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MODULES OVER OPERADS
AND FUNCTORS

Benoit Fresse

Abstract. — In the theory of operads we consider functors of generalized symmetric
powers defined by sums of coinvariant modules under actions of symmetric groups.
One observes classically that the construction of symmetric functors provides an iso-
morphism from the category of symmetric modules to a subcategory of the category
of functors on the base category. The purpose of this book is to obtain a similar
relationship for functors on a category of algebras over an operad.

We observe that right modules over operads, symmetric modules equipped with a
right operad action, give rise to functors on categories of algebras and we prove that
this construction yields an embedding of categories. Then we check that right modules
over operads form a model category. In addition we prove that weak-equivalences of
right modules correspond to pointwise weak-equivalences at the functor level. As a
conclusion, we obtain that right modules over operads supply good models for the
homotopy of associated functors on algebras over operads.

New comments on this book project are greatly appreciated. An updated list of
errata and addenda is available at
http://math.univ-lille1.fr/~fresse/Errata-OperadModuleFunctors.pdf
This updated version includes errata and addenda recorded on 17 January, 2008.

http://math.univ-lille1.fr/~fresse/Errata-OperadModuleFunctors.pdf
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INTRODUCTION



Foreword

In the theory of operads we consider naturally functors S(C) : M 7→ S(C,M) of
generalized symmetric tensors

S(C,M) =
∞⊕
n=0

(C(n)⊗M⊗n)Σn

associated to sequences C = {C(n)}n∈N formed by objects C(n) equipped with a left
action of the symmetric groups Σn. The structure formed by this coefficient sequence
is called a Σ∗-object (or, in English words, a symmetric sequence or a symmetric
object). The definition of S(C,M) makes sense in the setting of a symmetric monoidal
category M. The map S(C) : M 7→ S(C,M) defines a functor S(C) :M→M.

In this book we study a generalization of this construction with the aim of modeling
functors on algebras over operads. To be explicit, for P an operad, we use the notation
PM to refer to the category of P-algebras inM. We aim to model functors F : RM→
M, from a category of algebras over an operad R to the underlying category M,
functors F : M → PM, from the underlying category M to a category of algebras
over an operad P, as well as functors F : RM → PM, from a category of algebras
over an operad R to another category of algebras over an operad P.

To define functors of these types we use left and right modules over operads, the
structures formed by Σ∗-objects equipped with left or right operad actions. For a
right R-module C and an R-algebra A, we use a coequalizer to make the right R-action
on C agrees with the left R-action on A in the object S(C,A). This construction
returns an object SR(C,A) ∈M naturally associated to the pair (C,A) and the map
SR(C) : A 7→ SR(C,A) defines a functor SR(C) : RM → M naturally associated to
C. For a left P-module D the map S(D) : M 7→ S(D,M) defines naturally a functor
S(D) : M → PM. For a P-R-bimodule D, a right R-module equipped with a left
P-action that commutes with the right R-action on D, the map SR(D) : A 7→ SR(D,A)
defines naturally a functor SR(D) : RM→ PM.

We examine the categorical and homotopical properties of functors of these form.

Not all functors are associated to right modules over operads, but we check that the
categories of modules over operads are equipped with structures that reflect natural
operations on functors. As a byproduct, we obtain that usual functors (enveloping
operads, enveloping algebras, Kähler differentials, bar constructions, . . . ), which are
composed of tensor products and colimits, can be associated to modules over operads.

In homotopy theory, operads are usually supposed to be cofibrant in the underlying
category of Σ∗-objects in order to ensure that the category of algebras over an operad
has a well defined model structure. In contrast, the category of right modules over an
operad R comes equipped with a natural model structure which is always well defined
if the operad R is cofibrant in the underlying symmetric monoidal category. Bimodules
over operads form model categories in the same situation provided we restrict ourself
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to connected Σ∗-objects for which the constant term D(0) vanishes. Thus for modules
over operads we have more homotopical structures than at the algebra and functor
levels. As a result, certain homotopical constructions, which are difficult to carry
out at the functor level, can be realized easily by passing to modules over operads
(motivating examples are sketched next). On the other hand, we check that, for
functors associated to cofibrant right modules over operads, homotopy equivalences of
modules correspond to pointwise equivalences of functors. In the case where algebras
over operads form a model category, we can restrict ourself to cofibrant algebras
to obtain that any weak-equivalence between right modules over operads induce a
pointwise weak-equivalence of functors. These results show that modules over operads
give good models for the homotopy of associated functors.

Throughout the book we use that objects equipped with left operad actions are
identified with algebras over operads provided we change the underlying symmetric
monoidal category of algebras. Suppose that the operad R belongs to a fixed base
symmetric monoidal category C. The notion of an R-algebra can be defined in any
symmetric monoidal category M acted on by C, or equivalently equipped with a
symmetric monoidal functor η : C →M.

The category of Σ∗-objects in C forms an instance of a symmetric monoidal category
over C, as well as the category of right R-modules. One observes that a left P-module
is equivalent to a P-algebra in the category of Σ∗-objects and a P-R-bimodule is equiv-
alent to a P-algebra in the category of right R-modules, for any operads P, R in the
base category C.

Because of these observations, it is natural to assume that operads belong to a base
category C and algebras run over any symmetric monoidal category M over C. We
review constructions of the theory of operads in this relative context. We study more
specifically the functoriality of operadic constructions with respect to the underlying
symmetric monoidal category. We can deduce properties of functors of the types
S(D) :M → PM and SR(D) : RM → PM from this generalization of the theory of
algebras over operads after we prove that the map SR : C 7→ SR(C) defines a functor
of symmetric monoidal categories, like S : C 7→ S(C). For this reason, the book is
essentially devoted to the study of the category of right R-modules and to the study
of functors SR(C) : RM→M associated to right R-modules.

Historical overview and prospects

Modules over operads occur naturally once one aims to represent the structure
underlying the cotriple construction of Beck [2] and May [34, §9]. As far as we know,
a first instance of this idea occurs in Rezk’s thesis [37] where an operadic analogue of
the cotriple construction is used to define a homology theory for operads. The two-
sided operadic cotriple construction, as well as the two-sided versions of the operadic



4

bar construction of Getzler-Jones [14] and of the Koszul construction of Ginzburg-
Kapranov [15], form bimodules over operads. In [11], we prove that these complexes
are related to free resolutions in categories of modules over operads like the two-sided
bar construction of algebras.

Classical theorems involving modules over algebras can be generalized to the con-
text of operads. In [28], Kapranov and Manin use functors of the form SR(D) : RM→
PM to define Morita equivalences for categories of algebras over operads.

Our personal interest in modules over operads arose from the Lie theory of formal
groups over operads. Briefly, we use Lie algebras in right modules over operads to
represent functors of the form SR(G) : RM → LM, where L refers to the operad of
Lie algebras. Formal groups over an operad R are functors on nilpotent objects of
the category of R-algebras. For a nilpotent R-algebra A, the object SR(G, A) forms a
nilpotent Lie algebra as well and the Campbell-Hausdorff formula provides this object
with a natural group structure. Thus the map A 7→ SR(G, A) gives rise to a functor
from nilpotent R-algebras to groups. The Lie theory asserts that all formal groups
over operads arise this way (see [9, 10]).

Lie algebras in Σ∗-objects were introduced before in homotopy theory by M. Bar-
ratt (see [1], see also [16, 39]) in order to model structures arising from Milnor’s
decomposition

ΩΣ(X1 ∨X2) ∼
∨
w

w(X1, X2),

where w runs over a Hall basis of the free Lie algebra in 2-generators x1, x2 and
w(X1, X2) refers to a smash product of copies of X1, X2 (one per occurrence of the
variables x1, x2 in w).

In sequels [12, 13] we use modules over operads to define multiplicative structures
on the bar complex of algebras. Recall that the bar complex B(C∗(X)) of a cochain
algebra A = C∗(X) is chain equivalent to the cochain complex of ΩX, the loop space
of X (under standard completeness assumptions on X). We obtain that this cochain
complex B(C∗(X)) comes naturally equipped with the structure of an E∞-algebra so
that B(C∗(X)) is equivalent to C∗(ΩX) as an E∞-algebra.

Recall that an E∞-operad refers to an operad E equipped with a weak-equivalence
E

∼−→ C, where C is the operad of associative and commutative algebras. An E∞-
algebra is an algebra over some E∞-operad. Roughly an E∞-operad parameterizes
operations that make an algebra structure commutative up to a whole set of coherent
homotopies.

In the differential graded context, the bar construction B(A) is defined naturally
for algebras A over Stasheff’s chain operad, the operad defined by the chain complexes
of Stasheff’s associahedra. We use the letter K to refer to this operad. We observe
that the bar construction is identified with the functor B(A) = SK(BK, A) associated
to a right K-module BK. We can restrict the bar construction to any category of



CONTENTS 5

algebras associated to an operad R equipped with a morphism η : K→ R. The functor
obtained by this restriction process is also associated to a right R-module BR obtained
by an extension of structures from BK. Homotopy equivalent operads R

∼−→ S have
homotopy equivalent modules BR

∼−→ BS.
The bar module BC of the commutative operad C has a commutative algebra struc-

ture that reflects the classical structure of the bar construction of commutative alge-
bras. The existence of an equivalence BE

∼−→ BC, where E is any E∞-operad, allows
us to transport the multiplicative structures of the bar module BC to BE and hence to
obtain a multiplicative structure on the bar complex of E∞-algebras. Constructions
and theorems of this book are motivated by this application.

Note that modules over operads are used differently in [21], to model morphisms
on bar constructions.

In this book and in [12], we deal only with multiplicative structures on modules
over operads and with multiplicative structures on the bar construction, but the
bar complex forms naturally a coassociative coalgebra. In a subsequent paper [13,
revised version to appear], we address coalgebras and bialgebras in right modules over
operads in order to extend constructions of [12] to the coalgebra setting and to obtain
a bialgebra structure on the bar complex.

For a cochain algebra, the comultiplicative structure of the bar complex B(C∗(X))
models the multiplicative structure of the loop space ΩX. Bialgebras in right modules
over operads give rise to Lie algebras, like the classical ones. One should expect that
Lie algebras arising from the bar module BR are related to Barratt’s twisted Lie
algebras.

Contents

The sections, paragraphs, and statements marked by the sign ‘¶’ can be skipped
in the course of a normal reading. These marks ¶ refer to refinement outlines.

Part 1. Background. — The purpose of the first part of the book is to clarify the
background of our constructions. This part does not contain any original result, but
only changes of presentation in our approach of operads. Roughly, we make use of
functors of symmetric monoidal categories in standard operadic constructions.

§1. Symmetric monoidal categories over a base. — First of all, we give the definition
of a symmetric monoidal category M over a base symmetric monoidal category C.
Formally, a symmetric monoidal category over C is an object under C in the 2-category
formed by symmetric monoidal categories and symmetric monoidal functors. In §1 we
give equivalent axioms for this structure in a form suitable for our applications. Be-
sides, we inspect properties of functors and adjunctions between symmetric monoidal
categories.



6

§2. Symmetric objects and functors. — We survey categorical properties of the func-
tor S : C 7→ S(C) from Σ∗-objects to functors F : M → M. More specifically, we
recall the definition of the tensor product of Σ∗-objects, the operation that gives to
Σ∗-objects the structure of a symmetric monoidal category over C, and the definition
of the composition product of Σ∗-objects, an operation that reflects the composition
of functors. For the sake of completeness, we recall also that the functor S : C 7→ S(C)
has a right adjoint Γ : G 7→ Γ(G). In the caseM = C = k Mod, the category of mod-
ules over a ring k, we use this construction to prove that the functor S : C 7→ S(C) is
bijective on morphism sets for projective Σ∗-objects or if the ground ring is an infinite
field.

§3. Operads and algebras in symmetric monoidal categories. — We recall the defini-
tion of an algebra over an operad P. We assume that the operad P belongs to the base
category C and we define the category PM of P-algebras in a symmetric monoidal
categoryM over C. One observes that any functor of symmetric monoidal categories
over C induces a functor on the categories of P-algebras ρ : PM → PN , for any op-
erad P in the base category C. We review the classical constructions of free objects,
extension and restriction functors, colimits in categories of algebras over operads, and
we check that these constructions are invariant under changes of symmetric monoidal
categories. We review the classical definition of endomorphism operads with similar
functoriality questions in mind.

At this point, we examine the example of algebras in Σ∗-objects and the example
of algebras in functors. We make the observation that a left module over an operad
P is equivalent to a P-algebra in Σ∗-objects. We observe also that a functor F : X →
PM, where X is any source category, is equivalent to a P-algebra in the category of
functors of the form F : X → M. We use that S : C 7→ S(C) defines a symmetric
monoidal functor to obtain the correspondence between left P-modules D and functors
S(D) :M→ PM.

§4. Model categories and operads. — We survey applications of homotopical algebra
to the theory of operads. In the classical theory, we assume that C forms a cofibrantly
generated symmetric monoidal model category. In view of our applications, we give
axioms for a symmetric monoidal model categoryM over a base symmetric monoidal
model category C.

The category of algebras PM associated to an operad P inherits a natural model
structure under standard conditions on the operad P or on the underlying model
category M. We examine again the functoriality of this construction with respect
to changes of underlying model categories M. We prove roughly that a Quillen
adjunction (respectively, a Quillen equivalence) of symmetric monoidal categories
over C induces a Quillen adjunction (respectively, a Quillen equivalence) at the level
of algebras.
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We check that Σ∗-objects form a symmetric monoidal model category over C. We
apply the general theory to obtain a model structure on the category of P-algebras in
Σ∗-objects (or, equivalently, on the category of left P-modules).

Recall that a Σ∗-object is connected if C(0) = 0. In general, to ensure that
P-algebras form a (semi) model category, we have to assume that the operad P is
cofibrant in the category of Σ∗-objects (one says that the operad is Σ∗-cofibrant).
The (semi) model structure of the category of P-algebras in connected Σ∗-objects is
well defined as long as the operad P is cofibrant in the base category C (we say that
the operad is C-cofibrant).

Part 2. Categories of right modules over operads and functors. — In the
second part of the book, we deal with categorical structures of right modules over
operads and functors. Roughly, we prove that the categories of right modules over
operads are equipped with structures that reflect natural operations at the functor
level. This part contains also overlaps with the literature (with [37, Chapter 2] in
particular). Nevertheless, we prefer to give a comprehensive account of definitions
and categorical constructions on right modules over operads.

§5. Definitions and basic constructions. — First of all, we recall the definition of a
right module over an operad R and of the associated functors SR(C) : A 7→ SR(C,A),
where the variable A ranges over R-algebras in any symmetric monoidal category M
over the base category C.

In the book, we use the notation CΣ∗ for the category of Σ∗-objects in the base
category C and the notation F for the category of functors F :M →M, where M
is any given symmetric monoidal category over C. The map S : C 7→ S(C) defines a
functor S : CΣ∗ → F . In a parallel fashion, we use the notation CΣ∗R for the category
of right R-modules and the notation F R for the category of functors F : RM→M.
The map SR : C 7→ SR(C) defines a functor SR : CΣ∗R → F R.

§6. Tensor products. — For any source category X , the category of functors F : X →
M has a natural tensor product inherited pointwise from the symmetric monoidal
category M. In the first part of this introduction, we mention that the category of
Σ∗-objects CΣ∗ comes also equipped with a natural tensor product, as well as the
category of right R-modules CΣ∗ . The definition of the tensor product of Σ∗-objects
is recalled in §2. The tensor product of right R-modules is derived from the tensor
product of Σ∗-objects and this definition is recalled in §6.

Classical theorems assert that the functor S : C 7→ S(C) satisfies S(C ⊗ D) '
S(C) ⊗ S(D). In §6, we check that the functor SR : C 7→ SR(C) satisfies similarly
SR(C⊗D) ' SR(C)⊗SR(D). Formally, we prove that the map SR : C 7→ SR(C) defines
a functor of symmetric monoidal categories over C:

(CΣ∗R ,⊗, 1)
SR−→ (F R,⊗, 1).
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§7. Universal constructions on right modules over operads. — An operad morphism
ψ : R → S gives rise to extension and restriction functors ψ! : RM � SM : ψ!. The
composition of functors F : RM →M with the restriction functor ψ! : SM → RM
defines an extension functor on functor categories: ψ! : F R → F S. In the converse
direction, the composition of functors G : SM → M with the extension functor
ψ! : RM → SM defines a restriction functor ψ! : F S → F R. These extension and
restriction functors ψ! : F R � F S : ψ! form also a pair of adjoint functors.

At the level of module categories, we have also extension and restriction functors
ψ! : CΣ∗R � CΣ∗S : ψ! that generalize the classical extension and restriction functors
of modules over associative algebras. We prove that these operations on modules
correspond to the extension and restriction of functors. Explicitly, we have natural
functor isomorphisms ψ! SR(C) ' SS(ψ!C) and ψ! SR(C) ' SS(ψ!C). Besides, we check
the coherence of these isomorphisms with respect to adjunction relations and tensor
structures.

In the particular case of the unit morphism of an operad, we obtain that the
composite of a functor SR(C) : RM→M with the free R-algebra functor is identified
with the functor S(C) : M → M associated to the underlying Σ∗-object of C. In
the converse direction, for a Σ∗-object L, we obtain that the composite of the functor
S(L) :M→M with the forgetful functor U : RM→M is identified with the functor
associated to a free right R-module associated to L.

§8. Adjunction and embedding properties. — The functor SR : CΣ∗R → F R has a right
adjoint ΓR : F R → CΣ∗R , like the functor S : CΣ∗ → F . In the case M = C = k Mod,
the category of modules over a ring k, we use this result to prove that the functor
SR : C 7→ SR(C) is bijective on morphism sets in the same situations as the functor
S : C 7→ S(C) on Σ∗-objects.

§9. Algebras in right modules over operads and functors. — We examine the structure
of algebras in a category of right modules over an operad. We observe at this point
that a bimodule over operads P, R is equivalent to a P-algebra in right R-modules.
We use that SR : C 7→ SR(C) defines a symmetric monoidal functor to obtain the
correspondence between P-R-bimodules D and functors S(D) : RM→ PM, as in the
case of left P-modules. We review applications of the general theory of §3 to this
correspondence between P-algebra structures.

§10. Miscellaneous examples. — To give an illustration of our constructions, we
prove that standard universal constructions associated to operads, enveloping operads
(algebras) and Kähler differentials, are instance of functors associated to modules over
operads. Besides we examine the structure of these modules for classical operads,
namely the operad of associative algebras A, the operad of Lie algebras L, and the
operad of associative and commutative algebras C.
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New examples of functors associated to right modules over operads can be derived
by using the categorical operations of §6, §7 and §9.

Part 3. The homotopy theory of modules and functors. — In the third part
of the book, we study the homotopical properties of the functor SR(C) : A 7→ SR(C,A)
associated to a right R-module C, and more globally of the bifunctor (C,A) 7→
SR(C,A) on right R-modules C and R-algebras A. For this purpose, we use the for-
malism of model categories.

§11. On the model category of right modules over an operad. — First of all, we
check that the category of right modules over an operad R inherits the structure of a
cofibrantly generated symmetric monoidal model category from the base category, like
the category of Σ∗-objects, as long as the operad R is cofibrant in the base category C.

Again, we use the general theory of §4 to obtain a model structure on the category
of P-algebras in right R-modules (or, equivalently, on the category of P-R-modules).
Again, if we restrict ourself to connected right R-modules, then this model structure
is well defined as long as the operads P, R are cofibrant in the base category C.

§12. Cofibrant modules and homotopy invariance of functors. — We study the
homotopy invariance of the bifunctor (C,A) 7→ SR(C,A) in cases where right R-
modules are assumed to be cofibrant. For a fixed cofibrant right R-module C, we
prove that a weak-equivalence of R-algebras f : A ∼−→ B induces a weak-equivalence
SR(C, f) : SR(C,A) ∼−→ SR(C,B) as long as the R-algebras A,B form cofibrant ob-
jects in the underlying category M. For a fixed R-algebra A, we prove that a weak-
equivalence of cofibrant right R-modules f : C ∼−→ D induces a weak-equivalence at
the functor level SR(f,A) : SR(C,A) ∼−→ SR(D,A) as long as A forms a cofibrant object
in the underlying categoryM.

§13. Homotopy invariance of functors on cofibrant algebras. — We study the ho-
motopy invariance of the bifunctor (C,A) 7→ SR(C,A) in cases where R-algebras are
assumed to be cofibrant. We prove that a weak-equivalence of cofibrant R-algebras
f : A ∼−→ B induces a weak-equivalence SR(C, f) : SR(C,A) ∼−→ SR(C,B) and we prove
that a weak-equivalence of right R-modules f : C ∼−→ D induces a weak-equivalence
at the functor level SR(f,A) : SR(C,A) ∼−→ SR(D,A) for all cofibrant R-algebras A.

For certain categoriesM, these homotopy invariance properties hold for all operads
R and all right R-modules which are cofibrant in the base category C. But, in general,
we have to assume that the operad R is cofibrant in the category of Σ∗-objects to
ensure that the category of R-algebras forms a (semi) model category. Similarly, we
have to assume that all right R-modules are cofibrant in the category of Σ∗-objects to
obtain these homotopy invariance properties.

§14. ¶ Refinements for the homotopy of relative composition products. — We exam-
ine the homotopy invariance of the relative composition product C ◦R D, a natural
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operation between a right R-module C and a left R-module D. We observe in §5 that
the relative composition product C ◦R D is a particular instance of a construction of
the form SR(C,D), but we obtain better homotopy invariance results in the case of
a the relative composition product C ◦R D than in the general case of bifunctors of
the form (C,D) 7→ SR(C,D). We refer to theorem 14.A for the precise statement.
Roughly, we can use cell complexes of right R-modules (respectively, left R-modules)
build from C-cofibrations rather than Σ∗-cofibrations.

§15. Extension and restriction functors and model categories. — Let ψ : R → S an
operad morphism. If the operads R, S are cofibrant in the base category, then the
extension and restriction functors ψ! : CΣ∗R � CΣ∗S : ψ! define a Quillen adjunction
for modules. In the context of algebras over operads, we assume that the operads
R, S are Σ∗-cofibrant or that the monoidal categoryM is good enough to ensure that
R-algebras and S-algebras form model categories. In this situation, we obtain that the
extension and restriction functors ψ! : RM� SM : ψ! define Quillen adjoint functors
as well.

If ψ is an operad equivalence, then we obtain Quillen adjoint equivalences in both
cases. In §15, we address the construction of these Quillen adjunctions (respectively,
equivalences) to give an application of theorems of §§12-13.

For algebras over operads, the existence of Quillen equivalences is proved in [3] in
the case where the underlying category forms a proper model category (see also [17,
Theorem 1.2.4] and [37, §3.6] for particular instances of underlying categories). The
crux of the proof is to check that the adjunction unit ηA : A → ψ!ψ!A defines
a weak-equivalence for all cofibrant R-algebras A. In §§7-9, we observe that the
functors ψ! : RM � SM : ψ! are associated to right modules over operads, as well
as the functors ψ! : CΣ∗R � CΣ∗S : ψ!. By this observation, the existence of Quillen
equivalences follows from theorems of §§12-13.

§16. Miscellaneous applications. — In this chapter, we survey applications of the
homotopy theory of right modules of operads to the homotopy theory of algebras
Then we examine the homotopy invariance of usual functors addressed in §10.

Recall that any category of algebras over an operad R has a natural homology
theory derived from the functor of Kähler differentials A 7→ Ω1

R(A). In §10, we prove
that Ω1

R(A) is the functor associated to a right R-module Ω1
R. In §16, we use theorems

of §§12-13 to prove that the homology of R-algebras is defined by a Tor-functor (and
the cohomology by an Ext-functor) if Ω1

R forms a free right R-module (when R is an op-
erad in k-modules). As an example, we recover that the classical Hochschild homology
of associative algebras, as well as the classical Chevalley-Eilenberg homology of Lie
algebras, are given by Tor-functors (respectively, Ext-functors for the cohomology),
unlike Harrison or André-Quillen homology of commutative algebras.
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PART I

BACKGROUND



Foreword: conventions regarding categories of functors

In this book, we deal with categories of functors F : U → V. Usually, the category
U is not supposed to be small, but to avoid set-theoretic difficulties we assume tacitely
that all categories U considered in the book contains a small subcategory Uf such
that every object U ∈ U is the filtered colimit of a diagram in Uf . Moreover, we
consider tacitely only functors F : U → V that preserve filtered colimits and the
notation F(U ,V) refers to the category formed by these functors. One can check that
all functors which arise from our constructions satisfy this assumption. Under this
convention, we obtain that the category F(U ,V) has small morphism sets and no
actual set-theoretic difficulty occurs.

Observe also that the existence of the small category Uf implies that a functor
φ! : U → V admits a right adjoint φ! : V → U as soon as it preserves colimits.



CHAPTER 1

SYMMETRIC MONOIDAL CATEGORIES OVER A BASE

Introduction

Throughout the book we consider a fixed base symmetric monoidal category
(C,⊗, 1), in which all small colimits, all small limits exist, and so that the tensor
product ⊗ : C ×C → C preserves colimits. We use the direct sum notation for
coproducts in C and the notation 0 for the initial object of C (but we do not assume
that ⊕ is a bi-product or that 0 is a null object).

Usually, one defines operads and algebras within the base category, but for our
needs we may consider objects in extensions of the base symmetric monoidal category.
To make our ideas clear, we make explicit the general structure formed by these
extensions and the axioms from which our constructions can be deduced. Next, we
survey the definitions of operad theory in light of this setting.

In this chapter, we recall also the definition and properties of particular colimits
(namely, reflexive coequalizers and filtered colimits). In the book, we use repeatedly
that these colimits are preserved by bifunctors and tensor powers.

1.1. Symmetric monoidal categories over a base category

Formally, we extend constructions of operad theory to the relative context of a
symmetric monoidal category M over a base symmetric monoidal category C. In
this section, we give an explicit definition of this structure in a form suitable for our
applications.

1.1.1. Axioms. — For our purpose, a symmetric monoidal category over the base
symmetric monoidal category (C,⊗, 1) consists of a symmetric monoidal category
(M,⊗, 1) equipped with an external tensor product

⊗ : C ×M→M,
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such that the unit relation 1⊗M 'M holds for all M ∈M, the associativity relation
(C ⊗ D) ⊗M ' C ⊗ (D ⊗M) holds for all C,D ∈ C, M ∈ M, and we have the
distribution relation C ⊗ (M ⊗ N) ' (C ⊗M) ⊗ N ' M ⊗ (C ⊗ N) for all C ∈ C,
M,N ∈M. The isomorphisms that give these relations are part of the structure and
satisfy natural coherence axioms with respect to the unit, associativity and symmetry
relations of internal symmetric monoidal structures.

In the sequel, we assume that all small colimits, all small limits exist in M, the
internal tensor product⊗ :M×M→M preserves all colimits, as well as the external
tensor product ⊗ : C ×M→M.

Clearly, the base categoryM = C satisfies our requirements and forms a symmetric
monoidal category over itself.

1.1.2. Functors and natural transformations. — A functor ρ :M→ N is a functor
of symmetric monoidal categories over C if it satisfies commutation relations with
respect to tensor products and preserves unit objects. Explicitly, for internal tensor
products, we have ρ(M ⊗N) ' ρ(M)⊗ ρ(N), where M,N ∈ M, for external tensor
products, we have ρ(C⊗N) ' C⊗ρ(N), where C ∈ C, N ∈M, and, for unit objects,
we have an isomorphism ρ(1) ' 1. Again, the isomorphisms that give these relations
are part of the structure and satisfy natural coherence axioms with respect to the
relations of symmetric monoidal category structures.

A natural transformation θ(M) : ρ(M)→ σ(M), where ρ, σ :M→N are functors
of symmetric monoidal categories over C, is a natural transformation of symmetric
monoidal categories over C if we have θ(1) = id, for unit objects, θ(M ⊗ N) =
θ(M)⊗ θ(N), for all M,N ∈ M, and θ(C ⊗N) = C ⊗ θ(N), for all C ∈ C, N ∈ M.
(In these equations, we identify abusively the relations of symmetric monoidal functors
with identities. The relations are defined properly by commutative diagrams obtained
by putting together the natural transformations with the isomorphisms that give these
relations.)

Adjoint functors ρ! : M � N : ρ! define an adjunction of symmetric monoidal
categories over C if ρ! and ρ! are functors of symmetric monoidal categories over C,
and the adjunction unit ηM : M → ρ!ρ!M as well as the adjunction augmentation
εN : ρ!ρ

!N → N are natural transformations of symmetric monoidal categories over
C.

The next assertion is straightforward:

1.1.3. Proposition. — For any symmetric monoidal category M over C, we have
a symmetric monoidal functor η : (C,⊗, 1) → (M,⊗, 1) defined by η(C) = C ⊗ 1

for C ∈ C. Conversely, any symmetric monoidal category (M,⊗, 1) equipped with a
symmetric monoidal functor η : (C,⊗, 1) → (M,⊗, 1) forms a symmetric monoidal
category over C so that C ⊗M = η(C) ⊗M , for all C ∈ C, M ∈ M. In addition,
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the functor η : C →M preserves colimits if and only if the associated external tensor
product C ⊗M = η(C)⊗M preserves colimits on the left and on the right.

These constructions define inverse equivalences of 2-categories between the category
of symmetric monoidal categories over C and the comma category of objects under
(C,⊗, 1) in the 2-category of symmetric monoidal categories.

1.1.4. Enriched symmetric monoidal categories over the base category. — A sym-
metric monoidal category is enriched over the base category if it is equipped with an
external hom-bifunctor

HomM(−,−) :M◦×M→ C

such that we have an adjunction relation

MorM(C ⊗M,N) = MorC(C,HomM(M,N)),

for all C ∈ C, M,N ∈M. Since we assume that the external tensor product preserves
colimits, the existence of an external hom-bifunctor is implied by the special adjoint
functor theorem (see the foreword).

For a set X, we set 1[X] =
⊕

x∈X 1. For X = MorM(M,N), we have a morphism

1[MorM(M,N)]⊗M '
⊕
f

M
(f)f−−−→ N

that determines a natural morphism

1[MorM(M,N)]→ HomM(M,N).

A functor ρ : M → N , where M,N are enriched symmetric monoidal cate-
gories over C, is a functor in the enriched sense if we have a natural morphism
ρ : HomM(M,N) → HomN (ρM, ρN), for all M,N ∈ M, that fits a commutative
diagram

1[MorM(M,N)]
1[ρ] //

��

1[MorN (ρM, ρN)]

��
HomM(M,N)

ρ
// HomM(ρM, ρN)

and preserves compositions in hom-objects.
The next assertion is formal:

1.1.5. Proposition. — Let ρ : M → N be a functor, where M,N are symmetric
monoidal categories enriched over C. If ρ preserves external tensor products, then the
map f 7→ ρ(f), defined for morphisms in M, extends to a morphism

HomM(M,N)
ρ−→ HomN (ρM, ρN),
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so that we have a commutative diagram

MorC(C,HomM(M,N))
ρ∗ //

'

��

MorC(C,HomN (ρM, ρN))

'
��

MorN (C ⊗ ρM, ρN)

MorM(C ⊗M,N)
ρ

// MorN (ρ(C ⊗M), ρN)

'

OO

for all C ∈ C, and ρ defines a functor in the enriched sense.

For our purposes, we check also:

1.1.6. Proposition. — Let ρ! : M � N : ρ! be adjoint functors where M,N are
symmetric monoidal categories enriched over C. If ρ! preserves external tensor prod-
ucts, then the functors ρ! :M� N : ρ! satisfy an enriched adjunction relation

HomN (ρ!M,N) ' HomN (M,ρ!N),

where morphism sets are replaced by hom-objects over C. Moreover, the morphism on
hom-objects induced by ρ! :M→N fits a commutative diagram

HomM(M,N)
ρ! //

ηN∗ ))RRRRRRRRRRRRR
HomN (ρ!M,ρ!N)

HomM(M,ρ!ρ!N)

'

55kkkkkkkkkkkkkk

,

where ηN∗ denotes the morphism induced by the adjunction unit ηN : N → ρ!ρ!N .

Proof. — Apply the adjunction relation on morphism sets to a tensor product C⊗N ∈
M, where C ∈ C and M ∈ M. Since we assume ρ!(C ⊗M) ' C ⊗ ρ!(M), we obtain
natural isomorphisms

MorN (C ⊗ ρ!M,N) ' //

'
��

MorN (ρ!(C ⊗M), N) ' // MorM(C ⊗M,ρ!N)

'
��

MorC(C,HomN (ρ!M,N)) '
// MorC(C,HomM(M,ρ!N))

from which we deduce the existence of an isomorphism

HomN (ρ!M,N) ' HomM(M,ρ!N),

for all M ∈M, N ∈ N .
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For M,N ∈M, we have a commutative diagram on morphism sets

MorM(M,N)
ρ! //

ηN∗ ((RRRRRRRRRRRRR
MorN (ρ!M,ρ!N)

MorM(M,ρ!ρ!N)

'

55kkkkkkkkkkkkkk

.

This assertion is a formal consequence of the definition of an adjunction unit. Again,
we apply this diagram to a tensor product M := C ⊗M ∈ M, where C ∈ C and
M ∈M, and we use the relation ρ!(C ⊗M) ' C ⊗ ρ!(M) to check that the diagram
commutes at the level hom-objects.

1.1.7. Reduced symmetric monoidal categories over a base. — In the sequel, we con-
sider also reduced symmetric monoidal categories M0 which come equipped with a
symmetric internal tensor product and with an external tensor product over C, but
which have no unit object. In this case, we assume all axioms of a symmetric monoidal
category over the base, except the axioms that involve the unit ofM. The definition of
external hom-bifunctors HomM(−,−) makes sense for reduced symmetric monoidal
categories as well.

In fact:

1.1.8. Proposition. — Reduced symmetric monoidal categories are equivalent to
split augmented objects in the category of symmetric monoidal categories over C.

This relationship is a generalization to monoidal categories of the classical equiva-
lence between non-unitary algebras and augmented unitary algebras.

An augmented symmetric monoidal categories over C consists of a symmetric
monoidal categoryM equipped with both a unit and an augmentation morphism

(C,⊗, 1)
η
// (M,⊗, 1)

εoo

so that εη = Id. Let M0 = ker(ε) be the full subcategory of M formed by objects
which are mapped to the initial object of C. An augmented symmetric monoidal
category over C is split if the canonical functor C ×M0 → M, which maps a pair
(C,M) ∈ C ×M0 to the sum ηC ⊕M ∈M, defines an equivalence of categories.

Proof of proposition 1.1.8. — In one direction, the relation ε(M ⊗N) ' ε(M)⊗ ε(N)
implies thatM0 inherits a reduced category structure from M.

In the other direction, we observe that the categorical productM = C ×M0, where
M0 is any reduced symmetric monoidal category, forms a full symmetric monoidal
category over C. The functor η : C → M maps C ∈ C to the pair (C, 0), where 0
is the initial object of M0. The objects of M0 are identified with the objects of M
defined by pairs (0,M), where 0 is the initial object of C. The object ofM defined by
a pair (C,M) ∈ C ×M0 is identified with the sum ηC ⊕M in M. The definition of
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the tensor product in M = C ×M0 is forced by identifications with tensor products
on C and M0 and by the commutation of tensor products with colimits.

1.2. On reflexive coequalizers and filtered colimits

Recall that a coequalizer

X1

d0 //

d1

// X0
// coker(X1 ⇒ X0)

is reflexive if there exists a morphism s0 : X0 → X1 such that d0s0 = id = d1s0. In
this context, we say also that d0, d1 forms a reflexive pair of morphisms.

The importance of reflexive coequalizers for our purposes comes from the following
assertions:

1.2.1. Proposition. — Let T : X ×Y →M be any bifunctor that preserves reflexive
coequalizers in one variable (for instance T (X,Y ) = X ⊗ Y , the tensor product in
M). Explicitly, we assume that the natural morphism

coker(T (X1, Y ) ⇒ T (X0, Y ))→ T (coker(X1 ⇒ X0), Y ),

is an isomorphism, for all reflexive pairs of morphisms d0, d1 : X1 ⇒ X0 and all
objects Y , and similarly for coequalizers in the second variable.

1. The functor T preserves reflexive coequalizers in two variables. Explicitly, the
natural morphism

coker(T (X1, Y1) ⇒ T (X0, Y0))→ T (coker(X1 ⇒ X0), coker(Y1 ⇒ Y0))

is an isomorphism for all reflexive pairs of morphisms d0, d1 : X1 ⇒ X0 and
d0, d1 : Y1 ⇒ Y0.

2. In the case X = Y, the composite of (X,Y ) 7→ T (X,Y ) with the diagonal functor
X 7→ (X,X) preserves reflexive coequalizers as well.

Recall that filtered colimits fit a similar assertion:

1.2.2. Proposition. — Let T : X ×Y →M be any bifunctor that preserves filtered
colimits in one variable (for instance T (X,Y ) = X ⊗ Y , the tensor product in M).
Explicitly, we assume that the natural morphism

colim
i

T (Xi, Y )→ T (colim
i

Xi, Y ),

is an isomorphism, for all I-diagrams i 7→ Xi, where I is a filtered category, and
similarly with respect to the second variable.

1. The functor T preserves filtered colimits in two variables. Explicitly, the natural
morphism

colim
i

T (Xi, Yi)→ T (colim
i

Xi, colim
i

Yi)
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is an isomorphism for all I-diagrams i 7→ Xi and i 7→ Yi, where I is a filtered
category.

2. In the case X = Y, the composite of (X,Y ) 7→ T (X,Y ) with the diagonal functor
X 7→ (X,X) preserves filtered colimits as well.

To prove the proposition 1.2.2, observe that the diagonal ∆ : I → I × I makes I a
cofinal subcategory of I × I.

These propositions imply:

1.2.3. Proposition. — The tensor power functors Id⊗r : M 7→M⊗r in a symmetric
monoidal category M preserve reflexive coequalizers and filtered colimits.





CHAPTER 2

SYMMETRIC OBJECTS AND FUNCTORS

Introduction

In this chapter, we recall the definition of the category of Σ∗-objects and its struc-
tures and we review the relationship between Σ∗-objects and functors. Roughly, a
Σ∗-object C (in English words, a symmetric sequence of objects, or simply a symmet-
ric object) is the coefficient sequence of a generalized symmetric functor S(C) : M 7→
S(C,M), where

S(C,M) =
∞⊕
r=0

(C(r)⊗M⊗r)Σr .

In §2.1, we recall the definition of the tensor product of Σ∗-objects, the operation
which reflects the pointwise tensor product of functors and which provides the cate-
gory of Σ∗-objects with the structure of a symmetric monoidal category over the base
category.

Besides the tensor product, the category of Σ∗-objects comes equipped with a
(non-symmetric) composition product that reflects the composition of functors. The
definition of this composition structure is recalled in §2.2.

The map S : C 7→ S(C) defines a functor S : CΣ∗ → F , where CΣ∗ denotes the
category of Σ∗-objects and F denotes the category of functors F :M→M on any
symmetric monoidal categoryM over the base category C. The special adjoint functor
theorem implies that this functor has a right adjoint Γ : F → CΣ∗ . In §2.3 we give
an explicit construction of this adjoint functor using that the symmetric monoidal
categoryM is enriched over the base category C. In addition, we prove that the map
S : C 7→ S(C) defines a faithful functor in the enriched sense as long as the category
M is equipped with a faithful functor η : C → M. In the case M = C = k Mod,
the category of modules over a ring k, we use the explicit construction of the adjoint
functor Γ : G 7→ Γ(G) to prove that the functor S : C 7→ S(C) is bijective on object
sets under mild conditions on Σ∗-objects or on the ground ring k.
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In §§2.1-2.3, we deal with global structures of the category of Σ∗-objects. In §2.4,
we study the image of colimits under the functor S(C) : M → M associated to
a Σ∗-object C. Explicitly, we note that the functor S(C) : M → M preserves
filtered colimits and reflexive coequalizers (but not all colimits). This short section is
independent from the others and is only motivated by applications of §3.2.

2.1. The symmetric monoidal category of Σ∗-objects and functors

Formally, a Σ∗-object in a category C consist of a sequence C(n), n ∈ N, where C(n)
is an object of C equipped with an action of the symmetric group Σn. A morphism
of Σ∗-objects f : C → D consists of a sequence of morphisms f : C(n) → D(n) in C
that commute with the action of symmetric groups. The category of Σ∗-objects in C
is denoted by CΣ∗ .

In the introduction of the chapter, we recall that CΣ∗ forms a symmetric monoidal
category over C. In this section, we address the definition and applications of this
categorical structure. More specifically, we use the formalism of symmetric monoidal
categories over a base category to express the relationship between the tensor product
of Σ∗-objects and the pointwise tensor product of functors on a symmetric monoidal
categoryM over C. Formally, we record that the category F of functors F :M→M
inherits the structure of a symmetric monoidal category over C and the map S : C 7→
S(C) defines a functor of symmetric monoidal categories over C:

(CΣ∗ ,⊗, 1) S−→ (F ,⊗, 1).

2.1.1. The functor associated to a Σ∗-object. — First of all, we recall the definition
of the functor S(C) : M → M associated to a Σ∗-object C, for M a symmetric
monoidal category over C. The image of an object M ∈ M under this functor,
denoted by S(C,M) ∈M, is defined by the formula

S(C,M) =
∞⊕
r=0

(C(r)⊗M⊗r)Σr
,

where we consider the coinvariants of the tensor products C(r) ⊗ M⊗r under the
action of the symmetric groups Σr. We use the internal tensor product ofM to form
the tensor power M⊗r, the external tensor product to form the object C(r)⊗M⊗r in
M, and the existence of colimits inM to form the coinvariant object (C(r)⊗M⊗r)Σr

and S(C,M).
In §2.1.4, we introduce pointwise operations on functors F :M→M that corre-

spond to these tensor operations inM. In this light, we have

S(C) =
∞⊕
r=0

(C(r)⊗ Id⊗r)Σr
,

where Id :M→M denotes the identity functor onM.
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The construction S : C 7→ S(C) is clearly functorial inM. Explicitly, for a functor
ρ :M→N of symmetric monoidal categories over C, the diagram of functors

M
S(C)

��

ρ // N
S(C)

��
M ρ

// N

commutes up to natural isomorphisms. In an equivalent fashion, we have a natural
functor isomorphism S(C) ◦ ρ ' ρ ◦ S(C), for all C ∈ CΣ∗ .

