ON CYCLIC COVERS OF THE RIEMANN SPHERE AND A
RELATED CLASS OF CURVES

SADOK KALLE, D. SJERVE AND Y. SONG

ABSTRACT. This note consists of two short parts. The first part is semi-
expository and summarizes some known and less well-known classification re-
sults about moduli and automorphisms of prime cyclic covers of the Riemann
sphere. In the second part, we restrict attention to those curves affording
fixed-point free induced actions on their vector space of holomorphic differen-
tials. These curves correspond to those with all cyclic actions ramifying over
the sphere. We describe them completely in terms of their affine equations.

1. AN ILLUSTRATIVE EXAMPLE

A Riemann surface in the sense of Riemann is the collection of all branches
of a multi-valued algebraic function w = f(z) obtained by solving an irreducible
polynomial equation

P(z,w) = ag(2)w™ + a1 (2)w" "t +--- 4+ an(2) =0,

where the a;(z) are polynomials in z. In the sense of Poincaré however, a Riemann
surface (of genus g > 1) is the quotient of the upper half plane H by a discrete
torsion free subgroup I" of Aut(H) (i.e. a Fuchsian group). A standard difficulty
in the theory of Riemann surfaces is going back and forth between Riemann’s
approach and Poincaré’s (for recent work in that direction see [2]). Below is a
leisurely example of how this correspondence sometimes work.

FIGURE 1. Fundamental polygon P(2) for a genus 2 (compact) curve

Let C be a closed Riemann surface (or curve for short) of genus g = 2 uniformized
by a Fuchsian group I" with fundamental domain in the hyperbolic plane given by
a regular polygon as shown in figure 1, with 8 sides labeled a4, ..., as and ordered
clockwise. All angles are equal to 27/8 and all sides have equal length. The
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group ' is generated by elements 1, ...v4, where ~; is defined by the conditions
vi(P) Nint(P) = 0, vi(a;) = a;14 if i = 1,3, and v;(a;44) = a; if i = 2,4. The
polygon P(2) is canonical in the sense of Schaller [24]. That I" has fundamental
domain P(2) is a consequence of a classical theorem of Poincaré (cf. [24], section
3). Note that all the vertices Q; are identified under the action of I and they map
to a unique @ on the surface C = H/T.

Rotation about the center of the polygon O gives an action of the cyclic group
G = Zg on P(2) respecting identifications, and hence an action on C. By closing
down sides, the quotient surface of C under the action of G is obviously P'. Consider
then the sequence of quotient maps

q T
P2)—C—P!

Naturally the origin O (or its image ¢(O) in C) is a fixed point of the action. It

is hence a ramification point of m and its image in P! a branching point. Since Q;

and all of its translates Q; = T%(Q1) get identified under ¢, their image in C is also

a fixed point of G. Similarly P; and Pyy; = T*P; get identified under ¢ so that

q(P;) is a fixed point for the subgroup of order 2 in G. These are the only fixed
points of the action and we get in total six ramification points on the surface.

On the other hand, there are only three branched points in P! given by 7(g(O)),
m(q(Q1)) and 7(¢(Py)). The ramification about the points ¢(O), ¢(Q1) and ¢(P;) is
such that there are 8 sheets coming together at O, the same number at ()1 and only
2 sheets at P;. That is the “ramification numbers” of the action are 2,8, 8. This is
naturally all consistent with the Riemann Hurwitz formula relating the genus g of
C to the genus h of C'/G and the ramification numbers’ ny of each point y in the
branch locus B; i.e.

1
2—2g=|G] 2—2h—z<1—n—>

yebB Y

Next we make use of Galois theory for coverings to describe a form for the affine
equation f(z,y) = 0, (z,y) € C? that the curve satisfies (this form is not unique).
Given a curve C, we consider its field of meromorphic functions M(C) = {f :
C——C meromorphic}. Note that M(P!) is C(z) the field of rational functions
in one variable. Since 7 : C——P! is a covering, we get by precomposition a
map C(z)——M(C) which is an inclusion of fields. This exhibits M(C) as a field
extension of C(z) which in fact is Galois if the original cover is Galois. In the
case at hand, P! is the quotient of C' by the action of G = Zg and the cover is by
definition Galois.

The fact that our curve is dimension one (complex), M(C) is necessarily an
algebraic function field in one variable (Siegel), or more precisely it is a finite field
extension of C(z). We can write M(C) = C(x,y) with z,y satisfying an equation
F(z,y) = ao(z)y" + a1 (z)y" 1 +- - +a,(x) with a;(z) € C(x), and n is the degree
of the covering. Now theorem 6.2 in [18] (chap. VIIL§6) states that if K is a degree

IThese numbers correspond to the order of the stabilizer subgroups at the fixed points, and
these subgroups are necessarily cyclic.
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n cyclic field extension of k, n prime to char(k) and k containing a primitive n-th
root, then there is & € K such that K = k(«) and « satisfies an equation Y —a = 0
for a € k. In our case, k = C(z), n = 8 and a = f(x) so that M(C) = C(x,y)
with y® = f(x). The curve C is the locus of this polynomial and the cyclic quotient
C — P! is the restriction to C of the projection C?> — C, (z,y) — x. Note that
F(x,y) = y® — f(x) is necessarily irreducible since we started with a connected
Riemann surface.

We can set our three branched points? to be 0, 1 and —1. These points correspond
to the zeros of f(z), so that our equation becomes y® = z%(z + 1)’(x — 1)¢. The
numbers a, b, ¢ relate to the ramification indexes in an interesting way. Notice that
in a small neighborhood of either O, @1 or P;, the action of G is rotation by a
multiple of 27 /8. These multiples can be chosen to be a, b, ¢ (respectively) and are
such that

a+b+c=0mod8,0<a,bc<8, [a,8=[b,8=1,[c,8 =4

The first congruence is necessary to avoid having ramification over the point at
infinity in P! = C U {co} (there are only 3 branched points as we pointed out).
The triple (a, b, ¢) is well defined up to a multiple k prime to 8 (since of course the
numbering of the sheets of C——P? is only well-defined up to permutation). If we
choose a = 1, then necessarily b = 3 and ¢ = 4. Our surface has affine equation

y* = (e —1)°(z+1)*

This curve was studied by Kulkarni for instance (cf. [14], [15]) who determined
its full automorphism group Aut(C) = GL2(F3) (the general linear group over the
finite field F3). Exceptionally, this curve is completely determined by the fact that
it is of genus two and that it admits a Zg-action.

