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1. Introduction

Let

cF—t g " .p

be a fibration with a section B — E. One of the main results of this paper asserts
that the differentials on the spherical classes in the Serre spectral sequence for {
are entirely determined by ‘brace products’ in {.

Brace products for a fibration with section were originally defined by James
[6]. Given a€m,(B) and B€7,(F), one can take the Whitehead product
[s.(),i,(B)] in w,.,_1(E). Since . ([s,(a),i.(B)]) =0, one deduces from the
long exact sequence in homotopy associated to { that [s,(«), i,(8)] must lift to a
class (unique once the section is chosen)

{O" 6} € 7Tp+q7 1 (F>’

the so-called brace product of o and 3. Note that this class depends on the choice
of section. The brace product operation then gives a pairing

{ B mp(B)xXme(F) — mpp g1 (F).

Let h: 7, (X) — H.(X; Z) denote the Hurewicz homomorphism. Our first main
observation can now be stated.

THEOREM 1.1. Let F — E — S”, with p>1, be a fibration with section.
Then in the Serre spectral sequence for E (with integral coefficients), the
following diagram commutes:

{1

7rp(Sp) ® 7rq(F) —)ﬂ-erqfl(F)

| |

Hy(S". H,(F)) Hyiyor(F)
-]
Eg-q E(iprqfl
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For general fibrations F — E — B with section and with B simply connected,
similar (long) differentials exist on the product of spherical classes that survive to
the EJ , term.

REMARKS.  The map ,(B) ® =,(F) — H,(B, H,(F)) is of course the composite

h®h v
7rq(B) ® 71—q(F) —>Hp(B) ® Hq(F) _’Hq (F’ Hp(B))’
where v is a universal coefficient homomorphism. Note that even though the brace
product does depend on the choice of section s, commutativity of the above
diagram does not (cf. § 3).

Theorem 1.1 relies in its proof on a beautiful and classical theorem of George
Whitehead [13] relating the boundary homomorphism in the homotopy long exact
sequence of a free loop fibration on a space X to the Whitehead products in X.
More precisely, let X be a finite CW complex (based at x;) and consider the
evaluation fibration

(1.2) otx Lo xS x

where #¥X = Map(S kx ) is the space of all continuous maps from § ¥to X (the
‘kth free loop space’), and Q%X is the subspace of basepoint-preserving maps. We
let £f(X) denote the component containing a given map f.

THEOREM 1.3 [13]. The homotopy boundary
o: 7rp(X) — Tp— I(QJI‘C(X)) =Tk I(X)
in the long exact sequence in homotopy associated to
ev
Qf(X) — ZF(X) ——X
is given (up to sign) by the Whitehead product da = [, f] for a € m,(X).

We use this theorem in §3 to prove Theorem 1.1.

Free loop spaces. A particularly interesting application of Theorem 1.1 occurs
for the evaluation fibration (1.2) when the connectivity of X is greater than k. In
this case (1.2) admits a section and Theorem 1.1 applies.

In addition to loop sum, the homology ring H*(QkX ) admits a second
homology operation on two variables called the Browder operation and denoted
by A.. This operation is essential in the calculation of the homology of iterated
loop spaces (cf. [3] for extensive details). We quickly sketch its construction: first
there is an operad map

6: K x Fx x QFx — QFx

given as follows: a map f € Q"X can be thought of as a map of the closed unit
disc in R¥ into X which sends the boundary to a basepoint. If one identifies skt
with the space of pairs of closed non-overlapping discs in R¥, then to each pair
(D, D,) and to (f,g) € Q"X one associates the map 0(f, g) which is f on the
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first disc, g on the second and sends the complement and boundary of D LI D, to
the basepoint. One then defines N (x; y) := 0, (tx, X, ¥) € H |4 |y| 141 (Q°X).
Let p; be the map

ad h
T (X) — 1, (X)) —=— H, _ (2" X)
where ad; is the adjoint isomorphism and 4 the Hurewicz map. If we identify the
spherical classes in H,(X) with classes (of the same name) in ,(X), then p

determines a map from the spherical classes in H,(X) to H, (2“X). The second
main observation of this article is the following.

THEOREM 1.4. Let X be k-connected, and let 3 € H](Qk(X)) and o € H,(X) be
two spherical classes. Then in the homology Serre spectral sequence for

' x —— #fx = x,
the following relation holds:

d’(a @ B) = Me(pr(a), B).

In the case where X = S" is a sphere and 1 <k < n, general arguments show
that the spectral sequence collapses at E 2 with mod-2 coefficients (§4.2). When n
is odd, the same collapse occurs with mod-p coefficients. The case n even is then
of greater interest and we show the following.

Let x € H,(S") be the orientation class and e € H,_ (2S") be the infinite
cyclic generator representing the class of the inclusion §" ¥ — QXS" which is
adjoint to the identity map of S". When n is even, let a € Hy,_,_;(2"S") be the
torsion-free generator (see §4).

COROLLARY 1.5. Assume that 1 <k <n and n is even. Then in the homology
Serre spectral sequence (with integral coefficients) for the fibration

QkSn 4 ng}’l ev Sn’
we have
dy ,_i(x-e) =2a.

COROLLARY 1.6. Suppose 1 <k <n and n is even. Then the Poincaré series
for H*(£*S"™; Q) is given as follows:

14+ &"+x" 5 /0 =x*"*Y  if kis odd,
(14" N /(1 —x""%) if k is even.

COROLLARY 1.7. Suppose n>?2 is even and p is odd. Then in the cohomology
Serre spectral sequence for ¥ 28" the mod-p differentials are generated by
d,(x-e) =x,, where H*(QzS";Zp) is a tensor product of a divided power
algebra on generators e, y;, and an exterior algebra on generators x; with
dim(x;) =2(n—1)p' — 1 =dim(y;) + 1 for i = 0.

