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Abstract

Let G be a Lie goup, let M and N be smooth connected G-manifolds, let
f: M — N be a smooth G-map, and let P; denote the fiber of f. Given a closed
and equivariantly closed relative 2-form for f with integral periods, we construct the
principal G-circle bundles with connection on Py having the given relative 2-form
as curvature. Given a compact Lie group K, a biinvariant Riemannian metric on
K, and a closed Riemann surface Y of genus ¢, when we apply the construction
to the particular case where f is the familiar relator map from K?¢ to K, which
sends the 2¢-tuple (a1,b1,...,as,b) of elements aj,b; of K to [[[aj,b;], we obtain
the principal K-circle bundles on the associated extended moduli spaces which, via
reduction, then pass to the corresponding line bundles on possibly twisted moduli
spaces of representations of 71(3) in K, in particular, on moduli spaces of semistable
holomorphic vector bundles or, more precisely, on a smooth open stratum when the
moduli space is not smooth. The construction also yields an alternative geometric
object, distinct from the familiar gerbe construction, representing the fundamen-
tal class in the third integral cohomology group of K or, equivalenlently, the first
Pontrjagin class of the classifying space of K.
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1 Origins and motivation

(G Lie group bi-invariant Riemannian metric
> Riemann surface

¢: P — X principal bundle

m=m (%)

moduli space Rep(m, )

more generally: twisted moduli space Repg(, G)
G = U(n): ms’s ss holom. v bundles on ¥
Narasimhan-Seshadri]

|Atiyah-Bott| gauge theory: ms’s projectively
flat constant central curvature connections on
principal bundle over X

structure on these spaces:

sometimes: compact Kahler [NS]

more generally stratified symplectic
[Karshon|, |Weinstein|

[Huebschmann-Jeffrey|: Extended ms’s:

ms by symplectic reduction from suitable finite-
dimensional hamiltonian GG-space
[Alexeiev-Meinrenken|: reworked in language
of quasi-hamiltonian G-spaces
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[Huebschmann| gen. gauge theory situation
application: purely combinatorial construction
of Chern-Simons function over 3-manifold
side remark: stratified Kahler

integral: line bundle

symplectic structure (more precisely: on smooth
stratum) integral

Weinstein: construct line bundle

or principal Stbundle, ST circle group
purpose of talk: solution of this problem

line bundle or principal circle bundle not
necessarily defined on moduli space itself

we will present construction of

(GG-equivariant circle bundle

on extended moduli space

we will abstract from particular case

explore more general case:



G-equivariant smooth map f: M — N
together with (i) and (ii)

(i) closed G-equivariant relative 2-form (¢, \)
with integral periods

¢ a G-invariant 2-form on M

A a G-invariant 3-form on N

subject to: dC = f*\

integral periods:

given 3-mfold C' and commutative diagram

oC — (C

hl lH h, H (piecewise) smooth:
M LN

difference / H*(\)— / h*(¢) integer
C oC

(ii) requisite additional technical ingredient
to carry out construction G-equivariantly
encoded in G-equivariant linear map

¥ g — A(N), g Lie algebra of G

values in space A(N) of 1-forms on N



aim: principal S1-bundle on fiber Pyot f
G-equivariantly

having characteristic class represented by (, \)
Y contains information needed to construct
(G-momentum mapping from Pf to g*:
additional constituent to extend ((, A)

more precisely: associated closed G-invariant
2-form C(f))\jc-) Ol Pf to

equivariantly closed 2-form

special case: £ genus of X

compact connected Lie group K

choose biinvariant Riemannian metric on K
M = K* N =K. frelator map K2 — K
f(afla b1, ..., ay, bﬁ) — H[a’jv b]}

A fundamental 3-form on K (E. Cartan)

¢ and ¥ forms explored in quoted sources
yields solution of Weinstein’s problem:
extended moduli spaces lie K-equivariantly in
fiber Py of relator map f

K-equivariant principal S1-bundles on
extended moduli space obtained by restriction



2 Basic idea

o base point of M, f(0) base point of N
I unit interval, [ 2 unit square

jii L — 1%, jit) = (£,0) € I’
construct total space ﬁf of principal S1-bundle

on fiber Pr of f as a space of equivalence
classes of strings

0 — 1 2L 2

[
oy — M LN

suitable equivalence classes of strings of that
kind: second relative homotopy group ma( f)
in general: principal I p-bundle ﬁf — Py
structure group 1" s split central extension

