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Canonical triangulations of Dehn fillings

FRANÇOIS GUÉRITAUD

SAUL SCHLEIMER

Every cusped, finite–volume hyperbolic three–manifold hasa canonical decom-
position into ideal polyhedra. We study the canonical decomposition of the hyper-
bolic manifold obtained by filling some (but not all) of the cusps with solid tori:
in a broad range of cases, generic in an appropriate sense, this decomposition can
be predicted from that of the unfilled manifold (a similar result had been inde-
pendently announced in [A4]). We also find the canonical decompositions of all
hyperbolic Dehn fillings on one cusp of the Whitehead link complement.

;

0 Introduction

Let M be a complete cusped hyperbolic 3–manifold of finite volume,and endow the
cuspsc1, . . . , ck of M with disjoint simple horoball neighborhoodsH1, . . . ,Hk . The
Ford–Voronoi domainF ⊂ M consists of all points ofM having a unique shortest
path to the union of theHi . The complement ofF is a compact complexC of totally
geodesic polygons. By definition, the canonical decomposition D of M with respect
to theHi has one 3–dimensional cell (an ideal polyhedron) per vertexof C, one face
per edge ofC, and one edge per (polygonal) face ofC; we say thatD is dual to C.
Other names forD are the geometrically canonical decomposition, or Delaunay (or
Delone) decomposition. In [EP], Epstein and Penner give a precise description ofD
in terms of convex hulls in Minkowski spaceR3+1. Weeks’ program SnapPea [We]
will computeD for most manifolds of moderate size.

Akiyoshi [A3] proves that, as the volumes of{Hi}1≤i≤k vary, only finitely many de-
compositionsD arise. By Mostow-Prasad rigidity, the resulting collection of Delaunay
decompositions is a complete topological invariant ofM . WhenM has a single cusp
there is a unique Delaunay decomposition. WhenM has multiple cusps one may take
all of their volumes to be equal; SnapPea uses the resulting decomposition for rigorous
computation of isometry groups and detection of isometric manifolds [We2].
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Thus canonical decompositions lead to an interplay betweenhyperbolic geometry and
the combinatorics of cell–decompositions. This motivatesthe study ofD and suggests
that it is a difficult problem in general. General results areknown only whenM is
restricted to belong to certain classes of manifolds: punctured–torus bundles, two–
bridge link complements, certain arborescent link complements and related objects, or
covers of any of these spaces [J2, A2, La, ASWY1, ASWY2, GF, G2, G3]. In fact, the
combinatorics underlying all the above examples are to a large extent the same. More
examples, often using symmetry, are compiled in [SW].

The present paper offers a relative result: we are interested in how the canonical
decompositionD changes when the last cuspck (where k ≥ 2) undergoes a Dehn
filling along the slopes. Recall the operation of filling alongs removes the interior of
Hk from M and glues a solid torusXs to the resulting boundary component, yielding
the filled manifoldMs. Thurston showed that the metric onMs Gromov–converges,
with appropriate choices of basepoints, to the metric onM as the length of the filling
slopes goes to infinity. Consequently, a Margulis tube (region where the injectivity
radius is less than the Margulis constant) appears about thecore curve ofXs [Th].

Experimentation with SnapPea suggests that, for many manifolds, cusps, and slopes,
after filling ck the polyhedra ofD outside the Margulis tube undergo only a small
geometric perturbation while the combinatorics ofDs inside the tube has a predictable
structure. To ensure such good behavior we choose the reference horoball neighbor-
hoods{Hi}1≤i<k of the remaining cusps after filling to have the same volumes as
before filling. Moreover, we take the horoball neighborhoodHk before filling to be
very small and we make two “genericity” assumptions:

(I) The decompositionD (before filling) consists only of idealtetrahedra.

(II) There exists a unique shortest path fromHk to
⋃k−1

i=1 Hi in M .

Of course, this notion of genericity is problematic as thereare only countably many
complete finite–volume cusped hyperbolic 3–manifolds; infinitely many of these are
non–generic. Still, SnapPea verifies that of the fifteen twice–cusped manifolds from
the five–tetrahedron census [CHW] (m125, m129, m202, m203, m292, m295, m328,
m329, m357, m359, m366, m367, m388, m391, m412), eleven are generic. The
Whitehead sister m125 fails (I), while the Whitehead link m129, as well as m203 and
m412, fail both (I) and (II). All 15 admit involutions switching the cusps. All 15 except
m412 are obtained by filling a cusp of the census manifold s776, itself generic (the
“magic manifold” of [MP]).

It is a corollary of Theorem1 that if a generic manifoldM hask cusps, if the horoball
Hk−1, like Hk , has a unique shortest path toH1 ∪ · · · ∪ Hk−2, and if bothHk−1 and
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Hk are small, then all but finitely many fillings onck are again generic with respect to
ck−1 . In short, almost all fillings of generic manifolds (such as s776) are again generic.

Theorem 1 Under the genericity assumptions(I–II) above, if the volume of the cusp
neighborhoodHk is small enough, then the decompositionD (before filling) contains
exactly two ideal tetrahedra∆,∆′ that have a vertex in the cuspck . The tetrahedra
∆,∆′ are isometric, each of∆,∆′ has exactly one vertex inck , and ∂(∆ ∪ ∆′)
is a once-punctured torus. For all but finitely many filling slopess in the cuspck ,
the canonical decompositionDs of the manifold obtained by Dehn filling alongs is
combinatorially of the form

Ds =
(
D r {∆,∆′}

)
∪ T

whereT = {∆1, . . . ,∆N} is a triangulation of a solid torus minus one boundary point,
and the combinatorial gluing of the∆i is dictated by the continued fraction expansion
of the slopes, with respect to a certain basis of the first homology of the cusp ck

depending only onD .

As set out in Section2, the combinatorics of the triangulationT are identical to
a procedure found in the SnapPea kernel [We], called thelayering constructionby
Jaco and Rubinstein [JR]. Each integerα near the middle of the continued fraction
expansion gives rise toα adjacent tetrahedra, to one edge of degree 2α+4, and toα−1
edges of degree 4 (the average degree of edges is always 6 by anEuler characteristic
argument). See Section2 for details.

Geometrically, the tetrahedra ofDs r T are small deformations of the tetrahedra of
D r {∆ ∪ ∆′}. To predictDs when genericity is not satisfied, or even to estimate the
number of slopess which fail to be sufficiently large in the sense of Theorem1 (their
number may not be universally bounded), remains very challenging.

We will prove Theorem1 in Section4. Moreover, an analogous statement (Theorem
26) will still hold when more than one cusp is filled. In Section5, we will treat a
real–life family of examples by showing

Theorem 2 If M is a hyperbolic Dehn filling of one cusp of the Whitehead link
complement inS3, the canonical decomposition ofM is dictated by the continued
fraction expansion of the filling slope.

The Whitehead link complement actually violates both conditions (I–II) of the gener-
icity assumption, but its symmetry makes up for this inconvenience. In fact, we will
construct a certain triangulated solid torus, also denotedT , that serves as a proxy for
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the Margulis (filling) tube: in the case of the Whitehead linkcomplement, it turns out
that the filled manifold consists only ofT with some exterior faces pairwise identified,
i.e. no combinatorics outsideT need to be remembered from the unfilled manifold.
However,T can be slightly more complicated than in Theorem1 — see Section5 for
details.

Historically, the first avatar of the triangulationT of Theorem1 seems to go back to
[J1] where Jørgensen briefly described the Ford–Voronoi domainof the quotient ofH3

by a loxodromy, with respect to an ideal pointp. Full proofs of his results were given
by Drumm and Poritz [DP], who also allowp to be non-ideal. For idealp, we use
angle structuresand ideal triangulations (combinatorially dual to the Ford–Voronoi
domain) to obtain new and quite different proofs of these results. Additionally, this
technique provides the following improvements over the existing literature:

• Suppose thatΓ is a Kleinian group andZ ⊂ Γ an infinite cyclic subgroup
resulting from a Dehn filling. Then the canonically triangulated solid torus
corresponding toZ (provided, say, by [DP]) is incorporated into the canoni-
cal triangulation ofH3/Γ. Under the genericity assumption this incorporation
explains how, in the program SnapPea, the picture of a triangulated cusp neigh-
borhood changes under Dehn filling.

• In Section5.4, we sketch an extension to the case whereZ is only virtually
cyclic.

• The convex hull inH3 of an ideal loxodromic orbit always admits a canoni-
cal triangulation by the Epstein–Penner construction (extended to the infinite–
covolume case by Akiyoshi and Sakuma [AS]). However, some of the outermost
tetrahedra may betimelikeor lightlike, and notspacelike, in which case they
do not correspond to vertices of the Ford–Voronoi domain (which indeed may
have no vertices at all, e.g. for loxodromies with very smallrotation number).
Although this case does not arise in the context of Dehn fillings because the
covolume stays finite [EP], it is covered at no extra cost by our methods, and
apparently eludes those of [DP].

After this paper was accepted, M. Sakuma pointed out to us theresearch report [A4]
where Akiyoshi announced a result equivalent to Theorem1, sketching an argument
more in line with Jørgensen’s original approach. Earlier, using numerical methods,
he also established [A1] that the canonical decompositions of hyperbolic fillings of
one cusp of the Whitehead link complement contain only tetrahedra, a consequence of
Theorem2 here.
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The plan of the paper is as follows. In Section1 we recall the definition of the spaceW
of angle structureson a combinatorial ideal triangulation, and explain (following Rivin
[R1]) how to find the hyperbolic structure by maximizing a volumefunctional V on
W; as an application we prove a rigidity result for solid tori.In Section2 we recall the
combinatorics of the Farey graph inH2 and use it to describe an ideal triangulation of a
solid torusT . In Section4, using results from [G2], we check that the decomposition
of T is geometrically canonical, and describe how to insertT as a proxy Margulis tube
of a filled manifold, under the genericity assumptions (I–II). In Section5, we adapt the
method to treat all Dehn fillings on one component of the Whitehead link complement.
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summer of 2006. This project would have been impossible without Jeff Weeks’
program SnapPea [We].
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1 Angle structures and volume maximization

In Section1.1 we give basic definitions and quote Theorem5 (due to Rivin), the
cornerstone of our method to find positively oriented ideal triangulations. In Section
1.2, we parametrize the deformation space of certain hyperbolic solid tori; the method,
while not a direct application of Theorem5, follows from the same ideas and from the
concept of “spun” triangulations [Th].

1.1 Rivin’s theorem

Definition 3 A (combinatorial) ideal tetrahedronis a space diffeomorphic to an ideal
tetrahedron of hyperbolic spaceH3 (i.e. with vertices at infinity); the faces of such an
ideal tetrahedron are called ideal triangles.

Consider an oriented combinatorial ideal tetrahedron∆, and copies∆1, . . . ,∆N of ∆:
the∂∆i naturally receive consistent orientations. Agluingof the∆i is an equivalence
relation on

⊔N
i=1 ∆i generated by orientation–reversing identificationsφFG : G → F

of pairs of facesF 6= G of the ∆i , in such a way that
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• For each faceF of each∆i , there is at most one faceG (resp. H ) of some∆j

such thatϕFG (resp.ϕHF ) is defined; moreoverG exists if and only ifH exists
and one then hasG = H andϕHF = ϕ−1

FG;

• Wheneverϕ := ϕF1F2 ◦ϕF2F3 ◦ · · · ◦ϕFn−1Fn ◦ϕFnF1 is well–defined on an edge
ǫ of ∆i , thenϕ is the identity onǫ.

The last condition is called the trivial holonomy condition.

Let ∼ be a gluing: thenM :=
⊔N

i=1 ∆i

/
∼ is a manifold (possibly with boundary).

We say that the∆i endow M with an ideal triangulation. The 6N edges of the∆i

define edges inM , which we call boundary edges if they belong to∂M , and interior
edges otherwise.

Let us denote byǫ1i , . . . , ǫ
6
i the six edges of∆i (before gluing), and byE the set of all

ǫκi (so |E| = 6N). We say thatǫ ∈ E is incident to an edgee of M if ǫ projects toe
under the gluing “∼”. Fix a mapα : {boundary edges ofM} → R+ .

Definition 4 An angle structureon M with respect toα is a mapθ : E → R∗
+ such

that

• If the edgesǫ, ǫ′, ǫ′′ of ∆i share a vertex, thenθ(ǫ) + θ(ǫ′) + θ(ǫ′′) = π ;

• If ǫ1, . . . , ǫn ∈ E is the full list of edges incident to an interior edgee of M , then∑n
i=1 θ(ǫi) = 2π ;

• If ǫ1, . . . , ǫn ∈ E is the full list of edges incident to a boundary edgee of M ,
then

∑n
i=1 θ(ǫi) = π−α(e). (This is a convexity condition onM , sinceα ≥ 0.)

The θ(ǫ), for ǫ ∈ E, are called the dihedral angles of the∆i . Note that in an angle
structure, the dihedral angles at opposite edges of any tetrahedron∆i are equal. Thus
we can realize each∆i by an ideal hyperbolic tetrahedronδi of H3 with dihedral
anglesθ(ǫ1i ), . . . , θ(ǫ6i ); likewise, the total dihedral angles about every interioredge
is 2π . However, when the face identificationsϕFG are the corresponding hyperbolic
isometries, the trivial holonomy condition may be violated. The following theorem
tells us exactly for which angle structures this problem disappears. LetΛ be the
Lobachevski function defined byΛ(x) = −

∫ x
0 log |2 sint|dt.

Theorem 5 (Rivin, [R1]) Suppose the spaceW of angle structures is non–empty.
Then every critical pointθ ∈ W of the volume functional

V(θ) :=
1
2

∑

ǫ∈E

Λ(θ(ǫ)) > 0
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defines a complete hyperbolic metric with polyhedral boundary on M , with exterior
dihedral angleα(e) at each exterior edgee. Conversely, ifM admits such a complete
hyperbolic metric in which the∆i are realized by totally geodesic ideal tetrahedraδi

with disjoint interiors, then the dihedral angles of theδi define a critical point ofV .

