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I. Forward problem

» Multidimensional relativistic Newton equation in a static external electromagnetic field [Einstein,
1907]

1
p=—-VV(x)+-B(x)i,
(1) ¢

, x(t) eR", n > 2.

» Smoothness and long range assumptions for the external field

V € C*(R",R), B(x) = (Bix) € CHR", A,(R)),
aBi,k ) aB[’i ‘ aBk,l N
(2) ox; () + ox; () 0x; () =0,

V=V'+V' B=B+DB,

00 V! ()] < Bl (L Ja) ™7 02 B (2)] < By (L + |2) 717121,
00V (@)] < Bl (L + [2) L [02 By ()| < Byaa(1+ |2f) 70722,

for [7:| < 2, |jo] <1,4,k,l =1...n and for some a € (0, 1], where j = (5',...,5") €
(NU{0D)™, |7l = >0, 7" and where 3541 and 6‘2‘ are positive constants).



* Integral of motion, the energy of the classical relativistic particle

(3) B = 02\/1 + PP + V(x(t))
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» Parametrization of the scattering solutions
For v € B, v # 0, let z+(v,.) be a solution of the equation (1) with F* = 0 so that

Zy(v,t) = v, as t — Foo.

Then for any (v_,z_) € B. x R", v_ # 0, there exists a unique solution x € C*(R,R")
of equation (1) so that

z(t) =z (v_,t) + - +y-(1), ly-(t)|+ [y-(¢)| = 0, as t = —oo;
and for a.e. (v_,x_) € B. X R", v_ #£ 0,

r(t) =z (Vi t) + @ +y (), |y (O] + |94 (8)] = 0, as t — +o0,

for some (v.,x.), |ve| = |v_]|.



* Scattering map and scattering data for equation (1) :

S(?J_,.I’_) = <U+7$+> = (U— + @SC(U—7$—>>$— + b80<v—7$—>>

* Direct problem : Given (V, B), find S.
Inverse problem : Given (V!, B!, S), find (V*, B?).



I1. Inverse scattering at high energies

I1.1 The “free” solutions
Let v € B,, v # 0. When |v] > p(n,c, 8, 85) then there exists a unique solution
24+ (v, .) of the equation (1) with F'* = 0 so that

lim Zi(v,t) =v, z+(v,0) =0, and
t—Fo0
_ Cnzply/1—L2F
max (sup |2 (0, ) tv’,sup 124 (v, t) — v\) < : —
teR 2] teR alvl
I1.2 Asymptotic of the scattering data
—+00
e X-ray transform : Pf(6,x) = f(t0 +2)dt, (6,2) € Ts" .

for f e C(R",R™), f(x) = O(|z|~'7°) when |z| = +oo, & > 0,

and where 78"~ := {(#,2/) e s"" ' x R" | §' - 2/ = 0}.

First study and inversion of P in R? : Radon (1917).

Application to X-ray Tomography : Cormack (1963).



Theorem 1 [J1]. Let (6,2) € TS" P and 0 <r <1, r < Under conditions (2) we have

.\/_
p e
lim ———=ay.(pb,z) = —P(VV)(0,x) + / B(x + 70)0dr,  and
o<c 1 — % e
400 4 02 1 1

p p Cn'f~(1+ 7 +[z])(; +1)p p*
_F < c c _
— p_asc(pﬁ,a:) + P(VV)(0,x) ; /_OO B(z + 76)0dr| < a2<ﬁ§ Y T 1 =

for pi(e.n, B, a.r) < p < ¢, (B=max(B1, B, B3)) ; In addition

—Q(bsc(pé,x) — W(pb,z)) — —PVS 6,1)0 +/ / VVi(o + x)dodr
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+o0o  p+oo D 0 T P +oo +00
—/ / VV3(eh + x)dodr — . / / B?*(08 + x)0dodr +E / / B*(o0+x)0dodr
0 T —00 J —00 0 T

CntB2(L + 1+ |2)) (2 + 1)p*(1 4+ =2=)° >
< EERRAY
- (L\/_ ,r)3(1 ,r.>204+2 2

fOT IOQ(C,’I’L,/B,OZ,’T’) <p<c



The vector W is known from F and the scatteri ng data:

o o

W(v,z) = : g(g " (v)+ Fl'(z_(v,7) 4z, 2 (v,7))dr) —g (97" (v)+ Fl'(z_(v,7),2_(v,7))dr) )do
NG / )

¥ /Om (07 atv.)) - [ Pz a(v,2),7), 2 alv.2), 7)dr)

+00

~glg(a(v.) - [

g

Fl(z, (a(v, ), 7) + :E,z'(a(v,x),T))dT))da for (v,z) € D(S).