1—>31%Ff%771(Pf) — 1
construction of principal bundle
sort of “blows up” the construction of second
homotopy group mo(Pr) as a second relative
homotopy group ma( f)
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3 Further illustration

via holonomy, fiber of relator map K 2t K
based h’ equiv to Map®(X, BK), space of based
maps from X to classifying space BK of K

mo(Map®(X, BK)) «» K-bundles on ¥

each path comp of Map®(X, BK) classifying
space of associated group of based gauge trafos
K-equiv. princip. St-bundle on Py yields K-
equiv. princip. S'-bundle on Map®(X, BK)
association can be made functorial in terms of
geometric presentations of surface variable X
geometric object which thereby results repre-
sents cohomology class given by Cartan 3-form
alternative to equivariant gerbe representing
first Pontrjagin class of classifying space of K
present approach can be extended to
construction of principal S1-bundles in more
general situation of equivariant plots tor
arbitrary gauge theory situation

extended moduli space special case of
equivariant plot



4 Reconstruction of circle bundle from curvature

4.1 Goal

f: M — N smooth, Py fiber of f
closed relative 2-form for f integral periods
Py and “integral periods” precise below

principal S1-bundles with connection on Py
having given relative 2-form as curvature
construct total space from space E ¥ of strings

0 — 1 2P

Lo e

oy — M L N
identification of strings to classes (points of the
total space) involves relative 2-form
construction complicated
explain analogous much simpler construction

of equivariant S1-bundle on ordinary space
conclude with hints over Py

possible connections with stringy world
remain yet to be explored !
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4.2 Lifting functions, “topological horizontal lift”

N space

o base point point of N

P,(N) space of paths in N, starting at o
po: Po(N) — N path to its end point
fibration onto path component of o

fiber p, 1(0):

()o(N) closed based loops in N based at o
familiar construction:

universal cover N of N from P,(N)
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variant vields principal St-bundles on N:
B! = Map(I, B)
p: B — B map

po: Bl — B, (u: I — B) — u(0)
E x g B! associated fiber product
pl: Bl — E x5 B!, w— (w(0),pow)
lifting function for p, “horizontal lift”

N ExpgBl — F!

right-inverse for e

plorx=1d: Exg B — Exz B!
p: E — B fibration < p admits lifting fn
pick base points 0 € B, 0 € E with p(o) = o
choice of base points induces injection
jo: P)(B) — E xp B!
given lifting function \: £ X p Bl — E! for
p: . — B, composite

v: Py(B) 2% ExpBl & BT 2o g

map over B hence morphism of fibrations
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4.3 Circle bundles

7. S — N topological principal S*-bundle
choose lifting function for 7

pick pre-image o in .S of o

restrict v: Py(B) — E to 24(N):

Yo: Qo(N) — S1

homomorphism relative to composition of loops
“topological holonomy” of 7

determined by the lifting function

under transgression (here iso) [v,] € HY (Qo(N))
goes to characteristic class [r] € H?(N) of 7
reconstruct S1-bundle 7

identity two paths wi,wo in N having o as
starting point and having the same end point

provided composite wq 1w1, which is a closed

path in Qo(N), has value 1 € S under g
map v from P,(N) to S identifies space of
equivalence classes in P,(N) with S
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4.4 The differential-geometric construction

4.4.1 'Warm-up: construction of integral cohomology classes

N smooth manifold

a closed 1-form on N: real cohomology class
« integral periods: recover integral class:
pick base point o of N

given point x of N, w, path joining o to x

F: N — St F(x)—/ « mod Z
Wy

well defined since « integral periods
F represents class in HY(N, Z)
below exploit variants of this construction
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4.4.2 Differential-geometric variant of topological construction

N smooth manifold

lifting functions provided by horizontal lift
relative to a connection

aim: reconstruct St-bundle from holonomy

c closed 2-form on IV with integral periods
P,(N) space of piecewise smooth paths in N
starting at o

Qo(N) piecewise smooth closed based loops
in IV, based at o

Qo(N)g piecewise smooth closed loops
homotopic to zero relative o

identify piecewise smooth paths wy and w9
homotopic under piecewise smooth homotopy
h from wi to wo relative to endpoints such
that [, ;h*c an integer

c integral periods: condition independent of
choice of homotopy A

S space of equivalence classes

obvious projection maps

7S — N, 75— N
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[': equivalence classes closed loops at o
composition closed loops: I' a group
surjective maps

Qo(N) — ', u— [u]
Qo(N)g — St u— h*c mod Z
Ix1

(when ¢ represents non-trivial S'-bundle)
h a null homotopy of u rel to o
commutative diagram

Qo(N)yg — Qo(N) — m1(N)
I .
st — T — m(N)
composition of paths
Po(N) x Qo(N) — Py(N)
principal [-bundle 7: S — N

