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Abstract

Higher homotopies are nowadays playing a prominent role in
mathematics as well as in certain branches of theoretical physics.
Homological perturbation theory (HPT), in a simple form first
isolated by Eilenberg and Mac Lane in the early 1950’s, is nowa-
days a standard tool to handle algebraic incarnations of higher
homotopies. A basic observation is that higher homotopy struc-
tures behave much better relative to homotopy than strict struc-
tures, and HPT enables one to exploit this observation in various
concrete situations. In particular, this leads to the effective cal-
culation of various invariants which are otherwise intractable.

Higher homotopies and HPT-constructions abound but they
are rarely recognized explicitly and their significance is hardly
understood; at times, their appearance might at first glance even
come as a surprise, for example in the Kodaira-Spencer approach
to deformations of complex manifolds or in the theory of folia-
tions.

The talk will illustrate, with a special emphasis on the compat-
ibility of perturbations with algebraic structure, how HPT may
be successfully applied to various mathematical problems aris-
ing in group cohomology, algebraic K-theory, and deformation
theory.
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1 Origins of homotopy and higher homotopies

GAUSS 1833: linking number

(GAUSS 1828: idea of a classifying space
HILBERT: exploration of syzygies

generating function for the number of
invariants of each degree a rational function
homogeneous ideal I of a polynomial ring S,
“number of independent linear conditions” for
a form of degree d in .S to liein I” a polynomial
function of d

problem of counting the number of conditions
already considered in projective geometry and
in invariant theory

CAYLEY 1848: general statement of the
problem, clear understanding of the role of
syzygies—without the word, introduced by
SYLVESTER. 1853

CAYLEY somewhat develops what is nowa-
days referred to as the KOSZUL resolution
POINCARE 1895: terminology homotopy
loop composition



2 Some 20’th century higher homotopies

Failure of Alexander-Whitney multiplication
of cocycles to be commutative

STEENROD U;-products, prompted
s(trongly)h(omotopy)c(ommutative) structures
STEENROD operations

Anxo-structure system of higher homotopies
together with suitable coherence conditions
MASSEY products invariants of certain
Aso-structures

elementary example Borromean rings

a MASSEY product of three variables detects
the simultaneous linking of all three circles
SUGAWARA recognition principle for
characterizing loop spaces up to homotopy type,
associativity problem of loop multiplications



STASHEFF — complete understanding of
homotopy invariance of associativity

— clean recognition principle for loop spaces
— classifying space

— nested sequence of homotopy associativity
conditions

— Ajp-spaces

any space an Aq-space, H-space an Ay-space
every homotopy associative H-space is A3
A~o-space homotopy type of a loop space
algebraic analogue of Aj-space in

category of algebras

Ap-algebra, the case n = oo being included
original and motivating example singular chains
on the based loop space of a space

variant Loq-algebras

key observation: Asg-structures behave
correctly with respect to homotopy

at Michigan, YURI RAINICH was one of
Stasheff’s mentors as an undergraduate

here Stasheff learned that, in projective
geometry, assoclativity was an option
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3 Homological perturbations — HPT

Fundamental means to handle
higher homotopies

EILENBERG AND MACLANE [1953]
contraction

(M & N,h)

— chain complexes M and N
— chainmaps V.- M - Nandnm: N - M
— degree 1 morphism h: N — N

requirements

— deformation retraction

7V =1d, Vr —Id = dh + hd
— annihilation properties

hV =0, mh =0, hh =0

EILENBERG AND MAC LANE [1953]
comparison between reduced bar and
W-constructions a reduction
conjectured that it is a contraction
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Some notions

— contraction filtered: N and M filtered chain
complexes, m, V and h filtration preserving
— perturbation of the differential d of a chain
complex X: (homogeneous) morphism

0: X — X

of the same degree as d such that
— 0 lowers the filtration
— (d+ 0)? = 0 or, equivalently,

d, 0]+ 00 =0

— sum d + 0, referred to as the perturbed
differential, again differential

— coalgebra perturbation: X a graded
coalgebra structure such that (X, d) a
differential graded coalgebra

perturbed differential d + O compatible with
oraded coalgebra structure

— similarly algebra perturbation

HELLER [1954] recursive structure of
triangular complex later identified as a
perturbation



Perturbation lemma.

