral sequence
with field coefficients has Fa-term

@ H*(SP*(Cy), SPFH(Cy); F) @ H* (SPH(SCy), P (SCy); F)
k,t

and all the differentials preserve the sum k + ¢. Moreover, in this region the chain embedding techniques of
[K1] are valid, so the two spectral sequences have the same (internal) differentials.)

For example, if C, is not hyperelliptic then us: SP?(Cy)—J(Cy) is an embedding. Also the map
pz: SP3(Ms)—J(Ms) is an embedding for most curves of genus 5. (See the discussion in [ACGH], chapter
V)

6. THE JACOBI VARIETIES Wj AND A SPECTRAL SEQUENCE FOR THE LFE; SPACES

Our next step is to analyze the spectral sequence of 4.3. To do this we must understand the groups
H,.(LE;). The LE; are quotients of the spaces E; = E;,_; defined in section 3 and these latter spaces turn
out to be built out of fibrations with projective spaces as fibers. Here there is a stratification of the image of
SP™(Cy) in J(Cy) and over each stratum we get such a fibration, though the dimensions of the fibers vary
as we move from stratum to stratum.

DEFINITION 5.1: The image of pq in J(Cy) is written Wy. Also the set of points y € Wy so that u ' (y) = P™
with m > r is denoted W so we have a decreasing filtration

Wi DWEDWEZD - DWy2--- DW=

It is well known that Wy = J(C,) whenever d > g, and that the dimension m of a generic fiber P over
Wy is 0 when d < g and d — g when d > g.
EXAMPLES:
(5.2) The map 1 is always an embedding and so W = C,.
(5.3) In the genus 1 case the original map p = p; is the identity and J(M;) = My while the 4 are fiberings
for d > 2.
Assume now that g > 2.
(5.4) The map pz: SP*(Cy)—J(C,) is an embedding unless C, is hyperelliptic (cf section 11). In the
hyperelliptic case W3 is a single point p and py Y(p) = P'. It follows that W5 can be identified with S P%(Cy)
with a single P! blown down. Indeed, we can check that the normal bundle to P! C SP?(C,) is £'79, the
line bundle with self-interesection number 1 — g, and from this it follows that
(i) SP?(Ms,) is the blow up of J(Mz) at a single point (here any genus 2 surface is automatically hyperelliptic).
(ii) For g > 3 we have that Wy = SP?(C,)/(P' ~ x) is a manifold with a single isolated point singularity
which looks like the cone on a Lens space Lgfl.

We can introduce the complementary subspace A} = W} — W,ﬁ“. By definition, we have that Vz € A%,
iy, H(x) = P, The result of Mattuck quoted in (1.14) takes actually the more general form

Theorem 17. (Mattuck) u, ' (AL) C SP*(C,) is the total space of a locally trivial analytic fibration P! —
pH(AL) — AL
Remark 5.6: The following formula relating W} and W/ "] is a special case of [G, (20), p. 53]:

wi= () Wii+m)
meu(Cgy)

that is, W} is obtained as the intersection of all translates of elements of W~} by elements of u(Cy) C J(Cy).
In particular, this shows that

WicW.i+xcwW. "

From now on we do not differentiate between W,zj C Wg_1 and W,zj + % C Wy; denoting both by W,zj
Furthermore, Gunning, [G, p. 54], gives the following dimension estimates for the associated containments.
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Lemma 18. If the subvariety lej is non-empty then
e dim W,ﬁ <dim lej whenever 2<i<k<g
o dim W,ﬁ:é < dim W,zj whenever 2 < i<k <g.

Remark 5.8: In chapter V of [ACGH] techniques for determining the W;’s are extensively discussed and
results for g < 6 are completely given, (p. 206-211).

We now turn to the pull-back spaces Ej i and observe that the fibration of lemma (5.5) induces in turn
a fibration

.....

.....

When collapsing A} _,, we get a quotient X = A% /A: | — Ej  i/Ep_1,. -1 and a quotient map
X——LE,. . ;. The space X projects down via pu to

WA = Wi /Wiy

this last equality being a consequence of the inclusion W,ﬁ*l C W} _, described above.
We then pass to the quotient LE}, and observe that since W,z - Wéj, i > 1, we must further collape,
along fibers this time, subsets of the form

U (Pi)jfl « P« (Pi)nJrl*j s (]Pn’)nJrl
j<n+1
The fiber (P*)"*! has a top 2i(n + 1) cell of the form (") = ¢} x ... x €2, where €2’ is the top 2i
dimensional cell in the j-th copy P’ with boundary mapping to P*~! C P?. We then see that
(Pi)nJrl/ U; (]P)i)jfl x P! % (]P)i)’l’b"rl*j ~ e?i(n+l)/ae2i(n+1) ~ SQi(nJrl)

The space so obtained is denoted by T,ﬁ. In the case when ¢ = 0 we have that Wk1 C Wi_1 C Wi, and hence
Wi/ Wi_1 =2 SP*(C,)/SP*1(Cy).
Now we filter the Jacobian according to the increasing sequence of W;’s

J(Cy) =Wy DWy_1 D---DW1 =04

This induces a filtration on LE}, yielding a spectral sequence which by the preceeding discussion has E!
term as follows.

Proposition 19. Suppose that k < g, then there is a spectral sequence converging to H, (LEy) with E term

E' = H.(SP(Cy), SP*1(Cy)) @ [ [ Hu (Wi, Wi_y) @ H.($%0)

and in case k > g, then

B =220 g (J(Cy), W) @ [T He(W, Wi_y) @ Ho(5%0H)
i>k—g

Remark 5.10: Note that H,(LEy) = H.(J(C,))® H,(S2#=9)+)) whenever k > 2g—1 for then W}~9 =
and W} = Wji_, = J(C,) otherwise.
Remark 5.11: The spectral sequence of (5.9) turns out to collapse at E! for all cases we treat in this paper.

7. THE STRUCTURE OF SYMMETRIC PRODUCTS

In this section, we describe the homology of the symmetric products SP™(Cy) for all n and g. Also, since
it is required in the spectral sequences of (4.3) and (5.9), we give the structure of H.(SP™(XCy)) again for all
n, g. In the case of SP™(Cy) we follow the description given by I.G. Macdonald, [Mc|, while the description
for the suspension is taken from [M1] and unpublished work of N. Steenrod.
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Jr
There is an evident pairing SP™(X) x SP™(X)— SP""™(X) given by addition of points and this turns
SP>(X) into an associative, abelian monoid with * as a two sided identity. The Dold and Thom states that

(8) SP>(X) ~ [[ K(Hi(X;2),i)
1

is a product of Eilenberg-MacLane spaces if X is path connected [DT]. Applying this to X = C, yields

9) SP>(Cy) ~ K(Z%9,1) x K(Z,2) ~ (S')%9 x P>

where K(Z,1) ~ S* while K(Z,2) ~ P>, the infinite complex projective space. We then find that
H,(SP*(Cy);Z) = Alex, ... ,e29) @T'(a)

where A(,) denotes the exterior algebra on the stated generators while I'(a) denotes the divided power
algebra on a: the ring with Z-generators a; ¢ = 0,1,... and multiplication a;a; = (”]”) ai+j. This accords
well with the multiplication of the SP"(Cy) described above. Often however it is convenient to work with
the cohomology rings so we need the following description.