Notice that since our curve is hyperelliptic (with involution rotation by 7 about
the axis through @4 and Qg in figure 1), we could have searched for an equation
of the form y? = g(x). But the reduced group of automorphisms of this curve; i.e.
the quotient by the central involution, is GLo(F3)/Zy = Sy (see Coxeter-Moser,
p:96), and by the classication result of Bolza (§3.1), another equation for C is
y?=az(zt - 1).

2. SYNOPSIS

We say C' is p-elliptic if it admits an action of the cyclic group Z, with quotient
P!. When p is a prime, these curves admit affine equations of the form

(1) wP = (z—e1)™ X (z—e3)™ X %X (2—¢€,)%

where eq, ..., e, are distinct complex numbers, and r is related to p by the formula
2g = (r—2)(p—1). We can assume (without any loss of generality) that aq,...,a,
are integers satisfying 1 < a; <p—1and > ._, a; = 0 (mod p). The projection
7 : (w, z) — z is of course branched over the e;’s. The last condition ensures that
there is no branching over co in P! = C U {oo}.

2Recall that the action of Aut(P1) on the Riemann sphere is 3-transitive and hence any choice
for the 3 branched points yield isomorphic coverings.
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In the first part of this note we collect and slightly expand on several disseminated
facts about the automorphism groups and moduli of p-elliptic curves. Interestingly
for example, and combining results in [11] and [14], we obtain

Proposition 1. Suppose g > (p — 1)2, and p prime. Then a p-elliptic curve Cy
admits a unique normal subgroup Z, which acts with quotient the Riemann sphere.

This is the analog for p > 2 of the known fact that hyperelliptic curves (p = 2)
admit a unique hyperelliptic involution.

For a cyclic n-fold cover of the line (n not necessarily prime), it is believed that
the branch data fully determines the curve (up to isomorphism). Nakajo [21] and
Gabino-Diez [12] verified this directly for p prime. A calculation of Lloyd [19] on
the other hand gives a count for the distinct isomorphism classes of p-elliptic curves
of a given genus. The following, of which we give a slightly novel proof, summarizes
the situation

Proposition 2. : Assume 2g = (r — 2)(p — 1). Then the moduli space M(g,p) of
genus g prime Galois covers of the sphere splits into N,. disjoint copies of C,._o(C),
the configuration space of unordered r — 2 tuples of distinct complex numbers, where
N, is obtained from the generating function

> Nea' = pi - 117 (1_2)1)71 +(p— 1)((11:;))} + 3 e —ah"

1w=p—1
1#£1

REMARKS.

(a) In the case p = 2 (r = 2g + 2), the series reduces to 1 +z%+ 2% +--- and hence
N, =1 (for any given g > 1). The moduli space is connected and coincides with
the set of conformal classes of hyperelliptic curves (classical).

(b) When r = 3, g = (p — 1)/2 and the curve is isomorphic to one with equation
yP = x*(x — 1) for some a, 1 < a < % (see [14]). Such curves are usually called
Lefschetz. The following count of conformal classes of distinct Lefschetz curves can
be deduced from Proposition 2 and appears for instance in [22]:

_ {(p+ 1)/6,if p = 2 (mod 3)
T\ p+5)/6,if p=1 (mod 3)

Recall that any genus g curve C admits g-independent holomorphic one forms
(Riemann). Let V be this vector space, and suppose G x C' — C' is an action of the
finite group G on the curve C. We say that the induced action on V is fixed point
free if 41 is not an eigenvalue of any non-identity element g € G. Such an element
does act fixed point freely on V* = V\0.

It has been observed in [13] that the associated linear representation p : G —
GL(V) is fixed point free if and only if the genus of each orbit surface C/Z,, is zero
for every subgroup Z, C G, where p is a prime dividing the order of G. A group
with this property is said to have a “genus-zero action” on C. Such a property
imposes strong Sylow conditions on G, which in fact have allowed the authors in
[13] to completely classify these groups.
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Theorem 3. [13] The groups admitting genus-zero actions on surfaces of genus
g > 1 are: the cyclic groups Zye for primes p > 2 and exponents e > 1; the cyclic
groups Ly for distinct primes p,q; the generalized quaternion groups Q(2") for
n > 3; and the ZM groups Gp 4(—1) for odd primes p.

For the definition of ZM (Zassenhaus metacyclic) groups see §5 or [27]. Our
goal here is to give equations and complete listing for the surfaces admitting fixed
point free actions on their vector space of differentials. We can summarize our
calculations in one main theorem which we split into the following three propositions
(cf. sections 4 and 4):

Proposition 4. Let C' be a Riemann surface of genus g > 1 admitting a genus
zero action by G = Zypq. Then

1
(1) Either g = g(p —1)(¢ — 1), and C is isomorphic to the Fermat curve
wP =29 -1,
(2) org=(p—1)(¢—1), and C is isomorphic to the surface with the equation
q

-1
wp:;—_A (with X # 0 and X9 # 1).

Proposition 5. Let C' be a Riemann surface of genus g admitting a genus zero
action by G = Gpa(—-1) = (z,yla? =1, y* =1, yoy ' =2 ). Theng=p—1
and C is isomorphic to the surface w? = 2?P — 1.

Similar results are obtained for the cyclic groups Zy., e > 1, and for the quater-
nionic groups as summarized towards the end of the paper. Here’s a sample:

Proposition 6. Qg = <A,B } A*=1,A>=B? BAB™ ! = A’1> admits a genus
zero action on the genus 4 surface

w? = 2(z* = 1)z +1) = 2(2® - 1)

as follows: A(z,y) = (—x,iy) and B(z,y) = (—1/z,y/2). The induced action on
the space of holomorphic differentials is fixed-point free.