(In [R1], Rivin mainly treats the case whereM is a ball and all tetrahedra have a
common vertex [see especially Lemma 6.12 and Theorem 14.1 there]: however, the
general case requires only minor adjustments. A nice treatment can be found in [CH];
see also the proof of Lemma 6.2 in [GF], where each interior edgee is associated
a natural directionve ∈ TW so that the holonomy arounde is trivial if and only if
dV(ve) = 0.)

Note that ifθ1, θ2, θ3 are the dihedral angles at the edges coming into one (and therefore
any) vertex of∆i , thenV0(θ1, θ2, θ3) :=

∑3
i=1 Λ(θi) is the volume of the ideal tetrahe-

dron ofH3 with those dihedral angles, by the Lobachevski formula (this tetrahedron is
unique up to isometry ofH3). ThusV(θ) can be interpreted as the sum of the volumes
of the tetrahedra∆i .

Fact 6 The functionV0 is continuous and convex onΘ := {(θ1, θ2, θ3) ∈ R3
+ | θ1 +

θ2 + θ3 = π}, strictly convex on the interior ofΘ, and vanishes on∂Θ. For any
x ∈ (0, π) and anyω ∈ R one has

d
dt |t=0+

V0(π − x− ωt , x− (1− ω)t , t) = +∞.

This expresses the fact that if exactly one of the three angles of an ideal tetrahedron
∆ is 0, increasing that angle toε ≪ 1 yields a volume increase much greater thanε;
note that the same statement is false whentwoangles of∆ are 0. For proofs, refer e.g.
to Propositions 6.6 – 6.7 of [GF] (strict concavity follows from an easy discussion of
the second derivative computed there).

Fact6 implies that the volume functionalV : W → R of Theorem5 is concave and
positive, and extends continuously to a concave function onthe (compact) closureW
of W. It moreover implies

Proposition 7 (Rivin, [R1]) SupposeW 6= ∅ and letθ0 ∈ W be a point whereV
reaches its maximum. Either

• θ0 belongs toW, i.e. θ0(E) ⊂ R∗
+ , in which caseθ0 is a (necessarily unique)

critical point forV in W; or

• there exists a non–empty list of tetrahedra∆i1, . . . ,∆is that have an edgeǫ such
that θ0(ǫ) = 0: then, each∆ik also has an edgeǫ′ such thatθ0(ǫ′) = π .
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1.2 Rigidity of solid tori

In this section we prove a rigidity result for hyperbolic polyhedral solid tori with given
dihedral angles (and one ideal vertex). The method is a special case of a generalization
of Theorem5 to spun triangulations.

Consider a once–punctured torusτ with three ideal edgese,e′,e′′ running from the
puncture to itself: these edges divideτ into two ideal triangles. Letγ be a non–
oriented free homotopy class of simple closed curves inτ , and letn,n′,n′′ ∈ N be the
minimal intersection numbers ofγ with e,e′,e′′ respectively. It is well–known that
the triple (n,n′,n′′) determines the classγ , and that the largest amongn,n′,n′′ is the
sum of the other two terms.

Let a,b, c ∈ [0, π) be such thata+ b+ c = π , and consider coprime positive integers
na,nc . We aim to construct a punctured solid torusX (namely a solid torus minus one
point of its boundary) with the following properties: the punctured torus∂X has three
ideal edges with exterior dihedral anglesa,b, c, and the meridian ofX intersects these
three edges minimally inna, na + nc, nc points respectively. We writenb := na + nc .

Proposition 8 A hyperbolic solid torusX as above exists if and only ifa na + b nb +

c nc > 2π . This solid torus is then unique up to isometry.

Remark 9 The left member of the inequality is the sum of exterior dihedral angles
met by a meridian in∂X: the inequality can thus be seen as a sort of Gauss-Bonnet
condition for the compression disk of the solid torusX (see [FG] for a more general
construction). In Section2, we will check that the same condition is also enough for
a certain (non–spun) ideal triangulation ofX to have angle structures (with respect to
a,b, c), and indeed to be geometrically realized.

Proof If X exists, we can consider its universal coverU which is a complete hy-
perbolic manifold with locally convex boundary and is thus,by a standard argument,
naturally embedded inH3. This spaceU is the convex hull of the orbit of an ideal point
of ∂∞H3 ≃ S2 under a certain loxodromicϕ (corresponding to the core curve ofX).
We can cone all faces ofU to the attracting fixed point ofϕ: this yields aϕ–invariant
decomposition ofU (minus the axis ofϕ) into tetrahedra, hence, quotienting out by
ϕ, a decomposition of the solid torusX (minus the core axis) into two ideal tetrahedra
∆,∆′ . Note that this decomposition has only one interior edgeL, originating at the
puncture of∂X and spinning towards the core ofX. Thus, constructingX in general
amounts to finding positive dihedral angles for∆,∆′ such that
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(i) The holonomy aroundL is the identity ofH3, i.e. the six angles aroundL sum
to 2π and the six associated tetrahedron shape parameters inC r {0,1} have
product equal to 1. (a definition of holonomy was sketched when we described
gluingsin Section1.1above; for a more precise one, refer e.g. to Definition 6.3
of [GF].)

(ii) The boundary of∆ ∪ ∆′ has interior dihedral anglesπ − a, π − b, π − c.

(iii) The holonomy around the core curve ofX is also the identity ofH3.

Condition (i) above is automatically satisfied because eachdihedral angle of∆ and
∆′ is incident toL exactly once. To study Condition (ii), let us fix some notation: let
ABC andACD be two counterclockwise oriented triangles inC ⊂ P1C ≃ ∂∞H3; we
identify ∆ with the tetrahedron∞ABCand∆′ with ∞ACD, gluing the ideal triangles
∞AB and∞DC (resp. ∞AD and∞BC) together. The interior angles atA,B,C of
∆ are denotedδa, δb, δc respectively. The interior angles atA,C,D of ∆′ are denoted
δ′c, δ

′
a, δ

′
b respectively (see Figure1).

A

B C

D
δa

δb δc
δ′a

δ′bδ′c

λa

λc

Figure 1: The cusp shapes of∆ and∆′ .

Condition (ii) can then be written

δa + δ′a = π − a ; δb + δ′b = π − b ; δc + δ′c = π − c.

(Indeed, the triangles in Figure1 represent a triangulation of the punctured torus
∂(∆∪∆′), and each interior dihedral angle there is the sum of one angle in ∆ and one
angle in∆′ .) This implies

(1)

{
(δa, δb, δc) =

(
π−a

2 + α , π−b
2 + β , π−c

2 + γ
)

(δ′a, δ
′
b, δ

′
c) =

(
π−a

2 − α , π−b
2 − β , π−c

2 − γ
)

where

(2) |α| < π−a
2 , |β| < π−b

2 , |γ| < π−c
2 , andα+ β + γ = 0.

The space of solutions (α, β, γ) to (2) is the interior of a centrally symmetric affine
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hexagonP whose edges are given by

(3) α = π−a
2 , β = −π−b

2 , γ = π−c
2 , α = −π−a

2 , β = π−b
2 , γ = −π−c

2

in that order. (It is easy to check that these edges are all non–empty segments if
a,b, c > 0, and that e.g. the first and fourth edges are reduced to points if and only if
a = 0.) See Figure2.

α = π−a
2

α = −π−a
2

β = π−b
2

β = −π−b
2

γ = π−c
2

γ = −π−c
2P

S

Figure 2: The hexagonP of solutions (α, β, γ) to (2), and the segmentS of spun angle
structures. At most one pair of opposite sides ofP can be reduced to points, becausea, b, c< π .

Condition (iii) has two components: first, an angular component (linear in terms of
the dihedral angles of∆,∆′ ) which will narrow down the space of solutions (α, β, γ)
to the intersection of the interior ofP with a certain line. This intersection will be
non–empty (namely, an open segmentS) exactly when the inequality of Proposition
8 is satisfied. Second, a scaling component which we will solveby seeking a critical
point of a volume functional onS.

Angular component. Following the notation above (and Figure1), we refer to the
three exterior edges ofX as AB,BC,CA: the corresponding exterior dihedral angles
are c,a,b respectively. The angular holonomy map is a group homomorphism h :
H1(∂X,Z) → R. Let the oriented closed curveλa (resp.λc) be a boundary component
of a regular neighborhood of the oriented edge

−→
BC (resp.

−→
BA), as in Figure1. By the

conventions (1) above,h([λa]) = δa − δ′a = 2α andh([λc]) = −δc + δ′c = −2γ . The
meridianµ of X is homotopic tonc[λa] + na[λc] (where na,nc > 0), because this
class intersectsna times the edgeBC, nb = na + nc times the edgeAC, andnc times
the edgeBA. Hence,

h([µ]) = 2(ncα− naγ).

Using (3), and considering the appropriate vertex of the spaceP of angle structures,
the largest (resp. smallest) possible value ofh([µ]) on the closure ofP is therefore
2
(
nc

π−a
2 + na

π−c
2

)
= ana + bnb + cnc (resp. the negative of that number), where we

useda+ b+ c = π andnb = na + nc. We conclude thath([µ]) = 2π is satisfiable on
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the interior ofP if and only if a na + b nb + c nc > 2π , as wished.

Scaling component. The scaling holonomy map is a group homomorphismη :
H1(∂X,Z) → R∗

+ . The sine formula for triangles yieldsη([λa]) =
sinδb
sinδc

sinδ′c
sinδ′b

and

η([λc]) =
sinδb
sinδa

sinδ′a
sinδ′b

, hence

η([µ]) = η([λa])ncη([λc])
na =

(
sinδb

sinδ′b

)na+nc
(

sinδc

sinδ′c

)−nc
(

sinδa

sinδ′a

)−na

.

On the other hand, letSbe the open segment defined by the intersection of the interior
of P with the conditionh([µ]) = 2π , i.e. ncα − naγ = π . The tangent space ofS is
generated by the vector ( ˙α, β̇, γ̇) = (na,−na − nc,nc). The volume functional is by
definition

S −→ R+

V : (α, β, γ) 7−→ V0(δa, δb, δc) + V0(δ′a, δ
′
b, δ

′
c)

where the anglesδa, . . . , δ
′
c are given by (1). By Fact6, V is strictly concave on the

segmentS and achieves its maximum inS (indeed, the endpoints ofS belong to the
perimeter of the hexagonP, but at any point of∂P, at least one of the tetrahedra
∆,∆′ has exactly one angle whose value is 0: therefore,V has unbounded derivative
near each endpoint ofS). As a result,V has a unique (critical) maximum in the open
segmentS.

At that critical point, since ( ˙α, β̇, γ̇) = (na , − na − nc , nc), we have

0 = dV(α̇, β̇, γ̇) = α̇Λ
′(δa) + β̇Λ

′(δb) + γ̇Λ′(δc) − α̇Λ
′(δ′a) − β̇Λ

′(δ′b) − γ̇Λ′(δ′c)

= −α̇ log |2 sinδa| − β̇ log |2 sinδb| − γ̇ log |2 sinδc|
+α̇ log |2 sinδ′a| + β̇ log |2 sinδ′b| + γ̇ log |2 sinδ′c|

= log

[(
sinδa

sinδ′a

)−na
(

sinδb

sinδ′b

)na+nc
(

sinδc

sinδ′c

)−nc
]

= logη([µ]).

At the critical point ofV in S, we therefore have the following values for the holonomy
maps:h([µ]) = 2π (rotational component) andη([µ]) = 1 (scaling component). This
precisely means that the metric completion of∆∪∆′ is the solid torusX endowed with
a spun triangulation of two tetrahedra whose tips spin around the core curve. Moreover,
any realization ofX with the prescribed dihedral angles yields a spun triangulation
into positively oriented tetrahedra (∆,∆′), because we canalwayscone the faces of
the (convex) universal coverU ⊂ H3 of X = U/ϕ to the attracting fixed point ofϕ.
Since the critical point ofV in S is unique, we have therefore proved thatX itself is
unique up to isometry.
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2 Farey combinatorics in solid tori

Let X be a compact solid torus, minus one point of its boundary; call this removed
point thepuncture.

In this section we will first describe a certain combinatorial decompositionD of X into
ideal tetrahedra, relative to a given ideal triangulation of ∂X (into two ideal triangles).
This is essentially similar to a construction for closed manifolds that appears in the
function standardtorus form() in [We, closecusps.c]. Thislayering constructionis
also analyzed in great detail by Jaco and Rubinstein [JR]. We next go on to find a
geometric realization ofD , using the ideas of Section1.

2.1 The Farey graph

Identify the boundary at infinity of the hyperbolic planeH2 to the circleP1R, endowed
with the action ofPSL2(Z). We assume that 0,1,∞ lie counterclockwise in that order
on ∂∞H2 ≃ P1R. Consider the subsetP1Q of P1R. We measure the “proximity”
of two elementsq =

y
x and q′ =

y′

x′ of P1Q (given as ratios of coprime integers) by
computing their wedge

(4) q∧ q′ :=

∣∣∣∣
∣∣∣∣

y y′

x x′

∣∣∣∣
∣∣∣∣ ∈ N (absolute value of the determinant).

If we draw a straight line inH2 from q to q′ each timeq∧q′ = 1, we obtain theFarey
triangulation of H2. Alternatively, this triangulation can be defined by reflecting the
ideal triangle 1∞0 in its sidesad infinitum.