Corollary 1.7 has also been obtained by Fred Cohen using configuration space
model techniques (cf. [1]).
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We can carry out similar calculations for #°(W) where W is a bouquet of
spheres. In this paper we focus on the s =1 case and there easily recover the
cyclic homology description of J. Jones and R. Cohen [4]. More explicitly, let
W =\/ 8" be a bouquet of k spheres, with n; > 1, let a; €H, .1(W) be the
class of the ith sphere, and ¢; = p(a;) € H, (QW) =T(ey,...,e;) (where T is the
tensor algebra). The map p =p: H, (W) — H, (QW) is as defined earlier.
We prove the next proposition in § 5.

ProrosiTION 1.8. In the Serre spectral sequence for QW — LW — W,
where W = \/; S"tL the differentials are given by the cyclic operators
dla,, e; ®e;, ®...®e;)
=e¢,R¢,®...0¢; — (—1)'8"“6"1|+'“He"5‘)e,~l Re;,®...Q0¢e; Ve,
where e, = p(a,) and |e;| = n; is the dimension of e;.
This description yields an effective method for calculating the homology of
W with mod-2 coefficients and also rational coefficients. Following some ideas

of Roos, and in the case when the spheres are equidimensional, we can show
the following.

PROPOSITION 1.9. Let W =\/, S""! and denote by P(YW,F) the Poincaré
series for H.(¥W,F). Then

P(SW,Z,)=1+(1 +Z)( > amzm")
m=1
where

L (e =5 L (™ e
vy a D=t

elm

¢ being the Euler ¢-function.
The rational case is slightly different in the case of even spheres.
PROPOSITION 1.10. Let W = \/, S" "', Then
P(ZW,Q)=1+(1 +z)( > amzm">
where

1
Z — ¢ (ﬂ>ke, for n odd, or n even and m odd,

m e
elm

1 d
Z p Z U <e>ke, for n even and m even.

d|lm eld
d even
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REMARK. As was pointed out to us by N. Dupont, the above calculations
recover (in particular) the following beautiful result of Roos and Parhizgar:

| U
dimH>"(£(S* v $*); @) == 20"
imH="(Z( ); @) PP

where (i, n) is the greatest common divisor of i and n.

Acknowledgement. Part of this work originated at the CRM of Montréal
during the first author’s visit. The first-mentioned author would like to thank the
center for its hospitality. He would also like to thank Fred Cohen for informing
him about some unpublished work and for the proof of Lemma 4.6.

2. Brace products: examples and properties

NOTATION AND CONVENTIONS. We often (but not always) identify a map
f: 8” — X with its homotopy class [f] € 7,(X). We do so when there is no risk
of confusion and to ease notation. We also write ad for the adjoint isomorphism

adg: m 1 (X) ;Ti(ﬂkx)-
In the introduction we defined brace products for a fibration

i 14

F——F——RB

. . s .
with a section B— E. Brace products are related to Whitehead products by the
commutative diagram

{,}

7, (B) © 7, (F) ~—— 7, 1,1 (F)

(2.1) Js@i }-

[, ]

mp(E) @ 7 (E) ——— Ty g1 (E)

The next examples compute the brace product pairing for some classes of
fibrations with section.

EXAMPLE 2.2. Let E be a sphere bundle over B =S" with fiber F = S* and
group O(k + 1),
skl g T g
This fibration is classified (up to homotopy) by a clutching function
W L O(k+1).

If E has a section then the group of the bundle reduces to O(k) (because the
associated vector bundle does). The map p factors (up to homotopy) through
§" ' — O(k) < O(k + 1), giving a class « € m,_,0(k). Let J be the Hopf—
Whitehead construction

J: w1 (0(k)) — 7Tn+k—1(5k)-

Finally, let ¢, € w,(E) be the class of s: S" — E and ; € m(E) be the class of
the fiber. Then (up to sign) the following holds.
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PROPOSITION 2.3. In 41— 1(S5), {1, 1} = Je

Proof. We will make use of some intermediate results that we prove in § 3.
Start with the map «: S" ' — O(k). One can think of O(k) as transformations
of the closed unit disc D. It follows that « adjoins to a map S "1y pk— p*
and, by pinching the boundary of DX, we get the following commutative diagram:

sl pk & pk

Lo

g1 gk | gk
Since $" "' AS* =§""*71 the bottom map can indeed be identified with (and
actually is) the J homomorphism. Consider the composite

n-1 ok ok

o: S ANS'—S"—E.

We write its adjoint as a map g: S "=1 _, QXE. Notice that the image of g lies in
the component containing the fiber inclusion i: Sk — E and hence maps into
Q E. Moreover notice that g, when extended to 5,” E, is trivial (Lemma 3.4) and
hence the map g factors through the fiber QF of the inclusion Q'E — Z*E
as follows:

ad(s)

s L 0F

-

st E L otE—— otE
The adjoint of the top map is s: S” — E and we denote the class of this map by
.- According to Lemma 3.2 we must have ¢ = [y, € 7fn+1<—1( ). Both ¢ and

the Whitehead product map lift to sk, Since the lift of ¢ is J and the lift of
[tks tn) 18 {tg, 1, }, the proof is complete. O

REMARK. Sphere bundles with section can be constructed by taking a vector
bundle { over B =S" with fiber F = R* and then compactifying fiberwise the
unit disc bundle. The new bundle (with fiber S k) has a canonical cross section
(sending each point in S” to the point at infinity in the fiber).

ExampLE 2.5. It is known that the fiber of the inclusion X VX — X XX is
L(QX AQX) (a theorem of Ganea). Taking X =[P = P*, the infinite complex
projective space, we find that there is a fibration > — PV P — P x P, and
hence, after looping, we obtain a fibration

(2.6) Qs —QPvP)—S'xs!
with a section given by the composite
SIxS! — S QP X QP ——Q(PV #) X Q(x V P)

< SQPVP)xQPVP)——QPVP).
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It turns out that (2.6) has trivial brace products since Q(P V P) is an H-space and
Whitehead products vanish in H-spaces.

ExAMPLE 2.7 (Saaidia). Suppose F — E — B is a fibration with section, and
F is a G-space with a G-invariant basepoint. Consider the classifying bundle

F — EGx; F — BG.