3. PART I : ON CycLiC COVERS OF THE SPHERE, THEIR AUTOMORPHISMS AND
MobuLl

Automorphisms. One is tempted to classify all finite groups that can arise as
automorphisms of p-elliptic curves C), : y? = f(z) in terms of p and the polynomial
f. We assume the genus g of C' to be bigger than 2 so that the group Aut(C)
of all automorphisms of C is finite. It is clear that for generic curves, Aut(C) is
reduced to just Z, (cf. [8] for instance). The answer is also known for both small
and “sufficiently” large genera.

For curves of genus g = 2 and g = 3 the classification of the automorphism groups
is completely known (whether the curve is p-elliptic or not). For g = 3 see [4], [17],
[20]. Genus two curves are necessarily hyperelliptic (i.e. 2-elliptic) and have affine
equations of the form y? = f(x), (z,y) € C2. The involution (z,y) — (z,—y) is
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always central; see [10]. O. Bolza (1888) seems to have been first to determine the
groups acting on genus two curves and write equations for them (see [1], chapter 1
for example). One of Bolza’s curves has full automorphism group G Lz (F3) (reduced
group GL2(F3)/Zs = S4) and has affine equation w? = 2(z* — 1). There is on the
other hand a single isomorphism class of curves with automorphisms Zig; it has
equation w? = 2% — 1. The other possible full automorphism groups that can occur
are Zg @ Zs, Dg and Dis (see [23] for example).

Proposition 1 addresses the problem of determining Aut(C') when the number
of branchpoints of f in the defining equation C : y? = f(z) is large enough (so is
the genus).

PROOF (of Proposition 1) Let C' : y? = f(z) be a p-elliptic curve, and denote by
r the number of distinct roots of f (i.e. the branchpoints). This is related to g
and p by the formula 2g = (r — 2)(p — 1). According to theorem 4 of [14], the
p-cyclic subgroup G acting on a p-elliptic curve C : y? = f(z) becomes normal in
Aut(C) as soon as r exceeds 2p. On the other hand, a theorem of Gabino-Diez [11]
asserts that any other cyclic subgroup G’ of order p acting on C with quotient the
Riemann sphere must be conjugate to G. Since G is normal, G’ must coincide with
G and hence the uniqueness statement. |

REMARKS AND COROLLARY:

(a) The theorem above implies that for p-elliptic curves with large enough genus g >
(p—1)2, Aut(C) is an extension of Z, by a polyhedral group (i.e. a finite subgroup of
SO(3)). The polyhedral groups are: the finite cyclic groups, the dihedral groups D,
of order 2n, the tetrahedral group Ay, the octahedral group S4 and the icosahedral
group As.

(b) The theorem is true for “general curves” of genus g > p — 1, or equivalently for
the number of branched points r exceeding 4. (A curve y? = f(x) is general for an
open dense choice of branched points in S?). This is essentially the statement of
the main lemma in [8].

(c) Finally the conclusion of the theorem is not anymore true for smaller genus
since the Fermat curve P + y? = 1 has genus (p — 1)(p — 2)/2 but affords two
distinct cyclic p-actions ramifying over the sphere (the obvious ones) and which are
conjugate under the involution (x,y) — (y,x).

Proposition 7. The following cyclic p-covers admit actions by the corresponding
polyhedral groups:

(1) Dihedral Doy: y? = 2™ — 1, p|n.

(2) Octohedral (and Tetrahedral): y?? = x?? — 1, p odd.

PROOF: The action of Dy, is easy enough (cf. [14]). The involution in this case
acts on y? = 2" — 1 by (z,y) — (z/y™,1/y), with m = n/p. For the tetrahedral
group A4 we use the (2,3, 3) triangle group presentation

(R,S,T|R*=5°=T%=RST =1).
Then an action of A4 on y?? = x?? — 1, whenever p is odd, is given by

R(z,y) = (z,~y), S(z,y) = (/y,2x/y), T(z,y) = (~y/z,1/z).
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This action extends to an action of
Sy =(R,S,T|R*=S5=T"=RST =1)
as follows: R(z,y) = (v/y,1/y), S(x,y) = (y/z,2/x), T(z,y) = (w,). |

It turns out that it is possible to completely classify Aut(C') when the number
of branched points is less than 4; in which case we are dealing with surfaces of the
form

(2) Cp(a,b,c) i y" = a%z — 1)°(x +1)°, a+b+c=0 (mod n)

In [14], a classification of all groups Aut(Cy(a,b,c)) in terms of n,a,b and c is
given. Here one assumes n > 4 (so that ¢ > 2) and 1 < a,b,c < n. When n
is not prime, one also assumes GCD(n,a,b,c) = 1 to ensure connectedness. The
following definition is needed for the rest of the paper.

DEFINITION. The mod-n Nielsen class of a tuple (aq,...,ax) of integers consists
of all (@}, ...,ay;) such that (a},...,a}) = (karqy,. .., kar(x)) for some permutation
T € S; and k prime to n. We write

(ay,...,a}) ~+ (a1,...,ax) mod(n)

(and ~ instead of ~, when there is no need for explicit mention of 7). Note that
triples in the same class yield isomorphic curves in (2) (a classic observation of
Nielsen). We will see shortly and similarly that Nielsen classes together with the
cross ratio of the branched points is all that determines the isomorphism type of
Galois p-covers.

Theorem 8. [14] Suppose n is odd and denote by A : B a non-split extension of
A by B. Then Aut(Cp(a,b,c)) is determined by the Nielsen class of (a,b,c) as
follows:

(1) Aut(C) is Zo ® Zy, if (a,b,c) ~ (1,1,n — 2).

(2) Aut(C) is the metacyclic group Ly, : Zs if (a,b,¢) ~ (1,b,n — 1 — b), where
GCD(b,n) =1,b# 1,8 /n,b?> =1 (mod n).

(3) Aut(C) is the metacyclic group Zy, : Z3 if (a,b,c) ~ (1,b,b%), where b # 1
and GCD(b,n) = 1.

(4) Aut(C) is PSLy(7) if n =17 and (a,b,c) ~ (1,2,4). C is the Klein curve.

(5) Aut(C) = Z,, in all other cases. The situation for n even is equally well
understood [14].

The Moduli Space. Unlike the general moduli space of all closed curves, the
moduli space of cyclic coverings of the line has a simple description.