(M < N,h)

filtered contraction
0 perturbation of the differential on N

D =Y gdhd)"V =) g(0h)"OV

n>0 n>0

Vo=)Y (hO)"V

n>0

g9= Y g(on)"

n>0
hg =% (hd)"h =" h(OR)".
n>0 n>0

Suppose filtrations on M and N complete.
Then: Infinite series converge,

D a perturbation of the differential on M
notation Ny and Mp new chain complezes,

9
(Mp %7 Na,ho)

constitute new filtered contraction
natural in terms of the given data.
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Some history

SHI [1962] lurking behind formulas

M. BARRAT made explicit (unpublished)
BROWN [1964] in print

GUGENHEIM [1972| twisted EILENBERG-
ZILBER theorem via perturbation lemma
CHEN [1977] Qg|H«(X)] model for real chains
on loop space of a smooth manifold X by means
of formal power series connection involving de
Rham complex of X

GUGENHEIM |[1982] perturbation theory for
homology of loop space, ordinary singular
setting, reworks and extends CHEN’S con'n
WonNG [1986] Heidelberg diploma thesis
(Diplomarbeit) supervised by H.

using perturbation lemma, confirmed
EML-conjecture: comparison between reduced
bar and W-constructions a contraction
MARKL [20067] operadic perturbation lemma
perturbation lemma under weaker hypotheses
BERGER AND H. [1996]

geometric comparison between bar and W-con’s
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4 Perturbation theory for chain equivalences

H. AND KADEISHVILI [1991]
Theorem. Let

(ps X %7 Y,v)

be a filtered chain equivalence, let O be a
perturbation of the differential d on'Y, and
suppose that the filtrations on X and Y are
complete. Then HPT yields formulas for

e a perturbation D: X — X of the

differential on X, and for

® new morphisms
Oza:X—)Y, ﬁa:Y—)X,
Ma:X—)X, V@:Y—>Y,

whach yield a new ﬁlte'red chain equivalence

(1o, Xp == 58 Yy, vp)

whach s natural in terms of the given data.
Remark about proof: Reduce the
constructions to ordinary perturbation lemma
by means of mapping cyclinder
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5 Iterative perturbations

H. [1986]
X a connected simplicial set, simple
w1, T, etc. its homotopy groups

K Xjoo — K(mj_1,),J 2 3

maps representing the k-invariants of X
Theorem. These maps determine a
differential d on the tensor product

Km, 1) @ K(m,2) ® ...

and a chain equivalence between X and the
resulting chain complex

(K(7,1) @ K(m9,2) ® ..., d)

Main ingredient: Iteration of perturbation
lemma, applied to corresponding iterated
fibrations
Application: Interpretation of the k-invariants
of the algebraic K-theory of a finite field
Construction taken up in
LAMBE-STASHEFF [1987]
models for iterated fibrations
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6 Compatibility of HPT with algebraic structure

H. [1989], [1991]

compatibility of HPT- constructions

with algebraic structure

suitable algebraic HPT-constructions to exploit
A~o-modules arising in group cohomology
construction of suitable free resolutions
explicit numerical calculations in group coho
until today still not doable by other methods
spectral seq’s show up not collapsing from FE»
illustrate a typical phenomenon:

Whenever a spectral sequence arises

a strong homotopy structure lurking behind
spectral sequence invariant thereot

higher homotopy structure finer than spectral
sequence itselt
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Visit the workshop
EXAMPLE 1. Group extension

e:1l— N —-G—K —1

free resolutions
M(K) = MY(K) @4 RK
M(N) = M¥(N) @4 RN
of the ground ring R in the categories of right
RK— and RN-modules
augmentation maps
e: MY(K) — R, e: MYN) — R
M*(K) and MF(N) connected as graded

modules, i.e. in degree zero a single copy of
the ground ring R

explicit HPT-construction of a free
resolution of R in the category of right
RG-modules from the given data:

