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Abstract. The singular chain complex of the little 2-cubes operad defines

an operad in simplicial cocommutative coalgebras. This operad has a dual
structure, formed by a cooperad in cosimplicial commutative algebras, which

defines model of the prounipotent completion of the topological operad of little

2-cubes.
The group of homotopy automorphisms of an object in a model category is

formed by the homotopy classes of self homotopy equivalences of a cofibrant-

fibrant replacement of this object. We prove by using the model of cooperads in
cosimplicial commutative algebras that the group of homotopy automorphisms

of the rational prounipotent completion of the little 2-cubes operad is the

Grothendieck-Teichmüller group over Q. The goal of these notes is to explain
the statement of this result.

Introduction

The aim of these notes is to explain that the Grothendieck-Teichmüller group
defines the group of homotopy automorphisms of E2-operads, at least in the rational
setting.

The notion of E2-operad usually refers to a topological operad which is weakly
equivalent to Boardman-Vogt’ operad of little 2-cubes C2 in the model category of
topological operads (see next). This structure is used to model operations acting
on 2-fold loop spaces (see [6, 7, 22]). The structure of an E2-operad is also used in
simplicial and in differential graded algebra in order to model structures which are
homotopy commutative up to some degree. In this context, we deal with models
of E2-operads in the category of simplicial or differential graded modules and we
consider algebras over E2-operads in these categories. The structure of an algebra
over an E2-operad includes a product and homotopies that make this product as-
sociative and commutative in homology. But the homology of an algebra over an
E2-operad comes also equipped with a Lie bracket which represents an obstruction
to have a fully homotopy commutative structure at the algebra level.

In deformation theory, the existence of an E2-structure on the Hochschild cochain
complex (asserted by the Deligne conjecture) has been used to give an intrinsic
homotopical characterization of the deformation complex of polynomial algebras.
The application of this result has yielded second generation proofs of the equivalence
between deformation quantizations and Poisson deformations for smooth Poisson
manifolds (we refer to [21] for a comprehensive survey on this subject). For a
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different purpose, we prove in [17] that the cohomology of a 2-fold loop space Ω2X
can be determined by the natural homology of E2-algebras HE2

∗ (−) applied to the
cochain algebra of the space X.

In this work, we study the homotopy of E2-structures in view towards appli-
cations in algebra, but we find more convenient to work with simplicial objects
rather than in the differential graded setting in order to address difficulties arising
from the symmetry of monoidal structures. Besides, we consider cooperads – rather
than operads – because we use a duality process to form a model for a prounipotent
completion of topological operads.

Formally, we consider the singular simplicial complex functor with rational co-
efficients

Sing•(X) = Q{Map(∆•, X)},
which ends in the category of cocommutative coalgebras. For a topological operad
P, the singular complexes Sing•(P)(r) = Q{Map(∆•,P(r))}, r ∈ N, inherit an
operadic composition structure and form an operad in the category of simplicial
commutative coalgebras. The dual of an operad in Q-modules does not form a
cooperad in general, just like the dual of an algebra is not a coalgebra, nevertheless
we have a duality functor from the category of operads in simplicial cocommu-
tative coalgebras towards the category of cooperads in cosimplicial commutative
algebras. This duality functor is given by the basic duality of Q-modules when
we restrict ourselves to simplicial operads whose components are finite dimensional
in each simplicial dimension. We apply this duality functor to the singular com-
plex of the little 2-cubes operad Sing•(C2) in order to define a reference model
Ec

2 = Sing•(C2) for the homotopy type of E2-cooperads in the category of cosim-
plicial commutative algebras. We explain next that this cosimplicial commutative
Hopf operad Sing•(C2) gives a model of the rational prounipotent completion of
the little 2-cubes operad in the following sense: by applying a set-like functor to a
cofibrant replacement of Sing•(C2) we can retrieve a topological operad (C2)∧Q such
that πn(C2)∧Q = 0 for n > 1 and π1(C2)∧Q is the rational prounipotent completion
(the Malcev completion) of the fundamental group of C2.

Throughout these notes, we use the terminology of cosimplicial commutative
Hopf operad to refer to the category of cooperads in cosimplicial commutative
algebras. To avoid difficulties with infinite coproducts, we always restrict ourselves
to cooperads D satisfying D(0) = 0 and D(1) = k. Sometimes, we say that D is
connected as a cooperad when these conditions are satisfied. The little 2-cubes
operad is not connected as an operad, but we can just remove the 0-ary component
of C2 and replace the contractible 1-ary component of C2 by a point in order to
have a cosimplicial commutative Hopf cooperad Ec

2 = Sing•(C2) that fulfils our
connectedness conditions.

The definition of the space of homotopy automorphisms of an operad is certainly
easier to understand in the topological setting. Therefore we explain our purpose
in this context first, before going back to the model of cosimplicial commutative
Hopf cooperads. Recall that a weak-equivalence of spaces refers to a continuous
map which induces a bijection on connected components and an isomorphism on
homotopy groups (with respect to any choice of base point). For a topological
operad P, we consider the set of weak-equivalences φ : P

∼−→ P preserving the
operad composition structure. There is a natural homotopy relation ≡ on this
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set. Formally, we consider the path spaces P[0,1](r) = MapT op([0, 1],P(r)), r ∈ N,
which inherit an operad structure from P and form a path-object associated to
P in the category of topological operads. Then we define a homotopy between
weak-equivalences of operads φ0, φ1 : P

∼−→ P as a weak-equivalence of operads
φ01 : P

∼−→ P[0,1] such that d0φ01 = φ0, d1φ01 = φ1, where (d0, d1) are the face
morphisms of the path-object P∆1

. Intuitively, a homotopy between operad weak-
equivalences is just a continuous family of operad weak-equivalences φt : P

∼−→ P,
t ∈ [0, 1], going from φ0, for t = 0, to φ1, for t = 1.

The category of topological operads inherit a natural model structure so that
we have a class of cofibrant objects in the category of operads which are good
with respect to constructions of homotopy theory. By a standard argument of
homotopical algebra, if we restrict ourself to cofibrant operads, then any weak-
equivalence φ : P

∼−→ P forms a homotopy equivalence in the sense that φ admits an
inverse ψ : P

∼−→ P satisfying ψφ ≡ id and φψ ≡ id with respect to the homotopy
relation. This observation justifies the terminology of homotopy automorphism
(and our notation) which we use next. Besides, we obtain that the homotopy classes
of weak-equivalences φ : P

∼−→ P form a group with respect to the composition of
maps.

At first, we are interested in this group formed by homotopy classes of weak-
equivalences φ : P

∼−→ P. Nevertheless, for the needs of homotopical algebra,
we extend definitions to have a whole simplicial set of homotopy automorphisms
hautT opOp P such that π0(hautT opOp P) is our set of homotopy classes of weak-
equivalences φ : P

∼−→ P. Formally, the simplicial set hautT opOp P is given in
dimension n by the set of weak-equivalences of topological operads φ : P

∼−→ P∆n

,
where we now consider the operad P∆n

defined by the collection of function spaces
P∆n

(r) = MapT op(∆n,P(r)), r ∈ N, on the n-simplex ∆n. The identity between
the set of connected components of hautT opOp P and the set of homotopy classes
of weak-equivalences φ : P

∼−→ P is formal. In what follows, we adopt the standard
abuse of homotopy theory to call spaces the simplicial sets when we view them as
combinatorial models of topological spaces. Therefore we use the terminology of
space of homotopy automorphisms to refer to the simplicial set hautT opOp P.

