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Abstract. We show that barycenter spaces associated to a simplicial complex X can never be contractible
unless X is acyclic. In so doing we verify that the reduced n-th symmetric products of X are contractible
if and only if X has the homology of a wedge of k-circles with n > k.

1. Introduction and Statement of Main Result

Spaces of formal barycenters play an important role in the study of limiting Sobolev exponent problems in
non-linear analysis such as the Yamabe and the scalar-curvature equations. They were introduced by Bahri
and Coron in seeking solutions to the non-linear elliptic equation −∆u = u(N+2)/(N−2) on bounded regular
open domains Ω, with u strictly positive on Ω and zero on its boundary.

More recently, they have appeared in the variational study of some mean field equations and systems.
Those nonlinear PDE problems can be solved by studying the topology of the low energy sublevels of the
associated energy functional. And this study is sometimes accomplished via a suitable space of barycenters.
Examples of those applications are the study of the prescribed gaussian curvature with conical points, the
prescribed Q-curvature problem in supercritical regimes, and the Toda system on compact surfaces; see [2, 3]
and references therein.

The barycenters spaces are defined as the family of “unit measures supported in at most k points of X”

Bn(X) =







k∑

j=1

tjσxj
|

k∑

j=1

tj = 1 , ti ≥ 0, xi ∈ X







A more topological definition is given in §2. A property that is desired out of barycenter spaces is that they
be non-contractible when X of course is non-contractible. This necessary condition is however not enough in
general to ensure the non-contractibility of BnX . Our main result clarifies the situation entirely. We recall
that a space is acyclic if it has trivial reduced homology; i.e. H∗(X ;Z) = 0 for ∗ ≥ 1.

Theorem 1.1. Assume X is a connected space of the homotopy type of a CW complex and let n ≥ 2. Then
Bn(X) is contractible if and only if X is acyclic.

We don’t claim the theorem to be true for all Euclidean domains X but only for those of the homotopy
type of a CW complex. Note that in this case, Bn(X) is contractible if and only if it is acyclic. Indeed this
is a consequence of the fact that Bn(X) is always simply connected for n ≥ 2 [9] and of the homotopy type
of a CW complex [2].

Example 1.2. The punctured Poincaré sphere is an example of a non contractible space whose barycenter
spaces are contractible for n ≥ 2. This space is acyclic with non-trivial fundamental group.

Corollary 1.3. [4, 9] If X is a closed manifold, or of the homotopy type of one, then its barycenter spaces
are never contractible.

The homology of barycenter spaces Bn(X) is related to the homology of SP
n
(ΣX), where SP

n
Y is the

symmetric smash product Y ∧n/Sn withSn the symmetric group on n-letters acting on Y ∧n by permutations.
It is also the quotient of the n-th symmetric product SPnY by its subspace of tuples containing the basepoint
(also called reduced symmetric product). To prove Theorem 1.1 we therefore need to prove a similar result
about reduced symmetric products. The following key result is obtained in §3.

Theorem 1.4. Let n ≥ 2 and let X be connected of the homotopy type of a CW complex. Then SP
n
(X) is

contractible if and only if H∗(X) ∼= H∗(
∨k

S1) and 1 ≤ k < n.
1
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To prove Theorem 1.4 we use an approach by R.J. Milgram to the computation of the homology of
symmetric products of based CW complexes. This approach [13] is a refinement of [12] and is not readily
accessible in the literature. We provide some details in §4. In particular, our discussion explains how to
compute the homology of barycenter spaces of any space of the homotopy type of a CW complex.

Acknowledgements: We are quite grateful to Fabrizio Morlando for asking the question leading to these
results and for his follow-up. We are also much grateful to Jim Milgram for sharing his notes [13]. We finally
thank David Ruiz for his comments.