M(N) @py RG = M¥(N) @, RG

a free resolution of RK in the category of right
RG-modules
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write
d=M(K)®d (= Idygz ) ® ),

where d the differential on M#(N) @4 RG
an RG-linear differential on

MAK) @ MH(N) ® RG

vertical 1n an obvious sense
projection map

g: MHK) @ MY(N)® RG — MY(K)® RK

induces an isomorphism on homology relative
to differential d" on source, zero differential on

target
object Mﬁ(K ) ® RK filtered by degrees

degree filtration of M*(K) induces a filtration
{Fi = Fi(M*(K) @ M¥(N) @ RG) }ix
for MY (K) @ M#(N) @ RG in the obvious way
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Theorem. There is a differential d on
MA(K) @ MY(N) @ RG
having the following properties:
1. It can be written as
d=d"+d' +d°+ -
where, for 1 > 1, the operator d* lowers
filtration by 1.
2. The projection map s a chain map
(MF(K)@MH(N))®4RG — MH(K)@qRK

that is compatible with the differentials,
the filtrations, and the right RG-module
structures.

Moreover, the resulting chain complex
(MY(K) @ MY(N)) @4 RG

1s acyclic and hence a free resolution of the
ground ring R in the category of right RG—-
modules. Finally, the higher terms dt, i > 1,
can be constructed explicitly via HPT.
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Under these circumstances, the series
dt+ d? +
is a perturbation of d.

ILLUSTRATION. Metacyclic groups

such a group G has a presentation of the form
—1 t
where x and y are generators of K = Z/s and
N = Z/r respectively, and where
s>1,r>1,t°=1 modr,tf=/f modr,
in particular, L ;1 and # integers

SAMPLE RESULTS. p a prime which
divides r and s, and suppose

tZ1 mod p.

@,y =1,2° =yl zyx

Further, let jg be the order of ¢ modulo p, 1. e.
Jo the smallest number 7 so that

t/ =1 mod .
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Theorem 1. Suppose that p divides the
number tST—l. Then the mod p cohomology
spectral sequence of the group extension

collapses from FEo, and the multiplicative

extension problem from
Fy = FEro

to H*(G,Z/p) is trivial. Moreover,
H*(G,Z/p)

has classes

W250—15 €270 ‘w2j0—1’ — 2]0 o 17 ‘CQjol — 2j07
of filtration zero which restrict to the
classes wycgf_l and C‘:]yO in

H*(N,Z/p) = Awy| @ Plcy]
respectively, so that, as a graded

commutative algebra, H*(G,7Z/p) can be
written as

ANwz| ® Pleg| ® /\[ngo_l] & P[CQjO].
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Theorem 2. Suppose that p does not
divide the number tsr_l. Then the
cohomology spectral sequence of the group
extension collapses from Fs3, and the

multiplicative extension problem 1is trivial.

Moreover, H*(G,Z/p) has classes

Wjo—15s Whjg—1s -+ - s W2pjo—15 C2pigs
of filtration zero which restrict to the

classes wycéjo_l and ngo in

H*(N,Z/p) = Awy| @ Plcy]
respectively so that, as a graded
commutative algebra,

H*(G,Z/p)

1s generated by

Wi, Cxs W2jg—1, Whjg—1, - - - W2pjo—1, C2pjy:
subject to the relations

wawp = 0,

a, b € {250 — 1,450 —1,...,2pjo — 1},
Cawq = 0,

a E{Qjo — 1,490 —1,... ,2(]? — 1)j0 — 1}.
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EXAMPLE 2.

H. AND KADEISHVILI [1991]

H. [2004]

Small models for chain algebras

algebra and coalgebra perturbation lemmata

Sample result
Theorem. Let

(py X % Y,v)
be a chain equivalence, let
(Tp, TIX] 5 TIY],Tv)

be the corresponding filtered chain
equivalence of augmented differential graded
algebras, and let O be a multiplicative
perturbation of the differential on T|Y | with
respect to the augmentation filtration.