Proposition 1 [J3]. Under conditions (2) we have

PIVV)(0, 1) = —% (1 (V. B.0.7) + w1 (V. B,—0, 1))

for (0,2) € Ts"'; in addition

P(BL)(0.x) = 2% wn (V. BL6. ), — oy (V. B.—0.))

6,
—5 @i(V.B.0,2)i — (V. B, ~0,0);)

forik=1...n and for every (6,x) € TS"', 6 = (0y,...,0,) such that 6; =0 for
j#iand j # k.



I1.2 Idea of the proof

Theorem 1 was obtained by developing the method of R. Novikov (1999).
Equation (1) is rewritten in an integral equation and we have

(y_3 y—) — A’Uf,:zzf (y—a ”!)—)? where Av_,:zr_ — (Allx 9 A?r)

t

AL (FR)() = / A, (f.h)(0)do,

—00
t

A2 () =g (g1<v> v [

— 00

B <gl(v)+/t Fl(z(v,a),z(v,a))dcf),

(0. 9]

(

G

Fz_(v_,0)+x_+ f(o),2_(v_,0) + h(a))da)

and where F(xz,v) = =VV(z) + 1B(x)v for (x,v) € R" x R".
We consider the operator A, . on the complete metric space

Mo :={(f,h) € C(R,R")* | sup|z_(v_,.) +h| <c,
R

I(F W)l = max ( sup |f], sup <1—r+<%—r>rt>\h<t>\, ap [, s LD <y ooy

(—00,0)  te(—00,0) (0400)  te(0400) LT

Hence we study a small angle scattering regime compared to the dynamics generated by .

* Quantum analogs : Born, Faddeev (1956), Henkin-Novikov (1988), Enss-Weder (1995),
H. Ito (1995), Jung (1997).



II1. A modified scattering map

II1.1 Other “free” solutions
Let (v,2) € B, xR", v # 0, v-x = 0. When |[v| > p(n,c, 5L, 35, |z|) then there

exists a unique solution z4 (w, xr + ¢, .) of the equation (1) with F'* = 0 so that

lim Zi(w, @ +q,t) =w, ze(w,x+q0)=v+q  and

t—+00

|ze(w, x + q,t) —tw — x — ¢

max(sup , B |2 (ot o 1) — 4
teR ’t’ tcR

X — — _1'U
for t € R and for (w, q) € B. x B(0, TJF%), g7 (v) — g Hw)| < ‘98\/%”.

Consider (t) the unique solution of the equation (1) that satisfies

z(t)=z_(v_,x_,t) +y_(t), ly_(t)| + |y_(t)| = 0, as t - —o0.

When [v] > po(n, c, 81, B3, [x]) then

x(t) — Z+(6~l(1}_,$_), B(”—vx—)at) + y+(t)a |y+(t>’ + ’er(t)’ — Oa as t — +00,



* Modified scattering map : Stv_,z_) = (a(v_,z_),blv_,z_))

e Direct problem : Given (V, B), find S.

e Inverse problem : CGiven (V!, B, S) find (V*, B¥).

I11.2 High energies asymptotics of the modified scattering data

Theorem 2 [J1]. Let (0,2) € TS" ' and 0 <r <1, r < max <F’ >+ 2'\36/‘—) Under
conditions (2) we have

lim L(dsc(pe, x)—Wi(pd,x)) = —P(VV*)(0,z)+ / B*(x + 70)0dr, and

p<cl 1 J— p_z — 00

- +00 C 4 02 1 —1)2
e aulpt.a) = o))+ PVVY0.0) = £ [ ok rojpar) < —SHEULE TR 1
1- & ) e

fOT[)1<Canaﬁa ’$’7&7T> < p<g



bse(pf,x) = wa (VP B® 0, x)

p—cC 2

2

N 2 0 T
E b (pf, ) — 55 PV(0,2)0 + / / VV* (00 + z)dodr
1— g—Q ¢ —00 J —00

+o0o0  pHtoo 0 0 T +oo o0
— / VV?3(ol + x)dodr — . / / B?*(c6 + z)0dodr +£/ / B*(00 + x)0dodr
0 —o00 J —00 CcJo T

T

g (4 1) (1 =)

S 2\/5_ 1_p_2

02 (525 — 7)3(1 + Ly c?

fOT ﬁ2<can767 ’CE’?O@T) <p<c
The vector TV is known from F' and the scattering data:

W(v,z) = g(g_l(v) +/ Fl(z_(v,2z,7),5_(v,z,7))dr

— 00

+/O OOFl(z+(&(v,:1:),:13,7),Z+(&(U,$)a$77))d7) — v



Other directions

- Inverse scattering at high energies for the non-relativistic Newton equation
in a long-range electromagnetic field

- Inverse scattering at high energies for the N-body problem.

- Inverse scattering at fixed energy in a long range electromagnetic field: similar conjectures to those
formulated in [Novikov, 1999] for the short range case in classical non-relativistic mechanics.
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