2. Proof of the Main Theorem

Given X a space, then its n-th barycenter space can be defined as the identification space [9]

Bn(X) :=

n∐

k=1

∆k−1 ×Sk
Xk/∼

where ∆k−1 ×Sk
Xk is the quotient of ∆k−1 ×Xk by the symmetric group Sk acting diagonally, and where

∼ is the equivalence relation generated by:

(i) [t1, . . . , ti−1, 0, ti+1, . . . , tn;x1, . . . , xi, . . . xn]

∼ [t1, . . . , ti−1, ti+1, . . . , tn;x1, . . . , x̂i, . . . xn]

where x̂i means the i-th entry has been suppressed, and by

(ii) [t1, . . . , ti, . . . , tj , . . . , tn;x1, . . . , xi, . . . , xj , . . . , xn]

∼ [t1, . . . , ti−1, ti + tj , ti+1, . . . , t̂j , . . . , tn;x1, . . . , xi, . . . , x̂j , . . . , xn] if xi = xj

Using this presentation, it was shown in ([9], Theorem 1.3) that up to homotopy

(1) ΣBn(X) ≃ SP
n
(ΣX)

where ΣX means the suspension of X , SPn(X) is the n-th symmetric product obtained as the quotient of

Xn by the permutation action of the n-th symmetric group Sn, and SP
n
(X) is the symmetric smash or

equivalently the cofiber of the embedding SPn−1(X) →֒ SPn(X) sending [x1, . . . , xn−1] 7→ [x1, . . . , xn−1, x0],
where x0 ∈ X is a choice of basepoint. The major advantage in this description is that after one suspension
the barycenter space transforms into a reduced symmetric product which is a space very well studied. Here’s
a quick consequence of that.

Proposition 2.1. Suppose f : X → Y induces an embedding H∗(X) →֒ H∗(Y ) into a direct summand.
Then there is an embedding in homology H∗(BnX) →֒ H∗(BnY ).

Proof. This is a consequence of the fact that if H∗(X) →֒ H∗(Y ) has a retract, then the induced homology

map at the level of reduced symmetric products H∗(SP
n
X) →֒ H∗(SP

n
Y ) is an embedding (Proposition

3.1). We can then invoke (1). �

We turn to the proof of Theorem 1.1. The sufficiency condition is easy to establish. Indeed suppose X
is acyclic. An acyclic space is not necessarily simply connected, but its suspension is, and being also acyclic
it must be contractible. This means that all symmetric products of ΣX are contractible and SP

n
(ΣX) ≃ ∗.

This implies in turn that ΣBn(X) is contractible which implies that Bn(X) is acyclic. By Theorem 3.6 and
Theorem 1.1. of [9], Bn(X) is simply connected for n ≥ 2. It must follow that Bn(X) is contractible for
n ≥ 2.

The proof of the necessity is much more tedious. The case n = 2 has however an interesting short proof.

Proposition 2.2. Suppose X is connected of the homotopy type of a finite complex. Then B2(X) is con-
tractible if and only if X is acyclic.

Proof. Suppose B2(X) is contractible. By (1), the reduced square SP
2
(ΣX) is also contractible, and thus

we obtain the equivalence Y ≃ SP2(Y ) for Y = ΣX . This means we have a map

SP2Y−−−→Y

such that the composite Y →֒ SP2Y−−−→Y is an equivalence, where the first inclusion sends x 7→ [x, ∗] and
∗ is the basepoint. In other words, this is saying that Y is a homotopy abelian H-space with identify ∗.
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Since it is a finite complex, by a classical Theorem of Hubbuck [8], Y must be of the homotopy type of a
point or a product of circles (a torus). It cannot be a torus since Y being the suspension ΣX of a connected
space is simply connected. To summarize, if B2(X) is contractible, then ΣX = Y is contractible and X is
acyclic. �

The proof of the necessity in Theorem 1.1 for general n takes more space and is a direct consequence
of Proposition 3.2 proved in the next section. Assuming Proposition 3.2 holds, suppose that Bn(X) is

contractible. Then SP
n
(ΣX) is also contractible and hence in particular is acyclic. This means according

to Proposition 3.2 that ΣX has the homology of the bouquet of k-circles with n > k. But for connected X ,
ΣX is simply-connected so k = 0 and ΣX is acyclic. This concludes the proof of our main result.