Again, the space hautT opOp P inherits good homotopical properties when P is
cofibrant as an operad only. Therefore we apply the definition of hautT opOp P
to a cofibrant replacement of P when P is not cofibrant itself. Indeed, the set
of connected components of hautT opOp P forms a group π0 hautT opOp P, naturally
associated to P, and which does not depend on the homotopy type of P within the
category of operads, only when we restrict ourselves to cofibrant operads.

The group π0 hautT opOp P is identified with the group of automorphisms of P in
the homotopy category of operads, which may also be denoted by AutHo(T opOp) P.
Naturally, a topological operad P defines an operad object in the homotopy cate-
gory of topological spaces and one can also study the automorphisms of this operad
in the homotopy category AutHo(T op)Op P. But these naive automorphism groups
differ from our groups of homotopy automorphisms and do not give the appropriate
structure for the homotopy version of the usual constructions of group theory (like
homotopy fixed points). Indeed, an automorphism of the operad P in the homo-
topy category of spaces Ho(T op) is just a collection of homotopy classes of maps
φ(r) ∈ [P(r),P(r)], invertible in the homotopy category, and preserving operadic
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structures up to homotopy, unlike our homotopy automorphisms which preserve
operadic structures strictly. Moreover, actual operad morphisms φ, ψ : P → Q de-
fine the same morphism in the homotopy category of spaces Ho(T op) as soon as
we have a homotopy of maps – regardless of operad structures – between φ(r) and
ψ(r), for any r ∈ N. Thus, by associating the collection of homotopy classes of maps
φ(r) : P(r) → P(r) to any homotopy automorphism φ ∈ hautT opOp P, we obtain a
mapping π0 hautT opOp P → AutHo(T op)Op P, from the group of homotopy classes
of homotopy automorphisms π0 hautT opOp P towards the group of automorphisms
of the operad P in the homotopy category category of spaces, but this mapping is
neither an injection nor a surjection in general.

To summarize, the group of automorphisms of P in the homotopy category of
operads, which π0 hautT opOp P represents, is not isomorphic to the group of auto-
morphisms of the operad P in the homotopy category of spaces AutHo(T op)Op P,
at least in general since this might be the case for particular examples of operads.
Indeed, our main theorem, stated next, implies that such an isomorphism holds
for the prounipotent completion of the little 2-cubes operad (C2)∧Q. According to
the previous analysis, we can regard the existence of this isomorphism as a rigidity
property of the little 2-cubes operad.

Now we apply an abstract construction, formalized in the general setting of model
categories, to define spaces of homotopy automorphisms for operads in cosimplicial
commutative Hopf cooperads. In general, we use that a model catefory A comes
equipped, under mild assumptions, with simplicial mapping spaces MapA(A,B)
defined for any pair of objects (A,B) ∈ A. The vertices of this simplicial set
are just morphisms φ : A → B of the category, the 1-simplices are homotopies
φ01 : A ⊗ ∆1 → B between morphisms φ0, φ1 : A → B (left or right homotopies,
depending on choices in the definition of mapping spaces), and π0(MapA(A,B)) is
the set of (left or right) homotopy classes of morphisms between A and B within
the model category A.

The simplicial mapping space MapA(A,B), just like the set of homotopy classes
of morphisms in a model category, is well-behaved when A is cofibrant and B is fi-
brant. This simplicial mapping space also forms a monoid in the homotopy category
when A = B. The space of homotopy automorphisms hautA(A) of an object A ∈ A
is the coproduct of the invertible components of the mapping space MapA(A,A)
of B = A when A is a cofibrant-fibrant object, of a cofibrant-fibrant replacement
of A otherwise. The group of connected components π0(hautA(A)) is still identified
with the group of homotopy classes of weak equivalences φ : B ∼−→ B for such a
cofibrant-fibrant replacement of A since these morphisms represent the vertices of
the invertible components of MapA(B,B). Intuitively, this group π0(hautA(A))
represents the universal group of automorphisms acting on any homotopy-invariant
functor applied to A.

In §2, we explain that the category of connected cosimplicial commutative Hopf
cooperads cHopfOpc

1 inherits a full model structure. Thus we can apply the
general theory of model categories to define the homotopy automorphism space
hautcHopfOpc

1
(D) associated to any D ∈ cHopfOpc

1. In the cooperad context,
the elements g ∈ π0(hautcHopfOpc

1
(D)) represent natural equivalences acting on

the homotopy category of Hopf D-coalgebras. Next, we also explain that the
category of cosimplicial commutative Hopf cooperads gives an analogue for op-
erads of Sullivan’s model of rational homotopy [24]. In particular, the space
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hautcHopfOpc
1
(Ec

2) has the same homotopy type as the space of topological homo-
topy automorphisms hautT opOp((C2)∧Q), of the rational prouniponent completion
of the little 2-cubes operad (C2)∧Q.

Our main objective is precisely to determine this group π0(hautcHopfOpc
1
(Ec

2))
associated to a cofibrant model of E2-cooperad Ec

2. In what follows, we just focus
on the space haut1cHopfOpc

1
(Ec

2) formed by the components of hautcHopfOpc
1
(Ec

2)
associated to weak equivalences inducing the identity isomorphism on the homol-
ogy of Ec

2, because the group π0(hautcHopfOpc
1
(Ec

2)) is simply a semi-direct product
of π0(haut1cHopfOpc

1
(Ec

2)) with two copies of the multiplicative group Q× acting on
the homology of the cooperad Ec

2 by scalar multiplication on cogenerating cooper-
ations. Our result reads:

Theorem. For an E2-cooperad Ec
2 in cosimplicial commutative algebras over Q,

we have the identity:

π0(haut1cHopfOpc
1
(Ec

2)) = GT 1(Q)op,

and π∗(haut1cHopfOpc
1
(Ec

2)) = 0, for ∗ > 0,

where GT 1(Q) denotes the rational prounipotent version, defined by V. Drinfeld
in [12], of the Grothendieck-Teichmüller group.

The subscript in the notation GT 1(Q) refers to a version of the Grothendieck-
Teichmüller group with a trivial character component (see [12]).

The result of this theorem has been foreseen by M. Kontsevich (see [21]). First
results in the direction of our statement occur in the article of D. Tarmakin [28]
and T. Willwacher [29]. But these authors deal with operads within the category of
differential graded modules and forgets about the additional coalgebra structure on
E2-operads (dual to the commutative algebra structure considered in our theorem).

The theorem gives as a corollary:

Corollary. In the topological setting, we have

π0(haut1T opOp((C2)∧Q) = GT 1(Q),

and π∗(haut1T opOp((C2)∧Q)) = 0 when ∗ > 0

for the homotopy automorphism group of the rational prounipotent completion of
the little 2-cubes operad (C2)∧Q.

The group GT 1(Q) can be interpreted, using a reformulation of Drinfeld’s defi-
nition (see [3]), as a group of automorphisms of a categorical operad, the completed
operad of parenthesized braid diagrams P̂aB. By a theorem of Z. Fiedorowicz, [15],
the simplicial complex C•(P̂aB) defines a model of E2-operad in simplicial cocom-
mutative coalgebras. The dual cosimplicial cooperad C•(P̂aB) defines a model of
E2-cooperad in simplicial commutative algebras on which the group GT 1(Q) acts.
By homotopy invariance, we obtain that this action lifts to a homotopy action
of GT 1(Q) on a cofibrant-fibrant model of E2-cooperad. Our result asserts that
all homotopy equivalences of E2-cooperads inducing the identity isomorphism in
homology are homotopic to one and only one such homotopy equivalence coming
from GT 1(Q).