In the case M = C = k Mod and M = V ∈ k Mod, the element of S(C, V )
represented by the tensor x⊗(v1⊗· · ·⊗vr) ∈ C(r)⊗V ⊗r is denoted by x(v1, . . . , vr) ∈
S(C, V ). The coinvariant relations read σx(v1, . . . , vr) = x(vσ(1), . . . , vσ(r)), for σ ∈
Σr.

Clearly, the map S : C 7→ S(C) defines a functor S : CΣ∗ → F , where F =
F(M,M) denotes the category of functors F :M→M. (Because of our conventions
on functor categories, we should check that S(C) :M→M preserves filtered colimits,
but we postpone the simple verification of this assertion to section 2.4 in which we
address all colimit problems.)

The category CΣ∗ is equipped with colimits and limits created termwise in C.
The category of functors F = F(M,M) is equipped with colimits as well, inherited
pointwise from the category M. By interchange of colimits, we obtain immediately
that the functor S : CΣ∗ → F(M,M) preserves colimits.

2.1.2. Constant Σ∗-objects and constant functors. — Recall that a Σ∗-object C is
constant if we have C(r) = 0 for all r > 0. The base category C is isomorphic to the
full subcategory of CΣ∗ formed by constant objects. Explicitly, to an object C ∈ C,
we associate the constant Σ∗-object C = η(C) such that η(C)(0) = C. This constant
Σ∗-object is associated to the constant functor S(C,M) ≡ C ⊗ 1.

2.1.3. Connected Σ∗-objects and functors. — The category embedding η : C → CΣ∗
has an obvious left-inverse ε : CΣ∗ → C defined by ε(C) = C(0). The category of
connected Σ∗-objects CΣ

0
∗ is the full subcategory of CΣ∗ formed by Σ∗-objects C such

that ε(C) = C(0) = 0, the initial object of C. Clearly, connected Σ∗-objects are
associated to functors S(C) :M→M such that S(C, 0) = 0.

In the case of a connected Σ∗-object C ∈ CΣ
0
∗ , we can extend the construction

of §2.1.1 to reduced symmetric monoidal categories. To be explicit, for objects M in
a reduced symmetric monoidal categoryM0 over C, we set

S0(C,M) =
∞⊕
n=1

(C(n)⊗M⊗n)Σn

to obtain a functor S0(C) :M0 →M0.
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2.1.4. The symmetric monoidal category of functors. — Let F = F(X , C) denote the
category of functors F : X → C, where X is any category (see our foreword). Recall
that F = F(X , C) has all small colimits and limits, inherited pointwise from the base
category C.

Observe that the category F is equipped with an internal tensor product ⊗ :
F ⊗F → F and with an external tensor product ⊗ : C ⊗F → F , inherited from the
base symmetric monoidal category, so that F forms a symmetric monoidal category
over C. Explicitly: the internal tensor product of functors F,G : X → C is defined
pointwise by (F ⊗ G)(X) = F (X) ⊗ G(X), for all X ∈ X , the tensor product of a
functor G : X → C with an object C ∈ C is defined by (C ⊗ F )(X) = C ⊗ F (X), and
the constant functor 1(X) ≡ 1, where 1 is the unit object of C, represents the unit
object in the category of functors.

The functor of symmetric monoidal categories

η : (C,⊗, 1)→ (F ,⊗, 1)

determined by this structure identifies an object C ∈ C with the constant functor
η(C)(X) ≡ C. If X is equipped with a base object 0 ∈ X , then we have a natural
splitting F = C ×F0, where F0 is the reduced symmetric monoidal category over C
formed by functors F such that F (0) = 0, the initial object of C.

Obviously, we can extend the observations of this paragraph to a category of func-
tors F = F(X ,M), whereM is a symmetric monoidal category over the base category
C. In this case, the category F = F(X ,M) forms a symmetric monoidal category
overM, and, by transitivity, over the base category C as well.

We have:

2.1.5. Proposition (cf. [9, §1.1.3] or [11, §1.2] or [37, Lemma 2.2.4])
The category CΣ∗ is equipped with the structure of a symmetric monoidal category

over C so that the map S : C 7→ S(C) defines a functor of symmetric monoidal
categories over C

S : (CΣ∗ ,⊗, 1)→ (F(M,M),⊗, 1),
functorially in M, for all symmetric monoidal categories M over C.

The functoriality claim asserts explicitly that, for any functor ρ : M → N of
symmetric monoidal categories over C, the tensor isomorphisms S(C ⊗D) ' S(C)⊗
S(D) and the functoriality isomorphisms S(C)◦ρ ' ρ◦S(C) fit a commutative hexagon

S(C ⊗D) ◦ ρ
'
��

' // ρ ◦ S(C ⊗D)

'
��

(S(C)⊗ S(D)) ◦ ρ

= ��?
??

??
ρ ◦ (S(C)⊗ S(D))

'����
��

�

S(C) ◦ ρ⊗ S(D) ◦ ρ '
// ρ ◦ S(C)⊗ ρ ◦ S(D)
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and similarly for the isomorphism S(1) ' 1.
We have further:

2.1.6. Proposition. — The category CΣ
0
∗ of connected Σ∗-objects forms a reduced

symmetric monoidal category over C.
The category CΣ∗ forms a split augmented symmetric monoidal category over C

so that CΣ∗ = C ×CΣ
0
∗ and the functor S : C 7→ S(C) fits a diagram of symmetric

monoidal categories over C

CΣ∗
S // F(M,M)

C ×CΣ
0
∗

Id× S
//

'

OO

C ×F(M,M)0

'

OO
.

We refer to the literature for the proof of the assertions of propositions 2.1.5-2.1.6.
For our needs, we recall simply the explicit construction of the tensor product C ⊗D
in the next paragraph. This construction occurs also in the definition of the category
of symmetric spectra in stable homotopy (see [26, §2.1]).

2.1.7. The tensor product of Σ∗-objects. — In an explicit fashion, the terms of the
tensor product of Σ∗-objects are defined by a formula of the form

(C ⊗D)(n) =
⊕
p+q=n

(1[Σn]⊗ C(p)⊗D(q))Σp×Σq
,

where 1[Σn] denotes the sum over Σn of copies of the unit object of C.
In this construction, we use the canonical group embedding Σp × Σq ⊂ Σp+q

which identifies a permutation σ ∈ Σp (respectively, τ ∈ Σq) to a permutation of
the subset {1, . . . , p} ⊂ {1, . . . , p, p+ 1, . . . , p+ q} (respectively, {p+ 1, . . . , p+ q} ⊂
{1, . . . , p, p+1, . . . , p+q}). The tensor product C(p)⊗D(q) forms a Σp×Σq-object in C.
The group Σp×Σq acts on 1[Σn] by translations on the right. The coinvariant quotient
makes this right Σp × Σq-action agree with the left Σp × Σq-action on C(p)⊗D(q).

The group Σn acts also on 1[Σn] by translation on the left. This left Σn-action
induces a left Σn-action on (C⊗D)(n) and determines the Σ∗-object structure of the
collection {(C ⊗D)(n)}n∈N.

The constant Σ∗-object 1 such that

1(n) =

{
1, if n = 0,

0, otherwise,

where on the right-hand side 1 ∈ C is the unit object of C, defines a unit for this tensor
product. The associativity of the tensor product of Σ∗-object is inherited from the
base category. The definition of the symmetry isomorphism τ(C,D) : C⊗D → D⊗C
involves the symmetry isomorphism C(p)⊗D(q) ' D(q)⊗ C(p) and translations by
block transpositions in 1[Σn] (see for instance [9, §1.1.3] or [26, §2.1]).
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The functor η : C → CΣ∗ which identifies the objects of C to constant Σ∗-objects
defines a functor of symmetric monoidal categories

η : (C,⊗, 1)→ (CΣ∗ ,⊗, 1)

and makes (CΣ∗ ,⊗, 1) into a symmetric monoidal category over C. By an immediate
inspection of definitions, we obtain that the external tensor product of a Σ∗-object C
with an object K ∈ C is given by the obvious formula (K ⊗ C)(r) = K ⊗ C(r).

2.1.8. Enriched category structures. — The functor categories F = F(X , C) and the
category of Σ∗-objects CΣ∗ are all enriched over the base category C, provided that
C forms a closed symmetric monoidal category. To be explicit, we assume that C is
equipped with an internal hom-bifunctor

HomC(−,−) : C◦×C → C

such that
MorC(K ⊗ C,D) = MorC(K,HomC(C,D)),

for all K,C,D ∈ C.
In the case of functors F,G : X → C, we have

HomF (F,G) =
∫
X∈X

HomC(F (X), G(X)),

the end over X of the bifunctor (X,Y ) 7→ HomC(F (X), G(X)). The adjunction
relation

MorF (K ⊗ F,G) = MorC(K,HomF (F,G))

is equivalent to the definition of an end. This construction can be extended to functor
categories F = F(X ,M), whereM is a symmetric monoidal category over C, provided
that M is enriched over C.

The external hom of the category of Σ∗-objects is denoted by HomCΣ∗ (C,D), for
all C,D ∈ CΣ∗ . This external hom is defined by a product

HomCΣ∗ (C,D) =
∞∏
n=0

HomC(C(n), D(n))Σn ,

where HomC(C(n), D(n))Σn denotes the invariant subobject of HomC(C(n), D(n))
under the action of the symmetric group Σn. The adjunction relation is immediate.

2.1.9. Generating Σ∗-objects. — The identity functor Id :M→M is identified with
the functor S(I) = Id associated to a Σ∗-object I defined by:

I(n) =

{
1, if n = 1,

0, otherwise.

This object I represents the unit of the composition product of Σ∗-objects defined
next.
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For r ∈ N, let Fr = I⊗r be the rth tensor power of I in CΣ∗ . Since S(Fr) =
S(I)⊗r = Id⊗r, we obtain that S(Fr) : M → M represents the rth tensor power
functor Id⊗r : M 7→M⊗r.

The definition of the tensor product of Σ∗-objects (see §2.1.7) implies that Fr = I⊗r

satisfies

Fr(n) =

{
1[Σr], if n = r,

0, otherwise.

Recall that 1[Σr] denotes the Σr-object in C formed by the sum over Σr of copies of
the tensor unit 1 ∈ C.

The symmetric group Σr acts on Fr(r) = 1[Σr] equivariantly by translations on
the right, and hence acts on Fr on the right by automorphisms of Σ∗-objects. This
symmetric group action corresponds to the action by tensor permutations on tensor
powers I⊗r.

The Σ∗-objects Fr, r ∈ N, are characterized by the following property:

2.1.10. Proposition. — We have a natural Σr-equivariant isomorphism

ωr(C) : C(r) '−→ HomCΣ∗ (Fr, C),

for all C ∈ CΣ∗ .

Proof. — Immediate: we have

HomCΣ∗ (Fr, C) ' HomC(1[Σr], C(r))Σr

and HomC(1[Σr], C(r))Σr ' HomC(1, C(r)) ' C(r).

One checks readily that the Σr-action by right translations on 1[Σr] corresponds to
the internal Σr-action of C(r) under the latter isomorphisms. Hence we obtain a
Σr-equivariant isomorphism ωr(C) : C(r) '−→ HomCΣ∗ (Fr, C) as stated.

2.1.11. Canonical generating morphisms. — Observe that

(C(r)⊗ Fr(n))Σr '

{
C(r), if n = r,

0, otherwise.

Accordingly, for a Σ∗-object C, we have obvious morphisms

ιr(C) : (C(r)⊗ Fr)Σr
→ C

that sum up to an isomorphism

ι(C) :
∞⊕
r=0

(C(r)⊗ Fr)Σr

'−→ C.
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At the functor level, we have S((C(r) ⊗ Fr)Σr
) ' (C(r) ⊗ Id⊗r)Σr

and S(ιr(C))
represents the canonical morphism

(C(r)⊗ Id⊗r)Σr
→

∞⊕
r=0

(C(r)⊗ Id⊗r)Σr
= S(C).

The morphism Hom(Fr, C)⊗Fr → C induces a natural morphism (Hom(Fr, C)⊗
Fr)Σr → C. We check readily that the isomorphism of proposition 2.1.10 fits a
commutative diagram

(C(r)⊗ Fr)Σr

' //

ιr(C)

++VVVVVVVVVVVVVVVVVVVVVV
(Hom(Fr, C)⊗ Fr)Σr

ε

��
C

.

In an equivalent fashion, we obtain that the isomorphism ωr(C) corresponds to the
morphism ιr(C) under the adjunction relation

MorCΣ∗ ((C(r)⊗ Fr)Σr , C) ' MorC(C(r),HomCΣ∗ (Fr, C))Σr .

To conclude, proposition 2.1.10 and the discussion of §2.1.11 imply:

2.1.12. Proposition. — The objects Fr, r ∈ N, define small projective generators
of CΣ∗ in the sense of enriched categories. Explicitly, the functors

HomCΣ∗ (Fr,−) : C 7→ HomCΣ∗ (Fr, C)

preserve filtered colimits and coequalizers and the canonical morphism
∞⊕
r=0

HomCΣ∗ (Fr, C)⊗ Fr → C

is a regular epi, for all C ∈ CΣ∗ .

Note that the functors S(Fr) = Id⊗r do not generate F and do not form projective
objects in F in general.

2.1.13. Remark. — Since Fr = I⊗r, the isomorphism of §2.1.11 can be identified
with an isomorphism

S(C, I) =
∞⊕
r=0

(C(r)⊗ I⊗r)Σr ' C

between C and the Σ∗-object S(C, I) ∈ CΣ∗ associated to I ∈ CΣ∗ by the functor
S(C) :M→M for M = CΣ∗ . This observation can be used to recover a Σ∗-object
C from the associated collection of functors S(C) :M→M, where M runs over all
monoidal symmetric categories over C.
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2.2. Composition of Σ∗-objects and functors

The category of functors F = F(M,M) is equipped with another monoidal struc-
ture (F , ◦, Id) defined by the composition of functors F,G 7→ F ◦ G, together with
the identity functor Id as a unit object. The category of Σ∗-objects has a monoidal
structure that reflects the composition structure of functors. Formally, we have:

2.2.1. Proposition (See [14]). — The category of Σ∗-objects CΣ∗ is equipped with
a monoidal structure (CΣ∗ , ◦, I) so that the map S : C 7→ S(C) defines a monoidal
functor

S : (CΣ∗ , ◦, I)→ (F(M,M), ◦, Id),

for all symmetric monoidal categories M over C.

The composition product of Σ∗-objects refers to the operation C,D 7→ C ◦D that
yields this monoidal structure. For our purposes, we recall the construction of [11,
§1.3] which uses the symmetric monoidal structure of the category of Σ∗-objects in
the definition of the composition product C,D 7→ C ◦D.

2.2.2. The monoidal composition structure of the category of Σ∗-objects. — In fact,
the composite C ◦D is defined by a generalized symmetric tensor construction formed
in the categoryM = CΣ∗ :

C ◦D = S(C,D) =
∞⊕
r=0

(C(r)⊗D⊗r)Σr
.

Since the functor S : C 7→ S(C) preserves colimits and tensor products, we have
identities

S(C ◦D) =
∞⊕
r=0

S(C(r)⊗D⊗r)Σr
=

∞⊕
r=0

(C(r)⊗ S(D)⊗r)Σr
.

Hence, we obtain immediately that this composition product C ◦D satisfies the rela-
tion S(C ◦D) ' S(C) ◦ S(D), asserted by proposition 2.2.1.

The unit of the composition product is the object I, defined in §2.1.9, which cor-
responds to the identity functor S(I) = Id. The isomorphism of §2.1.11, identified
with

S(C, I) =
∞⊕
r=0

(C(r)⊗ I⊗r)Σr ' C

(see §2.1.13), is equivalent to the right unit relation C ◦ I ' C.

2.2.3. The distribution relation between tensor and composition products. — In the
category of functors, the tensor product and the composition product satisfy the
distribution relation (F ⊗G) ◦ S = (F ◦ S)⊗ (G ◦ S). In the category of Σ∗-modules,
we have a natural distribution isomorphism

θ(A,B,C) : (A⊗B) ◦ C '−→ (A ◦ C)⊗ (B ◦ C)
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which arises from the relation S(A ⊗ B,C) ' S(A,C) ⊗ S(B,C) yielded by propo-
sition 2.1.5. This distribution isomorphism reflects the distribution relation at the
functor level. Formally, we have a commutative hexagon

S(A⊗B) ◦ S(C)
'

**UUUUUUUUUUUUUUUU

S((A⊗B) ◦ C)

'
55kkkkkkkkkkkkkk

'
��

(S(A)⊗ S(B)) ◦ S(C)

=

��
S((A ◦ C)⊗ (B ◦ C))

'
))SSSSSSSSSSSSSS

(S(A) ◦ S(C))⊗ (S(B) ◦ S(C))

S(A ◦ C)⊗ S(B ◦ C)

'

44iiiiiiiiiiiiiiii

that connects the distribution isomorphism θ(A,B,C) to the functor identity (S(A)⊗
S(B)) ◦ S(C) = (S(A) ◦ S(C))⊗ (S(B) ◦ S(C)).

To summarize, we obtain:

2.2.4. Observation. — Let F = F(M,M). For any functor S ∈ F , the composi-
tion product F 7→ F ◦ S defines a functor of symmetric monoidal categories over C

− ◦ S : (F ,⊗, 1)→ (F ,⊗, 1).

For any D ∈ CΣ∗ , the composition product C 7→ C ◦ D defines a functor of sym-
metric monoidal categories over C

− ◦D : (CΣ∗ ,⊗, 1)→ (CΣ∗ ,⊗, 1)

and the diagram of functors

CΣ∗
S //

−◦D
��

F

−◦S(D)

��
CΣ∗ S

// F

commutes up to a natural equivalence of symmetric monoidal categories over C.

Besides, we check readily:

2.2.5. Observation. — The distribution isomorphisms θ(A,B,C) satisfy

θ(A,B, I) = id
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for the unit object C = I and make commute the triangles

(A⊗B) ◦ C ◦D
θ(A,B,C◦D) //

θ(A,B,C)◦D ))TTTTTTTTTTTTTTT
(A ◦ C ◦D)⊗ (B ◦ C ◦D)

((A ◦ C)⊗ (B ◦ C)) ◦D
θ(A◦C,B◦C,D)

55jjjjjjjjjjjjjjj

,

for all A,B,C,D ∈ CΣ∗ .

These coherence relations are obvious at the functor level since all isomorphisms
are identities in this case.

2.3. Adjunction and embedding properties

In the context of a module category M = C = k Mod, where k is an infinite
field, we recall in [11, §1.2] that the functor S : C 7→ S(C) is full and faithful. To
prove this assertion, one can observe that the functor S : C 7→ S(C) has a right
adjoint Γ : G 7→ Γ(G) so that the adjunction unit η(C) : C → Γ(S(C)) forms an
isomorphism (see proposition 1.2.5 in loc. cit.). In the general case of a module
category M = C = k Mod, where k is any ground ring, we obtain further that
η(C) : C → Γ(S(C)) forms an isomorphism if C is a projective Σ∗-module (see
proposition 2.3.12).

The aim of this section is to review these properties in the context of a symmetric
monoidal categoryM over C. For short, we set F = F(M,M).

Since we observe that the functor S : CΣ∗ → F preserves colimits, we obtain that
this functor has a right adjoint Γ : F → CΣ∗ . In a first part, we give an explicit
construction of this adjoint functor Γ : G 7→ Γ(G). For this purpose, we assume that
C has an internal hom,M is enriched over C, and we generalize a construction of [11,
§1.2]. In a second part, we observe that S : C 7→ S(C) extends to a functor of enriched
categories and we prove that this functor S : CΣ∗ 7→ F is faithful in an enriched sense,
at least if the category M is equipped with a faithful functor η : C → M. In an
equivalent fashion, we obtain that the adjunction unit η(C) : C → Γ(S(C)) defines a
monomorphism.

This account is motivated by the subsequent generalization of §8 in the context
of right modules over operad. Besides, in §4.2, we use the proof of the embedding
properties to check that the functor S : CΣ∗ → F reflects weak-equivalences. The
results and constructions of this section are not used anywhere else in the book.

2.3.1. The endomorphism module of a pair. — Observe first that the functor C 7→
S(C,N), for a fixed object N ∈ M, has a right adjoint. For this aim, form, for
M,N ∈M, the Σ∗-object EndM,N such that

EndM,N (r) = HomM(M⊗r, N).
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In §8.1.1, we observe that this Σ∗-object defines naturally a right module over EndM ,
the endomorphism operad of M , and we call this structure the endomorphism module
of the pair (M,N). For the moment, observe simply:

2.3.2. Proposition (cf. [37, Proposition 2.2.7]). — We have a natural isomor-
phism

MorM(S(C,M), N) ' MorCΣ∗ (C,EndM,N )

for all C ∈ CΣ∗ and M,N ∈M.

Proof. — This adjunction relation arises from the canonical isomorphisms:

MorM(
∞⊕
r=0

(C(r)⊗M⊗r)Σr
, N) '

∞∏
r=0

MorM((C(r)⊗M⊗r)Σr
, N)

'
∞∏
r=0

MorC(C(r),MorM(M⊗r, N))Σr

= MorCΣ∗ (C,EndM,N ).

2.3.3. Remark. — Next (see §3.1) we observe that the map S(D) : M 7→ S(D,M)
defines a functor S(D) :M→ PM, to the category PM of algebras over an operad P

when D is equipped with the structure of a left P-module. One can observe that the
endomorphism module EndM,N forms a left module over the endomorphism operad
of N . As a corollary, if N = B is a P-algebra, then we obtain that EndM,B forms a
left module over P by restriction of structures. In the context of P-algebras, we have
an adjunction relation

Mor
PM(S(D,M), B) ' Mor

P CΣ∗ (D,EndM,B)

for all D ∈ P CΣ∗ , M ∈ M and B ∈ PM, where P CΣ∗ refers to the category of left
P-modules (see §§3.1.6-3.1.7).

2.3.4. Definition of the adjoint functor Γ : F → CΣ∗ . — We apply the pointwise
adjunction relation of proposition 2.3.2 to the category of functors F .

In §2.1.1, we notice that the functor S(C) satisfies

S(C) =
∞⊕
r=0

(C(r)⊗ Id⊗r)Σr
= S(C, Id),

where Id is the identity functor on M. According to this relation, if we set Γ(G) =
End Id,G for G ∈ F , then proposition 2.3.2 returns:

2.3.5. Proposition. — The functor Γ : F → CΣ∗ defined by the map G 7→ End Id,G

is right adjoint to S : CΣ∗ → F .

By proposition 1.1.6, we have as well:
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2.3.6. Proposition. — The functors S : CΣ∗ � F : Γ satisfy an enriched adjunction
relation

HomCΣ∗ (S(C), G) ' HomF (C,Γ(G)),

where morphism sets are replaced by hom-objects over C.

Proposition 1.1.5 implies that any functor of symmetric monoidal categories over
C, like S : CΣ∗ → F , defines also a functor in the enriched sense. Explicitly, we obtain
that the map f 7→ S(f), defined for morphisms of Σ∗-objects, extends to a morphism
on hom-objects:

HomCΣ∗ (C,D) S−→ HomF (S(C),S(D)).

By proposition 1.1.6, we obtain also:

2.3.7. Proposition. — The diagram

HomCΣ∗ (C,D) S //

η(D)∗ ))SSSSSSSSSSSSSS
HomF (S(C),S(D))

HomCΣ∗ (C,Γ(S(D)))

'

44jjjjjjjjjjjjjjj

commutes.

According to this assertion, we can use the adjunction unit η(D) : D → Γ(S(D))
and the adjunction relation between S : CΣ∗ → F and Γ : F → CΣ∗ to determine
S : HomCΣ∗ (C,D) → HomF (S(C),S(D)). In the converse direction, we can apply
the morphism S : HomCΣ∗ (C,D)→ HomF (S(C),S(D)) to the generating Σ∗-objects
C = Fr = I⊗r, r ∈ N, in order to determine the adjunction unit:

2.3.8. Proposition. — The component η(D) : D(r) → HomF (Id⊗r,S(D)) of the
adjunction unit η(D) : D → Γ(S(D)) coincides with the morphism

D(r) '−→ HomCΣ∗ (Fr, D) S−→ HomF (S(Fr),S(D)) '−→ HomF (Id⊗r,S(D))

formed by the composite of the isomorphism ωr(D) : D(r) '−→ HomCΣ∗ (Fr, D) of
proposition 2.1.10, the morphism induced by the functor S : CΣ∗ → F on hom-objects,
and the isomorphism induced by the relation S(Fr) ' Id⊗r.

Proof. — This proposition is a consequence of proposition 2.3.7. In the case C = Fr,
we obtain a commutative diagram:

D(r) ' //

η(D)

��

HomCΣ∗ (Fr, D)

η(D)∗

��

S

**UUUUUUUUUUUUUUUU

Γ(S(D))(r) '
// HomCΣ∗ (Fr,Γ(S(D))) '

// HomCΣ∗ (S(Fr),S(D))

.
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One proves by a straightforward verification that the composite

Γ(S(D))(r) ' // HomCΣ∗ (Fr,Γ(S(D))) ' // HomCΣ∗ (S(Fr),S(D))

'
��

HomCΣ∗ (Id⊗r, D)

is the identity morphism of Γ(S(D))(r) = HomCΣ∗ (Id⊗r,S(D)) and the proposition
follows.

In the remainder of this section, we check that the morphism S : HomCΣ∗ (C,D)→
HomF (S(C),S(D)) is mono under the assumption that the symmetric monoidal cate-
goryM is equipped with a faithful functor η : C →M. The proof of this observation
is based on the next lemma:

2.3.9. Lemma. — Let 1⊕r = 11⊕ · · · ⊕ 1r be the sum of r copies of the unit object
1 ∈ C. For C ∈ CΣ∗ , we have a canonical isomorphism

S(C, 1⊕r) '
⊕

n1+···+nr=n

C(n1 + · · ·+ nr)Σn1×···×Σnr
.

Proof. — We have Σn-equivariant isomorphisms

(11⊕ · · · ⊕ 1r)⊗n '
⊕

(i1,...,in)

1i1 ⊗ · · · ⊗ 1in

'
⊕

(i1,...,in)

1

where the symmetric group Σn acts on n-tuples (i1, . . . , in) by permutations of terms.
We have an identification⊕

(i1,...,in)

1 =
⊕

n1+···+nr=n

1[Σn1 × · · · × Σnr
\Σn],

from which we deduce the splitting

(C(n)⊗ (11⊕ · · · ⊕ 1r)⊗n)Σn
'

⊕
n1+···+nr=n

(C(n)⊗ 1[Σn1 × · · · × Σnr
\Σn])Σn

'
⊕

n1+···+nr=n

C(n1 + · · ·+ nr)Σn1×···×Σnr

and the lemma follows.

We deduce from lemma 2.3.9:

2.3.10. Proposition. — The functor S : CΣ∗ → F(M,M) is faithful for all sym-
metric monoidal categories over C equipped with a faithful functor η : C →M.
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If M is also enriched over C, then the functor S : CΣ∗ → F(M,M) is faithful in
an enriched sense. Explicitly, the morphism induced by S on hom-objects

HomCΣ∗ (C,D) S−→ HomF (S(C),S(D))

is mono in C, for all C,D ∈ CΣ∗ .

Proof. — The object C(r) is isomorphic to the component n1 = · · · = nr = 1 in the
decomposition of lemma 2.3.9. As a byproduct, lemma 2.3.9 implies the existence
of a natural monomorphism σ(C) : C(r) → S(C, 1⊕r), for all C ∈ CΣ∗ . From this
assertion we deduce that S induces an injection on hom-sets

MorCΣ∗ (C,D) S−→ MorC(S(C, 1⊕r),S(D, 1⊕r)),

for all C,D ∈ CΣ∗ . If M is a symmetric monoidal category equipped with a faithful
functor η : C →M, then the map

MorC(S(C, 1⊕r),S(D, 1⊕r))→ MorM(S(C, 1⊕r),S(D, 1⊕r))

is injective as well. Hence we conclude readily that S induces an injection on hom-sets

MorCΣ∗ (C,D) S−→
∫
M∈M

MorC(S(C,M),S(D,M)) = MorF (S(C),S(D)),

for all C,D ∈ CΣ∗ , and defines a faithful functor S : CΣ∗ → F .
In the context of enriched categories, we obtain that the map on hom-sets

MorCΣ∗ (K ⊗ C,D) S−→ MorF (S(K ⊗ C),S(D)) ' MorF (K ⊗ S(C),S(D))

is injective for all K ∈ C, C,D ∈ CΣ∗ . By adjunction, we conclude immediately that

HomCΣ∗ (C,D) S−→ HomF (S(C),S(D))

is mono.

By proposition 2.3.7 and proposition 2.3.8, we have equivalently:

2.3.11. Proposition. — The adjunction unit

η(D) : D → Γ(S(D))

is mono in CΣ∗ , for all D ∈ CΣ∗ .

We record stronger results in the case M = C = k Mod:

2.3.12. Proposition. — In the caseM = C = k Mod, the category of modules over
a ring k, the adjunction unit η(C) : C → Γ(S(C)) is an isomorphism as long as C is
a projective Σ∗-module or the ground ring is an infinite field.
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Proof. — The case of an infinite ground field, recalled in the introduction of this
section, is stated explicitly in [11, Proposition 1.2.5]. In the other case, one can check
directly that the adjunction unit η(C) : C → Γ(S(C)) forms an isomorphism for the
generating projective Σ∗-modules C = Fr, r ∈ N. This implies that η(C) : C →
Γ(S(C)) forms an isomorphism if C is a projective Σ∗-module.

2.4. Colimits

In §2.1.1, we observe that the functor S : C 7→ S(C) preserves colimits. Since
colimits in functor categories are obtained pointwise, we obtain equivalently that the
bifunctor (C,M) 7→ S(C,M) preserves colimits in C, for any fixed object M ∈M.

In contrast, one can observe that the functor S(C) : M → M associated to a
fixed Σ∗-object does not preserves all colimits. Equivalently, the bifunctor (C,M) 7→
S(C,M) does not preserve colimits in M in general.

Nevertheless:

2.4.1. Proposition (cf. [37, Lemma 2.3.3]). — The functor S(C) :M→M as-
sociated to a Σ∗-object C ∈ CΣ∗ preserves filtered colimits and reflexive coequalizers.

Proof. — In proposition 1.2.1 we observe that the tensor power functors Id⊗r : M 7→
M⊗r preserves filtered colimits and reflexive coequalizers. By assumption, the exter-
nal tensor products N 7→ C(r)⊗N preserves colimits. By interchange of colimits, we
deduce readily from these assertions that the functor S(C,M) =

⊕∞
r=0(C(r)⊗M⊗r)Σr

preserves filtered colimits and reflexive coequalizers as well.

Concerning reflexive coequalizers, a first occurrence of proposition 2.4.1 appears
in [36, §B.3] in the particular case of the symmetric algebra V 7→ S(V ) on dg-modules.



CHAPTER 3

OPERADS AND ALGEBRAS IN SYMMETRIC

MONOIDAL CATEGORIES

Introduction

Throughout this book, we consider symmetric operads in the base symmetric
monoidal category C. Usually, one defines algebras within the same symmetric
monoidal category as the operad, but, in this book, we use algebras in a symmetric
monoidal categoryM over C.

The purpose of this chapter is to examine the generalization of the classical defini-
tions to this relative setting. More specifically: in §3.1 we review the basic definition
of an operad and of an algebra over an operad; in §3.2 we review the construction
of categorical operations (colimits, extension and restriction functors) in categories
of algebras associated to operads; in §3.3 we address the definition of endomorphism
operads.

3.1. Basic definitions

We use the constructions of §2 to review the relationship between operads and
monads. We obtain that an operad P determines a monad S(P) : M → M, for any
symmetric monoidal categoryM over C.

By definition, a P-algebra in M is an algebra over this monad S(P) : M → M.
In the previous chapter, we recall that the category of Σ∗-objects CΣ∗ , as well as
categories of functors F : X → M, are instances of symmetric monoidal categories
over C. In this chapter, we examine the definition of a P-algebra in the category of
Σ∗-objects CΣ∗ and of a P-algebra in a category of functors F : X → M, we obtain
that the former are equivalent to left P-modules, the latter are equivalent to functors
F : X → PM, from X to the category of P-algebras inM.

3.1.1. Operads and monads. — In an abstract fashion, an operad in C consists of
a monoid object in (CΣ∗ , ◦, I), the monoidal category of Σ∗-objects with respect to
composition products. Thus, an operad in C consists of a Σ∗-object P ∈ CΣ∗ equipped
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with a composition product µ : P ◦ P→ P and a unit morphism η : I → P that satisfy
the classical unit and associativity relations of monoids (for this classical definition,
see for instance [14] or [33, §1.8]). The category of operads in C is denoted by O,
where an operad morphism φ : P → Q consists obviously of a morphism in CΣ∗ that
preserves the operad structure.

By proposition 2.2.1 the functor S(P) :M→M associated to an operad P forms
a monad on M, for any symmetric monoidal category M over C. Explicitly, the
functor S(P) :M→M is equipped with an associative composition morphism S(µ) :
S(P) ◦ S(P) → S(P), induced by the composition morphism of the operad, together
with a unit S(η) : Id→ S(P), induced by the unit of the operad.

One proves classically that the composition morphism of an operad is equivalent
to a collection of morphisms

P(r)⊗ P(n1)⊗ · · · ⊗ P(nr)
µ−→ P(n1 + · · ·+ nr)

that satisfy natural equivariance properties. In the context of k-modules C = k Mod,
the composite of operations is denoted by p(q1, . . . , qr) ∈ P(n1 + · · · + nr), for all
p ∈ P(r) and q1 ∈ P(n1), . . . , qr ∈ P(nr). The unit morphism is determined by a unit
element 1 ∈ P(1). In this book, we use also the partial composites

P(r)⊗ P(s) ◦i−→ P(r + s− 1).

In the context of k-modules, these partial composites are defined by p ◦i q =
p(1, . . . , q, . . . , 1) , where q ∈ P(s) is set at the ith entry of p ∈ P(r). To generalize this
definition, replace simply the unit element 1 ∈ P(1) by the equivalent unit morphism
η : 1→ P(1).

3.1.2. Algebras over operads in symmetric monoidal categories over the base. — Let
P be an operad in C. In the standard definition, a P-algebra consists of an algebra
over S(P) : C → C, the monad on the base category C associated to the operad P.
In our relative framework, a P-algebra in M, where M is any symmetric monoidal
category over C, consists simply of an algebra over S(P) :M→M, the monad onM
associated to the operad P.

Explicitly, the structure of a P-algebra inM consists of an object A ∈M together
with a morphism λ : S(P, A)→ A that satisfies a natural unit relation with respect to
the monad unit of S(P) and a natural associativity relation with respect to the com-
position morphism of S(P). As in the standard setting, one observes immediately that
the morphism λ : S(P, A)→ A is equivalent to a collection of evaluation morphisms

λ : P(r)⊗A⊗r → A

which are equivariant with respect to the action of symmetric groups, where the tensor
product P(r) ⊗ A⊗r is formed by using the operations of the symmetric monoidal
category M over C.
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In the sequel, a P-algebra refers tacitely to a P-algebra inM, whenever a symmetric
monoidal categoryM is fixed once and for all.

The category of P-algebras in M is denoted by PM. Recall that a morphism of
P-algebras f : A → B consists obviously of a morphism in M that commutes with
evaluation products of P-algebras.

3.1.3. Non-unital operads and algebras in reduced symmetric monoidal categories. —
In our articles, we say that an operad P is non-unital if we have P(0) = 0, the initial
object of C. One checks readily that ∗ = η(P(0)), the image of P(0) ∈ C under the
canonical functor η : C → M, defines the initial object of the category of P-algebras
in M. Accordingly, an operad P is non-unital if and only if the initial object of the
category of P-algebras in M is defined by the initial object of M, for all symmetric
monoidal categories over C.

For a non-unital operad and objects M ∈ M0, where M0 is a reduced symmetric
monoidal category over C, we can set:

S0(P,M) =
∞⊕
n=1

(P(n)⊗M⊗n)Σn
.

Clearly, the map S0(P) : M 7→ S0(P,M) defines a monad on M0. Accordingly, for a
non-unital operad in C, we can generalize the definition of a P-algebra to any reduced
symmetric monoidal category over C.

The next constructions of this chapter (free objects, colimits, extension and re-
striction functors, endomorphism operads) have also a straightforward generalization
in the context of non-unital operads and reduced symmetric monoidal categories.

3.1.4. Algebras in functor categories and functors to algebras over operads. —
In §2.1.4, we observe that a category of functors F = F(X ,M), where M is a
symmetric monoidal category over C, forms naturally a symmetric monoidal category
over C. Hence, we can use our formalism to define the notion of a P-algebra in F , for
P an operad in C.

By definition, the action of an operad P on a functor F : X → M is determined
by collections of morphisms λ(X) : P(r) ⊗ F (X)⊗r → F (X), that define a natural
transformation in X ∈ X . Accordingly, we obtain readily that a functor F : X →M
forms a P-algebra in F if and only if all objects F (X), X ∈ X , are equipped with
a P-algebra structure so that the map X 7→ F (X) defines a functor from X to the
category of P-algebras inM. Thus, we obtain:

3.1.5. Observation. — The category of P-algebras in F(X ,M) is isomorphic to
F(X , PM), the category of functors F : X → PM from X to the category P-algebras
in M.

Equivalently, we have a category identity P F(X ,M) = F(X , PM). Because of this
observation, we use the notation P F for the category of functors F = F(M, PM),
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since the notation F refers usually to the category of functors F = F(M,M), where
M is a fixed symmetric monoidal category over C.

3.1.6. Algebras in Σ∗-objects and left modules over operads. — In this book, we
consider also P-algebras in the category of Σ∗-objects CΣ∗ , for P an operad in C.
In §2.2.2, we observe that the generalized symmetric power functor S(C) :M→M
for M = CΣ∗ represents the composition product D 7→ C ◦D in the category of Σ∗-
objects. As a consequence, the structure of a P-algebra in Σ∗-objects is determined
by a morphism

S(P, D) = P ◦D λ−→ D

which, in an abstract fashion, provides the object D ∈ CΣ∗ with a left action of the
monoid object defined by the operad P in the monoidal category (CΣ∗ , ◦, I). In [11,
§2.1.6], we call this structure a left P-module.

To summarize, we have obtained:

3.1.7. Observation. — The structure of a P-algebra in the category of Σ∗-objects
CΣ∗ is identified with the structure of a left P-module.

In this book, we use the notation P CΣ∗ for the category of left P-modules. By
observation 3.1.7 this notation P CΣ∗ is coherent with our conventions for categories
of algebras over operads in symmetric monoidal categories over C.

3.1.8. Free objects. — Since the category of P-algebras inM is defined by a monad,
we obtain that this category has a free object functor P(−) :M→ PM, left adjoint
to the forgetful functor U : PM→M. Explicitly, the free P-algebra in M generated
by C ∈M is defined by the object P(C) = S(P, C) ∈M together with the evaluation
product λ : S(P, P(C))→ P(C) defined by the morphism

S(P, P(C)) = S(P ◦ P, C)
S(µ,C)−−−−→ S(P, C)

induced by the composition product of the operad.
In this book, we use the notation P(C) to refer to the free P-algebra generated by

C and the notation S(P, C) to refer to the underlying object inM.
In the case of the functor category F = F(X ,M), we obtain readily

P(F )(X) = P(F (X)),

for all X ∈ X , where on the right-hand side we consider the free P-algebra in M
generated by the object F (X) ∈M associated to X ∈ X by the functor F :M→M.

In the case of the category of Σ∗-modules CΣ∗ , we have an identity

P(C) = P ◦C.

In the formalism of left P-modules, the operad P acts on the composite P ◦C by the
natural morphism

P ◦ P ◦C µ◦C−−−→ P ◦C,
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where µ : P ◦ P→ P is the composition product of P.

The next assertion is an easy consequence of definitions:

3.1.9. Observation (compare with [37, Corollary 2.4.5])
Let P be an operad in C.
Any functor of symmetric monoidal categories over C

ρ :M→N

restricts to a functor on P-algebras so that we have a commutative diagram

M
ρ // N

PM
ρ //

U

OO

PN

U

OO ,

where U : A 7→ U(A) denotes the forgetful functors on the category of P-algebras in
M (respectively, in N ).

If ρ preserves colimits, then the diagram

M

P(−)

��

ρ // N

P(−)

��
PM

ρ //
PN

,

where P(−) : C 7→ P(C) denotes the free P-algebra functor, commutes as well.

As a corollary, in the case of the functor S : CΣ∗ → F , where F = F(M,M), we
obtain:

3.1.10. Observation. — Let P be an operad in C. Set F = F(M,M) and P F =
F(M, PM).

The functor S : CΣ∗ → F restricts to a functor

S : P CΣ∗ → P F

so that for the free P-algebra D = P(C), where C ∈ CΣ∗ , we have

S(P(C),M) = P(S(C,M)),

for all M ∈ M, where on the right-hand side we consider the free P-algebra in M
generated by the object S(C,M) ∈ M associated to M ∈ M by the functor S(C) :
M→M.
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This construction is functorial in M. Explicitly, for any functor ρ : M → N of
symmetric monoidal categories over C, the diagram

M

S(D)

��

ρ // N

S(D)

��
PM ρ

//
PN

commutes up to natural functor isomorphisms, for all D ∈ P CΣ∗ .

3.1.11. Restriction of functors. — Let α : X → Y be a functor. For any target
category V, we have a functor α∗ : F(Y,V) → F(X ,V) induced by α, defined by
α∗G(X) = G(αX), for all G : Y → V

In the case V = M, the map G 7→ α∗(G) defines clearly a functor of symmetric
monoidal categories over C

α∗ : (F(Y,M),⊗, 1)→ (F(X ,M),⊗, 1).

By observations of §§3.1.4-3.1.5, the induced functor on P-algebras, obtained by the
construction of observation 3.1.9, is identified with the functor

α∗ : (F(Y, PM),⊗, 1)→ (F(X , PM),⊗, 1)

induced by α for the target category V = PM.

3.2. Reflexive coequalizers, colimits, extension and restriction functors

In §2.4, we prove that the functor S(C) : M → M associated to a Σ∗-object C
preserves filtered colimits and reflexive coequalizers. If we apply this assertion to the
monad S(P) :M→M associated to an operad P, then we obtain as an easy corollary:

3.2.1. Proposition (cf. [9, Lemma 1.1.9], [37, Proposition 2.3.5])
Let P be an operad in C. The forgetful functor U : PM → M, from the category

of P-algebras in M to the underlying category M, creates filtered colimits and the
coequalizers which are reflexive in M.