I.G. Macdonald’s description of H*(SP*(C,);Z). Consider the map [C,]*: Cy—P> = K(Z,2), taking
the fundamental class to the dual of the orientation class, and the map Ve;: C;— K (Z%9,1) ~ (S1)?9. Both
P> and (S1)?9 are associative abelian H-spaces with the structure on P> coming from the identification
SP>(P!) = P> described earlier.

This allows us to extend [Cy]* and Ve; to a multiplicative map

0(k): (Cg)*—P> x (§1)%

which, by definition factors through the symmetric product SP*(Cy). (In the limit, as k — oo this gives the
Dold-Thom equivalence SP>(Cy)—K ((Z)?9,1) x K(Z,2).)
With respect to the maps 6(k) we can describe the cohomology ring H*(SP*(C,); Z) as follows:

Theorem 20. (I.G. Macdonald) The cohomology ring of SPk(Cg) over the integers 7 is generated by the
elements
fi=el,. . fi=es 4, fag=es 1, [1=¢€5 ... fy=¢€5,, andb

subject to the following relations:
(i) The f;’s and the f!’s anti-commute with each other and commute with b;
(i) If i1, .. oy da, J1s -« -5 by K1y - o ke are distinct integers from 1 to g inclusive, then

fiv o fiaBjy o £y (e iy = 0) -+ (fro i, — )07 =0
provided that
a+b+2c+qg=n+1

If k < 2g all the relations above are consequences of those for which ¢ = 0, and if n > 2g — 2 all the relations
are consequences of the single relation

g9
o2 [ (fefi = b) =0

i=1

Actually Macdonald only stated this result in [Mc] for fields of characteristic zero as coefficients, however,
since the relevant invariant maps that he used to prove the result are actually surjective over Z it is quite
direct to extend the result to integers as well.
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The homology of SP"(X) for more general X. The homology of the spaces SP"(X) splits according
to a result of Steenrod, [D], (see also [M1]) which holds for X any CW-complex:

(10) H,(SP>(X);Z) = @) H.(SP! (X),SP/ ™ (X); Z).

Consequently, the ring H, (SP>(Cy); Z) is bigraded, by defining x € H,(SP>(X);Z) to have bidegree (i, j)
iff = € H;(SP*(C,),SP""(C,); Z) C H.(SP>=(C,);Z). The bigrading is multiplicative in the sense that the
product map
SP™(X) x SP™(X)—SP"™™(X)
in homology induces a bigraded ring map
H; j(SP™(X);A) ® Hy o (SP™(X); A)—— Hipr j+s (SP"T(X); A),

where the first degree is the dimension and the second the bidegree.

The bigrading is preserved by the diagonal map so the cohomology ring is bigraded as well, and the two
structures together form a bigraded Hopf algebra. In the case of the SPk(Cg) we have that the coproduct on
each of the 1-dimensional generators is primitive while the 2-dimensional generator [Cy] in H; 2(SP>(Cy); Z)
corresponding to the orientation class of Cy has coproduct

(11) A([Gy]) = [Cgl® 1+ 2(621—1 ® e — ez ®ezi—1) + 1@ [Cyl.
1

The homology of SP"(X(Cy)). We will need the cohomology and homology of the spaces SP"(X(Cy))
where ¥ X denotes the suspension of X. From the Dold-Thom theorem

2g

(12) SP>®(XC,) ~ <H]P’°°> x SP>(53)
1

where we can assume that the generator for the homology of each P has bidegree (1,2). Thus, this amounts
to describing the homology and cohomology of K(Z,3) and its associated bigrading.
With coefficients F,, for any odd prime p we have, [M1],

H.(K(Z,3);F,) =~ A(lal, vpls -+ el -)
@L(ja*Hal) @ T pl) @ - @ Dl ) @ -+

The generator 7, corresponds to [SPpi(Cg)] and |7,:| has filtration degree p’ and dimension 2p’ 4+ 1 while
|7§;11 |7pi-1| has bidegree (p’, 2p’ + 2).

In the case of the prime 2 we have
(13) H.(K(Z,3);F) = Tllal,|as], .., |as], ..

Remark 6.10: With F), coefficients, the divided power algebra I'[a] splits as an algebra into a tensor product
of truncated polynomial algebras [Car]

Tla] = Fyla]/a? @ Fylay)/(ap)’ @ - -

When F = Q, divided power algebras are isomorphic to polynomial algebras and the answer simplifies
greatly; namely

(14) H.(SP>(XCy); Q) = Qllex], . ., [e2g]] ® Ala)

The answer is simpler to describe if we use cohomology. Here, H*(SP>(5?);F,) is always a tensor product
of an exterior algebra on odd dimensional generators and a polynomial algebra on the even dimensional
generators. In other words in the formulae 6.8 above one replaces all the divided power algebras by polynomial
algebras with generators of the same bidegrees to get the cohomology ring description.



THE GEOMETRY OF THE SPACE OF HOLOMORPHIC MAPS OF RIEMANN SURFACES 15
We take advantage of the bigrading to write H,(SP>(XCy);F,) in the form
[ H.(SP"(2Cy), SP" 1 (SCy); Fy)
1

These summands can be written out more completely in terms of the bigrading of SP>(S?) as follows.
First, we write H.(SP>(S3);F,) = H.(SP>*(2S?);F,) in this way. The decomposition here has an alternate
description, [C2M?]:

(15) H,(SP>(5%); @ S4D*(p

where the D; are the Snaith splitting components of the loop space 2252 for the prime p and D} means
dual, where we index the dual by dim(D; ;) = —j.
Then, going back to (6.7) we see that we can write the term

n

(16) H.(SP™(5Cy), SP" 1 (£C,); Fp) = @D £D; (p) @ Fylbr, - ., bagln-

=0
and I, [I_)l, R bgg]n,j is the free Z-module on the degree n — j monomials in the variables by, ..., bay. There
are (”_5;2517_1) such monomials.

Example: What follows is a list of generators for H,(SP/(XM),SP?~*(XM);Z,) in the E' term mod(p) of
the spectral sequence of (4.3) together with their tridegrees

Generator trigrading
| M| (0,1,3)
|61’| (07 1) 2)
i (0,p",2p" + 1)

e il (0,07, 29"+ 2).