Recall that E2-operads only give the second layer of a full sequence of homotopy
structures, ranging from E1, fully homotopy associative but non-commutative, till
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E∞, fully homotopy associative and commutative. The methods of the present work
can easily be applied to E1-operads in order to prove that the group of homotopy
automorphisms of an E1-operad reduces to scalar multiplication of the generating
associative product operation. The group of homotopy automorphisms of an E∞-
operad is essentially trivial too (and so does the group of homotopy automorphisms
of an E∞-cooperad) because the components of the commutative operad, which
gives the simplest fibrant model of an E∞-operad in commutative coalgebras over
k, are the terminal of the category. The open question is to define analogues of the
Grothendieck-Teichmüller group for En-operads when 2 < n <∞.

To prove our theorem, we adapt constructions of [8] in order to form a spec-
tral sequence E2

s = Hs(HopfDfmc
Op(H∗(A),H∗(B))•) ⇒ π∗(MapcHopfOpc

1
(A,B))

computing the homotopy of mapping spaces in the category of cosimplicial commu-
tative Hopf cooperads MapcHopfOpc

1
(A,B) from the cohomology of a deformation

complex of graded commutative Hopf cooperads HopfDfmc
Op(H∗(A),H∗(B))•. For

the cohomology of the little 2-cubes operad H∗(C2), the cohomology of this Hopf
deformation complex Hs(HopfDfmc

Op(H∗(C2),H∗(C2))•) vanishes in degree ∗ > 0
and is identified with the graded version of the Grothendieck-Teichmüller Lie alge-
bra grt in degree ∗ = 0. To obtain this result, we use that H∗(C2) is Koszul, both
as a cooperad and as a collection of algebras, and we apply a reduction process of
the Koszul duality theory. Then we can check that all classes of degree ∗ = 0 in the
E2-term of our spectral sequence are hit by an actual homotopy automorphism,
coming from the Grothendieck-Teichmüller group, to conclude that the spectral
sequence degenerates at E2-stage and to obtain the result of our theorem.

The goal of this announcement is just to explain the background and the formu-
lation of our main theorem. Proofs will be given in a book in preparation.

To simplify the presentation of our results, we deal throughout these notes with
a graded version of the Grothendieck-Teichmüller group GRT 1(Q) rather than the
standard prounipotent Grothendieck-Teichmüller group GT 1(Q). Recall that the
existence of Drinfeld’s associators implies the existence of an isomorphism between
GRT 1(Q) and GT 1(Q) (see [12]). Thus, as long as we deal with rational models of
operads, we can equivalently use GRT 1(Q) or GT 1(Q).

First, we explain that GRT 1(Q) can be interpreted as a group of operad auto-
morphisms associated to a categorical operad whose morphisms are represented by
chord diagrams (§1). Most statements of this first section (§1) are reformulations of
ideas of [3, 27]. Then, after reviewing the definition of the model structures involved
in our statement (§2), we explain that the categorical operad of chord diagrams gives
rise to a model of an E2-cooperad on which the Grothendieck-Teichmüller group
acts and this is enough to formalize our result (§3).

1. The operad of parenthesized chord diagrams

To begin with, we review the definition of the operad of chord diagrams, and we
recall the definition of the Grothendieck-Teichmüller group as a group of operad
automorphisms on a categorical version of this operad.

1.1. The algebras of chord diagrams. For any finite set I, we form the graded Lie
algebra g(I) with generating elements tij , of degree 0, associated to each pair {i 6=
j} ⊂ I and divided out by the relations

(a) [tij , tkl] = 0, for i 6= j 6= k 6= l, and [tij , tik + tjk] = 0, for i 6= j 6= k.
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We take g(I) = 0 when I has 0 or 1 element. We equip the Lie algebra g(I) with
a weight grading by assigning the weight 1 to each generating element tij . We call
g(I) the Lie algebra of chord diagrams on I-indexed strands.

We adopt the notation A(I) for the enveloping algebra A(I) = U(g(I)). We can
identify A(I) with the associative algebra generated by the elements tij divided
out by relations (a), where the operation [−,−] now represents the commutator
[a, b] = ab− ba within the associative algebra A(I). We also have A(I) = k when I
has 0 or 1 element. We equip A(I) with the usual coproduct of enveloping algebras
so that ∆(tij) = tij ⊗ 1 + 1⊗ tij , for any tij ∈ A(I).

A product ti1j1 · · · tiljl
is represented by a sequence of l chords joining strands

labeled by the set I as in Figure 1. Our convention is to orient strands downwards.
The relations of (a) are represented Figure 2.

• •
• •

• •
• •
1 2 3 4

Figure 1. The graphical representation of the composite t13t12t34t14.

• •
• •
i j k l

=
• •

• •
i j k l

• •
• •
i j k

+
• •

• •
i j k

=
• •
• •
i j k

+
• •

• •
i j k

Figure 2. The chord relations.

We have a Lie algebra morphism u∗ : g(I) → g(J) naturally associated to any
bijection u : I '−→ J so that the collection g(I), as well as the associated enveloping
algebras A(I) = U(g(I)), defines a functor on the category formed by finite sets as
objects and bijections as morphisms. We use the notation g(r) for the Lie algebra
g(r) = g({1, . . . , r}) associated to the set I = {1, . . . , r}, and similarly as regards
the algebras A(I). We have an action of the symmetric group Σr on g(r) (and
on A(r) similarly), since the elements of Σr are nothing but bijections on the set
{1, . . . , r}. We explain next that the functor g(I) (and A(I) similarly) can be
retrieved from this Σ∗-structure on the collection of Lie algebras g(r).

1.2. The category of parenthesized chord diagrams. The (complete) parenthesiza-
tions of an ordering {i1 < · · · < ir} of a finite set I are defined inductively as
expressions

u(i1, . . . , ik)v(ik+1, . . . , ir),
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where u(i1, . . . , ik) and v(ik+1, . . . , ir) are (complete) parenthetizations of the sub-
words {i1 < · · · < ik} and {ik+1 < · · · < ir}. We form a category PaC(I) enriched
in cocommutative coalgebras (we also say that PaC(I) is a cocommutative Hopf
category) with the complete parenthesizations of orderings of I as objects, the
underlying coalgebra of A(I) as hom-object associated to each pair parenthesized
orderings, and the composition structure yielded by the product of A(I).

The morphism of PaC(I) are represented by the composite of a chord diagram
with a permutation as in Figure 3. We adopt the convention of [3], where paren-
thesizations of chord diagrams are marked by an exponential gap scale between
strands.

3 1 4 2

• •
• •

• •
1 2 3 4

Figure 3. The graphical representation of a morphism
(((31)4)2) → ((1(23))4).

1.3. The operad structure on chord diagrams. The Lie algebras g(I) inherit partial
composition operations

ci : g(I)⊕ g(J) → g(I \ {i} q J)

such that

ci(tkl) = tkl, when {i 6= k 6= l} ⊂ I,

ci(til) =
∑
j∈J

tjl, whenever {i = k 6= l} ⊂ I,

and ci(tkl) = tkl, for {k 6= l} ⊂ J.