This fibration also admits a section and its brace products are identified with the
so-called ‘secondary Eilenberg invariant’ of the fibration E (cf. [11]). These
invariants are fundamental in the study of the homotopy type of the space of
sections of E.

Brace products and Samelson products

The commutator map at the level of loop spaces (better known as the
Samelson product) is related to the Whitehead product as follows. First write S for
the commutator

S: QX)AQX) — QX), (a,b)— aba b

Then the following commutes (up to sign):
7 (QX) X 7, (9X) — > 1 (QX)
(2.8) lad x ad lad
[, ]

7rp+1(X) Xﬂ'qul(X) —)Werqul(X)

where ad is the adjoint isomorphism. This fact (originally due to H. Samelson)
can be combined with (2.1) to show the following.

LEMMA 29. Let F— E — B be a fibration with section s. There is a
homotopy commutative diagram

{1}

QBAQF ——— QF

Jﬂs/\ Qi lﬂi

QEAQE > QE

where the upper map (also denoted by { , }) induces James’ brace product at
the level of homotopy groups.

Proof. The composite

So (2sAQi)

QBAQF —mM

is trivial when projected into QB (because Qp o Qi is trivial). It then lifts to QF
as desired. This lift is unique up to homotopy since any two maps differ by a map

QB AQF Q°B 9 QF,
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and this ‘boundary’ map 0 is null-homotopic (it is trivial on homotopy groups
because of the presence of a section). The rest of the claim follows from (2.8). [

Brace products as obstructions

As pointed out in [6], brace products form an obstruction to retracting the total
space E into the fiber F. They also represent obstructions to the triviality of certain
pull-back fibrations in the Postnikov tower for B (see [11]). In what follows we
exhibit yet another obstruction expressed in terms of these brace products.

Let F —» E — B be a fibration of CW complexes and consider the loop fibration
(2.10) QF — QF — QB.

Suppose that (2.10) has a section s’ and denote by * the loop sum in QE. Then
the composite

Qixs': QF xQB —— QE

is a weak homotopy equivalence and hence an equivalence. This trivialization
however is not necessarily an H-space map and its failure to be such is measured
by the commutator (Qi)s’(2i)"'(s")™". We illustrate this with an example.

ExaMPLE 2.11. Consider the Hopf fibering §' — §° — §? which can be
looped to a fibering

as’ — as* — s

This has an obvious section and as before S' x 2S° — QS?. Notice that the left-
hand side is abelian (since S° is a topological group) while the right-hand side
QS? is not. Indeed consider the map S' — QS? and take its self commutator in
QS2. This commutator in homotopy is adjoint (by the result of Samelson (2.8)) to
the Whitehead product [t5, 1] =279 € w4(S?) which is non-zero (here 7 is the
class of the hopf map). Hence QS > is not abelian and the splitting
0S? = S'x Q8> is not an H-space splitting.

LEmmA 2.12. Let F — E — B be a fibration with section s. If the brace
products in this fibration vanish identically, then

0 = Qs Qi: QBXQF —— QF
is an H-space splitting.

Proof. Here s’ = Qs and Qi are naturally H-space maps and we need only
check that the following diagram homotopy commutes:

Xx X1
(@BxQF)? X" (@B x (QF ) =2 . QB x QF

|’ I

(QE)? QE

where 1xxx 1 is the shuffle map (x, a,b,y)— (x,b,a,y). Now the images of
Qs and Qi commute in QF (this follows from Lemma 2.9 and from the fact that
the brace products vanish). The claim follows immediately. 0
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3. Whitehead’s theorem and the proof of Theorem 1.1

In this section we prove Theorems 1.3 and 1.1 of the introduction. Denote by
D" the closed unit disc in R” and by 0D" = $" ! its boundary. If D" = D? x DY,
we can then write S"~' = 9D" = D” x9D? U dD? x DY (where the union is over
dD?” xdD?). Let ¥ 9X = Map(S?, X) be the space of all maps from S? to X. We
have the following pivotal lemma.

LemMA 3.1 [13, Lemma 3.3]. Start with a map
¢:SPTIAST — X

and adjoin it to get g: S* 7' — Q4 X (where QLX is some component of Q!X
containing a representative map o). Suppose that g extends to a map
D" — 21X and hence gives rise to an element 8 € w,( L1 X, QLX) = 7,(X). Then

b = [0 B € Ty g1 (X).
An alternative formulation of this lemma that is better suited to us is as follows.

LEMMA 3.2. Let E be a space and think of QE as the fiber of Q1E — L IE.
Given a composite

¢: SP1 BN S QE

then necessarily ad¢ = [o, ad3] € ., ,_E.
Proof. The evaluation fibration in (1.2) extends to the left (by looping) and we

get the fibration QF — Q4E — Z9E. The fact that the map ¢: S7 ' — QIE
factors via (3 through the fiber QF is the same as having an extension diagram

¢

sr1 —— QIE
D’ —— ZIE

such that the element of 7,(Z)E, Q4E) = w,(E) defined by this diagram is the
class of ad@. It follows from Lemma 3.1 that ad ¢ = [«, ad B]. O

THEOREM 3.3 [13]. The homotopy boundary
9: my(X) — m,_1 (2 (X)) =y 1(X),
in the long exact sequence in homotopy associated to

(A%
Q)(X) — £(0) =X,

is given (up to sign) by the Whitehead product as follows: let a € w,(X); then
da = ad[a, f] € m,_ (2 X).
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Proof. A fibration F — FE — B extends to the left by @B — F, and the
boundary homomorphism is given by the induced map in homotopy

7 (B) = 1, 1(QB) — % m, 1 (F).

Representing o € m,(B) by the map of the same name, we see that the
following commutes:

sr-1 2@ op
Sp,1 aa

_9%Y . F
Letting B=X, F=Q/X and E = ,ffq(X), we deduce from Lemma 3.2 that
ad ' (da) = [, f] and the claim follows.