Explicit d'-differentials in the spectral sequence. In 4.3 the differential d' is implicitly determined.
Now that we have the explicit form of the homology groups H.(SP™(Cy)) and H,(SP"(2Cy)) we can make
d' explicit. For example we have

29
(17) d (| 1] oM Ty S Y @ o] [ fil T [ faglF e
1
and
A (G| fr]* - | fag| o7 = [Col @ [fr]* - | fag|" o7
= (d (| fal" - | fagl =) (L@ U )) -
It is easily checked that this part of the d'-differential is injective to the term H*(Cy; F)@F[| f1l,- - -, | fogllr1
with cokernel spanned by the monomials of the following form:
(18) (el fal [ fia [P - | fag P71 79201} where j; > 0, and ¢ > .
Remark 6.18: This is the only time the d' differential on the elements | f1|™ - - - | fag|*2s is non-trivial, since

in the remaining parts of the spectral sequence their images lie in the part which has been collapsed out.
Example 6.19: If ¢ = 1 then the differentials in this region have the form d*(|fi|*|f2/*"%) = fi ®
IF115 7 f2 "5 + fo @ | f1]®] f2/¥ 5! provided s and k — s are both greater than zero and

d"(IT|| A1) fo]*=57) = fifa@ Al fol 7t
—f @[Tl fol" 7! = fa @ |T|| Ail*] folF o2
The role of this last differential can be regarded as identifying terms of the form fi fo ® |f1|*|f2|*~*~! with

terms involving |T|*. Also, the first of these differentials is injective but not surjective. The quotient has as
a basis the set of images of the elements fo ® | f1]%|f2|/*~*~! with s > 0. Consequently it has dimension k — 2.
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8. THE STABLE RANGE

In the case where i > 2g, we’ve seen already that the Abel-Jacobi map becomes an analytic fibration, and
hence the projection E; . ;—J(Cy) fibers as

(19) Pix...xP9——E, ——J(C,)

Because of this and other stabilization properties (§8), we refer to the range i > 2g as stable. In this case,
we see that the relative groups

H(LE;,A) = H,(Ei .., UE1 ;
are given by
[H. (P9, Pi-o—L; o))" ®H,(J(Cy); A)
>~ 2209+t [ (J(Cy); A).
Dually, in cohomology the relative group is given as
(20) by by byt @ H(J(C)s A) = (bo )% @ H*(J(Cy): A),

a form which is often of more use in calculations. '
Remark 7.4: Of course, in both these forms, the inclusions P*~9 C SP*(Cy) induce injections in homology
onto Z-direct summands, but even more, from Macdonald’s results (6.4) it follows that the inclusion of pairs

(P9, P=971) € (SP*(Cy), SP'™(Cy))
induces an inclusion in homology sending Hy(;_ ) (Pi=9,Pi=9~1; Z) isomorphically to the group
Hai—g)(SP'(Cy),SP"(Cy); Z) = Z. (We will explore this fact further below.)
It follows then that in this stable range the Ej-term for Holj (Cy, P™) injects into the corresponding -

term for the Div-space as was asserted at the end of §4. In particular this gives as a corollary to the results
of [K1],

Lemma 21. The spectral sequence of (4.3) collapses at Ey in the stable range for n > 2.

Now we turn to some fairly direct calculations which lead to the determination of the d'-differential in
the Holj, spectral sequence for n = 1 in the stable range.
More exactly, in the stable range the relative group injects,

H*(E;;,Eii1UFE;_1;;A) C H(E;;,A)
as the principal ideal
(21) ((boby) ™ 29WoWy) C H*(E; 43 A)
where W; is the polynomial
W = 1= (far—1far — )
= (~1) [bg — (X4 faro1 far) bI (—1)9 (Hfg ft)}

which generates the kernel of the restriction map to H*(E;_1;;A) and H*(E; ;_1; A) respectively according
to Macdonald’s theorem (6.4).

Lemma 22. In the stable range the differential dy in the spectral sequence (4.3) vanishes for n > 1. For
n = 1, it has the form

)
dy (Wo Wb 29bi729) = 2 (Z f2¢—1f21‘> (WoWibg 29~ {271 Cx |
1

and it is multiplicative in the remaining generators. That is to say,

i—2g,i—2g N i—2g,i—2g
@Wowlbo bl — &+ @dl (W()Wlbo bl )
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; in cohomology. The term f5,_1 fo, — b; maps to

.....

f2r71 ® f2'r - f2'r ® f2'r71 +1® (f2'r71f2'r - bz)
since for_1for —b=01in Hg(Cg; Z). Hence

9
Wi Y (fore1 ® far — for @ for1) 1@ Wilr) + 10 W

r=1
where, as is evident W;(r) = [, (f2j-1/f2j — ;). Thus, since fif; = 0in H*(Cy; Z) for (i,j) # (2r —1,2r)
for some r, it follows that

WoW; = 91 2b® (far—1for Wo(r)Wi(r))
+ (for—1 ® for — for ® for—1)1 @ Wo(r)Wy + WoW1(r))
+ 1 WyWi.
Next note that Wibz_Q‘q =0in H* (E¢_1 ..... i—15 Z), so the image of (bobl)i_Qg W()W1 is 2b®2 er_1f2rbé_2g_1bi_2g_1W()W1
since b;W;(r) far—1 for = Wi for—1 for. This proves the desired result. ]

Remark 7.9: Actually, what the argument above really determines is the coaction map in cohomology.
Given the action map
SP"(Cy) x LE;—LE;,

described earlier, and suppose ¢ > 2g, then

k
2k [
Uity — v @ T <Z f2r—1f2r> Ui
’ 1

where U is the generating class above for H2=9)(LE;;Z) when n = 1.

9. STABILIZATION

For d > g, any n > 1 and any neighborhood U, (%), there are n + 1 divisors D; C SP4(U.(%)), 0 <i <n

with (Do) = u(D1) = -+ = u(Dy) and () D; = 0. By deforming Cy — % to Cy — U and then adding in the
corresponding divisors, one obtains a stablization map 7 which one can iterate
(22) Hol (Cy, P") == Holi 4(Cy, B")— -+ —Holj 1,4(Cy, P")

obtaining in the limit a space lim, .o Holj_ ,.4(Cy,P™) which is homotopy equivalent to any component in
the mapping space Map}(Cy,P™). Note that this last statement is a consequence of Segal’s stabilization
theorem, [S].

The inclusion 7 descends to a map of spectral sequences and by an argument similar to one in [C2M?],
we see the corresponding map on the Ej-term is given by

U(boby - - bp)®  id: H*(LE; Z) @ H*(SP? (ECy), Sijl(ECg); Z)
——H*(LE;i11;Z) ® H*(SP'(2C,), SPI=Y(2Cy); Z).

This relation between inclusion at the level of mapping spaces and cupping with by - - - b, in the Poincaré

duals is quite important and follows basically by checking normal bundles (cf [K1]). In any case the content
of the preceeding remarks can be summarized in

Lemma 23. In the stable range the cohomology of Holy,(Cy4,P™) is isomorphic to the cohomology of Mapy,(Cy,P™)
via the natural inclusion.

This is again direct from the stabilization via cupping with bg - - - b, and Segal’s stability theorem.