Theorem 9. (EQUIVALENCE OF CYCLIC p-COVERINGS)

(1) (I8]) Fiz some branch set B ={q1,...,q-} in a curve X, and consider two
Zyp-coverings Cq and Cy over X, branched over the g;’s with multiplicities
(k1,..., k) and (Iy,...,1.) respectively. Then Cy is isomorphic to Cy (as
branched covers) if and only if (k1,...,k.) ~ (l1,...,1l) mod-p.
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(2) ([21]) Now Suppose X = P'; Cy is branched over By C X, with branch
points q; of multiplicities k;, 1 < ¢ < r; and Cy is branched over By C X
with branch points p; of multiplicities l;, 1 < ¢ < r. Then C} s isomorphic
to Cy if and only if there is 0 € PGLy(C) and T € X, such that p.;y = 0¢;
and (kl,. . .,kr) ~r (11, .. .,lr).

The sufficiency part of these assertions is a direct consequence of Riemann’s
extension theorem. Riemann’s theorem asserts that a ramified cover 7 : X ——Y
branched over B C Y is determined by the étale cover 7’ : X — 7~ }(B)——Y — B
and by the way the sheets of 7 “come together” at the ramification points. This is
specified by the monodromy around the branch points. More precisely

(Riemann) Suppose X is a curve, B C X is a finite subset and
xg € B. Then there exists a correspondence

Degree d (algebraic) branched covers Transitive representations
C—— X, branched over B, m1(X—B,zo)——%q, modulo
modulo covering transformations equivalence of representations

By elementary covering space theory, the étale cover is uniquely determined (up to
equivalence of covers) by the kernel of the monodromy p : w1 (X — B, z¢)——X4.
If the cover is connected, then the image of p (the monodromy sugbroup) acts
transitively on the cover. The “existence” part stipulates then that an étale cover
of curves 1’ : C — By——X — B, B a finite set covered by By, always extends to an
analytic (and hence algebraic) ramified cover C——X. Part(1) and Part(2) (only
if part) of theorem 9 is an immediate consequence of the RET after observing that
for Z,-Galois coverings over P!, we can replace Yp by Zy, and that automorphisms
of p-cyclic groups are given by raising elements to a power k prime to p. The
permutation 7 entering in the Nielsen class comes from the fact again that the
sheets of the covering can only be numbered up to a permutation.

Part (2) of the above theorem as observed by Nakajo (see also [11]) asserts that
any abstract isomorphism of prime cyclic covers of the line is in fact an equivalence
of branched coverings. We can see this statement through the eyes of uniformization
theory as follows. Let IT denote the fundamental group of a p-elliptic curve C', and
P a fundamental polygon for C' in the upper half-plane H. The polygon P then
affords a Z, symmetry (see §1), and in fact there is another Fuchsian group I' C
PSL2(R) and a short exact sequence (called a skep)

1 Il r 2

Zy 1

uniformizing the action. The group I" has signature (0|, ...,p). This means that
as an abstract group it has the presentation

4.2 (21,29,...,2r ’ e =ab = =2l =wxap- -, =1).

The z; are called the elliptic generators. Describing the Z, action on C' is done
in a standard way and comes down to choosing a realization of the abstract group
I’ as a Fuchsian group (i.e embedding it in PSLy(R) up to conjugation) and then
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specifying the epimorphism 6 : I' — Z,, with torsion free kernel II. Pick a generator
T € Zp. Any epimorphism 6 : I' — Z, is described on the elliptic elements by:

T
O(z;) =T, where 1 <a; <p—1, 1 <i<r, and Zai =0 (mod p).
i=1
The conditions guarantee that 6 is a well defined epimorphism with torsion free

kernel. The number of elliptic generators r corresponds to the number of fixed
points of T : C' — C.

An isomorphism of Fuchsian groups is an abstract isomorphism of groups that
is induced from an element of PSLy(R) (that is both groups can be embedded in
PSLy(R) as conjugates). We say that two skeps 6; and 6, are equivalent if the
corresponding extensions are equivalent; that is if there are vertical isomorphisms
of Fuchsian groups making the diagram commute

n, — 1, 2 oz,

Lol b
mn, — I, 2 1z

Lemma 10. : There is a 1-1 correspondence between equivalence classes of skeps
I' = Z, and isomorphism classes of p-elliptic curves.

PRrROOF: Consider an isomorphism class of skeps where « is induced from 7 : H — H.
Here ker 6; = II as abstract groups and A is an automorphism of II. Both copies of
IT (embedded in PSL2(R)) are conjugate by 7 € PSLa(R) and hence H/II is a well
defined Riemann surface (up to isomorphism). The correspondence so indicated is
well-defined. To see that it is bijective, start with two isomorphic p-elliptic curves
f:Cy =, Cy and Z,, actions S; : Z, x C; — C;. Consider the diagram of branched
coverings
H—-—-—>H

L,

Cl —>02

»-2>3%
where 7; are the projections C; — C;/Z, = . If the diagram extends at the bot-
tom, i.e. if there is a linear fractional transformation A : 3 — 3 making the bottom
diagram commute, then the diagram extends at the top as well, and the commu-
tative diagram so obtained readily proves the lemma. It is not possible in general
to compress f to A for this means that necessarily mo(f(g1(x)) = ma(f(z)) (that
is that f(g1(x)) = g f(x) for some k prime to p; here we write g¥(x) = S;(g*, 2)
where ¢ is the generator of Z,). However one can replace f by an isomorphism
f with such a property (and hence a commuting diagram as above exists with f
replaced by f’). To this end, we pull back the action of Z, on C; via f to an action
on Cy; S : Z, x C; — C; determined by S(g,z) := gs(z) = f~'g2(f(x)). But the
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two actions S and S are necessarily conjugate in Aut(C4) according to a beautiful
result [11] (see remark below), and hence there is h € AutCy such that h=1Sh = S;
i.e. such that h=tg,h(z) = g1(z). Define f' = f o h from C; to Cy. Then we check

ma(f'(g1(2)) = ma[fhgi(2)] = ma[fgsh(x)] = m2[g2 f (h())]
= m[fh(z)] = m[f'(z)]
which precisely states that f’ descends to a holomorphic 1-1 map (necessarily a

fractional linear transformation) A defined by A(x) = mo(f'7 (x)). The claim
follows. |

PROOF (of Proposition 2) According to Lemma 10, we see that an isomorphism class
of p-elliptic curves corresponds to an isomorphism class of skeps I'(0,p,...,p) — Z,
——

T
for some r. Such a class is determined by the orbit of r-points in ¥ under the action
of PGLy(C) and by the automorphism § : Z, — Z,. Since automorphisms of Z,
are always of the form 7 — 7% for some 1 < k < p, 3 is uniquely determined by
some integer k prime to p, as pointed out earlier.