O
We need one more lemma before we can proceed with the proof of Theorem
1.1. Let

G F—E—§"

be a fibration with section s, and let p:S" ' — Aut(F) be the clutching

function. Here Aut(F) consists of based homotopy equivalences and we denote by
Map*(F, E) the space of based maps from F into E. There are inclusions

Aut(F) — Map*(F, E) — Map(F, E)
and we assert that the following lemma holds.

LEMmA 3.4. There is an extension diagram

st Auwt(F) — Map*(F, E)

D" l

Map(F, E)

such that the element 3 € w,(Map(F, E),Map"(F,E))=m,(E) defined by the
diagram corresponds to the class of s: 8" — E.

Proof. We have the following sequence of fibrations:

F—E—S"— BAut(F)

and the last map classifies the fibration ¢. By looping and letting A — K
be the adjoint to the identity map, we get the following diagram:

QF

|

sn1 Qs”"

Aut(F)

The lower composite, which we label 6, can be identified with the clutching map
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w. If one has a section Qs: QS" — QEF, then 6 factors through QFE which is the
fiber of the mapping Map*(F, E) — Map(F, E). The lemma follows. O

THEOREM 3.5. There is a commutative diagram

nB) @ 1, (F) = Lor, ()

Jh@h Jh

Hp(B’ Hq(F)) Hp+q71(F)

-, T

dl’

2 2
N
Ep,q EO,p+q—1

where by abuse of notation the bottom map is the long differential d” defined on
those spherical classes that survive to E, .

REMARK 3.6. We first explain why Theorem 3.5 is independent of the choice

of section. Suppose F L E—B is as above and assume it has two distinct
sections s, and s,. Let o € m,(B) and 8 € 7, (F). The brace products associated
to s; and s, are given by {«,B}; and {«, B}, (respectively). Notice that
s1(a) — s,(a) projects to zero in 7, (B) and hence must lift to a class ap € 7,(F).
The difference element {c, 8}; — {e, B}, is by definition the lift to 7, (F) of

[s1(a) = s2(a), i.(B)] = [ix(eep), i.(B)] = i.]ap, B] € w.(E).

It follows that {c, 8} — {a, B}, = [ap, B] € T, 44— 1 (F). This Whitehead product
in F necessarily maps to zero in H,(F) by the Hurewicz homomorphism and this
is enough to show that the composite 2 o { , } in the top half of the diagram in
Theorem 3.5 is independent of the choice of section as asserted.

Proof of Theorem 3.5. Let a: S” — B represent a class in m,(B). Consider
the pullback diagram

F—F

I

E'— > E

I

s % .B

By naturality of the Serre spectral sequence it suffices to prove the theorem for
the pull back fibration F — E' — S”. In other words we must prove that the
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following diagram commutes:

h®h h
H, (", H,(F)) Hyq1(F)
2 2
Ep,q E0~p+q*1
dP
Efg—————E( 14

Now associated to F — E' — S” is a Wang sequence

H,(F) —— H,(E") —— H,_,(F) ——H,_(F) — ...

where 7, is determined in terms of the clutching function of the bundle. Recall
that this clutching function is given by a map

p: SP'XF — F
whose homotopy class determines the bundle (up to fiber homotopy).
Identifying H;_,(F) with Ej’,-_p and H;_,(F) with Ej,;_,, it is not hard to see
that 7, =d”: E,, ,— EG,;_; (see [13, p.332)).
Choose a basepoint p € F. Given 3: SY — F representing a spherical class (of
the same name) in H,(F); then 7, can be made explicit as follows. We first have

an isomorphism H,(F)=H, . ,(S” AF) and the class § is represented under this
isomorphism by a map S” A S? — S? A F. Writing

DT =D?xD? and dD""? = (D?x0D?)u (dD? xD?),
we can represent 3 as a map of pairs
(DPT4,0DP ") — (DP X F, D" xp U oD’ X F).

The map on the second component is the boundary map 0 and it can be
prolonged into F,

(3.7) 7 aDp+qLDPXpU8DPXF—>F,

by collapsing D” xp to peF and sending 0D” x F = S? "' X F to F via the
clutching function p. (This is possible since u(dD? x p) = p € F.) The composite
in (3.7) is a map S”T7" ' — F whose Hurewicz image gives a class in
H, ., 1(F). This class is exactly 7,.(8) = d”(B).

Note at this point that the map 7 gives rise, by restriction, to a map

oD? x D1

l M i

SPIASY — P AN F—— L E
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The horizontal composite adjoins to a map 6: S” ' QYE and the component
in which it lies contains the map 8: SY — F — E. By precomposing and using
Lemma 3.4, one gets the following extension diagram:

P Aut(F) ———— QE

Ll

D? —— Map(F,E) —— ZLE
The homotopy class this defines is given by (Lemma 3.4)

s(S7) € my(E) = m,(ZJE, QLE).
One can now apply Lemma 3.1 directly to obtain

ior=1[s(a)i(B)] inm, i(E).

Both maps lift to F; the left-hand side lifts to 7 and the right-hand side lifts to
{a, B}: 7T~ — F. Notice that in homology, the Hurewicz images of i, o 7,
and [s(a), i(8)]. are zero in H, , (E) (in the first case because of the Wang
exact sequence and in the second because of a known property of Whitehead
products). It follows by the Wang exact sequence again that the class in the image
of ho{a, B}, in H,,, (F) is also in the image of 7, and by the arguments
above it must follow that it is exactly 7,(8). The theorem follows. g

4. Spaces of free loops

As pointed out in the introduction, the previous results apply particularly
well to (basepoint-free) mapping spaces from spheres. Consider again the
evaluation fibration

(4.1) ok x o pix S x.
When the connectivity of X is at least k, (4.1) admits a section (which sends a
point in X to the constant loop at that point). Below we use the same name to

refer to a spherical class and the homotopy class it comes from. With

d
Pk: W*(X) &) 71-ﬁefl’{(Qk‘X) LH*fk(QkX)

as in the introduction, we prove the following.