The sum g(I) ⊕ g(J) is equipped with the Lie bracket such that [a, b] = 0 for
a ∈ g(I) and b ∈ g(J) and our formulas characterize ci as a Lie algebra morphism.

On the associative algebras A(I), we obtain composition operations

◦i : A(I)⊗A(J) → A(I \ {i} q J)

defined by using the identity A(I) = U(g(I)) and the enveloping algebra isomor-
phism U(g⊕ h) = U(g) ⊗ U(h). These composition operations naturally commute
with the diagonal of enveloping algebras and, hence, define morphisms of cocom-
mutative coalgebras.

Graphically, the composite α ◦i β is defined by substituting the chord diagram
β ∈ A(J) to the ith strand of α ∈ A(I) and we sum up over all possible fixations,
on a strand of β, of the chords joining the ith strand in the diagram α ∈ A(I).
An example is represented in Figure 4. For β = 1, the unit element of A(I), we
retrieve the cabling operation considered in [3].
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• •
• •

i1 i2 i3

◦i3

• •
j1 j2

=

• •
• •

• •
i1 i2 j1 j2

+

• •
• •

• •
i1 i2 j1 j2

Figure 4. An example of composition operation.

The partial composites ◦i are in a natural sense preserved by the action of
bijections on the algebras A(I). The element 1 ∈ A(1) also satisfies the unit
relation 1 ◦1 a = a and a ◦i 1 = a, for all a ∈ A(I), and we readily check that our
composition operations satisfy the operadic relations

(a ◦j b) ◦k c = a ◦j (b ◦k c), for a ∈ A(I), b ∈ A(J), c ∈ A(K), j ∈ I, k ∈ J,
(a ◦j b) ◦k c = (a ◦k c) ◦j b, for a ∈ A(I), b ∈ A(J), c ∈ A(K), {j 6= k} ⊂ I.

Therefore, we conclude:

Proposition 1.4 (see [27]). The Hopf algebras A(I) form a cocommutative Hopf
operad with unit. �

The categories PaC(I) inherit natural transformations

◦i : PaC(I)⊗ PaC(J) → PaC(I \ {i} q J)

yielded by the operadic composition structure of A(I) on morphisms and the in-
sertion of parenthesized orderings on objects. Hence:

Proposition 1.5 (see [27]). The categories PaC(I) form an operad in the category
of cocommutative Hopf categories. �

1.6. Completions and duality. The Hopf algebra A(I) = U(g(I)) is equipped with
a decreasing filtration with as nth layer the module FnA(I) spanned by monomials
ti1j1 · · · tiljl

of length l > n. Observe that this module FnA(I) defines an ideal
of A(I), but not a Hopf ideal. Nevertheless, the completed algebra

Â(I) = lim
n
A(I)/FnA(I)

inherits a Hopf structure, because the diagonal of A(I) satisfies the continuity
relation

∆(FnA(I)) ⊂
n∑

m=0

FmA(I)⊗ Fn−mA(I),

with respect to the filtration (we say that A(I) forms a filtered coalgebra). The
complete algebras Â(I) also inherit composition operations ◦i from A(I) and form
an operad in the category of complete cocommutative Hopf algebras.

The Lie algebras g(I) are also equipped with a natural filtration and we have
an identity Â(I) = U(ĝ(I)) for the completed Lie algebra ĝ(I) formed from this
filtration.

For each finite set I, we form the category enriched in complete filtered co-
commutative coalgebras P̂aC(I) (we also say that P̂aC(I) is a complete filtered
cocommutative Hopf category) with the same objects as PaC(I), the parenthesized
orderings of I, the underlying filtered coalgebra of Â(I) as hom-object associated
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to each pair of parenthesized orderings, and the composition structure inherited
from the category of parenthesized chords PaC(I). The collection P̂aC(I) forms an
operad in complete filtered cocommutative Hopf categories with the composition
structure inherited from Â(I) for morphisms. We use the notation Â and P̂aC for
these operads.

1.7. The Grothendieck-Teichmüller group. The graded Grothendieck-Teichmüller
group GRT 1(Q) is defined in [12] by an explicit description in terms of equations
in the Q-pro-unipotent completion of the free group in 2 generators. But we have a
more conceptual definition according to which the Grothendieck-Teichmüller group
GRT 1(Q) is the group of structure preserving automorphisms of the categorical
operad P̂aC which are the identity on objects and fix the morphisms

X =

2 1

1 2

, H =

1 2

• •

1 2

.

Thus, an automorphism g ∈ GRT 1(Q) consists of a collection of continuous coal-
gebra automorphisms

Hom
P̂aC(I)

(u, v)︸ ︷︷ ︸
=Â(I)

g−→ Hom
P̂aC(I)

(u, v)︸ ︷︷ ︸
=Â(I)

associated to each pair of objects (u, v) ∈ Ob P̂aC(I) such that g(X) = X, g(H) = H,
and both the algebra and the operadic composition structures are preserved, as well
as the symmetric group actions of the operadic structure.

By [3, Claim 2.16], the operadic category P̂aC is generated, using all structure
operations, by the elements X, H, by the associativity morphism Z represented by
the diagram

Z =

1 2 3

1 2 3

and its inverse Z−1. This observation implies the following theorem, which is noth-
ing but the original definition of GRT 1(Q) in [12]:

Theorem 1.8 (see [12] and [3]). An automorphism g ∈ GRT 1(Q) is fully deter-
mined by an element ψ(x, y) ∈ L̂(x, y), where L̂(x, y) denotes the free complete Lie
algebra on two variables, so that:

g(Z) =

1 2 3

_ _ _ _ _ _ _ _ _ _ _ _ _ _�
�

�
�

_ _ _ _ _ _ _ _ _ _ _ _ _ _
expψ(t12, t23)

1 2 3

,

where the exponential element expψ(t12, t23) ∈ Â(3) is plugged into the diagram.
Moreover, the structure relations required for an automorphism of GRT 1(Q) are
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equivalent to the equations

ψ(t12, t23) + ψ(t23, t12) = 0,(a)

ψ(t12, t23) + ψ(t23, t13) + ψ(t13, t23) = 0,(b)

[t23, ψ(t12, t23)] + [t13, ψ(t12, t13)] = 0 in ĝ(3),(c)

together with the pentagon relation

(d) ψ(t12, t23 + t24) + ψ(t13 + t23, t34)

= ψ(t23, t34) + ψ(t12 + t13, t24 + t34) + ψ(t12, t23) in ĝ(4). �

In this theorem, we use that the Lie algebra g(3) admits a decomposition of
the form g(3) = k z ⊕ L(t12, t23) with a center k z generated by the element z =
t12 + t23 + t31. Naturally, the same decomposition holds for the completed Lie
algebra ĝ(3).

Equations (a-b) come from the commutation of automorphisms g = expψ ∈
GRT 1(Q) with the action of permutations. Equation (c) comes from the preser-
vation of coalgebra structures and equation (d) from the preservation of operad
composition structures.

2. Model categories and cooperads

The purpose of this section is to review the definition of model categories in-
volved in the statement of our result and in our constructions – from the most
fundamental till the most elaborate: the category of differential graded modules,
the category of cosimplicial modules, the category of cosimplicial commutative al-
gebras, the category of coooperads in cosimplicial modules, and the category of
coooperads in cosimplicial commutative algebras. Besides, we explain that the
category of coooperads in cosimplicial commutative algebras defines a model of
the homotopy category of operads in simplicial sets (and topological spaces) up to
rational prounipotent completions.