Fix an identification (homeomorphism) between the punctured torus ∂X and T :=
(R2rZ2)/Z2. We assume that the canonical orientation ofT (induced byR2), followed
by the outward–pointing normal of∂X, coincides with the positive orientation onX.
The segment from (0,0) to (x, y) in R2 (wherex, y are coprime integers) projects to a
properly embedded (open) arcγ in ∂X: we say thatyx ∈ P1Q is theslopeof γ . An
edgeE of the Farey triangulation (or: a Farey edge) corresponds toa pair of disjoint
arcsγ, γ′ in ∂X; the slopes ofγ, γ′ are the two ends ofE in P1Q and the complement
of γ ∪ γ′ in ∂X is an ideal quadrilateral. Similarly, Farey triangles (such as 1∞0),
having three vertices inP1Q, correspond to triples of disjoint arcsγ, γ′, γ′′ in ∂X
which define a decomposition of∂X into two ideal triangles. Finally, note that we
can also associate a slope inP1Q to the meridinal closed curveµ of the solid torus
X: namely, the slope of the unique properly embedded arcµ′ which (possibly after
isotopy) does not intersectµ.
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Let pqr be a Farey triangle, and supposem ∈ P1Q r {p,q, r} is the slope of the
meridian ofX. By convention, we will suppose that the Farey edgepq separatesr
from m, and thatpqm is not a Farey triangle (som is “far enough” from the triangle
pqr). Endow the punctured torus∂X with the ideal triangulation associated topqr
(which we call thepqr–triangulation). In Section2.2, we will be preoccupied with
decomposingX into ideal tetrahedra with faces (ideal triangles) glued inpairs, in such
a way that exactly two ideal triangles remain free, and give the pqr-triangulation of
∂X.

2.2 An ideal triangulation of the solid torus

The idea is to follow a pathℓ in the Farey triangulation, transverse to the Farey edges,
from the ideal vertexr to the ideal vertexm. We assume that the pathℓ crosses each
Farey triangle at most once, i.e. never backtracks. The sequence of Farey triangles that
ℓ encounters is then completely determined (so we can takeℓ to be e.g. a geodesic
ray): these triangles are

(T0,T1, . . . ,TN) = (pqr,pqr′ , . . . ,mst)

wheres, t belong toP1Q and the symmetry of axispq takesr to r ′ . Note that by
assumption,N ≥ 2. See Figure5.

For each 0< i < N, we can then consider a properly embedded punctured torus
τi ⊂ X isotopic to∂X (properness here means that by intersectiongτi with a basis of
neighborhoods of the puncture ofX, we get a basis of neighborhoods of the puncture
of τi ). We can assume that theτi are disjoint and thatτi separates∂X from τi+1

(i.e. τi+1 lies in the solid torusX “inward” from τi ). Endowτi with the triangulation
associated to the Farey triangleTi — for that purpose we also count∂X as τ0. Note
that two consecutive punctured toriτi−1, τi always have two edge slopes in common
(these slopes are the ends of the Farey edgeTi−1 ∩ Ti ). Thus, we can isotopeτ1 until
its edges of slopesp,q coincide with those ofτ0 = ∂X; then isotopeτ2 until two of its
edges coincide with the edges of similar slopes inτ1; then isotopeτ3 until it intersects
τ2 along two edges, etc.

At the end of this process, the space comprised betweenτi−1 and τi , for each 0<
i < N, is a (combinatorial) ideal tetrahedron∆i with four of its edges identified in
opposite pairs. These tetrahedra∆i , with the combinatorial gluing that arises from the
construction above, are by definition those of our decomposition D of X. (SinceN ≥ 2,
there is at least one tetrahedron∆i . Our “half–shift” convention∂∆i = τi−1 ∪ τi ,
or equivalentlyτi = ∆i ∩ ∆i+1 , is arbitrary). In order to homotopically “kill” the
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meridian of the solid torusX, it only remains to describe the gluing of the last surface
τN−1 to itself.

If TN = mst is the last Farey triangle, letTN−1 = m′st be the next-to-last, associated to
the surfaceτN−1. We foldτN−1 along its edge of slopem′ , gluing the two adjacent faces
(ideal triangles)F′,F′′ to one another to obtain a single ideal triangleF . Intrinsically, F
is an ideal M̈obius band, i.e. a compact M̈obius band minus one point of its boundary.
Indeed, from an (ideal) triangleABC, one can construct an (ideal) Möbius bandF
with boundaryAC, by gluing the oriented edgeAB to BC: the (punctured) torus
τN−1 = F′ ∪ F′′ then just wraps around this (ideal) Möbius bandF , like the boundary
of a regular neighborhood of an embedding ofF in R3. See Figure3.

A

B

C

µ

Figure 3: Left: a punctured torus (shown are 3 folded copies of a fundamental domain; arrows
are identified) wraps around an ideal Möbius band. The meridian arcµ , of slopem, becomes
homotopically trivial. The dotted folding edgeAC has slopem′ . Right: part of the universal
cover of the same M̈obius band (shaded) and the tetrahedron∆N−1 glued to it.

2.3 Angle structures

We proceed to describe positive angle structures for the tetrahedra∆i , where 1≤ i ≤
N − 1 (the argument is reminiscent of [GF] and [G2], although the solution space will
look quite different). More precisely, consider reals

(5) θp, θq, θr such that





θp + θq + θr = π ;
θp , θq ≥ 0 ;
π > θr > 0 .

We will look for angle structures on the∆i such that the interior dihedral angles of
X at the edges of slopep,q, r in ∂X are π − θp, π − θq, π − θr respectively. Note
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that we do not allowθr to vanish: indeed,π − θr will be a dihedral angle of the first
tetrahedron∆1. (If the solid torusX admits a geometric realization in whichθr = 0,
we can always remove this flat tetrahedron∆1 and see∂X as being endowed with the
pqr′–triangulation, wherer ′ ∈ P1Q is the symmetric image ofr with respect to the
Farey edgepq.)

Proposition 10 An angle structure satisfying (5), also called a(θp, θq, θr )–angle
structure, exists if and only if(m∧ p)θp + (m∧ q)θq + (m∧ r)θr > 2π .

Remark 11 It is easy to check thatm∧r = (m∧p)+(m∧q) — e.g. by reducing to the
case (p,q) = (0,∞) and using thePSL2(Z)–invariance of the∧–notation. Thus, by
(5), the inequality of Proposition10is automatically true unless min{m∧p,m∧q} = 1.
For example, if (m∧p,m∧q) = (1,1), the condition is always false (recall we required
thatpqmnot be a Farey triangle); if (m∧p,m∧q) = (2,1), it amounts toθr > θq. The
equilateral triangle in Figure4 shows the full parameter space for the triple (θp, θq, θr ):
shades indicate how many slopesm fail to satisfy the condition of Proposition10,
where we allowm to range over all ofP1Q rather than just over the arc

⌢
pq (whenm

belongs to one of the arcs
⌢
qr,

⌢
rp, we construct the same ideal triangulations, up to a

permutation ofp,q, r ).

(π,0,0)

(0, π,0)

(0,0, π) 9
10
11
12
13
14
15
16
17
18
19 or more

Figure 4: Parameter space for the triple (θp, θq, θr ), and numbers of “forbidden” slopesm (the
brighter, the fewer).

Proof (Prop. 10). The tetrahedra∆i are naturally associated to the Farey edges
ei = Ti−1 ∩ Ti that the pathℓ crosses. Orientℓ from T0 to TN . If ei and ei+1

share their Right (resp. Left) end with respect to the orientation of ℓ, we say thatℓ
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makes a Right(resp. a Left) betweenei andei+1 (or: at Ti ). Thus,ℓ defines a word
Ω = RLL...R of length N − 1 in the lettersR,L: for each i ∈ {1,2, . . . ,N − 1}
there is a tetrahedron∆i and a letterΩi ∈ {R,L}. If (p,q, r) = (0,∞,−1), then
the lengths of the syllablesRn and Ln of Ω are exactly the integers in the continued
fraction expansion of the rationalm, as referred to in Theorem1.

Note that no letterRor L is associated to the very first Farey triangleT0 = pqr, because
the line ℓ does not “enter”T0 through pr rather than throughqr . We nevertheless
decide to place an extra letterΩ0 ∈ {R,L} in front of the wordΩ, so thatΩ becomes of
lengthN and starts with eitherRRor LL. This convention is totally artificial (the other
choice would be equally good), but making a choice here will allow us to streamline
the notation in our argument. Up to switchingp and q, we can now assume thatℓ
enters the Farey triangleT0 through the edgepr , and leaves throughpq. See Figure5.

p

q

r

r ′

m

s

t

m′

T0

T1

TN

TN−1

RRRR LL
ℓ

Figure 5: The Farey graph. The 5 thick linesTi−1 ∩ Ti (where 1≤ i ≤ 5) correspond to the
tetrahedra∆i .

Definition 12 If Ωi−1 6= Ωi , we say that∆i is ahinge tetrahedron. Otherwise, we
call ∆i non–hinge. For example, following our convention,∆1 is non–hinge.

To compute angle structures, it will be useful to describe the cusp triangulation as-
sociated to the ideal triangulation{∆i}1≤i≤N−1 of X. Since each pleated punctured
torusτi has one ideal vertex and three edges, each with two ends, the link of the ideal
vertex of τi is a hexagonHi (the pleating angles ofτi are the exterior angles ofHi ).
We are going to define the dihedral angles of the ideal tetrahedra ∆i in terms of the
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pleating angles of theτi . Note that the hexagonHi has a central symmetry induced
by the hyperelliptic involution of the punctured torusτi (rotation of 180◦ around the
puncture, which exchanges the ends of each edge ofτi ).

Let ξηζ = Ti−1 and ξηζ ′ = Ti be two consecutive Farey triangles, so that the Farey
vertex ξ (resp. η ) lies to the right (resp. left) of the oriented axisℓ. The tetrahedron
∆i has:

• two opposite edges carrying the same dihedral anglexi and identified to just one
edge, of slopeξ , in the triangulation of the solid torus (for the time being,xi is
just a formal variable);

• two opposite edges carrying the same dihedral angleyi and identified to just one
edge, of slopeη , in the triangulation (similarly,yi is formal);

• two opposite edges which carry the same (formal) dihedral angle zi , and which
coincide with the edges of slopeζ andζ ′ in the triangulation.

As in any angle structure, the relationshipxi + yi + zi = π must hold between the
formal variables.

The vertices of the hexagonHi−1 (resp. Hi ) are the links of edges of slopesξ, η, ζ
(resp. ξ, η, ζ ′ ). We can write these labelsξ, η, ζ, ζ ′ at the vertices ofHi−1 andHi : see
Figure6 (left).

Observation 13 By construction, the vertex of the hexagonHi−1 labelledζ has an
interior angle ofzi , while the vertex of the hexagonHi labelledζ ′ has an interior angle
of 2π− zi . This comes from the fact that the boundary of the tetrahedron ∆i is exactly
the union of the two pleated punctured toriτi−1 andτi (with vertex linksHi−1,Hi ).

As a consequence, we can determine the three interior anglesof the hexagonHi (each
angle occurs twice, by central symmetry ofHi ):

(6) 2π − zi ; zi+1 ; zi − zi+1 .

Indeed, the first two of these numbers are given by Observation 13(shifting indices by
one forzi+1); the third is given by the property that the six angles ofHi should add up
to 4π . See Figure6, (right).

We can in turn write the numbers (6) in the corners of the Farey triangleTi : namely,
2π−zi is in the corner opposite the Farey edgeTi−1∩Ti ; similarly zi+1 is in the corner
opposite the Farey edgeTi ∩ Ti+1; and zi − zi+1 is in the third corner, at the Farey
vertexTi−1 ∩ Ti+1. See Figure7.
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z2
z2

z1

z1

H0

H0

H1

H1

H2
ξ

ξ

η

η

ζ

ζ

ζ ′

ζ ′

Figure 6: Left: two consecutive hexagonsH0,H1 in the cusp link, with vertices labelled by
elements ofP1Q . The four (similar) grey triangles are the vertex links of the ideal tetrahedron
∆1 . Right: the full sequence of hexagonsH0, . . . ,H3 , whereH3 is collapsed to a broken line
of 3 segments. The anglesz1 andz2 of the tetrahedra∆1 and∆2 are marked; together they
determine the interior angles (6) of H1 .

The above operation can be performed for all indicesi ∈ {1, . . . ,N−2}. For i = N−1,
there is no tetrahedron “∆N ”; hence, a priori, no parameterzN . However, ifm′ ∈ P1Q

is the vertex of the Farey triangleTN−1 opposite the Farey edgeTN−1 ∩ TN in TN−1,
then the interior angle of the (collapsed) hexagonHN−1 at the vertex labelledm′ is
precisely 0, by definition of our folding of the pleated surface τN−1 onto itself. This
folding thus corresponds to asking that

zN = 0 .

Under this convention, the other angles of the collapsed hexagonHN−1 are then given
by the same formulas (6), with i = N − 1.

Finally, we perform an analogous construction ati = 0 (our assumptions imply that
H0 is convex, with anglesπ−θp, π−θq, π−θr ). There is no tetrahedron “∆0”; hence,
a priori, no parameterz0. However, the interior angle ofH0 at the vertex labelledr is
π − θr , which entailsz1 = π − θr . Similarly, the interior angle ofH0 at the vertex
labelledq is π − θq, which entailsz0 = 2π − (π − θq) = π + θq. To summarize,

Proposition 14 Under the full set of assumptions

(7)
( z0 , z1 , z2 , . . . , zN−1 , zN )

= ( π + θq , π − θr , z2 , . . . , zN−1 , 0 )

(where the values of(z2, . . . , zN−1) remain to be chosen), the angles of the hexagons
{Hi}0≤i≤N−1 given by (6) define all the(θp, θq, θr)–angle structures.
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To get angle structures, we must only choose thez2, . . . , zN−1 in the interval (0, π) so
that all dihedral angles of∆i are positive for 1≤ i ≤ N − 1, which we do now.

Denote byξ (resp. η ) the right (resp. left) end of the Farey edgeTi−1 ∩ Ti . By
construction,xi (resp. yi ) is half the difference between the angles of hexagonsHi−1

andHi at the vertex labelledξ (resp.η ) in the cusp link, i.e. half the difference between
the numbers written in theξ–corner (resp. theη–corner) of the Farey trianglesTi−1

andTi in the Farey diagram. (The factor one–half comes from the identification of pairs
of opposite edges in the ideal tetrahedron∆i .) In Figure7we show what these numbers
are, according to whether the lineℓ makes Rights or Lefts at the Farey trianglesTi−1

andTi : we use only (6) and the shorthand

(8) (a,b, c) := (zi−1 , zi , zi+1) .