3. Acyclicity of Reduced Symmetric Products

We wish to describe H∗(SP
n
X) with various coefficients and for X of the homotopy type of a finite CW

complex. We will be based mainly on [7, 12, 13] and make light additions. One identifies SPn(X) inside
SPn+1(X) as the subset of unordered tuples containing the basepoint. The union of all subspaces is SP∞(X).

The starting point is a result of Steenrod ([15],§22) which asserts that H̃∗(SP
nX) embeds in

(2) H∗(SP
∞X ; Γ) ∼=

⊕

n≥0

H∗(SP
nX, SPn−1; Γ) ∼= Γ⊕

⊕

n≥1

H̃∗(SP
n
X ; Γ)

for Γ = Z or Γ any field. Here SP−1X = ∅ and SP0X is the basepoint. The symmetric product pairing
SPrX × SPsX−−−→SPr+sX induces a pairing

Hi(SP
rX, SPr−1X)×Hj(SP

sX, SPs−1X)−−−→Hi+j(SP
r+sX, SPr+s−1X)

which makes (2) into a bigraded ring by both homological degree ∗ and filtration degree n. The subgroup

H∗(SP
n
X) consists of elements of bidegree (n, ∗).

When X is a connected based CW complex, then by a result of Dold and Thom, there is a homotopy
equivalence

(3) SP∞(X) ≃
∏

K(H̃k(X ;Z), k)

Let Zk be a cyclic group (this is Z/kZ if k ≥ 1 and is Z if k = 0). Let M(k, n) be the Moore space defined
uniquely up to homotopy for n ≥ 2 by the fact that it is simply connected with homology Hn(M(k, n)) ∼= Zk

andH∗(M(k, n)) = 0 for ∗ 6= 0, n. Then SP∞(M(k, n)) is a model for the Eilenberg-MacLane spaceK(Zk, n),
or we can set directly

SP∞(M(k, n)) = K(Zk, n)

so that according to our previous discussion, H∗(K(Zk, n)) = H∗(SP
∞(M(k, n)) is a bigraded ring.

For a general complex X of finite type, write Hk(X ;Z) as a sum of elementary abelian groups
⊕

i Zki
so

that
K(Hk(X ;Z), k) ≃

∏

i

K(Zki
, k)

By combining with (3), we have that over any field coefficients

H∗(SP
∞(X)) ∼=

⊗

k,i

H∗(K(Zki
, k))

Theorem 5.1 of [12] says this is an isomorphism of bigraded rings where the graded ring structure on the right
is the standard tensor product structure. Elements of exact filtration degree n in H∗(SP

∞(X)) correspond

to elements of filtration degree n in the tensor product and these describe H∗(SP
n
X).

We can extract the following useful consequence

Proposition 3.1. For X of the homotopy type of a CW complex, H∗(SP
∞X) is a bigraded ring and

H∗(SP
n
X) consists of elements of filtration degree exactly n. Moreover if H∗(X) ∼= H∗(Y ) ⊕H∗(Z), then

H∗(SP
n
Y ) embeds in H∗(SP

n
X).

We wish to describe the structure of H∗(SP
n
Y ) as a direct summand of H∗(SP

∞Y ) = H∗(K(π, n)). This
comes down to undestanding the bigrading in the calculations of Cartan [5] and this was carried out in [12].
Milgram’s method is explained in the appendix. It is used here to prove the following main result.
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Proposition 3.2. Fix n ≥ 2. Then SP
n
(X) is contractible ⇐⇒ H∗(X) ∼= H∗(

∨k
S1) with n > k ≥ 1.