~

principal S1-bundle 7: S — N
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7.5 — N principal S-bundle
connection 1-form w having curvature c
horizontal lift rel. to w: commutative diagram

r - 355 N

Ll e

sl s L N
left-hand unlabelled vertical homomorphism:
from holonomy Qy(N) — ST
splits 1 — S — T' — 7 (N) — 1.
splittings I' 2 S1x 7y (N) correspond to choices
of principal St-bundles on N
with connection having curvature c
homotopy operator:

n: AN(Po(N)) — A*H(Py(N))

by integration along the paths which
constitute the points of P,(N)

dn + nd = 1d

integration of ¢ along the paths which
constitute the points of Py(N):
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1-form ¥, = n(pjc) on Py(IN) such that
p(c) = dv,

1-form 9. descends via P,(N) — S to
[-conn'n w.: TS — R on S having curv. c
connection form @, descends via S — S to w
Given the splitting o: T' — S, the induced
principal St-bundle

Te = 04(T): S¢g — N

with conn'n wgs = ox(we) has curvature c.
The group H (m1(N), S1) = Hom(m(N), S1)
acts simply transitively on the isomorphism
classes of principal St-bundles with connec-
tion on N having curvature c.

Two such principal S*-bundles with
connection topologically equivalent <
“difference” in Hom(m(N), S1) lifts to ho-
momorphism from w(N) to R.

N simply connected: up to gauge trafo, there
is a unique principal St-bundle with
connection on N having curvature c.
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5 The equivariant extension

(G Lie group, g Lie algebra, N a (GG-manifold
infinitesimal g-action g — Vect(V)
C*°(N) a g-module

dg: Alt(g, C®°(N)) — Alt(g, C*°(N))

CCE Lie algebra cohomology operator

c a G-invariant 2-form on N

7: S — N principal Si-bundle on N
with connection V having curvature c

G+ group of pairs (¢, x)

¢: S — S bundle auto

on base NN: diffeo xr induced from z € G
¢ G-invariant: extension

1l —G(r) —Gr — G — 1
G(1) = Map(N, S1) ab grp gauge trafos of 7
conjugation in G induces G-action on G(7)
same as coming from G-action on N

g(7) = Map(N, R) = C™*(N)

abelian Lie alg. infinitesimal gauge trafos of 7
(G- and hence g-module
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assocliated Lie algebra extension:
0 —g(r) —gr—9—0

via infinitesimal g-action on IV:

connection V induces section Vg: g — gr In
category of vector spaces

cg € Alt?(g, C®(N)):

C'>°(N)-valued Lie algebra 2-cocycle on g
determined by Vg and Lie algebra extension
X € g X tundamental vector field on NV
momentum mapping for c: G-equivariant map
w: N — g* such that comomentum (adjoint)

1 g — C®°(N) satisfies
d(uF (X)) = e(Xn, -), X € 6;
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connection V and 2-form ¢ being fixed

comomenta are precisely the G-equivariant
C'°(N)-valued 1-cochains ¢ on g such that

dg(d) = cg € Alt(g, C°(N)
in particular, each such comomentum
5: 9 — g(r) = Map(N, R) = C%(N)
yields Lie algebra section
Vg+0:9—9r
for Lie algebra extension

well known and classical:

Proposition. When GG s connected, a mo-
mentum mapping : N — g* for ¢ induces
a lift of the G-action on N to an action of a
suitable covering group G on the total space
S compatible with the Sl—b~undle structure
and thus turning T into a G-equivariant
principal St-bundle, and every such lift
induces a momentum mappmgjor C.

The connection V on T 1s then G-invariant.
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6 Circle bundles on the fiber of a map

M. N path connected spaces, f: M — N
ultimate goal: relator map K 26 L K

6.1 Fiber of a map

o base point of M, f(o) base point of N
Py fiber of f:

Pf - M XN Pf(o)(N> C M % Pf(o)<N>
= {(g, u);u(0) = f(0), u(l) = flq)}

projection 7¢: Pr — M, (q,u) — q € M
jf: Pr— Pyo)(N), (¢, u) — u

Jf

Wfl Tty  pull back
M — N
f

7 ¢ fibration, fiber ﬂj?l(o) = Q) (V)
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6.2 The construction in a nutshell

substitute for space of paths P,(N):
space I of strings of the kind

0 — 1 2P

Lo e

oy — M LN
such that, for 0 < s <1,
(1) ¢(0,s) = f(o)
(ii) ¢(1, s) independent of s
L'y contractible