The differentials which we know appear come from comparison with the Div-space spectral sequence.
These are the differential d; already described and the further differentials which only hold mod (p) for odd
b,

d([7pi ") = (7 f2j71f2j)p_l ;
Al ) = [ (28 fagmafa) ™ ] bl
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The last differential in (8.4) is called the Kudo differential, [Ku]. There are no differentials for p = 2 (see
next remark). Similarly, for n > 2 all the differentials are zero for all p and hence, even over the integers.
Remark 8.5: There is a sequence of Serre fibrations

fT
0 (P")—Map™ (Cy, P")— (Q(P"))* —Q(P")

induced from the cofibration sequence associated to Cy;

1 ! Y 1 2
S'——\/8' = C;——S8

which gives Map*(Cy,P") as the total space of a principal Q?(P") fibration with classifying map fT. Then
the discussion above shows by dualizing that in the Serre spectral sequence of the fibration

(23) Q3 (P")—Map® (Cy, P")— (Q(B"))*

we have (for n = 1) the differentials d'(|b]*) = 239 faj—1f2j, the transgressive mod(p) differentials from
|bP'|* to the divided power of (- faj—1f2;), and the Kudo differentials for p odd. Of course, for p = 2 the
differentials in the Serre spectral sequence are totally trangressive from the fiber to the base. Hence, there
are no differentials and Fy = F. Similarly, for n > 2 there are no differentials for any p and Ey = E in

this spectral sequence even with integer coefficients though the only way we know to prove this is via the
results of [K2].

10. THE GENUS ONE CASE

When g = 1, then p: My—J(Mj) is a holomorphic homeomorphism identifying the Jacobi variety with
T itself. Also, the stable range starts immediately in this case and hence, for all n > 1 the Abel-Jacobi map
w1 is a fibration

Pl SP"(T)——T

In the spectral sequence for QEy(n) with n > 2 (dual to Hol}(T,P™)) there are no differentials except for
those at the tail end (6.15) and (6.16) but these are the only differentials and E! = E° away from this
region while E2 = E> for the entire spectral sequence. In the case n = 1 the only differential is again d;
which now also has a stable component given in (5.9), and again E? = E°.

It also follows that duality gives the isomorphism

(24) HPHOHDZ20 7 (Hol (T, P); F) 2 Ho(QEy, | 15 TF)
——

n+1

for all k > 2, with Holj (T,P"™) being empty for all n.
We now determine these homology groups explicitly for n = 1. First, in the case where F has characteristic
2 there are no stable differentials and E' = E in this range. Second, in case F = Q we have

E'(Holi) = [IiL, S VH.(T;Q) ® (Qlleal, [ea[lk—s & |[T]] @ Qllex], [ea[lk—i-1)
& H.(T5Q) @ (Qlleal, [e2]]k—1 & [[T]] @ Q[lea], ez]]x—2)
@ Qlleal, le2llx + |T1Q[leal, leal]k—1
where Q[|e1], |ez]]» is the (r + 1)-dimensional subspace spanned by the monomials of degree r; that is:
ler]”, le1|""Yezal, ..., |e2|”. The only differential is dy, generated by

dy (ZAF=I"D e 60| T|) = 4F=0)1
and the unstable differentials of (6.15) and (6.16). Thus one has directly (compare (6.19) for the last term)
that
E* = [, SV HEAT;Q) @ Qlle, lealle—i & HOVIT((1, €1, €2)QJeal, eal—i1
® Q{ealer ", ealer|*2[eal, ..., ealer]ea]*?}

& |T|(1,e1,e2)Q[le1], le2]]k—2
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In the remaining case where F = FF,,» has characteristic p an odd prime, as explained in (6.6), (6.7) we can
write the F;-term as

J
I = VHE(T;F) @ > 54D;(p) @ Fllby, bal;
itj=k 1=0
where D} = 0 if j # pk or pk + 1 and with the usual special considerations at the tail end of the filtration.

Incidently, the case j = pk + 1 implies that % D; = |M |E4(j *1)D;-‘71. The differential is as before and we
have that in the stable range

| o - Hf:o 24(i+j—1)ﬁ* (T;F) ® D;f ® IF[bl, bQ]k—i—j ® E4(i+j—2)|T|[E‘[b1, bQ]k—i—j—l
= EOO

In each case the homology injects into H,(Mapj (T, P');F). Thus the geometric interpretation of each
of the homology and cohomology classes in H,(Hol;(T,P!); F) can be regarded as the same as that for the
corresponding class in the mapping space.

For example with rational coefficients we have the following corollary to 9.3 and 9.1

Lemma 24. Let I = (|e1],|e2|) be the augmentation ideal in Qlleq], |e2|]. Then

H* (HOZ;:(Tv Pl)a Q) = @(17 €1, €2, h‘Q,lv h2,27v3) ® @[|el|7 |62|]/Ik_1
@ Qfezle[* .. eafenlea] 2}

In particular the Poincaré series for H,(Hol} (T, P'); Q) is
(14 2z + 222 + 2%)(1 4 222 4+ 32* + - + (k — 1)2?F=2) 4 (k — 2)2k- D1
Note how this compares with the corresponding Poincaré series for the mapping space H,(Map*(T,P!); Q):

(1+ 22+ 22% +23)
(1—x2)?

The case n > 2. Any component in the mapping space is given as the total space of the Serre fibration

9252n+1—>E—>(S1X952n+1)2

with
H,(Map*(T,P");F) = H.(Q?S*" ™ F) ® H.(T;F) @ Flgan, ghn]
Consequently, with QQ as coefficients the Poincaré series for the mapping space has the form

(1+2)%2(1+ 2?2 1)
(1 — a2n)2

while for Holj (T, P™) we have
(1 + x)Q(l + 3:271—1)(1 + 23:271 + 3x4n ot (k _ l)x(k—Q)Qn) + (k _ 2)3:2(16—1)11—1

Remark 9.5: Notice that in this case all the calculations were independent of the particular elliptic curve T’
we were studying, even though different T" are not holomorphically isomorphic. In fact this is not unexpected
since we have

Theorem 25. Let T be any non-singular elliptic curve, then the homeomorphism type of Holy(T,P™) is
independent of T'.

PrROOF: Let T and T’ be two given tori with corresponding lattices A and A’ C C. Then there is a map
A——A’ which induces a homeomorphism

7
T=C/A——T =C/N
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and such that the following commutes for all n;

SP™(#)
SP™(T) —= SP™(T")

f
T — 1.
It follows therefore that E;; ;= Ej,; ; where E;; ; (vesp. E]; ) is the pushout as in §3

Ei;..i —— SPYT)x-- xSPY(T)
l l

A
T — Tx---xT

(respectively, T is replaced by T”). It is now clear that
Hol* (T, P") = ;.. ; — Image(v) = EZ’ . — Image(v) = Hol} (T, P")

2

and the proof is complete. |

11. THE DECOMPOSITION FOR HYPERELLIPTIC CURVES

The surface Cy is hyperelliptic if and only if there is a degree two (branched) holomorphic map f: C,—P!.
From the point of view of the Abel-Jacobi maps, Cy is hyperelliptic if and only if we have a cofibering of the
form

P! — SP?(C,)—SP?*(C,)/P' = Wy C J(C,)
The holomorphic embedding P! < SP?(C,) is now constructed by associating to z € P! the pair f~!(z) €
SP?(C,) where the points are counted with multiplicity, i.e. the ramification points are counted twice. The
image 7 € J(Cy) of P! under pus is called the hyperelliptic point of Cj.