Proof. First we establish the sufficiency:

⇐ IfH∗(X) ∼= H∗(
∨k

S1) then by [7, 12], H∗(SP
n(X)) ∼= H∗(SP

n(
∨k

S1)) andH∗(SP
n
(X)) ∼= H∗(SP

n
(
∨k

S1)).

Set Z =
∨k S1, then SPn(Z) ≃ (S1)k if n ≥ k according to [10]. The inclusion SPn−1(Z) →֒ SPn(Z) is a

homotopy equivalence when n > k and SP
n
(Z) is contractible in this case. This gives that H∗(SP

n
X) is

trivial and SP
n
X is acyclic. Now SP

n
X is the cofiber of the inclusion SPn−1X−−−→SPnX . This inclusion

induces an isomorphism on fundamental groups when n ≥ 3 and an epimorphism when n = 2 and this is
because π1(SP

n(X)) ∼= H1(X ;Z) if n ≥ 2. It follows that SP
n
(X) is simply connected for connected X and

n ≥ 2. Since it is acyclic and of the homotopy type of a CW complex, it must be contractible.
We now turn to the other implication of the Lemma. We assume that SP

n
(X) is contractible hence

acyclic. We study depending on the structure of H∗(X) when this can be the case. We distinguish some
cases.

Case 1: Suppose H∗(X ;Z) has a free summand ⊕kZ in degree ∗ = 1. This term is the homology of the

Moore space
∨k S1 and H∗(SP

n
(
∨k S1)) embeds in H∗(SP

n
X) by Proposition 3.1. As indicated earlier [10],

SPn(
∨k

S1) is up to homotopy the n-th skeleton of the torus (S1)k so that

H∗(SP
n

k∨

S1) ∼= E(e1, . . . , ek)n

where on the right we have the submodule of an exterior algebra generated by all n-fold products ei1⊗· · ·⊗ein .

When n ≤ k, this tensor product is not trivial and H∗(SP
n ∨k

S1) cannot be acyclic. However when n > k,
there must be at least two repeating generators in any n-fold product and the homology must be trivial as
desired, so only the case n > k is possible.

Case 2: Suppose H∗(X ;Z) has a free summand Z in degree k > 1. Then H∗(SP
n
(Sk)) embeds in H∗(SP

n
X)

(Proposition 3.1). By Proposition 4.3, SP
n
Sk can never be acyclic if k > 1. This implies that SP

n
X is not

acyclic as well. Note that SP
n
(S1) is contractible (this is k = 1).

Case 3: Suppose H∗(X ;Z) has a cyclic summand Zpr in degree k ≥ 1, p a prime. This cyclic summand
is the homology of the space M(pr, k) = Sk ∪f Dk+1 obtained by attaching the disk Dk+1 via a map of
degree pr. The reduced homology of M(pr, k) is concentrated in degree k and is equal to Zpr there. If we
use Fpr coefficients, then H∗(M(pr, k);Fpr) ∼= H∗(S

k ∨ Sk+1;Fpr). By the main theorem of Dold [7], the
infinite symmetric products of these spaces have the same homology with Fpr -coefficients and we have the
decomposition

H∗(SP
∞(M(pr, k));Fpr ) ∼= H∗(SP

∞(Sk ∨ Sk+1);Fpr ) ∼= H∗(SP
∞(Sk);Fpr )⊗H∗(SP

∞(Sk+1);Fpr )

This decomposition is as bigraded algebras by [12]. In particular we have embeddings H∗(SP
n
(Sk)) →֒

H∗(SP
n
(M(p, k))) and H∗(SP

n
(Sk+1)) →֒ H∗(SP

n
(M(p, k))) with Fpr -coefficients. According to Lemma

4.4, one of SP
n
(Sk) or SP

n
(Sk+1) is not acyclic and so SP

n
(M(pr, k)) is not acyclic for any n, r, k ≥ 1. Since

H∗(SP
n
(M(pr, k));Fpr ) embeds in H∗(SP

n
X ;Fpr) by Proposition 3.1, the latter group is also acyclic.