On the other hand, an automorphism of I" as in 3.2 must be given on generators
by 0(z;) = NizjA; ' (see [19]). A diagram of skeps as in 2.5 then determines a
permutation on the generators z; of I' and an integer k. It follows that for a given
projective class of r points in 2, there are NN, distinct isomorphism classes of skeps
I' — Z,, where N, is the number of equivalence classes of tuples of distint integers
(k1,...,kr), 1 <k; <r asin Theorem 9 above. Using generating series, Lloyd [19]
was now able to compute the numbers N, for all r and his result is summarized in
Proposition 2. |

Remark 11. A pivotal result in the proof of Lemma 10 is the result of Gabino-Diez
that if two p-cyclic groups (p prime) act on C with quotient P!, then necessarily the
two groups are conjugate in Aut(C). It is interesting to compare this to a result of
Nielsen which states that two orientation preserving periodic maps on a topological
surface C' are conjugate (in Homeo™ (C)) if and only if they have the same period
and the same fixed point data.

4. PART II: FIXED POINT FREE REPRESENTATIONS

This part occupies the rest of the paper. If a finite group G acts on a Riemann
surface C it is often very useful to consider the induced action on the complex vector
space V = HY(C,w,.) of holomorphic differentials. The complex dimension of V'
is the genus ¢g. Thus we have an associated linear representation p : G — GL4(C)
which is faithful whenever the quotient C'/G =2 P! and g > 2. Thus the action of G
on C induces an embedding Aut(C) — GL,4(C).

The holomorphic differentials are usually computed as follows. Let C be the
(smooth) curve with affine equation p(x,y) =0, z,y € C. Then a basis of differen-
tials is given by

xTyS
Wy =——dr [r,s>0,r+s<n—-3
Y
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where n = degp, and p; is the partial with respect to y. A count of differentials
gives ¢ = (1/2)(n — 1)(n — 2) as is well-known for smooth curves in P2. For
r—1_ s—1

z Yy

the Fermat curve for instance (z" + y™ = 1), we get the forms w, ; = T

1<rs<n.

Example 12. The special case of curves C' : y™ = f(x) is treated in [7] for example.
When f(z) = [[(z — e;) is a polynomial with distinct roots and deg f = kn, then
the w;; = 2’y " dx, i+ kj < k(n—1)—2 form a basis of V = HY(C,w,). If n = p
is a prime then the action of Z, at a fixed point is given by rotation by 27/p. This
immediately gives the action on H°(C,w,): for w = f(2)dz, o*(w) = f({2){dz,
where o is a generator for Z, and ¢ a primitive p-th root of unity.

A finite group G acts on C' with the genus zero property (GZP) if for any non-
trivial subgroup H C G, C/H = P!. This is equivalent to the induced action
G x H°(C,w.) — HY(C,w,) being fixed-point free (see §2). It turns out that
groups of this type are rare. When g > 1 for example, the only abelian groups
having this property are Z,e and Zy,, where p and ¢ are distinct primes.

The case g = 1 is easy. There are four finite groups which can act on a torus
C with the GZP, namely Zo,Zs3,Z4, and Zg. If C' admits a genus zero action
by Zs then it also admits one by Zg. In fact all genus zero actions on C' contain
the hyperelliptic involution (which in terms of the equation w? = 423 — goz — g3
corresponds to (z,w) — (z,—w)). Let S : C'— C denote an automorphism of order
4 or 6.

Lemma 13. For the groups G = Z4 or G = Zg there is a unique torus with a genus
zero action by G. The tori and actions are given by

(1) For G274 : w? =423 — 2z, S(z,w) = (—z,1mw0).

(2) For G =17g: w?=142%—1,5(z,w) = (Cz, —w) where ( = e>™*/3,

ProoOF: If C has an automorphism of order 4 then the lattice A must admit a
rotation of order 4, that is A = A. From this it follows that g3 = 0, so the torus
must have the equation w? = 423 — gyz for some g € C, g # 0. Moreover,
multiplication by ¢ : A — A then corresponds to (z,w) — (—z,2w). The torus is
unique because the elliptic modular invariant J(A) = 1 for any lattice A satisfying
1A = A, and therefore there is no loss of generality in assuming g = 1. Similarly if
C has an automorphism of order 3, (A = A. Here go = 0, J(A) = 0, and we can
take g3 = 1. |

More generally now, and as was observed in [13], if G has the GZP than neces-
sarily its Sylow p-subgroups (for p > 2) are cyclic. Such groups include the cyclic,
dihedral and generalized quaternionic groups. As it turns out, only the cyclic groups
Zpe and Zy,g, for p and ¢ distinct primes, admit genus zero actions on Riemann sur-
faces of genus g > 1. The only genus zero action the dihedral group has is on the
Riemann sphere.

Finite groups having all Sylow subgroups cyclic are called the Zassenhauss meta-
cyclic groups G, () (or ZM for short) and are described as follows: Gy, (1) is
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the group with generators A, B and relations
A™=1, B"=1, BAB™' = A"

satisfying GCD((r — 1)n,m) = 1 and r™ = 1 (mod m). These are the groups
described by extensions 1 — Z,{A} — G n(r) — Zn{B} — 1, where the cyclic
group generated by A, Z{A}, is the commutator subgroup of G. Only G, 4(—1) (p
is an odd prime ) turns out to act with genus zero (Theorem 3 ).

In the next few paragraphs we give representative equations for Riemann surfaces
of genus g > 1 admitting genus zero actions by the cyclic groups, the metacyclic
group G 4(—1) and the quaternion groups.