THEOREM 4.2. Let X be k-connected, and let 3 € H](Qk(X)) and o € H,(X) be
two spherical classes. Then in the homology Serre spectral sequence for

o x — gkXiX, the following identity holds:

d¥ (o ® B) = Me(pr(), B).
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Proof. Suppose M is k-connected. Then the evaluation fibration admits a
section and the following diagram commutes:

[, ]

(M) @ mj (M) ——— ) j k-1 (M)

1® adk Jadk
{3

WP(M) ® T](QkM) _— 7rp+j,1(QkM)

h®h Jh
k d’ k
H,(M) @ H{(Q"M) ——— H,, . ; _1(Q"M)

where d” is again as described in Theorem 3.5. The bottom half commutes
because of Theorem 3.5, while the top half commutes as a result of a theorem of
Hansen [5]. Notice that the right vertical composite is just py.

Next we look at the following diagram of Fred Cohen [3, p.215]:

[, ]

(M) @ Ty (M)————Tp 1 j 411 (M)

ladk &® adk ladk

7, (M) @ 7, (Q*M) Ty 1 (M)

lh@h lh

k

H, (2'M) @ H/(Q"'M) ——H,; ,(2"M)

This diagram defines the Browder operations for spherical classes and the proof
follows by direct comparison of the above two diagrams. O

REMARK 4.3. When k=1 and X is a suspension, the Browder operation can
be described in terms of commutators and of the Samelson map

o (X)L ex) o, (0x).

Let X =S" (or any suspension will do); then according to [12] the image of a
Whitehead product under p is a commutator in H,(QS") = H (QLS" ") = T]e],
where T[e] is a polynomial algebra on one generator e of dimension n — 1; that is,
p([x,y]) = pxxpy— (=1)"px*py:=[px, py].
It then follows from Theorem 4.2 that
d(t@y) =[p(1),y], where p(1) € H,_,(2S"), y € H;(Q5")

(here y is spherical of course). We see, for instance, that d(1 ® p(t)) = [p(¢), p(1)] =0
if n is odd, and d(:® p(1)) =2 if n is even. This last fact generalizes to higher
free loop spaces.

4.1. Free loop spaces of spheres Fksn for 1<k<n

Whenn=1,3 or 7, #*S§™ is an H-space (since S" is) and so the existence of a
section yields a space level splitting for these values of n. Generally and for n
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odd, the localised sphere S(’p) at an odd prime becomes an H-space and hence so

is ,?kS("p). We therefore have a space level splitting for odd » and, after inverting,
for n = 2. The Serre spectral sequence for (4.1) collapses for odd spheres with Z,,
coefficients (p odd). The case that will occupy us most in this section is that
when n is even.

LEMMA 4.4. Assume 1 <k <n. Then under the composite

n ad n h n
p: oy 18" ——— T 1 (Q5S") —— Hy, i 1(QS™),

the Whitehead square maps as follows:
0 if nis odd,
o) = {

2x if nis even
(here x is the infinite cyclic element in Hy,_,_,(Q*S"; A) with n even).

Proof (sketch for n =2q). Write 8, = [1,,t,] and let x be the generator of
H, (Q%S™). Then p(B,) = A;(x,x) according to Theorem 4.2. When n = 2gq,

B,, generates an infinite cyclic group in my,_ (S 2q) =7 @ torsion. It is well
known (Serre) that loops on an even sphere split after localizing at any odd prime p,

Qkg24 =) Qk—1g2a-1y gkgda—1
Under this correspondence, it turns out that 3,, maps under p to the generator in

H4q_k_1(QkS4q71) (mod p). Moreover it is known that Ni(x,x) =0 (mod 2)
(cf. [3]). Putting these together yields the result. O

The following is Corollary 1.6 of the introduction.

COROLLARY 4.5. Assume that 1 <k<n and n is even. Then in the Serre
spectral sequence for the fibration

QkSn ;} ngn LS”,

the differential d, , , is given by multiplication by 2 on the torsion-free
generator of H,,_,_(QS™). In particular, dy . y is an isomorphism with
rational coefficients.

Proof. The differential d, , ; is determined according to the first diagram in
the proof of Theorem 4.2 by the image of the Whitehead square under the map p
described in Lemma 4.4. The claim now follows from Lemma 4.4. O

4.2. Rational and mod-2 calculations

The mod-2 cohomology of ¥ ks". with k<n, is completely determined
according to the following lemma.

LEMMA 4.6. The Serre spectral sequence for Q'S" — #*S" — S§" collapses
with mod-2 coefficients whenever k < n.
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Proof (Fred Cohen). Consider the suspension
Q"E: QnSi1+q _ Ql‘l+ lSn+q+ 1

and the following induced map of fibrations:

QnSn+q QO'E Qn+1Sn+q+1

J |

gnSnJrq gnE gnQSnJqurl
Sn+q E QSn+q+1

Since Q8" 7" is an H-space, then so is #"QS" """ and consequently we have
a splitting

grasttatl = ggrtatlgrilgntatl
It is known (cf. [3, pp.228-231]) that the map QE is injective in mod-2

homology (for all i) and hence in the diagram above both fiber and base inject in
Z 5-homology. The lemma follows. O

ReEmMARK. In Proposition 5.3 below, we give an alternative derivation of this
fact in the case k = 1.

We now use Corollary 4.5 to calculate H (% kS") with rational coefficients. We
also give a complete answer mod-p (p odd) for the case of a two-fold loop space.
We make use throughout of the following standard fact. Consider the path-loop
fibration Q*S" — P — Q*~'S" for k <n. Then
(4.7) H*(Q*s") = Tor” @ 'S (F, F).

This follows because the Eilenberg—Moore spectral sequence collapses at the E 2
term (cf. [2]).

ProPOSITION 4.8. Let 1<k <n and suppose n is even. Then the Poincaré
series for H*(#*S"; Q) is given as follows:
T4+ @"+x" 5/ =x*"*Y  if kis odd,
(L+x3" N /1 —x"h if k is even.