In conclusion in order for SP
n
X to be acyclic, X must be acyclic or has the homology of a wedge of k

circles with k < n (case 1). This concludes the proof of Proposition 3.2. �

As a consequence we have the following result which should be of independent interest.

Proposition 3.3. Let X be a connected space of the homotopy type of a CW complex, and suppose for some
r, s > 0, the embedding SPr(X) →֒ SPr+sX is a homotopy equivalence. Then X has the homology of a wedge
∨k

S1 with k ≤ r.

Proof. The fact that this embedding is an equivalence implies that all of SP
n
(X) for r + 1 ≤ n ≤ r + s are

acyclic hence contractible. �

4. Appendix: Reduced Symmetric Products

The object of this section is to discuss the acyclicity of SP
n
X for spheres X . In the particular case

when F = Fp with p > n or F = Q, the cohomology H∗(SPn(Sk);F) is a truncated polynomial algebra
PT (u,m+ 1) := F[u]/um+1 with m = 1 or m = n according as k is odd or even. The reason behind this is
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that the map (Sk)n−−−→SPn(Sk) is a finite branched covering, and as long as the characteristic of F doesn’t
divide n, H∗(SP

n(Sk);F) is identified with the submodule of invariants in H∗(S
k;F)⊗n under the symmetric

group action Sn. This happens if the characteristic is zero or is p with p > n. When k is odd, there are no
invariant classes other than the primitive class

∑
1⊗n−i ⊗ [Sk]⊗ 1⊗i−1. When k is even, the class [Sk]⊗n is

invariant and maps to a non-trivial element in Hnk(SP
n
(Sk)).

For general coefficients Fp, the (co)homology of SPn(Sk) has been computed a long time ago by Nakaoka.
This has been recovered by calculations of Serre and Cartan of the homology of Eilenberg-MacLane spaces.
The following approach due to R.J. Milgram has the major advantage of keeping track of the bigrading and
thus describing the homology of the reduced products as well.

To describe H∗(SP
∞(Sk);Z) one uses induction and the identification

(4) SP∞(ΣX) = BSP∞X

where B(−) is the topological bar construction introduced by Milgram. The main point is that one com-
putes H∗(SP

∞(ΣX)) over field coefficients Fp by computing the homology of EC∗(SP
∞X) ⊗Fp

Fp where
E(−) is the acyclic algebraic bar construction on the commutative algebra C∗(SP

∞X). The E2-term is
TorH∗(SP∞(X);F)(F,F) := H∗(EH∗(SP

∞X)⊗F F) and the spectral sequence collapses at this E2-term when
F = Fp by main observations of [13] so that we have isomorphisms

(5) H∗(SP
∞ΣX,Fp) ∼= H∗(BSP∞(X),Fp) ∼= TorH∗(SP∞(X))(Fp,Fp)

All terms above are isomorphic as bigraded algebras. The bigraded algebra structure on the E2-term

TorH∗(SP∞(X))(Fp,Fp)⊗ TorH∗(SP∞(X))(Fp,Fp)−−−→TorH∗(SP∞(X))(Fp,Fp)

is derived from the abelian and associative shuffle product ∗ in the bar construction. If a ∈ H∗(SP
∞(X)), then

its suspension class corresponds to |a| in the total complex for Tor (filtration is preserved under suspension).
The class |a1| · · · |ak| has filtration degree

∑
fil(ai) and homological degree

∑
deg ai + k.

Proposition 4.1. If H∗(SP
∞X ;F) ∼= A⊗B as bigraded algebras, then

H∗(SP
∞(ΣX);F) ∼= TorA⊗B(F,F) ∼= TorA(F,F)⊗ TorB(F,F)

as bigraded algebras as well.