First of all, we review the definition of the category of differential graded modules
and one of its variants used in the present work.

The assertion of this section are valid for a ground field k of any characteristic
p ≥ 0, and even for a ring as long as we do not deal with cooperad structures.

2.1. On differential graded modules. In our works, we usually consider that a dif-
ferential graded module (for short, we say dg-module) is equipped with a lower
grading C =

⊕
n∈Z Cn, ranging over Z, together with a differential δ : C → C that

lowers degrees by one. In the present work, we still use this category of dg-modules,
for which we adopt the notation dg Modk, but we also consider a category dg∗N Modk
formed by upper graded dg-modules C =

⊕
n∈N C

n concentrated in upper degree
n ≥ 0, and whose differential δ : C → C uppers degrees by one. As usual, we can
apply the relation C−n = Cn to identify an upper graded with a lower graded dg-
module and the category dg∗N Modk with the full subcategory of dg Modk consisting
of the dg-modules concentrated in lower degree n ≤ 0.

Unbounded dg-modules automatically appear when we form the dg-hom object
Homdg Modk(C,D) associated to a pair of dg-modules (C,D). Non-negatively upper
graded dg-modules appear when we form the (conormalized) cochain complex of
cosimplicial modules.
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The next statement is a variation of [20, Theorem 2.3.1]:

Proposition 2.2. The category of upper graded dg-modules dg∗N Modk inherits a
cofibrantly generated model structure so that a morphism f : A → B is a weak-
equivalence if it induces an isomorphism in cohomology, a fibration if the map
f : An → Bn is surjective for every n ≥ 0, and a cofibration if it has the right
lifting property with respect to acyclic fibrations.

To define the generating (acyclic) cofibrations, we form, for each n > 0, the
chain complex Dn spanned by an element bn−1 in degree n− 1 and an element en

in degree n together with the differential such that δ(bn−1) = en; we consider the
module Cn−1 ⊂ Dn spanned by bn−1; for n = 0, we consider the dg-module D0

spanned by a single element e0 in degree 0 and we set C−1 = 0. We have:

Proposition 2.3. The dg-module embeddings i : Cn−1 → Dn, n ≥ 0, respectively
the morphisms j : 0 → Dn, n > 0, define a set of generating cofibrations, respec-
tively generating acyclic cofibrations, for the category dg∗N Modk.

The proof of these propositions follows from an easy adaptation of the arguments
of [20, §2.3]. �

2.4. Cosimplicial modules. We use both the abstract definition of a cosimplicial
module K• as a covariant functor from the simplicial category ∆ to the category
of k-modules and the equivalent usual definition as a sequence of k-modules Kn,
n ∈ N, equipped with cofaces di : Kn−1 → Kn, 0 ≤ i ≤ n, and codegeneracies
sj : Kn+1 → Kn, 0 ≤ j ≤ n, satisfying relations. The category of cosimplicial
k-module is denoted by c Modk throughout these notes.

We have a conormalization functor N∗ : c Modk → dg∗N Modk which maps a
cosimplicial module K• to the upper graded dg-module N∗(K•) defined by the
kernel

Nn(K•) =
n−1⋂
j=0

ker(sj : Kn → Kn−1)

in degree n together with the differential δ : Nn(K•) → Nn+1(K•) defined by the
alternate sum of cofaces δ =

∑n
i=0(−1)idi. We define the cohomology H∗(K•) of

a cosimplicial k-module K• as the (co)homology of the associated (upper graded)
dg-module N∗(K•).

We can also define the conormalization functor by the formula

N∗(K•) =
∫

∆

Homdg Modk(N∗(∆
•),K•),

where we consider the normalized chain complex of the simplicial sets ∆n =
Mor∆(−, n), n ∈ N, we form the dg-hom Homdg Modk(N∗(∆

n),Km) on these dg-
modules N∗(∆n) towards the k-modules Km viewed as a dg-module concentrated in
degree 0, and we form the end of this bifunctor in (m,n) ∈ ∆×∆op. By definition of
the internal hom of dg-modules, we have identities Homdg Modk(N∗(∆

•),K•)−n =
HomModk(Nn(∆•),K•), and the expression in our end formula is formally equiva-
lent to the tensor product

N∗(K•) =
∫

∆

K• ⊗N∗(∆•),

where we now consider the normalized cochain complex of the simplicial sets ∆n.
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We also have a functorK• : dg∗N Modk → c Modk characterized by the adjunction
formula

Morc Modk(K
•(C), L•) = Mordg∗N Modk(C,N

∗(L•)),
and so that K• : dg∗N Modk � c Modk : N∗ define adjoint equivalences of categories
(this construction is just dual to the standard Dold-Kan correspondence).

We now have:

Proposition 2.5. The category of cosimplicial modules c Modk inherits a cofi-
brantly generated model structure so that a morphism f : A• → B• is a weak-
equivalence if it induces an isomorphism in cohomology, a fibration if the map
f : An → Bn is surjective for every n ≥ 0, and a cofibration if it has the right
lifting property with respect to acyclic fibrations.

The generating (acyclic) cofibrations of cosimplicial modules are the morphisms
of the form K•(i) : K•(C) → K•(D), where i : C → D ranges over the generating
(acyclic) cofibrations of the category of upper graded dg-modules.

Proof. Easy application of [19, Theorem 11.3.2]. �

We now consider the category of cosimplicial commutative algebras, for which
we adopt the notation Com{c Modk}. We have an adjunction

S : c Modk � Com{c Modk} : U,

where S is the symmetric algebra functor on cosimplicial modules and U is the
obvious forgetful functor from cosimplicial commutative algebras to cosimplicial
modules. We use this adjunction to obtain:

Proposition 2.6. The category of cosimplicial commutative algebras inherits a
cofibrantly generated model structure so that a morphism f : A• → B• is a weak-
equivalence (respectively, a fibration) if it defines a weak-equivalence (respectively,
a fibration) of cosimplicial modules, and a cofibration if it has the right lifting
property with respect to acyclic fibrations. The generating (acyclic) cofibrations of
this model category are the morphisms of the form S(i) : S(K•) → S(L•), where
i : K• → L• ranges over the generating (acyclic) cofibrations of the category of
cosimplicial modules.

Proof. Routine application of [19] – use that the (co)domain of generating (acyclic)
cofibrations is small with respect to every sequential colimit and apply ideas of [11]
to check that the pushout of generating cofibrations are weak-equivalences of cosim-
plicial modules. �

The cosimplicial complex k{X•} associated to any simplicial set X = X• inherits
a cosimplicial commutative algebra structure. The product of cochains u, v : X• →
k, is defined by the obvious formula (u ·v)(σ) = u(σ) ·v(σ), for any simplex σ ∈ X•.
This structure is dual to the simplicial cocommutative algebra structures considered
in [18]. The purpose of this reference is to use simplicial cocommutative algebras
as a model of the homotopy category of spaces (up to a suitable localization).

For our purpose, we record:

Proposition 2.7. The contravariant functor k{−} : (s Set)op → Com{c Modk} ad-
mits a left adjoint so that we have a pair of functors

G : Com{c Modk} � (s Set)op : k{−}

defining a Quillen adjunction of model categories.
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This proposition implies that we can form a derived functor

LG : Ho(Com{c Modk}) → Ho(s Set)op

so that LG(A•) = G(QA•), where QA• is any cosimplicial replacement of A• in the
category of cosimplicial commutative algebras.