In this section, we give applications of proposition 3.2.1. Namely the construction of
all colimits in categories of algebras over operads and the definition of restriction and
extension functors. In the context of symmetric monoidal categories over a base, we
use the universality of the constructions to prove the functoriality of these operations
with respect to functors ρ :M→N of symmetric monoidal categories over C.

The existence of colimits arises from the following assertion:

3.2.2. Proposition (cf. [37, Proposition 2.3.5]). — Let I be a small category.
Assume that colimits of I-diagram exists in M, as well as reflexive coequalizers, and
let colimM

i denote the colimit in M of an underlying I-diagram of P-algebras in M.
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Let i 7→ Ai be an I-diagram of P-algebras in M. The colimit of i 7→ Ai in the
category of P-algebras in M is realized by a reflexive coequalizer of the form:

P(colimM
i P(Ai))

d0 //

d1

// P(colimM
i Ai) //

s0

ww
colimiAi ,

where d0, d1 are morphisms of free P-algebras inM and the reflection s0 is a morphism
of M.

This construction occurs in [9, Lemma 1.1.10] in the particular case of coproducts.
We refer to the proof of proposition 2.3.5 in [37] for the general case. We recall simply
the definition of the morphisms d0, d1, s0 for the sake of completeness. The canonical
morphisms αi : Ai → colimM

i Ai induce

P(colimM
i P(Ai))

P(α∗)−−−→ P(P(colimM
i Ai))

The morphism d0 is defined by the composite of P(α∗) with the morphism

P(P(colimM
i Ai)) = S(P ◦ P, colimM

i Ai)
S(µ,colimM

i Ai)−−−−−−−−−−→ S(P, colimM
i Ai)

induced by the operad composition product µ : P ◦ P→ P. The P-actions λi : P(Ai)→
Ai induce

P(colimM
i P(Ai))

P(λ∗)−−−→ P(colimM
i Ai)

and this morphism defines d1. The operad unit η : I → P induces

P(colimM
i Ai)

P(η(A∗))−−−−−→ P(colimM
i P(Ai))

and this morphism defines s0.

By universality of this construction, we obtain:

3.2.3. Proposition (compare with [37, Corollary 2.4.5])
Let P be an operad in C. Let ρ : M → N be a functor of symmetric monoidal

categories over C. If ρ :M→N preserves colimits, then so does the induced functor
ρ : PM→ PN on categories of P-algebras.

Proof. — Since ρ preserves colimits by assumption and free P-algebras by observa-
tion 3.1.9, we obtain that the functor ρ preserves the coequalizers of the form of
proposition 3.2.2, the coequalizers that realize colimits in categories of P-algebras.
The conclusion follows.

In the case of the functor S : CΣ∗ → F(M,M), we obtain as a corollary:

3.2.4. Proposition. — Let P be an operad in C. Let i 7→ Di be a diagram of P-
algebras in CΣ∗ . We have a natural isomorphism

S(colim
i

Di,M) = colim
i

S(Di,M),
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for all M ∈M, where on the right-hand side we consider the colimit of the P-algebras
S(Di,M), i ∈ I, associated to M ∈M by the functors S(Di) :M→ PM.

This assertion is also a corollary of the adjunction relation of §2.3.3.

3.2.5. Extension and restriction of structures for algebras over operads. — Recall
that a morphism of operads φ : P → Q yields adjoint functors of extension and
restriction of structures

φ! : PM� QM : φ!.

This classical assertion for algebras in the base category C can be generalized to
algebras in a symmetric monoidal category over C. For the sake of completeness we
recall the construction of these functors.

The operad P operates on any Q-algebra B through the morphism φ : P → Q and
this defines a P-algebra φ!B associated to B ∈ QM by restriction of structures. The
map B 7→ φ!B defines the restriction functor φ! : QM→ PM.

In the converse direction, the Q-algebra φ!A associated to a P-algebra A ∈ PM is
defined by a reflexive coequalizer of the form:

S(Q ◦ P, A)
d0 //
d1

// S(Q, A)

s0

{{
// φ!A .

The composite

S(Q ◦ P, A)
S(Q ◦φ,A)−−−−−−→ S(Q ◦ Q, A)

S(µ,A)−−−−→ S(Q, A),

where µ : Q ◦ Q→ Q is the composition product of Q, defines d0 : S(Q ◦ P, A)→ S(Q, A).
The morphism

S(Q ◦ P, A) = S(Q,S(P, A))
S(Q,λ)−−−−→ S(Q, A),

induced by the P-action on A, defines d1 : S(Q ◦ P, A)→ S(Q, A). The morphism

S(Q, A) = S(Q ◦I,A)
S(Q ◦η,A)−−−−−−→ S(Q ◦ P, A),

induced by the operad unit of P, gives the reflection s0 : S(Q, A)→ S(Q ◦ P, A). Observe
that d0, d1 define morphisms of free Q-algebras d0, d1 : Q(S(P, A)) ⇒ Q(A). Since the
forgetful functor U : QM → M creates the coequalizers which are reflexive in M,
we obtain that the coequalizer of d0, d1 in M is equipped with a natural Q-algebra
structure and represents the coequalizer of d0, d1 in the category of Q-algebras. The
map A 7→ φ!A defines the extension functor φ! : PM→ QM.

One checks readily that the extension functor φ! : PM → QM, defined by our
coequalizer construction, is left adjoint to the restriction functor φ! : QM→ PM as
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required. The adjunction unit ηA : A→ φ!φ!A is the morphism

A

S(η,A)

��

ηA

$$
S(Q, A) // φ!φ!A

determined by the operad unit η : I → Q. The adjunction augmentation εB : φ!φ
!B →

B is the morphism

S(Q, B)

λ

��

// φ!φ
!B

εB
zz

B

induced by the Q-action on B.
In §9.3, we observe that these functors are instance of functors associated to right

modules over operads.
For the unit morphism η : I → P, we have IM = M, the restriction functor

A 7→ η!A is identified with the forgetful functor U : PM → M and the extension
functor C 7→ η!C represents the free object functor P(−) : M → PM. Thus in this
case we recover the adjunction between the forgetful and free object functors.

3.2.6. Extension and restriction of left modules over operads. — In the caseM = CΣ∗
and PM = P CΣ∗ , the category of left P-modules, we obtain that the extension of
structures of a left P-module D ∈ PM is defined by a reflexive coequalizer of the
form:

Q ◦ P ◦D
d0 //

d1

// Q ◦D

s0

~~
// φ!D .

In §9.3, we identify this coequalizer construction with a relative composition prod-
uct Q ◦PD, where the operad P acts on Q on the right through the morphism φ : P→ Q

and the operad composition product µ : Q ◦ Q→ Q.

3.2.7. Extension and restriction of functors. — In the case of functor categories F =
F(X ,M) and P F = F(X , PM), the extension and restriction functors

φ! : F(X , PM) � F(X , QM) : φ!

defined by the construction of §3.2.5 are given by the composition of functors with
the extension and restriction functors on target categories.

This assertion is straightforward for the restriction functor φ!. To check the as-
sertion for the extension functor φ! use simply that colimits are created pointwise in
functor categories or check directly that the functor F 7→ φ! ◦ F is left adjoint to
F 7→ φ! ◦ F .
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The next assertion is an immediate consequence of the universality of the construc-
tion of §3.2.5:

3.2.8. Proposition. — Let φ : P → Q be an operad morphism. Let ρ :M→ N be
a functor of symmetric monoidal categories over C. If ρ preserves colimits, then the
diagram of functors

PM
ρ //

φ!

��

PN

φ!

��
QM

φ!

OO

ρ //
QN

φ!

OO ,

where we consider the functor on algebras induced by ρ, commutes.

3.3. Endomorphism operads in enriched symmetric monoidal categories

By assumption, we are given a symmetric monoidal categoryM equipped with an
external tensor product ⊗ : C ×M → M together with natural unit, associativity
and distribution axioms. In §3.1, we use only this structure to define the notion of a
P-algebra inM, for P an operad in C. Recall briefly that the structure of a P-algebra
inM is determined by evaluation morphisms

λ : P(r)⊗M⊗r →M

in the categoryM, where tensor products are formed by using operations ofM.
In this section, we assume the existence of an external hom-bifunctor HomM :

M◦×M→ C such that

MorM(K ⊗M,N) = MorC(K,HomM(M,N)),

for all K ∈ C, M,N ∈ M. In this context, we prove the existence of a universal
operad acting on M , the endomorphism operad of M .

This assertion is standard in the classical setting of operads in a closed symmetric
monoidal categories. We extend simply the usual construction to our relative context
of a symmetric monoidal categoryM enriched over the base C.

3.3.1. The general construction in enriched symmetric monoidal categories. — The
endomorphism operad in C of an object M ∈M is formed by the hom-objects

EndM (r) = HomM(M⊗r,M).

As usual, the symmetric group operates on EndM (r) by permutations of tensors on the
source. The operad composition products ◦i : EndM (r)⊗EndM (s)→ EndM (r+s−1)
are deduced from the enriched monoidal category structure.

The canonical morphisms

ε : HomM(M⊗r,M)⊗M⊗r →M
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give an action of the endomorphism operad EndM on M so that M forms an algebra
over EndM inM.

The next assertion is a formal generalization of the classical universal definition of
internal endomorphism operads:

3.3.2. Proposition. — The endomorphism operad EndM is the universal operad
in C acting on M : any action on M of an operad P in C is the restriction, by a uniquely
determined operad morphism ∇ : P → EndM , of the action of the endomorphism
operad EndM .

Accordingly:

3.3.3. Proposition. — We have a one-to-one correspondence between operad mor-
phisms ∇ : P→ EndM and P-algebra structures on M .

3.3.4. Endomorphism operads of functors. — We apply the construction of §3.3.1 to
a category of functors F = F(X ,M). We have then:

EndF (r) =
∫
X∈X

HomC(F (X)⊗r, F (X)),

where we consider the end of the bifunctor (X,Y ) 7→ HomC(F (X)⊗r, F (Y )).
Recall that a functor F : X →M forms a P-algebra in the enriched category setting

if and only if the objects F (X), X ∈ X , are equipped with a P-algebra structure,
functorially in X, so that the map X 7→ F (X) defines a functor from X to the
category of P-algebras. In this light, in the case of functors, propositions 3.3.2-3.3.3
imply:

3.3.5. Proposition. — We have a one-to-one correspondence between operad mor-
phisms ∇ : P → EndF and functorial P-actions on the objects F (X), X ∈ X , such
that X 7→ F (X) defines a functor from X to the category of P-algebras.

3.3.6. Remark. — The functorial action of EndF on the objects F (X), for X ∈ X ,
is represented by operad morphisms

εX : EndF → EndF (X),

where EndF (X) denotes the endomorphism operad of the object F (X) ∈M. This col-
lection of operad morphisms is identified with the universal collections of morphisms
associated to the end

EndF (r) =
∫
X∈X

HomC(F (X)⊗r, F (X)).

In the remainder of this section, we examine the functoriality of endomorphism
operads with respect to morphisms of symmetric monoidal categories. In the general
case of a functor of symmetric monoidal categories ρ :M→N , we have:
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3.3.7. Proposition. — Let ρ : M → N be a functor of symmetric monoidal cate-
gories enriched over C. We have an operad morphism

ρ∗ : EndM → Endρ(M)

associated to ρ, for any object M ∈M.

Proof. — In proposition 1.1.5, we observe that the map f 7→ ρ(f), defined for mor-
phisms inM, extends to a morphism

HomM(M,N)
ρ−→ HomN (ρ(M), ρ(N)).

In the case of an endomorphism operad, we obtain a morphism

HomM(M⊗r,M)
ρ−→ HomN (ρ(M⊗r), ρ(M)) '−→ HomN (ρ(M)⊗r, ρ(M)),

for any object M ∈ M. One checks readily that this morphism defines an operad
morphism ρ∗ : EndM → EndρM .

In light of propositions 3.3.2-3.3.3, the existence of an operad morphism

ρ∗ : EndM → Endρ(M)

is equivalent to the construction of §3.1.9, a P-algebra structure on M , where P is an
operad in C, gives rise to a P-algebra structure on ρM , for all M ∈M.

In the particular case of the functor S : CΣ∗ → F , proposition 3.3.7 returns:

3.3.8. Proposition. — Consider the functor S : CΣ∗ → F(M,M), whereM is any
symmetric monoidal category over C. For any C ∈ CΣ∗ , we have an operad morphism

EndC
Θ−→ EndS(C),

natural in M.

By proposition 2.3.10, the morphism S : HomCΣ∗ (C,D) → HomF (S(C),S(D)) is
mono for all C,D ∈ CΣ∗ as long as the categoryM is equipped with a faithful functor
η : C → M. As a corollary, we obtain that Θ is a monomorphism as well under this
assumption.

In the case where the underlying categoriesM, C are both the category of modules
over a ring k, we obtain further:

3.3.9. Proposition. — Assume M = C = k Mod, the category of modules over a
ring k.

The operad morphism
EndC

Θ−→ EndS(C)

is an isomorphism if C is a projective Σ∗-module or if the ground ring is an infinite
field.

Proof. — This proposition is an immediate corollary of proposition 2.3.7 and propo-
sition 2.3.12.
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In observation 3.1.10, we prove that the structure of a P-algebra on a Σ∗-object C
gives rise to a P-algebra structure at the functor level. The existence of an operad
isomorphism

EndC
Θ−→
'

EndS(C)

implies further:

3.3.10. Proposition. — Assume M = C = k Mod, the category of modules over a
ring k.

If C is a projective Σ∗-module or if the ground ring is an infinite field, then all func-
torial P-algebra structures on the objects S(C,A), A ∈ M, are uniquely determined
by a P-algebra structure on the Σ∗-module C.

3.3.11. Functoriality in the case of functors. — We examine applications of proposi-
tion 3.3.7 in the context of functor categories. Consider the functor α∗ : F(Y,M)→
F(X ,M) induced by a functor α : X → Y on source categories.

Recall that G 7→ α∗(G) forms a functor of symmetric monoidal categories over C.
Accordingly, for any G : Y →M, we have a morphism of endomorphism operads

α∗ : EndG → Endα∗G

induced by α∗ : F(Y,M)→ F(X ,M). This morphism can immediately be identified
with the natural morphisms∫

Y ∈Y
HomC(G(Y )⊗r, G(Y ))→

∫
X∈X

HomC(G(αX)⊗r, G(αX))

defined by the restriction of ends.





CHAPTER 4

MODEL CATEGORIES AND OPERADS

Introduction

In §§12-13, we deal with homotopy properties of functors. For this purpose, we use
the language of cofibrantly generated model categories in the context of symmetric
monoidal model categories enriched over a base category. We refer to the modern
monographs [23, 24], from which we borrow our terminologies, for the notion of a
cofibrantly generated model category.

In [3, 22, 38], the authors prove that operads and algebras over operads form
(semi) model categories. In this chapter, we survey the definition of these (semi)
model categories in the context where algebras belong to a symmetric monoidal model
category over the base category.

The notion of a symmetric monoidal model category of [24, §4] has a natural
generalization in the relative context of symmetric monoidal model categories over a
base. The purpose of the next section, §4.1, is to make explicit the axioms of this
generalization. Then, in §4.2, we check that the category of Σ∗-objects inherits such
a model structure from the base category.

In §4.3, we address fine properties of symmetric monoidal model categories. In
general, the functor S(C) : M →M preserves weak-equivalences if C is a cofibrant
Σ∗-object. But for certain usual (reduced) symmetric monoidal model categoriesM0

this property holds for a larger class of cofibrant objects in CΣ∗ . In §4.3, we give
an axiomatic setting to have such fine homotopy invariance properties, we say that
M0 has regular tensor powers. In the sequel, possible improvements, which hold for
categories with regular tensor powers, are deferred to remarks.

Lastly, in §4.4, we study the model categories of operads and algebras over operads.
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4.1. Symmetric monoidal model categories over a base

For us, a symmetric monoidal model category C consists of a symmetric monoidal
category (C,⊗, 1) equipped with a model structure such that:

MM1. the tensor unit 1 forms a cofibrant object in C;
MM2. the natural morphism

(i∗, j∗) : A⊗D
⊕
A⊗C

B ⊗ C → B ⊗D

induced by cofibrations i : A � B and j : C � D forms a cofibration, respec-
tively an acyclic cofibration if i or j is also acyclic.

These properties are borrowed from [24]. Note that MM1 is replaced by a weaker
requirement in the axioms of [24, §4.2.6]. To avoid technical difficulties, we prefer to
use this strong form of symmetric monoidal categories (see also the next remark ¶).

Recall that the morphism of MM2 arises from the commutative diagram

A⊗ C

A⊗j
��

i⊗C // B ⊗ C

��
B⊗j

��

A⊗D

i⊗D 00

// A⊗D
⊕

A⊗C B ⊗ C
(i∗,j∗)

((
B ⊗D

.

Of course, this construction can be generalized so that morphisms f : A → B and
g : C → D induce a natural morphism

(f∗, g∗) : T (A,D)
⊕

T (A,C)

T (B,C)→ T (B,D)

for any bifunctor (X,Y ) 7→ T (X,Y ). In the book, we use also a dual construction for
hom-functors (see below).

In the case of a symmetric monoidal model category M over a base symmetric
monoidal model category C, we assume that axiom MM2 holds also for the external
tensor product ⊗ : C ×M →M. Recall that a symmetric monoidal model category
over C is equipped with a functor η : C →M defined by the external tensor products
C 7→ C ⊗ 1 where 1 denotes the unit object of M. The axioms assert equivalently
that this functor η : C → M preserves cofibrations and acyclic cofibrations. In one
direction, we use that the unit object ofM is supposed to be cofibrant. In the converse
direction, we use that the external tensor product of an object M ∈ M with C ∈ C
is identified with the internal tensor product ηC ⊗M inM.
¶ In the case of a reduced category M0, we assume axiom MM2 for internal and

external tensor products and forget axiom MM1. In fact, in the context of unreduced
categories, we need axiom MM1 only in Proposition 4.4.5, where we address changes
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of underlying monoidal model categories for algebras over operads. Otherwise, this
axiom is superfluous. Recall also that model categories of spectra have not a cofibrant
unit object. But some arguments become more difficult if we drop completely this
axiom MM1. Therefore, for simplicity, we focus on the case of symmetric monoidal
categories with a cofibrant unit object, difficulties arising from non-cofibrant unit
objects are examined in the note apparatus.

If M is enriched over C, then the axioms imply that the hom-bifunctor
MorM(−,−) : M◦×M → C satisfies an analogue of axiom SM7 of simplicial
model categories. Namely, the morphism

(i∗, p∗) : HomM(B,C)→ HomM(A,C)×HomM(A,D) HomM(B,D)

induced by a cofibration i : A � B and a fibration p : C � D forms a fibration in C,
an acyclic fibration if i is also an acyclic cofibration or p is also an acyclic fibration.

4.2. The model category of Σ∗-objects

In this book, we use the standard cofibrantly generated model structure of the cate-
gory of Σ∗-objects in which a morphism f : C → D is a weak-equivalence (respectively
a fibration) if the underlying collection of morphisms f : C(n) → D(n) consists of
weak-equivalences (respectively fibrations) in C. In a more formal but equivalent fash-
ion, we consider the category CN formed by collections of objects C(n) ∈ C, n ∈ N,
together with the obvious model structure of a product of model categories, we assume
that the forgetful functor U : CΣ∗ → CN creates weak-equivalences and fibrations in
CΣ∗ .

This model structure is an instance of the cofibrantly generated model structures
defined in [23, §11.6].

Usually, we say that a morphism f in a model category V is a U-cofibration if the
image of f under an obvious forgetful functor U : V → U forms a cofibration in U .
Similarly, we say that an object X ∈ V is U-cofibrant if the image of X under the
forgetful functor U : V → U defines a cofibrant object in U . An acyclic U-cofibration
in V is a U-cofibration which forms also a weak-equivalence in V.

In the case where U is the category CΣ∗ of Σ∗-objects, the usage is to call
(acyclic) Σ∗-cofibrations the (acyclic) CΣ∗ -cofibrations and Σ∗-cofibrant objects the
CΣ∗ -cofibrant objects. In the case where U is the category CN of collections of
C-objects, we call for simplicity (acyclic) C-cofibrations the (acyclic) CN-cofibrations
and C-cofibrant objects the CN-cofibrant objects. Recall simply that a collection of
morphisms f : C(n)→ D(n) defines an (acyclic) cofibration in CN if and only if each
f : C(n)→ D(n) forms an (acyclic) cofibration in C.
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To give an explicit description of the generating (acyclic) cofibrations of CΣ∗ , we
use the external tensor products C ⊗ Fr, where Fr, r ∈ N, are the generating objects
of CΣ∗ defined in §2.1.9:

4.2.1. Fact. — The tensor products

i⊗ Fr : C ⊗ Fr → D ⊗ Fr,

where i : C → D runs over generating (acyclic) cofibrations of the base category C,
define generating (acyclic) cofibrations in CΣ∗ .

This claim is an immediate consequence of the relation

MorCΣ∗ (C ⊗ Fr, D) ' MorC(C,HomCΣ∗ (Fr, D)) ' MorC(C,D(r)),

for C ∈ C.

The main purpose of this section is to prove:

4.2.2. Proposition. — The category CΣ∗ forms a symmetric monoidal model cate-
gory over C.

We defer the verification of axioms to a series of claims. Observe first:

4.2.3. Lemma. — The functor C 7→ C ⊗ Fr, from C to CΣ∗ , preserve (acyclic)
cofibrations.

Proof. — By standard categorical arguments (see [24, §4.2.5]), the assertion in the
general case of an (acyclic) cofibration i : C → D follows from the case of generating
(acyclic) cofibrations, asserted by §4.2.1.

4.2.4. Claim. — The tensor unit 1 ∈ CΣ∗ forms a cofibrant object in CΣ∗ and the
functor C 7→ C ⊗ 1 from C to CΣ∗ preserve cofibrations and acyclic cofibrations.

Proof. — This claim is an immediate consequence of the identity 1 = F0 = I⊗0 and
of the observation of lemma 4.2.3.

4.2.5. Claim. — The cofibration axiom MM2 holds for the internal tensor product
of Σ∗-objects: the natural morphism

(i∗, j∗) : A⊗D
⊕
A⊗C

B ⊗ C → B ⊗D

induced by cofibrations i : A � B and j : C � D of the category of Σ∗-objects forms
a cofibration, and an acyclic cofibration if i or f is also acyclic.

Proof. — Again, we use the categorical constructions of [24, §4.2.5] to reduce the
claim to the case of generating (acyclic) cofibrations. Thus we consider (acyclic)
cofibrations of the form

A⊗ Fr
i⊗Fr−−−→ B ⊗ Fr and C ⊗ Fr

j⊗Fs−−−→ D ⊗ Fs,
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where i : A→ B, respectively j : C → D, is a generating (acyclic) cofibration of C.
Recall that Fr = I⊗r. Accordingly, we have Fr ⊗ Fs ' Fr+s. For all K,L ∈ C, we

obtain

(K ⊗ Fr)⊗ (L⊗ Fs) ' (K ⊗ L)⊗ (Fr ⊗ Fs) ' (K ⊗ L)⊗ Fr+s

and, as a byproduct, the pushout of the morphisms

(A⊗ Fr)⊗ (C ⊗ Fs)
(i⊗Fr)⊗(C⊗Fs)

**TTTTTTTTTTTTTTTT
(A⊗Fr)⊗(j⊗Fs)

ttjjjjjjjjjjjjjjjj

(A⊗ Fr)⊗ (D ⊗ Fs) (B ⊗ Fr)⊗ (C ⊗ Fs)

is isomorphic to (A ⊗D
⊕

A⊗C B ⊗ C) ⊗ Fr+s. Accordingly, to prove our claim, we
check the class of the morphism

(i∗, j∗)⊗ Fr+s : (A⊗D
⊕
A⊗C

B ⊗ C)⊗ Fr+s → (B ⊗D)⊗ Fr+s

induced by generating (acyclic) cofibrations i : A � B and j : C � D of C. At this
stage, we can use axiom MM2 in the base category and lemma 4.2.3 to conclude.

4.2.6. Claim. — The cofibration axiom MM2 holds for the external tensor product
of Σ∗-objects: the natural morphism

(i∗, j∗) : K ⊗D
⊕
K⊗C

L⊗ C → L⊗D

induced by a cofibration i : K � L in C and a cofibration j : C � D in CΣ∗ forms a
cofibration in CΣ∗ , and an acyclic cofibration if i or j is also acyclic.

Proof. — This claim follows from observations of §4.1 since we prove in claim 4.2.4
that the canonical functor η : C → CΣ∗ preserves (acyclic) cofibrations.

This claim achieves the proof of proposition 4.2.2.

The next assertions are used repeatedly in §11:

4.2.7. Lemma. —

1. If C is a cofibrant object in CΣ∗ , then so is C⊗r.
2. If C is C-cofibrant, then so is C⊗r.

Proof. — Assertion (1) is a direct consequence of the axioms of a symmetric monoidal
model category for Σ∗-objects.
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The explicit definition of tensor products in CΣ∗ (see §2.1.7) implies that the object
C⊗r(n) splits as a sum

C⊗r(n) =
⊕

n1+···+nr=n

(1[Σn]⊗ C(n1)⊗ · · · ⊗ C(nr))Σn1×···×Σnr

'
⊕

n1+···+nr=n

1[Σn/Σn1 × · · · × Σnr
]⊗ C(n1)⊗ · · · ⊗ C(nr),

where 1[Σn/Σn1 × · · ·×Σnr
] is the sum over Σn/Σn1 × · · ·×Σnr

of copies of the unit
object of C. Therefore the axioms of a symmetric monoidal model category for the
base category imply assertion (2).

In the next paragraphs, we inspect the homotopy invariance of the bifunctor
(C,M)→ S(C,M). Our results are consequences of the next assertion:

4.2.8. Lemma. — The natural morphism

(i∗, j∗) : S(C,N)
⊕

S(C,M)

S(D,M)→ S(D,N)

induced by a cofibration i : C � D in CΣ∗ and a cofibration j : M � N inM, where
M is a cofibrant object of M, forms a cofibration, an acyclic cofibration if i or j is
also acyclic.

Proof. — Since the functor (C,M) 7→ S(C,M) preserves colimits in C, we can use
the argument of [24, §4.2.5] to reduce the claim to the case where i : C → D is a
generating (acyclic) cofibration:

u⊗ Fr : A⊗ Fr → B ⊗ Fr.

For modules of the form C = A⊗ Fr, we have S(C,M) = S(A⊗ Fr,M) = A⊗M⊗r.
As a byproduct, we obtain that the morphism

(i∗, j∗) : S(A⊗ Fr, N)
⊕

S(A⊗Fr,M)

S(B ⊗ Fr,M)→ S(B ⊗ Fr, N)

is identified with the natural morphism

(u∗, j⊗r∗ ) : A⊗N⊗r
⊕

A⊗M⊗r

B ⊗M⊗r → B ⊗N⊗r

induced by u : A → B and j⊗r : M⊗r → N⊗r. Hence our claim reduces to an
immediate consequence of axioms of symmetric monoidal model categories for the
categoryM. Note that j⊗r : M⊗r → N⊗r forms a cofibration because M is supposed
to be cofibrant.

Lemma 4.2.8 gives as a corollary:

4.2.9. Lemma. —

1. If C is a cofibrant object in CΣ∗ , then the functor M 7→ S(C,M) preserves
cofibrations and acyclic cofibrations between cofibrant objects.
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2. If M is a cofibrant object in M, then the functor C 7→ S(C,M) preserves cofi-
brations and acyclic cofibrations.

And the classical Brown lemma implies:

4.2.10. Proposition. —

1. The morphism
S(C, f) : S(C,M)→ S(C,N)

induced by a weak-equivalence f : M ∼−→ N between cofibrant objects M,N ∈M
is a weak-equivalence as long as C ∈ CΣ∗ is cofibrant.

2. The morphism
S(f,M) : S(C,M)→ S(D,M)

induced by a weak-equivalence f : C ∼−→ D between cofibrant objects C,D ∈ CΣ∗
is a weak-equivalence as long as M ∈M is cofibrant.

This proposition can also be deduced from the pointwise adjunction of §2.3:

MorM(S(C,M), N) ' MorCΣ∗ (C,EndM,N ).

Assertion (2) of proposition 4.2.10 has a converse:

4.2.11. Proposition. — Assume M = C.
Let f : C → D be a morphism between cofibrant objects C,D ∈ CΣ∗ . If the

morphism S(f,M) : S(C,M)→ S(D,M) induced by f forms a weak-equivalence in C
for every cofibrant object M ∈ C, then f is a weak-equivalence as well.

If C is pointed, then this implication holds without the assumption that C,D ∈ CΣ∗
are cofibrant.

Recall that a category C is pointed if its initial object 0 ∈ C is also a final object
(and hence defines a null object).

Proof. — In general in a model category C, a sum of morphisms f ⊕ g : C0 ⊕D0 →
C1 ⊕D1, between cofibrant objects C0, C1, D0, D1 defines a weak-equivalence if and
only if f and g are both weak-equivalences. To check this claim, use simply that
the morphism induced by f ⊕ g on homotopy classes is identified with the cartesian
product

f∗ × g∗ : [C1, X]× [D1, X]→ [C0, X]× [D0, X]

as long as X is a fibrant object in C.
In the context of a pointed model category, the existence of a null object implies

that the canonical morphisms of a sum C
i−→ C ⊕D j←− D admit natural retractions

C
r←− C ⊕ D

s−→ D. As a corollary, we obtain that f and g are retracts of f ⊕ g.
Hence, in the context of a pointed model category, our observation holds without the
assumption that C0, C1, D0, D1 are cofibrant.
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In light of these observations, the proposition is a consequence of the functorial
splitting of proposition 2.3.9 for objects of the form M = 1⊕r.

4.3. ¶ Refinements: symmetric monoidal categories with regular tensor
powers

For certain (reduced) categories M0, the assertions of proposition 4.2.11 hold not
only for cofibrant Σ∗-objects, but also for C-cofibrant Σ∗-objects. To give a useful
setting for this property, we introduce axioms for enlarged classes of cofibrations
in a (reduced) category M0. Then we prove that proposition 4.2.11 hold for C-
cofibrant Σ∗-objects and the enlarged class of cofibrant objects inM0, provided that
an analogue of lemma 4.2.8 is satisfied.

4.3.1. Enlarged classes of cofibrations. — Let V be any model category. Suppose
given a class of U-cofibrations, to refer to any class of morphisms in V. In examples,
this class of U-cofibrations is defined by the preimage of a class of cofibrations under
an obvious forgetful functor U : V → U , where U is another model category. As usual,
we say that a morphism in V is an acyclic U-cofibration if it is a U-cofibration and a
weak-equivalence in V, an object C ∈ V is U-cofibrant if the initial morphism 0→ C

is a U-cofibration.
We say that the U-cofibrations form an enlarged class of cofibrations in V if the

following axioms hold:

C0. the cofibrations of V are U-cofibrations;
C1. any morphism i : C → D which splits into a sum⊕

α

iα :
⊕
α

Cα →
⊕
α

Dα,

where the morphisms iα are U-cofibrations (respectively, acyclic U-cofibrations),
forms itself a U-cofibration (respectively, an acyclic U-cofibration);

C2. for any cobase coextension

C

i

��

// S

j

��
D // D ⊕C S

,

if i : C → D is a U-cofibration (respectively, an acyclic U-cofibration), then so
is j;

C3. any morphism i : C → D which splits into a sequential colimit

C = D0 → · · · → Dλ
jλ−→ Dλ+1 → · · · → colim

λ
Dλ = D,
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where the morphisms iλ : Dλ → Dλ+1 are U-cofibrations (respectively,
acyclic U-cofibrations), forms itself a U-cofibration (respectively, an acyclic
U-cofibration);

C4. if i : C → D is a retract of a U-cofibration (respectively, of an acyclic
U-cofibration), then i is also a U-cofibration (respectively, an acyclic U-
cofibration).

In most usual situations where V is a proper model category, axioms C1-4 hold
for all weak-equivalences. Hence these axioms are immediately satisfied by acyclic
U-cofibrations as soon as they hold for U-cofibrations.

As a first example, we have:

4.3.2. Proposition. — The C-cofibrations in the category of Σ∗-objects satisfy the
axioms of an enlarged class of cofibrations.

Proof. — Immediate because colimits in the category of Σ∗-objects are created in CN,
as well as weak-equivalences.

4.3.3. Relative cell complexes and enlarged classes of cofibrations. — Let K be any
set of morphisms in a model category V. Recall that a morphism f : C → D forms a
relative K-cell complex if it can be decomposed into a sequential colimit

C = D0 → · · · → Dλ
jλ−→ Dλ+1 → · · · → colim

λ
Dλ = D

so that the morphisms jλ : Dλ → Dλ+1 are obtained by pushouts⊕
α Cα

//

��

Dλ

jλ

��⊕
αDα

// Dλ+1

in which the right-hand side vertical morphisms are direct sums of morphisms of K

iα : Cα → Dα.

The retracts of relative K-complexes form a class of enlarged cofibrations if K
includes a set of generating cofibrations (to have axiom C0) and axioms C1-4 hold for
retracts of relative K-complexes which are weak-equivalences in V.

4.3.4. Reduced symmetric monoidal categories with regular tensor powers. — LetM0

be any (reduced) symmetric monoidal model category. Suppose given a class of U-
cofibrations for which the axioms of an enlarged class of cofibrations hold. We say
that M0 has regular tensor powers with respect to U-cofibrations (or that M0 has
U-regular tensor powers for short) if the following axiom holds:

R1. the natural morphism

(i∗, j∗) : S0(C,N)
⊕

S0(C,M)

S0(D,M)→ S0(D,N)
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induced by i : C → D, morphism in CΣ
0
∗ , and j : M → N , morphism in M0,

forms a U-cofibration whenever i is a C-cofibration and j is a U-cofibration with
a U-cofibrant domain, an acyclic U-cofibration if i or j is also acyclic.

In this situation, Proposition 4.2.10 can be improved to:

4.3.5. Proposition. — AssumeM0 has regular tensor powers with respect to a class
of U-cofibrations.

1. The morphism
S0(C, f) : S(C,M)→ S(C,N)

induced by a weak-equivalence f : M ∼−→ N between U-cofibrant objects M,N ∈
M0 is a weak-equivalence as long as C ∈ CΣ

0
∗ is C-cofibrant.

2. The morphism
S(f,M) : S(C,M)→ S(D,M)

induced by a weak-equivalence f : C ∼−→ D is a weak-equivalence as long as
M ∈M0 is U-cofibrant and the Σ∗-objects C,D are C-cofibrant.

Proof. — Similar to proposition 4.2.10.

The examples of reduced categories with regular tensor powers that occur in this
book arise from:

4.3.6. Proposition. — The category of connected Σ∗-objects CΣ
0
∗ has regular tensor

powers with respect to C-cofibrations. Explicitly, for any morphism of connected Σ∗-
objects i : C → D, respectively j : M → N , the natural morphism

(i∗, j∗) : S0(C,N)
⊕

S0(C,M)

S0(D,M)→ S0(D,N)

forms a C-cofibration whenever i and j are both C-cofibrations and M is C-cofibrant,
an acyclic C-cofibration if i or j is also acyclic.

Proof. — Recall that for the category of Σ∗-objects M = CΣ∗ , we have S(C,D) =
C ◦D, the composition product of Σ∗-objects.

In [11, §1.3.7-1.3.9] we observe that a composite C ◦D expands as a sum of tensor
products C(r) ⊗ D(n1) ⊗ · · · ⊗ D(nr) (without coinvariants) as long as C,D are
connected. The proposition is an immediate consequence of this observation.

4.3.7. Further digressions: the example of model categories of spectra. — Models of
stable homotopy (S-modules [8], symmetric spectra [26], orthogonal spectra [35]) give
classical examples of categories over simplicial sets (or topological spaces) for which
proposition 4.3.5 holds (see for instance lemma 15.5 in the unifying article [32]).

On the other hand, these categories do not seem to have regular powers with
respect to any enlarged class of cofibrations. In the next paragraphs, we sketch our
to turn round this difficulty in order to obtain an analogue of proposition 4.3.5 in
the context of symmetric spectra in simplicial sets. The same arguments work for
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symmetric spectra in topological spaces or in the similar case of orthogonal spectra.
Ideas come from [32] and we refer to this paper for further details.

In all cases, we have to deal with symmetric monoidal model categories in which
the unit object 1 is not cofibrant. To overcome this difficulty, we refer to the remark
¶ of §4.1.

To define symmetric spectra, one forms Σ∗-objects in the category of pointed
simplicial sets S∗ (or in the category of pointed topological spaces). This cate-
gory has a natural symmetric monoidal structure defined by the smash product
X ∧ Y = X × Y/X × {∗} ∪ {∗} × Y . Let S be the Σ∗-object such that

S(n) = S1 ∧ · · · ∧ S1,

the smash product of n copies of the circle S1, where the symmetric group Σn operates
by permutation of factors. This object S forms a commutative monoid in (SΣ∗

∗ ,⊗, 1).
By definition, a symmetric spectrum is a module over S in the symmetric monoidal
category (SΣ∗

∗ ,⊗, 1). In an explicit fashion, the structure of a symmetric spectrum
consists of a Σ∗-object E ∈ SΣ∗

∗ together with a unitary and associative S-action
specified by a morphism λ : S ⊗E → E. The smash product of symmetric spectra is
defined by a coequalizer of the form

E ⊗ S ⊗ F
d0 //

d1

// E ⊗ F

s0

||
// E ∧S F .

Note that left S-actions are equivalent to right S-actions since S forms a commutative
monoid. The category of symmetric spectra SpΣ∗ , equipped with the smash product,
inherits also an action of the category of pointed simplicial sets from the category of
Σ∗-objects SΣ∗

∗ and forms naturally a symmetric monoidal category over simplicial
sets.

The category of symmetric spectra has a natural model structure inherited from
Σ∗-objects (the projective level model structure of [26]). There is another model
structure, the stable model structure, that makes the category of symmetric spectra
equivalent to Bousfield-Friedlander’ model of stable homotopy.

For our needs, we use another model structure on symmetric spectra, namely the
positive model structure of [32, §14]. Recall that the identity functor on symmetric
spectra defines a Quillen equivalence between the positive model category of symmet-
ric spectra and the original stable model category of [26]. Hence the positive model
category of symmetric spectra is also equivalent to Bousfield-Friedlander model’ of
stable homotopy. For our purpose, the important fact is that generating positive
stable cofibrations have the form S ⊗ i : S ⊗K → S ⊗ L, where K,L are connected
Σ∗-objects.
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Indeed, we consider the collection of morphisms

K =
{
S ⊗ i : S ⊗K → S ⊗ L

}
,

where i : K → L is an S∗-cofibration of Σ∗-objects (a level cofibration according to
the terminology of [26, 32]). The relative K-complexes give rise to an enlarged class
of cofibrations in the positive model category of symmetric spectra. But we can check
only one half of axiom R1 of regular tensor powers:

4.3.8. Lemma. — Let i : C → D be a S∗-cofibration in SΣ∗
∗ , the category of Σ∗-

objects in pointed simplicial sets. Let j : E → F be a retract of a relative K-complex
in SpΣ∗ . Suppose also that E is a retract of a K-complex. The natural morphism

(i∗, j∗) : S(C,F )
⊕

S(C,E)

S(D,E)→ S(D,F )

induced by i and j forms a relative K-complex as well.
If in addition i is a weak-equivalence, then (i∗, j∗) forms also a level equivalence in

SpΣ∗ (a weak-equivalence of underlying Σ∗-objects).

Proof. — Use the relation (S⊗K)⊗S (S⊗L) ' S⊗ (K⊗L) and adapt the argument
of proposition 4.3.6.

Recall that the cofibrations of the category of simplicial sets are just the injective
maps of simplicial sets.

From this lemma, we deduce simply:

4.3.9. Proposition. — Let f : C ∼−→ D be a weak-equivalence between Σ∗-objects
in pointed simplicial sets C,D ∈ SΣ∗

∗ . Let E be a cofibrant object in SpΣ0
∗ . The

morphism

S(f,E) : S(C,E)→ S(D,E)

forms a level equivalence in SpΣ0
∗ .

Proof. — Corollary of lemma 4.3.8 and Brown’s lemma.

Nevertheless we have as well:

4.3.10. Proposition. — Let C be a Σ∗-object in pointed simplicial sets. Let g :
E

∼−→ F be a stable equivalence cofibrant spectra in SpΣ0
∗ . The morphism

S(C, g) : S(C,E)→ S(C,F )

forms a stable equivalence as well.
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Proof. — Let D ∼−→ C be a cofibrant replacement of C in the category of Σ∗-objects.
We have a commutative diagram

S(D,E)
S(D,g) //

∼
��

S(D,F )

∼
��

S(C,E)
S(C,g)

// S(C,F )

.

in which vertical morphisms are level equivalences by lemma 4.3.9. Recall that level
equivalences are stable equivalences. The morphism S(D, g) forms also a stable equiv-
alence by proposition 4.2.10. The conclusion follows from the two-out-of-three ax-
iom.

To prove such a proposition, another possibility is to use the positive stable flat
model category (see [19]).

4.4. The model category of operads and algebras

A model structure is defined in [3, 22, 38] for operads in a symmetric monoidal
model category. We recall this definition simply to fix conventions. Then we survey
the definition of model structures for algebras over operads in a symmetric monoidal
model category over the base category.

4.4.1. The semi-model category of operads. — In general, operads in a symmetric
monoidal model category form only a semi-model category (see [38, §3]). Roughly, all
axioms of a model category are satisfied, including M4 and M5, as long as the source
of the morphism f : P→ Q that occurs in these properties (the left-hand side vertical
morphism for M4) is assumed to be cofibrant (we refer to [25, 38] for the notion of a
semi-model category). The model structure is obtained by transfer from the category
of Σ∗-objects. Explicitly, a morphism f : P→ Q is a weak-equivalence (respectively a
fibration) in the category of operads in C if f defines a weak-equivalence (respectively
a fibration) in CΣ∗ , cofibrations are characterized by the left lifting property with
respect to acyclic fibrations.

We refer also to [3] for the definition of a model category of operads in a general
setting, to [22] for the semi-model category of operads in dg-module, and to [30] for
the case of operads in orthogonal spectra.

Recall that an operad P which is cofibrant in the category of operads is automat-
ically Σ∗-cofibrant (see [3, Proposition 4.3]), but the converse implication does not
hold.