ξ
ξ

ξ
ξ

η
η

η
η

R

R

R

R L

LL

L

bbbb

2π-b2π-b2π-b2π-b

2π-a2π-a 2π-a2π-a
cccc
a-ba-ba-ba-b

b-cb-cb-cb-c

Figure 7: The Farey trianglesTi−1 (lower) andTi (upper), with corner labels.

It follows that the values ofxi and yi in terms of thezi are given by Table (9) — in
the first line of the table, we recall the nature of the tetrahedron (or cell)∆i , and the
natural positions ofa,b, c, interspersed with the letters of the wordΩ.

(9)

zi-1 zi zi+1

Ωi−1 , Ωi︸ ︷︷ ︸
Cell ∆i is...

a b c
R , R︸ ︷︷ ︸

Non–hinge

a b c
L , L︸ ︷︷ ︸

Non–hinge

a b c
R , L︸ ︷︷ ︸
Hinge

a b c
L , R︸ ︷︷ ︸
Hinge

xi
a− 2b + c

2
π − a + c

2
a− b− c

2
π − a + b− c

2

yi π − a + c
2

a− 2b + c
2

π − a + b− c
2

a− b− c
2

zi b b b b
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From Table (9), we can read off the condition for allxi and yi and zi to be positive.
Still using the notation (a,b, c) = (zi−1 , zi , zi+1) (and recalling that the values of
z0, z1 are forced by7), these conditions are

(10)





• a> b + c if ∆i is a hinge cell (hinge condition);
• a + c> 2b if ∆i is not a hinge (convexity condition);
• 0< zi < π for all 2 ≤ i ≤ N − 1 (range condition);
• z2 < π − θq (follows from the casei = 1, a non–hinge index).

The last condition is needed forπ − z0+z2
2 (namely,x1 or y1) to be positive, because

z0 = π+ θq (unlike otherzi ) is larger thanπ . Note that by (7), the convexity condition
at i = 1 also impliesz2 > π − θq − 2θr . This is compatible with the last condition of
(10) sinceθr > 0 by (5).

To actually find (z2, . . . , zN−1) satisfying (10), thus proving Proposition10, we now
distinguish two cases.

• Case 1: none of the∆i are hinge cells.In this case, we are reduced to finding
a sequence of the form (7) that is convex, decreasing, and satisfiesz2 < π − θq.
This is clearly possible if and only if

(π + θq) − N(θr + θq) < 0 ,
i.e. (N − 1)θq + Nθr > π ,
i.e. θp + Nθq + (N + 1)θr > 2π ,

where the last line follows from (5). It is easy to check that under the normal-
ization (p,q) = (∞,0) andr ∈ {+1,−1} (one of which can be assumed up to
applying an element ofPSL2(Z)), the slopem∈ P1Q is, up to sign, the integer
N: indeed, all the letters of the wordΩ are equal and the Farey triangleTi has
vertices∞, i, i − 1 if r = 1 (and∞,−i,−i + 1 if r = −1). The last line of the
computation above thus becomes

(m∧ p)θp + (m∧ q)θq + (m∧ r)θr > 2π ,

proving Proposition10 in this case.

• Case 2: some∆i are hinge cells.By Remark11, the inequality of Proposition
10 is vacuous in this case. Let us therefore just construct a sequence of the form
(7) that satisfies (10). Let h ∈ {2,3, . . . ,N − 1} be the smallest hinge index.
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We can easily choose a strictly convex, positive, decreasing sequence

( z0 , z1 , z2 , . . . , zh−1 , zh )
= ( π + θq , π − θr , z2 , . . . , zh−1 , zh )

satisfyingz2 < π − θq. We construct the rest of the sequence (zi) backwards,
descending from the indexi = N down toi = h. First setz′N = 0 andz′N−1 = 1.
For eachi such thatN − 2 ≥ i ≥ h + 1, pick (inductively) a value ofz′i such
that (a,b, c) := (z′i , z

′
i+1, z

′
i+2) satisfies the concavity or hinge condition of (10),

according to whether∆i+1 is a hinge cell or not (for example,z′i = 3z′i+1 will
always do). The sequence (z′h+1, . . . , z

′
N−1) is clearly positive and decreasing.

We then set
zi := εz′i for all h + 1 ≤ i ≤ N :

it is immediate to check that the hinge condition “a> b + c” of (10) is verified
by the triple (a,b, c) = (zh−1, zh, zh+1) as soon as

0< ε <
zh−1 − zh

z′h+1
.

Thus, by choosing such anε, we have found a sequence (zi) of the form (7).

Proposition10 is proved.

2.4 Volume maximization

Denote by (10’) the system (10) in which all strong inequalities have been replaced by
weak ones, and letW denote the compact polyhedron of solutions (zi ) of the form (7)
to the system (10’) — so the interior ofW is thespace of angle structures. The volume
functionalV : W → R+ associates to every pointz of W the sum of the volumes of
the ideal tetrahedra∆i with non-negative anglesxi , yi , zi given by Table9.

Suppose thatθp, θq, θr satisfy (5) and the inequality of Proposition10(henceW 6= ∅).
We henceforth assume that the pointz = (zi) ∈ W realizes the maximum ofV over
W, and we aim to prove

Proposition 15 The pointz is a solution of (10), not just (10’) — i.e., all ∆i have
only positive angles.

Proof Observe that the sequence (z0, . . . , zN) is non-negative and non-increasing.
This follows from (10’) by an immediate downward induction (starting atzN ).
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1022 François Gúeritaud and Saul Schleimer

By Proposition7, we know that if∆i is flat, i.e. has a vanishing dihedral angle, then
its triple of angles is of the form (0,0, π), up to permutation. Thus, by Table (9), ∆i

is flat exactly whenzi ∈ {0, π}. By monotonicity, sincez1 = π − θr < π , the only
flat tetrahedra∆i actually satisfyzi = 0. Still by monotonicity, it then follows that
zi+1 = 0 as well. Leti be thesmallestindex such thatzi = 0. An easy discussion,
using Table (9), shows that the only possible value ofzi−1 that implies{xi , yi} = {0, π}
is zi−1 = 2π (recall here thea-b-c–notation8). This is impossible: onlyz0 = π+ θq

is allowed to be larger thanπ , but we haveθq < π by (5).

Corollary 16 The pointz defines a complete hyperbolic structure on the punctured
solid torusX = ∆1 ∪ · · · ∪ ∆N−1, with exterior dihedral anglesθp, θq, θr on ∂X.

Proof By Theorem5, this follows from the fact thatz is critical for the volume
functionalV : W → R.

An alternative proof would closely follow that of [GF, Lemma 6.2]: to each interior
edgeE of X is associated a certain lineLE in the tangent spaceTzW, such that the
vanishing of the derivative ofV alongLE expresses the fact that the hyperbolic metric
nearE is complete.

3 Handedness

In this section, we discuss thehandednessesof certain elements in the fundamental
group of the (complete, hyperbolic) punctured solid torusX. These results will be
useful in establishing the inequalities leading to Theorem1 (which is proved in the
next section).

Definition 17 For anyg ∈ GL2(C), define the handedness ofg by

hand (g) :=
(Tr g)2

Detg
.

Note thathand (g) = hand (g−1) = hand (rg) for all r ∈ C∗ . Therefore,hand factors
through a mapPSL2(C) → C, also notedhand. Call a loxodromy ofH3 left–handed
(resp. right–handed) when it is conjugate toz 7→ αz with |α| > 1 and Im (α) > 0
(resp. |α| > 1 and Im (α) < 0). Left–handed loxodromies are “corkscrew” motions,
the motion of a dancer who jumps upwards while spinning to herleft. It is easy to
check that the M̈obius transformation associated tog is left– (resp. right–) handed if
and only if Im (hand (g)) is positive (resp. negative).
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Let U be the universal cover of the solid torusX =
⋃N−1

i=1 ∆i . SinceU is a complete
hyperbolic manifold with locally convex boundary, the developing mapU → H3 is an
embedding. ThusU ⊂ H3 is the convex hull inH3 of the orbit of an ideal pointv
under a certain loxodromy

ϕ ∈ Isom+(H3) ≃ PSL2(C)

(typically extremely short, corresponding to the core curve of the solid torus). Make
the attractive (resp. repulsive) fixed point ofϕ coincide with the North poleP+ (resp.
the South poleP− ) of S2 ≃ ∂∞H3; assume thatv lies on the Equator at longitude 0,
and orient the Equator along increasing longitudes. As a cover of the spaceX which is
triangulated,U comes with a natural,ϕ–invariant decomposition into ideal tetrahedra.

The projection with respect to the center of Poincaré’s ball model sends∂U homeo-
morphically toS2 r {P+,P−}r {ϕn(v)}n∈Z . For each edgevv′ of ∂U (between ideal

points v, v′ ∈ S2), this projection sendsvv′ to the short great–circle arc
⌢

vv′ in S2. If
vv′′ is another edge of∂U , this allows us to speak about theangle v̂′vv′′ ∈ (−π, π]
betweenv′ andv′′ , as seen fromv (i.e. in TvS

2).

The punctured torusτ0 = ∂U/ϕ has three ideal edges, each endowed with a positive
dihedral angle. Therefore the ideal vertexv of U is connected to six other vertices
of U by edges of∂U , and there is a natural cyclic order on these six vertices. The
equatorial plane intersects∂U along a broken lineJ from v to v which is properly
embedded in∂U (with both its endpoints ideal). We can orientJ along increasing
longitudes.

Definition 18 Let v1, . . . v6 (with indices seen modulo 6) denote the six neighbors of
v that are met, in that order, when turning counterclockwise around v, starting in the
direction of the initial segment ofJ. For eachi in Z/6Z, there is an integerni ∈ Z

such thatϕni sends the following points to one another:

vi+2 7→ vi+1

ϕni : vi±3 7−→ v 7−→ vi

vi−2 7→ vi−1.

Of course,ni = −ni±3 . See Figure8.

Claim 19 The longitudesl1, l6 of v1 and v6 are both in(0, π). The latitude ofv1

(resp. v6) is positive (resp. negative).

Proof Since a half-turn aroundv sends eachvi to vi+3 , no anglev̂i−1vvi in the tangent
space toS2 at v can exceed (or even reach) the valueπ ; thereforev̂i−1vvi ∈ (0, π).
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v
vv1 v1

v2

v2

v3

v3

v4 v4

v5

v5
v6

v6

Equator

P+ P+

P− P−

ϕ(v)

S2 ≃ ∂∞H3

Figure 8: Left: one cannot havel6 ≤ 0 < l1 . Right: the actual situation (only some ideal
vertices ofU are shown).

Taking i = 1, this proves the statement about latitudes. Thereforev1 (resp. v6) lies
above (resp. below) the equatorial plane, and it also follows thatn6 < 0< n1.

Let l i ∈ (−π, π] denote the longitude ofvi : clearly, l i < π since no edge of∂U can
cross the North-South axis. The longitudesl1 and l6 cannot be both≤ 0, because
v̂6vv1 ∈ (0, π) and theEastdirection (increasing longitudes) lies betweenv1 andv6 as
seen fromv. Therefore, to show thatl1, l6 are positive, we only need to assume

l6 ≤ 0< l1

and aim at a contradiction.

Note that onS2, for eachn > 0, the transformationϕn increases latitudes, and adds
a constant angle to all longitudes (modulo 2π ). Recall the relationshipsv3 = ϕ−n6(v)
andv2 = ϕn1(v3) = ϕ−n6(v1): they imply thatv2 has highestlatitudeamongv1, v2, v3

(all three latitudes being positive; see the left panel of Figure 8). They also imply
l2 ≡ l1− l6 [mod 2π]: but l2 cannot belong to (π, l1+π)+2πZ since the ideal triangle
vv1v2 ⊂ ∂U cannot meet the North-South axis. Therefore,l2 = l1−l6 = l1+l3 belongs
to (l1, π), and the pointv2 also has the largestlongitudeamongv1, v2, v3 , possibly
tying with v1 (and all three longitudes belong to [0, π)).

Let v′2 be the projection ofv2 to the Equator (along meridians),v′′2 the projection ofv2

to the zero meridian (along parallels), and consider the circle C throughv, v′2, v2, v′′2 .
By the latitude and longitude inequalities above, we see than v1, v3 both lie insideC
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on S2 (i.e. on the side ofC that does not containP+ and P− ). This contradicts the
convexity ofU near the edgevv2: absurd. See Figure8.

Remark 20 Claim 19 implies thatϕ±n1 andϕ±n6 are, respectively, left– and right-
handed.

Recall the sequence of Farey trianglespqr = T0,T1, . . . ,TN = mst. The ideal edges
vv1 andvv6 project (in∂X) to the ideal arcs of slopep andq (up to order). Also, every
Ti for i ≥ 1 has its vertices in the arc

⌢
pq⊂ P1Q that does not containr (in particular,

the meridinal slopem belongs to that arc). Therefore, for everyi ∈ {1,2, . . . ,N} and
every vertexx of the Farey triangleTi , we can draw a properly embedded intrinsic
geodesicgx of slopex in the punctured torus∂U/ϕ: this gx has a lift ĝx ⊂ ∂U that
connects the ideal vertexv to someϕ–iterate ofv, and whose initial (ideal) segment
is contained in the ideal trianglevv1v6 of ∂U . We orient ĝx from v to its other end.
(As a particular case,̂gm is isotopic in∂U to the oriented equatorial curveJ.)

Definition 21 Whenx ∈ P1Q is a vertex of some Farey triangleTi as above, define
νx ∈ Z as the integer such that the oriented curveĝx runs from the ideal vertexv to
ϕνx(v).

We also defineλx ∈ R as the integral of the longitude 1–form inS2 r{P+,P−} along
the closure ofπ(ĝx), whereπ : ∂U → S2 is the central projection.

Proposition 22 Suppose1 ≤ i ≤ N − 1 so thatTi = abc and Ti+1 = bcd are two
consecutive Farey triangles. Thenνd = νb + νc andλd = λb + λc.