Lemma 26. Suppose that C, is hyperelliptic and T € J(Cy) is the hyperelliptic point. Letk > 1 andt < [%]
Then
(a) for k < g, the space W} is pg—2t(SP*=2(Cy)) + tr,
(b) for2g—1>k > g, t >k — g, we also have W} = py_2,(SP*=24(C,)) + tr.
PROOF: Note that SP”(P!) = P so the pairing
SP?(C,) x SPE2H(C,)—SP*(Cy)
induces an action _
v: Pt x SPF2(C,) — SP!(P!) x SP*2/(C,)—SP*(Cy)

and the image of v({p1,...,p1), (m1,...,mg_g)) under the Abel-Jacobi map is IT + pg—_o;({(Mm1,..., Mg_2).
From this the fact that W[ is at least a large as asserted in (a) follows directly. The inclusion argument for
(b) is a similar dimension check when we recall that generically ,ugjs( j) =4, so we are checking for points
with inverse image P* where ¢ > s and v(P* x SPY"*2¢(C,)) C ,Ugjs(WgtJrs).

The converse is given on page 13 of [ACGH] for k < g where it is pointed out that as a consequence of
the geometric version of the Riemann-Roch theorem every P! inverse image under the Abel-Jacobi map for

SPk(Cg) has the form p=1(t7) +m1 + - - - + my_o; where no two of the m;’s are conjugate in Cy under the
hyperelliptic involution. To obtain the remaining part of the converse one uses the residual series isomorphism

wizwg st Do K-D
which holds for all curves Cy, k > g. |
For later use we also specify an appropriate base point for the construction. Let * € Cjy be one of the
ramification points of f: Cy—P!, then 2u(x) = 7, and we choose * as the base point in Cy. Also the base
point of P! is (%, %) and the inclusion f: P'—SP?(C,) is based. With respect to this choice, the composite
inclusion

SPk(Cg) — SP]HI(CQ) — SPk+2(Cg)
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commutes with the P'-action. Moreover, in the actual construction of the Abel-Jacobi map u given at
the beginning of section 2 we can take our base point in Cj to be *, so that u(x) = 0 € J(C,), and the
hyperelliptic point 7 = 0 as well. This has the advantage that the inclusion W} +7 C W,ﬁi; becomes simply
Wi Wit

12. SOME PRELIMINARY CONSTRUCTIONS

Let V be a space with a commutative, associative multiplication. For example
V =SP>(X,%), V=][][SP"(X), V =][]SP'(X) x SP(X),
1 1

etc. If f: X—V is any continuous map then f defines an action
pe: [[SPHX) x V—V

by pr((x1,...,2x),v) = flz1)f(22) - fap)v.
Suppose now that V, fi: P—V and V', fo: P1—V"’ are given with V, V' as above. Then we can form
the bicomplex

B(fi,f2) : = V xp (HSPk(IxP1)> Xt V!
k

defined by the equivalence relation built from the basic relations

(Ua <(tlap1)7 ERE (tkvpk)>7vl) ~ o

(Ul : fl(pi)7 <(t17p1)7 sy (tiapi)a sy (tkapk)>7vl) Zf ti = 07

(Ula <(t17p1)a AR (thpl)a R (tkvpk)>7 fQ(pl) ' U/) Zf t; = L.
Remark: This is just the 2-sided bar construction which is associated to the homological functor T'or 4 (Ma,a N).
But here, left and right modules are equivalent since A is commutative.
Remark: This is an unbased construction. If fi and f2 are based maps with f;(x) = id, i = 1,2, then there
is an associated reduced construction, B(f1, f2). Also, the fact that we are using P! plays no real role in the
definition. It is just there because that is all we use in the applications of this construction to our study of
Hol} (Cy,P") for Cy hyperelliptic.
Example: Suppose that V = [[SP*(X) and f;: P'—SP*(X), then write

v, = [[sPP(x),  o<j<i
k=0

so we have separate actions on each V;.
Example 11.5: Suppose fo: P'—* where * has the obvious commutative and associative action. Then

B(fi, f2) =V xp [[SP"(I x P') x, =V xp, [[SP™(cP")
is a space we have seen many times before.

n+1
Example 11.6: A, 1: P1——(P1)" ™! induces an action on (]_[ SPk(]P’l)) which restricts, in a manner

similar to that in example (1) to an action on

gn(ila s 7in+1) = H SPilJrk(Pl) X X SPin+1+k(P1)
k=0

for each (n + 1)-tuple (i1,...,9n41) of non-negative integers with at least one of the i; = 0.
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13. MODELS FOR THE SPACES E; . ;, LE;  ; AND W,ﬁ WHEN C IS HYPERELLIPTIC

.....

We specialize to

BH(f,n) = (]_[spm(cg)> X ¢ (]_[spm(f ><IE”1)> X t, €2(0,0,...,0)

where f: P! — SP? (Cy) embeds P! as the inverse image under the Abel-Jacobi map of the hyperelliptic
point, 0, for some hyperelliptic structure on Cy and fs is the structure map A, ;1 of (11.6).
This construction specializes, as in (11.5), to give two disjoint subspaces,

BHo(f,n) = Vo xs (1, SP™(I x PY)) x4, £,(0,...,0)
12.3 BH;(f,n) = Vi xg (I1,,SP™({ x PY)) x4, £,(0,...,0)

where Vo = [[SP?*(C,) and Vi = [[SP?**!(C,). Each BH(f,n) breaks up into further components as
follows. We define a grading by letting

(<m1) e aml>7 <(t15p1)a M) (tf’vpf’)>7 (ws,la e aw5,77«+1))
€ SP(C,) x SP™(I x P') x [[7"" SP*(P")

have grading degree [ 4 2r + 2s. This grading is obviously preserved by the identifications and hence induces
the desired decomposition of the quotient BH.(f). We write Gs(f,n) for the component of points of grading
degree s.

This is the general case, however, there is a special case BH(f, —1) which is also needed where V5 ~ x*
consists of a single point. In this case the grading degree is not preserved by the identifications, and the
grading only gives a filtration of BH.(f,—1). We write Fx(BH.(f, —1)) for the filtering subspace consisting
of all points of grading degree < k. Moreover, in this case the identification has the form (v, (¢,z),*) ~
(vf(x),*) when t = 0 and (v, (t,2),*) ~ (v, *) when t = 1.

Lemma 27. We have the following homotopy equivalences in the case where Cy is hyperelliptic.
(a) G(BH:(f,n)) ~ Ey,... 1 for k=emod (2) provided k < g
(b) Fr(BH.(f,—1)) ~ Wi, k = emod (2) and k < g.

These constructions are modeled on the analogous constructions in [M2] and the proofs are the same. The
point of these constructions is to handle the algebraic complexities of systematically collapsing out P™’s. As
one sees from the lemma, the effect is to introduce SP™(XP!)’s which provide a measure of the geometry of
the collapsed spaces as the collapsing gets more and more complex.