Suppose further that X andY are connected.
Then HPT yields formulas for

e a multiplicative perturbation
D: T X| — T[X]
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of the differential on T|X]|, and for

® new morphisms

X] — T[Y]
Ty8: T[Y] — T[X]
Tou: T[X] — T[X]
Tov: T[Y] — T[Y],

Toa:

= 3

which combine to a new filtered chain
equivalence

Toa
(Ton, TplX] 2 TolY], Tov)
of augmented differential graded algebras

where Tp|X| and TylY| refer to the new
chain complezes.

In particular, the new filtered chain

equivalence s natural in terms of the given
data.

Application: models for differential graded
algebras, in particular for chain algebras
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7 Rooted planar trees

KONTSEVICH-SOIBELMAN [2000)]
Description of Aqg-algebra structures in terms
of sums over oriented rooted planar trees
endowed with suitable labels

these sums over oriented rooted planar trees
behind the HP'T-constructions that establish
(co)algebra perturbation lemma in

H. AND KADEISHVILI [1991]

At the time no need to spell out the oriented
rooted planar trees explicitly

Details: H. [2008| (Kadeishvili Festschrift)
One application:

Minimality theorem for Aso-structures via the
perturbation lemma

Original minimality theorem:

CHEN [1977] over the de Rham algebra of smooth
manifold

KADEISHVILI [1980] for the rational cochain
algebra of a space
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8 Master equation and HPT

Given a coaugmented differential graded
cocommutative coalgebra C' and a
differential graded Lie algebra b, a Lie algebra
twisting cochain t: C' — b is a homogeneous
morphism of degree —1 whose composite with
the coaugmentation map is zero and which

satisfies {
Dt = Z[t.1].
2

H. AND STASHEFF [2002]
Data: differential graded Lie algebra g together
with contraction

(H(g) <5 g,h)

of chain complexes, the corresponding
coalgebra perturbation of the differential on
S¢sg| being written as 0
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Theorem. The data determine, via HPT,

(i) a differential D on S¢|sH(g)| turning the
latter into a coaugmented differential graded
coalgebra (i. e. D is a coalgebra

perturbation of the zero differential) and hence
endowing H(g) with an sh-Lie algebra
structure and

(ii) a Lie algebra twisting cochain

7: SplsH(g)] — ¢
whose adjoint T, written as
(8°V)g: SplsH(g)] — Clg].

induces an 1somorphism on homology.
Furthermore, (S°V)g admits, via HPT, an
extension 1o a new contraction

LSV)s

(Splst(g)] <5 Splsal. (SHo)

of filtered chain complexes (not
nececessarily of coalgebras).

Application: formal solutions of the master
equation
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9 Higher homotopies, homological perturbations, and
the working mathematician

Higher homotopies and homological
perturbations may be used to solve problems
phrased in language entirely different from that
of higher homotopies and HPT. Higher
homotopies and HPT-constructions occur
implicitly in a number of other situations in
ordinary mathematics where they are at first
not even visible.
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List (not exhaustive)

e KODAIRA-NIRENBERG-SPENCER:

Deformations of complex structures

e 'ROLICHER spectral sequence of a

complex manifold
e TOLEDO-TONG: Parametrix
e F'EDOSOV: Deformation quantization

e WHITNEY, GUGENHEIM: Extension of

geometric Integration to contraction

e WHITNEY ground work for SULLIVAN’S
theory of rational differential forms

e GUGENHEIM integration map in de RHAM
theory sh-multiplicative

e H.: Foliations; requisite higher homotopiss
described in terms of generalized

MAURER-CARTAN algebra
e H.: Equiv. coho and KOSzZUL duality

e Operads

26



References

1]

[10]

[11]

[12]

[13]

V. Alvarez, J. A. Armario, M. D. Frau and P. Real, Algebra structures on the com-
parison of the reduced bar construction and the reduced W-construction. Comm. in

Algebra 35 (2007), 3273-3291.