Moreover, if x ∈ P1Q is a vertex ofTi for somei ∈ {1, . . . ,N}, then0 < λx ≤ 2π ,
with equality (for the upper bound) if and only ifx is the meridinal slopem.

Proof Consider the ideal quadrilateralQ := (∂U/ϕ) r (gb ∪ gc). The orientations
of gb and gc induce orientations on the four edges of (the metric completion of) Q.
Observe thatgd runs diagonally acrossQ, from the vertex with two outgoing edges, to
the vertex with two incoming edges: as a result, the closure of π(ĝd) in S2 r{P+,P−}
is isotopic, with endpoints fixed, to the closure of

π
(
ĝb ∪ ϕνb(ĝc)

)
or, indifferently, of π

(
ĝc ∪ ϕνc(ĝb)

)
.

The exponent identityνd = νb + νc follows and, sinceϕ increases longitudes by a
constant, so does the longitude identityλd = λb + λc .
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By Claim 19, we haveλp, λq ∈ (0, π), so an immediate upward induction oni now
implies λx > 0 for each vertexx of Ti (with 1 ≤ i ≤ N). But λm = ±2π , because
the meridian curvêgm runs exactly once around the infinite polyhedronU : therefore,
λm = 2π . Downward induction oni finally yieldsλx < 2π for x 6= m.

Proposition 23 Suppose1 ≤ i ≤ N − 1. Let x ∈ P1Q be the Farey vertex common
to Ti−1,Ti ,Ti+1. Then,

(i) one hasλx ∈ (0, π);

(ii) if the Farey triangleTi carries anL (resp. anR), thenνx > 0 (resp.νx < 0);

(iii) if Ti carries anL (resp. anR), thenϕνx is left–handed (resp. right–handed).

Proof We name the vertices of the Farey triangles so thatTi = xyzand Ti+1 = xzt.
By Proposition22, one hasλz = λx + λy and 2π ≥ λt = λx + λz = 2λx + λy . Since
λx, λy > 0, this yields (i).

Assertion (ii) follows from the following claim: ifl i , r i ∈ P1Q are the left and right
endpoints of the Farey edgeTi−1 ∩ Ti (for the transverse orientation towardsm), then
νr i < 0< νli . This is clearly true fori = 1 (in that case,νli = n1 andνr i = n6, in the
notation of Definition18). For i > 1, observe that

• one hasνm = 0 because the curvêgm is a closed curve around the ideal
polyhedronU ;

• by Proposition22, the numberνm is always a linear combination ofνli andνr i

with positive integer coefficients;

• one hasνli 6= 0 andνr i 6= 0 because the curveŝgli and ĝr i arenot closed curves
in ∂U .

These observations put together implyνr i < 0 < νli or νli < 0 < νr i . The first is
clearly the case by induction oni , because one always hasl i = l i+1 (resp. r i = r i+1)
if the Farey triangleTi carries anL (resp. anR).

Assertion (iii) is an immediate consequence of (i)–(ii).

4 Canonical decomposition of a generic Dehn filling

In this section we prove Theorem1: to show that a given triangulation is Delaunay (or
geometrically canonical), we essentially must prove a certain number of inequalities,
which will boil down to statements of handedness as given by Proposition23.
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Consider a hyperbolic manifoldM with k ≥ 2 cusps, endowed with horoball neighbor-
hoods, such that the genericity assumptions of Theorem1 are satisfied. LetD denote
the canonical triangulation ofM . We assume thatHk , the horoball neighborhood of
the k–th cuspck , has much smaller volume than some otherHi .

4.1 A generic small cusp

First we prove thatD contains exactly two ideal tetrahedra∆,∆′ that have a vertex in
ck .

Consider a universal coveringπ : H3 → M such that (in the upper half–space model)
the point at infinity lies above the cuspck . Let Λ be the rank–2 lattice of deck
transformations of the formz 7→ z+ λ. Let {ηi}i∈I be the collection of all horoballs
of H3 lying above someHj with j < k (the ηi are Euclidean balls tangent to the
boundaryC of the model half–space.) By the genericity assumption of Theorem1,
there is a unique shortest path inM from Hk to

⋃k−1
j=1 Hj : therefore the largestηi (for

the Euclidean metric) is unique moduloΛ.

We can assimilateΛ to a lattice ofC, and assume that the largestηi ’s are centered
exactly at the points ofΛ.

The Delaunay decompositionDΛ of C with respect to the vertex setΛ consists either
of isometric rectangles (all belonging to the sameΛ–orbit), or of isometric triangles
(belonging to twoΛ–orbits) with strictly acute angles. We claim that the latter is the
case: indeed, letP ⊂ C be a convex polygon ofDΛ : the vertices ofP, which are
points ofΛ, are on the boundary of a disk that contains no other points ofΛ. Using the
fact that the horoballη∞ centered at infinity stays very high aboveC in the half–space
model (becauseHk has very small volume), it is easy to construct a ball ofH3 that
is tangent to the horoballsηi centered at the vertices ofP, disjoint from all otherηi ,
and tangent to the horoballη∞ . The center of this ball is a vertex of the Ford domain.
Hence, there exists a cell of the Delaunay decompositionD of M (more precisely, a
lift ∆̂ of such a cell toH3) whose vertices are exactly∞ and the vertices ofP. By
the genericity assumption (I),̂∆ must be an ideal tetrahedron, soP is a triangle, and
has strictly acute angles. The two (isometric)Λ–orbits of triangles in the Delaunay
decompositionDΛ of C correspond to two ideal tetrahedra∆,∆′ in D . Note that
∆ ∪ ∆′ is a neighborhood of the cuspck .

The spaceT = ∂(∆ ∪∆′) ⊂ M is the quotient byΛ of the union of all ideal triangles
of H3 that project vertically to triangles ofDΛ (contained inC): therefore,T is a
hyperbolic once–punctured torus bent along three lines, and its interior dihedral angles
are twice those of∆ (or ∆′ ).

Geometry &Topology XX (20XX)



1028 François Gúeritaud and Saul Schleimer

4.2 Triangulation of the Dehn filling

It is well–known that almost all (hyperbolic) Dehn fillingsMs of M at the cuspck admit
a spundecompositionDspun

s into ideal, positively–oriented tetrahedra: namely,Dspun
s

is obtained fromD by letting the tips of∆ and∆′ (formerly in ck) spin asymptotically
along the geodesic core of the filling solid torus ofMs — actually, there are two such
spun triangulations, spinning in opposite directions (seee.g. [Th], Chap. V). Moreover,
the cross–ratios of the tetrahedra ofDspun

s become (uniformly) close to those ofD as
the slopes goes to infinity (i.e. “gets more and more complicated”, eventually exiting
any finite set). In particular, the punctured torusT , equal to the union of the bases of
∆ and∆′ , is still embedded inMs, with bending angles close to those inM .

Therefore, we can remove the solid torus∆ ∪ ∆′ from the spun triangulation ofMs,
and replace it with the solid torusX constructed in Section2 (with the same dihedral
angles asT ). By Proposition8 (rigidity), X is isometric to the closure of∆ ∪ ∆′ , so
after replacement we obtain a geometric ideal triangulation Ds of the filling Ms (as in
Theorem1). In the remainder of Section4, we check thatDs is Delaunay.

4.3 Minkowski space

Our pictures (e.g. of the cusp link in Figure6) are drawn in the upper half-space
model of H3, but we will check geometric canonicity through a computation in the
Minkowski space model. This section is only a quick reminderof the formulas relating
the two models, and of Epstein–Penner’s convex hull construction.

EndowR4 = R3+1 with the Lorentzian product〈(x, y, z, t)|(x′ , y′, z′, t′)〉 := xx′ +yy′ +
zz′ − tt′ . Define

X := {v = (x, y, z, t) ∈ R4 | t > 0 and〈v|v〉 = −1}.

Then 〈.|.〉 restricts to a Riemannian metric onX and there is an isometryX ≃ H3,
with Isom+(X ) a component ofSO3,1(R). We will identify the point (x, y, z, t) of
X with the point at Euclidean height1t+z above the complex numberx+iy

t+z in the
Poincaŕe upper half-space model. Under this convention, the closedhoroball Hd,ζ of
Euclidean diameterd centered atζ = ξ+ iη ∈ C in the half-space model corresponds
to {v ∈ X | 〈v|vd,ζ〉 ≥ −1}, where

(11) vd,ζ =
1
d

(
2ξ,2η,1− |ζ|2,1 + |ζ|2

)
.

We therefore identify the horoballHd,ζ with the pointvd,ζ of the isotropic cone (check
〈vd,ζ |vd,ζ〉 = 0). Similarly, the closed horoballHh,∞ of points at Euclidean height no
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less thanh in the half-space model corresponds to{v ∈ X | 〈v|vh,∞〉 ≥ −1} where
vh,∞ = (0,0,−h,h), so we identifyHh,∞ with vh,∞ .

Consider the following objects: a complete, oriented, cusped, finite–volume hyperbolic
3-manifold M , a horoball neighborhoodHc of each cuspc, a universal covering
π : H3 → M , and the groupΓ ⊂ Isom+(H3) ⊂ SO3,1(R) of deck transformations
of π . The Hc lift to an infinite family of horoballs (Hi)i∈I in H3, corresponding to a
family of isotropic vectors (vi)i∈I in Minkowski space, by the above construction. The
closed convex hullC of {vi}i∈I in R3+1 is Γ-invariant, and its boundary∂C comes
with a natural decompositioñD into polyhedral cells. In [EP, A3], Epstein, Penner
and Akiyoshi proved

Proposition 24 The simplicial complexD̃ defines a decompositionD of M into
convex ideal hyperbolic polyhedra, by projection of each face of D̃ to X ≃ H3 (with
respect to0 ∈ R3+1) and thence toM . The decompositionD of M is dual to the
Ford–Voronoi domain;D depends only on the mutual volume ratios of theHc, but
only a finite number of decompositionsD arise as these volume ratios vary.

Conversely, given a decompositionD of the manifold M (still endowed with the
cusp neighborhoodsHc) into ideal polyhedra with vertices in the cusps, in order to
prove thatD is the Epstein–Penner decomposition, we only need to consider the
decompositionD̂ := π∗(D) of H3 with vertex set the centers of the horoballs{Hi}i∈I ,
lift D̂ to an infinite simplicial complexD̃ in Minkowski spaceR3+1 (the vertices
{vi}i∈I of D̃ lying over theHi in the isotropic cone, and the faces ofD̃ being affine
polyhedra), and show that̃D is locally convex at each (co)dimension–2 face: indeed,
the projection with respect to the origin provides a homeomorphism betweenX ≃ H3

andD r {vi}i∈I ; the disjoint union
⋃

t≥1 tD̃ is then automatically a convex body, and

its faces are exactly the cells of̃D. In that case, we callD geometrically canonical.

Proposition 25 The codimension–one polyhedral complex̃D ⊂ R3+1, defined by
a decomposition ofM into polyhedra, is locally convex if and only if for every2–
dimensional facetF = A1 . . .Aσ of D̃ (a planar polygon inR3+1), there exists a vertex
P /∈ F of a 3–dimensional face of̃D containingF , and a vertexQ /∈ F of the other
3–dimensional face of̃D containingF , such that an identity of the form

(12) ρP + (1− ρ)Q =

σ∑

i=1

λiAi where ρ ∈ (0,1) and
σ∑

i=1

λi > 1

holds (someλi ’s can be negative, however).
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Proof A more geometric way of stating the identity is as follows: ifthe hyperplane
Π ≃ R3 is the linear span of theAi ’s, then the affine span of theAi ’s separates (in
Π) the origin from the intersection ofΠ with the segmentPQ. This clearly expresses
local convexity at the facetA1 . . .Aσ , sinceP and Q are always on opposite sides of
Π (indeed their projections to∂∞H3 ≃ S2 are on opposite sides of the projection of
Π to H3 which is a plane). We express (12) by saying thatA1 . . .Aσ lies below PQ
(as seen from the origin).

4.4 Proving convexity inR3+1

We now return to the ideal triangulationDs of our Dehn filling, with the solid torus
X = ∆1 ∪ · · · ∪ ∆N−1 ⊂ Ds. For each (triangular) faceF of Ds we must prove the
convexity inequality (12) of Proposition25(applied to adjacenttetrahedraonly, hence
σ = 3).

If F does not belong toX, recall that cross–ratios of tetrahedra outsideX in the filling
Ds are close to what they were before filling inD , while the volumes of the (remaining)
cusp neighborhoods in the filled manifoldMs are the same as in the unfilled manifold
M : therefore, the convexity inequality (12) in Ds, for all but finitely manys, just
follows from the analogous inequality inD .

If F is one of the two faces of∂X, the inequality inDs again follows from the geometric
canonicity ofD . Indeed, check first that the two faces ofX are not glued to one another:
if they were (by an orientation–reversing isometry), then the sum of angles around one
of the three edges of∂X would be less than or equal toπ . Therefore, the faceF
separates a tetrahedron ofX from a tetrahedron outsideX. Next, consider a cover
π : H3 → M sending infinity tock (in the upper half–space model), and the induced
decompositionD̂ := π∗(D) of H3 into ideal tetrahedra. Consider a tetrahedron∞ABC
of D̂ , and the neighboring tetrahedronABCD (whereA,B,C,D ∈ C and ABC is an
acute triangle whose circumscribed circle loops aroundD). DefineA′ := B + C− A,
the symmetric image ofA with respect to the midpoint ofB and C, and similarly
B′ = A+C−B andC′ = A+B−C. The triangleABC, together withA′BC (or AB′C
or ABC′), forms a fundamental domain of∂X. Recall the tetrahedra of the solid torus
X are obtained by successive diagonal exchanges, beginning at the ideal triangulation
of ∂X. If the very first diagonal exchange kills the edgeBC (resp. CA, resp.AB), the
new edge must therefore beAA′ (resp.BB′ , resp.CC′ ). Hence, up to a permutation of
A,B,C, the neighbor acrossABC of the tetrahedron corresponding (combinatorially)
to ABCD in Ds, is the tetrahedron corresponding (combinatorially) toABCA′ . Recall
the infinite simplicial complexD̃ ⊂ R3+1. If a,b, c,d,a′ , f ∈ R3+1 are the isotropic
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vectors lying above the horoballs centered atA,B,C,D,A′,∞ (respectively), then
abcf and abcd are neighboring faces of̃D (in particular,abc lies belowthe segment
fd as seen from the origin). But by convexity of̃D , the facetabc of D̃ also lies below
any segment between vertices of̃D , provided this segment intersects the linear span
of a,b, c. In particular,abc lies below a′d (becauseA′,D lie on opposite sides of
the hyperbolic plane throughA,B,C). This is still true for the lift D̃s of the filled
triangulationDs if the filling slope s is chosen outside some finite set, because the
cross–ratios inDs are close to those inD . Local convexity at the faceF = ABC of
Ds is proved.