14. SOME SPECTRAL SEQUENCES FOR THE BH.(f,n)

We can bifilter Gy (BH.(f,n)) and Fi(BH.(f,—1)) by the number of SP*(I x P') terms appearing, ob-
taining spectral sequences converging to the various spaces above as well as certain useful quotients. The
E'-terms are as follows:

_ n+1
[1 H.(8P*(Cy)) @ H.(SP'(ZPY), 8P (SPY)) @ (H.(P)""
k+20+2t=v
converging to H,(E,, . ,) with field coefficients and v < g,
[T H.(SP*(Cy) @ H.(SP'(SPL),SP'(SPL))
k+2i<v
with k = v mod (2) converging to H.(W,) for v < g, and
[T H.(SP*(Cy)) ® H.(SP'(SPL), SP'H(ZPL))
k+2l=v

converging to H,(W,/W}). (The notation P} means the reduced suspension on the union of P! with a
disjoint base point denoted +, it has the homotopy type of the wedge L(P') v S1.)
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If we relativize we obtain a spectral sequence with E'-term

[T H.(SP*(Cy),SP*1(Cy)) @  H.(SP'(SPY),SPH(PL)) @ H.(S*m 1Y)
k+2(l4+t)=v
= g*(LEv,...,v)-

All these spectral sequences are algebraic in the sense of [K1], and can be modeled by simply replacing the
terms H,(SP'(ZP!)) by the cobar construction on

H, (JTsP'®))) =zl & 1)
In particular, the relative spectral sequence splits as a direct sum of spectral sequences each of the form

[I  H.(SP*(Cy),SP*1(Cy)) @ H.(SP/(SPL),SP' ! (SPL)) | @ H, (S )
k+2l=v—2t

= L2 (H,(Wy—a/(Wy_gy U Wo_2i-1)))

for any n > 0.
In the case where the coefficients are the rationals these spectral sequences becomes quite simple. First
H,(SP*(EP!); Q) = A(h1, hs), and

H,(SP*(ZP'),SP1(ZP!); Q) = 0

for ¢ > 3. Second, when we write
H*(SPk(Cg)a SPkil(Cg%Z) = @As(el, Sye2g) @ [Cg]kisv

for k < g, we see that the action map
«[PY]: H.(SP*(C,),SP*1(C,); Z)— H..2(SP*2(C,), SP*~1(Cy); Z)

is just multiplication by — Z?Zl €gj—1€2; since

g
- E €2;—1€2;5
1

in H.(SP*(C,);Z). Third, from [BCM], this map is injective in homology for k < g — 2. Thus we have
Lemma 28. Forv < g, H.(LE,, ,; Q) is given by

[v/2]
Z EQt(nH)H*(SP”*Qt(Cg)’SP”’%’l( Q)/im < 2623 1€25) )

t=0
This has Poincaré series 21[:1):/02] 22+ S o where S, = Elgr [(Zlg) — (l3g1)} 2=t
Similarly, we can analyze H.(W;;Q). We have

Lemma 29. (a) The inclusion W; C J(Cy) induces an injection in rational homology H.(W;; Q) —
H.(J(Cy); Q) = Aleu, ..., eaq) with image the subvector space spanned by the subspaces

{As(el7"'7629)[cg]t | S+t SJ}

where [Cy] = Zﬁ’ egi—1€2; is the image of the fundamental class of Cy under the Abel-Jacobi map fus,
(b) Hi(W;_1;Q) injects into H.(Wj; Q) under the inclusion so the relative groups are given as

H*(WJ'?WJ’*I?Q) H,( J7Q)/H( Jj— 1;Q)
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PROOF: We have that the E'-term of the spectral sequence above is given as
H.(SP'(Cy);Q) @ H.(SP'7*(Cy); Q)(1, h, h3)
@& > H.(SP(Cy);Q)(1, ha, hs, hihs)

2<21<y

d1(Ohy) = i.(©) — O where © € H,(SP72(C,)) and i: SPT~2/(C,)—SP’~2*72((C,) is a base point inclusion.
Similarly di (©h1hs) = d1(©h1)hs £ (©h1)d;(hs) where, of course, this last term is just multiplication by
[Cg] — > egi—1e2;. Ignoring the last piece one sees that the d;-differential on hq reduces the calculation of
E? to the following complex:

g
H.(SP'"%(Cy); Q)hy——H.(SP?(Cy); Q), ©hy — O([Cy] = ) _ e2i—re2:)
1

from which the first statement of the lemma follows. The second statement is then immediate. |

The remaining groups H.(LE, _,;Q) in the hyperelliptic case. It is convenient to write v = g + s,
1 <s< g—1when v > g. In this case we have that J(Cj) is filtered by Wo C Wy C ---Wy_; C J(Cy), and
over points in Wy_s_g9; — Wy_s_2_2 the inverse image in E, __, is (P¥*)"*1 while the inverse image over
J(Cy) — Wy_s_o is (P*)"T1. Thus, we obtain a spectral sequence with E'-term

lg—s/2]
n s n+1
HJ(C) Wyia) ©  (HEB) @ S H(Wymaan, Wy smar2) © (H.B))"
=1
= H.(Eg+s,....g+5)

with field coefficients.
Similarly, the corresponding E'-term for H,(LEg s, . g+5) is given by

H,(J(Cy),Wy_s_1) ® (H*(Psapsfl))n-i_l
[978/2] n+1
@ Z H*(Wg—s—zz,Wg_S_Ql_1)® (H*(]p5+l’]1ns+l—1))
=1

— H*(LEg+s,...,g+s)-
Note here that in the formula above the term involving the relative groups
H,(Wy_s—o1-1,Wy_s_21-2)

is zero. That is because, in this region of J(Cy) and this range for v the inverse image of a point is Pt in
both Eg+s,...,g+s and Eg+s—1,...,g+s—1-

Again, because of this gap the spectral sequence collapses and E' = E*°. Of course the calculations
become considerably more complex with F,, coefficients.

15. THE Ext-GROUPS FOR A4/S,

By inspection, in the spectral sequence of (5.9) we find the that d;-differential gives rise to a series of
complexes that occur in the calculation of Fxt-groups for the ring V, defined below. In this section we
calculate these Fxt-groups and apply the results in section 16 to determine the structure of the rational
homology of the space Hol}(Cy,P™) with Cy hyperelliptic and n > 2.

Notation 14.1:

(1) Ag = Alex,..., e2g) = Hu(J(Cy), Q),
(2) fg = 207_1 ezi—1e2i € Ay,

(3) Sy C Ay is the ideal (f,;), and

(4) Ay/Sy = Vj is the quotient.
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V, occurs quite often in both our study of Holj(Cy,P™) and Map(C,,P"). In particular we need the
groups Emtf\;‘ (Vg, Q) which we will describe as modules over Extf\’:((@, Q) = Q[h1,. .., hag] where h; = |e;]*,
1<i<2g. '

In [BCM] is is shown that

#fgi (Ng)i—(Ag)iva

is injective for i < g — 1 and surjective for i > g — 1. Consequently, (V;); = 0 for i > g while (V}); = Q{9
for 0 <14 < g where

() = (%) for2<i<y,
N(g,i) =429 fori=1,
1 for i=0.