4.4.2. Transfer of model structures for algebras over operads. — Let P be an operad
in C. In standard constructions, the adjunction

P(−) :M� PM : U.
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is used to transport the model structure of the underlying categoryM to the category
of P-algebras inM. Explicitly, the weak-equivalences (respectively, fibrations) in PM
are defined by the morphisms f such that U(f) forms a weak-equivalence (respectively,
a fibration) in M. There is a possible set of generating (acyclic) cofibrations in PM
defined by the morphisms of free P-algebras P(i) : P(M) → P(N) which are induced
by the generating (acyclic) cofibrations i : M → N of the underlying category M.
One proves:

4.4.3. Proposition. —

1. If P is a Σ∗-cofibrant operad, then the definitions of §4.4.2 provide the category
of P-algebras in M with a semi-model structure.

2. If P is a cofibrant operad, then the definitions of §4.4.2 provide the category of
P-algebras in M with a full model structure.

For proofs in a general setting, we refer to [3, 38]. For a particular instance of
this proposition in the context of dg-modules, we refer to [22]. See also an analogous
theorem in [18] in the context of non-symmetric operad.

¶ Remark. — IfM is the category of symmetric spectra (together with the positive
stable model structure), or the category of orthogonal spectra, then we have a semi-
model structure for any operad in simplicial sets, or for any operad in topological
spaces whose underlying collection consists of cofibrant spaces (see [17, §1.3]). This
result holds also in the case where operads belong themselves to the category of
spectra (see [30, 19]).

Similarly, in the context of a reduced category with regular tensor powers, we
obtain a semi-model structure as long as P is a C-cofibrant non-unital operad. As a
corollary, in the case of connected Σ∗-objects M0 = CΣ

0
∗ , we obtain:

4.4.4. ¶ Proposition. — Let P be a non-unital operad. The category of connected
left P-modules P CΣ

0
∗ forms a semi-model category as long as P is C-cofibrant.

Proof. — Recall simply that left P-modules are equivalent to P-algebras in Σ∗-objects
(see proposition 3.1.7).

In the next proposition, we examine the naturality of the definition of §4.4.2 with
respect to the underlying symmetric monoidal model category:

4.4.5. Proposition. — Let P be any Σ∗-cofibrant operad. Let ρ! : M � N : ρ! be
a Quillen adjunction of symmetric monoidal model categories over C, respectively a
Quillen equivalence. The functors

ρ! : PM� PN : ρ!

induced by ρ! and ρ! define a Quillen adjunction, respectively a Quillen equivalence.
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Proof. — The assertion about Quillen adjunctions is an immediate consequence of
the definition of §4.4.2.

To prove the assertion about Quillen equivalences, use that a cofibrant P-algebra
forms a cofibrant object in the underlying symmetric monoidal model category (see [3,
Corollary 5.5], or [37, Proposition 4.1.15] in the case of a cofibrant operad).

¶ Remark. — If ρ! : M0 � N 0 : ρ! is a Quillen adjunction, respectively a Quillen
equivalence, between reduced categories with regular tensor powers, then proposi-
tion 4.4.5 holds as long as P is a C-cofibrant non-unital operad. A similar observation
holds for categories of spectra.

¶ Remark. — If the unit object 1 ∈M is not cofibrant inM (and henceM does not
satisfy our axiom MM1), then other assumptions are necessary to check proposition
4.4.5.
The problem is to check that the adjunction unit A→ ρ!ρ!A forms a weak-equivalence
for all cofibrant P-algebras A. Recall that the 0 term P(0) of the operad P forms the
initial object of the category of P-algebras. This object P(0) is supposed to be cofibrant
in C. But, if the unit object 1 ∈M is not cofibrant inM, then this assumption does
not imply that the image of P(0) ∈ C under the natural functor η : C →M is cofibrant
in M. In this context, for a cofibrant P-algebra A, we obtain only that the natural
morphism P(0) → A forms a cofibration in M, the P-algebra itself A does not form
necessarily a cofibrant object in M and, for that reason, it is not clear that the
adjunction unit A→ ρ!ρ!A forms a weak-equivalence inM.
In useful cases, for instance if ρ! : M → N refers to the obvious functor from the
positive stable model category to the usual stable model category of symmetric (or
orthogonal) spectra, this difficulty can be turned round. Thus, for any Σ∗-cofibrant
operad P (in simplicial sets or topological spaces), the category of P-algebras in the
positive stable model category of spectra is Quillen equivalent to the category of
P-algebras in the usual stable model category of symmetric (or orthogonal) spectra.

Operad changes give also rise to Quillen adjunctions:

4.4.6. Proposition. — Let φ : P → Q be an operad morphism. Assume that the
operad P (respectively, Q) is Σ∗-cofibrant so that P-algebras (respectively, Q-algebras)
form a semi-model category. The extension and restriction functors

φ! : PM� QM : φ!

associated to φ : P → Q define Quillen adjoint functors. If φ : P → Q is a weak-
equivalence, then these functors define Quillen adjoint equivalences.

The proof of this proposition is postponed to §15.
Observe simply that the assertion about Quillen adjunctions is immediate since, on

one hand, forgetful functors reflect fibrations and acyclic fibrations, and, on the other
hand, restriction functors reduce to identity functors if we forget operad actions.



68 CHAPTER 4. MODEL CATEGORIES AND OPERADS

The assertion about Quillen equivalences is proved in [3] in the context where the
underlying categoryM is proper.

¶ Remark. — In the context of a reduced category with regular tensor powers (and
similarly if M is a category of spectra), the assertions of proposition 4.4.6 hold for
any morphism (respectively, equivalence) between C-cofibrant non-unital operads.
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CHAPTER 5

DEFINITIONS AND BASIC CONSTRUCTIONS

Introduction

In this chapter, we define the functor SR(C) : A 7→ SR(C,A) associated to a right
module over an operad R, where A ranges over the category of R-algebras in a sym-
metric monoidal category M over C. Besides, we study basic structures of the cat-
egory of right R-modules. and we examine briefly the commutation of the bifunctor
(C,A) 7→ SR(C,A) with colimits.

The construction SR(C) : A 7→ SR(C,A) appears explicitly in [37, §2.3.10] as a
particular case of a relative composition product C ◦R D, an operation between right
and left modules over an operad R. In §5.1.5, we observe conversely that the relative
composition product C ◦RD is given by a construction of the form SR(C,D) in the case
where the variable D ranges over the category of R-algebras in Σ∗-objects, equivalent
to the category of left R-modules.

The category of left R-modules is denoted by R CΣ∗ . In a symmetric fashion, we
use the notation CΣ∗R for the category of right R-modules. In §3.1.10, we use the
notation F = F(M,M) for the category of functors F :M→M and the notation
R F = F(M, RM) for the category of functors F : M → RM. In a symmetric
fashion, we may use the notation F R = F(RM,M) for the category of functors
F : RM →M. The map SR : C 7→ SR(C) defines a functor SR : CΣ∗R → F R. Again,
we should check that SR(C) : RM → M preserves filtered colimits because of our
conventions on functor categories. But we postpone the (straightforward) verification
of this assertion to section 5.2 in which we address all colimit problems.

5.1. The functor associated to a right module over an operad

Before to define the functor SR : C 7→ SR(C), we recall the definition of a right
module over an operad.
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5.1.1. Right modules over operads. — In §3.1.7, we recall that a left R-module consists
of a Σ∗-object D ∈ CΣ∗ equipped with a morphism λ : R ◦D → D that provides D
with a left action of the monoid object in (CΣ∗ , ◦, I) defined by the operad R (see [11,
§2.1.5]). In a symmetric fashion, a right R-module consists of a Σ∗-object C ∈ CΣ∗
equipped with a morphism ρ : C ◦ R → C that provides C with a right action of the
monoid object in (CΣ∗ , ◦, I) defined by the operad R (see [11, §2.1.5]). Note however
that the composition product of Σ∗-objects is not symmetric and in general we can
not recover properties of left R-modules by symmetry with right R-modules.

Like an operad structure, the action of an operad R on a right R-module C can be
defined explicitly by composition products

C(r)⊗ R(n1)⊗ · · · ⊗ R(nr)→ C(n1 + · · ·+ nr)

that satisfy natural equivariance properties, as well as associativity and unit relations
with respect to the operad structure. In the context of k-modules, the composite of
an element x ∈ C(r) with operations p1 ∈ R(n1), . . . , pr ∈ R(nr) is also denoted by
x(p1, . . . , pr) ∈ C(n1 + · · ·+ nr), like a composite of operad operations. We consider
also partial composites ◦i : C(r)⊗ P(s)→ C(r+ s− 1). In the context of k-modules,
these partial composites are defined by the relation x ◦i p = x(1, . . . , p, . . . , 1), for
x ∈ C(r) and p ∈ R(s).

The category of right R-modules is denoted by CΣ∗R , where a morphism of right
R-modules consists obviously of a morphism of Σ∗-objects f : C → D that preserves
operad actions.

5.1.2. Colimits and limits. — Since left R-modules form a category of R-algebras in
a symmetric monoidal category over C, proposition 3.2.1 implies that the forgetful
functor U : R CΣ∗ → CΣ∗ creates filtered colimits and reflexive coequalizers in R CΣ∗ .
In the case of right R-modules, we obtain that the forgetful functor U : CΣ∗R → CΣ∗
creates all colimits in CΣ∗R , because the composition product of Σ∗-objects preserves
colimits on the left. This property distinguishes right R-modules from left R-modules.

The forgetful functor U : CΣ∗R → CΣ∗ creates all limits as well, because we have a
natural morphism (limi∈I Ci) ◦ R→ limi∈I(Ci ◦ R), but this property is also satisfied
in the case of left R-modules.

5.1.3. The functor associated to a right module over an operad. — The purpose of
this paragraph is to define the functor SR(C) : RM → M associated to a right R-
module C, forM a symmetric monoidal category over C. The image of an R-algebra
A ∈ RM under this functor SR(C) : A 7→ SR(C,A) is defined by a reflexive coequalizer
of the form

S(C ◦ R, A)
d0 //

d1

// S(C,A)

s0

zz
// SR(C,A) .
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On one hand, the functor S(C) : M → M associated to a right R-module C is
equipped with a natural transformation

S(C ◦ R, A)
S(ρ,A)−−−−→ S(C,A)

induced by the morphism ρ : C ◦ R → C that defines the right R-action on C. On
the other hand, recall that an R-algebra structure is equivalent to the structure of
an algebra over the monad S(R) associated to the operad R and is determined by a
morphism λ : S(R, A) → A in M. Therefore, for an R-algebra A, we have another
natural morphism

S(C ◦ R, A) = S(C,S(R, A))
S(C,λ)−−−−→ S(C,A)

induced by the morphism λ : S(R, A) → A. In the converse direction, we have a
natural morphism

S(C,A) = S(C ◦ I,A)
S(C◦η,A)−−−−−−→ S(C ◦ R, A)

induced by the operad unit η : I → R. The object SR(C,A) ∈ M associated to
A ∈ RM is defined by the coequalizer of d0 = S(ρ,A) and d1 = S(C, λ) in M, made
reflexive by the morphism s0 = S(C ◦ η,A).

In an explicit fashion, for C = k Mod, the object SR(C,A) can be defined as the
k-module spanned by tensors x(a1, . . . , ar), where x ∈ C(r), a1, . . . , ar ∈ A, together
with the coinvariant relations of S(C,A)

σx(a1, . . . , ar) ≡ x(aσ(1), . . . , aσ(r))

and relations

x ◦i p(a1, . . . , ar+s−1) ≡ x(a1, . . . , p(ai, . . . , ai+s−1), . . . , ar+s−1)

yielded by the coequalizer construction.
Clearly, the map SR(C) : A 7→ SR(C,A) defines a functor SR(C) : RM→M, from

the category of R-algebras in M to the category M, and the map SR : C 7→ SR(C)
defines a functor SR : CΣ∗R → F(RM,M), from the category of right R-modules to the
category of functors F : RM→M. For short, we can adopt the notation F R for this
functor category F R = F(RM,M).

The construction SR : C 7→ SR(C) is also functorial in M. Explicitly, for any
functor ρ :M→N of symmetric monoidal categories over C, the diagram of functors

RM

SR(C)

��

ρ //
RN

SR(C)

��
M ρ

// N

commutes up to natural isomorphisms. In an equivalent fashion, we have a natural
functor isomorphism SR(C) ◦ ρ ' ρ ◦ SR(C), for all C ∈ CΣ∗R .
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5.1.4. Constant modules and constant functors. — Recall that the base category C is
isomorphic to the full subcategory of CΣ∗ formed by constant Σ∗-objects and we have
a category splitting CΣ∗ = C ×CΣ

0
∗ , where CΣ

0
∗ is the category of connected Σ∗-objects

in C.
Any constant Σ∗-object has an obvious right R-module structure: all partial com-

posites ◦i : C(r)⊗ R(s)→ C(r + s− 1) are necessarily trivial if we assume C(r) = 0
for r > 0. Hence the base category C is also isomorphic to the full subcategory of
CΣ∗R formed by constant right R-modules. Observe also that the map SR : C 7→ SR(C)
associates constant functors F (A) ≡ C ⊗ 1 to constant right R-modules.

In the case of right R-modules, we have a category splitting

CΣ∗R = C ×CΣ
0
∗

R ,

where CΣ
0
∗

R denotes the full subcategory of CΣ∗R formed by connected right R-modules,
only if R is a non-unital operad.

5.1.5. Relative composition products. — For a right R-module C and a left R-module
D, we have a relative composition product C ◦R D defined by a reflexive coequalizer

C ◦ R ◦D
d0 //

d1

// C ◦D //

s0

}}
C ◦R D ,

where the morphism d0 = ρ ◦D is induced by the right R-action on C, the morphism
d1 = C ◦ λ is induced by the left R-action on D, and s0 = C ◦ η ◦ D is induced by
the operad unit. This general construction makes sense in any monoidal category in
which reflexive coequalizers exist.

Recall that C ◦ D is identified with the image of D ∈ CΣ∗ under the functor
S(C) :M→M defined by C ∈ CΣ∗ for the category M = CΣ∗ . As a byproduct, in
the case M = CΣ∗ , we have a formal identification of the construction of §5.1 with
the relative composition product:

SR(C,D) = C ◦R D.

In §9.1 we observe that the operad R forms a left module over itself. In this case,
we obtain SR(C, R) = C ◦R R ' C. In §9.2.6, we note also that SR(C, R) = C ◦R R forms
naturally a right R-module so that C is isomorphic to SR(C, R) as a right R-module.
One can use this observation to recover the right R-module C from the associated
collection of functors SR(C) : RM→M, whereM ranges over all symmetric monoidal
categories over C.

5.1.6. The example of right modules over the commutative operad. — In this para-
graph, we examine the structure of right modules over the operad C+, associated to
the category of unitary commutative algebras. Recall that this operad is given by the
trivial representations C+(n) = k, for all n ∈ N.
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One can check that a right C+-module is equivalent to a contravariant functor
F : Finop → C, where Fin refers to the category formed by finite sets and all maps
between them.

For a Σ∗-object M and a finite set with n elements I, we set

M(I) = k[Bij ({1, . . . , n}, I)]⊗Σn M(n),

where Bij ({1, . . . , n}, I) refers to the set of bijections i∗ : {1, . . . , n} → I. In this
manner we obtain a functor I 7→ M(I) on the category of finite sets and bijections
between them.

For a composite M ◦ C+, we have an identity of the form:

M ◦ C+(I) =
⊕

I1q···qIr=I

M(r)⊗ C+(I1)⊗ · · · ⊗ C+(Ir)/ ≡,

where the sum ranges over all partitions I1 q · · · q Ir = I and is divided out by a
natural action of the symmetric groups Σr. Since C+(Ik) = k, we have also

M ◦ C+(I) =
⊕

I1q···qIr=I

M(r)/ ≡,

and we can use the natural correspondence between partitions I1 q · · · q Ir = I and
functions f : I → {1, . . . , r}, to obtain an expansion of the form:

M ◦ C+(I) =
⊕
f :I→J

M(J)/ ≡ .

According to this expansion, we obtain readily that a right C+-action ρ : M ◦C+ →M

determines morphisms f∗ : M(J)→M(I) for all f ∈ Fin, so that a right C+-module
determines a contravariant functor on the category Fin. For details, we refer to [28].

On the other hand, one checks that the map n 7→ A⊗n where A is any commutative
algebra in a symmetric monoidal categoryM extends to a covariant functor L(A,−) :
Fin →M. In the context of dg-modules, the morphism f∗ : A⊗m → A⊗n associated
to a map f : {1, . . . ,m} → {1, . . . , n} is defined by the formula:

f∗(
m⊗
i=1

ai) =
n⊗
j=1

{ ∏
i∈f−1(j)

ai

}
.

One checks easily that the functor SC+(M) : C+M → M associated to a right C+-
module M is also determined by the coend

SC+(M,A) =
∫ Fin

M(n)⊗A⊗n.

5.1.7. Remarks: generalized James’s constructions. — Recall that a Λ∗-object is a
structure formed by a Σ∗-object C equipped with operations ∂i : C(r) → C(r − 1),
i = 1, . . . , r, so that ∂i∂j = ∂j−1∂i for i < j (see [13, 5]). One observes readily that a
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Λ∗-object is equivalent to a right module over the initial unital operad ∗, characterized
by:

∗(0) = 1, ∗(1) = 1 and ∗ (r) = 0 for r ≥ 2.

The operation ∂i : C(r)→ C(r − 1) represents the partial composite x 7→ x ◦i ∗ with
a distinguished 0-ary operation ∗ ∈ ∗(0).

In the topological context, an algebra over the initial unital operad is equivalent to
a pointed space X ∈ Top∗ since a morphism ∗ : pt → X defines a base point ∗ ∈ X.
By definition, the functor S∗(C) associated to a Λ∗-space C is given by the quotient

S∗(C,X) =
∞∐
r=0

(C(r)×X×r)Σr
/ ≡

of the coinvariant modules (C(r)×X×r)Σr
under the relation

ξ(x1, . . . , ∗, . . . , xn) = ξ ◦i ∗(x1, . . . , ∗̂, . . . , xn).

This construction generalizes the classical James’s model of ΩΣX (see [27]) and its
generalization to iterated loop spaces ΩnΣnX (see [5, 34]). Actually, in the original
definition of [34, Construction 2.4], motivated by recognition problems for iterated
loop spaces, the monad associated to a topological operad is defined by a functor of
the form S∗(P). (See Example 2.3.15 in [37] for similar observations.)

5.2. Colimits

In this section we examine the commutation of our construction with colimits. On
one hand, we obtain readily:

5.2.1. Proposition. — The functor SR : CΣ∗R → F R preserves all colimits.

Proof. — The proposition follows from an immediate interchange of colimits.

Recall that the forgetful functor U : CΣ∗R → CΣ∗ creates all colimits. Recall also
that colimits in functor categories are obtained pointwise. Thus proposition 5.2.1
asserts that, for any R-algebra A, we have the identity:

SR(colim
i

Ci, A) = colim
i

SR(Ci, A).

In contrast, one can observe that the functor SR(C) : A 7→ SR(C,A) does not
preserve colimits in general just because: the functor S(C) : M 7→ S(C,M) does not
preserve all colimits, the forgetful functor U : RM→M does not preserve all colimits.
On the other hand: in §2.4 we observe that the functor S(C) : M 7→ S(C,M) preserves
filtered colimits and reflexive coequalizers, in §3.2 we observe that the forgetful functor
U : RM → M creates filtered colimits and reflexive coequalizers. Therefore, we
obtain:
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5.2.2. Proposition. — The functor SR(C) : RM → M associated to a right R-
module C ∈ CΣ∗R preserves filtered colimits and the coequalizers of R-algebras which
are reflexive in the underlying category M.

Proof. — Immediate consequence of the results recalled above the proposition.





CHAPTER 6

TENSOR PRODUCTS

Introduction

The goal of this chapter is to generalize the assertions of proposition 2.1.5 to right
modules over an operad:

Theorem 6.A. — Let R be an operad in C. The category of right R-modules CΣ∗R is
equipped with the structure of a symmetric monoidal category over C so that the map
SR : C 7→ SR(C) defines a functor of symmetric monoidal categories over C

SR : (CΣ∗R ,⊗, 1)→ (F(RM,M),⊗, 1),

functorially in M, for all symmetric monoidal categories M over C.

We have further:

Theorem 6.B. — Let R be a non-unital operad in C.
The category CΣ

0
∗

R of connected right R-modules forms a reduced symmetric monoidal
category over C.

The category CΣ∗R forms a split augmented symmetric monoidal category over C so
that CΣ∗R = C ×CΣ

0
∗

R and the functor SR : C 7→ SR(C) fits a diagram of symmetric
monoidal categories over C:

CΣ∗R
SR // F(RM,M)

C ×CΣ
0
∗

R Id× SR

//

'

OO

C ×F(RM,M)0

'

OO
.

We prove in [10, §3] that the category of right R-modules inherits a symmetric
monoidal structure from Σ∗-objects. We survey this construction in §6.1. We prove
that this symmetric monoidal structure fits the claims of theorems 6.A-6.B in §6.2.
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We record the definition of internal hom-objects for right modules over an operad
in §6.3.

6.1. The symmetric monoidal category of right modules over an operad

We survey the definition of the symmetric monoidal structure of [10, §3] for right
modules over operad. We use observations of §2.2 to make this construction more
conceptual.

6.1.1. The tensor product of right modules over an operad. — One observes more
precisely that the tensor product of right R-modules C,D in the category of Σ∗-
objects is equipped with a natural R-module structure. The right R-action on C ⊗D
is given explicitly by the composite of the distribution isomorphism of §2.2.3

(C ⊗D) ◦ R ' (C ◦ R)⊗ (D ◦ R)

with the morphism
(C ◦ R)⊗ (D ◦ R) ρ⊗ρ−−→ C ⊗D

induced by right R-actions on C and D. One checks similarly that the external tensor
product of a right R-module D with an object C ∈ C in the category of Σ∗-objects is
equipped with a natural R-module structure. Accordingly, we obtain an internal tensor
product ⊗ : CΣ∗R ×C

Σ∗
R → C

Σ∗
R and an external tensor product ⊗ : C ×CΣ∗R → C

Σ∗
R on

the category of right R-modules. The external tensor product can also be identified
with the tensor product of a right R-module with a constant right R-module.

One checks immediately that the associativity and symmetry isomorphisms of the
tensor product of Σ∗-modules define morphisms of right R-modules. The unit object 1
is equipped with a trivial right R-module structure, like any constant Σ∗-module, and
defines as well a unit with respect to the tensor product of right R-modules. Hence,
we obtain that right R-modules form a symmetric monoidal category.

In [10] we prove also that the category of right R-modules inherits an internal hom
HOMCΣ∗

R
(C,D) such that

MorCΣ∗
R

(K ⊗ C,D) = MorCΣ∗
R

(K,HOMCΣ∗
R

(C,D)),

but we do not use this structure in this book.

The next observations are obvious:

6.1.2. Observation. — The canonical functor η : C → CΣ∗R which identifies an
object C ∈ C with a constant right R-module defines a functor of symmetric monoidal
categories:

η : (C,⊗, 1)→ (CΣ∗R ,⊗, 1).
In the converse direction, the functor ε : C 7→ C(0) defines a functor of symmetric
monoidal categories:

ε : (CΣ∗R ,⊗, 1)→ (C,⊗, 1).
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6.2. Tensor products of modules and functors

We prove theorems 6.A-6.B in this chapter. We have essentially to check:

6.2.1. Claim. — For right R-modules C,D, we have a natural functor isomorphism
SR(C ⊗D) ' SR(C)⊗SR(D) that commutes with the unit, associativity and symmetry
isomorphisms of tensor products.

These isomorphisms depend also functorially on M, the symmetric monoidal cat-
egory over C.

Proof. — In the construction of §5.1, we observe that

S(C ◦ R, A)
d0 //
d1

// S(C,A) // SR(C,A)

forms a reflexive coequalizer. Accordingly, by proposition 1.2.1, for right R-modules C
and D the tensor product SR(C,A)⊗ SR(D,A) can be identified with the coequalizer
of the tensor product

S(C ◦ R, A)⊗ S(D ◦ R, A)
d0⊗d0 //
d1⊗d1

// S(C,A)⊗ S(D,A) .

The statements of §2.2.4-2.2.5 imply the existence of a natural isomorphism of co-
equalizer diagrams

S((C ⊗D) ◦ R, A) ////

'
��

S(C ⊗D,A)

'
��

// SR(C ⊗D,A)

��
S(C ◦ R, A)⊗ S(D ◦ R, A) //// S(C,A)⊗ S(D,A) // SR(C,A)⊗ SR(D,A)

from which we deduce the required isomorphism SR(C⊗D,A) ' SR(C,A)⊗SR(D,A).
This isomorphism inherits the commutation with the unit, associativity and

symmetry isomorphism of tensor products from the isomorphism S(C ⊗ D,M) '
S(C,M)⊗ S(D,M) of the symmetric monoidal functor S : C 7→ S(C).

The verification of the functoriality claim with respect to M, the symmetric
monoidal category over C, is straightforward.

Observation 6.1.2 and claim 6.2.1 give the next proposition, which is equivalent
to the assertions of theorem 6.A. Observation 6.1.2 implies further the assertions of
theorem 6.B in the case of a non-unital operad.

6.2.2. Proposition. — The map SR : C 7→ SR(C) defines a symmetric monoidal
functor

SR : (CΣ∗R ,⊗, 1)→ (F R,⊗, 1),
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functorially in M, where F R = F(RM,M), and we have a commutative triangle of
symmetric monoidal categories

(C,⊗, 1)
η

xxrrrrrrrrrr
η

&&LLLLLLLLLL

(CΣ∗R ,⊗, 1) SR

// (F R,⊗, 1)

.

6.3. On enriched category structures

If C is a closed symmetric monoidal category, then we obtain further that the
category of right modules over an operad R inherits a hom-bifunctor

HomCΣ∗
R

(−,−) : (CΣ∗R )◦ × (CΣ∗R )→ C

from the category of Σ∗-objects.
Formally, the hom-object HomCΣ∗

R
(C,D), for C,D ∈ CΣ∗R , is defined by a reflexive

equalizer of the form

HomCΣ∗
R

(C,D) // HomCΣ∗ (C,D)
d0 //

d1
// HomCΣ∗ (C ◦ R, D)

s0

ww
.

The morphism

HomCΣ∗ (C,D)
HomCΣ∗ (ρ,D)
−−−−−−−−−→ HomCΣ∗ (C ◦ R, D)

induced by the R-action on C defines d0. Since we observe in §2.2.3 that the map
C 7→ C ◦ R defines a functor of symmetric monoidal categories over C

− ◦ R : CΣ∗ → CΣ∗ ,

we have a natural morphism on hom-objects

HomCΣ∗ (C,D) −◦R−−→ HomCΣ∗ (C ◦ R, D ◦ R).

The composite of this morphism with the morphism

HomCΣ∗ (C ◦ R, D ◦ R)
HomCΣ∗ (C◦R,ρ)
−−−−−−−−−−→ HomCΣ∗ (C ◦ R, D)

induced by the R-action on D defines d1. The reflection s0 is defined by the morphism

HomCΣ∗ (C ◦ R, D)
HomCΣ∗ (C◦η,D)
−−−−−−−−−−−→ HomCΣ∗ (C ◦ I,D) = HomCΣ∗ (C,D)

induced by the operad unit η : I → R.
The morphism set MorCΣ∗

R
(C,D) can be defined by the same equalizer

MorCΣ∗
R

(C,D) // MorCΣ∗ (C,D)
d0 //

d1
// MorCΣ∗ (C ◦ R, D)

s0

ww
,
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because for a morphism φ : C → D the commutation with operad actions is formally
equivalent to the equation d0(φ) = d1(φ). The adjunction relation

MorCΣ∗
R

(K ⊗ C,D) = MorC(K,HomCΣ∗
R

(C,D)),

is an immediate consequence of this observation and of the adjunction relation at the
Σ∗-object level.

In the context of k-modules C = k Mod, the k-module HomCΣ∗
R

(C,D) is spanned by
collections of k-module morphisms f : C(n)→ D(n) that commute with the action of
symmetric groups and with the action of the operad. This k-module is the 0th term
of the right R-module HOMCΣ∗

R
(C,D) defined in [10, §3].





CHAPTER 7

UNIVERSAL CONSTRUCTIONS ON RIGHT MODULES

OVER OPERADS

Introduction

The usual constructions of module categories (namely free objects, extension and
restriction of structures) make sense in the context of right modules over operads. In
this chapter we check that these constructions correspond to natural operations on
functors.

In §7.1, we determine the functor associated to free objects in right modules over
operads. Besides, we observe that the category of right modules over an operad R is
equipped with small projective generators defined by the free objects associated to
the generating Σ∗-objects Fr = I⊗r, r ∈ N, and we determine the associated functors
on R-algebras.

In §7.2, we define the extension and restriction functors for right modules over
operads and we make explicit the corresponding operations on functors.

7.1. Free objects and generators

In §3.1.8, we recall that the free left R-module generated by L ∈ CΣ∗ is represented
by the composite Σ∗-object D = R ◦L equipped with the left R-action defined by
the morphism µ ◦ L : R ◦ R ◦L → R ◦L, where µ : R ◦ R → R denotes the composition
product of R. Symmetrically, the free right R-module generated by K ∈ CΣ∗ is defined
by the composite Σ∗-object C = K ◦ R equipped with the right R-action defined by
the morphism K ◦ µ : K ◦ R ◦ R→ K ◦ R.

At the functor level, the free object functor − ◦ R : CΣ∗ → CΣ∗R and the forgetful
functor U : CΣ∗R → CΣ∗ have the following interpretation:

7.1.1. Proposition. —



86 CHAPTER 7. UNIVERSAL CONSTRUCTIONS ON RIGHT MODULES OVER OPERADS

1. For a free right R-module C = K ◦ R, the diagram

M

S(K) !!B
BB

BB
BB

B RM

SR(K◦R)||zz
zz

zz
zz

Uoo

M

,

in which U : RM→M denotes the forgetful functor, commutes up to a natural
isomorphism of functors.

2. For any right R-module C ∈ CΣ∗R , the diagram

M

S(C) !!B
BB

BB
BB

B
R(−) //

RM

SR(C)||zz
zz

zz
zz

M

,

in which R(−) :M → RM denotes the free R-algebra functor, commutes up to
a natural isomorphism of functors.

In an equivalent fashion, we have functor isomorphisms SR(K ◦ R) ' S(K) ◦ U , for
all free right R-modules C = K ◦ R, and S(C) ' SR(C) ◦ R(−), for all right R-modules
C ∈ CΣ∗R . The isomorphisms that give the functor relations of proposition 7.1.1 are
also natural with respect to the symmetric monoidal category M on which functors
are defined.

This proposition occurs as the particular case of an operad unit η : I → R in
proposition 7.2.2 proved next. Note that we prove directly the general case of propo-
sition 7.2.2 and our arguments do not rely on proposition 7.1.1. Therefore we refer
to proposition 7.2.2 for the proof of this proposition.

7.1.2. Generating objects in right modules over operads. — Consider the free right
R-modules Fr ◦ R, r ∈ N, associated to the generators Fr, r ∈ N of the category of
Σ∗-objects.

As Fr = I⊗r, we have F1 ◦R = I ◦R ' R, the operad R considered as a right module
over itself, and, for all r ∈ N, we obtain Fr ◦R = (I⊗r)◦R ' R⊗r, the rth tensor power
of R in the category of right R-modules.

Since S(Fr) ' Id⊗r, the rth tensor power of the identity functor Id : M → M,
proposition 7.1.1 returns:

7.1.3. Proposition. — We have SR(F1 ◦ R) = SR(R) = U , the forgetful functor U :
RM → M, and SR(Fr ◦ R) = SR(R)⊗r = U⊗r, the rth tensor power of the forgetful
functor U : RM→M.

The next proposition is an immediate consequence of proposition 2.1.10 and of the
adjunction relation HomCΣ∗

R
(K ◦ R, C) ' HomCΣ∗ (K,C).
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7.1.4. Proposition. — We have a natural isomorphism

ωr(C) : C(r) '−→ HomCΣ∗
R

(Fr ◦ R, C)

for all C ∈ CΣ∗R .

This proposition and the discussion of §7.1.2 imply as well:

7.1.5. Proposition. — The objects Fr ◦ R, r ∈ N define small projective generators
of CΣ∗R in the sense of enriched categories. Explicitly, the functors

C 7→ HomCΣ∗
R

(Fr ◦ R, C)

preserve filtered colimits and coequalizers and the canonical morphism
∞⊕
r=0

HomCΣ∗
R

(Fr ◦ R, C)⊗ Fr ◦ R→ C

is a regular epi, for all C ∈ CΣ∗R .

This proposition is stated for the sake of completeness. Therefore we do not give
more details on these assertions.

7.2. Extension and restriction of structures

Let ψ : R → S be an operad morphism. In §3.2.5, we recall the definition of
extension and restriction functors ψ! : RM � SM : ψ!. In the case M = CΣ∗ , we
obtain extension and restriction functors on left modules over operads ψ! : R CΣ∗ �

S CΣ∗ : ψ!.
Symmetrically, we have extension and restriction functors on right module cate-

gories
ψ! : CΣ∗R � CΣ∗S : ψ!.

In this section, we recall the definition of these operations and we prove that they
reflect natural operations on functors.

7.2.1. Extension and restriction of right-modules over operads. — Explicitly, the op-
erad R operates on any right S-module D through the morphism ψ : R → S and this
defines the right R-module ψ!D associated to D by restriction of structures. In the
converse direction, we have a formal identification ψ!C = C ◦R S, where the operad R

acts on S on the left through the morphism ψ : R → S and the operad composition
product µ : S ◦ S→ S.

Indeed, for D = S, the relative composition product ψ!C = C ◦R S is defined by a
reflexive coequalizer of the form:

C ◦ R ◦ S
d0 //

d1

// C ◦ S

s0

~~
// ψ!C .
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(This reflexive coequalizer is symmetric to the reflexive coequalizer of §3.2.6.) One
observes that d0, d1 are morphisms of free right S-modules, so that ψ!C inherits a
natural S-module structure, and an immediate inspection of definitions proves that
C 7→ ψ!C is left adjoint to the restriction functor D 7→ ψ!D. The adjunction unit
ηC : C → ψ!ψ!C is identified with the morphism ηC : C → C ◦R S induced by

C = C ◦ I C◦η−−→ C ◦ S

where η : I → S denotes the unit of the operad S. The adjunction augmentation
εD : ψ!ψ

!D → D is identified with the morphism εD : D ◦R S → D induced by the
right S-action on D:

D ◦ S ρ−→ D.

For the unit morphism η : I → R of an operad R, we have CΣ∗I = CΣ∗ , the restriction
functor C 7→ η!C represents the forgetful functor U : CΣ∗R → CΣ∗ and the extension
functor K 7→ η!K is isomorphic to the free object functor K 7→ K ◦ R. Thus in this
case we recover the adjunction between the forgetful and free object functors.

7.2.2. Proposition. — Let ψ : R→ S be an operad morphism.

1. For any right R-module C, the diagram of functors

RM

SR(C) ""D
DD

DD
DD

D SM

SS(ψ!C)||zz
zz

zz
zz

ψ!
oo

M
commutes up to a natural functor isomorphism.

2. For any right S-module D, the diagram of functors

RM

SR(ψ
!D) ""D

DD
DD

DD
D

ψ! //
SM

SS(D)||zz
zz

zz
zz

M
commutes up to a natural functor isomorphism.

The isomorphisms that give these functor relations are also natural with respect
to the symmetric monoidal category M on which functors are defined.

Proof. — In the case of a right R-module C and an S-algebra B, we obtain that the
morphism

S(C,B) = S(C ◦ I,A)
S(C◦η,A)−−−−−−→ S(C ◦ S, A)

induced by the operad unit η : I → S and the morphism

S(C ◦ S, B) = S(C,S(S, B))
S(C,λ)−−−−→ S(C,B)
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induced by the operad action on B induce inverse natural isomorphisms between
SR(C,ψ!B) and SS(ψ!C,B).

In the case of a right S-module D and an R-algebra A, we obtain that the morphism

S(D,A)
S(D◦η,A)−−−−−−→ S(D ◦ S, A)

induced by the operad unit η : I → S and the morphism

S(D,S(A)) = S(D ◦ S, A)
S(ρ,A)−−−−→ S(D,A)

induced by the right operad action on D induce inverse natural isomorphisms between
SS(D,ψ!A) and SR(ψ!D,A).

7.2.3. Extension and restriction of functors on the right. — The composition on the
right with a functor α : X → Y induces a functor α∗ : F(Y,V) → F(X ,V). In this
section, we address the case of adjoint functors

α! : X � Y : α!,

for instance the extension and restriction functors ψ! : RM� SM : ψ! associated to
an operad morphism ψ : R→ S. In this situation, we define extension and restriction
functors (on the right) on functor categories

α! : F(X ,V) � F(Y,V) : α!

by α!F (Y ) = F (α!Y ), for Y ∈ Y, respectively α!G(X) = G(α!X), for X ∈ X .

7.2.4. Proposition. — The extension and restriction functors

α! : F(X ,V) � F(Y,V) : α!

define adjoint functors, for any target category V.

Proof. — Observe simply that the natural transformations F (ηX) : F (X) →
F (α!α!X) and G(εY ) : G(α!α

!Y ) → G(Y ) induced by the adjunction unit and the
adjunction augmentation of α! : X � Y : α! define an adjunction unit and an
adjunction augmentation at the functor level.

In an equivalent fashion, proposition 7.2.2 asserts that we have natural functor
isomorphisms SS(ψ!C) ' ψ! SR(C), for all C ∈ CΣ∗R , and SR(ψ!D) ' ψ! SS(D), for all
D ∈ CΣ∗S . By a direct and straightforward inspection, we obtain further:

7.2.5. Claim. — The isomorphisms SS(ψ!C) ' ψ! SR(C) and SR(ψ!D) ' ψ! SS(D)
commute with adjunction units and adjunction augmentations.

And, as a byproduct, we obtain:
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7.2.6. Proposition. — The diagram

HomCΣ∗
S

(ψ!C,D)

SS

��

' // HomCΣ∗
R

(C,ψ!D)

SR

��
HomF S

(SS(ψ!C),SS(D))

'
��?

??
??

??
? HomF R

(SR(C), ψ! SS(D))

'
����

��
��

�

HomF S
(ψ! SR(C),SS(D)) '

// HomF R
(SR(C),SR(ψ!D))

commutes, for all C ∈ CΣ∗R and D ∈ CΣ∗S .

This proposition asserts roughly that the functor SR : C 7→ SR(C) preserves the
adjunction relation of the extension and restriction of structures up to functor iso-
morphisms.

In the remainder of this section, we inspect the commutation of extension and
restriction functors with tensor structures. At the module level, we obtain:

7.2.7. Proposition. — Let ψ : R→ S be an operad morphism. The extension func-
tor ψ! : CΣ∗R → C

Σ∗
S and the restriction functor ψ! : CΣ∗S → C

Σ∗
R are functors of sym-

metric monoidal categories over C and define an adjunction relation in the 2-category
of symmetric monoidal categories over C.

Proof. — For the restriction functor, we have obviously an identity ψ!(C ⊗ D) =
ψ!(C) ⊗ ψ!(D) and ψ! : CΣ∗S → C

Σ∗
R forms clearly a functor of symmetric monoidal

categories.
Concerning the extension functor, since we have identifications ψ!(C) = C ◦R S =

SR(C, S), claim 6.2.1 gives a natural isomorphism of Σ∗-objects ψ!(C ⊗D) ' ψ!(C)⊗
ψ!(D). One checks easily that this isomorphism defines a morphism in the category
of right R-modules. Hence we conclude that ψ! : CΣ∗R → CΣ∗S forms a functor of
symmetric monoidal categories as well.

One checks further that the adjunction unit ηC : C → ψ!ψ!C and the adjunction
augmentation εD : ψ!ψ

!D → D, made explicit in §7.2.1, are natural transformations
of symmetric monoidal categories. Hence we obtain finally that ψ! : CΣ∗R → C

Σ∗
S and

ψ! : CΣ∗R � CΣ∗S define an adjunction of symmetric monoidal categories over C.

At the functor level, we obtain:

7.2.8. Proposition. — Let α! : X → Y : α! be adjoint functors. The associated
extension and restriction functors

α! : F(X ,M) � F(Y,M) : α!,
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where M is a symmetric monoidal category over C, are functors of symmetric
monoidal categories over C and define an adjunction relation in the 2-category of
symmetric monoidal categories over C.

Proof. — In §3.1.11, we observe already that functors of the form F 7→ α!F and
G 7→ α!G are functors of symmetric monoidal categories over C. One checks by an
immediate inspection that the adjunction unit ηF : F → α!α!F and the adjunction
augmentation εG : α!α

!G → G are natural transformations of symmetric monoidal
categories over C.

By a direct and straightforward inspection, we obtain:

7.2.9. Claim. — The isomorphisms SS(ψ!C) ' ψ! SR(C) and SR(ψ!D) ' ψ! SS(D)
are natural equivalences of symmetric monoidal categories over C.

To summarize:

7.2.10. Proposition. — Let ψ : R→ S be an operad morphism. The diagram

CΣ∗R
ψ! //

SR

��

CΣ∗S
SS

��

ψ!
oo

F R

ψ! // F S

ψ!
oo

commutes up to natural equivalences of symmetric monoidal categories over C.





CHAPTER 8

ADJUNCTION AND EMBEDDING PROPERTIES

Introduction

Let R be an operad in C. In this chapter, we generalize results of §2.3 to the
functor SR : CΣ∗R → F R from the category of right R-modules to the category of
functors F : RM→M, where M is a fixed symmetric monoidal category over C.

Again, since we observe in §5.2 that the functor SR : CΣ∗R → F R preserves colimits,
we obtain that this functor has a right adjoint ΓR : F R → CΣ∗R . In §8.1, we generalize
the construction of §2.3.4 to give an explicit definition of this functor ΓR : G 7→ ΓR(G).

In §8.2, we prove that the functor SR : CΣ∗R 7→ F R is faithful in an enriched sense,
like S : CΣ∗ 7→ F , if the category M is equipped with a faithful functor η : C → M.
In an equivalent fashion, we obtain that the adjunction unit η(C) : C → ΓR(SR(C))
forms a monomorphism.

In the case M = C = k Mod, we observe that the unit η(C) : C → Γ(S(C)) of the
adjunction S : CΣ∗ � F : Γ forms also an isomorphism if C is a projective Σ∗-module
or if the ground ring is an infinite field. In §8.3, we extend these results to the context
of right R-modules:

Theorem 8.A. — In the case M = C = k Mod, the adjunction unit ηR(C) : C →
ΓR(SR(C)) defines an isomorphism if C is a projective Σ∗-module or if the ground ring
is an infinite field.