Proof. When n is even, one has H*(QS")=E(e,_,) ® Q(as,_,), where
E(e,_,) is an exterior algebra on an (n — 1)-dimensional generator. It then
follows that

Tor® (@, Q) = Q(e, ,) and Tor“>2(@, Q) = E(ay, 3).
Iterating these constructions and using (4.7) yields

Q(e) ® E(a) for k even,

H* kan; —
( @) {E(e) ® Q(a) for k odd,
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where deg(e) =n —k and deg(a) =2n—k — 1. Let 1 € H,(S") be the generator.
Then in the Serre spectral sequence for (4.1) with @ coefficients, the class a hits
et and this differential generates all other differentials. When k is odd, one has
(up to a unit)

d(a*) = ewd* ™", d(ea®) = e*a* "' = 0.

The classes that survive are 1, ea® and 7a* for k>0. This establishes the
first claim. When k is even, H*(#*S"; Q) = Q(e)[1, at] and this leads to the
second assertion. 0

REMARK. The Poincaré series for #S", with n even,
(1 +xn _~_xnfl _x2n72)/(1 _x2n72),

is well known and is given, for instance, in [10].

4.3. Second fold ( free) loop spaces

We now determine H,(#28%772; [F,) with p odd (the case p =2 having been
settled in Lemma 4.6). So recall the description of Q%$%72 over the mod-p
Steenrod algebra (see [3] or [9] for a general discussion). We have

Q2S2q+2 zp QSZ(/+1 % 92S4([+3
(see the proof of Lemma 4.4), and H*(Q?$*"%) is given by
H*(st4q+3) == E(Xo, X5 ) X F()’l’ Yo,.. )

where |x;| =2(2¢+1)p' =1 and |y;|=2(2¢g+1)p' —2. The action of the
Steenrod algebra is given by

B(y)=x; and 2'(y!)=yi11.

ProPOSITION 4.9. In the mod-p cohomology Serre spectral sequence for
QZSZquZ N $2S2q+2 N SZq+2
we have
d4q+1x0 =e-i,

where e is the generator of H*1(Q*S*?"?) in the fiber and 1 is the generator of
H*9"2(8*7%2) in the base.

Proof. The differential d4,,, is described by Corollary 4.5 and is non-
trivial. It can be shown that this is in fact the only non-trivial differential in the
spectral sequence. O

5. The free loop space of a bouquet of spheres

In this section we illustrate our techniques by calculating the homology (with
field coefficients) of .#(\/; "™ of a finite bouquet of spheres, with n; > 0.
Write W = \/* 5" ! and consider the free loop fibration

(5.1) QW — W — W.
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The image of the orientation class [S" "] in H, , ;(W) will be denoted by a; and the
inclusion S ! <5 W by ;. To the a; correspond by adjointness the e; € H, (QW).
Observe that W = Z(\/X §") and so, as is well known (Bott—Samelson),

H,(W)=T(ey,...,ex),
where T(ey,...,e;) is the tensor algebra on the generators e;. An element

x€T(ey,...,e) is a sum of basic monomials ¢; ®e;, ®...® e, . Note that x is
not spherical in general; however iterated commutators in the e; are.

LEMMA 5.2 (Samelson). Under the Samelson map

o (W) r@w) " m_aw)

(see Remark 4.3), the iterated commutator [e; , le; . [...[e; . e;]...]]] is in the
image of the iterated Whitehead product [v; , [v;), [...[t; v ]...]]]

This result is also quoted in Remark 4.3. We are now in a position to make
explicit the structure of the differentials in the Serre spectral sequence for (5.1).

PROPOSITION 5.3.  In the Serre spectral sequence for (5.1), the differentials are
given by
dy,11(a; ®@x) = [e;, x] = ¢, @x — ()" x@e;

where again e; = p(a;) in H, (QW) and x € H,(QW ).

Proof. The result is true for x spherical according to Remark 4.3. Suppose
now that x=e; ®e;, ®...®¢; and consider the iterated commutator
le;,, lei,.[...[e;, ,.e;]...]]]. This being spherical, we get

da® e, [ei, [ lei,_ e ] ]]]) =[eei. [ei) [ lei,_nei ] ]]]
where e = p(a). Writing

[eil, [ei2, [ .. [el'ri], eir] .. }]} = Z iei7<l)ei7(z> .. .eim

T

where 7 ranges over the appropriate permutations of {1,...,r}, we can rewrite
this expression as

E d(a®6i1(l)e,»7(2)...e,-T(r)) = g e, e,»T(l)eiT(z)...e,-T(r)}.
-

T

Of course we want to show that the above summands correspond. This is
essentially forced on us by the symmetry of the situation. We give the detailed
argument for the case r =2 (the general case being the same but with more
complicated notation). So when r = 2,

d(a, e}, es]) =[e, ejes —eqre)] = eeje, —eere; —ejere+ese e

where, to ease notation, we choose |eje,| to be even and |a| to be odd to
get the appropriate signs. We stipulate e; #e; for i#j. We know that
d(a, e, e,]) =d(a,ee,) —d(a, e,e;), and hence one of six things must happen:

(i) d(a, eje,) = eeje, — eeje, and d(a, ereq) = eje,e — ey e6€;
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(ii) d(a, eje,) = eejey + ese1e and d(a, eye)) = ee,eq + ejese;
(iii) d(a, eje;) = eeje, —ejere = [e, e1e,] and d(a, e e)) =ee,e —eyeje =
{89 ezel]-
The other three choices are either redundant or easily ruled out. Of course we
need to rule out (i) and (ii) to obtain (iii) for the answer.