As a special case note that
Vi = Ai/{eiea},
so there is a short exact sequence of Aj-modules
€e1€2
0—Q — A—V1—0

where QQ denotes the “trivial” module given by the augmentation map e: A;—Q, €(e;) =0, (1) = 1. This
exact sequence gives rise to the long exact sequence of Ext-groups:

. . ) L. .. .. )
+ —Exty 7(Q,Q) — Ext}! (Vi,Q)— Ext}y (A1, Q)— Exty! (Q,Q) — - -

and since Ea:tkj1 (A,Q) = {?Q El’jg 7 Eg’ gg’ we have
Z?] = ) )
Exty™(Vi,Q) = Qeoo ® Exty (Q,Q) P12

= Qeo,0 ® Q[h1, ha] P12

where P o is a generating element in Emt}\’f(Vl, Q).

Before we can describe the structure of the modules Extf\’:(Vg,@) for ¢ > 1 we need some preliminary
constructions.

First, we will often be dealing with a situation where we have a ring R;;1 = R; ®g R given as the tensor
product of augmented rings, together with a module, M, over R;. M becomes a module over R;;; via the
following obvious composition

1d®id 1T®1 i Q€
(Ri ® R1) ® M—(R; @ R) ® (M ®¢ Q) —— (R; ® M) @ (R ® Q) —— M © Q = M

Then, by change of rings,
EZEtRH_l (Ma Q) = ExtRz (Mv @) b2 Ext}h (@7 @)

Second, we will need to consider modules of the following kind: given a module M over the ring R and an
exact sequence of R-modules

0—K — (R)N — M —0

then K is written QM and is unique up to direct sum with a free R-module. The following result is well
known.

Lemma 30. Extléj (QM,N) = Extgrl’j (M,N) for alli>1, and
Exty* (M, N)—Exty* (M, N)

is surjective for all R-modules N.



26 SADOK KALLEL AND R.JAMES MILGRAM

We say QM is minimal if the natural map Emt%*(QM, Q)—»Ext}%’*(M, Q) is an isomorphism as well. Of
course, QM is minimal if and only if the map RN — M induces isomorphisms of Ext%*( ,Q)-groups.
Consider the following module:

14.4 My =1C Q[hl, hg]
is the augmentation ideal, I = (hi, ha). Note that M; = QQ and is even minimal for R = Q[h1, hs], so
i _ i+1,j
Emt@fhl,m] (M1,Q) = ExtQ[hf,m] (Q,Q)

for all j and i > 0. Note that Extg, n,)(Q, Q) = A(|h1]*, |h2|*) so

Q{lhal", [h2|*} if (i,5) = (0,2),

Q{lha*lhal*}  4if (4,5)

It follows that a minimal resolution for My over Q[hy, ha] has the form
Q[h1, ha]lhy 2—Qlh1, ho]{[h1], [h2]} — M1 —0

where [hl] = hl and h172 — hl [hg] — hg[hl]
Next we consider M; as a module over Q[hq, ha, hs, hy] = Q[h1, ha] ® Q[hs, hye] as above and define M as
the kernel of the surjective homomorphism
w21 Q[ha, ha, hs, ha]{b1, bo} — M1 —0,

m2(b;) = h;. Clearly My = QM; as a module over Qhq, ha, hs, ha] and is minimal as well. Consequently we
have

E(Et?Q}j[hth](Ml,Q) = {

I
—~

—_

>~
~—

0,* _ 1,*
Extgpy, g (M2,Q) i = E“Q[?h...,hu (M1, Q) 1
= ExtQ;[hhhz] (QQ) @ Extd[hhh;] (Q,Q) ® Ext@[hg,hz;] (Q,Q)

with generators |h1|*|h2|*, |h1|*|h3|*, |h1|*|h4|*, |h2|*|h3|*, |h2|*|h4|* Likewise,

Ext' (M, Q) = Exzt*(M,Q)
o Ext«%g[hll,hﬂ (Q,Q® Emt(b[hgi,m] (Q,Q)
® Ext@[hl,hﬂ (@’ Qi) ® ExtQ[h3>h4] (@’ Q)
Q4.

To obtain M3 regard Ms as a module over Q[hy, ..., hg] = R3 and define M3 = QM,, the kernel in the

exact sequence

0— M3 — R}——My——0
where the map to M, takes the basis for R} to the five generators of My corresponding to the description
above. Ms is again minimal.

In general M, is given as a module over R, = Q[hq, ..., hay], indeed is a submodule of a free R,-module,
and M, is QM,, where M, is now regarded as a module over R,,11 = R, ® Q[han+1, han+2].

Note that for M; we have Ext®(M;,Q) = Ext%2(M;, Q) and for My, Ext®(Ms, Q) = Ext®*(Ms, Q). In
other words, for these modules Ext’ is concentrated in a single bidegree. Also, note that Extg, (Q,Q) =
A(|h1]*,. .., |han|*) has each generator |h;|* occurring in bidegree (1,2) so all the elements in Ext’ occur in
a single bidegree (i,2¢) here as well. In fact we have by a direct induction

Lemma 31. The action map
Exty" (Q,Q) ® Ext}y* (M, Q)— Exty (M,,Q)
is surjective in all degrees and Ext%i (M,,,Q) = 0 unless j = 2n. Consequently,
Eaxty (M,,Q) =0

unless j = 2n + 21.
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As an immediate corollary we see that the M;, each being minimal, are all unique, since, in as much as all
the generators of M; occur in the same degree the map of the minimal free module onto M; is well defined up
to an isomorphism, hence the same is true of the kernel, M; ;. With this background discussion complete
we are able to state our main result.

Theorem 32. Suppose g > 2. Then

. Q if (i,5) = (0,0),
Bty (Vy,Q) = { Q if (6,5) = (1,2),
(Mg)i—2j4i-a if i>2

In particular, as a module over Exty,(Q,Q)
Euxty, (Vg Q) = Qo Qo M,
where the first generator gives Ext®?, the second gives Ext\? and the rest is shifted by (2, —i + 4).
Example: We have
Extp,(V2,Q) = Qe ® QP12 ® Qlhi, ..., ha|{b1,ba,...,b5}/R
where b; € E{Eti’j(‘/g, Q) and R is the set of four relations
R = {hsb1, hgb1, hsbs — hgba, hsbs — hebs}

PROOF: A resolution of V, over A, starts in the following way

*fg
0— Ky — AgP1o—Agego—V,—0
and we have already seen that (Kg); =0 for i < g+ 1. Thus it follows that
Exty*(Vy, Q) = 0 whenever r > 2 and s < g+ 1.
On the other hand, since K, has N(g, g) generators in g + 2, it follows that
Batyl*(V;, Q) = @Vl

We now give an inductive analysis of the Vy. In particular we assume the theorem is true for V,_; and
begin by establishing a relation between V,; and V;_;. Actually, we start with g = 1 where the theorem is
not quite true as stated, but Exta, (V1,Q) is given as an extension