As a corollary, we obtain that the functor SR : CΣ∗R → F R is full and faithful in the
case M = C = k Mod, where k is an infinite field.

To prove this theorem, we observe that the underlying Σ∗-object of ΓR(G), for a
functor G : RM→M, is identified with the Σ∗-object Γ(G ◦ R(−)) associated to the
composite of G : RM→M with the free R-algebra functor R(−) :M→ RM. Then
we use the relation SR(C)◦R(−) ' S(C), for a functor of the formG = SR(C), to deduce
theorem 8.A from the corresponding assertions about the unit of the adjunction S :
CΣ∗ � F : Γ.



94 CHAPTER 8. ADJUNCTION AND EMBEDDING PROPERTIES

The results of this chapter are not used elsewhere in this book and we give an
account of these results essentially for the sake of completeness. In usual situations,
we have a collection of natural functors G : RM → M, where M runs over all
symmetric monoidal categories over C, and we use rather observations of §9.2.6 to
obtain a right R-module C for which we have possibly G = SR(C).

8.1. The explicit construction of the adjoint functor ΓR : F R → CΣ∗R
The explicit construction of the adjoint functor ΓR : F R → CΣ∗R is parallel to the

construction of §2.3 for the functor Γ : F → CΣ∗ to the category of Σ∗-objects CΣ∗ .
First, we prove the existence of a pointwise adjunction relation

MorM(SR(C,A),M) ' MorCΣ∗
R

(C,EndA,M ),

for fixed objects A ∈ RM, M ∈ M, where EndA,M is the endomorphism module
defined in §2.3.1. For this aim, we observe that the endomorphism module EndA,M is
equipped with a right R-module structure if A is an R-algebra and we have essentially
to check that the adjunction relation of §2.3.2

MorM(S(C,A),M) ' MorCΣ∗ (C,EndA,M ),

makes correspond morphisms of right R-modules g : C → EndA,M to morphisms
f : SR(C,A)→M .

Then, we apply this pointwise adjunction relation to a category of functors M =
F R to define the right adjoint ΓR : F R → CΣ∗R of SR : CΣ∗R → F R.

8.1.1. On endomorphism modules and endomorphism operads. — Recall that the
endomorphism module of a pair objects M,N ∈M is defined by the collection

EndM,N (r) = HomM(M⊗r, N)

on which symmetric groups act by tensor permutations on the source. In the case
M = N , we obtain EndM,N = EndM , the endomorphism operad of M , defined
in §3.3.

We have natural composition products

◦i : HomM(M⊗r, N)⊗HomM(M⊗s,M)→ HomM(M⊗r+s−1, N)

which generalize the composition products of the endomorphism operad EndM and
which provide EndM,N with the structure of a right module over this endomorphism
operad EndM .

Recall that the structure of an R-algebra A is equivalent to an operad morphism
∇ : R → EndA. Hence, in the case where M = A is an R-algebra, we obtain that
EndA,N forms naturally a right R-module by restriction of structures.

Our first goal is to check:
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8.1.2. Proposition. — We have a natural adjunction relation

MorM(SR(C,A), N) ' MorCΣ∗
R

(C,EndA,N )

for all C ∈ CΣ∗R , A ∈ RM and N ∈M.

Proof. — By definition, the object SR(C,A) is defined by a reflexive coequalizer

S(C ◦ R, A)
d0 //

d1

// S(C,A)

s0

zz
// SR(C,A) ,

where d0 is induced by the right R-action on C and d1 is induced by the left R-action
on A. As a consequence, we obtain that the morphism set MorM(SR(C,A), N) is
determined by an equalizer of the form

MorM(SR(C,A), N) // MorM(S(C,A), N)
d0 //

d1
// MorM(S(C ◦ R, A), N) .

By proposition 2.3.2, we have adjunction relations

MorM(S(C,A), N) ' MorCΣ∗ (C,EndA,N )

and MorM(S(C ◦ R, A), N) ' MorCΣ∗ (C ◦ R,EndA,N )

that transport this equalizer to an isomorphic equalizer of the form:

ker(d0, d1) // MorCΣ∗ (C,EndA,N )
d0 //

d1
// MorCΣ∗ (C ◦ R,EndA,N ) .

By functoriality, we obtain that the map d0 in this equalizer is induced by the
morphism ρ : C ◦ R → C that determines the right R-action on C. Thus we have
d0(f) = f · ρ, for all f : C → EndA,N , where ρ denotes the right R-action on C.
On the other hand, by going through the construction of proposition 2.3.2, we check
readily that d1(f) = ρ · f ◦ R, where in this formula ρ denotes the right R-action on
EndA,N . Hence we have f ∈ ker(d0, d1) if and only if f : C → EndA,N forms a
morphism of right R-modules.

To conclude, we obtain that the adjunction relation of proposition 2.3.2 restricts
to an isomorphism

MorM(SR(C,A), N) ' MorCΣ∗
R

(C,EndA,N )

and this achieves the proof of proposition 8.1.2.

8.1.3. Remark. — In §2.3.3, we mention that the endomorphism module EndM,N

forms also a left module over EndN , the endomorphism operad of N . In an explicit
fashion, we have natural composition products

HomM(N⊗r, N)⊗HomM(M⊗n1 , N)⊗ · · · ⊗HomM(M⊗nr , N)

→ HomM(M⊗n1+···+nr , N)
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which generalize the composition products of the endomorphism operad EndN and
which provide EndM,N with the structure of a left module over this endomorphism
operad EndN .

Obviously, the left EndN -action commutes with the right EndM -action on EndM,N

so that EndM,N forms a EndN -EndM -bimodule (see §9.1 for this notion). As a
corollary, if M = A is an algebra over an operad R and N = B is an algebra over
an operad P, then we obtain that EndA,B forms a P-R-bimodule by restriction of
structures on the left and on the right (see §9.3).

Next (see §9.2) we observe that the map SR(D) : A 7→ SR(D,A) defines a functor
SR(D) : RM → PM when D is equipped with the structure of a P-R-bimodule. In
this context, we have an adjunction relation

Mor
PM(SR(D,A), B) ' Mor

P CΣ∗
R

(D,EndA,B)

for all D ∈ P CΣ∗R , A ∈ RM and B ∈ PM, where P CΣ∗R refers to the category of
P-R-bimodules.

8.1.4. Definition of the adjoint functor ΓR : F R → CΣ∗R . — To define the functor
ΓR : F R → CΣ∗R , we apply the pointwise adjunction relation of proposition 8.1.2 to the
category of functors F R.

Observe that the forgetful functor U : RM→M can be equipped with the struc-
ture an R-algebra in the category of functors F R = F(RM,M). This assertion
is tautological since we observe in §3.1.5 that R-algebras in categories of functors
F R = F(X ,M) are equivalent to functors F : X → RM. The forgetful functor
U : RM→M together with its R-algebra structure corresponds to the identity func-
tor Id : RM→ RM.

In an equivalent fashion, the evaluation products R(r)⊗A⊗r → A, where A ranges
over the category of R-algebras, are equivalent to functor morphisms R(r)⊗U⊗r → U

that provide the forgetful functor U : RM →M with the structure of an R-algebra
in F R.

We have a tautological identity SR(C,U(A)) = SR(C,A) from which we deduce the
functor relation SR(C,U) = SR(C). As a consequence, if we set ΓR(G) = EndU,G for
G ∈ F R, then proposition 8.1.2 returns:

8.1.5. Proposition. — The functor ΓR : F R → CΣ∗R defined by the map G 7→
EndU,G is right adjoint to SR : CΣ∗R → F R.

By proposition 1.1.6, we have as well:

8.1.6. Proposition. — The functors SR : CΣ∗R � F R : ΓR satisfies an enriched
adjunction relation

HomCΣ∗
R

(SR(C), G) ' HomF R
(C,ΓR(G)),

where we replace morphism sets by hom-objects over C.
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8.2. On adjunction units and enriched embedding properties

The unit of the adjunction SR : CΣ∗R → F R : ΓR is denoted by ηR(D) : D →
ΓR(SR(D)).

By proposition 1.1.5, the map SR : C 7→ SR(C) defines a functor SR : CΣ∗R → F R

in the sense of C-enriched categories. In this section, we extend the observations
of §§2.3.7-2.3.11 to the morphism on hom-objects

SR : HomCΣ∗
R

(C,D)→ HomF (SR(C),SR(D))

induced by the functor SR : CΣ∗R → F R and to the adjunction unit ηR(D) : D →
ΓR(SR(D)).

Again, by proposition 1.1.6, we have:

8.2.1. Observation. — We have a commutative diagram:

HomCΣ∗
R

(C,D) SR //

ηR(D)∗ ))SSSSSSSSSSSSSS
HomF R

(SR(C),SR(D))

HomCΣ∗
R

(C,ΓR(SR(D)))

'

44jjjjjjjjjjjjjjjjj

.

We have as well:

8.2.2. Proposition. — The component ηR(D) : D(r)→ HomF R
(U⊗r,SR(D)) of the

adjunction unit ηR(D) : D → ΓR(SR(D)) coincides with the morphism

D(r) '−→ HomCΣ∗
R

(Fr ◦ R, D) SR−→ HomF R
(SR(Fr ◦ R),SR(D))

'−→ HomF R
(U⊗r,SR(D))

formed by the composite of the isomorphism ωr(D) : D(r) '−→ HomCΣ∗
R

(Fr ◦ R, D) of

proposition 7.1.4, the morphism induced by the functor SR : CΣ∗R → F R on hom-objects,
and the isomorphism induced by the relation SR(Fr ◦ R) ' U⊗r.

Proof. — Similar to proposition 2.3.8.

The next assertion is a generalization of proposition 2.3.10:

8.2.3. Proposition. — The functor SR : CΣ∗R → F(RM,M) is faithful for all sym-
metric monoidal categories over C equipped with a faithful functor η : C →M.

If M is also enriched over C, then the functor SR : CΣ∗R → F(RM,M) is faithful
in an enriched sense. Explicitly, the morphism induced by SR on hom-objects

HomCΣ∗
R

(C,D) SR−→ HomF (SR(C),SR(D))

is mono in C, for all C,D ∈ CΣ∗R .
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Proof. — To prove this result, we use the diagram of functors

CΣ∗R
SR //

U

��

F(RM,M)

−◦R(−)

��
CΣ∗

S // F(M,M)

where U : CΣ∗R → CΣ∗ denotes the forgetful functor and G 7→ G ◦R(−) maps a functor
G : RM→M to the composite of G with the free R-algebra functor R(−) :M→ RM.

In §7.1.1, we observe that this diagram commutes up to a natural isomorphism.
Accordingly, for C,D ∈ CΣ∗R , we have a commutative diagram

MorCΣ∗
R

(C,D) SR //

U

��

MorF(RM,M)(SR(C),SR(D))

��
MorCΣ∗ (C,D)

S
// MorF(M,M)(S(C),S(D))

.

By proposition 2.3.10, the functor S : CΣ∗ → F is faithful and induces an injective map
on morphism sets. Since the map U : MorCΣ∗

R
(C,D)→ MorCΣ∗ (C,D) is tautologically

injective, we can conclude that S induces an injective map on morphism sets as well
and hence defines a faithful functor.

These arguments extend immediately to the enriched category setting.

By propositions 8.2.1-8.2.2, we have equivalently:

8.2.4. Proposition. — The adjunction unit ηR(D) : D → ΓR(SR(D)) is mono in
CΣ∗R , for all D ∈ CΣ∗R .

8.3. Comparison of adjunctions and application

In general, we do not have more than the results of propositions 8.2.3-8.2.4, but,
in the introduction of this chapter, we announce that, in the case M = C = k Mod,
the adjunction unit ηR(D) : D → ΓR(SR(D)) forms an isomorphism if D a projective
Σ∗-module or if the ground ring k is an infinite field. The purpose of this section is
to prove this claim.

For this aim, we compare the adjunction units of SR : CΣ∗R � F R : ΓR and S :
CΣ∗ � F : Γ. Our comparison results hold for all symmetric monoidal categories over
a base category C and not necessarily for the category of k-modules. Observe first:

8.3.1. Lemma. — For any functor G : RM → M, the underlying Σ∗-object of
ΓR(G) is isomorphic to Γ(G ◦ R(−)), the Σ∗-object associated to the composite of
G : RM→M with the free R-algebra functor R(−) :M→ RM.
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Proof. — The adjunction relation of proposition 7.2.4 gives isomorphisms

HomF R
(U⊗r, G) ' HomF (Id⊗r, G ◦ R(−)),

for all r ∈ N. The lemma follows.

In the case G = SR(C), we have also an isomorphism SR(C) ◦ R(−) ' S(C) by
proposition 7.1.1. Hence, in this case, we obtain:

8.3.2. Observation. — For any right R-module C, we have a natural isomorphism
ΓR(SR(C)) ' Γ(S(C)) in CΣ∗ .

We check further:

8.3.3. Lemma. — The units of the adjunctions

S : CΣ∗ � F : Γ and SR : CΣ∗R � F R : ΓR

fit a commutative diagram

D
ηR(D)

~~}}
}}

}}
}} η(D)

  A
AA

AA
AA

A

ΓR(SR(D)) ' // Γ(S(D))

,

for all D ∈ CΣ∗R .

Proof. — We apply proposition 7.2.6 to the unit morphism η : I → R of the operad R.
Recall that IM =M and the extension and restriction functors η! : IM� RM : η!

are identified with the free object and forgetful functors R(−) : M � RM : U .
Similarly, we have CΣ∗I = CΣ∗ and the extension and restriction functors η! : CΣ∗I �
CΣ∗R : η! are identified with the free object and forgetful functors for right R-modules.
Accordingly, by proposition 7.2.6, we have a commutative hexagon:

HomCΣ∗
R

(K ◦ R, D)

SR

��

' // HomCΣ∗ (K,D)

S

��
HomF R

(SR(K ◦ R),SR(D))

'
��@

@@
@@

@@
HomF (S(K),S(D))

'
��~~

~~
~~

~

HomF R
(S(K) ◦ U,SR(D)) '

// HomF (S(K),SR(D) ◦ R(−))

,

for all free objects C = K ◦ R and all right R-modules D.
We apply this result to the generating objects C = Fr ◦ R = R⊗r. We form a

commutative diagram as in figure A (see on next page). By proposition 8.2.2, the
left-hand side composite represents the adjunction unit ηR(D) : D(r) → ΓR(SR(D)).
By proposition 2.3.8, the right-hand side composite represents the adjunction unit
η(D) : D(r) → Γ(S(D)). The bottom isomorphisms represent the isomorphisms
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D

'

uujjjjjjjjjjjjjjjjj
'

))TTTTTTTTTTTTTTTTTT

HomCΣ∗
R

(Fr ◦ R, D)

SR

��

' // HomCΣ∗ (Fr, D)

S

��

HomF R
(SR(Fr ◦ R),SR(D))

'
��

HomF R
(S(Fr) ◦ U,SR(D))

'

""F
FF

FF
FF

FF
FF

'

��

HomF (S(Fr),S(D))

'

��

'

||xx
xx

xx
xx

xx
x

HomF (S(Fr),SR(D) ◦ R(−))

'

��

HomF R
(U⊗r,SR(D))

'

""F
FFFFFFFFFF

HomF (Id⊗r,S(D))

'

||xxxxxxxxxxx

HomF (Id⊗r,SR(D) ◦ R(−))

.

Figure A.

ΓR(SR(D)) ' Γ(SR(D)◦R(−)) ' Γ(S(D)) of lemma 8.3.1 and observation 8.3.2. Hence
the commutation of the diagram proves lemma 8.3.3.

The conclusion of theorem 8.A is an immediate consequence of this lemma and of
proposition 2.3.12.



CHAPTER 9

ALGEBRAS IN RIGHT MODULES OVER OPERADS

AND FUNCTORS

Introduction

The purpose of this chapter is to survey applications of the general statements
of §3 to the category of right modules over an operad R.

In §2, we prove that the functor S : C 7→ S(C) defines a functor of symmetric
monoidal categories over C

S : (CΣ∗ ,⊗, 1)→ (F ,⊗, 1)

and we use this statement in §3.1 to model functors F : M → PM, where P is an
operad in C, by P-algebras in the category of Σ∗-objects. In a parallel fashion, we
can use that the functor SR : C 7→ SR(C) defines a functor of symmetric monoidal
categories over C

SR : (CΣ∗R ,⊗, 1)→ (F R,⊗, 1),

to model functors F : RM→ PM by P-algebras in the category of right R-modules.
In this chapter, we check also that the structure of a P-algebra in right R-modules,

for P an operad in C, is equivalent to the structure of a P-R-bimodule, an object
equipped with both a left P-action and a right R-action in the monoidal category
(CΣ∗ , ◦, I), and we give an analogue of our constructions in the bimodule formalism.
In the sequel, we aim to extend results of the theory of algebras over operads. For
that reason we use the language of algebras in symmetric monoidal categories over C
rather than the bimodule language.

9.1. Algebras in right modules over operads and bimodules

Formally, a bimodule over operads P and R (in the sense of [11, §2.1] and [37,
§2.1.19]) consists of a Σ∗-object C equipped with both a left P-action λ : P ◦C → C,



102 CHAPTER 9. ALGEBRAS IN RIGHT MODULES OVER OPERADS AND FUNCTORS

and a right R-action λ : C ◦ R→ R such that the diagram

P ◦C ◦ R

λ◦R
��

P ◦ρ // P ◦C

λ

��
C ◦ R ρ

// C

commutes. (This notion of a bimodule is also used in [21] for another purpose, namely
to model A∞-morphisms.) The category of P-R-bimodules is denoted by P CΣ∗R .

In §§3.1.6-3.1.7, we observe that the structure of a P-algebra in the category of
Σ∗-objects, where P is any operad in C, is equivalent to the structure of a left P-
module. In this section, we extend this equivalence to obtain that a P-algebra in right
R-modules is equivalent to a P-R-bimodule. Because of this observation, the notation
P CΣ∗R for the category of P-R-bimodules is coherent with our conventions for categories
of algebras over operads in symmetric monoidal categories.

In §2.2, we observe first that the functor D 7→ S(C,D), where D ranges over
M = CΣ∗ , is identified with the composition product of Σ∗-objects: S(C,D) = C ◦D.
In the case M = CΣ∗R , we obtain readily:

9.1.1. Observation. — Let C ∈ CΣ∗ . The image of a right R-module D ∈ CΣ∗R ,
under the functor S(C) : M → M defined by a Σ∗-object C ∈ CΣ∗ for M = CΣ∗R
is identified with the composite Σ∗-object S(C,D) = C ◦ D equipped with the right
R-action C ◦ ρ : C ◦D ◦ R→ C ◦D induced by the right R-action of D.

In the case M = CΣ∗ , we observe that the structure of a P-algebra in Σ∗-object is
determined by a morphism of Σ∗-objects

S(P, D) = P ◦D λ−→ D.

In the case of right R-modulesM = CΣ∗R , we assume simply that λ : P ◦D → D defines
a morphism in the category of right R-modules. Clearly, this assertion holds if and
only if the morphism λ : P ◦D → D defines a left P-action on D that commutes with
the right R-action. As a consequence, we obtain:

9.1.2. Proposition. — The structure of a P-algebra in right R-modules is equivalent
to the structure of a P-R-bimodule.

Thus we have a category identity P(CΣ∗R ) = P CΣ∗R .

Since an operad P forms a bimodule over itself in an obvious fashion, proposi-
tion 9.1.2 returns immediately:

9.1.3. Observation. — An operad P in C forms naturally an algebra over itself in
the category of right modules over itself.
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9.1.4. Free objects. — In the case M = CΣ∗ , the free P-algebra generated by a Σ∗-
object C is identified with the composite P(C) = S(P, C) = P ◦C equipped with the
left P-action defined by the morphism

P ◦ P ◦C µ◦C−−−→ P ◦C

induced by the operad composition product µ : P ◦ P → P. In the context of right
R-modules M = CΣ∗R , the free P-algebra P(C) = S(P, C) = P ◦C comes also equipped
with the right R-action induced by the right R-action on C.

9.2. Algebras in right modules over operads and functors

In §3.1.10, we use the notation F for the category of functors F : M → M and
the notation P F for the category of functors F : M → PM, which correspond to
left modules over operads. In parallel, we use the notation F R for the category of
functors F : RM → M, which correspond to right modules over operads, and we
may use the notation P F R for the category of functors F : RM→ PM. Again, recall
that a P-algebra in the category of functors F : RM→M is equivalent to a functor
F : RM → PM. Therefore, this notation P F R is coherent with our conventions for
categories of algebras over operads.

Since we prove that the functor SR : C 7→ SR(C) defines a functor of symmetric
monoidal categories over C

SR : (CΣ∗R ,⊗, 1)→ (F R,⊗, 1),

we obtain by the constructions of §3.1.9 that the functor SR : CΣ∗R → F R restricts to
a functor

SR : P CΣ∗R → P F R.

This construction is functorial with respect to the symmetric monoidal category M.
Explicitly, for any ρ :M→N , functor of symmetric monoidal categories over C, the
diagram

RM
ρ //

SR(D)

��

RN

SR(D)

��
PM ρ

//
PN

commutes up to natural functor isomorphisms, for all D ∈ P CΣ∗R . Moreover we have:

9.2.1. Proposition. —

1. For a free P-algebra D = P(C), where C ∈ CΣ∗R , we have

SR(P(C), A) = P(SR(C,A)),
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for all A ∈ RM, where on the right-hand side we consider the free P-algebra in
M generated by the object SR(C,A) ∈ M associated to A ∈ RM by the functor
SR(C) : RM→M.

2. For a diagram i 7→ Di of P-algebras in CΣ∗R , we have

SR(colim
i

Di, A) = colim
i

SR(Di, A),

for all A ∈ RM, where on the right-hand side we consider the colimit of the
diagram of P-algebras associated to A ∈ RM by the functors SR(Di) : RM →
PM.

This proposition is also a corollary of the adjunction relation of §8.1.3.

For the P-algebra in right P-modules defined by the operad itself, we obtain:

9.2.2. Observation. — The functor SP(P) : PM → PM is the identity functor of
the category of P-algebras.

9.2.3. Functors on algebras in Σ∗-objects and right modules over operads. — Let Q be
an operad in C. Since M = CΣ∗ and M = CΣ∗Q form symmetric monoidal categories
over C, we can apply the constructions SR : CΣ∗R → F(RM,M) and SR : P CΣ∗R →
F(RM, PM) to these categories M = CΣ∗ and M = CΣ∗Q .

In §5.1.5, we observe that the functor D 7→ SR(C,D), for C ∈ CΣ∗R and D ∈ R CΣ∗
is identified with the relative composition product SR(C,D) = C ◦R D. In the case
C ∈ CΣ∗R and D ∈ R CΣ∗Q , we obtain by our construction SR(C,D) = C ◦R D ∈ CΣ∗Q . In
the case C ∈ P CΣ∗R and D ∈ R CΣ∗ , we obtain SR(C,D) = C ◦R D ∈ P CΣ∗ . In the case
C ∈ P CΣ∗R and D ∈ R CΣ∗Q , we obtain SR(C,D) = C ◦R D ∈ P CΣ∗Q .

In these examples M = CΣ∗ and M = CΣ∗Q , the structure of SR(C,D) can also be
deduced from:

9.2.4. Observation. — Let C ∈ CΣ∗R and D ∈ R CΣ∗ .
If C ∈ P CΣ∗R , then the morphism λ ◦D : P ◦C ◦D → C ◦D induces a left P-action

on C ◦R D so that C ◦R D forms a left P-module.
If D ∈ R CΣ∗Q , then the morphism C ◦ ρ : C ◦D ◦ Q→ C ◦D induces a right Q-action

on C ◦R D so that C ◦R D forms a right Q-module
If C ∈ P CΣ∗R and D ∈ R CΣ∗Q , then we obtain that C ◦R D forms a P-Q-bimodule.

These observations are standard for a relative tensor product in a monoidal cate-
gory equipped with reflexive coequalizers. For the sake of completeness, we give an
interpretation of the operation (C,D) 7→ C ◦R D at the functor level:
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9.2.5. Proposition (cf. [37, Proposition 2.3.13]). — Let C ∈ P CΣ∗R and D ∈
R CΣ∗Q . The diagram of functors

QM
SQ(C◦RD) //

SQ(D) ""E
EE

EE
EE

E PM

RM
SR(C)

<<yyyyyyyy

commutes up to a natural functor isomorphism.

Proof. — This proposition is mentioned as a remark and we sketch only the argu-
ments of its proof. For an R-Q-bimodule D, the reflexive coequalizer of 5.1.3

S(D ◦ Q, A)
d0 //

d1

// S(D,A)

s0

zz
// SQ(D,A) .

defines a coequalizer in the category of R-algebras, reflexive in the underlying category
M. By proposition 5.2.2, this coequalizer is preserved by the functor SR(C) : RM→
M. As a consequence, we obtain that the image of a Q-algebra A under the composite
functor SR(C) ◦ SQ(D) is given by a reflexive coequalizer of the form

(1) SR(C,S(D ◦ Q, A))
d0 //

d1

// SR(C,S(D,A))

s0

ww
// SR(C,SQ(D,A)) .

On the other hand, the image of A under the functor SQ(C ◦RD) associated to the
relative composite C ◦R D is defined by a reflexive coequalizer of the form

(2) S((C ◦R D) ◦ Q, A))
d0 //

d1

// S(C ◦R D,A)

s0

ww
// SQ(C ◦R D,A) .

The relation SQ(C ◦RD,A) ' SR(C,SQ(D,A)) is deduced from these identifications
by an interchange of colimits in a multidiagram of the form

S(C ◦ R ◦D ◦ Q, A) //
//

����

S(C ◦ R ◦D,A)

����
S(C ◦D ◦ Q, A) //

// S(C ◦D,A)

.

If we perform horizontal colimits first, then we obtain coequalizer (1). If we perform
vertical colimits first, then we obtain coequalizer (2).

Use also that the forgetful functor U : PM→M creates reflexive coequalizers to
prove that SR(C,SQ(D,A)) and SQ(C ◦R D,A) are naturally isomorphic as P-algebras.
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9.2.6. Remark. — In the case D = R, we have a natural isomorphism SR(C, R) =
C ◦R R ' C. To prove this, one can apply proposition 7.1.1 and use that D = R

represents the free R-algebra on the unit object I in R CΣ∗ . Then check directly that
SR(C, R) = C ◦R R ' C defines an isomorphism of right R-modules (respectively, of P-
R-bimodules if C is so). One can use this observation to recover the object C from the
associated collection of functors SR(C) : RM→M whereM runs over all symmetric
monoidal categories over C.

In the converse direction, for any such collection of functors G : RM→M we can
form a right R-module by applying the functor G : RM → M for M = CΣ∗R to the
R-algebra in CΣ∗R formed by the operad itself.

9.3. Extension and restriction functors

In §3.2.6, we recall that an operad morphism φ : P → Q yields extension and
restriction functors on left module categories

φ! : P CΣ∗ � Q CΣ∗ : φ!

and we have an identification φ!D = Q ◦PD, for all D ∈ P CΣ∗ . In §7.2.1, we recall
symmetrically that an operad morphism ψ : R → S yields extension and restriction
functors on right module categories

ψ! : CΣ∗R � CΣ∗S : ψ!

and we have an identification ψ!C = C ◦R S, for all C ∈ CΣ∗R .
In the case of bimodules over operads, we obtain functors of extension and restric-

tion of structures on the left φ! : P CΣ∗R � Q CΣ∗R : φ! and on the right ψ! : P CΣ∗R �

P CΣ∗S : ψ!. In addition, extensions and restrictions on the left commute with ex-
tensions and restrictions on the right up to coherent functor isomorphisms. In the
bimodule formalism, the structure of the relative composition product φ!D = Q ◦PD,
respectively ψ!C = C ◦R S, can be deduced from observation 9.2.4.

To obtain an interpretation at the functor level of the extension and restriction of
structures on the left, we apply proposition 3.2.8. Indeed, in the case of the functor

SR : (CΣ∗R ,⊗, 1)→ (F R,⊗, 1),

this proposition returns:

9.3.1. Proposition. — Let φ : P→ Q be an operad morphism. Let R be an operad.

1. For any P-algebra A in right R-modules, the diagram of functors

RM
SR(A)

||yyyyyyyy
SR(φ!A)

""E
EE

EE
EE

E

PM
φ!

//
QM

,
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where φ!A is obtained from A by extension of structures on the left, commutes
up to a natural functor isomorphism.

2. For any Q-algebra B in right R-modules, the diagram of functors

RM
SR(φ

!B)

||yyyyyyyy
SR(B)

""E
EE

EE
EE

E

PM QM
φ!

oo

,

where φ!B is obtained from B by extension of structures on the left, commutes
up to a natural functor isomorphism.

Symmetrically, for extension and restriction of structures on the right we obtain:

9.3.2. Proposition. — Let P be an operad. Let ψ : R→ S be an operad morphism.

1. For any P-algebra A in right R-modules, the diagram of functors

RM

SR(A) ""E
EE

EE
EE

E SM

SS(ψ!A)||yy
yy

yy
yy

ψ!
oo

PM

,

where ψ!A is obtained from A by extension of structures on the right, commutes
up to a natural functor isomorphism.

2. For any P-algebra B in right S-modules, the diagram of functors

RM

SR(ψ
!B) ""E

EE
EE

EE
E

ψ! //
SM

SS(B)||yy
yy

yy
yy

PM

,

where ψ!B is obtained from B by restriction of structures on the right, commutes
up to a natural functor isomorphism.

Proof. — In proposition 7.2.2 we prove the existence of an isomorphism ψ! SR(A) '
SS(ψ!A), respectively ψ! SS(B) = SR(ψ!B), in the functor category F S = F(SM,M),
respectively F R = F(RM,M).

Check simply that these functor isomorphisms commute with the left P-action and
the proposition follows. This assertion is a formal consequence of the commutation
requirement between left and right operad actions.

Recall that an operad Q forms an algebra over itself in the category of right modules
over itself. Propositions 9.1.3, 9.3.1 and 9.3.2 give as a corollary:

9.3.3. Proposition. — Let φ : P→ Q be an operad morphism.
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1. The functor of restriction of structures φ! : QM → PM is identified with the
functor SQ(Q) : QM→ PM associated to A = Q, the P-algebra in right Q-modules
obtained from Q by restriction of structures on the left.

2. The functor of extension of structures φ! : PM → QM is identified with the
functor SP(Q) : PM→ QM associated to B = Q, the Q-algebra in right P-modules
obtained from Q by restriction of structures on the right.

9.4. Endomorphism operads

In §9.2, we observe that the structure of a P-algebra on a right R-module C induces
a natural P-algebra structure on the associated functor SR(C) : A 7→ SR(C,A). In this
section we use general constructions of §3.3 to review this structure correspondence
in light of endomorphism operads.

In §6, we prove that the map SR : C 7→ SR(C) defines a functor of symmetric
monoidal categories SR : (CΣ∗R ,⊗, 1) → (F R,⊗, 1). Accordingly, by proposition 3.3.7,
we obtain:

9.4.1. Proposition. — For a right R-module C ∈ CΣ∗R and the associated functor
SR(C) ∈ F(RM,M), where M is any symmetric monoidal category over C, we have
an operad morphism

EndC
ΘR−−→ EndSR(C),

natural in M.

By proposition 8.2.3, the morphism SR : HomCΣ∗
R

(C,D) → HomF R
(SR(C),SR(D))

is mono for all C,D ∈ CΣ∗R as long as the category M is equipped with a faithful
functor η : C → M. As a corollary, we obtain that ΘR is a monomorphism as well
under this assumption.

In the case where the underlying categories M and C are both the category of
modules over a ring k, we obtain further:

9.4.2. Proposition. — Assume M = C = k Mod, the category of modules over a
ring k.

The operad morphism
EndC

ΘR−−→ EndSR(C)

is an isomorphism if the right R-module C forms a projective Σ∗-module or if the
ground ring is an infinite field.

The existence of an operad morphism ΘR : EndC → EndSR(C) is equivalent to
the construction of §9.2, an R-algebra structure on C gives rise to a functorial R-
algebra structure on the objects SR(C,A), for A ∈ RM. The existence of an operad
isomorphism ΘR : EndC

'−→ EndSR(C) implies that this construction defines a one-to-
one correspondence. Hence, the assertion of proposition 9.4.2 implies further:
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9.4.3. Proposition. — Assume M = C = k Mod, the category of modules over a
ring k.

If a right R-module C forms a projective Σ∗-module or if the ground ring is an
infinite field, then all functorial P-algebra structures on the objects SR(C,A), A ∈ RM,
are uniquely determined by a P-algebra structure on C.

To conclude this chapter, we check that the morphism ΘR satisfies a functoriality
statement with respect to operad changes. To be explicit, let ψ : R→ S be an operad
morphism. In §7.2, we observe that the extension and restriction of structures of right
modules over operads define functors of symmetric monoidal categories ψ! : CΣ∗R �
CΣ∗S : ψ!. Accordingly, by proposition 3.3.7, we obtain:

9.4.4. Proposition. — Let ψ : R→ S be an operad morphism.

1. For any right R-module C, we have a natural operad morphism

ψ! : EndC → Endψ!C

yielded by the extension functor ψ! : CΣ∗R → C
Σ∗
S .

2. For any right S-module C, we have a natural operad morphism

ψ! : EndD → Endψ!D

yielded by the restriction functor ψ! : CΣ∗S → C
Σ∗
R .

At the functor level, we have extension and restriction functors ψ! : F R → F S : ψ!

defined by the composition with extension and restriction functors on the source.
By §3.3.11, these functors yield natural operad morphisms

ψ! : EndF → Endψ!F and ψ! : EndF → Endψ!F .

In §7.2.10, we record that

CΣ∗R
ψ! //

SR

��

CΣ∗S
SS

��

ψ!
oo

F R

ψ! // F S

ψ!
oo

forms a diagram of functors of symmetric monoidal categories over C that commutes
up to a natural equivalence of symmetric monoidal categories over C. As a conse-
quence, by naturality of our constructions, we obtain:

9.4.5. Proposition. — Let ψ : R→ S be an operad morphism.
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1. The diagram

EndC
ΘR //

ψ!

��

EndSR(C)

ψ!

��
Endψ!C

ΘS // EndSS(ψ!C)
' // Endψ! SR(C)

.

commutes, for all right R-modules C.
2. The diagram

EndD
ΘS //

ψ!

��

EndSS(D)

ψ!

��
Endψ!D

ΘR // EndSR(ψ!D)
' // Endψ! SS(D)

.

commutes, for all right S-modules D.



CHAPTER 10

MISCELLANEOUS EXAMPLES

Introduction

Many usual functors are defined by right modules over operads. In this chapter, we
examine briefly two universal constructions associated to operads: enveloping operads
(algebras) in §10.1 and Kähler differentials in §10.2. These examples are intended as
illustrations of our constructions. For that reason, we omit some details in the proofs
of our assertions.

New examples of functors associated to right modules over operads can be derived
by using the categorical operations of §6, §7 and §9.

In §16, we address other examples which occur in the homotopy theory of algebras
over operads: cofibrant replacements, cotangent complexes, . . .

10.1. Enveloping operads

The enveloping operad of an algebra A over an operad R is the object UR(A) of the
category of operads under R defined by the adjunction relation

MorR /O(UR(A), S) = Mor
RM(A,S(0)).

For any operad S, the term B = S(0) defines the initial object in the category of
S-algebras. Therefore, if S is an operad under R, then B = S(0) forms an R-algebra
by restriction of structures.

We refer to [10] for this definition of the notion of an enveloping operad, to [14] for
the original reference where enveloping operads are introduced. The following feature
gives the motivation of [14] for the definition of enveloping operads:

10.1.1. Proposition (see [10, 14]). — Let A any R-algebra. The comma category
A/RM of algebras under A is equivalent to the category of UR(A)-algebras. Further-
more, the forgetful functor U : A/RM → RM corresponds to the restriction functor



112 CHAPTER 10. MISCELLANEOUS EXAMPLES

η! : UR(A)M→ RM, where η : R→ UR(A) is the underlying morphism of the envelop-
ing operad, viewed as an object of the category of operads under R.

Proof. — Since we assume that the enveloping operad UR(A) forms an operad under
R, we obtain that all UR(A)-algebras form an R-algebra by restriction of structures.
For the endomorphism operad of an R-algebra B, the adjunction relation reads

MorR /O(UR(A),EndB) = Mor
RM(A,B)

since we have EndB(0) = B. The proposition follows readily from the bijection given
by this adjunction relation.

10.1.2. Operad shifts. — To check that A 7→ UR(A) is the functor associated to a right
R-module, we form shifted Σ∗-objects R[m], m ∈ N, such that R[m](n) = R(m+n), for
n ∈ N. (In §13.1.1, we will extend this construction to right modules over operads.)

The group Σn acts naturally on the last entries of operations p ∈ R(m + n), so
that the collection R[m](n) = R(m + n), n ∈ N, defines a Σ∗-object R[m], and the
composites at last positions

R(r + s)⊗ R(n1)⊗ · · · ⊗ R(ns)→ R(r + n1 + · · ·+ ns)

(insert operad units η : 1→ R(1) at positions 1, . . . , r) provide R[r] with the structure
of a right R-module, for all r ∈ N.

The symmetric group Σm acts naturally on R[m] by automorphisms of right R-
modules. To obtain this structure, we make Σm acts on the first entries of operations
p ∈ R(m+ n). Furthermore, the operadic composites at first positions

R(r + s)⊗ R(m1 + n1)⊗ · · · ⊗ R(mr + nr)→ R(m1 + n1 + · · ·+mr + nr + s)

together with the action of appropriate bloc permutations

R(m1 + n1 + · · ·+mr + nr + s) w∗−−→ R(m1 + · · ·+mr + n1 + · · ·+ nr + s)

determine morphisms

R[r]⊗ R[m1]⊗ · · · ⊗ R[mr]→ R[m1 + · · ·+mr]

in the category of right R-modules. From these observations, we conclude that the
collection {R[r]}r∈N, forms an operad in the symmetric monoidal category of right
R-modules. In addition, if we identify the objects R(r) with constant right R-modules,
then the identities R(r) = R[r](0) determine a morphism of operads in right R-modules:

η : R→ R[ · ].

In the sequel, we use the notation OΣ∗
R to refer to the category of operads in right

R-modules, and the notation R /OΣ∗
R to refer to the comma category of objects under

R ∈ O, where the functor O → OΣ∗
R identifies the objects P (m) underlying an operad

P ∈ O with constant right R-modules. The operad R[ · ] defines an object of R /OΣ∗
R .
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At the level of functors, the collection {SR(R[r], A)}r∈N, comes equipped with the
structure of an operad under R, for all A ∈ RM. Thus the map A 7→ SR(R[ · ], A)
defines naturally a functor SR(R[ · ]) : RM→ R /O.

10.1.3. Proposition. — The enveloping operad of an R-algebra is naturally iden-
tified with the operad UR(A) = SR(R[ · ], A) associated to A ∈ RM by the functor
SR(R[ · ]) : RM→ R /O.

Proof. — One checks readily that the operad R[ · ] satisfies the adjunction relation of
an enveloping operad

Mor
R /OΣ∗

R
(R[ · ], S) = Mor

R CΣ∗
R

(R, S(0))

for operads under R in right R-modules. The proposition follows immediately.

In an intuitive fashion, for algebras in k-modules, the relation UR(A) = SR(R[ · ], A)
asserts that UR(A) is spanned by elements of the form

u(x1, . . . , xm) = p(x1, . . . , xm, a1, . . . , an),

where x1, . . . , xm are variables and a1, . . . , an ∈ A, together with the relations

p(x1, . . . , xm, a1, . . . , q(aj , . . . , aj+s−1), an+s−1)

≡ p ◦m+j q(x1, . . . , xm, a1, . . . , aj , . . . , aj+s−1, an+s−1).

10.1.4. Functoriality of enveloping operads. — Let ψ : R → S be any operad mor-
phism.

For an S-algebra B, we have a natural morphism of operads

ψ[ : UR(ψ!B)→ US(B)

that corresponds to the morphism of R-algebras ψ!B → US(B)(0) = B defined by
the identity of B. In the converse direction, for an R-algebra A, we have a natural
morphism of operads

ψ] : UR(A)→ US(ψ!A)

that corresponds to the morphism of R-algebras A → US(ψ!A)(0) = ψ!ψ!A defined
by the unit of the adjunction between extension and restriction functors ψ! : RM �

SM : ψ!.
These natural transformations are realized by morphisms of operads of the form

ψ[ : ψ! R[ · ] → S and ψ] : R[ · ] → ψ! S. To explain this assertion, recall that, by
proposition 7.2.7, the extension and restriction functors

ψ! : CΣ∗R � CΣ∗S : ψ!

are functors of symmetric monoidal categories. As a consequence, if P is an operad
in right R-modules, then ψ! P forms an operad in right S-modules, if Q is an operad in
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right S-modules, then ψ! Q forms an operad in right R-modules. Furthermore, these
extension and restriction functors on operads

ψ! : OΣ∗
R � O S : ψ!

are adjoint to each other. The obvious morphism ψ : R[ · ]→ S[ · ] induced by ψ defines
a morphisms

ψ] : R[ · ]→ ψ! S[ · ]
in OΣ∗

R . Let
ψ[ : ψ! R[ · ]→ S[ · ]

be the associated adjoint morphism. By proposition 7.2.2, we have SS(ψ! R[ · ], B) =
SR(R[ · ], ψ!B) = UR(ψ!B) and SR(ψ! S[ · ], A) = SS(R[ · ], ψ!A) = US(ψ!A).

It is straightforward to check that ψ[ : ψ! R[ · ] → S[ · ] is the morphism that rep-
resents ψ[ : UR(ψ!B) → US(B) for the algebra in right S-modules B formed by the
operad itself B = S. As a byproduct, we obtain further that ψ[ : UR(ψ!B) → US(B)
is identified with the morphism of functors SS(ψ[, B) : SS(ψ! R[ · ], B) → SS(S[ · ], B),
for all B ∈ SM. We check similarly that ψ] : UR(A)→ US(ψ!A) is identified with the
morphism of functors SR(ψ], A) : SR(R[ · ], A)→ SR(ψ! S[ · ], A), for all A ∈ RM.

10.1.5. Enveloping algebras. — The enveloping algebra of [15] is the term UR(A)(1)
of the enveloping operad UR(A). Proposition 10.1.3 implies that A 7→ UR(A)(1) is
the functor associated to an associative algebra in right R-modules formed by the
shifted object R[1]. The category of representations of an R-algebra A is defined by
the category of left modules over the enveloping algebra UR(A)(1).