The Cyclic Case. In this section we analyze actions G x C' — C, where G is
cyclic and g > 1. According to Theorem 3 either G = Z,. or G = Z,,, where p and
q are distinct primes. Let S € G denote a generator. The following was proved in
[13]:

Proposition 14. Suppose p,q are distinct primes. Then the genus-zero actions of
Zpq have signature and corresponding genus given by:
(1) sig(T") = (O|pg, pq), in which case g = 0.

. , , 1
(2) sig(I') = (0[p, ¢, pq), in which case g = g(p —1)(g—1).
(3) sig(I') = (0[p,p,q,q), in which case g = (p—1)(g—1).

According to the theorem above there are 2 possibilities we need consider in this

1
section; either g = §(p —1)(g—1)org=(p—1)(g—1).

1
Proposition 15. Let C denote a surface of genus g = 5(]) —1)(q — 1) admitting

a genus-zero action by G = Zpq. Then C is isomorphic to the Fermat curve wP =
2% — 1, and the action is S(z,w) = (nz,Cw), where n,( are respectively a primitive

" root of unity and a primitive pt" root of unity.

PRrROOF: The automorphism 7' = S§9 : C' — C has order p and the quotient of the
action is P'. As pointed out earlier, this implies that C' is the curve associated
to an equation w? = [[;_,(z — €;)%, where ¢; # ¢; if i # j, 1 <a; <p—1 and
S a; = kp. We write T(z,w) = (2, kw) for some primitive p'" root of unity .
Applying Lemma 20 in the appendix we have S(z,w) = (Z, W) where

az+b I
Z=Al) = cz+d’ W= (cz—i—d)kw
and p satisfies u? = [];_, (a — ce;)*. Here A has order g since S(z, w) = (z, kw) =
(A9(z), kw), and A # I. Moreover, A must permute the e; and, if A(e;) = e; then
a; = a;. The Riemann-Hurwitz formula gives r = ¢ + 1, and therefore the only
possibility is that one of the e; is fixed by A and the other ¢ form a complete cycle
under the action of A. For argument’s sake let’s assume

Aler) = ez, A(e2) =e3,- -, Aleq—1) = eq, Aleq) = €1 and A(eq11) = €q41-

It follows that a; = as = -+ = aq = a and qa + ag41 = kp.
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Up to conjugation we can assume A has the form A(z) = Az, where A is a
primitive ¢** root of unity. That is A = { g 591 } , where ¢2 = \. Therefore
eg+1 = 0 and {e;}i<i<qg = {)\ie}lgigq for some e # 0. It follows that the equation
for C is

wP = 2%+ (z — €)%z — Ae)® - - (2 — N7 1e)® = 2a+1 (27 — 4)7,

and S : C — C is given by S(z,w) = (Z,W) where Z = Az and W = u&*w for
some p satisfying pP = £FP. Therefore, u = p&* for some pt* root of unity p. In
fact p must be a primitive pt* root of unity, for otherwise S would not have order
pq. Therefore S(z,w) = (A\z, p€?*w) = (A\z, pAkw).

The projection ¢ : C — X, ¢ : (z,w) — z, has no branching over oo since
qa + ag+1 = kp. If we make the change of variables z = 271, y = z7%w then
the equation becomes y* = (1 — e?x%)” and there is now branching over co. The
formula for the action by G is S(z,y) = (A1, py). We can make another change
of variables so that C'is vP = (u? — 1)¢ and S(u,v) = (A~tu, pv). Finally we make
the change of variables

L

w = m,z = u where [, m are chosen so that la — mp = 1.

Then C has the equation w? = 29 — 1 and S(z,w) = (A "'z, pFw) = (nz, Cw). |

In much the same manner we can prove the following result:
Proposition 16. Let C denote a surface of genus g = (p — 1)(q — 1) admitting
a genus zero action by G = Zy,q, where p and q are distinct primes. Then C' is
isomorphic to the curve with the equation w? = Zq — R where A # 0 and A7 # 1.
20 —

Moreover, under this isomorphism, S(z,w) = (nz,(w), where n,{ are respectively
a primitive ¢** root of unity and a primitive pt" root of unity.

Now we consider genus-zero actions of G = Zp., e > 2. Let S be a generator

of G, let T = 5P and set H equal to the subgroup of order p generated by T.
Suppose G x C' — C'is a genus-zero action on a surface of genus g. There is a short
exact sequence 1 — IT — I' -5 G — 1, where the signatures of II and T" are (g|—)
T
— 1
and (0|D,---,p,p° p°) respectively, and the genus is g = 57“(])e —poh.

Proposition 17. C and the action are given by
,
e— ai
wP = zaH (zp - fz) , S(z,w) = (nz, \w),
i=1

where (i) 1<a<p—1landl<a; <p—1for1<i<r,
(i) atas+ -+ a0 (mod p),

(#ii) n is a primitive root of unity of order p®~
that \P = n®,

(iv) the f; are distinct non-zero complex numbers.

L and X is any complex number so
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PRrROOF: As before C is given by
wP = H(z —e;)", where 1 <a; <p—1and Zai = kp.
i=1 i=1
The projection map ¢ : C — 3, ¢ : (z,w) — z, is branched over the n points
{€i}1<i<n, with all branching of order p—1. It is not branched over co. By Riemann-
1 1
Hurwitz we have ¢ = 1 — p + gn(p — 1). On the other hand ¢g = ir(pe —p

and therefore n = 2 + rp°~!. Thus C and the action of T can be described by the
equations:

24rp°T?t
w= JI G-e)™, T(w) = (z¢w),
i=1
where ( is a primitive p** root of unity. From Lemma 20 we have S(z,w) =
b
(A(2), W), where A(z) = %, = ﬁw and p is a complex number so

e—1
that pu? = Hfi{p (a — ce;)*. Moreover A will have order p¢~!.