One can retrieve classes in exact filtration n in H∗(SP
∞(ΣX)) from the resolution of H∗(SP

∞(X)). This
method is illustrated in the case of spheres below. We need first general facts from homological algebra
which can also be found in [13]. Let Λ(e) denote an exterior algebra on a generator e and Γ a divided power
algebra on generators γ1, γ2, · · · , γi, · · · . We assume e of odd degree and a of even degree.

Theorem 4.2. [13]
(i) TorΛ(e)(Z,Z) is a divided power algebra on γi = |a| · · · |a|

︸ ︷︷ ︸

i

, and modulo p this splits into a product of

truncated polynomial algebras [5]

TorΛ(e)(Fp,Fp) = PT (|a|, p)⊗ PT (γp, p)⊗ · · ·PT (γpi , p)⊗ · · ·

with γpi of bidegree (pi, (deg e+ 1)pi).

(ii) TorPT (a,p)(Z,Z) ∼= Λ(|a|)⊗ Γ, with γi represented in the bar construction by

γi = |a|ap−1| · · · |a|ap−1|
︸ ︷︷ ︸

i

If a has bidegree (ℓ, 2n), then |a| has bidegree (ℓ, 2n+ 1) and γi has bidegree (ipℓ, 2nip+ 2i). Modulo p, the
divided power splits again and

TorPT (a,p)(Fp,Fp) = Λ|a| ⊗ PT (γ1, p)⊗ PT (γp, p)⊗ · · · ⊗ PT (γpi , p)⊗ · · ·

where γpi is of bidegree (ℓpi+1, 2npi+1 + 2pi).

As a consequence we have the Lemma

Lemma 4.3. Fix n ≥ 1, k ≥ 2. Then H∗(SP
n
(Sk);F2) 6= 0.
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This is proved next. Of course we can say a lot more and describe the structure of the homology groups
entirely (as the proof shows) but all we are concerned with is the non-acyclicity of the spaces SP

n
(Sk). Note

that the homological degree ∗ in the Lemma above must be at least 2n+k−2. Indeed if X is an r-connected1

complex with r ≥ 1, then it is known that SP
n
(X) is 2n+ r− 2 connected [9]. This bound is often sharp for

spheres as can be seen when k = 2, SP
n
(S2) = S2n, and when n = 2, SP

2
(Sk) ≃ Σk+1RP k−1. With mod 2

coefficients, H2n+k−2(SP
n
(Sk);F2) might be trivial in some cases. For example H7(SP

3
(S3);F2) = 0. This

group is however non-trivial with F3-coefficients.

Proof. The computation is by induction with starting point H∗(SP
∞S1) = Λ(e) an exterior algebra on a

one dimensional generator e (since deg e is odd, this algebra is free graded). The suspension class |e| ∈
TorΛ(e)(Z,Z) generates elements γ(i,2i) = |e| · · · |e|

︸ ︷︷ ︸

i

of filtration degree i and homological degree 2i. They

form a divided power algebra under the shuffle product ∗;

|e| · · · |e|
︸ ︷︷ ︸

i

∗ |e| · · · |e|
︸ ︷︷ ︸

j

=

(
i+ j

i

)

|e| · · · |e|
︸ ︷︷ ︸

i+j

This describes the homology of H∗(SP
∞(S2);Z) which is the homology of the infinite complex projective

space P∞. The class γ(i,2i) lives in H2i(SP
i
S2). According to Theorem 4.2

(6) H∗(SP
∞(S2);Fp) ∼= TorΛ(e)(Fp,Fp) ∼=

⊗

Fp[γ(pi,2pi)]/(γ
p
(pi,2pi)) :=

⊗

PT (γ(pi,2pi), p)

This splitting is as bigraded algebras over Fp. Over F2, the products γ(2i−1,2i) ∗ γ(2i−1,2i) are trivial mod-2
and the homology splits into a product of exterior algebras

(7) H∗(SP
∞(S2);F2) ∼=

⊗

i≥1

Λ(γ(2i−1,2i))

One should beware that this decomposition is as bigraded algebras and not as Hopf algebras. More precisely
the following holds (as a useful reminder)

• F2[x]
dual ∼= ΓF2 [x] as Hopf algebras

• ΓF2 [x]
∼= ⊗ΛF2(γ2i(x)) as graded F2-algebras

• ΓF2 [x]
∼= F2[x] as graded F2-vector spaces (γ2i(x) 7→ x2i).