Proof. The simplicial set G(A•) associated to a cosimplicial commutative algebra A•

is defined dimensionwise by the formula G(A)n = Mor
Com{c Modk}(A

•,k∆n

), where
we consider the cosimplicial commutative algebra k∆n

associated to the simplicial
set ∆n.

The functor k{−} sends injective maps to surjective maps, and hence sends cofi-
brations of simplicial sets (fibrations in the opposite category) to fibrations of cosim-
plicial commutative algebras. Since the functor k{−} preserves weak-equivalences
too, we immediately obtain that the pair (G,k{−}) defines a Quillen adjunction. �

2.8. Rational models of homotopy. For the ground ring k = Q, the functor Q{−}

gives a model of spaces equivalent to Sullivan’s model. Let us explain this connec-
tion. Recall that Com{c ModQ} denotes the category of cosimplicial commutative
algebras. Let Com{dg∗N ModQ} be the category of commutative algebras in (upper
graded) dg-modules. The conormalized cochain complex of a cosimplicial commu-
tative algebra N∗(K•) does not form a commutative algebra, but an E∞-algebra
– intuitively, an algebra structure which is associative and commutative in the
strongest homotopical sense. Therefore, to obtain a direct connection between
cosimplicial and differential graded commutative algebras, we use the construction

Ω∗(K•) =
∫

∆

K• ⊗ Ω∗(∆•),

where the normalized cochain complex of the simplicial sets ∆n is replace by Sul-
livan’s cochain algebra Ω∗(∆n) = Q[t0, . . . , tn, dt0, . . . , dtn]/(1− t0 − · · · − tn, dt0 +
· · ·+dtn). The dg-modules Ω∗(K•) inherit a commutative algebra structure and de-
fine a functor Ω∗ : Com{c ModQ} → Com{dg∗N ModQ} from cosimplicial commutative
algebras to differential graded commutative algebras.

The Sullivan dg-algebra of piecewise linear forms Ω∗(X) associated to a simplicial
set X = X• (see [24] or the survey of the books [9, 14]) can be identified with the
dg-algebra Ω∗(K•) associated to K• = Q{X•}, the cosimplicial algebra of functions
u : X• → Q. Thus our construction fits into a functor diagram

Com{c ModQ}

Ω∗(−)

��

&&
s Set

|−| //
Q{−}

ffMMMMMMMMMMMMMM

Ω∗(−)
yysssssssssssss

T op,
Map(∆•,−)

oo

Com{dg∗N ModQ}

99

where s Set denotes the category of simplicial sets, the notation T op refers to
the category of topological spaces, the expression Map(∆•,−) represents the sin-
gular complex functor from spaces to simplicial sets, and | − | is the geometric
realization of simplicial sets, which gives a left adjoint to the functor Map(∆•,−).
Recall that the functors |− | and Map(∆•,−) define a Quillen equivalence of model
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categories. The (contravariant) functor Ω∗(−) admits a left adjoint (like Q{−}),
marked by a dotted arrow in the diagram, and the rational homotopy theory as-
serts that the composite of Ω∗(−) with the derived functor of this left adjoint gives
the Q-localization of spaces – provided that we restrict ourselves to spaces satisfying
reasonable connected and finiteness assumptions, otherwise we obtain a model of
homotopy that retains the information of a rational prounipotent completion pro-
cess (see [24]. This result can be generalized in the positive characteristic setting
by [18, Theorem C] – provided that we replace Sullivan’s model by the model in
cosimplicial algebras k{−}.

The functor Ω∗ also admits a left adjoint Ω! : Com{dg∗N ModQ} → Com{c ModQ}
because Ω∗ preserves algebra limits, which are created in the underlying module
categories, and the category of commutative algebras in (upper graded) dg-modules
has a small set of cogenerators defined by the symmetric algebras S(C) on dg-
modules of finite type. The category Com{dg∗N ModQ}, like Com{c ModQ}, inherits a
model structure (see [9]) and one can check that the functors

Ω! : Com{dg∗N ModQ} � Com{c ModQ} : Ω∗

define a Quillen equivalence (adapt the arguments of [25]). Thus the category of
cosimplicial commutative algebras can be viewed as an intermediate object between
the category of simplicial sets and the category of differential graded commutative
algebras, the usual model of rational homotopy. The existence of this Quillen equiv-
alence implies the following version of the Sullivan-de Rham localization theorem:

Theorem 2.9 (consequence of [24, Theorem 8.1], see also [9, Theorem 11.2]). Let
X be a connected simplicial set whose homology H∗(X,Q) is finite dimensional in
each degree and such that π1(X) is a nilpotent group.

The space X∧
Q = LG(Q{X•}), defined by the application of the derived functor

LG to the cosimplicial commutative algebra Q{X•}, forms a Q-prounipotent com-
pletion of X in the sense that the map η : X → X∧

Q , yielded by the adjunction
relation, induces an isomorphism in homotopy between the Q-localization of π∗(X)
(the Malcev completion in the case ∗ = 1) and π∗(X∧

Q ). �

2.10. Sullivan’s models and cartesian products. In what follows, we consider spaces
equipped with a multiplicative (operad) structure. For such applications, we face
the difficulty that Sullivan’s functor Ω∗(−) is not strictly comonoidal and does not
map operads in spaces to cooperads in commutative algebras.

On the other hand, the functor k{−} satisfies the relation k{X•×Y•} = k{X•}⊗k{Y•},
at least when the simplicial sets X• and Y• are finite in each dimension. As a con-
sequence, the cosimplicial complexes k{P•(r)}, r ∈ N, associated to a simplicial
operad P form a cooperad in cosimplicial commutative algebras (the definition of
this structure is explained next) at least when the simplicial sets P•(r) are finite
in each dimension. Next (in §2.19), we briefly explain how to arrange difficulties
in order to deal with simplicial operads P• for which the finiteness condition fails.
As an example, we can associate a cosimplicial operad Sing•(P) to any operad in
topological spaces P.

The main purpose of the next paragraphs is to explain that the category of
cooperads in cosimplicial commutative algebras inherits a model structure so that
the Quillen adjunction between simplicial sets (topological spaces) and cosimplicial
commutative algebras extends to operads.
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First of all, we study the category Σ∗-objects (in cosimplicial modules), the
structures defined by a collection of (cosimplicial) modules A(n), n ∈ N underlying
the structure of a (co)operad.

2.11. Cosimplicial Σ∗-modules. To be precise, we call Σ∗-object the structure, within
a base category C, formed by a sequence {M(n)}n∈N where M(n) is an object of C
on which the symmetric group Σn acts. Next we use that a Σ∗-object M is equiv-
alent to a functor on the category of finite sets and bijections, whose value on a
finite set with n elements I is given by the sum

M(I) =
⊕

u∈Bij ({1,...,n},I)

M(n)/ ≡,

where we form a quotient to identify the action of permutations by right translations
on bijections with the internal Σn-action on M(n). We use the notation CΣ∗ for
the category of Σ∗-objects in any base category C. We may also use the term
Σ∗-module for the Σ∗-objects in k-modules.