The only cases remaining are those whenF is an interior face of the solid torusX.
We postpone to the end of the section the (easier) case of the “last” face, along which
∆N−1 is glued to itself, and focus on the other faces insideX.

Consider consecutive tetrahedra∆i and∆i+1 of the filling solid torus of the manifold
Ms, and their (adjacent) lifts∆,∆′ in H3. We must check the convexity criterion of
Proposition25, the role of the 2-dimensional facet “F ” being played by the intersection
of the lifts of ∆ and∆′ to R3+1.

We will assume that the letterΩi on the Farey triangleTi is an L and proceed to a
careful description of the cusp link, in Figure9. Let us describe the figure.

• The top panel of Figure9 shows a portion of the Farey graph; we name the Farey
verticesα, β, γ, δ, ǫ so thatTi−1 = αβγ , Ti = αγδ , Ti+1 = αδǫ (enumerating
the vertices of each triangle counterclockwise).

• The left (resp. right) panel shows four adjacent lifts of theideal tetrahedron∆i

(resp. ∆i+1) in H3. The vertices are ideal. The direction of the equator of
S2 ≃ ∂∞H3 is materialized by a grey line. The directionsα, β, γ, δ, ǫ of some
of the ideal edges are shown. The tetrahedra in the right panel lie glued behind
the tetrahedra in the left panel; the triangulation in frontof the right panel thus
agrees with the triangulation in the back of the left panel. In each panel, the
central ideal vertexv, assumed to lie on the equator, has been blown up (or
truncated) to depict its link, which consists of four similar Euclidean triangles
drawn in grey.

• The bottom panel puts these two ideal links together in one diagram consisting
of three nested hexagons (we artificially draw each hexagon atiny bit apart from
the next one, even though they share four vertices). Each vertex of this figure
corresponds to an ideal edge issued fromv, and is marked with the slope (α,
β , γ , δ or ǫ) of that ideal edge. (Also compare these labels with the firstpanel
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Figure 9: A “Left” in the Farey graph corresponds to a left–handed power ofϕ.

of Figure6 page1018.) The four triangles between two consecutive hexagons
have the same triple of angles.

• The bottom panel equivalently represents, up to a similarity, the endpoints inC
of ideal edges whose other endpoint is∞ in the upper half–space model ofH3

(the point∞ corresponds to the central, blown–up vertexv of the previous two
panels). Each triangle of the bottom panel is the vertical projection toC of an
ideal triangle ofH3 which, once coned off to∞, yields a tetrahedron ofH3

isometric to∆i (outer triangles) or∆i+1 (inner triangles).
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• In the left (resp. right) panel we have decorated edges of slope α andγ (resp.
α andδ ) with arrows. In the notation of Proposition23, the loxodromyϕνα is
left–handed(becauseΩi = L). In these two panels,ϕνα acts by sending the
central vertexv (tail of the edge markedα) to the head of the edge markedα,
and by translating all other vertices along the same direction: for example, the
head of the edge markedγ goes to the head of the edge markedδ .

• This last observation allows us to understand the action ofϕνα on the Riemann
sphereC ∪ {∞}: in the bottom panel, wherev has been sent to∞, the arrows
indicate howϕνα acts on the vertices of the Euclidean hexagons (and∞). For
example,∞ goes to a vertex markedα and the bottom–most vertex marked
γ goes to a vertex markedδ . In the sequel, we must make sense of the left–
handedness (Prop.23) of this loxodromic action.

In order to shift to the “Minkowski space” aspect, we must take yet a closer look at the
geometry of the link of the cusp (the following argument is taken from [G2]). In the
link of the cusp, up to a complex similarity, the link of the pleated surfaceτi between
∆i and ∆i+1 is the centrally–symmetric hexagon (−1, ζ, ζ ′,1,−ζ,−ζ ′) in C, as in
Figure10(which reproduces the bottom panel of Figure9): we assume that the vertices
−1,1 both belong to the base segments of the Euclidean trianglesjust insideand just
outside the hexagon.

(−1) (1)

(ζ)

(ζ ′)

(−ζ)

(−ζ ′)

−→a −→
b

−→c
−→a = aexp (A

√
−1)−→

b = bexp (B
√
−1)

−→c = cexp (C
√
−1)

Figure 10: Adjacent tetrahedra∆i and∆i+1 (cusp view). The hexagon corresponding toτi is
in bold.
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Let us introduce the notation

ζ + 1 =
−→a = a eiA

ζ ′ − ζ =
−→
b = b eiB

1− ζ ′ =
−→c = c eiC

wherea,b, c ∈ R>0 (so farA,B,C are only defined modulo 2π ). The mapf := ϕνα

now satisfiesf (−1) = ∞ ; f (∞) = 1 ; f (ζ) = ζ ′ : namely,

f : u 7→ 1 +
(ζ + 1)(ζ ′ − 1)

u + 1
= 1 +

−→a −→c
u + 1

.

Therefore, using the notationHdiameter, centerfor the horoballs of the upper half–space
model (as in Section4.3), we havef (H1,∞) = H|−→a −→c |,f (∞) = Hac,1. In other words,
the Euclidean diameter of the horoball centered at the vertex 1 of the hexagon isac,
the product of the lengths of the adjacent edges of the hexagon. (By an easy argument,
this relationship persists if the hexagon is scaled up or down, as long as the horoball
centered at infinity isH1,∞ .) For the same reason, the following horoballs are all sent
to one another by deck transformations (in fact, by appropriate powers ofϕ):

(13) H1,∞ ; Hac,−1 ; Hab,ζ ; Hbc,ζ′ ; Hac,1 .

If ζ = ξ + η
√
−1 andζ ′ = ξ′ + η′

√
−1, the isotropic vectors in Minkowski space

corresponding to these horoballs are respectively, using (11):

(14)

v∞ = ( 0, 0, −1, 1 )
v−1 = 1

ac ( −2, 0, 0, 2 )
vζ = 1

ab ( 2ξ, 2η, 1− |ζ|2, 1 + |ζ|2 )
vζ′ = 1

bc ( 2ξ′, 2η′, 1− |ζ ′|2, 1 + |ζ ′|2 )
v1 = 1

ac ( 2, 0, 0, 2 ).

To check the convexity criterion of Proposition25 at the codimension–two face (in
R3+1) projecting to (ζζ ′∞), it is enough to show that ifλvζ + µvζ′ + νv∞ = ρv1 +

(1 − ρ)v−1 then λ + µ + ν > 1 (moreover, this will in fact take care ofboth faces
along which∆i touches∆i+1 in the filling solid torusX). One easily finds the unique
solution

λ =
bη′

c(η′ − η)
; µ =

−bη
a(η′ − η)

; ν =
η′(1− |ζ|2) − η(1− |ζ ′|2)

ac(η′ − η)

(we will not need the value ofρ), hence

λ+µ+ν = 1+
Z

ac(η′ − η)
whereZ = abη′−bcη+η′(1−|ζ|2)−η(1−|ζ ′|2)−ac(η′−η).
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Observe thatη′ > η because the triangles−1ζζ ′ and 1ζ ′ζ are counterclockwise
oriented. So it is enough to prove thatZ > 0. EndowC ≃ R2 with the usual scalar
product, denoted “⋄” to avoid confusion with scalar multiplication, and observe that
1− |ζ|2 =

−→a ⋄ (
−→
b +

−→c ) and 1− |ζ ′|2 = (−→a +
−→
b ) ⋄ −→c . Hence

Z = η′(ab+
−→a ⋄ −→b ) − η(bc+

−→
b ⋄ −→c ) − (η′ − η)(ac−−→a ⋄ −→c )

= abc

[
η′

c
(1 + cos(A− B)) − η

a
(1 + cos(B− C)) − η′ − η

b
(1− cos(A− C))

]

= −abc[sinC(1 + cos(A−B)) + sinA(1 + cos(B−C)) + sinB(1− cos(A−C))]

= −4abc sin
A + C

2
cos

B− A
2

cos
B− C

2

by standard trigonometric formulae. Observe that the last expression is a well–defined
function of A,B,C ∈ R/2πZ (although each factor is defined only up to sign). Next,
however, we will be careful which representatives ofA,B,C in R we pick. First,
we choose forB the smallest positive representative. Since the triangles−1ζζ ′ and
1ζ ′ζ are counterclockwise oriented, it follows thatB ∈ (0, π) and we can pickA,C in
(B− π,B). Since−→a +

−→
b +

−→c = 2 must also have an argument in (B− π,B), one
necessarily has

(15) − π < min{A,C} < 0< B< π and A,C ∈ (B− π,B).

In particular, to prove thatZ > 0, it only remains to show that

(16) − π <
A + C

2
< 0 .

For the deck transformationf : u 7→ 1 +
−→a −→c
u+1 studied above, Definition17 yields

hand (f ) = 4
−→a −→c

. But f is left–handed by Proposition23, so Im (−→a −→c ) < 0 i.e.
A + C ∈ (−π,0) + 2πZ. By (15), we have−2π < A + C < π a priori, hence in fact
−π < A + C < 0. Therefore (16) must hold. Geometric canonicity at the interface
of tetrahedra∆i and ∆i+1 is proved (the argument is similar if the Farey triangleTi

carries anR instead of anL).

It remains to prove geometric canonicity at the core of the filling solid torus itself, where
the last tetrahedron∆N−1 is glued to itself along an ideal triangle. The “hexagon”
HN−1 of C has two opposite interior angles equal to 0 and is therefore collapsed to
a broken line of three segments. In (14) (and Figure10), this simply translates as the
identity ζ ′ = −1; the collapsed hexagon is the broken line (ζ,−1,1,−ζ). The radii
of the horoballs centered at these vertices are computed exactly as in (13), under the
extra assumptionζ ′ = −1.
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The tetrahedra with ideal vertices (∞,1,−1, ζ) and (∞,1,−1,−ζ) are glued along
the face (∞,1,−1), and the isotropic vectors in Minkowski space corresponding to
their vertices are, following (14):

(17)

v∞ = ( 0, 0, −1, 1 )
v1 = 1

2|1+ζ| ( 2, 0, 0, 2 )

v−1 = 1
2|1+ζ| ( −2, 0, 0, 2 )

vζ = 1
|ζ+1|2 ( 2ξ, 2η, 1− ξ2 − η2, 1 + ξ2 + η2 )

v−ζ = 1
|ζ+1|2 ( −2ξ, −2η, 1− ξ2 − η2, 1 + ξ2 + η2 ) .

The equationρvζ + (1− ρ)v−ζ = λv∞ + µv1 + νv−1 has a unique solution, namely
ρ = 1/2 and

λ =
|ζ|2 − 1
|ζ + 1|2 and µ = ν =

1
|ζ + 1|.

Clearly, one will haveλ + µ + ν > 1 if and only if |ζ|2 − 1 + 2|ζ + 1| > |ζ + 1|2 ,
or equivalently,|ζ|2 > (|ζ + 1| − 1)2 : but this relationship follows from the triangular
inequality in the Euclidean triangle (0,−1, ζ). Therefore, by Proposition25, the
convexity inequality in Minkowski space is satisfied. Theorem1 is proved.

4.5 Filling on several cusps

An analogue of Theorem1 holds when several cusps undergo Dehn filling. The
genericity assumptions (I–II), however, must be suitably extended.

Let M be a complete hyperbolic 3–manifold with cuspsc1, . . . , ck , endowed with
horoball neighborhoodsH1, . . . ,Hk (wherek ≥ 2). Let ℓ be an integer, 1< ℓ ≤ k.
Make the following assumptions:

(I) The decompositionD (before filling) consists only of idealtetrahedra;

(II) For each integerj such thatℓ ≤ j ≤ k, there exists a unique shortest path from
Hj to

⋃ℓ−1
i=1 Hi in M .

Theorem 26 Under the assumptions(I–II) above, if the volumes of the neighborhoods
Hℓ, . . . ,Hk are much smaller than one ofH1, . . . ,Hℓ−1, then for each integerj such
that ℓ ≤ j ≤ k, the canonical decompositionD of M (before filling) contains exactly
two tetrahedra∆j ,∆

′
j with a vertex in the cuspcj ; the tetrahedra∆j and ∆′

j are

isometric and have each exactly one vertex incj and three vertices in
⋃ℓ−1

i=1 ci .
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Moreover, for eachℓ ≤ j ≤ k there exists a finite set of slopesXj in the cuspcj such
that for any choice of slopessℓ, . . . , sk in cℓ, . . . , ck satisfyingsj /∈ Xj for eachj , the
canonical decompositionDs obtained by Dehn filling along the slopessℓ, . . . , sk is
combinatorially of the form

Ds =


D r

k⋃

j=ℓ

{∆j ,∆
′
j}


 ∪

k⋃

j=ℓ

Tj

whereTj = {∆(j)
1 , . . . ,∆

(j)
Nj−1} is a triangulation of a solid torus minus one boundary

point, and the combinatorial gluing of the∆(j)
i (for j fixed) is dictated by the continued

fraction expansion of the slopesj , with respect to a basis of the first homology of the
cuspcj depending only onD .