C. Berger and J. Huebschmann, Comparison of the geometric bar and W -
constructions. J. of Pure and Applied Algebra 131 (1998), 109-123.

R. Brown, The twisted Filenberg-Zilber theorem, Celebrazioni Archimedee del Secolo
XX, Simposio di topologia 1964.

A. Cayley, On the Theory of Elimination, Cambridge and Dublin Math. Journal 3
(1848), 116-120.

K. T. Chen, Iterated integrals of differential forms and loop space homology, Ann. of
Math. 97 (1973), 217246

K. T. Chen: Extension of C'*° Function Algebra by Integrals and Malcev Completion
of m, Advances in Mathematics 23 (1977), 181-210.

S. Eilenberg, S. MacLane, On the groups H(m,n). I, Ann. of Math. 58 (1953), 55-106,
II. Methods of computation, Ann. of Math. 60 (1954), 49-139.

B. V. Fedosov, A simple geometrical construction of deformation quantizations, J.
Diff. Geom. 40 (1994), 213-238.

V.K.A.M. Gugenheim: On the chain complex of a fibration, Illinois J. of Math. 16
(1972), 398-414.

V.K.A.M. Gugenheim, On the multiplicative structure of the de Rham theory, J. of
Diff. Geom. 11 (1976), 309-314.

V.K.A.M. Gugenheim: On a perturbation theory for the homology of the loop space,
J. of Pure and Applied Algebra 25 (1982), 197-205.

V.K.A.M. Gugenheim and R. J. Milgram: On successive approximations in homo-
logical algebra, Trans. Amer. Math. Soc. 150 (1970), 157-182.

V.K.A.M. Gugenheim and J. D. Stasheff, On perturbations and A -structures,
Festschrift in honor of G. Hirsch’s 60’th birthday, ed. L. Lemaire, Bull. Soc. Math.
Belgique A 38 (1986), 237245 (1987).

V.K.A.M. Gugenheim, L. Lambe and J. D. Stasheff, Algebraic aspects of Chen’s
twisting cochains, Illinois J. of Math. 34 (1990), 485-502.

V.K.A.M. Gugenheim, L. Lambe and J. D. Stasheff, Perturbation theory in differen-
tial homological algebra. II., Illinois J. of Math. 35 (1991), 357-373

27



[16]

[17]

[18]

[19]

[20]

[21]

[22]

S. Halperin and J. D. Stasheff, Obstructions to homotopy equivalences, Advances in
Math. 32 (1979), 233-278

A. Heller, Homological resolutions of complexes with operators, Ann. of Math. 60
(1954), 283-303.

J. Huebschmann, The homotopy type of FV?. The complex and symplectic cases.
In: Proceedings of the AMS—conference on Algebraic K-theory in Boulder/Colorado
1983; Contemporary Mathematics 55 (1986), 487-518.

J. Huebschmann, Perturbation theory and free resolutions for nilpotent groups of class
2, J. Algebra 126 (1989), 348-399.

J. Huebschmann, Cohomology of nilpotent groups of class 2, J. Algebra 126 (1989),
400-450.

J. Huebschmann, The mod p cohomology rings of metacyclic groups, J. Pure Appl. Al-
gebra 60 (1989), 53-105.

J. Huebschmann, Cohomology of metacyclic groups, Trans. Amer. Math. Soc. 328
(1991), 1-72.

J. Huebschmann, Twilled Lie-Rinehart algebras and differential Batalin-Vilkovisky
algebras, math.DG/9811069.

J. Huebschmann, Berikashvili’s functor D and the deformation equation, in:
Festschrift in honor of N. Berikashvili’s 70th birthday, Proceedings of A. Razmadze
Institute 119 (1999), 59-72, math.AT/9906032.

J. Huebschmann, Differential Batalin-Vilkovisky algebras arising from twilled Lie-
Rinehart algebras, Banach Center Publications 51 (2000), 87-102.