To do this we notice generally that if 7 is a permutation on k letters, we can
consider the bouquet W' =\/¥$""0*! and the (obvious) ‘permutation’ map
W — W'. We get an induced loop map QW — QW' and in turn a homology
map (which we also denote by 7)

7: T(ey,...,ex) —~T(el,...,ex) = T(eT(l), .. .,eT(k>);

here we have written e, ; for e; = 7(e;). This map is multiplicative and induces a
map of spectral sequences (also written 7). From this we deduce that

(5.4) d(ariys er(1)€r2)---€r(n) = 7(d(a;, e1e5...€,))

where by definition 7(e; ...e,) = €r(1)€7(2) - - - €1 (r)- SUPPOSE We are in case (i) and let
7 be the transposition permuting 1 and 2 (and leaving other indexes fixed). We then
see that 7d(a, eje,) = 7(eeje, — ee e,) = e'e,e; — e'e,e;. However d(a, eye;) =
d(a, e (1)) = e1e2¢’ — e,eie’ #1d(a, eje,). Case (i) cannot happen.

Similarly for case (ii) the same argument as above with e =e¢; yields
7d(a;, ejey) = 7(ejejey +ese1€)) = ere,e) +ejere, #d(e,, ee,), implying that
(i) cannot happen either. Case (iii) is the only case that satisfies (5.4), as is
easily checked, and the proposition follows for » = 2. The general case r =2 is
totally analogous. O

With this description available to us, we can proceed with the calculation of
H,(#W). The following discussion is valid with any field coefficients . Write
W=XX and let V=H,/(X;F). The tensor algebra on V corresponds to
T(V)=T(ey,...,e). Consider the operator

T V®m V®m’

e, ®ei2 ® ... ®eim — (71)n[1(11;2+...+n;m)ei2 ®R...Qe€; ®ei1-

m

The operator 7,, gives an action of the cyclic group Z,, on V®" and we denote
by V) the subspace invariant under this action. Proposition 5.3 then shows that

(5.5) H(LW:F) =@ V" /tna-ry & P £(v™)

n=0 n=1

where the last term is the suspension of V) with degree 1 (compare [4]). Clearly
Coker(1 — 7,,) cH,(¥ W) and the kernel of 1 —7, is a copy of ker(l—7,)
suspended one dimension higher. Since dim Coker(1 — 7,,) = dim(ker(1 — 7,,)), it
follows that

(5.6) PH, (X)) =1+ (1 + z)P< P ker(1 - Tm)>,

where P is the mod-F Poincaré series. In what follows we determine
PP~ Ker(1 —17,)) for F =Q and Z,.
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DEFINITIONS AND NOTATION. (i) We denote by 7 the cyclic operator
T(e;, ®e;,®...Q...¢; ) =€, ®...0¢; Ve,

and by 74 its iterate d times. It is extended to operate additively on all of V",
Note that

. Tm

—7 if n; andn;, +...+n; isodd.

(i) A word x=¢; ®e;, ®...®e¢; €V has period d if 79(x) = x and
7'(x) # x for i <d. Such a word must be presented in the form of blocks each of
length d and hence necessarily d | m. For example, e e,ezeje,e5 for e; # e; has
period d = 3 (and m = 6 in this case).

The ‘trick’ of Roos. Given a word x of period d, consider the element
(5.8) T=x+rmx4+7x4...+77x
Then (1 — 7)% = x — 7%x = 0. Similarly, consider the sum
Y=x—tx+71x—.. (=) 17

In this case we have

(5.9) (1+T)§—{

0 if d is even,
2x if d is odd.

Vice versa, it turns out that any element in ker(1 — 7) is of the form X for some x,
and any element in ker(l + T) is of the form Xx; that is, the following holds.

LEMMA 5.10. Let y=)_, ey ®...Qe,m € VEMCV (the sum over some
finite number of permutations v of {1,...,m}). Then 7(¥) =7 if and only if'y is a
sum of elements of the formXx = x + 7x + x4 1l leorx eV andd = 1.

Proof. We think of 7 as both an operator and a full cyclic permutation.
Clearly since 7(X) =X, then for any » figuring in the expression of X, there is
also a »' = 70 p in that expression. Since the sum is finite, there is (a smallest)
d, =1 such that v = 7% o y. The element x = €y(1) ®...€,, has order d, and
T=x+rx+7x4...+ 7" xis in the expression for y. We can then look at
y — X and proceed inductively.

Similarly if 7(y) = —y, then it can be checked that y is a sum of elements of
the foom x=x—7x+7°x...— 797 Ix (here d is necessarily even). (To see this
one can as a first step reduce mod-2 and then apply the previous lemma.) U

Most of our forthcoming calculations are based on (5.8), (5.9) and Lemma 5.10.
In fact, let x€ V®" be of the form ¢; ®e;, ®...®e¢; (recall that |e;| = n,).
There are two cases:

(i) the n; are even (that is, the spheres are odd-dimensional) in which case
7n(x) = 7(x) and by (5.8), x gives rise to an element X in the kernel of
1—1, (any x € T(ey,...,e;) is necessarily periodic);

(i) the n; are not all even, in which case 7,,(x) = *7(x) and x gives rise to an
element in ker(1 — 7,,) depending on the parity of d and n;.



THE TOPOLOGY OF FIBRATIONS WITH SECTION 439

This last situation does not occur with mod-2 coefficients which makes the
calculations easier.

Mod-2 calculations

When F = Z, the situation simplifies because then 7= 7, in all cases (see
(5.7)) and hence by (5.8) any x=e¢; ®...Q¢; € V" corresponds to an
element in the kernel of 1 — 7,, (namely X). (The same is true when F = Q and
all spheres are odd.) Since X = 7x, ker(1 — 7,,) is in one-to-one correspondence
with orbits of 7 acting on V®".

TERMINOLOGY. The operator 7 acts on T(ey,...,e;) = @Pn=1 V" by acting
on each V®™ by cyclic permutation. An orbit consists then of a monomial
e, ®e;, ®...0e; (for some m= 1) together with all of its cyclic permutations
under 7. The period of the orbit is the period of any one of its elements and the
dimension of the orbit is the homological dimension of any one of its elements.

Let f(N) be the number of orbits of dimension N of 7 acting on T(e,...,e;),
and let W =/, $" 1 as above. Then according to (5.6) we have the following.