Now A permutes the 2 + rp®~! points e; and therefore must fix two of them,
say €1qppe—1 and ey pe—1. This is because the order of A is p°~!. The remaining
e; must fall into r orbits, each of length p*~!. We may assume that ej,--- ,e, are
representatives of the orbits. Moreover, if A(e;) = e;, then a; = a;, and therefore

1
rop
WP = (2 — €14 ppe—1) 1P T (2 — € ppem ) "2Arre H H (2 = A¥(e)™,
i=1 j=1

—1
rp
PP = (a — ceqyppe—1) P14 (@ — Ceqpppe—1 ) 2Hrre ! H H (a — cAI(e;))%

i=1 j=1
Now make the change of variables
t = L(z)= M’ y = M, where
% — €gqppe—1 14
r pe—l
VP = (egqppe-1 — €1pppe1 ) ttrpemt T O2gmpent H H (egqrpe-1 — Aj(ei))ai
i=1 j=1

Then LAL™! has fixed points x = 0,00 and therefore LAL™!(x) = nx, where 7 is
a primitive p°~! root of unity. Now it is routine to check that in these variables
the surface C' has the equation

yP = g% ﬁpH (x — LA (e;))" = 2° ﬁp]'[ (x — LATL ™ (e})™

i=1 j=1 i=1 j=1
ropt I ) a;
Ca .
= x“H H (z—nle))" =a” <xp — fz) , where
i=1 j=1 i=1
e—1
a = Qpppe-1, € =L(e;) and fi = L(e;)? , 1<i<r.

One can also check that S(z,y) = (nz, Ay). ]



ON CYCLIC COVERS OF THE RIEMANN SPHERE AND A RELATED CLASS OF CURVES5

The Metacyclic Case. In this section we give equations for genus-zero actions
by the metacyclic group G = G, 4(—1) presented by

G=(X,Y|X?=1,Y'=1, YXY '=X"").
It was shown in [13] that any surface C' admitting a genus-zero action by G is
associated to a short exact sequence 1 — II — T’ SNy N 1, where the genus of C'
is g = p — 1 and the signature of I' is (0|4, 4, p).
Proposition 18. The surface C is equivalent to the surface w? = 2?P — 1 and

1
the action is given by X(z,w) = ((z,ew), Y(z,w) = <—, w ), where ¢ is a

2z’ (12)P
primitive pt" root of unity and e = +1.

ProOF: C is hyperelliptic, with hyperelliptic involution Y2, and therefore we can
present the surface and action of Y2 by

2g+2 2p

w? = H (z —e;) = H(z —e), Y(z,w) = (2, —w),

i=1 i=1
where the e; are distinct complex numbers. The automorphism X then has the
form

b
X(z,w) = (A(z),W), where A(z) = Zjid has order p, and
2p
W = mw for some p satisfying p? = g(a —ce;).

Since A has order p and permutes the 2p numbers e;, 1 <14 < 2p, we see that the
e; must fall into 2 orbits with respect to the action of A. Suppose e; and es are in
different orbits. Then we have

2p P p
12 l_Ia,—cez Ha—cAjel Ha—cAjeg))
i=1 j=1 j=1

= ¢ =1 (by Lemma 22 applied to A™1).

P
Moreover, X?(z,w) = <z M—pw) = (z,w), and therefore y = e¢. The same consid-
€

erations apply to the automorphism Y, that is Y (z,w) = (B(2),V), where B(z) =

?‘Yzig has order 2 and V = w for some \ satisfying A\? = H?ﬁl(a —ve;). We

'yz+5)l"
A
must have § = —a and so Y (z,w) = | B(2), ———w | .
(vz —a)?

The automorphism B permutes the ¢;, 1 < i < 2p, and in fact fixes 2 of them
and pairs off the remaining 2p — 2. To see this note that
(YB(2) — a)(yz — @) = —1, and therefore Y?(z,w) = (2, —A\?w)

Thus A2 = 1 since Y2 is the hyperelliptic involution. If B(e;) # e; then the
contribution of {e;, B(e;)} to A? would be (a—~e;)(a—~vB(e;)) = —1. Thus if B did
not fix any of the e; we would have A\ = (—1)? = —1, a contradiction. Therefore,
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B must fix some of the e;, and in fact 2 of them. Finally, the fixed points of B are
+ _
ozt and their contribution to A2 is (a — va * Z) (a — fya Z) =1.
Y Y

We may alter A within its conjugacy class and therefore there is no loss of
& 0
0 ¢!
unity. The relation XY X =Y holds in G and therefore, by calculation we see that
a = 0. This relation implies that ABA = B, and from this we see that the fixed
points of B are in different orbits with respect to A.

generality in assuming A = , where ¢2 = ( is a primitive p** root of

1 1
For argument’s sake suppose the fixed points of B are e; = —, e2 = ——. By a

Y
change of variables we may assume e; = 1 and e; = —1, that is we may assume

~ = 1. Therefore
{eihi<icop = {1 <j<pru{-¢|1<j<p}
We then see that the equation for C' is

2p P P P
w=[[E-e) =TG- ]IGE+¢) =TIE-¢7) == -1
i=1 j=1 j=1 j=1
With these choices the generators of G are acting as stated in the theorem. |

The Quaternionic Case. In this section we give equations for genus-zero actions
by the generalized quaternion groups @ = Q(2"), n > 3. A presentation of @ is

Q=(A,B| A" =1,4"" = B BAB = A7!).

2n—2

Genus-zero actions on @ have been fully described in [13]. In particular actions
T

. — -1 . .
by Q(2") have signature (0]2,...,2,4,4,2"7"), where r is odd. The genus is g =
22 (r +1).
Proposition 19. Let C be a Riemann surface with a genus zero action by Q. Then

C is conformally equivalent to the surface with the equation

r

2 o 2n—1 . 277,—1 2n—1 . ] i 2'n.—1 2'n.—2 2n—1
oo (0 (L))

=1

where [ # 0 and the e; are distinct non-zero complex numbers #* j:62n72. The
action of Q on C' is given by:

Alz,w) = (nz, Aw), where ¥~ =1 and A2 =7,
2

B(z,w) = <—ﬂ—, %w) , where m =2""2(r + 1)+ 1 and pu = +48™.
zz

PROOF: The subgroup < A >= Z,»-1 has a genus-zero action on C and so accord-
ing to Proposition 17, we have