Back to equation (7), we see that there is a class in filtration degree 2i for all i. Since any integer n can be
written in base two as 2i1 + · · ·+2ik , i1 > · · · > ik, it follows that there is a class (a unique one in this case)
in filtration degree n with homological degree 2i1+1 + · · · + 2ik+1 = 2n. This is of course representing the
torsion free class in H2n(SP

n
(S2)) ∼= H2n(S

2n).
The construction above can now be iterated. Applying the Tor functor to (7) we obtain

(8) H∗(SP
∞(S3),F2) ∼=

⊗

TorΛ(γ(2i−1 ,2i))(F2,F2)

Tor of exterior algebras on an element a carries an algebra structure depending on the parity of a. More
precisely

• TorΛ(a)(Z,Z) ∼= Λ(|a|)⊗ Γ(|a|a|) if deg a is even
• TorΛ(a)(Z,Z) ∼= Γ(|a|) if deg a is odd.

With coefficients in F2, regardless of the degree of a we have as already indicated TorΛ(a)(F2,F2) ∼= ΓF2(|a|) ∼=⊗
Λ(|a| · · · |a|

︸ ︷︷ ︸

2i

). Replacing into (8) we get

(9) H∗(SP
∞(S3),F2) ∼=

⊗

i,j≥1




Λ|γ(2j−1,2j)| ⊗ · · · ⊗ Λ(|γ(2j−1,2j)| · · · |γ(2j−1,2j)|

︸ ︷︷ ︸

2i

)⊗ · · ·






The class b(2j−1,2j+1) := |γ(2j−1,2j)| is primitive and has filtration degree 2j−1. By the same reason as before

any integer n can be written uniquely in the form 2i1 + · · ·+2ik so that the class b(2i1 ,2i1+1) · · · b(2ik ,2ik+1) is

1All homotopy groups are trivial up to and including degree r.
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non-zero in H∗(SP
n
(S3);F2). In turn the class |b(2i1 ,2i1+1)| · · · |b(2ik ,2ik+1)| is non-zero in H∗(SP

n
(S4);F2),

and so on. The claim follows by iterating this process. �

As already indicated in the first paragraph of this section, H∗(SP
n
(Sk);F) might be trivial for some values

of n when k is odd and char(F) 6= 2. This situation doesn’t occur for even spheres and the homology of their
reduced symmetric products is always non-trivial, a fact that serves in the proof of Proposition 3.2.

Lemma 4.4. Suppose n ≥ 1, k ≥ 2 with k = 2m even. Then for field coefficients F, H∗(SP
n
(Sk);F) 6= 0.

Proof. The case F = F2 (previous lemma) and F = Q or Fp with p > n have been established earlier. In
general the main point to observe is that there is an embedding of rings

Λ(e) →֒ H∗(SP
∞(S2m−1);F)

where e = [S2m−1] is of bidegree (1, 2m− 1). There is therefore an embedding

(10) TorΛ(e)(F,F) →֒ H∗(SP
∞(S2m);F) = TorH∗(SP∞(S2m−1))(F,F)

But TorΛ(e)(F,F) = TorΛ(e)(Z,Z) ⊗ F and TorΛ(e)(Z,Z) is a divided power algebra on generators γi =

|e| · · · |e|
︸ ︷︷ ︸

i

of bidegree (i, 2mi). For any n, the class γn gives a non-zero class in SP
n
(S2m) with any coefficients.

This concludes the proof. �
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