We consider the category of Σ∗-objects in cosimplicial k-modules C = c Modk,
whose objects may also be called cosimplicial Σ∗-modules since they are identified
with cosimplicial objects in the category of Σ∗-modules ModΣ∗

k . We have, in this
setting, a tensor product

⊗ : c Modk × c ModΣ∗
k → c ModΣ∗

k ,

inherited from cosimplicial modules, defined by the simple formula (K•⊗M•)(r) =
K•⊗M•(r) for each arity r ∈ N, for every K• ∈ c Modk and every M• ∈ c ModΣ∗

k .
We form the Σ∗-objects Fr such that

Fr(n) =

{
k[Σr], if n = r,

0, otherwise,

where k[Σr] is the free k-module associated to Σr, equipped with the constant
cosimplicial structure, on which the symmetric group acts regularly. We have:

Proposition 2.12. The category of cosimplicial Σ∗-modules c ModΣ∗
k inherits a

cofibrantly generated model structure so that a morphism f : A• → B• is a weak-
equivalence if it induces an isomorphism in cohomology, a fibration if the map
f : An → Bn is surjective for every n ≥ 0, and a cofibration if it has the right
lifting property with respect to acyclic fibrations.

The generating (acyclic) cofibrations of this category c ModΣ∗
k are the morphisms

of the form i⊗ Fr : K ⊗ Fr → L⊗ Fr, where i : K → L ranges over the generating
(acyclic) cofibrations of the category of cosimplicial k-modules c Modk.

Proof. Apply [16, Proposition 11.4.A]. �

2.13. Cooperads. The cooperads are structures, dual to operads, defined by a Σ∗-
object D equipped with coproducts

∆i : D(I \ {i} q J) → D(I)⊗ D(J),

defined for every pair of finite sets (I, J), any i ∈ I, and preserved by the natural
action of bijections, together with an augmentation D(1) → k, so that the dual of
the operad relations, recalled in §1.3, is satisfied. To avoid convergence difficulties,
we only consider cooperads which are connected in the sense that D(0) = 0, D(1) =
k, and any given cooperad is assumed to satisfy these conditions.
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The notion of cooperad, like the notion of operad, makes sense in any base cat-
egory C equipped with a symmetric monoidal structure ⊗. We consider connected
cooperads in the category of cosimplicial k-modules first and we adopt the nota-
tion cOpc

1 for this category of cooperads. A cooperad in cosimplicial k-modules
D• ∈ cOpc

1 can also be identified with a cosimplicial object in the category of coop-
erads in k-modules Opc

1, but we use the combination of structures in the opposite
order to obtain:

Proposition 2.14 (see [2]). The category of connected cooperads in cosimplicial
modules inherits a cofibrantly generated model structure so that a morphism f :
A• → B• is:

– a weak-equivalence (respectively, a cofibration) if its components f : A•(r) →
B•(r) are weak-equivalences (respectively, cofibrations) of cosimplicial Σ∗-
modules, for each arity r,

– a fibration if it has the left lifting property with respect to acyclic cofibrations.

The generating (acyclic) cofibrations are the (acyclic) cofibrations i : A• → B•

such that the conormalized objects N∗(A•(r)) and N∗(B•(r)) are, as k-modules,
spanned by a finite set of elements, for all degrees ∗ and all arities r together.

Proof. Easy adaptation of the arguments of [2] in the setting of cosimplicial mod-
ules. �

2.15. Cosimplicial commutative Hopf cooperads. The category of cosimplicial com-
mutative algebras inherits a symmetric monoidal structure from the category of
cosimplicial modules – as the tensor product of cosimplicial commutative alge-
bras K• ⊗ L• comes equipped with a natural commutative algebra structure. The
category of cosimplicial commutative Hopf cooperads, for which we use the nota-
tion cHopfOpc

1, is formed by the cooperads in cosimplicial commutative algebras.
Thus a cosimplicial commutative Hopf cooperad consists of a sequence of cosim-
plicial commutative algebras D•(r), r ∈ N, equipped with an action of symmetric
groups and cooperad coproducts ∆i : D•(I \ {i} q J) → D•(I)⊗ D•(J) preserving
the multiplicative structure of the algebras.

In the other way round, we can equip the category of cooperads cOpc
1 with

a symmetric monoidal structure �, defined arity-wise by (A•�B•)(r) = A•(r) ⊗
B•(r), and the commutative algebras of this symmetric monoidal category, the
structures defined by a cooperad A• ∈ cOpc

1 equipped with an associative and
commutative mutiplication µ : A•�A• → A•, are nothing but the cosimplicial
commutative Hopf cooperads. In other words, the cosimplicial commutative Hopf
cooperads, the cooperads in cosimplicial commutative algebras, can equivalently be
defined as commutative algebras in cosimplicial cooperads. In a sense, we use the
combination of structure in that order to define the model structure of the category
of cosimplicial commutative Hopf cooperads.

Recall that the symmetric algebra S(E) =
⊕∞

r=0(E
⊗r)Σr

represents the free
commutative algebra associated to any object E in a symmetric monoidal cate-
gory E . In particular, for E = c Modk, we obtain (and we already used) that the
symmetric algebra defines the left adjoint S : c Modk → Com{c Modk} of the for-
getful functor U : Com{c Modk} → c Modk from cosimplicial commutative algebras
to cosimplicial modules. For the category of cosimplicial cooperads E = cOpc

1,
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we have an obvious identity S(D•)(n) = S(D•(n)), where we consider the sym-
metric algebra associated to the cosimplicial module D•(n) on the right-hand-side.
Equivalently, we have:

Proposition 2.16. The symmetric algebras S(D•(r)) on the components of a coop-
erad (in cosimplicial modules) D• inherit a cooperad structure and form a cooperad
in (cosimplicial) commutative algebras so that we have an adjunction

S : cOpc
1 � cHopfOpc

1 : U,

where U refers to the obvious functor forgetting the commutative algebra structure
of Hopf cooperads. �

We precisely use this adjunction to define the model structure of the category of
cosimplicial commutative Hopf operads:

Proposition 2.17. The category of cosimplicial commutative Hopf cooperads – the
connected cooperads in cosimplicial commutative algebras – inherits a cofibrantly
generated model structure so that a morphism f : A• → B• is a weak-equivalence
(respectively, a fibration) if it defines a weak-equivalence (respectively, a fibration) of
cooperads in cosimplicial modules, and a cofibration if it has the right lifting property
with respect to acyclic fibrations. Besides, each component i : A•(r) → B•(r), r ∈ N,
of a cofibration of cosimplicial commutative Hopf cooperads forms a cofibration in
the category of cosimplicial commutative algebras.

The generating (acyclic) cofibrations of cosimplicial commutative Hopf cooperads
are the morphisms of the form S(i) : S(A•) → S(B•), where i : A• → B• ranges
over the generating (acyclic) cofibrations of the category of cooperads in cosimplicial
modules.

Proof. Easy extension of the arguments of Proposition 2.6. �

In §2.10, we observe that the collection of cosimplicial complexes k{P•(r)}, r ∈ N,
associated to a simplicial operad P• inherit a cooperad structure as long as the
simplicial sets P•(r) are finite in each dimension. By [4, 5], we do have simplicial
models of E2-operads for which this finiteness condition holds and we could use the
cosimplicial complexes associated to them in order to define models of E2-cooperads
in cosimplicial Hopf cooperads. Thus, the statement of Proposition 2.17 is already
sufficient to formulate the definition of an E2-cooperad in the context of cosimplicial
commutative Hopf cooperads.