THEOREM 5.11. P(H (LW, Z,) =14+ 1 +2)S y=1f(N)Z".
Starting with k homology classes ey,..., e, of respective dimensions ny,...,n,

and fixing an integer N =1, we can calculate f(N) as follows. Consider all
possible partitions Z(N) of N by elements of (n,...,n;). We write any such

partition in the form [n;,...,n;,] with n; +...+n;, =N. To each partition
P = [n;,,...,n; ], we can let g(#) be the number of orbits made out of elements
in the corresponding tuple (e; ,...,e; ). Then
fN)y= > g@).
PeP(N)

ExAMPLE. Suppose W =S 2vS§?vstv s and let us compute the dimension
by of HY(¥W;Z,). Here N=4, ny =1, ny=1, n3 =3 and ny =4. We can
check that we have eight different partitions of 4 by integers taken from
{ni, ny, n3, ny}; that is,

(11,00, ny, my), [y, ng, ny, o), [ng, ny, ny, gl [ny, ny, ng, ny)
[n1, 12, 1o, 05, 1y, 3, (12, n3), [n4].
To the partition [n, n, n, n;] there corresponds the orbit of ¢; R e; R e; ® e,
(of period 1).
Similarly to [n,, n,, n,, n,| there corresponds ¢, @ e, @ €, ® €.

To [ny,ny,n,,ny] there corresponds only one orbit represented by
e ®ey)Rey® e, The period here is also 4.

To [ny, ny, ny, n,] there corresponds ¢, ® e¢; ® €| ® e.

To [ny,ny,ny, n,] there correspond two orbits: e Qe Re, e, and
e1Qey)Re; ®e,. The first has period 4 while the second has period 2.
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To [ny, n3] there corresponds e; ® e3 (period 2).
To [n,, n3) there corresponds e, ® e3 (period 2).
To [ng4] there corresponds e4 (period 1).

For N =4, there are then in total nine orbits and hence nine homology classes
(of degree 4). We also need to do the same calculation for N = 3 and there we
find five classes; so in total

Hi(LW: Z,) = (Z5)"™.

Theorem 5.11 can be made totally explicit in the case when the spheres are all
of the same dimension. The calculations there take the following form.

PROPOSITION 5.12.  For W = \/; S", write

P(PW,Z,) =1+ (1+2) < > amzm("_l)>.

Then

where ¢ is the Euler ¢-function.

Proof. Every element in V" is of degree N=m(n—1). Let a,, 4 be the
number of orbits in V*" of period d. Then a,, = @y am.q- Let f(d) be the
number of monomials of period d. Since all monomials in V®" are periodic,
we have > ,|, f(d) =k", and hence by the MGbius inversion formula (see

the appendix),
d
fld)=> u (;)ke

eld
where p is the Mobius function. It follows that
fld) 1 dy\, e
=—" == — k°.
Ad,m d d Z 12 e
eld
Finally, we can express a,, slightly differently by using some known identities:

am—Z;Zu<i>ke

d|lm eld

:Zke Z ihu(h) (where h =d/e)

elm hl(m/e)e
=Sk (X Sam).
elm h|(m/e)

The quantity in parenthesis corresponds to ¢(m/e) according to (A.2) below, and
the proposition follows. O
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REMARK 5.13. When k = 1, it is well known that Ze|m%¢(%) =1 and hence
in that case a,, = 1 for all m. With Z, coefficients, we then have

(25" 2:) = 1+ (1 +2) (3 20

m=1

1 1+Zn
—1+0 )=
+( +Z)(1_Zn—1 > I_Zn—l
But P(H,(S",7,)) = 1+7" and P(H,(25")) = (1 —z" ")~ and so we see that
H*($Sn7 ZZ) = H*(Sn7 ZZ) ®H*(an)’

asserting that the spectral sequence in (5.1) collapses with mod-2 coefficients
when W = S" (as asserted in Lemma 4.6).

Mod-Q calculations

Consider W =/, S" and suppose n is odd. According to (5.7), actions of both
7,, and 7 on V®" coincide (for all m) and the same argument as above shows that
P(¥W,Q)=P(ZLW, Z,).

We are then left with the case when W is the wedge of k even-dimensional
spheres. Again we need to determine the rank of ker(1 — 7,,). Since in this case
(n—1) is odd (corresponding to n; in (5.7)), it follows that 7,, = 7 when (m — 1)
is even, and 7, = —7 when (m—1) is odd (again by (5.7)). When (m — 1) is
even, an orbit (of any period d) gives rise to an element in the kernel (cf. (5.8)),
and when (m — 1) is odd, we get a kernel element only if d is even (cf. (5.3)).
This is we have the following.

PROPOSITION 5.14.  As before assume that W = \/, S" and n is even. Then

P(ZW,Q)=1+(1 _|_Z)< Z amzm(nl))

m=1

where

> le Z“(é)ke if m is odd,

d|lm eld
Ay 1 d
E —E u(—)ke if m is even.
d e
d|lm eld
d even

REMARK 5.15. When k=1, a,=1 for m odd and a,, =0 for m even
(according to (A.1)). In this case one regains the calculation in Proposition 4.8:

PH,(ZS" Q) =1+ 142" "+ +..)

B 1 +Zn—l + 7" _ZZ(n—l)
- 1_Z2(n—1)

Appendix (Mobius Inversion)

An arithmetic function f:N—C is said to be multiplicative if
f(n-m)=f(n)f(m) for all n,m e N. It turns out that if f is multiplicative then
the function g defined by g(d) =>4 f(d) is also multiplicative. It is possible to
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recover f(d) from knowledge of g according to the following inversion formula:

) =Y 10 = 1= (%)t

eld eld

Here u(1) =1, p(n) =0 if n has a square prime factor, and u(n) = (—1)" if
n=p...p,, with p; #p;. A nice discussion of all of this can be found in [7]. We
simply record the following easily established properties of the Mobius function u:

1 d 1 ifd=1,
A.l - - | =
(A1) d Z # ( e > { 0 otherwise,

eld

and if ¢(d) denotes the Euler ¢-function, then ) ,,¢(e) =d and hence by
Mobius inversion

(A2) s(d) =3 % ue).
eld
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