In the remainder of the section, we examine the structure of the right R-module
R[1] for the operad in k-modules associated to the category of associative algebras
and to the category of Lie algebras.

Since we use no more enveloping operads in this section, we can drop the reference
to the term in the notation of enveloping algebras and, for simplicity, we set UR(A) =
UR(A)(1).

10.1.6. The example of the associative operad. — In the sequel, we use the operad
A of non-unitary associative algebras, which has A(0) = 0. This operad A is defined
by a presentation of the form A = F(kµ ⊕ k τµ)/(associativity), where µ = x1x2

is a non-symmetric operation of 2 variables and τµ = x2x1 denotes the transposed
operation.

The operad of unitary associative algebras A+, used in this section, is obtained
from A by adding a unitary operation in the term A+(0). Thus we have explicitly

A+(n) =

{
k, if n = 0,

A(n), otherwise.

The operad A+ (as well as A) is spanned in the term A+(n) by monomials of the form
xi1 · . . . · xin , where (i1, . . . , in) range over permutations of (1, . . . , n).
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For a unitary associative algebra A, the operadic enveloping algebra UA+(A) can
be identified with the classical enveloping algebra of A, defined as the tensor product
A ⊗ A◦, where A◦ refers to the opposite algebra of A. The functor A 7→ A◦ is
represented by an associative algebra in right A+-module A◦+, obtained simply by
applying the construction A 7→ A◦ to the associative algebra in right A+-modules
formed by the associative operad itself. For the tensor product A⊗A◦, we obtain

A⊗A◦ = SA+(A+, A)⊗ SA+(A◦+, A) = SA+(A+⊗ A◦+, A).

At the module level, the identity UA+(A) = A⊗A◦ is reflected by:

10.1.7. Lemma. — For the operad of unitary associative algebras A+, we have an
isomorphism of associative algebras in right A+-modules A+[1] ' A+⊗ A◦+.

Proof. — Apply the isomorphism UA+(A) ' A⊗A◦ to the associative algebra in right
A+-modules A formed by the associative operad itself A = A+.

As a byproduct, we obtain:

10.1.8. Proposition. — For the operad of unitary associative algebras A+, the ob-
ject A+[1] forms a free right A+-module.

Proof. — Since A◦+ has the same underlying right A+-module as the operad A+, we
obtain isomorphisms of right A+-modules:

A+[1] = A+⊗ A◦+ = A+⊗ A+ = (I ⊗ I) ◦ A+

from which we conclude that A+[1] forms a free object in the category of right A+-
module.

10.1.9. Remark. — For the operad of non-unitary associative algebras A, we have
A[1] = A+[1] = 1⊕ A⊕ A◦⊕ A⊗ A◦. As a consequence, the object A[1] forms a free
right A-module as well.

10.1.10. The example of the Lie operad. — The Lie operad L is defined by a pre-
sentation of the form L = F(k γ)/(Jacobi), where γ = [x1, x2] is an antisymmetric
operation of 2 variables. Recall that the Lie operad L forms a suboperad of the asso-
ciative operad A. The operad embedding ι : L → A+ maps the generating operation
γ = [x1, x2] to the commutator ι(γ) = µ− τµ = x1x2 − x2x1.

For a Lie algebra G, the operadic enveloping algebra UL(G) can be identified with
the classical enveloping algebra of G, defined as the image of G under the extension
functor ι! : LM→ A+M. The category of operadic representations of G is equivalent
to the usual category of representations associated to a Lie algebra.

At the module level, the relation UL(G) ' ι! G is reflected by:

10.1.11. Lemma. — We have an isomorphism L̃[1] ' ι! A+, where ι! A+ is the as-
sociative algebra in right L-modules obtained by restriction of structures on the right
from the associative operad A+.
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Proof. — Again, apply the isomorphism UL+(G) ' ι! G to the Lie algebra in right
L-modules G formed by the Lie operad itself G = L and use the tautological relation
ι! L = A+.

The classical Poincaré-Birkhoff-Witt theorem asserts that UL(G) is naturally iso-
morphic to the module of symmetric tensors S(G) as long as the ground ring is a field
of characteristic 0. We have S(V ) = S(C+, V ), where C+ is the Σ∗-object, underlying
the operad of unitary commutative algebras, defined by the trivial representations of
the symmetric group. Accordingly, by proposition 7.1.1, we have S(G) = SL(C+ ◦ L, G)
for all Lie algebras G. At the module level, the relation UL(G) ' S(G) is reflected by:

10.1.12. Lemma. — In characteristic 0, we have an isomorphism of right L-
modules A+ ' C+ ◦ L.

Proof. — Apply the Poincaré-Birkhoff-Witt theorem to the Lie algebra in right L-
modules defined by the operad itself.

As a corollary, we obtain:

10.1.13. Proposition. — For the Lie operad L, the object L[1] forms a free right
L-module as long as the ground ring is a field of characteristic 0.

In positive characteristic, the Poincaré-Birkhoff-Witt theorem gives only isomor-
phisms grn UL(G) ' Sn(G), for subquotients of a natural filtration on the enveloping
algebra UL(G). Thus, in positive characteristic, we have only an isomorphism of the
form gr A ' C ◦ L.

10.1.14. The example of the commutative operad. — For the operad C+, associ-
ated to the category of unitary commutative algebras, we have an obvious relation
UC+(A) = A. At the module level, we obtain an isomorphism of associative algebras
in right C+-modules C+[1] = C+. To see this one can use that C+ consists of the trivial
representations C+(n) = k of the symmetric groups Σn. Equivalently, the commu-
tative operad C+ is spanned in the term C+(n) by the monomial x1 · . . . · xn of n
commutative variables x1, . . . , xn.

For the operad C, associated to the category of non-unitary commutative algebras,
we have as well C[1] = C+.

10.2. Kähler differentials

In this section, we consider objects in k-modules (or in dg-modules) and we take
M = C = k Mod (or M = C = dg k Mod) as underlying symmetric monoidal cate-
gories. The modules of Kähler differential Ω1

R(A) are representations of algebras over
R which appear naturally in the deformation theory of R-algebras and in the definition
of a generalized Quillen homology for R-algebras. We prove that A 7→ Ω1

R(A) is the
functor associated to right R-module Ω1

R. We observe that this right R-module Ω1
R is
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projective for certain classical operads like the associative operad A, the Lie operad L,
but not for the commutative operad C. We give a homological interpretation of this
property in §16.

First, we recall the definition of the category of representations associated to an
R-algebra A and we recall the definition of the module of Kähler differentials Ω1

R(A)

10.2.1. Representations of algebras over operads. — By definition, a representation
of an algebra A over an operad R is a left module M over the enveloping algebra of
A. Since we use only enveloping algebras in this section, and not enveloping operads,
we can drop the reference to the term in the notation of enveloping algebras and, for
simplicity, we set UR(A) = UR(A)(1).

Formally, the structure of a UR(A)-module is determined by a collection of maps

R(n)⊗A⊗ · · · ⊗M ⊗ · · · ⊗A→M,

similar to the evaluation products of an R-algebra, but where a module M occurs
once in the tensor product of the left-hand side. Equivalently, any element p ∈ R(n)
determines an actual operation

p : A⊗ · · · ⊗M ⊗ · · · ⊗A→M.

The image of a tensor a1 ⊗ · · · ⊗ x ⊗ · · · ⊗ an ∈ A ⊗ · · · ⊗M ⊗ · · · ⊗ A under this
operation is denoted by p(a1, . . . , x, . . . , an) ∈ M as in the context of the evaluation
products of an R-algebra.

10.2.2. Derivations and Kähler differentials. — Recall that a map θ : A→M , where
A is an R-algebra and M a representation of A, is a derivation if it satisfies the relation

θ(p(a1, . . . , an)) =
n∑
i=1

p(a1, . . . , θ(ai), . . . , an),

for all p ∈ R(n), a1, . . . , an ∈ A. The module of Kähler differentials Ω1
R(A) is a

representation of A such that

MorUR(A)(Ω1
R(A),M) = DerR(A,M),

for all M , where DerR(A,M) denotes the k-module of derivations θ : A→M .
In an explicit fashion, the module of Kähler differentials Ω1

R(A) is the k-module
spanned by formal expressions p(a1, . . . , dai, . . . , am), where p ∈ R(m), a1, . . . , am ∈
A, together with relations of the form:

p(a1, . . . , q(ai, . . . , ai+n−1), . . . , daj , . . . , am+n−1)

≡ p ◦i q(a1, . . . , ai, . . . , ai+n−1, . . . , daj , . . . , am+n−1), for i 6= j,

p(a1, . . . , dq(ai, . . . , ai+n−1), . . . , am+n−1)

≡
∑i+n−1
j=i p ◦i q(a1, . . . , ai, . . . , daj , . . . , ai+n−1, . . . , am+n−1).

From this definition, we deduce immediately:
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10.2.3. Proposition. — We have Ω1
R(A) = SR(Ω1

R, A), where Ω1
R is the right

R-module spanned by formal expressions p(x1, . . . , dxi, . . . , xm), p ∈ R(m), where
(x1, . . . , xm) are variables, together with the right R-action such that:

p(x1, . . . , dxi, . . . , xm) ◦k q

=


p ◦k q(x1, . . . , xk, . . . , xk+n−1, . . . , dxi+n−1, . . . , xm+n−1), for k < i,∑k+n−1
j=k p ◦i q(x1, . . . , xk, . . . , dxj , . . . , xk+n−1, . . . , xm+n−1), for k = i,

p ◦k q(x1, . . . , dxi, . . . , xk, . . . , dxk+n−1, . . . , xm+n−1), for k > i,

for all q ∈ R(n).

The object Ω1
R comes equipped with the structure of a left R[1]-module that re-

flects the definition of Ω1
R(A) as a left module over the enveloping algebra UR(A) =

SR(R[1], A).

Recall that the associative operad A is spanned in the term A(n) by monomials
of the form xi1 · . . . · xin , where (i1, . . . , in) range over permutations of (1, . . . , n).
Accordingly, for the associated module of Kähler differentials, we have:

Ω1
A(n) =

⊕
i∗,k

kxi1 · . . . · dxik · . . . · xin .

The modules Ω1
A(A) = SA(Ω1

A, A), for A an associative algebra, is identified with the
standard modules of non-commutative differentials introduced in non-commutative
geometry (see [6, 29, 31]).

10.2.4. Proposition. — For R = A, the operad of associative algebras, the object
Ω1
A forms a free right A-module.

In fact, the module of non-commutative Kähler differentials is usually defined by
a tensor product Ω1

A(A) = A+ ⊗ A, for any non-unitary associative algebra A (see
loc. cit.). The proposition reflects this identity. Essentially, our proof consists in
checking the equivalence between the operadic definition of Ω1

A(A) and the definition
of [6, 29, 31] in the case A = A, where we consider the associative operad as an algebra
in right modules over itself.

In the proof of the proposition, we use that the associative operad arises from a non-
symmetric operad and we use an analogue of the construction of Kähler differentials
for non-symmetric operads.

Recall that a non-symmetric operad N consists of a collection of k-modules N =
{N(n)}n together with partial composition products

◦i : N(m)⊗ N(n)→ N(m+ n− 1)

that satisfy the usual relations of the composition products of an operad as long as we
forget equivariance properties. There is a natural notion of a right module structure
associated to non-symmetric operads.
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The forgetful functor U : CΣ∗ → CN, from Σ∗-objects to collections of k-modules,
has an obvious left adjoint Σ∗ ⊗− : CN → CΣ∗ . The Σ∗-object Σ∗ ⊗ N associated to a
non-symmetric operad forms a symmetric operad. The Σ∗-object Σ∗ ⊗ C associated
to a right module over a non-symmetric operad N forms a right module over the
symmetric operad Σ∗ ⊗ N

For the associative operad A we have A = Σ∗ ⊗ N, where N is spanned in the term
N(n) by the well-ordered monomial

µn = x1 · . . . · xn.

The module of Kähler differentials Ω1
A satisfies Ω1

A = Σ∗ ⊗ Ω1
N, for a right N-module

of non-symmetric Kähler differentials spanned in the term Ω1
N(n) by the well-ordered

differentials

ωin = x1 · . . . · dxi · . . . · xn, i = 1, . . . , n.

Proof of proposition 10.2.4. — To prove the proposition, we check that Ω1
N is isomor-

phic as a non-symmetric right N-module to the free right N-module K generated by
elements ∂1 ∈ K(1) and ∂2 ∈ K(2). For convenience, we represent the element ∂1

by the expression ∂1 = ∂(x1) and the element ∂2 by ∂2 = x1∂(x2). The composites
∂1 ◦1 µn are represented by the formal expression

∂1 ◦1 µn = ∂(x1 · . . . · xn)

and the composites (∂1 ◦1 µi−1) ◦2 µn−i+1 by

(∂1 ◦1 µi−1) ◦2 µn−i+1 = x1 · . . . · xi−1 · ∂(xi · . . . · xn).

The explicit construction of free modules gives:

K(n) =
n⊕
i=1

kx1 · . . . · xi−1 · ∂(xi · . . . · xn).

Let ε : K → Ω1
N be the morphism of right N-modules defined on generators by

ε(∂(x1)) = dx1 and ε(x1∂(x2)) = x1dx2.

For basis elements, the commutation of ε with operadic composites gives:

ε(x1 · . . . · xi−1 · ∂(xi · . . . · xn) = x1 · . . . · xi−1 · ∂(xi · . . . · xn).

Let η : Ω1
N → K be the morphism of k-modules defined on basis elements by

η(ωin) = εη(x1 · . . . · dxi · . . . · xn)
= x1 · . . . · ∂(xi · xi+1 · . . . · xn)− x1 · . . . · xi · ∂(xi+1 · . . . · xn), for i < n,

η(ωnn) = εη(x1 · . . . · xn−1 · dxn)
= x1 · . . . · xn−1 · ∂(xn), for i = n.
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Observe that:

εη(ωin) = x1 · . . . · d(xi · xi+1 · . . . · xn)− x1 · . . . · xi · d(xi+1 · . . . · xn)
= x1 · . . . · d(xi) · xi+1 · . . . · xn, for i < n,

and εη(ωnn) = x1 · . . . · xn−1 · d(xn), for i = n.

Thus η forms a section of ε.
It is also straightforward to check that η : Ω1

N → K satisfies η(ωim) ◦k µn =
η(ωim ◦k µn), for all i, k. Thus η forms a morphism of right N-modules.

Since we have ηε(∂(x1)) = ∂(x1) and ηε(x1∂(x2)) = ∂(x2) for the generating
elements of K, we obtain ηε = Id.

Thus we conclude that η and ε are inverse isomorphisms of right N-modules, so
that Ω1

N ' K. By symmetrization we obtain an isomorphism Ω1
A = Σ∗⊗Ω1

N ' Σ∗⊗K.
As the symmetrization of a free right N-module forms a free right A-module (in the
symmetric sense), we conclude that Ω1

A forms a free right A-module. Our proof shows
more precisely that Ω1

A is freely generated as a right A-module by the elements dx1 ∈
Ω1
A(1) and x1dx2 ∈ Ω1

A(2).

In the next paragraphs, we study the module of Kähler differentials Ω1
L associated

to the Lie operad L. Recall that the operadic enveloping algebra UL(G) is identified
with the classical enveloping algebra of G. In an explicit fashion, we obtain that UL(G)
is the associative algebra generated by elements Xg, where g ∈ G, together with the
relations XgXh −XhXg = X[g,h], for g, h ∈ G.

The module of Kähler differentials Ω1
L(G) can be identified with the left UL(G)-

module generated by elements dg, g ∈ G, together with the relations d[g, h] = Xgdg−
Xhdh, for g, h ∈ G. Let ŨL(G) be the augmentation ideal of UL(G). We have a natural
isomorphism of UL(G)-modules

ŨL(G)
φ−→ Ω1

L(G)

defined by φ(Xg1 · · ·Xgn) = Xg1 · · ·Xgn−1dgn. At the module level, we obtain:

10.2.5. Lemma. — For R = L, the operad of Lie algebras, we have an isomorphism
of right L-modules A ' Ω1

L, where the Lie operad L acts on A through the morphism
ι : L→ A.

Proof. — Apply the definition of φ to the Lie algebra in right L-modules defined by
the operad itself.

As a conclusion, we obtain:

10.2.6. Proposition. — For R = L, the operad of Lie algebras, the object Ω1
L forms

a free right L-module as long as the ground ring is a field of characteristic 0.

In positive characteristic, we have only an isomorphism of the form grΩ1
L ' C ◦ L.
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10.2.7. Remark. — For R = C, the operad of associative and commutative algebras,
the object Ω1

C does not form a projective right C-module. One can check directly
that the construction of proposition 10.2.4 fails. Obstructions come also from the
homology of commutative algebras (see §16.3.5).





PART III

THE HOMOTOPY THEORY OF

MODULES AND FUNCTORS





CHAPTER 11

ON THE MODEL CATEGORY OF RIGHT MODULES

OVER AN OPERAD

Introduction

In this part, we aim to prove that right R-module structures give convenient models
for the homotopy of associated functors. For this purpose, we assume that C is a
cofibrantly generated symmetric monoidal model category and we check first that the
category of right R-modules inherits a convenient model structure:

Proposition 11.A. — Let R be an operad. Assume that R is C-cofibrant.
The category of right R-modules CΣ∗R forms a cofibrantly generated symmetric

monoidal model category over C so that a morphism f : C → D is a weak-equivalence
(respectively, a fibration) if the morphisms f : C(n)→ D(n) define weak-equivalences
(respectively, fibrations) in the base category C.

In addition, we have:

Proposition 11.B. — In the setting of proposition 11.A, the model category of right
R-modules is proper as long as the base model category is so.

Recall that an operad R is C-cofibrant if the underlying collection {R(n)}n∈N consists
of cofibrant objects in C. This assumption is needed in most applications, but if the
functor C⊗− :M→M maps acyclic cofibrations to weak-equivalences for all objects
C ∈ C, then the definition of proposition 11.A returns a model category for all operads
R, not necessarily C-cofibrant.

Note that a different (but Quillen equivalent) model structure is defined in [37,
§3.3.8] for right modules over operads in the case C = sk Mod, the category of
simplicial modules over a ring, and C = S, the category of simplicial sets. In the
construction of [37], the weak-equivalences are morphisms f : C → D such that
f : C(n)G → D(n)G is a weak-equivalence for all subgroups G ⊂ Σn. Accordingly,
the model category of [37] contains less weak-equivalences than the model category
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of proposition 11.A. The definition of proposition 11.A is motivated by applications
of [12].

As usual in a cofibrantly generated model category, we have a natural notion of
a cell complex in the category of right R-modules and cofibrations form retracts of
relative cell complexes. For subsequent applications, we give the explicit definition of
a cell complex in the category of right R-modules in the case where C = dg k Mod, the
category of dg-modules over a ring k.

In §11.3, we apply the general results of §4.4 to the symmetric monoidal model
category of right R-modules. To summarize, we obtain that the category of P-algebras
in right R-modules, where P a Σ∗-cofibrant operad, is equipped with a natural semi-
model structure, inherited from right R-modules. In the case of a non-unital operad
R, we obtain that the category of P-algebras in connected right R-modules is equipped
with a semi-model structure, for any C-cofibrant operad P.

11.1. The symmetric monoidal model category of right modules over an
operad

In this section, we check the construction of a symmetric monoidal model structure
on the category of right modules over an operad R.

In our construction, we use the adjunction

− ◦ R : CΣ∗ � CΣ∗R : U

between the category of Σ∗-objects and the category of right R-modules to transport
the cofibrantly generated model category of Σ∗-objects CΣ∗ to the category of right
R-modules CΣ∗R . Formally, we assume that the forgetful functor U : CΣ∗R → CΣ∗ creates
weak-equivalences and fibrations in CΣ∗R and we characterize cofibrations by the left
lifting property with respect to acyclic fibrations.

These definitions make sense for all adjunctions F : U � V : U , where U is a model
category, but do not always produce an actual model structure on V. In our situation
V = CΣ∗R , to ensure this result, we need essentially to check:

11.1.1. Claim. — Under the assumption that R is C-cofibrant, the morphism of free
objects i ◦ R : K ◦ R→ L ◦ R induced by a generating acyclic cofibration of Σ∗-objects
i : K → L is a weak-equivalence.

Proof. — Recall that the generating acyclic cofibrations of CΣ∗ are tensor products
i⊗Fr : A⊗Fr → B⊗Fr, where i : A→ B is a generating (acyclic) cofibration of the
base category C.

The distribution relation between the composition product and the external tensor
product gives identifications

(i⊗ Fr) ◦ R = i⊗ (Fr ◦ R).
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If the tensor product −⊗D : C → C maps acyclic cofibrations to weak-equivalences
for all D ∈ C, then the conclusion follows immediately.

Otherwise, lemma 4.2.7 implies that Fr ◦ R = R⊗r is C-cofibrant if the operad R is
so. As a consequence, we obtain that the tensor products − ⊗ (Fr ◦ R(n)) : C → C,
n ∈ N, preserve acyclic cofibrations and this proves our claim.

Note that the forgetful functor U : CΣ∗R → CΣ∗ creates every small colimit. In
this situation, the general transfer principle (see [7] for an explicit general statement)
implies that the assertion of claim 11.1.1 suffices to obtain:

11.1.2. Proposition. — Under the assumption that R is C-cofibrant, our definitions
of weak-equivalences, fibrations, and cofibrations give an actual model structure on the
category of right R-modules.

Besides, we have by construction:

11.1.3. Proposition. — The tensor products

i⊗ Fr ◦ R : C ⊗ Fr ◦ R→ D ⊗ Fr ◦ R,

where i : C → D is a generating (acyclic) cofibration of the base category C, define
generating (acyclic) cofibrations of the category of right R-modules.

To achieve the proof of proposition 11.A, we check:

11.1.4. Proposition. — The model category of right R-modules obtained in propo-
sition 11.1.2 satisfies the axioms of a symmetric monoidal model category over C.

Proof. — The verifications are similar to the case of Σ∗-objects handled in §4.2.
Replace simply the objects Fr = I⊗r by the right R-modules Fr◦R = I⊗r◦R = R⊗r.

The proper model structure relies on the following observations of independent
interest:

11.1.5. Proposition. —

1. If the operad R is Σ∗-cofibrant, then the forgetful functor U : CΣ∗R → CΣ∗ pre-
serves cofibrations.

2. If the operad R is just C-cofibrant, then the image of a cofibration f : C → D

under the forgetful functor U : CΣ∗R → CΣ∗ is only a C-cofibration.

Proof. — It is sufficient to check that the generating cofibrations

i⊗ Fr ◦ R : A⊗ Fr ◦ R→ B ⊗ Fr ◦ R

define cofibrations in CΣ∗ , respectively C-cofibrations in CΣ∗ . In lemma 4.2.7, we ob-
serve that Fr◦R = R⊗r forms a cofibrant object in CΣ∗ if R is Σ∗-cofibrant, respectively
a C-cofibrant object in CΣ∗ if R is just C-cofibrant. The claim follows immediately.
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11.1.6. Proposition. — If C is a proper model category and the operad R is C-
cofibrant, then CΣ∗R is proper as well.

Proof. — Recall that CN denotes the category formed by collections C(n) ∈ C, where
n ∈ N. This category is equipped with the obvious model structure of a product of
model categories.

By definition of model structures, the forgetful functors

CΣ∗R → CΣ∗ → CN

create fibrations and weak-equivalences in CΣ∗ and in CΣ∗R . In proposition 11.1.5, we
observe that the forgetful functor U : CΣ∗R → CN preserves cofibrations as well as long
as R is C-cofibrant. Observe that U : CΣ∗R → CN creates also colimits and limits.

The claim that CΣ∗R inherits a proper model structure if C forms a proper model
category is an immediate consequence of these observations.

11.2. Relative cell complexes in right modules over operads

The aim of the next paragraphs is to give explicit characterizations of cofibrations
in the category of right R-modules in the case C = dg k Mod, the category of dg-
modules over a ring k.

11.2.1. Relative cell complexes. — According to observation 11.1.3, the model cate-
gory of right R-modules is cofibrantly generated by morphisms of the form

i⊗ (Fr ◦ R) : C ⊗ (Fr ◦ R)→ D ⊗ (Fr ◦ R)

where i : C → D are generating (acyclic) cofibrations of the base category C.
In the context of a cofibrantly generated model category, any (acyclic) cofibration

is a retract of a relative cell complex whose cells are formed by (acyclic) generating
cofibrations. In our context, a morphism of right R-modules f : C → D forms a
relative cell complex of (acyclic) generating cofibrations if it can be decomposed into
a sequential colimit

C = D0 → · · · → Dλ
jλ−→ Dλ+1 → · · · → colim

λ
Dλ = D

so that the morphisms jλ : Dλ → Dλ+1 are obtained by pushouts⊕
α Cα ⊗ (Frα ◦ R) //

��

Dλ

jλ

��⊕
αDα ⊗ (Frα

◦ R) // Dλ+1

in which the right-hand side vertical morphisms are direct sums of (acyclic) generating
cofibrations

iα ⊗ (Frα
◦ R) : Cα ⊗ (Frα

◦ R)→ Dα ⊗ (Frα
◦ R).
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In the context of dg-modules, the sequential colimit of a cell decomposition can be
assumed to run over non-negative integers N. From this construction, we deduce a
more natural characterization of cofibrations. Namely:

11.2.2. Proposition. — A morphism of right R-modules f : C → D is a cofibration
if and only if it decomposes into a colimit

C = D0 → · · · → Dn
jn−→ Dn+1 → · · · → colim

n
Dn = D

in which every jn : Dn → Dn+1 is an injection whose cokernel is a retract of a free
module Kn+1 ◦ R such that Kn+1 is a free graded Σ∗-module

Kn+1 =
⊕
α

k edα
⊗ Frα

equipped with a trivial differential.

In the case of non-negatively graded objects, we can consider the degreewise fil-
tration of C. Under this assumption, the proposition extends a classical assertion on
cofibrant dg-modules over a ring (see [24, §2.3]).

Usually, we use the letter δ to denote the internal differential of a dg-module.
In our construction, we use that the middle term of a short exact sequence 0 →

D′ → D → K ◦ R→ 0 is equivalent to a twisted direct sum of D′ and K ◦ R.
By convention, a twisted direct sum of right R-modules is specified a pair D =

(D′ ⊕ K ◦ R, ∂) and refers to any dg-module formed by a sum D′ ⊕ K ◦ R together
with a non-natural differential obtained by the addition of a homogeneous map ∂ :
K ◦ R→ D′ to the natural differential of a sum. Observe that any twisted direct sum
D = (D′ ⊕K ◦ R, ∂) fits a short exact sequence of the form

0→ D′ → (D′ ⊕K ◦ R, ∂)→ K ◦ R→ 0.

Hence, we have a one-to-one correspondence between short exact sequences 0→ D′ →
D → K ◦ R→ 0 and twisted direct sums D = (D′ ⊕K ◦ R, ∂).

Proof of proposition 11.2.2. — Recall that the generating cofibrations of dg-modules
have the form id : Bd−1 → Ed where Ed is spanned by an element e = ed in degree d,
an element b = bd−1 in degree d− 1 so that δ(ed) = bd−1, and Bd−1 is the submodule
of Ed spanned by bd.

Observe that the pushouts Dn+1 that occur in the cell attachment process are
identified with twisted direct sums of the form

Dn+1 = (Dn ⊕ {
⊕
α

k edα
⊗ (Frα

◦ R)}, ∂),

for homogeneous maps ∂ : edα
⊗ (Frα

◦ R) → Dn−1. Accordingly, we have Dn+1 =
(Dn ⊕Kn+1 ◦ R, ∂) where Kn+1 is the free graded module

Kn+1 =
⊕
α

k edα ⊗ Frα .
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The twisted direct sum Dn+1 = (Dn ⊕ Kn+1 ◦ R, ∂) is equivalent to a short exact
sequence of right R-modules of the form 0 → Dn → Dn+1 → Kn+1 ◦ R → 0. Hence,
we obtain that the cofibrations which are obtained by relative cell complexes have
the form specified in the proposition. To go further, recall that any cofibration is a
retract of a relative cell complex. One can take the image of the short exact sequences
0 → Dn → Dn+1 → Kn+1 ◦ R → 0 under a retraction D′ → D → D′ to obtain that
all cofibrations f ′ : C ′ → D′ have the form specified in the proposition. This proves
the “only if” part of the claim.

Conversely one checks readily that the morphisms jn : Dn � Dn+1 of the form
specified in the proposition are cofibrations. The “if” part of the claim follows.

11.3. Model categories of algebras in right modules over an operad

In this section, we record applications of general results of §4.4 to algebras in right
modules over an operad R. Since we prove that the category of right R-modules forms
a symmetric monoidal model category over C, proposition 4.4.3 returns:

11.3.1. Proposition. — Let R be any C-cofibrant operad.

1. If P is a Σ∗-cofibrant operad, then the P-algebras in right R-modules form a
semi-model category so that the forgetful functor U : P CΣ∗R → C

Σ∗
R creates weak-

equivalences and fibrations.
2. If P is a cofibrant operad, then the category of P-algebras in right R-modules is

equipped with a full model structure.

Recall that P-algebras in right R-modules are equivalent to P-R-bimodules.

¶ Remarks. — In §5.1.4, we observe that the category of connected right R-modules
CΣ

0
∗

R , where R is a non-unital operad, forms a reduced symmetric monoidal category.
For this reduced symmetric monoidal category, we obtain further:

11.3.2. ¶ Lemma. — The category of connected right R-modules CΣ
0
∗

R has regular
tensor powers with respect to the class of C-cofibrations in the category of Σ∗-objects
and to the class of C-cofibrations in the category of right R-modules.

Note that the C-cofibrations form an enlarged class of cofibrations in CΣ
0
∗

R , like the
Σ∗-cofibrations, just because the forgetful functors CΣ∗R → CΣ∗ → CN create colimits.

Proof. — This property is inherited from the category of Σ∗-objects (for which we
refer to proposition 4.3.6) because, on one hand, weak-equivalences of right R-modules
are created in the category of Σ∗-objects and, on the other hand, the functor D 7→
S(C,D), for D a right R-module, is defined by the composition product of Σ∗-objects.

As a byproduct, we obtain:
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11.3.3. ¶ Proposition. — Let R be a C-cofibrant non-unital operad. Let P be a
non-unital operad. The category of connected P-R-bimodules P C

Σ0
∗

R forms a semi-model
category as long as P is C-cofibrant.





CHAPTER 12

COFIBRANT MODULES AND HOMOTOPY

INVARIANCE OF FUNCTORS

Introduction

In this chapter and in the next one, we study the homotopy invariance of the
functors SR(C) : RM → M associated to right R-modules. Explicitly, we aim to
prove that a weak-equivalence of R-algebras f : A ∼−→ B induces a weak-equivalence
SR(C, f) : SR(C,A) ∼−→ SR(D,B) under reasonable cofibration assumptions, and sym-
metrically a weak-equivalence of right R-modules f : C ∼−→ D induces a pointwise
weak-equivalence of functors SR(f,A) : SR(C,A) ∼−→ SR(D,A), under reasonable cofi-
bration assumptions on C, D and A.

In applications of [12, §3], we can only assume that C and D are cofibrant in the
category of Σ∗-objects and we address this case next. In this chapter, we address the
case of cofibrant right R-modules which is also needed by applications of [12]. In this
situation, we obtain:

Theorem 12.A. — Let R be a C-cofibrant operad.

1. The morphism
SR(f,A) : SR(C,A)→ SR(D,A)

induced by a weak-equivalence of cofibrant right R-modules f : C ∼−→ D is a weak-
equivalence for all R-algebras A ∈ RM which are cofibrant in the underlying
symmetric monoidal category M.

2. If C is a cofibrant right R-module, then the morphism

SR(C, f) : SR(C,A)→ SR(C,B)

induced by a weak-equivalence of R-algebras f : A ∼−→ B is a weak-equivalence as
long as A,B are cofibrant in M.

The purpose of this chapter is to prove this theorem.
¶ In cases where axiom MM1 is not satisfied, it is not sensible to consider R-

algebras A which are cofibrant in the underlying category M (see comments on
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proposition 4.4.5). But theorem 12.A holds also for R-algebras A so that the nat-
ural morphism R(0)→ A is a cofibration inM.

12.1. Proofs

Our proof of theorem 12.A is based on the same arguments as proposition 4.2.8,
in the context of functors associated to Σ∗-objects. We prove similarly:

12.1.1. Lemma. — The natural morphism

(i∗, f∗) : SR(C,B)
⊕

SR(C,A)

SR(D,A)→ S(D,B)

induced by i : C → D, morphism of right R-modules, and f : A → B, morphism of
R-algebras, is a cofibration as long as i is a cofibration in CΣ∗R , the morphism f forms
an M-cofibration, and A is cofibrant in the underlying category M. This morphism
(i∗, f∗) is an acyclic cofibration if i or f is also acyclic.

Proof. — Again, we use that the functor (C,A) 7→ SR(C,A) preserves colimits in C

and the argument of [24, §4.2.5] to reduce the claim to the case where i : C → D is a
generating (acyclic) cofibration:

u⊗ Fr ◦ R : C ⊗ Fr ◦ R→ D ⊗ Fr ◦ R .

Consider the more general case of a morphism of free right R-modules

k ◦ R : K ◦ R→ L ◦ R

induced by a cofibration (an acyclic cofibration) of Σ∗-objects k : K → L. In the case
of a right R-module of the form C = K ◦ R, we have

SR(C,A) = SR(K ◦ R, A) = S(K,A)

by proposition 7.1.1. Therefore we obtain that the morphism

(i∗, f∗) : SR(C,B)
⊕

SR(C,A)

SR(D,A)→ SR(D,B)

is identified with the morphism

(k∗, f∗) : S(K,B)
⊕

S(K,A)

S(L,A)→ S(L,B)

of lemma 4.2.8. Thus we can deduce lemma 12.1.1 from the assertion of lemma 4.2.8.

As a corollary, we obtain:

12.1.2. Lemma. —
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1. Let C be a cofibrant object in CΣ∗R . If a morphism of R-algebras f : A→ B, where
A is cofibrant in the underlying categoryM, forms a cofibration, respectively an
acyclic cofibration, in the underlying category M, then the induced morphism
SR(C, f) : SR(C,A) → SR(C,B) defines a cofibration, respectively an acyclic
cofibration, in M.

2. Let A be an R-algebra that forms a cofibrant object in the underlying categoryM.
The morphism SR(i, A) : SR(C,A) → SR(D,A) induced by a cofibration, respec-
tively an acyclic cofibration, of right R-modules i : C → D forms a cofibration,
respectively an acyclic cofibration, in M.

And Brown’s lemma implies:

12.1.3. Proposition (Claim of theorem 12.A). —

1. The morphism
SR(f,A) : SR(C,A)→ SR(D,A)

induced by a weak-equivalence of cofibrant right R-modules f : C ∼−→ D is a weak-
equivalence for all R-algebras A ∈ RM which are cofibrant in the underlying
symmetric monoidal category M.

2. If C is a cofibrant right R-module, then the morphism

SR(C, f) : SR(C,A)→ SR(C,B)

induced by a weak-equivalence of R-algebras f : A ∼−→ B is a weak-equivalence as
long as A,B are cofibrant in M.

Recall simply that a cofibrant R-algebra is cofibrant in the underlying categoryM
(see references in the proof of proposition 4.4.5).

Theorem 12.A can also be deduced from the pointwise adjunction of proposi-
tion 8.1.2.





CHAPTER 13

HOMOTOPY INVARIANCE OF FUNCTORS FOR

COFIBRANT ALGEBRAS

Introduction

The aim of this chapter is to prove the following theorem:

Theorem 13.A. — Suppose that R is a Σ∗-cofibrant operad so that the category of
R-algebras is equipped with a semi-model structure.

1. If A is cofibrant in the category of R-algebras, then the morphism

SR(f,A) : SR(C,A)→ SR(D,A)

induced by a weak-equivalence of right R-modules f : C ∼−→ D forms a weak-
equivalence as long as C,D are Σ∗-cofibrant.

2. Let C be a Σ∗-cofibrant right R-module. The morphism

SR(C, f) : SR(C,A)→ SR(C,B)

induced by a weak-equivalence of R-algebras f : A ∼−→ B forms a weak-equivalence
if A and B are cofibrant in the category of R-algebras.

¶ Remarks. — In the context of a reduced symmetric monoidal category with regular
tensor powers, we assume that R is a C-cofibrant non-unital operad. Assertion (1)
holds for any weak-equivalence of connected right R-modules f : C ∼−→ D such that
C,D are C-cofibrant. Assertion (2) holds for all connected right R-modules C which
are C-cofibrant.

In the case C = S, the category of simplicial sets, and M = SpΣ0
∗ , the category of

symmetric spectra, we can assume that R is any operad in simplicial sets. Assertion
(1) holds for any weak-equivalence of right R-modules in simplicial sets f : C ∼−→ D.
Assertion (2) holds for all right R-modules C. If we consider symmetric spectra or
orthogonal spectra in topological spaces, then we have just to assume that all objects
consist of cofibrant spaces.

Observe that assertion (1) has a converse:
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Proposition 13.B. — Assume M = C.
Let f : C → D be a morphism of right R-modules, where C,D are Σ∗-cofibrant. If

the morphism SR(f,A) : SR(C,A)→ SR(D,A) induced by f forms a weak-equivalence
in C for every cofibrant R-algebra A ∈ RM, then f is a weak-equivalence as well.

If C is pointed, then this implication holds without the assumption that the modules
C,D are Σ∗-cofibrant.

In proposition 4.2.11, we prove a similar assertion for the bifunctor (C,M) 7→
S(C,M), where C ∈ CΣ∗ and M ∈ C. Proposition 13.B is an immediate corollary of
this result because the free R-algebras A = R(M), where M is a cofibrant object in C,
are cofibrant R-algebras and, by proposition 7.1.1, for a free R-algebra A = R(M) we
have SR(C, R(M)) ' S(C,M).

In §12, we prove symmetric assertions by using cell decompositions of morphisms of
right R-modules. For this aim, we use that the bifunctor (C,A)→ SR(C,A) preserves
colimits in C. In this chapter, we follow a similar approach to prove theorem 13.A,
but the bifunctor (C,A) → SR(C,A) does not preserve colimits in A and we have to
improve our arguments. In the next section, we give the idea on how to handle this
difficulty and we give the plan of the proof of theorem 13.A, split into several steps
addressed in §§13.2-13.5.

In §15, we prove that the unit morphism η(A) : A → ψ!ψ!(A) of the adjunction
relation defined by extension and restriction functors

ψ! : RM� SM : ψ!

preserve weak-equivalences. For this purpose, we apply theorem 13.A to right R-
modules defined by the operads C = R and D = S themselves and we observe that
the adjunction unit η(A) : A→ ψ!ψ!(A) is identified with a morphism of the form

SR(ψ,A) : SR(R, A)→ SR(S, A).

The homotopy invariance of generalized James’s constructions give other instances
of applications of theorem 13.A. In §5.1.7, we recall that the generalized James con-
struction J(C,X) defined in the literature for a Λ∗-object C is the instance of a
functor of the form S∗(C,X), where ∗ is an initial operad in Top∗, the category of
pointed topological spaces.

An object X ∈ ∗M is cofibrant in ∗M simply if the unit morphism ∗ : pt → X

forms a cofibration in the underlying model category of topological spaces. Thus
the cofibrant algebras over the initial unital operad are the well-pointed topological
spaces and theorem 13.A asserts that a weak-equivalence of Σ∗-cofibrant Λ∗-objects,
the cofibrant objects for the Reedy model structure of [13], induces a weak-equivalence
S∗(f,X) : S∗(C,X) ∼−→ S∗(D,X) for all well-pointed spaces X. In this context, we
recover a result of [5]. In fact, in this particular example, the space S∗(C,X) can be
identified with a coend over the generalized Reedy category Λ∗, considered in [13], and
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the homotopy invariance of the functor C 7→ S∗(C,X) can be deduced from general
homotopy invariance properties of coends (see [5, Lemma 2.7]).

13.1. Outline and plan of the proofs

Again, we deduce theorem 13.A from an assertion of the form:

Lemma 13.1.A. — Let i : C → D be a morphism of right R-modules. Let f : A→ B

be a morphism of R-algebras, assumed to be cofibrant in RM. The morphism

(i∗, f∗) : SR(C,B)
⊕

SR(C,A)

SR(D,A)→ SR(D,B)

is a cofibration if i is a Σ∗-cofibration and f is a cofibration in RM, and an acyclic
cofibration if i or f is also acyclic.

In §12, we use that the bifunctor (C,A) → SR(C,A) preserves colimits in C to
reduce symmetric assertions to the case of a generating (acyclic) cofibration in the
category of right R-modules. But, the bifunctor (C,A)→ SR(C,A) does not preserve
colimits in A. To handle this difficulty, we introduce right R-modules SR[C,A] such
that SR(C,A) = SR[C,A](0) and we prove an extension of the claims of lemma 13.1.A
to these objects.

This construction returns a right R-module D = SR[C,A] such that D(n) belongs
to M and not to the base category C. For this reason, in this chapter, we assume
C =M. (We can use the canonical functor η : C →M to transport all objects inM,
but more care is necessary in the context of a reduced categories with regular tensor
powers or in the context of spectra – see remarks 13.1.4-13.1.5.)

13.1.1. Shifted modules. — To define the objects SR[C,A] associated to a right R-
module C, we consider first shifted modules C[m], m ∈ N, associated to C, defined
by C[m](n) = C(m+ n).

For m,n ∈ N, we form the canonical morphisms

Σm

i $$I
IIIIIIII
// Σm × Σn

��

Σnoo

jzzuuuuuuuuu

Σm+n

yielded by the action of Σm on {1, . . . ,m} and the action of Σn on {m+1, . . . ,m+n}.
For a Σ∗-object C, we use the morphism j : Σn → Σm+n to make the symmetric group
Σn acts on C(m + n) so that the collection C[m](n) = C(m + n), n ∈ N, defines a
Σ∗-object C[m]. For any object M ∈ M, we set S[C,M ](m) = S(C[m],M). By
definition, we have the relation S[C,M ](0) = S(C,M).



140 CHAPTER 13. HOMOTOPY OF FUNCTORS FOR COFIBRANT ALGEBRAS

The symmetric group Σm acts on C[m] by automorphism of Σ∗-object since Σm
acts on the objects C(m + n) through the morphisms i : Σm → Σm+n. As a conse-
quence, we obtain that the collection S[C,M ](m) = S(C[m],M), forms a Σ∗-object
as well. In the sequel, this Σ∗-object may also be denoted by C[M ] = S[C,M ] for
short.