J. Huebschmann, Higher homotopies and Maurer-Cartan algebras: quasi-Lie-
Rinehart, Gerstenhaber, and Batalin-Vilkovisky algebras, in: The Breadth of Sym-
plectic and Poisson Geometry, Festschrift in Honor of Alan Weinstein, J. Marsden
and T. Ratiu, eds., Progress in Mathematics, vol. 232 (2004), 237-302, Birkhauser-
Verlag, Boston - Basel - Berlin, math.DG/0311294.

J. Huebschmann, Homological perturbations, equivariant cohomology, and Koszul du-
ality, math.AT/0401160.

J. Huebschmann, Relative homological algebra, equivariant de Rham theory, and
Koszul duality, math.AT/0401161.

J. Huebschmann, The Lie algebra perturbation lemma, Festschrift in honor of M. Ger-
stenhaber’s 80-th and Jim Stasheff’s 70-th birthday, Progress in Math. (to appear),
arXiv:0708.3977.

28



[30]

[31]

[41]

[42]

[43]

[44]

[45]
[46]

J. Huebschmann, Origins and breadth of the theory of higher homotopies, Festschrift
in honor of M. Gerstenhaber’s 80-th and Jim Stasheff’s 70-th birthday, Progress in
Math. (to appear), arxiv:0710.2645 [math.AT].

J. Huebschmann, Minimal free multi models for chain algebras, Festschrift to the
memory of G. Chogoshvili, Georgian Math. J. 11 (2004), 733-752, math.AT/0405172.

J. Huebschmann, On the cohomology of the holomorph of a finite cyclic group, J. of
Algebra 279 (2004), 79-90, math.GR/0303015.

J. Huebschmann, The sh-Lie algebra perturbation lemma, Forum math. (to appear),
arxiv:0710.2070.

J. Huebschmann, On the construction of A.-structures, arxiv:0809.4701
[math.AT].

J. Huebschmann and T. Kadeishvili, Small models for chain algebras, Math. Z. 207
(1991), 245-280.

J. Huebschmann and J. D. Stasheft, Formal solution of the master equation via HPT
and deformation theory, Forum math. 14 (2002), 847-868, math.AG/9906036.

T. Kadeishvili: On the homology theory of fibre spaces. (Russian). Uspekhi Mat.
Nauk. 35:3 (1980), 183-188, Russian Math. Surveys 35:3 (1980), 231-238, English
version: arXiv:math/0504437.

M. Kodaira, L. Nirenberg and D. C. Spencer, On the existence of deformations of
complex analytic structures, Ann. of Math. 68 (1958), 450-457.

M. Kontsevich and Y. Soibelman: Homological mirror symmetry and torus fibrations,
math.QA/0011041.

L. Lambe and J. Stasheff, Applications of perturbation theory to iterated fibrations,
Manuscripta Math. 58 (1987), 363-376.

S. Mac Lane, Categorical Algebra, Bull. Amer. Math. Soc. 75 (1965), 40-106.

W. S. Massey, Some higher order cohomology operations, Symposium internacional
de topologia algebraica, Universidad Nacional Auténoma de México and UNESCO,
Mexico City, 1958, 145-154.

D. Quillen, Rational homotopy theory, Ann. of Math. 90 (1969), 205-295.

M. Schlessinger and J. Stasheff, Deformation theory and rational homotopy type,
preprint 1979; new version July 13, 1998.

W. Shih, Homologie des espaces fibrés, Pub.Math. Sci. IHES 13 (1962).

J. D. Stasheft, Homotopy associativity of H-spaces. I. II. Trans. Amer. Math. Soc.
108 (1963), 275-292; 293-312.

29



[47]) J. J. Sylvester, On a Theory of Syzygetic Relations of Two Rational Integral Func-
tions, Comprising an Application of the Theory of Sturm’s Functions, and that of the
Greatest Algebraic Common Measure, Phil. Trans. Royal Soc. London 143 (1853),
407-548.

[48] D. Toledo and Y. L. L. Tong, A parametriz for 3 and Riemann-Roch in Cech theory,
Topology 15 (1976), 273-301.

[49] H. Whitney, Geometric integration theory, Princeton University Press, Princeton NJ
(1957).

30