22



additional ingredient that corresponds to

2-form ¢ with integral periods:
pair (¢, ), ¢ 2-form on M, X\ 3-form on N

g\
(¢, \) integral periods: given 3-mfold C' and

oC — (C

hl lH CD, h, H (piecewise) smooth:
M LN

difference / H*(\)— / h*(¢) integer
C oC

imposing on contracting homotopies a constraint
defined in terms of (¢, \) formally of

the same kind as the constraint imposed on
homotopies among paths via ¢

we obtain space Py such that

obvious projection map 7y : ﬁf — Py

principal bundle whose structure group I' ¢ (say)
St path component of identity

data determine closed 2-form C< FAC) On Py
and connection on 7 with curvature CFAC)
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Theorem. The projection T: ﬁf — Py
1s a principal 1 p-bundle, and the data de-
termine a I’ f-connectz'on, with connection

form WA C) OM ]3f, having curvature C(f,M)‘
o: 'y — St splitting of
1 — S8t — T — m(P) — 1
induced principal St-bundle
To = 0x(Tf): Sy — Py

with connection wy 3 ¢ = ox(w(s ) ) has
curvature C( FAC)
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7 The case where the target is a Lie group

7.1 Equivariant Maurer-Cartan calculus

H Lie group, b its Lie algebra

H an H-group via conjugation

- Invariant symmetric bilinear form on b

wy (W) left-(right)-invariant MC

triple pr. (x,y,z) — |x,y| - z 3-form on h
left translate closed biinvariant 3-form A on H
« any form on H: «; pullback to H X H by
projection p; to j'th component

Q:%wl Wy . 2-formon H x H

VS Ai}l(H): H-invariant map ¢: h — A(H)
adjoint ¥ € AY(H, p*): %(w + ), combined
with adjoint b — h* of 2-form on h; when we
view X € b as constant h-valued O-form on H

1
() crucial ingredient symplectic structures on

moduli spaces
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equivariant Maurer-Cartan calculus:

dQ = 6\
50 =0
5 = — 80
d\ = 0
S\ = dv

5t = 0

(i) 2 — X equivariant closed form (not

equivariantly closed) of (total) degree 4

(ii) form Q4 = Q) — X + 9 equivariantly closed

element of (total) degree 4 in total complex

(AZ’*(H *);d, 0, d ) of equivariant bar de Rham
1

A= 1—2[wH,wH] -wpg Cartan 3-form on H
1
0 = S(wn + @) € A(H,b)

¥ € AY(H,H*): h*-valued 1-form on H
composite of 9° with adjoint h — h* of form
ogy =0, ogA=—dv

H compact: inv. inner product on b exists

Cartan 3-form A\ integral periods
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7.2 Application

f: M — H: more structure available
P.(H) and €(H) groups

projection me: Pe(H) — H homomorphism
principal €2 (H)-fiber bundle

m¢: Py — M principal Q¢(H )-fiber bundle
H connected, mo(H) is zero

[ simply S, earlier diagram now

SU s Qu(H) — Qo(H)

l l

FfHPfHPf

N

(M) — M — M

A

when Q¢(H) acquires grp structure, e. g. H
simply conn, Py — M principal £2¢(H )-bundle
00— St — Qu(H) — Quo(H) — 1
universal central extension loop gp

connections with stringy world?
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8 Application to moduli spaces

>3 closed surface, genus /¢
K compact connected Lie group
- Inv. inner product on Lie algebra € of K

P={(x,y1,- -z ynr), v =]l v,
presentation 7y ()
K and K2¢: K-action by conjugation
relator map r: K 2 _ KK -equivariant

equivariant Maurer-Cartan calculus:
K-invariant 2-form ( on M = K 26 such that

d¢ = r*\

(¢, \) arises from form of total degree 4 on
simplicial model for class. space BK of K
represents Pontrjagin class: integral periods
(¢, \) integral periods
ry: (K20 — m(K) trivial
choice central element z € K determines lift

r.: K 26 __ LK
fiber P., connected, even simply connected
(ma(K) = 0)
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as z ranges over center of K or, equivalently,
over fundamental group of K:

spaces Py, range over path components of fiber
P, of relator map r

P, a K-space

take f to be any of the maps 7, as z ranges
over center of K

apply previous constructions with this f

C<T) A Q) the closed K-invariant 2-form
constructed separately on each path
component of Py of the kind P,

integral periods, necessarily K-invariant
previous Theorem yields principal S L bundle
7 S — P-with conn Wir Q) and curv C (r ()
each path component of P, simply connected
St bundle with connection uniquely determined
by data up to gauge transformations

9 e ANK, e = A2HK)

form introduced before
K substituted for H

Sk (C) = 7 (9) € AN (K
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previous result yields momap fyg: Pr — €*

lift of K-action to K .S — P

K- equivariant principal S L hdle with conn
construction natural in terms of data
extended moduli space H embeds
K-equivariantly into Py

composite of injection with the momap pu £
momentum mapping ,uﬁ on extended ms H
2-form C (r () restricts to 2-form on ext. ms
present construction recovers extended ms
St bundle 7, restricts to K- equivariant
principal St-bndle on H, Chern class we Pl
symplectic reduction: moduli spaces of
(possibly) twisted reps of m1(2) in K
reduction carries principal S1-bundle to
replacement for (in general missing) principal
St bundle on moduli space
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