For a right R-module C, the composites at s last positions

C(r + s)⊗ R(n1)⊗ · · · ⊗ R(ns)→ C(r + n1 + · · ·+ ns)

(insert operad units η : 1→ R(1) at r first positions) provide C[r] with the structure
of a right R-module, for all r ∈ N. At the level of the functor S[C,M ], the morphism

S(C[r], R(M)) = S(C[r] ◦ R,M)
S(ρ[r],M)−−−−−−→ S(C[r],M),

induced by the right R-action on C[r] gives rise to a natural morphism

S[C, R(M)] d0−→ S[C,M ],

for all M ∈M.
The composites at r first positions

C(r + s)⊗ R(m1)⊗ · · · ⊗ R(mr)→ C(m1 + · · ·+mr + s)

provide the collection C{[r]}r∈N, with the structure of a right R-module in the category
of right R-modules. At the level of the functor S[C,M ], we obtain a natural right R-
module structure for all M ∈M so that the composition products

S[C,M ](r)⊗ R(m1)⊗ · · · ⊗ R(mr)→ S[C,M ](m1 + · · ·+mr)

commutes with the morphisms d0 : S[C, R(M)] → S[C,E]. Equivalently, we obtain
that d0 defines a morphism of right R-modules.

13.1.2. The functor to R-modules obtained by R-module shifts. — For an R-algebra
A, the action of the operad on A induces a morphism of right R-modules

S[C, R(A)] d1−→ S[C,A],

parallel to the morphism
S[C, R(A)] d0−→ S[C,A]

defined in §13.1.1. In the converse direction, the morphism η(A) : A→ R(A) induced
by the operad unit η : I → R gives rise to a morphism of right R-modules

S[C,A] s0−→ S[C, R(A)]

so that d0s0 = d1s0. The object SR[C,A] is defined by the reflexive coequalizer

S[C, R(A)]
d0 //

d1

// S[C,A]

s0

{{
// SR[C,A]

in the category of right R-modules.
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For a fixed component SR[C,A](r), this coequalizer is identified with the coequalizer
of the object SR(C[r], A) associated to the right R-module C[r] so that we obtain the
relation SR[C,A](r) = SR(C[r], A). In particular, for r = 0, we have SR[C,A](0) =
SR(C,A).

Lemma 13.1.A is a corollary of the following assertion:

Lemma 13.1.B. — Let i : C → D be a morphism of right R-modules. Let f : A→ B

be a morphism of R-algebras, assumed to be cofibrant in RM. The morphism

(i∗, f∗) : SR[C,B]
⊕

SR[C,A]

SR[D,A]→ SR[D,B]

is a Σ∗-cofibration if i is a Σ∗-cofibration and f is a cofibration in RM, and an acyclic
Σ∗-cofibration if i or f is also acyclic.

To simplify our exposition, we concentrate on the cases where f is not assumed to
be acyclic because this is sufficient for the proof of theorem 13.A: to prove assertion (1)
of theorem 13.A, we use only the case where i is an acyclic Σ∗-cofibration and f is a
cofibration in RM, to prove assertion (2) we can use assertion (1) and the result of
theorem 12.A, proved in §12.

Indeed, if C is only a Σ∗-cofibrant right R-module, then fix a cofibrant replacement
p : P ∼−→ C of C in the category of right R-modules. This module is Σ∗-cofibrant as
well by proposition 11.1.5. For f : A ∼−→ B a weak-equivalence of cofibrant R-algebras,
we have a commutative diagram

SR(P,A)
SR(P,f)//

SR(p,A)

��

SR(P,B)

SR(p,B)

��
SR(C,A)

SR(C,f)
// SR(C,B)

in which SR(P, f) is a weak-equivalence by assertion (2) of theorem 12.A and the verti-
cal arrows SR(p,A), SR(p,B) are weak-equivalences by assertion (1) of theorem 13.A.
By the two-out-of-three axiom, we conclude that SR(C, f) is a weak-equivalence as
well.

The task to adapt our arguments to prove the claim of lemma 13.1.B in the case
where f is an acyclic cofibration is left to readers interested by this statement.

13.1.3. Plan of the proof of lemma 13.1.B. — The idea is to check that the asser-
tions of lemma 13.1.B are preserved by operations involved in the construction of
cofibrations f : A → B as retracts of relative cell complexes in the category of R-
algebras. For this aim, we distinguish a property that we prove inductively. Namely:
we say that a morphism of R-algebras f : A→ B is Σ∗-relatively flat if it satisfies the
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following condition: for all morphisms of right R-modules i : C → D, the morphism

(i∗, f∗) : SR[C,B]
⊕

SR[C,A]

SR[D,A]→ SR[D,B]

forms a Σ∗-cofibration (respectively an acyclic Σ∗-cofibration) if i is so. In this defi-
nition, we assume that C,D are any right R-modules in the categoryM.

In §13.2, we check that generating R-algebra cofibrations R(i) : R(M) → R(N) are
Σ∗-relatively flat. In §13.3, we check that a cell coextension of a Σ∗-relatively flat
algebra A defines a Σ∗-relatively flat morphism. In §13.4, we check that a sequential
colimit of Σ∗-relatively flat morphisms defines a Σ∗-relatively flat morphism as well.
In §13.5, we observe that the retract of a Σ∗-relatively flat morphisms is Σ∗-relatively
flat as well. In §13.6, we recap these results to obtain that any R-algebra cofibration
forms a Σ∗-relatively flat morphism.

13.1.4. ¶ Remark: generalizations in the context of reduced categories with regular
tensor powers. — In the introduction, we mention that theorem 13.A holds under
weaker assumptions if M0 has regular tensor powers with respect to an enlarged
class of U-cofibrations (see definitions in §4.3). In this context, operads and right
modules are assumed to be connected, we replace Σ∗-cofibrations by C-cofibrations
and cofibrations inM by U-cofibrations inM0.

The plan of the proof and the arguments are unchanged, we have simply to be
careful if the cofibration axiom of the definition 4.3.4 holds only for connected Σ∗-
objects in the base category C and not for Σ∗-objects inM. In this case, we can not
assume C =M and we have to keep track of the origin of right R-modules that arise
in our constructions. Therefore, in the definition of a Σ∗-relatively flat morphism, we
restrict the condition to U-cofibrations i : C → D such that C = K[N ]⊕K[M ] L[M ],
D = L[N ], where K,L are right R-modules in C, the objects M,N belong to M and
i is the natural morphism induced by k : K → L, a C-cofibration of right R-modules,
and j : M → N , a U-cofibration inM.

One can check carefully that this condition is sufficient for our inductive argument.
We give indications at crucial points.

13.1.5. ¶ Remark: generalizations for categories of spectra. — In the introduction,
we mention also that theorem 13.A holds under weaker assumptions if M is the
category of symmetric or orthogonal spectra.

The arguments are symmetrical in this case: we use observations of §4.3 to check a
version of lemma 13.1.B in cases where f is not assumed to be acyclic. This is sufficient
for our purpose. To see this, reverse simply the argument below lemma 13.1.B.

13.1.6. ¶ Remark: the case of the initial operad ∗. — In the introduction, we mention
that theorem 13.A can be proved directly in the case of the initial operad in pointed
topological spaces.
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In fact, if one deals with symmetric monoidal categories so that the unit object 1
is not cofibrant and drop our axiom MM1, then it is necessary to prove lemma 13.1.A
in this case first (see remark 13.3.6). Therefore, we sketch these direct arguments.
Consider more generally an operad ∗ in a symmetric monoidal category C such that

∗(0) = K, ∗(1) = 1, and ∗ (n) = 0 for n ≥ 2,

where K is any object of C. For M a symmetric monoidal category over C, the
category of ∗-algebras in M is equivalent to the comma category formed by objects
under K in M. Again, an object A ∈ K/M is cofibrant as a ∗-algebra if and only
if the morphism ∗ : K → A forms a cofibration in M. More generally, a morphism
f : A→ B in K/M forms a cofibration in the category of ∗-algebras if and only if f
forms a cofibration in the underlying categoryM.

For an object A ∈ K/M, consider the n-cubical diagram formed by tensor products
X1 ⊗ · · · ⊗ Xn, where Xi = K or Xi = A. Let Ln(A⊗n) be the colimit over the
subdiagram formed by tensor products X1 ⊗ · · · ⊗Xn, where at least one factor Xi

satisfies Xi = A. For instance, for n = 2, we have:

L2(A⊗2) = A⊗K
⊕
K⊗K

K ⊗A.

By axiom MM2 of monoidal model categories, the latching morphism λn : Ln(A⊗n)→
A⊗n forms an (acyclic) cofibration if j : K → A is so.

The symmetric group Σn acts naturally on Ln(A⊗n) and λn : Ln(A⊗n) → A⊗n

forms a morphism of Σn-objects. For a right ∗-module C, let LnC be the right
∗-module such that

LnC(r) =

{
C(r), if r ≤ n,
0, otherwise.

For A ∈ K/M, the morphisms

C(n)⊗A⊗ · · · ⊗K ⊗ · · · ⊗A→ C(n− 1)⊗A⊗n−1

induced by the partial composition products ◦i : C(n)⊗K → C(n− 1) give rise to a
morphism

(C(n)⊗ Ln(A⊗n))Σn
→ S∗(Ln−1C,A)

and the object S∗(LnC,A) can be obtained from S∗(Ln−1C,A) by a pushout diagram
of the form:

(C(n)⊗ Ln(A⊗n))Σn
//

��

(C(n)⊗A⊗n)Σn

��
S∗(Ln−1C,A) // S∗(LnC,A)

.

In an absolute context, suppose that the right ∗-module C is Σ∗-cofibrant and ∗ :
K → A is an (acyclic) cofibration in M. Then we obtain that

(C(n)⊗ Ln(A⊗n))Σn
→ (C(n)⊗A⊗n)Σn
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forms an (acyclic) cofibration inM and so does the morphism

S∗(Ln−1C,A)→ S∗(LnC,A)

since this morphism is the cobase coextension of an (acyclic) cofibration. As a conse-
quence, we have a colimit of (acyclic) cofibrations

0 = S∗(L−1C,A)→ S∗(L0C,A)→ · · ·
· · · → S∗(LnC,A)→ · · · → colim

n
S∗(LnC,A) = S∗(C,A),

from which we conclude that the morphism 0→ S∗(C,M) forms an (acyclic) cofibra-
tion itself.

One can use a generalization of this construction to prove lemma 13.1.A for the
bifunctor S∗(C,A). Explicitly, let i : C � D be a Σ∗-cofibration of right ∗-modules
and j : A � B be a cofibration in K/M and assume that A is cofibrant in K/M.
Then the natural morphism

(i∗, j∗) : S∗(C,B)
⊕

S∗(C,A)

S∗(D,A)→ S∗(D,B)

forms a cofibration inM, an acyclic cofibration if i or j is also acyclic. To prove this
relative version, form the relative latching objects

Ln(D/C) = C
⊕
LnC

LnD and Ln(B⊗n/A⊗n) = A⊗n
⊕

L(A⊗n)

L(B⊗n).

The morphism (i∗, j∗) splits into a sequential colimit

S∗(C,B)
⊕

S∗(C,A)

S∗(D,A)→ · · ·

· · · → colim
n

S∗(Ln(D/C), B)
⊕

S∗(Ln(D/C),A)

S∗(D,A) = S∗(D,B)

where the term S∗(Ln(D/C), B)
⊕

S∗(Ln(D/C),A) S∗(D,A) is obtained from the previ-
ous term by a cobase coextension of morphisms of the form

(C(n)⊗B⊗n
⊕

C(n)⊗Ln(B⊗n/A⊗n)

D(n)⊗ Ln(B⊗n/A⊗n))Σn → (D(n)⊗B⊗n)Σn .

Use axiom MM1 and the definition of generating Σ∗-cofibrations to obtain that these
morphisms form cofibrations inM. The conclusion follows.

13.2. First step: generating algebra cofibrations

The goal of this section is to prove:

Lemma 13.2.A. — If j : M → N is a cofibration in M and M is cofibrant, then
the induced morphism of free R-algebras R(j) : R(M)→ R(N) is Σ∗-relatively flat.
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Recall that the generating cofibrations of the category of R-algebras have this form
R(j) : R(M)→ R(N) for j : M → N a generating cofibration of M.

To prove lemma 13.2.A, observe:

13.2.1. Claim. — In the case of a free R-algebra A = R(M), where M ∈ M, we
have a canonical isomorphism

SR[C, R(M)] ' S[C,M ].

Proof. — Since SR[C,A](r) = SR(C[r], A), the claim is a straightforward consequence
of proposition 7.1.1. According to this statement, we have a natural isomorphism
SR(C[r], R(M)) ' S(C[r],M). Check simply that this natural isomorphism com-
mutes with operad actions to obtain an isomorphism of right R-modules SR[C, R(M)] '
S[C,M ].

As a byproduct, we obtain that lemma 13.2.A is a consequence of the next propo-
sition:

13.2.2. Proposition. — Let j : M → N be a cofibration inM. Assume in addition
that M is cofibrant in M. For any morphism i : C → D in MΣ∗ , the category of
Σ∗-objects, the morphism

(i∗, j∗) : S[C,N ]
⊕

S[C,M ]

S[D,M ]→ S[D,N ]

forms a cofibration (respectively an acyclic cofibration) in MΣ∗ if i is so.

Proof. — In this proposition, we can use the categorical argument of [24, §4.2.5]
to assume that i : C → D is a generating (acyclic) cofibration of the category of
Σ∗-objects, because we deal only with morphisms of that category.

Recall that

Fr(n) =

{
1[Σr], if r = n,

0, otherwise.

Accordingly, we have S[Fr,M ](n) = 0 if n > r and

S[Fr,M ](n) = (1[Σr]⊗M⊗r−n)Σr−n

' 1[Σr−n\Σr]⊗M⊗r−n

' 1[Σn × Σr−n\Σr]⊗M⊗r−n ⊗ Fn(n)

otherwise. Hence we obtain an isomorphism

S[Fr,M ] '
r⊕

n=0

{
M⊗r−n ⊗ (Πr,n ⊗ Fn)

}
,

where Πr,n = 1[Σn × Σr−n\Σr].
As a byproduct, for an (acyclic) cofibration of the form

i = a⊗ Fr : A⊗ Fr → B ⊗ Fr,



146 CHAPTER 13. HOMOTOPY OF FUNCTORS FOR COFIBRANT ALGEBRAS

where a : A→ B is an (acyclic) cofibration of C, the morphism

(i∗, j∗) : S[A⊗ Fr, N ]
⊕

S[A⊗Fr,M ]

S[B ⊗ Fr,M ]
(S[i⊗Fr,N ],S[B⊗Fr,j])−−−−−−−−−−−−−−−→ S[B ⊗ Fr, N ]

splits into a sum of tensor products of the natural morphisms

(a∗, j⊗r−n∗ ) : A⊗N⊗r−n
⊕

A⊗M⊗r−n

B ⊗M⊗r−n → B ⊗N⊗r−n

with the object Πr,n ⊗ Fn ∈ CΣ∗ . Axioms of symmetric monoidal categories imply
that these morphisms form (acyclic) cofibrations if u : A→ B is so and the conclusion
follows.

This proposition achieves the proof of lemma 13.2.A.

13.2.3. ¶ Remark: the case of reduced categories with regular tensor powers (contin-
ued). — In the context of a reduced symmetric monoidal category with regular tensor
powers, we check an analogue of proposition 13.2.2 where cofibrations of the category
of Σ∗-objects are replaced by C-cofibrations. In this context, the proposition becomes
a trivial consequence of the definition of a reduced symmetric monoidal category with
regular tensor powers, since we have an identification S[C,M ](r) = S(C[r],M), but
we have to assume at this point that the components of Σ∗-objects belong to the
base category C. We use the obvious relation K[M ⊕ N ] = K[M ][N ], for K ∈ CΣ∗ ,
M,N ∈ M, to extend the proposition to morphisms i : C → D of the form specified
in remark 13.1.4. (Recall that K[M ] is a short notation for S[K,M ].)

13.3. Second step: cobase coextensions

In this section, we address the case of a cobase coextension

R(M)

R(j)

��

u // A

f

��
R(N)

v
// B

,

where R(j) : R(M) → R(N) is a morphism of free R-algebras induced by a morphism
j : M → N inM. Our goal is to prove:

Lemma 13.3.A. — Suppose A is a cofibrant R-algebra. If j is a cofibration in M
and the initial R-algebra morphism ∗ → A is Σ∗-relatively flat, then the morphism
f : A → B obtained by a cobase coextension of R(j) : R(M) → R(N) is Σ∗-relatively
flat as well.

Observe that:

13.3.1. Lemma. — In lemma 13.3.A, we can assume that M is cofibrant in M.
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Proof. — The morphism k : A→ A
⊕

M N obtained by the cobase coextension

M
u //

j

��

A

k
��

N // A
⊕

M N

,

where u : M → A is the adjoint of the R-algebra morphism u : R(M) → A, forms a
cofibration inM. Besides, the R-algebra A forms a cofibrant object in the underlying
model categoryM since A is supposed to be a cofibrant R-algebra. Accordingly, if M
is not cofibrant, then we can replace the pushout

R(M) //

��

A

f

��
R(N) // B

by a natural diagram of the form

R(A) λ //

k

��

A

f

��
R(A

⊕
M N) // B

,

where λ : R(A)→ A refers to the operad action on A, which forms still a pushout.

¶ Remark: the case where unit objects are not assumed to be cofibrant. — Again, if
the unit objects of monoidal model categories are not assumed to be cofibrant, then
it is only sensible to assume that the natural morphism R(0)→ A is a cofibration. In
this case, we will replace our pushout by a pushout of the form

R∗(A)
λA //

k

��

A

f

��
R∗(A

⊕
M N) // B

,

where we set R∗(−) = S∗(R,−) and ∗ refers to the operad such that

∗(0) = R(0), ∗(1) = 1, and ∗ (n) = 0, for n ≥ 2.

The operad R forms naturally a right ∗-module and the morphism R(0)→ A gives to
A the structure of an algebra over the operad ∗.

To prove lemma 13.3.A, we determine the image of pushouts in RM under the
functor SR[C,−] : RM→ CΣ∗R associated to a right R-module C ∈ CΣ∗R . For this aim,
we use only:
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13.3.2. Proposition. — The functor SR[C,−] : RM→ CΣ∗R preserves the coequaliz-
ers which are reflexive in M.

Proof. — This assertion is a corollary of proposition 2.4.1 since we have an identifi-
cation SR[C,A](n) = SR(C[n], A) for all A ∈ RM.

Observe first:

13.3.3. Lemma. — For all C ∈ CΣ∗R , A ∈ RM and M ∈ M, we have natural
isomorphisms

SR[C, R(M) ∨A] ' SR[C[M ], A]

' SR[C,A][M ],

where ∨ denotes the coproduct in the category of R-algebras.

Recall that C[M ] is a short notation for C[M ] = S[C,M ].

Proof. — Observe that the coproduct R(M)∨A is realized by a reflexive coequalizer
of the form

R(M ⊕ R(A))
d0 //

d1

// R(M ⊕A)

s0

yy
// R(M) ∨A .

The morphism d0 is defined by the composite

R(M⊕R(A))
R(η(M)⊕id)−−−−−−−→ R(R(M)⊕R(A))

R(R(iM ),R(iA))−−−−−−−−−→ R(R(M⊕A))
µ(M⊕A)−−−−−−→ R(M⊕A),

where µ : R ◦ R→ R denotes the composition product of the operad R. The morphism
d1 is the morphism of free R-algebras

R(M ⊕ R(A))
R(M⊕λ)−−−−−→ R(M ⊕A)

induced by the operad action λ : R(A)→ A. The reflection s0 is the morphism of free
R-algebras

R(M ⊕A)
R(M⊕η(A))−−−−−−−→ R(M ⊕ R(A)),

where η : I → R denotes the unit of the operad R.
By proposition 13.3.2, the functor SR[C,−] maps this reflexive coequalizer to a

coequalizer of the form

S[C,M ⊕ R(A)]
d0 //

d1

// S[C,M ⊕A]

s0

xx
// SR[C, R(M) ∨A] .

For a sum M ⊕N , we obtain readily

S[C,M ⊕N ] ' S[C[M ], N ] ' S[C,N ][M ].
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The natural isomorphism S[C,M ⊕N ] ' S[C[M ], N ] transports our coequalizer to a
coequalizer of the form

S[C[M ], R(A)]
d0 //

d1

// S[C[M ], A]

s0

xx
// SR[C, R(M) ∨A] .

A straightforward verification shows that this coequalizer is identified with the co-
equalizer that determines SR[C[M ], A]. Hence we obtain the relation SR[C, R(M)∨A] '
SR[C[M ], A].

Similarly, we use the natural isomorphism S[C,M ⊕ N ] ' S[C,N ][M ] to obtain
SR[C, R(M) ∨A] ' SR[C,A][M ].

13.3.4. Lemma. — Let C be a right R-module. The object SR[C,B] associated to an
R-algebra B ∈ RM obtained by a cobase coextension

R(M)

R(j)

��

u // A

f

��
R(N)

v
// B

fits a natural pushout diagram of the form

SR[C,A][M ]

SR[C,A][j]

��

// SR[C,A]

SR[C,f ]

��
SR[C,A][N ] // SR[C,B]

.

Proof. — In general in a category, a pushout diagram

U //

��

X

��
V // Y

is equivalent to a reflexive coequalizer of the form

V ∨ U ∨X
d0 //

d1

// V ∨X

s0

||
// Y .

As a consequence, proposition 13.3.2 and lemma 13.3.3 imply that SR[C,B] is
determined by a coequalizer of the form

D[M ⊕N ]
d0 //

d1

// D[N ] // SR[C,B] ,

where we set D = SR[C,A] and we use the relations SR[C, R(M)∨A] ' SR[C,A][M ] =
D[M ] for M ∈M.
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Recall that D[M⊕N ] ' D[M ][N ] for all D ∈ CΣ∗ . By construction, the morphism
d0 is identified with the morphism D[(j, id)] : D[M ⊕N ]→ D[N ] induced by (j, id) :
M⊕N → N , the morphism s0 with the morphism D[iN ] : D[N ]→ D[M⊕N ] induced
by the canonical morphism 0 ⊕ id : N → M ⊕ N . Since D[M ] = SR[C,A][M ] '
SR[C, R(M) ∨A], we have a morphism µ : D[M ]→M given by the morphism

SR[C, (u, id)] : SR[C, R(M) ∨A]→ SR[C,A]

induced by the R-algebra morphism (u, id) : R(M) ∨ A → A. The morphism d1 can
be identified with the morphism µ[N ] : D[M ][N ]→ D[N ] induced by µ : D[M ]→ D.

On the other hand, we consider the diagram

D[M ]

D[j]

��

// D

SR[C,f ]

��
D[N ] // SR[C,B]

determined by the image of the commutative square

R(M) ∨A

R(j)∨A
��

(u,id) // A

f

��
R(N) ∨A

(v,A)
// B

under the functor SR[C,−]. The pushout D[N ]
⊕

D[M ]D is determined by a reflexive
coequalizer of the form

D[N ]⊕D[M ]⊕D
d0 //

d1

// D[N ]⊕D

s0

xx
// D[N ]

⊕
D[M ]D

and we have a natural morphism of coequalizers

D[N ]⊕D[M ]⊕D

��

//
// D[N ]⊕D //

��

D[N ]
⊕

D[M ]D

��
D[M ⊕N ] //

// D[N ] // SR[C,B]

that determines the natural morphism D[N ]
⊕

D[M ]D → SR[C,B].
Since by definition D[M ](m) =

⊕∞
n=0(D(m+n)⊗M⊗m)Σm

, we obtain a splitting

D[M ] = D ⊕D0[M ],

where D0[M ](m) =
⊕∞

n=1(D(m + n) ⊗M⊗m)Σm . Moreover, the restriction of the
morphism µ : D[M ]→ D to D is the identity morphism. Similarly, we have a splitting

D[M ⊕N ] = D ⊕D0[M ]⊕D0[N ]⊕D0[M,N ].
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From these observations we prove by formal categorical verifications that our mor-
phism of coequalizer diagrams induces an isomorphism on cokernels. Hence we obtain
an isomorphism D[N ]

⊕
D[M ]D

'−→ SR[C,B].

In the next proofs, we use the following independent lemma repeatedly:

13.3.5. Lemma. — For all S, T ∈ CΣ∗R , the functor −
⊕

S T : CΣ∗R → C
Σ∗
R defined by

the relative sum U 7→ U
⊕

S T in the category of right R-modules preserves (acyclic)
Σ∗-cofibrations.

Proof. — By a standard fact, the operation −
⊕

S T : U → U preserves (acyclic)
cofibrations in any model category U .

The lemma is an immediate corollary of this assertion and of the fact that the
forgetful functor U : CΣ∗R → CΣ∗ from right R-modules to Σ∗-objects creates colimits.

We have now all elements for:

Proof of lemma 13.3.A. — We suppose given a morphism of right R-modules i : C →
D and a cobase extension

R(M)

R(j)

��

u // A

f

��
R(N)

v
// B

,

such that j : M → N is a cofibration and the initial morphism η : ∗ → A in the
category of R-algebras forms a Σ∗-relatively flat morphism.

We use categorical operations and lemmas 13.3.3-13.3.4 to decompose the mor-
phism

(i∗, f∗) : SR[C,B]
⊕

SR[C,A]

SR[D,A]
(1)−−→ SR[D,B].

Since we have natural isomorphisms

SR[C,B] = SR[C,A][N ]
⊕

SR[C,A][M ]

SR[C,A]

and SR[D,B] = SR[D,A][N ]
⊕

SR[D,A][M ]

SR[D,A],

morphism (1) is identified with the morphism of pushouts

SR[C,A][N ]
⊕

SR[C,A][M ]

SR[D,A]
(2)−−→ SR[D,A][N ]

⊕
SR[D,A][M ]

SR[D,A]
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induced by the morphisms

SR[C,A][N ]

SR[i,A][N ]

��

SR[C,A][M ]

SR[i,A][M ]

��

oo // SR[D,A]

=

��
SR[D,A][N ] SR[D,A][M ]oo // SR[D,A]

.

Since

SR[C,A][N ]
⊕

SR[C,A][M ]

SR[D,A]

'
{
SR[C,A][N ]

⊕
SR[C,A][M ]

SR[D,A][M ]
} ⊕

SR[D,A][M ]

SR[D,A]

morphism (2) is also equal to the image of the natural morphism

SR[C,A][N ]
⊕

SR[C,A][M ]

SR[D,A][M ]
(3)−−→ SR[D,A][N ]

under the relative sum operation

U 7→ U
⊕

SR[D,A][M ]

SR[D,A].

Use the relation SR[C,A][M ] ' SR[C[M ], A] and the fact that SR[C,A] preserves col-
imits in C to identifies morphism (3) with the image of

C[N ]
⊕
C[M ]

D[M ]
(4)−−→ D[N ]

under the functor SR[−, A].
By lemma 13.2.2, morphism (4) forms an (acyclic) Σ∗-cofibration if i is so. As

we assume that the initial morphism ∗ → A is Σ∗-relatively flat, we obtain that
the image of (3) under SR[−, A] forms also an (acyclic) Σ∗-cofibration if i is so. By
lemma 13.3.5, we obtain that (2) forms an (acyclic) Σ∗-cofibration as well and the
conclusion regarding morphism (1) follows.

13.3.6. ¶ Remark: the case where unit objects are not assumed to be cofibrant (con-
tinued). — If the unit object of monoidal model categories are not assumed to be
cofibrant, then we have to use a pushout of the form

R∗(M) //

��

A

f

��
R∗(N) // B

,

where j : M � N is a cofibration in R(0)/M and M is a cofibrant object in R(0)/M.
In this context, we adapt the construction of lemma 13.3.4 to obtain that SR[C,B]
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fits a pushout diagram

S∗[D,M ] //

k

��

SR[C,A]

f

��
S∗[D,N ] // SR[C,B]

,

where D = SR[C,A]. We have also S∗[D,M ] = SR[D∗[M ], A], where again we adopt
the shorter notation D∗[M ] = S∗[D,M ]. The proof of Lemma 13.3.A proceeds sim-
ilarly. Use simply the direct argument of remark 13.1.6 to obtain that the natural
morphism

C∗[N ]
⊕
C∗[M ]

D∗[M ]→ D∗[N ]

forms an (acyclic) cofibration.

13.4. Third step: sequential colimits

In this section, we prove:

Lemma 13.4.A. — A morphism f : A→ B that decomposes into a (possibly trans-
finite) sequence of Σ∗-relatively flat morphisms

A = B0
f0−→ · · · → Bλ

fλ−→ Bλ+1 → · · · → colim
λ

Bλ = B

is Σ∗-relatively flat as well.

We deduce this lemma from formal categorical constructions.
Assume that i : C → D denotes an (acyclic) Σ∗-cofibration in the category of right

R-modules.

Proof. — Recall that functors of the form SR(C) : A 7→ SR(C,A) preserve filtered
colimits in A. So do the extended functors SR[C,−] : A 7→ SR[C,A] since we have
SR[C,A](m) = SR(C[m], A), for any m ∈ N.

As a consequence, for any sequential colimit

A = B0
f0−→ · · · → Bλ

iλ−→ Bλ → · · · → colim
λ

Bλ = B,

we have

SR[C,B] = colim
λ

SR[C,Bλ], SR[D,B] = colim
λ

SR[D,Bλ]

and the morphism

SR[C,B]
⊕

SR[C,A]

SR[D,A]
(1)−−→ SR[D,B]
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induced by i : C → D and f : A→ B can be decomposed into a colimit

SR[C,B]
⊕

SR[C,A]

SR[D,A] = SR[C,B]
⊕

SR[C,B0]

SR[D,B0]→ · · ·

· · · → SR[C,B]
⊕

SR[C,Bλ]

SR[D,Bλ]→ SR[C,B]
⊕

SR[C,Bλ+1]

SR[D,Bλ+1]→ · · ·

· · · → colim
λ

{
SR[C,B]

⊕
SR[C,Bλ]

SR[D,Bλ]
}
' SR[D,B].

The morphism

SR[C,B]
⊕

SR[C,Bλ]

SR[D,Bλ]
(2)−−→ SR[C,B]

⊕
SR[C,Bλ+1]

SR[D,Bλ+1]

is also identified with the image of

SR[C,Bλ+1]
⊕

SR[C,Bλ]

SR[D,Bλ]
(3)−−→ SR[D,Bλ+1]

under the relative sum operation

U 7→ SR[C,B]
⊕

SR[C,Bλ+1]

U.

Since fλ : Bλ → Bλ+1 is Σ∗-relatively flat, we obtain that (3) forms an (acyclic)
Σ∗-cofibration and, by lemma 13.3.5, so does morphism (2). Since the class of (acyclic)
cofibrations in a model category is closed under sequential colimits, we conclude that
morphism (1) forms an (acyclic) Σ∗-cofibration if i is so.

13.5. Fourth step: retracts

In the previous section, we achieve the verification that Σ∗-flatness is preserved
under operations involved in the construction of relative cell complexes. To address
the case of all cofibrations, we need simply to record that the class of Σ∗-relatively
flat morphisms is also stable under retracts:

Observation 13.5.A. — A retract of a Σ∗-relatively flat morphism is Σ∗-relatively
flat as well.

This assertion is an immediate consequence of axiom C2 of model categories.

13.6. Recollection and conclusion

Recall that the semi-model category of R-algebras, for R a Σ∗-cofibrant operad, is
cofibrantly generated by morphisms of the form R(i) : R(M)→ R(N) where i : M → N

is a generating cofibration in M. As a byproduct, any cofibration in the category of
R-algebras is a retract of a relative cell complex whose cells are formed by generating
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cofibrations. In this context, a relative cell complex refers to a morphism of R-algebras
j : A→ B which can be decomposed into a colimit

A = B0
j0−→ B1 → · · · → Bλ

jλ−→ Bλ+1 → · · · → colim
λ

Bλ = B

so that the morphisms jλ : Bλ → Bλ are obtained by pushouts

R(Mλ) //

R(iλ)

��

Bλ

jλ

��
R(Nλ) // Bλ+1

in which the left-hand side vertical morphisms are free algebra morphisms R(iλ) :
R(Mλ)→ R(Nλ) induced by sums of generating cofibrations iα : Mα → Nα.

Lemma 13.1.B is an immediate consequence of lemmas 13.2.A, 13.3.A, 13.4.A,
observation 13.5.A and of this characterization of cofibrations.





CHAPTER 14

¶ REFINEMENTS FOR THE HOMOTOPY OF

RELATIVE COMPOSITION PRODUCTS

Introduction

In §§3.1.6-3.1.7, we identify the category of left R-modules R CΣ∗ with the category
of R-algebras in Σ∗-objects. Furthermore, we observe in §5.1.5 that the functor SR(C) :
R CΣ∗ → CΣ∗ defined by a right R-module on this category is identified with the relative
composite D 7→ C ◦R D. As a consequence, theorem 12.A and theorem 13.A imply
that the relative composition products (C,D) 7→ C ◦R D satisfy natural homotopy
invariance properties.

In this chapter, we point out that stronger homotopy invariance properties hold if
we assume that C (respectively, D) is a connected right R-module (respectively, left
R-module).

Recall that the model category of connected right R-modules is cofibrantly gener-
ated for a collection of generating cofibrations of the form

I = {i ◦ R : K ◦ R→ L ◦ R, where i : K → L runs over cofibrations in CΣ
0
∗ }.

As a byproduct, we obtain that all cofibrations in CΣ
0
∗

R are retracts of relative I-cell
complexes obtained by successive cobase coextensions along morphisms of I. Sym-
metrically, the model category of connected left R-modules is cofibrantly generated
for a collection of generating cofibrations of the form

J = {R ◦i : R ◦K → R ◦L, where i : K → L runs over cofibrations in CΣ
0
∗ }.

Recall that the composite R ◦K is identified with the free R-algebra R ◦K = R(K) and
go back to the general definition of §4.4 for the model category of R-algebras. As
a byproduct, we obtain that all cofibrations in R CΣ

0
∗ are retracts of relative J -cell

complexes obtained by successive cobase coextensions along morphisms of J .
For our purpose, we consider the collection of morphisms

K = {i ◦ R : K ◦ R→ L ◦ R, where i : K → L runs over the C-cofibrations in CΣ
0
∗ }
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in the category of right R-modules and the corresponding relative cell complexes,
obtained by successive cobase coextensions along morphisms of K. Symmetrically, we
consider the collection of morphisms

L = {R ◦i : R ◦K → R ◦L, where i : K → L runs over the C-cofibrations in CΣ
0
∗ }

in the category of left R-modules and the corresponding relative cell complexes, ob-
tained by successive cobase coextensions along morphisms of L. It is not clear that
the collection K (respectively, L) defines the generating cofibrations of a model struc-
ture on CΣ

0
∗

R (respectively, R CΣ
0
∗) in general (hints are given in [11, §2.2] in the case

where C = dg k Mod is the category of dg-modules over a ring k).
In the case of a relative composition product SR(C,D) = C ◦R D, we can improve

on theorem 12.A and theorem 13.A to obtain:

Theorem 14.A. — Let R be a C-cofibrant non-unital operad.

1. The morphism
f ◦R A : C ◦R A→ D ◦R A

induced by a weak-equivalence of connected right R-modules f : C ∼−→ D forms
a weak-equivalence as long as C,D are retracts of K-cell complexes, for all C-
cofibrant objects A ∈ R CΣ

0
∗ .

2. If a connected right R-module C is a retract of a K-cell complex, then the mor-
phism

C ◦R g : C ◦R A→ C ◦R B
induced by a weak-equivalence of connected left R-modules g : A ∼−→ B forms a
weak-equivalence as long as A,B are C-cofibrant.

Theorem 14.B. — Let R be a C-cofibrant non-unital operad.

1. If a connected left R-module A is a retract of an L-cell complex, then the mor-
phism

f ◦R A : C ◦R A→ D ◦R A
induced by a weak-equivalence of connected right R-modules f : C ∼−→ D forms a
weak-equivalence as long as C,D are C-cofibrant.

2. The morphism
C ◦R g : C ◦R A→ C ◦R B

induced by a weak-equivalence of connected left R-modules g : A ∼−→ B forms
a weak-equivalence as long as A,B are retracts of L-cell complexes, for all C-
cofibrant objects C ∈ CΣ

0
∗

R .

One can observe further that theorem 14.A holds for any category of algebras
in a reduced category with regular tensor powers, and not only for connected left
R-modules, equivalent to algebras in the category of connected Σ∗-objects.
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We mention these results as remarks and we give simply a sketch of the proof
of theorem 14.A and theorem 14.B. In the case C = dg k Mod, the category of dg-
modules over a ring k, another proof can be obtained by spectral sequence techniques
(see the comparison theorems in [11, §2]).

14.1. Sketch of proofs

We base the proof of theorem 14.A and theorem 14.B on the following lemma:

14.1.1. Lemma. —

1. Let i : C → D be a relative K-cell complex in the category of connected right
R-modules. Let f : A→ B be any morphism of connected left R-modules. If f is
an (acyclic) C-cofibration and A is C-cofibrant, then so is the natural morphism

(i∗, f∗) : C ◦R B
⊕
C◦RA

D ◦R A→ D ◦R B

induced by i and f .
2. Let i : C → D be any morphism of connected right R-modules. Let f : A → B

be a relative L-cell complex in the category of connected left R-modules. Assume
further that A is an L-cell complexes. If i is an (acyclic) C-cofibration, then so
is the natural morphism

(i∗, f∗) : C ◦R B
⊕
C◦RA

D ◦R A→ D ◦R B

induced by i and f .

These assertions improve on results of §§12-13 in the case where we consider R-
algebras in the category of connected Σ∗-objects CΣ

0
∗

R . Assertion (1) corresponds to
the case where i is a cofibration and f is an (acyclic) C-cofibration in lemma 12.1.1
and is proved in by the same argument. Assertion (2) arises from the extension of
lemma 13.1.A to reduced categories with regular tensor powers, in the case where i is
an (acyclic) C-cofibration and f is a cofibration between cofibrant objects. To prove
this assertion, check indications given in §13.1.

As a corollary, we obtain:

14.1.2. Lemma. —

1. If C is a K-cell complex in the category of connected right R-modules, then the
functor C ◦R − maps (acyclic) C-cofibrations between C-cofibrant objects in the
category of connected left R-modules to weak-equivalences.

2. If A is an L-cell complex in the category of connected left R-modules, then the
functor − ◦R A maps (acyclic) C-cofibrations in the category of connected right
R-modules to weak-equivalences.
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And Brown’s lemma implies again:

14.1.3. Lemma. —

1. If C is a K-cell complex in the category of connected right R-modules, then the
functor C ◦R − maps weak-equivalences between C-cofibrant objects in R CΣ

0
∗ to

weak-equivalences.
2. If A is an L-cell complex in the category of connected left R-modules, then the

functor − ◦R A maps weak-equivalences between C-cofibrant objects in CΣ
0
∗

R to
weak-equivalences.

Observe simply that K-cell (respectively, L-cell) complexes are C-cofibrant and
check the argument of [24, Lemma 1.1.12].

Obviously, we can extend this lemma to the case where C (respectively, A) is a
retract of a K-cell complex (respectively, of an L-cell complex).

Thus lemma 14.1.3 implies assertion (2) of theorem 14.A and assertion (1) of the-
orem 14.B.

To achieve the proof of theorem 14.A and theorem 14.B, we observe:

14.1.4. Claim. —

1. In theorem 14.A, assertion (2) implies assertion (1).
2. In theorem 14.B, assertion (1) implies assertion (2).

Proof. — Let f : C ∼−→ D be a weak-equivalence between retracts of K-cell complexes
in CΣ

0
∗

R . Let A be a C-cofibrant object of R CΣ
0
∗ .

Let g : B ∼−→ A be a cofibrant replacement of A in R CΣ
0
∗ . Observe that B is

C-cofibrant (compare with references in the proof of proposition 4.4.5), and forms a
(retract of) a K-cell complex as well.

We have a commutative diagram

C ◦R A
f◦RA // D ◦R A

C ◦R B
f◦RA
∼ //

C◦Rg ∼

OO

D ◦R B

D◦Rg∼

OO

in which vertical morphisms are weak-equivalences by assertion (2) of theorem 14.A.
Since B is assumed to be cofibrant, theorem 13.A (use the suitable generalization
in the context of reduced categories with regular tensor powers – see remarks below
the statement of theorem 13.A) implies that the lower horizontal morphism is also a
weak-equivalence.

We conclude that

f ◦R A : C ◦R A→ D ◦R A
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defines a weak-equivalence as well and this proves assertion (1) of the claim. We prove
assertion (2) by symmetric arguments.

This verification achieves the proof of theorem 14.A and theorem 14.B.





CHAPTER 15

EXTENSION AND RESTRICTION FUNCTORS AND

MODEL CATEGORIES

Introduction

In §3.2.5, we recall that an operad morphism φ : P → Q induces adjoint extension
and restriction functors

φ! : PM� QM : φ!

In §7.2, we observe that an operad morphism ψ : R → S induces similar adjoint
extension and restriction functors on module categories:

ψ! : CΣ∗R � CΣ∗S : ψ!

In this chapter, we study the functors on model categories defined by these extension
and restriction functors. Our goal is to prove:

Theorem 15.A. — Let φ : P → Q be an operad morphism. Assume that the operad
P (respectively, Q) is Σ∗-cofibrant and use proposition 4.4.3 to equip the category
of P-algebras (respectively, Q-algebras) with a model structure. The extension and
restriction functors

φ! : PM� QM : φ!

define Quillen adjoint functors. If φ : P→ Q is a weak-equivalence, then these functors
define Quillen adjoint equivalences.

Theorem 15.B. — Let ψ : R→ S be an operad morphism. Assume that the operad R

(respectively, S) is C-cofibrant and use proposition 11.A to equip the category of right
R-modules (respectively, right S-modules) with a model structure. The extension and
restriction functors

ψ! : CΣ∗R � CΣ∗S : ψ!

define Quillen adjoint functors. If ψ : R→ S is a weak-equivalence, then these functors
define Quillen adjoint equivalences.
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¶ Remark. — In the context of a reduced category with regular tensor powers, the-
orem 15.A holds for all C-cofibrant non-unital operads. In the context of symmet-
ric spectra (respectively, topological symmetric spectra or orthogonal spectra), theo-
rem 15.A holds for all operads in simplicial sets (respectively, for all operads which
are cofibrant in topological spaces).