(5.1) w? = z H (227%2 - fl> , Az,w) = (nz, \w)

i=1
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where 7 is a primitive 2772 root of 1, A> = 7, and the f; are distinct non-zero
complex numbers. The curve C' is hyperelliptic with corresponding involution
A2n_2(z,w) = (z,—w). The orbit surface C/ < A" >~ P! and the quotient
map ¢ : C — P! can be identified with ¢(z,w) = 2. Now the automorphism
B : C — C commutes with the hyperelliptic involution and therefore there is a

linear fractional transformation N(z) = az j;? of order 2 so that ¢po B = N o).
vz

Thus B(z,w) = (N(z), W(z,w)) for some W (z,w). The automorphism B nor-
malizes the subgroup < A >, the orbit surface C/ < A > P! and the quotient map
¢ : C — P! can be identified with the map ¢ : C — P!, ¢(z,w) = 227" Therefore
a'z+ 6

m so that pON:N/Op,

there is a linear fractional transformation N'(z) =

where p(z) = 22" . Thus we must have

n—2 e
az+ 2 B o227 6
vz 44 T

This last equation implies either ' =§ =0and a =35 =0, or ' =+’ =0 and

B=~v=0. Ifﬁ':'y’:Oandﬁ:'y:OthenN(z):%zfz (since a + § = 0),

and so B(z,w) = (—z, W). Substituting into the equation (5.1) for C' we see that

W = +ww. Checking this against the relation ABA = B gives a contradiction and
2

therefore o/ = ¢ =0 and a = § = 0. Thus N(z) = % = —% since gy = —1.

2
Now substitute B(z, w) = (ﬂ, W) into the equation for C:
z

5 2(r+1) o 2" 2
w? = —% H ((—%) _fi>

i=1
2(r+1)

2
= _22814 H (ﬁﬂil - f”ZTL?Q)
1=1
2(r+1) 2(r+1) . 1 .
— _ ﬁQ H fz Z—sz H (ZQn _ _ﬁ?" )
i=1 i=1 fi

2(r+1)

= p227?mw?, where p? = — 32 H fi-
i=1

To see the last line note that as sets we have

(ilrsisaeny={3# 7 [1<i<204n)

%

2
because both represent the Weirstrass points of C. Therefore B(z,w) = (—6—, %
z 2z
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Next we check to see what conditions are imposed by the relations in . For
example B2(z,w) = (2, —w) implies p2 = 3™, so y = £4™. The relation A" =
1 is clearly satisfied, and one can check that the relation ABA = B is also satisfied.

Finally we consider the conditions that follow from equations (3), (3) above and
2(r+1)
from and pu = +4™. First note that (3) and pu = 4™ imply H fi=—-p*""?2=
i=1

n— 1 n—
-2 '+ Now suppose f; # ?ﬁQ "for1<i< 2(r +1). Then equation (3)

2(r+1)
gives H fi = ﬁ2"71(r+1)7 a contradiction. Thus there is at least one i, and in
=1

1 on- n—
fact 2, so that f; = — /> ", For these values of i we have fi = £B2 °. Let the

7
other f; be denoted e;,1 < ¢ < r. Then substituting into (5.1) we get the equation
in the statement of the theorem. |

5. APPENDIX

In this appendix we collect some technicalities and proofs. Consider genus-zero
actions G x C' — C, where G has a normal subgroup H of prime order p. Let T € H
denote a generator and suppose S € G is an element of order n, not in H. Then C
and the action of T" are given by:

wP = H (z—e€1), T(z,w) =(z,¢w), 1 <a; <p—1and Zai:kp.

1<i<r i=1
. az+b .
Lemma 20. There exists an element A(z) = o AL PSLs(C) so that
S(z,w) = (Z,W), where Z = A(z) and
W = ﬁw for some p satisfying puP = };[l(a —ce;)®.

Moreover A™ =1, A must permute the e;, 1 < i <, and if A(e;) = e; then a; = a;.

PROOF: Let ¢ : C — P! be the quotient map C' — C/H = P!, that is (2, w) = z.
Since H is normal in G there is an element A € PSLy(C) so that Aoy =1 o S.
Now S has order n so that A” = 1. The branching of ¥ : C — P! is preserved by A,
and therefore A must permute the e;. This implies that a —ce; # 0 for 1 < i < r (to
see this note that A(co) = a/c). The orders of the branch points are also preserved
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and so a; = a; if A(e;) = e;. Since (Z, W) € C we have

r o T b a;
W H(z_ei)tzﬂ(Zid—ei)

i=1 i=1

r

1 N
= lom+ kD H ((a — cei)z — (de; — b))™
(cz +d)kv L2
A r B . n )
= WH(Z—A 1(€i))a , Where/\:H(a_Cei) i
i=1 bl
Therefore WP = # ﬁ(z — )% = #wp. It follows that T —
(cz+d)tr 5 ' (cz +d)kp
_r : P o
(o2 + d)kw’ where 1 is a complex number satisfying u? = A =[[,_;(a — ce;)*. I

The next lemma follows easily by induction.

Lemma 21. In the notation above S'(z,w) equals

Iy K « H ox —H__ww).
<A()’<cAz—1(z>+d)k (A 2(2) ) X<cz+d>kx>

For the next lemma let A = [ Z Z ] € SLy(C) be a matrix representative of

A € PSLy(C) and assume the order of A is n. Then A™ = €I, where € is £1.

Lemma 22. (cA" !(2) +d) x (cA"2(z) +d) x --- x (cz+d) =€ for all z € C
for which the left hand side has no zero terms.

Proor: We have a telescoping product
(cz+d) x (cA(z) +d) x -+ x (cA" 1 (2) +d) =

az+b
(cz+d) x (Ccz—i—d

(az +b) +d(cz+d)
cz+d

+d> x-oox (A" (2) + d) =

(cz+d) x <C ) x o x (cA"H(z) + d)

in which every numerator cancels the next denominator, leaving only the last nu-

merator. Since A" = Al = { ed  —eb

—ec  ca } as matrices in SLy(C) we get

edz — €b
—€cz + €a
c(edz — €b) + d(—ecz + €a)
—ecz + €ea

cA" N 2) +d=cx

€

—ecz +ea

Thus the last numerator is e. [}
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