In other words, as long as the cusp neighborhoodsHℓ, . . . ,Hk are small enough and
the slopessℓ, . . . , sk are long enough, Theorem1 applies “simultaneously” to all cusps
cℓ, . . . , ck . The proof of Theorem1 transposes without major changes to Theorem26,
using the multicusped version of Thurston’s hyperbolic Dehn surgery theorem (see e.g.
Theorem 5.8.2 and the discussion immediately following it in [Th]).

As a corollary, if (I) and (II) are satisfied and the horoballsHℓ, . . . ,Hk are small
enough compared to one ofH1, . . . ,Hℓ−1, then any sufficiently long filling ofsomeof
cℓ, . . . , ck is generic with respect to the surviving unfilled cusps amongcℓ, . . . , ck .

5 Fillings of the Whitehead link complement

In this section we describe the Delaunay decompositions of all hyperbolic Dehn fillings
of one cusp of the Whitehead link complement.

5.1 Canonical decomposition before filling

The following facts are classical; we refer to [Th] or to Weeks’ program SnapPea [We]
for further background. More material on the Whitehead linkcan be found in [NR].

Let ABCD and DCB′A′ be two adjacent unit squares ofC (vertices enumerated
clockwise and belonging toZ[i], as in Figure11). Let Q,Q′ be the convex hulls
of ∞,A,B,C,D and of ∞,D,C,B′,A′ respectively, taken in the upper half–space
model ofH3. ThenQ∪Q′ is a fundamental domain of the hyperbolic Whitehead link
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complementM (census manifold m129); the face identifications are the translations of

vector
−→
AB = i,

−→
AA′ = 2, and the hyperbolic isometry sendingA,B,C,D to D,A′,B′,C

respectively. Letc1, c2 be the two cusps ofM , with c2 being the cusp at infinity. Note
that the decompositionQ ∪ Q′ = M is the Delaunay decomposition ofM when the
horoball neighborhood ofc2 has volume less than half that ofc1.

Note thatM has isometries that exchangec1 andc2 , but has no orientation–reversing
isometries (so the Whitehead link is chiral).

Note also that the decompositionQ ∪ Q′ of M does not satisfy the first and second
“genericity” assumptions of Theorem1: the cells are not tetrahedra, and the horoballs
centered atB andC, while belonging to different orbits of the stabilizer 2Z⊕ iZ of ∞
in the group of deck transformations, are at the same distance fromc2. Thus, Theorem
1 does not apply directly.

As a bit of notation: ifk, l are coprime integers, lets = l/k denote the slope in the cusp

c2 represented by the vectork
−→
AA′+ l

−→
AB. That is, we choose the shortest possible basis

for H1(c2,Z). (The census manifold m129 uses the same basis up to order, but as the
complement of the link of Figure11, it has link-theoretic meridian

−→
AB and longitude−→

AA′ − 2
−→
AB. This is not canonical since many links inS3 have complement m129.)

Let Ms = m129(l, k) be the manifold obtained by fillingc2 along the slopes. The
following result is a consequence of Theorem 1.2 of [MP].

Proposition 27 The Dehn fillingMs is hyperbolic if and only if

±(k, l) /∈ {(0,1), (1,0), (1,±1), (1,±2)}.

In the remainder of this section we assume (k, l) satisfies the condition of Proposition
27and adapt the argument of Sections1–4 to describe the Delaunay decomposition of
Ms (thus reproving, in particular, the “if” direction). This decomposition will always
consist in replacingQ∪ Q′/〈z 7→ z+ 2, z 7→ z+ i〉 with a triangulated solid torusY
whose exterior faces are two (triangulated) ideal quadrilaterals, which we then identify.

5.2 First case: l is odd.

If l is odd, then the vectork
−→
AA′ + l

−→
AB = 2k + il ∈ C is irreducible in the latticeZ[i].

For that reason, we can take forY the double cover of the solid torusX constructed in
Section2.

More precisely, letm ∈ P1Q be the Farey vertexl
2k (irreducible fraction). Then

m does not belong to{0,±1,±2,±1
2 ,∞}: the first three are ruled out becausem
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A

B C

D A′

B′

Figure 11: Left: the (chiral) Whitehead link m129. Middle: cusp view of m129 from the
common tip of the square–based pyramidsQ andQ′ , i.e. from the cusp that will be filled. The
̥–shaped symbol drawn on the bases ofQ andQ′ shows their identification. Right: view of
the canonical decomposition from the other cusp of m129, before (top) and after (bottom) a
Dehn filling with (k, l) = (11, 8). In the top panel, the centers of the two squares project tothe
cusp that will be filled. In the bottom panel, we see that the tetrahedra in the decomposition of
the filling become very close to flat, very quickly.

has even denominator; the last two because we assumed±(k, l) /∈ {(0,1), (1,±1)}.
According to the value ofm, choose (p,q, r) as follows:

if m< −2 −2< m< −1 −1< m< −1/2 −1/2 < m< 0
(p,q, r) = (∞,−1,0) (−1,∞,0) (−1,0,∞) (0,−1,∞)

if 0< m< 1/2 1/2 < m< 1 1< m< 2 2< m
(p,q, r) = (0,1,∞) (1,0,∞) (1,∞,0) (∞,1,0)

The relative positions ofp,q, r,m are then exactly as in Section2: namely,pq separates
r from m; the point m is not the other common Farey neighborr ′ of p and q; and
the line rm crossespr′ (not qr′ ). In particular, using the wedge notation (4) one has
m∧ r ≥ 3.

Let θ ∈ (0, π) be a parameter and define

(18) (θp, θq, θr ) :=

{
(0, θ, π − θ) if p = ±1 i.e. |m| ∈ (1/2,2);
(θ,0, π − θ) if q = ±1 i.e. |m| /∈ (1/2,2).

This choice will cause the “diagonal” edges of slope±1 to be flat, while the edges
of slope 0 and∞ will be bent. Sincem∧ r ≥ 3, it is straightforward to check that
(θp, θq, θr) satisfies the hypothesis (m∧p)θp+(m∧q)θq+(m∧r)θr > 2π of Proposition
10 if and only if θ belongs to some sub–intervalΘ = (0, θmax) ⊂ (0, π).

Apply now Proposition10and Corollary16with θ ∈ Θ. We obtain an ideal hyperbolic
solid torusX with dihedral anglesθ,0, π − θ . Let P be the fundamental domain of
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∂X defined as the ideal quadrilateral cut out by the edges of slope 0 and∞. Let Y be
the double cover ofX. Since the meridian slope ism = l

2k and the determinant
∣∣1
0

l
2k

∣∣
is even, the curve of slope10 = ∞ in ∂X is homotopic to an even power of the core,
and therefore lifts to a closed curve inY, while the curve of slope0

1 = 0 does not
(because

∣∣0
1

l
2k

∣∣ is odd). Therefore, a fundamental domain of∂Y is obtained by gluing
two copiesP,P′ of the ideal quadrilateralP side by side along the edge of slope∞.
We view P,P′ as immersed in the twice–punctured torus∂Y.

We now glueP to P′ by an orientation–reversing isometry, in the same way the square
bases of the pyramidsQ,Q′ were glued together to yield the Whitehead link comple-
mentM (Figure11, left). By construction, the quotient ofY under this identification
is homeomorphic to the Dehn fillingMs. The angular part of the gluing equation is
automatically satisfied, since the two flat edges of∂Y (diagonals ofP,P′ ) are identi-
fied, and all four non-flat edges of∂Y are identified to one edge at which the sum of
dihedral angles isθ + (π − θ) + θ + (π − θ) = 2π .

Therefore, the spaceW of angle structures associated to our triangulation ofMs (as in
Theorem5) is described by setting (θp, θq, θr) as in (18) and finding all (θp, θq, θr)–
angle structures in the sense of Proposition10 asθ varies freely inΘ ⊂ (0, π).

Proposition 28 The volume functional has a critical point, namely a maximum, on
W.

Proof Exactly as in Proposition15, the maximum of the (extended) volume functional
is achieved at some pointz = (zi)0≤i≤N of the closure ofW. Using (18), the system of
constraints (7) satisfied byz now becomes

( z0 , z1 , z2 , . . . , zN−1 , zN )
= ( π , θ , z2 , . . . , zN−1 , 0 )
or ( π + θ , θ , z2 , . . . , zN−1 , 0 )

according to whether|m| ∈ (1/2,2) or not.

In the first case, supposeθ = π . By the convexity condition of (10), one then has
z0 = z1 = · · · = zh = π where∆h is the first hinge tetrahedron. The hinge condition
of (10) then implieszh−1 ≥ zh + zh+1 , hencezh+1 = 0. That in turn implieszi = 0
for all i > h (we observed in the proof of Proposition15 that the sequence (zi ) is
non–increasing). Therefore all tetrahedra∆i are flat, and the volume is certainly not
maximal.

In the second case, supposeθ = π . Table (9) impliesπ− z0+z2
2 ≥ 0 hencez2 = 0 and

zi = 0 for all i > 1: again, all∆i are flat, so the volume is certainly not maximal.
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Therefore,θ < π . The argument of Proposition15 now follows through unchanged
to show that no parameterzi for 0 < i < N belongs to{0, π}. By Proposition7, all
tetrahedra∆i have only positive angles (i.e.z∈ W).

Theorem5 applies: we have found a complete hyperbolic structure on the triangulated
spaceMs. To check that the triangulation is canonical, we only need to check the
Minkowski convexity relationship (12). For interior faces of the solid torusY, this is
already done (Section4.4). For the boundary faces, we must describe more precisely
the cusp triangulation ofMs.

Each of the two ideal vertices of the solid torusY (projecting to the single ideal vertex
of X) has a cusp triangulation made of nested, centrally symmetric hexagons (as in
Figure6, right). However, by (18), two opposite angles of the outermost hexagonH0

are equal toπ , so the general cusp shape is a 4–sided parallelogram. Moreover, the
edgesvv′, vv′′ of H0 adjacent to a flat vertexv have the same length: indeed, the ideal
quadrilateral∞v′vv′′ must be a square (i.e. its diagonals cross at a right angle), because
it is a face ofY and the gluing of the two isometric faces ofY that yields the Dehn
filling Ms sends horizontal edges of one face to vertical edges of the other (e.g. as in
Figure11).

The universal cover of the cusp triangulation ofMs is a union of translated copies of the
cusp triangulation ofY. For example, up to a plane similarity, the outermost hexagons
in two adjacent translates can be taken to be (for someζ ∈ C r R)

( 2ζ − 1 , ζ − 1 , −1 , 1 , ζ + 1 , 2ζ + 1 )
and ( −2ζ − 1 , −ζ − 1 , −1 , 1 , −ζ + 1 , −2ζ + 1 )

so the cusp triangles (−1,1, ζ + 1) and (−1,1,−ζ − 1) share an edge (−1,1). We
apply Proposition25 to the ideal triangle (∞,1,−1) — by symmetry this will deal
with all four triangular faces of the solid torusY (note that for proving the Minkowski
convexity relationship (12), we do not care whether or not the two adjacent hexagons
above are in the same orbit of the stabilizer of∞).

Following the method of Section4.4(especially (13) and the discussion that precedes
it), if ζ = ξ+ iη , the isotropic vectors inR3+1 corresponding to the horoballs centered
at ∞,1,−1, ζ + 1,−ζ − 1 are respectively

v∞ = ( 0, 0, −1, 1 )
v1 = 1

2|ζ| ( 2, 0, 0, 2 )

v−1 = 1
2|ζ| ( −2, 0, 0, 2 )

vζ+1 = 1
|ζ|2

( 2ξ + 2, 2η, 1− |ζ + 1|2, 1 + |ζ + 1|2 )

v−ζ−1 = 1
|ζ|2

( −2ξ − 2, −2η, 1− |ζ + 1|2, 1 + |ζ + 1|2 ) .
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The solution toρvζ+1 + (1 − ρ)v−ζ−1 = λv1 + µv∞ + νv−1 satisfies (λ, µ, ν) =(
1
|ζ| ,

|ζ+1|2−1
|ζ|2

, 1
|ζ|

)
, henceλ+µ+ν = 1+

|ζ+1|2−(|ζ|−1)2

|ζ|2
> 1 according to the triangular

inequality in the triangle (0, ζ,−1): by Proposition25, the convexity inequality in
Minkowski space is satisfied.

5.3 Second case:l is even.

If l is even, then the vectork
−→
AA′ + l

−→
AB = 2k + il ∈ C is twice the irreducible vector

k + i l
2 in the latticeZ[i]. For that reason, the ideal solid torusY cannot be taken to

be simply a cover ofX. Instead, we must introduce a variant of the construction of
Section2. To give a preview of the difference with Section2, if U ⊂ H3 is a universal
cover of the solid torusY we will construct below and〈ϕ〉 ≃ Z is the group of deck
transformations ofU , then for each ideal vertexv of U , the symmetric imagev′ of v
with respect to the axis ofϕ is also a vertex ofU . Moreover,vv′ will be an edge of the
ϕ–invariant triangulation ofU , andvv′ϕ(v)ϕ(v′) will be one of its ideal tetrahedra.

Let m ∈ P1Q be the Farey vertexl/2
k (reduced fraction). We havem /∈ {∞,0,±1}:

indeed,∞ is ruled out becausem has odd denominatork (coprime tol ); the other
possibilities are ruled out because we assumed±(k, l) /∈ {(1,0), (1,±2)}. According
to the value ofm, choose (p,q, r) as in Section5.2, with the four extra possibilities

if m = −2 m = −1/2 m = 1/2 m = 2
(p,q, r) = (∞,−1,0) (0,−1,∞) (0,1,∞) (∞,1,0)

(in fact we may switchp,q in these four cases). One then hasm∧ r ≥ 2. Note that,
unlike in Section2, m is now allowed to be the common Farey neighbor ofp and q
oppositer .

Below we describe an ideal triangulationD for a solid torusY (with two ideal points);
Proposition29will then be the analogue forD of Proposition10. For convenience, we
will first describe a family of tetrahedra ofH3 whose vertices are points ofZ

[√
−1

]
⊂

P1C ≃ ∂∞H3, then only remember the combinatorics of the gluing of thesetetrahedra.