The claim of theorem 15.A about the existence of a Quillen equivalence is proved
in [3] in the case where the underlying categoryM forms a proper model category. In
the context of spectra, the refined version of theorem 15.A is proved in [17, Theorem
1.2.4].

The crux of the proof is to check that the adjunction unit ηA : A→ ψ!ψ!A defines
a weak-equivalence for all cofibrant P-algebras A. In our proof, we use the relation
ψ!A = SP(Q, A) and we apply the homotopy invariance theorems of §§12-13 to check
this property for all cofibrantly generated symmetric monoidal model categories M.
The remainder of the proof does not change.

In the next section, we give a detailed proof of theorem 15.A. The proof of theo-
rem 15.B is strictly parallel and we give only a few indications.

In §15.2, we survey applications of our results to categories of bimodules over
operads, or equivalently algebras in right modules over operads.

15.1. Proofs

Throughout this section, we suppose given an operad morphism φ : P → Q, where
P, Q are Σ∗-cofibrant operads (as assumed in theorem 15.A), and we study the exten-
sion and restriction functors

φ! : PM� QM : φ!

determined by φ : P→ Q.
By definition, the restriction functor φ! : QM → PM reduces to the identity

functor φ!(B) = B if we forget operad actions. On the other hand, by definition of
the model category of algebras over an operad, the forgetful functor creates fibrations
and weak-equivalences. Accordingly, we have:

15.1.1. Fact. — The restriction functor φ! : QM → PM preserves fibrations and
acyclic fibrations.

And we conclude immediately:

15.1.2. Proposition (First part of theorem 15.A). — The extension and re-
striction functors

φ! : PM� QM : φ!

define Quillen adjoint functors.
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In the remainder of this chapter, we check that these functors define Quillen adjoint
equivalences if φ : P→ Q is a weak-equivalence of operads. First, we have:

15.1.3. Lemma. — If φ : P → Q is a weak-equivalence of Σ∗-cofibrant operads,
then, for any cofibrant P-algebra A, the adjunction unit η(A) : A → φ!φ!(A) is a
weak-equivalence.

Proof. — This assertion is a corollary of the next observation and of theorem 13.A.

15.1.4. Lemma. — Recall that Q forms an algebra over itself in the category of right
modules over itself and a P-algebra in right P-modules by restriction on the left and
on the right.

We have φ!φ!(A) = SP(Q, A), the image of A under the functor SP(Q) : PM→ PM
associated to Q, and the adjunction unit is identified with the morphism

A = SP(P, A)
SP(φ,A)−−−−−→ SP(Q, A)

induced by φ.

Proof. — The identification φ!φ!(A) = SP(Q, A) is a corollary of propositions 9.3.1
and 9.3.3. It is straightforward to check that SP(φ,A) represents the adjunction
unit.

To achieve the proof of theorem 15.A, we use the same arguments as the authors
of [3].

Previously, we observe that the restriction functor φ! : QM → PM preserves
fibrations and acyclic fibrations, because, on one hand, the restriction functor reduces
to the identity functor if we forget operad actions, and, on the other hand, the forgetful
functors creates fibrations and weak-equivalences. In fact, these observations show
that the restriction functor φ! : QM→ PM creates fibrations and weak-equivalences.
As a corollary:

15.1.5. Fact. — The restriction functor φ! : QM→ PM reflects weak-equivalences.

This assertion together with lemma 15.1.3 suffice to obtain:

15.1.6. Claim. — Let φ : P→ Q be a weak-equivalence of Σ∗-cofibrant operads. Let
B be any Q-algebra. Let A be any cofibrant replacement of φ!B in the category of
P-algebras. The composite

φ!(A)→ φ!φ
!(B)→ B

is a weak-equivalence.
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Proof. — In the commutative diagram

A

η(A)

��

∼ // φ!(B)

η(φ!(B))

��
φ!φ!(A) // φ!φ!φ

!(B)

φ!(ε(B))

��
φ!(B)

the left-hand side vertical morphism is a weak-equivalence by lemma 15.1.3 and the
right-hand side composite is the identity by adjunction. Then, by the two out of three
axiom, we obtain that the image of the composite

φ!(A)→ φ!φ
!(B)→ B

under the restriction functor φ! forms a weak-equivalence. Therefore, by the assertion
of §15.1.5, this morphism forms a weak-equivalence itself.

This claim achieves the proof of:

15.1.7. Proposition (Second part of theorem 15.A). — If φ : P → Q is a
weak-equivalence of Σ∗-cofibrant operads, then the extension and restriction functors

φ! : PM� QM : φ!

define Quillen adjoint equivalences.

We prove theorem 15.B, about the extension and restriction of right modules

ψ! : CΣ∗R � CΣ∗S : ψ!,

along the same lines of arguments. To prove the analogue of lemma 15.1.3, use the
next observation, symmetric to the observation of lemma 15.1.4, and use theorem 12.A
in place of theorem 13.A.

15.1.8. Observation. — Recall that S forms an algebra over itself in the category
of right modules over itself and an R-algebra in right R-modules by restriction of struc-
tures on the left and on the right.

For a right R-module C, we have ψ!ψ!(C) = SR(C, S), the image of S under the
functor SR(C) : R CΣ∗R → C

Σ∗
R determined by C ∈ CΣ∗R , and the adjunction unit η(C) :

C → ψ!ψ!(C) is identified with the morphism

C = SR(C, R)
SR(C,ψ)−−−−−→ SR(C, S)

induced by ψ.
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Formally, the identification ψ!ψ!(C) = SR(C, S) is a corollary of proposition 9.3.2
and of the functoriality of SR(C) :MR →M with respect to the functor of symmetric
monoidal categories ψ! : CΣ∗S → C

Σ∗
R . Equivalently, use the identifications ψ!ψ!(C) =

C ◦R S (see §7.2.1) and SR(C, S) = C ◦R S (see §5.1.5).

15.2. ¶ Applications to bimodules over operads

In this section, we examine applications of theorem 15.A and theorem 15.B to
bimodules over operads. Recall that, in the context of a bimodule category P CΣ∗R ,
where P, R are operads, we have extension and restriction functors on the left φ! :
P CΣ∗R � Q CΣ∗S : φ! and on the right ψ! : P CΣ∗R � P CΣ∗S : ψ!. Recall further that the
category P CΣ∗R of P-R-bimodules, is isomorphic to the category of P-algebras in right
R-modules. Therefore, we use theorems 15.A and 15.B to obtain that these extension
and restriction functors define Quillen adjunctions and Quillen equivalences in the
case of operad equivalences.

To obtain better results, we can restrict ourself to non-unital operads and to the
subcategory P C

Σ0
∗

R formed by connected P-R-bimodules, or equivalent by P-algebras in
connected right R-modules. In this context, we obtain:

Theorem 15.2.A. —

1. Let φ : P → Q be an operad morphism, where P, Q are C-cofibrant non-unital
operads. Let R be any C-cofibrant non-unital operad.

The extension and restriction functors

φ! : P C
Σ0
∗

R � Q C
Σ0
∗

R : φ!

define Quillen adjoint functors. If φ : P → Q is a weak-equivalence, then these
functors define also Quillen adjoint equivalences.

2. Let P be a C-cofibrant non-unital operad. Let ψ : R→ S be an operad morphism,
where R, S are C-cofibrant non-unital operads.

The extension and restriction functors

ψ! : P C
Σ0
∗

R � P C
Σ0
∗

S : ψ!

define Quillen adjoint functors. If ψ : R → S is a weak-equivalence, then these
functors define also Quillen adjoint equivalences.

Proof. — To obtain assertion (1), apply a generalization of theorem 15.A for reduced
categories with regular tensor powers to M0 = CΣ

0
∗

R .
To obtain assertion (2), apply theorem 15.B to obtain a Quillen adjunction (re-

spectively, a Quillen equivalence) at the module level ψ! : CΣ
0
∗

R � CΣ
0
∗

S : ψ!. Then
apply to this adjunction a generalization of proposition 4.4.5 for reduced categories
with regular tensor powers.





CHAPTER 16

MISCELLANEOUS APPLICATIONS

Introduction

To conclude this book, we sketch applications of theorems of §§12-13 to the homo-
topy theory of algebras over operads.

Usual constructions in the model category of algebras over an operad R can be real-
ized in the category of right R-modules. As an example, we examine the construction of
cofibrant replacements. In §16.1, we prove that the functor SR(D) : RM→ RM asso-
ciated to a cofibrant replacement of the operad R in the category of R-algebras in right
R-modules yield functorial cofibrant replacements in the category of R-algebras. The
standard cofibrant replacement functors of the theory of operads (cotriple construc-
tions, operadic bar constructions, Koszul constructions) are associated to particular
cofibrant replacements of R.

In §10 we observed that universal operads UR(A) are associated to right modules
over operads A. In §16.2, we use this representation to obtain homotopy invariance
results for enveloping operads.

In §16.3 we address applications of these theorems to the homology of algebras
over operads. Recall briefly that any category of algebras over an operad R has a
natural homology theory derived from the functor of Kähler differentials A 7→ Ω1

R(A).
Since we observed in §10.2 that Ω1

R(A) is the functor associated to a right R-module
Ω1
R, we can use theorems of §§12-13 to obtain significant results for the homology

of R-algebras. To illustrate this principle, we prove that the homology of R-algebras
is defined by a Tor-functor (and the cohomology by an Ext-functor) if Ω1

R forms a
projective right R-module (when R is an operad in k-modules).

As examples, we address the case of the operad A of non-unitary associative al-
gebras, the case of the operad L of Lie algebras, and the case of the operad C of
commutative algebras. In §10.2, we proved that Ω1

R is free (or close to be free) as a
right R-module for R = A, L. In these cases, we recover that the classical Hochschild
homology of associative algebras and the classical Chevalley-Eilenberg homology of
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Lie algebras are given by Tor-functors (respectively, Ext-functors for the cohomol-
ogy). On the other hand, one can check that the Harrison homology of commutative
algebras (respectively, the André-Quillen homology in positive characteristic) is not
given by a Tor-functor (respectively, an Ext-functor). This observation reflects the
fact that Ω1

C is not projective as a right C-module.

16.1. Homotopical constructions for algebras over operads

In §4.4 we recall that the category of R-algebras forms a cofibrantly generated
(semi) model category at least if R is a Σ∗-cofibrant operad. Accordingly, for any
R-algebra A, there exists a cofibrant R-algebra A′ (naturally associated to A) together
with a weak-equivalence A′ ∼−→ A. Constructions of the theory of operads (cotriple
constructions, operadic bar constructions, Koszul constructions in the dg-context)
aim to return functorial cofibrant replacements A 7→ A′ for all R-algebras A, or at
least for all R-algebras A which are cofibrant in the underlying category. In this sec-
tion, we check that these particular functorial cofibrant replacements are all functors
associated to R-algebras in right R-modules. This observation illustrates the following
general proposition:

16.1.1. Proposition. — Assume R is a Σ∗-cofibrant operad so that the category of
R-algebras forms a model category.

If D forms a cofibrant replacement of R in R CΣ∗R , then the functor SR(D) : RM→
RM associates to all M-cofibrant R-algebras A ∈ RM a cofibrant replacement in the
category of R-algebras.

Proof. — By definition D is a cofibrant object in R CΣ∗R together with a weak-
equivalence ε : D ∼−→ R. Observe that the operad itself R forms a cofibrant object in
the category CΣ∗R of right R-modules (but R is not cofibrant as an R-algebra in right
R-modules). Thus, by theorem 12.A, and since the forgetful functor creates weak-
equivalences in the category of R-algebras, we obtain that the morphism ε : D ∼−→ R

induces a weak-equivalence of R-algebras

SR(D,A) ∼−→ SR(R, A) = A,

as long as A is M-cofibrant.
For P = R, the adjunction relation of §8.1.3

Mor
PM(SR(D,A), B) ' Mor

P CΣ∗
R

(D,EndA,B)

implies that SR(D,A) forms a cofibrant R-algebra. Observe simply that the functor
B 7→ EndA,B preserves fibrations and weak-fibrations as long as A forms a cofibrant
object in the underlying categoryM.

This observation achieves the proof of proposition 16.1.1.
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16.1.2. The simplicial bar construction. — The simplicial bar construction is the
most general construction of cofibrant replacements, available in any cofibrantly gen-
erated model category M. Formally, for any operad R, we form a simplicial object
B∆(R, R, R) so that

B∆
n (R, R, R) = R

0
◦ R

1
◦ · · · ◦ R

n
◦ R
n+1

,

together with faces di : B∆
n (R, R, R) → B∆

n−1(R, R, R) induced by the operad composi-
tion product µ : R ◦ R→ R at (i, i+1)th places and with degeneracies sj : B∆

n (R, R, R)→
B∆
n+1(R, R, R) induced by the insertion of an operad unit η : I → R between (j, j+1)th

places.
This construction R 7→ B∆(R, R, R) returns a simplicial R-algebra in right R-modules.

One notes that this simplicial object is Reedy cofibrant, as long as the operad R is Σ∗-
cofibrant, and we form its realization |B∆(R, R, R)| to obtain a cofibrant replacement
of R in the category of R-algebras in right R-modules.

For an R-algebra A, we set B∆(R, R, A) = SR(B∆(R, R, R), A). Observe that
B∆
n (R, R, R) forms by definition a right R-module. Accordingly, by proposition 7.1.1,

we have:

SR(B∆
n (R, R, R), A) = SR(R

0
◦ R

1
◦ · · · ◦ R

n
◦ R
n+1

, A)

= S(R
0
◦ R

1
◦ · · · ◦ R

n
, A) = S(R

0
) ◦ S(R

1
) ◦ · · · ◦ S(R

n
)(A)

and A 7→ SR(B∆
n (R, R, R), A) can be identified with the standard cotriple constructions

in the category of R-algebras. Since the functor D 7→ SR(D,A) preserves cofibrations,
acyclic cofibrations, colimits we have SR(|B∆(R, R, R)|, A) = |B∆(R, R, A)|.

Therefore we obtain that |B∆(R, R, R)| is an R-algebra in right R-modules such that
SR(|B∆(R, R, R)|, A) is identified with the cofibrant replacement of A arising from the
cotriple constructions in the category of R-algebras.

The realization |B∆(R, R, R)| can also be performed in the underlying cate-
gory of right R-modules. To distinguish these realizations, we use the nota-
tion |B∆(R, R, R)|

R CΣ∗
R

for the realization of B∆(R, R, R) in R CΣ∗R the notation

|B∆(R, R, R)|CΣ∗
R

for the realization of B∆(R, R, R) in CΣ∗R , and similarly for the
simplicial object B∆(R, R, A) = SR(B∆(R, R, R), A) associated to an R-algebra. Again,
we have an identity SR(|B∆(R, R, R)|CΣ∗

R
, A) = |B∆(R, R, A)|M.

In usual situations, we can use an Eilenberg-Zilber equivalence to provide
|B∆(R, R, R)|CΣ∗

R
with the structure of an R-algebra, but this R-algebra is not cofibrant

anymore. Nevertheless the object |B∆(R, R, R)|CΣ∗
R

forms still a cofibrant right R-
module, equivalent to |B∆(R, R, R)|

R CΣ∗
R

, and this equivalence reflects the equivalence
between |B∆(R, R, A)|M and |B∆(R, R, A)|

RM at the functor level.
The constructions of this paragraph have an obvious generalization in the con-

text where the left coefficient of B∆(−,−,−) is any right R-module C. The object
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|B∆(C, R, A)|M is equivalent to SR(C, |B∆(R, R, A)|
RM) and, at the module level, we

have an equivalence between |B∆(C, R, R)|CΣ∗
R

and C ◦R |B∆(R, R, R)|
R CΣ∗

R
.

We refer to [2] for the definition of the simplicial bar construction in the context
of monads, to [34, §9] for the case of monads associated to operads, to [37, §3.7] for
the definition in the context of operads. We refer to [11] for further results on the
simplicial bar construction in the dg-context.

16.1.3. The operadic bar and Koszul constructions in the dg-context. — In [11] we
use a two-sided operadic bar construction B(C, R, D), defined for a base category
of dg-modules C = dg k Mod, that satisfies the same features as the simplicial bar
construction B∆(C, R, D). In particular, for C = D = R, the object B(R, R, R) forms a
cofibrant replacement of R in R CΣ∗R as long as R is a Σ∗-cofibrant operad. For a right
R-module C, we have B(C, R, R) = C ◦R B(R, R, R), and for an R-algebra A, we have
B(C, R, A) = SR(B(C, R, R), A). The object B(R, R, A) defines a cofibrant replacement
of A in the category of R-algebras provided A is cofibrant in the underlying category
of dg-modules.

For Koszul operads, the two-sided Koszul construction K(C, R, D) satisfies also
K(C, R, R) = C ◦R K(R, R, R), K(C, R, A) = SR(K(C, R, R), A), and is endowed with a
weak-equivalence K(R, R, R) ∼−→ R (see [11, §5]). But in positive characteristic this
construction is applied to operads R which are usually not Σ∗-cofibrant, like the com-
mutative or the Lie operad. Nevertheless one can observe thatK(C, R, R) (respectively,
K(R, R, D)) forms a K-cell complex (respectively, an L-cell complex) in the sense of
the definition of §14. Therefore, by theorems 14.A-14.B, the objects B(C, R, D) and
K(C, R, D) are equivalent provided that C, R, D are connected and cofibrant in the un-
derlying category of dg-modules. In [11] we prove this assertion by a spectral sequence
argument.

16.2. Homotopy invariance of enveloping operads and enveloping algebras

In this section we examine applications of the homotopy invariance results of §§12-
13 to enveloping operads. By §10.1.4, an operad morphism ψ : R → S gives rise to
a morphism of operads in right S-modules ψ[ : ψ! R[ · ] → S[ · ], which, at the func-
tor level, represents a natural transformation ψ[ : UR(ψ!B) → US(B) on enveloping
operads. The results of this section are consequences of the following lemma:

16.2.1. Lemma. — If ψ : R→ S is a cofibration (respectively, an acyclic cofibration)
of operads, then the morphism ψ[ : ψ! R[ · ] → S[ · ] forms a cofibration (respectively,
an acyclic cofibration) of operads in right S-modules.

In particular, if R is a cofibrant operad, then R[ · ] forms a cofibrant operad in right
R-modules.
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Proof (sketch). — In this proof we use the notation ψ! R[ · ] = R[ · ] ◦R S for the operad
in right S-module obtained by extension of structures from the operad R[ · ].

The shift construction of §10.1.2 satisfies

F(C)[ · ] = F(C[ · ])

for all right Σ∗-object C, where: on the left-hand side, the notation F(C)[ · ] refers to
the shift of the usual free operad on C; on the right-hand side, we perform a shift
on C to obtain a Σ∗-object in CΣ∗ , the category of Σ∗-objects; then we form the free
operad on C[ · ] to obtain a free object within the category of operads in Σ∗-objects.
For a colimit of operads Ri ∈ O, we have similarly

(colim
i

Ri)[ · ] = colim
i

(Ri[ · ]),

where on the right-hand side we form the colimit in the category of operads in Σ∗-
objects.

For an (acyclic) cofibration of Σ∗-objects i : C → D, one can check directly that
the morphism F(i)[ : F(C)[ · ] ◦F(C) F(D) → F(D)[ · ] forms an (acyclic) cofibration of
operads in right F(D)-modules. To check this assertion, use the structure of the free
operad.

For a pushout of operads

P //

φ

��

R

ψ

��
Q // S

,

the diagram

P[ · ] ◦P S //

��

R[ · ] ◦R S

��
Q[ · ] ◦Q S // S[ · ]

defines a pushout of operads in right S-modules. If φ[ : P[ · ]◦P Q→ Q[ · ] is an (acyclic)
cofibration of operads in right Q-modules, then we obtain that

P[ · ] ◦P S = (P[ · ] ◦P Q) ◦Q S
φ[◦QS−−−→ Q[ · ] ◦Q S

forms an (acyclic) cofibration of operads in right S-modules. For this assertion, use
that a Quillen adjunction on underlying symmetric monoidal categories gives rise to a
Quillen adjunction on operad categories. By axioms of model categories, we conclude
that ψ[ : R[ · ]◦R S→ S[ · ] forms an (acyclic) cofibration of operads in right S-modules.

Assume that ψ : R→ S splits into a sequential colimit

R = S0 → · · · → Sλ
ψλ−−→ Sλ+1 → · · · → colim

λ
Sλ = S .
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If the morphisms (ψλ)[ : Sλ[ · ]◦Sλ
Sλ+1 → Sλ+1[ · ] are (acyclic) cofibrations of operads

in right Sλ+1-modules, then we obtain similarly that ψ[ : R[ · ] ◦R S → S[ · ] forms an
(acyclic) cofibration of operad in right S-modules.

From these assertions we conclude that ψ[ : ψ! R[ · ] → S[ · ] forms a cofibration
(respectively, an acyclic cofibration) of operads in right S-modules if ψ : R → S is a
relative (acyclic) cell complex of operads. The lemma follows.

As a byproduct, since cofibrations (respectively, acyclic cofibrations) of operads
form cofibrations (respectively, acyclic cofibrations) in the underlying category, we
obtain that ψ[ : ψ! R[ · ]→ S[ · ] forms a cofibration (respectively, an acyclic cofibration)
in the category of right S-modules. Furthermore, by Brown’s lemma we have:

16.2.2. Lemma. — If ψ : R → S is a weak-equivalence between cofibrant operads,
then the morphism ψ[ : ψ! R[ · ]→ S[ · ] forms a weak-equivalence as well.

From theorem 12.A, we conclude:

16.2.3. Proposition. —

1. If ψ : R → S is a weak-equivalence of cofibrant operads, then ψ[ : UR(ψ!B) →
US(B) defines a weak-equivalence for all S-algebras B which are cofibrant in the
underlying category.

2. If f : A → B is a weak-equivalence of R-algebras, then UR(f) : UR(A) → UR(B)
defines a weak-equivalence, as long as R is a cofibrant operad.

(See also [4] for another proof of this proposition.)

In [3], the authors prove a similar result on the natural transformation ψ] : UR(A)→
US(ψ!A) which arises from the adjoint of ψ[ : ψ! R[ · ] → S[ · ] in the case where the
underlying category is proper (see proof of proposition 5.7 in loc. cit.).

We give another example of applications of the realization of the enveloping op-
erad UR(A) by a right module over an operad. We study rather the enveloping algebra
UR(A) = UR(A)(1). Recall that an E∞-operad is a Σ∗-cofibrant operad E equipped
with a weak-equivalence φ : E → C where C refers to the operad of commutative
algebras. The morphism φ] : E[ · ] → φ! C[ · ] forms clearly a weak-equivalence (by
construction φ] is the obvious morphism induced by φ, see §10.1.4). We use this
equivalence to transport properties of the enveloping algebra of commutative alge-
bras to algebras over E∞-operads. Explicitly, for a commutative algebra A, we have
UC(A) = A. For algebras over E∞-operads, we obtain:

16.2.4. Theorem. — Let E be an E∞-operad that fits in a factorization

A //
��

ψ ��

C

E

∼
φ

??
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of the classical morphism A→ C. According to this requirement, any E-algebra forms
an associative algebra by restriction of structures. Assume further that ψ is a cofibra-
tion of operads.

For all E-algebras A, which is cofibrant in the underlying category, we have func-
torial weak-equivalences of associative algebras

UE(A) ∼←− · ∼−→ A

that connect the enveloping algebra of A to the associative algebra underlying A.

Proof. — The object A[1] forms a free right A-module by proposition 10.1.8. The
object ψ! A[1] forms a cofibrant right E-module by Quillen adjunction. Lemma 16.2.1,
implies that the morphism ψ[ : ψ! A[1]→ E[1] forms a cofibration of right E-modules.
Thus we conclude that the object E[1] forms a cofibrant right E-module itself.

For the commutative operad C, we have an isomorphism of associative algebras
in right C-modules C[1] ' C that reflects the relation UC(A) ' A for commutative
algebras. The operad morphism φ : E → C defines a weak-equivalence of associative
algebras in right E-modules φ] : E[1]→ φ! C[1]. The operad E forms also an associative
algebra in right E-modules and the morphism φ : E→ C defines a weak-equivalence of
associative algebras in right E-modules φ] : E→ φ! C.

Thus we have weak-equivalences of associative algebras in right E-modules

E[1] ∼−→ φ! C[1] ' φ! C
∼←− E

from which we deduce the existence of weak-equivalences

E[1] ∼←− · ∼−→ E,

where the middle term consists of a cofibrant associative algebra in right E-modules.
Since cofibrant associative algebras in right E-modules are cofibrant in the underlying
category, we deduce from theorem §12.A that these weak-equivalences yield weak-
equivalences at the functor level. Hence we obtain functorial weak-equivalences of
associative algebras

UE(A) ∼←− · ∼−→ A

as stated.

16.3. Kähler differentials and homology of algebras over operads

The cohomology of algebras over an operad R is defined by the homology of derived
functors on the homotopy category of R-algebras, namely the functor of operadic
derivations A 7→ DerR(A,N) where N is any representation of A. There is also a
homology theory defined by the homology of the derived functor of tensor products

M ⊗UR(A) Ω1
R(A),

where UR(A) refers to the enveloping algebra of A, the coefficient M is a right UR(A)-
module, and Ω1

R(A) is the module of Kähler differentials of A, whose definition is
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recalled in §10.2. The operadic homology forms in some sense the dual theory of the
operadic cohomology since

DerR(A,N) = HomUR(A)(Ω1
R(A), N).

In §10.2 we observe that Ω1
R(A) is the functor associated to a right R-module Ω1

R.
In this section, we exploit theorem 12.A to prove that the homology of R-algebras
is defined by a Tor-functor (and the cohomology by an Ext-functor) if Ω1

R forms a
projective right R-module (when R is an operad in k-modules). As an illustration, we
examine the case of the associative, Lie and commutative operads.

16.3.1. Recollections: the definition of (co)homology for algebras over operads. —
The cohomology of algebras over operads can be defined as the homology of the
derived functor of the functor of operadic derivations DerR(A,N) with respect to
the R-algebra A. This definition makes sense for operads and algebras in simplicial
modules, or in dg-modules. In this subsection, we examine constructions in the dg-
module setting.

The operad R is supposed to be Σ∗-cofibrant to assume that R-algebras form a
(semi) model category. Recall that a map θ : A → N , where A is an R-algebra and
N is a representation of A, forms a derivation if we have the derivation relation

θ(p(a1, . . . , an)) =
n∑
i=1

p(a1, . . . , θ(ai), . . . , an)

for all operations p ∈ R(n) and all a1, . . . , an ∈ A. In the dg-context, we extend this
definition to homogeneous maps θ : A → N to obtain a dg-module of derivations.
The cohomology of A with coefficients in N is defined by:

H∗
R (A,N) = H∗(DerR(A′, N)),

where A′ is any cofibrant replacement of A in the category of R-algebras.
To define the homology of R-algebras, we use the module of Kähler differentials

Ω1
R(A) and the coefficients consist of right modules over the enveloping algebra UR(A).

Observe that the definition of UR(A) and Ω1
R(A) can be extended to the dg-context

and returns a dg-algebra UR(A) and a dg-module Ω1
R(A) when R is a dg-operad and

A is an R-algebra in dg-modules so that we obtain an isomorphism

DerR(A,N) ' HomUR(A) Mod(Ω1
R(A), N)

in the category of dg-modules.
The homology of A with coefficients in a right UR(A)-module M is defined by:

HR
∗(A,N) = H∗(M ⊗UR(A′) Ω1

R(A
′)),

where, again, A′ is any cofibrant replacement of A in the category of R-algebras.
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16.3.2. Universal coefficients. — In our next constructions we assume that R is an
operad in k-modules and A is an R-algebra in k-modules. To define the homology, we
use that A is equivalent to a dg-object concentrated in degree 0 and equipped with a
trivial differential.

Observe that

DerR(A′, N) = HomUR(A′) Mod(Ω1
R(A

′), N) = HomUR(A) Mod(T 1
R (A), N)

and M ⊗UR(A′) Ω1
R(A

′) = M ⊗UR(A) T
1
R (A),

where T 1
R (A) = UR(A)⊗UR(A′) Ω1

R(A
′).

By definition, we have H∗(T 1
R (A)) = HR

∗(A,UR(A)).
One checks that Ω1

R(A
′) forms a cofibrant UR(A′)-module if A′ is a cofibrant R-

algebra. By Quillen adjunction we obtain that T 1
R (A) = UR(A)⊗UR(A′)⊗Ω1

R(A
′) forms

a cofibrant UR(A)-module as well. As a consequence:

16.3.3. Observation. — We have universal coefficient spectral sequences

E2
s,t = TorUR(A)

s (M,HR
t (A,UR(A)))⇒ HR

s+t(A,M)

and Es,t2 = ExtsUR(A)(H
R
t (A,UR(A)), N)⇒ Hs+t

R (A,N).

From these spectral sequences we deduce that the homology (respectively, the
cohomology) is given by a Tor-functor (respectively, Ext-functor) over UR(A), for all
R-algebras A, if and only if the homology HR

∗(A,UR(A)) vanishes in degree ∗ > 0.
Recall that UR(A) = SR(R[1], A). By theorem 12.A, if R[1] is cofibrant as a right
R-module, then the functor A 7→ UR(A) preserves weak-equivalences between all R-
algebras which are cofibrant in the underlying category of dg-modules. In this context,
we have a homology isomorphism

H∗(Ω1
R(A

′)) = H∗(UR(A′)⊗UR(A′) ⊗Ω1
R(A

′) '−→ H∗(UR(A)⊗UR(A′) ⊗Ω1
R(A

′)

since we observe that the object Ω1
R(A

′) forms a cofibrant left UR(A′)-module, for any
cofibrant R-algebra A′.

From the representation Ω1
R(A

′) = SR(Ω1
R, A

′) and theorem 12, we obtain as a
corollary:

16.3.4. Theorem. — Let R be a non-graded Σ∗-cofibrant operad. If Ω1
R and R[1] are

projective as right R-modules, then we have

HR
∗(A,M) = TorUR(A)

∗−1 (M,Ω1
R(A)) and H∗

R (A,N) = Ext∗−1
UR(A)(Ω

1
R(A), N)

for all non-graded algebras A ∈ RM which are projective in the underlying category
of k-modules, and all M ∈ ModUR(A) and N ∈ UR(A)Mod.
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Proof. — If Ω1
R is projective as a right R-module, then theorem 12.A implies that any

weak-equivalence of R-algebras f : A→ B induces a weak-equivalence

SR(Ω1
R, A)︸ ︷︷ ︸

Ω1
R (A)

∼−→ SR(Ω1
R, B)︸ ︷︷ ︸

Ω1
R (B)

as long as the algebras A,B are cofibrant in the underlying category of dg-modules.
For the augmentation morphism of a cofibrant replacement ε : A′ ∼−→ A we conclude
that

Ω1
R(A

′) ε−→ Ω1
R(A)

forms a weak-equivalence, and hence

H∗(Ω1
R(A

′)) =

{
Ω1
R(A), for ∗ = 1,

0, otherwise.

By immediate applications of the five lemma, we can extend theorem §16.3.4 to
operads R such that the module of Kähler differentials Ω1

R is equipped with a filtration
whose subquotients consist of projective right R-modules.

16.3.5. Classical examples. — For the usual operads R = A, L, C it is classical that
operadic (co)homology agrees with:

– the Hochschild (co)homology for the associative operad R = A,
– the Chevalley-Eilenberg (co)homology for the Lie operad R = L,
– the Harrison (co)homology for the commutative operad R = C,

It is also standard that Hochschild and Chevalley-Eilenberg (co)homology are given
by Tor-functors (respectively, Ext-functors) but not Harrison (co)homology (see for
instance [31]). The assertion about Hochschild and Chevalley-Eilenberg (co)homology
is implied by the deeper property, checked in §10.2, that the module Ω1

R forms a free
right R-module for R = A, L. In the case R = C, the non-vanishing of HC

∗(A,A) for non-
smooth algebras (recall that UC(A) = A for commutative operads) implies that Ω1

C

does not form a projective right C-module and gives an obstruction for this property.

Remark. — In positive characteristic, one has to use simplicial objects to address
the case of commutative algebras and Lie algebras because the commutative and Lie
operads are not Σ∗-cofibrant. In this context, the operadic (co)homology agrees with
the Chevalley-Eilenberg (co)homology for the Lie operad R = L, with the André-
Quillen (co)homology for the commutative operad R = C,

For the Lie operad L, both objects Ω1
L and L[1] are not projective as right L-modules,

but have only a filtration by subquotients of the form M ◦ L, where M ∈ CΣ∗ . This
property is sufficient to obtain that the functors UL(G) = SL(L[1], G) and Ω1

L(G) =
SL(Ω1

L, G) preserve weak-equivalences between all Lie algebras which are cofibrant in
the underlying category.
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adjunction
of symmetric monoidal categories over a base, §1.1.2

algebras over an operad, §3.1.2
free algebras over an operad, §3.1.8
in Σ∗-objects, §3.1.6, §3.1.7, §9
in functors, §3.1.4, §3.1.5
in right modules over an operad, §9.1

bimodules over operads, §9.1
extension of structures for, §9.3
functors associated to, §9.2
restriction of structures for, §9.3

C-cofibrant objects, §4.2
C-cofibrations objects, §4.2
cell complexes

relative cell complexes in right modules over operads, §11.2
relative K-cell complexes, §14
relative L-cell complexes, §14

coequalizers
reflexive, §1.2

composition products
of Σ∗-objects, §2.2, §2.2.2
relative, §5.1.5

connected
Σ∗-objects, §2.1.3
right modules over an operad, §5.1.4

constant
Σ∗-objects, §2.1.2
right modules over an operad, §5.1.4

endomorphism operads
in enriched symmetric monoidal categories, §3.3, §3.3.1
for right modules over operads, §9.4
of functors, §3.3.4, §9.4

endomorphism module of a pair, §2.3.1, §8.1.1
enveloping

operads, algebras, §10.1, §16.2
enriched

category of Σ∗-objects, §2.1.8
category of functors, §2.1.8
functor, §1.1.5
symmetric monoidal category over a base category, §1.1.4
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extension of functors, §7.2.3
extension of structures



INDEX 185

of algebras over operads, §3.2.5
of left modules over operads, §3.2.6
of right modules over operads, §7.2, §7.2.1
of bimodules over operads, §9.3

free
algebra over an operad, §3.1.8
left module over an operad, §3.1.8
right module over an operad, §7.1

functors
associated to bimodules over operads, §9.2
associated to left modules over operads, §3.1.10
associated to right modules over operads, §5.1.3
associated to Σ∗-objects, §2.1.1

functors
in the enriched sense, §1.1.5
of symmetric monoidal categories over a base, §1.1.2

generating
Σ∗-objects, §§2.1.9-2.1.12
right modules over an operad, §§7.1.2-7.1.5

generating (acyclic) cofibrations
of algebras over an operad, §4.4.2
of right modules over an operad, §11.1.3
of Σ∗-objects, §4.2.1

hom-objects
of a symmetric monoidal category over the base category, §1.1.4
of the category of Σ∗-objects, §2.1.8
of the category of right modules over an operad, §6.3
of the category of functors, §2.1.8

Kähler differentials, §10.2, §16.3
left modules over an operad, §3.1.6, §3.1.7, §9

extension of structures for, §3.2.6
free objects in, §3.1.8
functors associated to, §3.1.10
model category of, §4.4.4
restriction of structures for, §3.2.6
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of algebras over an operad, §§4.4.2-4.4.3
of bimodules over operads, §11.3
of left modules over an operad, §4.4.4
of operads, §4.4.1
of right modules over an operad, §11.1
of Σ∗-objects, §4.2

modules
bimodules over operads, §9.1
of Kähler differentials, §10.2, §16.3
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left modules over an operad, §3.1.6, §3.1.7, §9
right modules over an operad, §5, §5.1.1

monads associated to
an operad, §3.1.1
a non-unital operad, §3.1.3

natural transformation
of symmetric monoidal categories over a base, §1.1.2

non-unital operad, §3.1.3
monads associated to a, §3.1.3
right modules over a, §5.1.4

operad, §3.1.1
algebras over an, §3.1.2
bimodules over operads, §9.1
endomorphism, §3.3, §9.4
enveloping operads, §10.1, §16.2
left modules over an, §3.1.6, §3.1.7, §9
monads associated to an, §3.1.1
non-unital, §3.1.3
right modules over an, §5.1.1

reduced symmetric monoidal categories over a base, §1.1.7
with regular tensor powers, §4.3.4

reflexive coequalizers, §1.2
in categories of algebras, §3.2

reflexive pairs of morphisms, §1.2
regular tensor powers, §4.3.4
relative cell complexes in right modules over operads, §11.2
relative composition product, §5.1.5, §9.2.4

homotopy invariance, §14
relative K-cell complexes, §14
relative L-cell complexes, §14
restriction of functors, §7.2.3
restriction of structures

of algebras over operads, §3.2.5
of bimodules over operads, §9.3
of left modules over operads, §3.2.6
of right modules over operads, §7.2, §7.2.1

right modules over an operad §5, §5.1.1
connected, §5.1.4
constant, §5.1.4
extension of structures for, §7.2, §7.2.1
free, §7.1
functors associated to, §5.1.3
generating, §§7.1.2-7.1.5
hom-objects of the category of, §6.3
model category of, §11.1
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restriction of structures for, §7.2, §7.2.1
tensor product of, §6.1

Σ∗-cofibrant objects, §4.2
Σ∗-cofibrations, §4.2
Σ∗-objects, §2

algebras over an operad in the category of, §3.1.6, §3.1.7, §9
composition product of, §2.2, §2.2.2
constant, §2.1.2
connected, §2.1.3
functors associated to, §2.1.1
generating, §§2.1.9-2.1.12
hom-objects of the category of, §2.1.8
model category of, §4.2
tensor product of, §§2.1.5-2.1.7

symmetric monoidal category, §1.1.1
of functors, §2.1.4
of right modules over an operad, §6.1
of Σ∗-objects, §§2.1.5-2.1.7
over a base, §1.1.1

symmetric monoidal categories over a base, §1.1.1
adjunction of, §1.1.2
enriched, §1.1.4
functors of, §1.1.2
natural transformations of, §1.1.2
reduced, §1.1.7

symmetric monoidal model category, §4.1
enriched, §4.1
of right modules over an operad, §11.1
of Σ∗-objects, §4.2
over a base, §4.1

symmetric sequence of objects, §2
tensor product

of Σ∗-objects, §§2.1.5-2.1.7
of right modules over an operad, §6.1
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Glossary of notation

C: the base symmetric monoidal category, §1.1.1
CΣ∗ : the category of Σ∗-objects, §2.1
CΣ∗R : the category of right modules over an operad R, §5.1
P CΣ∗ : the category of left modules over an operad P, or, equivalently, the category of
P-algebras in Σ∗-objects, §3.1.6, §3.1.7, §9
P CΣ∗R : the category of bimodules over operads P, R, or, equivalently, the category of
P-algebras in right R-modules, §9
CΣ

0
∗ : the category of connected Σ∗-objects, §2.1

CΣ
0
∗

R : the category of connected objects in right modules over an operad R, §5.1.4
C[M ]: same as S[C,M ], the Σ∗-object obtained by shifts of the Σ∗-object C in the
construction (C,M) 7→ S(C,M), §13.1.1
C ◦D: the composition product of Σ∗-objects, §2.2, §2.2.2
C ◦R D: the relative composition product between right and left modules over an
operad, §5.1.5
EndM : endomorphism operads, §3.3, §3.3.1,
EndM,N : the endomorphism module of a pair, §2.3.1, §8.1.1
F(U ,V): the category of functors F : U → V
F : the category of functors F : M → M, where M is a fixed symmetric monoidal
category over a base, §2.1
F R: the category of functors F : RM→M, §5
P F : the category of functors F :M→ PM, §3.1.4, §3.1.5
P F R: the category of functors F : RM→ PM, §9
F0: the category formed by functors F :M→M which vanish on the initial object
0 ∈M, §2.1.4
Fr: generators of the category of Σ∗-objects, §2.1.9
Γ(G): the Σ∗-object associated to a functor G :M→M, §2.3, §2.3.4
ΓR(G): the right R-module associated to a functor G : RM → M, for R an operad,
§8, §8.1.4
HomM(−,−): the hom-objects of a category M enriched over the base category,
§1.1.4
HomF (−,−): the hom-objects of the category of functors F , §2.1.8
HomCΣ∗ (−,−): the hom-objects of the category of Σ∗-objects CΣ∗ , §2.1.8
HomCΣ∗

R
(−,−): the hom-objects of the category CΣ∗R , formed by right modules over

an operad R, §6.3
K: a class of morphisms in the category of right modules over an operad, §11.2
L: a class of morphisms in the category of left modules over an operad, §11.2
M: a symmetric monoidal category over the base category, §1.1.1
M0: a reduced symmetric monoidal category over the base category, §1.1.7
PM: the category of P-algebras in a categoryM, for P an operad in the base category,
§3.1.2
MorX (−,−): the morphism sets of a category X
O: the category of operads in the base category C, §3.1.1
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Ω1
R: the module of Kähler differentials over an operad, §10.2, §16.3

1: the unit object
in a symmetric monoidal category, §1.1.1
in Σ∗-objects, §2.1.7
in right modules over an operad, §6.1

P (and also Q, R, S): any operad in the base category C
φ!: the functor of extension of structures associated to an operad morphism φ

for bimodules, §9.3
for left modules, §3.2.6
for right modules, §7.2
for algebras, §3.2.5

φ!: the functor of restriction of structures associated to an operad morphism φ
for bimodules, §9.3
for left modules, §3.2.6
for right modules, §7.2
for algebras, §3.2.5

S(C): the functor on a symmetric monoidal categoryM associated to a Σ∗-object C,
§2, §2.1.1

S(C,M): the image of an objectM ∈M under the functor S(C) :M→M associated
to a Σ∗-object C, §2, §2.1.1

S[C,M ]: same as C[M ], the Σ∗-object obtained by shifts of the Σ∗-object C in the
construction (C,M) 7→ S(C,M), §13.1.1

SR(C): the functor on R-algebras associated to a right R-module C, for R an operad,
§5, §5.1.3

SR(C,A): the image of an R-algebra A under the functor SR(C) : RM→ RM associ-
ated to a right R-module C, §5, §5.1.3

SR[C,A]: the right R-module obtained by shifts of the right R-module C in the con-
struction (C,A) 7→ SR(C,A), §13.1.2

Σr: the symmetric group in r letters
Σ∗: the sequence of symmetric groups
UR(A): the enveloping operad (respectively, algebra) of an algebra over an operad,
§10.1, §16.2
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