0— M —Extp, (V1,Q)—Qep,0 ® QP 2—0

which turns out to be sufficient to start the induction. There is a surjection

mg: Vg—Vy_1
induced by the projection pg: Ag—Ag_1,

e; fori<i<2g—2,

poler) = {0 fori=2g—1o0r=2g,
which takes f, to fy_1. Let Ny be the kernel of 7y and Ky be the kernel of p,. Then we can write
Kg = Ag—1{ezg—1, ezg, e2g-1€24}

and
Kg/foKg = V-1 @ Q{ezg-1, €24, €29-1€24}
as a module over A,. However, the surjection

Py Kg/ foKg—Ny—0

is not an isomorphism. In fact we have
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Lemma 33. The kernel of py is a direct sum of trivial modules over Ay concentrated in degree g + 1,
Ker(pg) = Ker(pg)g+1 = QNls=te—
as a module over Ag.
PRrROOF: For 2 <i < g—1 we have
Dim(Np)i = (%)= (2%)] = [ - ()]
= {20+ oD} - {2000 + D))

()= () () (00)

valid for r >4 > 2. This shows that p, is an isomorphism in this range. Likewise,

using the expansion

Dim(Ng)g = (2gg) - (g2f2)
= (77 +20%77) —2(%07) - (7))

=[G - Grd] -2 - G

using the equality (2972) = (2972), which gives the isomorphism in dimension g. However, (Ng)g+1 = 0

9 92
while
Dim((Kg/ feKqg)g+1) = Dim((Vg—1)g—1) = N(g— 1,9 — 1)
and the lemma follows since (KCy/ fg/Cq)r = 0 for t > g + 2. |

Consequently we have a short exact sequence of Ag-modules
0— QNI K, / £y Ky — Ny —0
and a long exact sequence of Fxt-modules
5 o Nl—lg-1) 5
- —— Eaty, (Ng, Q)—Extp, (Ky, Q) — H Exty, (Q,Q)xi— - -+
i=1

where the generator, x; for each of the Exta, (Q,Q) terms occurs in bidegree (0, g + 1). By change of rings
we have

Exty,(Ky, Q) = Extp, ,(Vy1,Q) © Extr(e,,_; en,) ({6291, €29 €2g-1€24}, Q)
- Ext/\g_l (Vg—17 @) & Q[h’2g—1) h‘Qg] (b17 bZ)/R

where R is the relation hogbi — hog—1b2 = 0. By our inductive assumption this implies that the generators
of Exty,(Ky,Q) as a module over Exty, (Q,Q) occur in bidegrees (0,1), (1,3), and (2,9 + 2). But in these
bidegrees Exty,(Q,Q)eo g11 is identically zero. It follows that the map i* in (%) is zero so

N(9717971)
0: H Exty,(Q, Q)xi— Extp,(Ny,Q)
i=1
is an injection so
N(9717971) )
EmtAg(NgaQ) = H EZEtAg (Qa@)eﬁ,g—kl ®E$t/\g (KgaQ)
i=1

as modules over Extp,(Q,Q) up to a possible extension problem.
The remainder of the proof is direct. The exact sequence

s
0—N,—V, —=V, 1 —0
gives us the long exact sequence of Ext-groups

. 5 .
- Bty (Ng, Q) — Eaty"™ (Vy-1,Q) @ Qlhzg—1, hog]— Eata, (Vy,Q)— - --
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The map 0 on the piece Extp, (Kg, Q) in Extp,(Ngy, Q) injects to Exta, , (Vy—1,Q)®I where I C Qlhag—1, hag)
is the augmentation ideal (hon—1,hag). The resulting quotient is Exta, ,(Vy—1,Q) and so the calculation
reduces to the determination of the map

N(g—1,9—1)

J5: H Exty (Q,Q)xi— My

i=1
from the inductive assumption. However, we know Extzg (V5,Q) =0 for + > 2and j < g+ 1. We also

know that Ext>9T1(V, _1,Q) = QN=19-1 50 it follows that § must give an isomorphism from (1,¢ + 1
Aq_l g

to (2,9+1). Consequently, since M, is generated over Exts ,—1(Q,Q) by the elements in this dimension it
follows that 0 is surjective and the kernel is minimal, hence M, with the generators all occuring in bidegree
(2,9 + 2). The induction is complete. |

16. THE RATIONAL HomoLoGY oF HoLy(Cy,P") FOR Cy HYPERELLIPTIC
We now use the results of section 11-section 15 to prove the following theorem
Theorem 34. The map H,.(Hol,(Cy,P"); Q)— H,.(Map;,(Cy,P"); Q) is injective for k > 2g and n > 2.

PROOF: Consider the subquotient of the E' term in the spectral sequence of (5.9) converging to H.(QE, . ,; Q)
defined as the direct sum

g+s—1
> Ho(Wyogs, Wygs1) ® Ho(S*0HD) @ HL(SPFY(2C,), SPY 71 (£C,); Q)
v=2s
for a given s =0,1,2,... with the term

H (J(Cg), Wy—si1) @ Ho (S )) @ H,(SP¥797°(C,), SP*" 71 (£C, ); Q)
added but playing a special role. We have determined that
l5/2]

H. (W5, W) = > (V) [M]'
=0

where [M] ~ >"{ ea;_1€9; in H,(J(Cy)). Also,
H,(SP"(C,), SP* 1 (2Cy)) = Qllels - - -, lezg Ik @ Qlleal, - ., [ezg|lu—11[Cy]]
and the (sub-quotient) d; differentials are given by di(|[Cy]|) = [Cy], di(|es]) = e; (including the map from
the term H,(Wy_sq1, Wy—s) ® -+ to the extreme term
H*(J(Cg)v Wg*S) @
If we first apply the differential to |[Cy]| we obtain the complex

g+s—1
{ Z (‘/9)1)725 ® Q[|€1|, ) |629|]1€v} ® H*(st(nJrl))v
v=2s
with differentials as specified as well as an appropriate quotient of the extreme term with differentials mapping
to it from the v = g + s — 1-term in the sum above.

Note that the complex in brackets above is a piece of a direct summand,

g—2
> V), @Qllerl; - eag k25w
w=0
of the complex (V) ® Q[le1],. .., |ezg|] which has, as its homology the groups

Torl?(Q, Vy)

Here, the extreme term contains the next term in the resolution as a direct summand, but contains
H,(J(Cy),Wy—s—1) ® --- as well as the complementary summand. On the other hand we have already
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determined these Tor-groups in section 15 and have shown, in particular that Torl (Q,Vy) = 0 unless
m =m(g,1) is

l+g ifl>2,
m(g,l) = (2 ifl=1,
0  ifl=0

But, in the main part of the complex the m’s which appear are always less than m(g, 1) so they contribute
nothing by E? while at E? the term H.(J(C,), W,_s) @ --- which is a surjective image of the stable term
H (J(Cy))®- - - contributes a quotient, consequently still a surjective image of the stable term, and the result
follows for n > 2 by the collapsing of the stable spectral sequence at EZ. |
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