The sequence of Farey triangles crossed by the oriented lineℓ from r to m is pqr =

T0,T1, . . . ,TN = mst (for some Farey verticess, t , and with N ≥ 1 — note that in
Section2 we hadN ≥ 2). For every index 0≤ i ≤ N, let xi , yi , zi ∈ P1Q be the
vertices ofTi . Consider the triangulationTi of C with vertex setZ

[√
−1

]
and whose

edges are precisely all segments of slopesxi , yi , zi between points ofZ
[√

−1
]
. Each

triangle ofTi is the vertical projection of an ideal triangle ofH3 with the same triple
of vertices. The union of all these ideal triangles, moduloG := 2Z ⊕

√
−1Z, is a
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twice–punctured torusτi in H3/G. If 0 < i ≤ N then the space betweenτi−1 and
τi is the union of two ideal tetrahedrȧ∆i and∆̈i (glued together along some of their
edges). Note that the indexi = N is now allowed, unlike in Section2, so that e.g. the
tetrahedron∆̇N (belonging to the last pair) has an edge of slopem, the meridian. Also
note that sincem =

l/2
k andk + l

2

√
−1 /∈ G (becausek is odd), this edge of slopem

runs from one of the punctures ofτN (or τ0) to the other.

Consider now the triangulation{∆̇i , ∆̈i}1≤i≤N as a combinatorial object only. To “kill”
the slopem, we identify the edges of slopem in ∆̇N and ∆̈N , and fill the remaining
space with a single tetrahedron∆N+1 all of whose four faces are glued to the inner
faces of∆̇N ∪ ∆̈N . This ∆N+1 is the tetrahedron referred to as “vv′ϕ(v)ϕ(v′)” at the
beginning of Section5.3. We denote byD the triangulation

⋃N
i=1{∆̇i , ∆̈i} ∪ {∆N+1}

and byY its underlying space, a twice–punctured solid torus. Note that D admits a
combinatorial involutionι exchanging∆̇i with ∆̈i for all 1 ≤ i ≤ N (and fixing∆N+1

setwise): thisι extends the translation of∂Y that shifts one puncture to the other.

The ideal link of each of the two ideal vertices ofY (which are exchanged byι) consists
of nested hexagons as in Figure6, but the innermost hexagon is nowHN (not HN−1),
and is not collapsed to a broken line of three segments. Instead, the effect of identifying
the edges of slopem has been to identify a pair of opposite vertices ofHN (namely
the inward–pointing vertices); the inside ofHN is the union of two triangles joined by
a vertex. These two triangles are two vertex links of the tetrahedron∆N+1 (the other
two are in the other ideal vertex ofY). See Figure12.

We will not consider the full space of angle structures for our triangulationD of Ms:
rather, we will restrict toι–invariant angle structures (i.e. angle structures in which for
each 1≤ i ≤ N, the tetrahedrȧ∆i and∆̈i have the same dihedral angles). Note that
if there is an angle structure, we can always average it with its push–forward byι to
get aι–invariant angle structure.

Proposition 29 Consider non–negative realsθp, θq, θr satisfying (5), namely 0 <

θr < π = θp + θq + θr . The space ofι–invariant angle structures onD that induce
exterior dihedral anglesθp, θq, θr at the edges of slopep,q, r of ∂Y (also called
(θp, θq, θr)–angle structures) is non–empty.

Remark 30 Proposition29requires no inequality like Proposition10, but that is only
because “problematic” slopes (k, l) have already been ruled out.

Proof As in Section2.3, we introduce an angle parameterzi ∈ (0, π) for every pair of
ideal tetrahedrȧ∆i, ∆̈i (where 1≤ i ≤ N). In what follows,∆̇i and ∆̈i will always
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2

π− a+c
2
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2

π− a+c
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a−2b+c
2 a−2b+c
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a−2b+c
2

HN

Figure 12: The innermost hexagonHN along withHN−1 and the links (Euclidean triangles) of
the tetrahedra∆N+1, ∆̇N, ∆̈N . The angles around each interior vertex sum to 2π .

be assumed to have the same dihedral angles (they are exchanged by the combinatorial
symmetryι). We also denote byzN+1 the dihedral angle of∆N+1 at the edge whose
slope is the only rational (Farey vertex) inTN ∩TN−1rTN−2. Using these conventions
and writing (a,b, c) := (zN−1, zN, zN+1), it is easy to see that the triples of dihedral
angles of the ideal tetrahedra are as follows:

(19)
∆̇N, ∆̈N : ( b , π − a+c

2 , a−2b+c
2 )

∆N+1 : ( c , π − b , b− c )

(see also Figure12). For 1≤ i < N, the dihedral angles oḟ∆i, ∆̈i are simply given
by Table (9). In keeping with Table (9), we considerzN to be a non–hinge parameter.

Recall thatN ≥ 1: analogously to (7) – (10), we are thus looking for sequences of the
form

( z0 , z1 , z2 , . . . , zN , zN+1 )
= ( π + θq , π − θr , z2 , . . . , zN , zN+1 )
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subject to the conditions




zi−1 > zi + zi+1 if zi is a hinge parameter (hinge condition);
zi−1 + zi+1 > 2zi if not (convexity condition), e.g. i = 1 or N ;
0< zi < π for all 2 ≤ i ≤ N (range condition);
0< z2 < π − θq as in (10) above;
0< zN+1 < zN which follows from (19).

To find such a sequence, the argument that finishes Section2.3 follows through es-
sentially unchanged: we construct a convex positive decreasing sequence (zi )0≤i≤h

whereh is the smallest hinge index (orh = N + 1 if there are no hinges), then set
e.g.zi+1 = εzi (inductively) for all i ≥ h and a fixed smallε > 0.

Finally, we must glue the faces of the solid torusY together to form the Dehn filling
Ms of the Whitehead link complement. This is performed exactlyas in Section5.2:
we set (θp, θq, θr ) as in (18) for 0 < θ < π , so that the faces of∂Y become two
ideal quadrilateralsP,P′ with edges of slopes 0 and∞; then glueP to P′ by an
orientation–reversing homeomorphism sending the edges ofslope 0 ofP to the edges
of slope∞ of P′ (and conversely). The angular gluing equations are automatically
satisfied.

Therefore, the full spaceW of ι–invariant angle structures forD is obtained by lettingθ
range over (0, π) and finding all (θp, θq, θr)–angle structures in the sense of Proposition
29.

Proposition 31 The volume functional has a critical point, namely a maximum, on
W.

Proof As in Proposition15, the maximum of the (extended) volume functional is
achieved at some pointz of the closureW of W. Using (18), the system of constraints
(7) becomes

( z0 , z1 , z2 , . . . , zN , zN+1 )
= ( π , θ , z2 , . . . , zN , zN+1 )
or ( π + θ , θ , z2 , . . . , zN , zN+1 )

according to the value ofm.

The assumptionθ = π leads to a contradiction exactly as in the proof of Proposition
28. Thereforeθ < π .

By (19), ∆̇N and ∆̈N have a dihedral angle equal tob := zN , while ∆N+1 has an
angleπ − b. On the other hand, a tetrahedron ofD is flat atz∈ W if and only if one
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(and therefore all) of its angles belong to{0, π} (Proposition7). Thus,∆̇N, ∆̈N are
flat if and only if ∆N+1 is flat (i.e.b ∈ {0, π}). The argument of Proposition15 then
follows through: atz, if some tetrahedra were flat, all would be flat and the volume
would be 0; absurd. Thusz∈ W.

To apply Theorem5, we only need to make sure that the critical point (maximum) of
V on the spaceW of ι–invariant angle structures is also critical (maximal) in the space
of all angle structures: but that is clear since by concavity of thevolume functional
(Fact6), the volume can only go up when we average an angle structurewith its push–
forward by ι. Theorem5 does apply: we have found a complete hyperbolic structure
on the triangulated spaceMs. To check that the triangulation is canonical, we only
need to check the Minkowski convexity relationship (12). For boundary faces ofY, the
situation is exactly the same as in Case 1 (oddl ). For interior faces ofY not bounding
the “extra” tetrahedron∆N+1, we proceed as in Section4.4: the only new argument
needed is an analogue of Proposition23(predicting the handednesses of powers of the
core curve ofY), namely

Proposition 32 Let Ti be a Farey triangle such that0 < i < N and letx ∈ P1Q be
the Farey vertexTi−1 ∩ Ti ∩ Ti+1. Consider a properly embedded lineγx of slopex
in ∂Y (running between two cusps), and a lift̂γx of γx to a universal coverU ⊂ H3

of Y (running between two ideal points). The deck transformation of U that sends the
initial point of γ̂x to the final point is left–handed (resp. right–handed) if andonly if
the Farey triangleTi carries a letterL (resp. R).

Proof The proof is exactly as in Section3. The key argument that the integralλx of
the longitude 1–form alonĝγx stays less thanπ is only easier, because the “longest”
curve γm runs only around one half, not all, of the meridian ofU (connecting some
ideal vertex to its symmetric image with respect to the axis of U ); thusλm = π and
λx < π .

The only remaining case of the Minkowski convexity relationship (12) is at the faces of
∆N+1. According to our picture of the cusp triangulation (Figure12), we can assume
that the innermost hexagonHN has vertices at

−1 , 0 , ζ , 1 , 0 , − ζ

and look at the interfaceζ∞0 between ideal tetrahedra 1ζ∞0 and−1ζ∞0.
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Following the method of Section4.4, if ζ = ξ + iη , the isotropic vectors inR3+1

corresponding to the horoballs centered at∞,0, ζ,1,−1 are respectively

v∞ = ( 0, 0, −1, 1 )
v0 = 1

|ζ| ( 0, 0, 1, 1 )

vζ = 1
|ζ||ζ−1| ( 2ξ, 2η, 1− |ζ|2, 1 + |ζ|2 )

v1 = 1
|ζ−1| ( 2, 0, 0, 2 )

v−1 = 1
|ζ−1| ( −2, 0, 0, 2 ) .

The solution toρv1+(1−ρ)v−1 = λv∞+µv0+νvζ satisfies (λ, µ, ν) =

(
1

|ζ−1| ,
|ζ|

|ζ−1| ,0
)

,

henceλ + µ + ν =
|ζ|+1
|ζ−1| > 1 according to the triangular inequality in the triangle

(0,1, ζ): by Proposition25, the convexity inequality in Minkowski space is satisfied.

5.4 Delaunay decompositions and elementary Kleinian groups

Remark 33 If U ⊂ H3 is a (triangulated) universal cover of the solid torusY and〈ϕ〉
is the group of deck transformations ofU , we mentioned at the beginning of Section
5.3 that for each ideal vertexv of U , the symmetric imagev′ of v with respect to the
axis of ϕ is also a vertex ofU , and∆ := vv′ϕ(v)ϕ(v′) is an ideal tetrahedron ofU
(projecting to∆N+1). By duality between the Ford–Voronoi domain and the canonical
triangulation, the last computation of Section5.3 amounts to checking the following
(easy) fact: if all vertices ofU are endowed with horoballs of the same size, then the
center of∆ is nearer to the horoballs centered at the vertices of∆ than to any other
horoballs.

More generally, ifn ≥ 3, let G := 〈ϕ,ψ〉 ⊂ Isom+(H3) be an elementary group
generated by a loxodromyϕ and an order–n rotation ψ with the same axisδ (note
that Section5.3 amounted to the casen = 2, and Section2 to the casen = 1). Let
O := Gp ⊂ ∂∞H3 be a generic ideal orbit ofG; if hp is a horoball centered atp,
all horoballs in theG–orbit of hp come equally close to the lineδ . The convex hull
of O projects moduloϕ to an n–times punctured solid torusX whose boundary is
pleated along a certain ideal triangulation in which all vertices have the same degree
(generically 6, exceptionally 4; for simplicity let us assume the generic situation).
The convex hull construction in Minkowski spaceR3+1 yields a decomposition ofX
into ideal polyhedra with respect to the horoballsGhp. The central polyhedron is the
convex hullQ of 〈ψ〉p∪ ϕ(〈ψ〉p), namely an ideal hyperbolic antiprism with regular
n–sided bases (glued togethervia ϕ): indeed, it is easy to check that the center ofQ is
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closer to the horoballs centered at the vertices ofQ than to any other horoballs of the
G–orbit.

It is possible thatQ is the only cell ofX. Otherwise, we claim that the remaining
cells betweenQ and∂X are tetrahedra glued together according to diagonal exchanges
and Farey–type combinatorics: namely,∂X/ψ is a once–punctured torus with ideal
edges of slopep,q, r ∈ P1Q for some arbitrary marking (these slopes are mutual Farey
neighbors). The meridian of X defines then-th power of an irreducible element of
H1(∂X/ψ,Z), and therefore also a slopem ∈ P1Q. Sincem is the slope of the base
edges of the antiprismQ, if Q is the only cell inX thenm∈ {p,q, r}. Otherwise, we
may as in Sections2 and5.3 assume that the Farey edgepq separatesm from r and
follow the line ℓ from r to m to construct a (combinatorial) ideal decompositionD of
X.

In fact, the following “Gauss–Bonnet type” result (left as an exercise) is a simple
generalization of the method worked out in this paper. It uses the fact that the antiprism
Q (like any convex ideal hyperbolic polyhedron, see [R2, G1]) is uniquely determined
up to isometry by its dihedral angles.

Theorem 34 Consider non–negative realsθp, θq, θr satisfying (5), namely0 < θr <

π = θp + θq + θr . There exists a hyperbolicn-times punctured solid torusX, de-
composed into convex ideal polyhedra according to the combinatorics ofD and with
exterior dihedral anglesθp, θq, θr at the edges of slopep,q, r , if and only if

(m∧ p)θp + (m∧ q)θq + (m∧ r)θr >
2π
n
.

Moreover,X is then unique up to isometry andD is the Delaunay decomposition of
X.
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