Nevertheless, we prefer to skecth the general definition of a cosimplicial Hopf
cooperad associated to any simplicial operad P•, without assuming any finiteness
condition. Recall that the dual of a cocommutative coalgebra in k-modules in-
herits an algebra structure, but not the dual of a commutative algebra, unless we
restrict ourselves to finite dimensional objects. Nonetheless, we do have a duality
functor (−)◦ : Com{Modk} → Com{Modk}op, from the category of commutative al-
gebras Com{Modk} to the category of cocommutative coalgebras Com{Modk}, which
is characterized by the adjunction relation

Mor
Com{Modk}(A,C

∨) = MorCom{Modk}(C,A
◦)

with respect to the converse duality functor from cocommutative coalgebras to
commutative algebras (see for instance [26, Chapter VI]). For a finite dimensional
algebra A, the coalgebra A◦ is just the dual k-module of A. By adjunction, we
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have an isomorphism (A⊗B)◦ ' A◦ ⊗B◦ for any tensor product of commutative
algebras. Hence, we immediately obtain that:

Proposition 2.18. The duality functor from algebras to coalgebras induces a du-
ality functor

(−)◦ : cHopfOpc
1 → (sHopfOp1)

op

between the category of cosimplicial commutative Hopf cooperads cHopfOpc
1 and

the category of simplicial cocommutative Hopf operads sHopfOpc
1. �

Then we can apply the usual adjoint functor theorem to obtain:

Proposition 2.19. The duality functor of Proposition 2.18 admits a right adjoint
(−)◦ : (sHopfOp1)op → cHopfOpc

1 which associates a cosimplicial commutative
Hopf cooperad P◦ to any simplicial cocommutative Hopf operad P ∈ sHopfOp1. �

If the simplicial k-modules P•(r) are dimensionwise finite for each arity r ∈ N,
then the dual Hopf cooperad P◦ is formed by basically applying the duality of
k-modules to the components of P. In general, we can prove that:

Proposition 2.20. If P is a simplicial cocommutative Hopf operad with finite
dimensional homology modules H∗(P(r)), then we have an identity H∗(P◦(r)) =
H∗(P(r))∨ for each arity r ∈ N. �

Now we immediately note that the singular complex of topological spaces

Sing•(−) = k{Map(∆•,−)}

satisfies the monoidal relation Sing•(X×Y ) = Sing•(X)⊗Sing•(Y ) with respect to
the cartesian product so that the collection of cosimplicial coalgebras Sing•(P(r))
associated to an operad in topological spaces P forms a simplicial cocommutative
Hopf operad. Then we can compose the singular complex functor with our duality
functor to associate a cosimplicial commutative Hopf cooperad

Sing•(P) = Sing•(P)◦

to any topological operad P ∈ T opOp1.
The following results are stated without proof to explain some topological moti-

vations of our study:

Proposition 2.21.

(a) The functors | − | : Simp � T op : Map(∆•,−) induce Quillen adjoint
equivalences

| − | : SimpOp1 � T opOp1 : Map(∆•,−),

between the category of operads in simplicial sets SimpOp1 and the category
of operads in topological spaces T opOp1, which are equipped with a natural
model structure inherited from simplicial sets (and topological spaces).

(b) The contravariant functor k{−}◦ : (SimpOp1)op → cHopfOpc
1 admits a

left adjoint so that we have a pair of functors

G : cHopfOpc
1 � (SimpOp1)

op : k{−}◦

defining a Quillen adjunction of model categories. �
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Theorem 2.22. Let P ∈ SimpOp1 be an operad in simplicial sets such that
H∗(P(r),Q) is finite dimensional in each degree and π1(P(r)) is a nilpotent group
for each arity r ∈ N.

The simplicial operad P∧Q = LG(k{P}◦), defined by applying of the derived func-
tor LG to the cosimplicial commutative Hopf operad k{P}◦, forms a Q-prounipotent
completion of P in the sense that the operad morphism η : P → P∧Q, yielded by the
adjunction relation, is a Q-prounipotent completion of spaces arity-wise (as in The-
orem 2.9). �

3. Models of little 2-cubes operads and homotopy automorphisms

The purpose of this section is to explain the formulation of our main results on
rational homotopy automorphisms of E2-operads. The functor Sing•, defined in
the previous section, is applied to the little 2-cubes operad C2 in order to define
the model of E2-cooperads in cosimplicial commutative algebras over Q.

In fact, we do not really use the genuine little 2-cubes operad in our construction,
but we consider another model of E2-cooperad coming from the operad of chord
diagrams, and we explain the definition of this model first.

3.1. The cosimplicial commutative Hopf cooperads associated to the operad of chord
diagrams. We form, for each finite set I, the simplicial complex C•(P̂aC(I)) such
that:

Cn(P̂aC(I)) =
⊕

(u0,...,un)
∈Ob PaC(I)

Hom
P̂aC(I)

(u0, u1)︸ ︷︷ ︸
=Â(I)

⊗ · · · ⊗Hom
P̂aC(I)

(un−1, un)︸ ︷︷ ︸
=Â(I)

,

together with:
– faces

di : Cn(P̂aC(I)) → Cn−1(P̂aC(I))

induced by the augmentation of the chord algebra Â(I) on the first factor of
the tensor product Hom

P̂aC(I)
(u0, u1) for i = 0, the product of the (i, i+1)th

factors Hom
P̂aC(I)

(ui−1, ui) ⊗ Hom
P̂aC(I)

(ui−1, ui) for 0 < i < n, and the

augmentation of Â(I) on the last factor Hom
P̂aC(I)

(un−1, un) for i = n;
– and degeneracies

sj : Cn(P̂aC(I)) → Cn+1(P̂aC(I))

induced by the insertion of unit morphisms at the jth place of the tensor
product, for any 0 ≤ j ≤ n.

We have a filtered cocommutative coalgebra structure on these simplicial complexes
C•(P̂aC(I)), inherited from the complete chord algebras Â(I), together with an
operadic composition structure so that the objects C•(P̂aC(I)) form an operad
in the category of filtered simplicial cocommutative coalgebras. We consider the
continuous dual in Q-modules of these filtered simplicial cocommutative coalgebras

C•(P̂aC(I)) = colim
n

HomQ Mod(C•(P̂aC(I))/FnC•(P̂aC(I)),Q),

which form a cooperad C•(P̂aC) in the category of cosimplicial commutative alge-
bras.
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The operad C•(P̂aC) is used by D. Tamarkin in his proof of the formality of the
little 2-cubes operad. His arguments also give the following result:

Theorem 3.2 (adaptation of a theorem of D. Tamarkin, see [27]). The cooperad
C•(P̂aC) defines an E2-cooperad in cosimplicial commutative algebras, a cooperad
connected to the cooperad of singular cochains on little 2-cubes Sing•(C2) by weak-
equivalences in that category of cooperads.

Proof (sketch). We only outline the proof of this results since we can refer to the
article [27] for the detail of the arguments. We just have to replace the operad
C•(P̂aC), considered in this reference, by the dual cooperad C•(P̂aC) (this modi-
fication explains that some weak-equivalences of [27] become isomorphisms in our
context).

We consider a categorical operad PaB defined by replacing the algebras of chord
diagrams A(r) in the definition of the chord diagram operad PaC by the group
algebras Q[Br], where Br is the braid group on r strands. We form a completed
version of this operad P̂aB using the filtration by the powers of the augmentation
ideal of Q[Br]. The Drinfeld associator determines an isomorphism of categorical
operads Z : P̂aB → P̂aC. The article [27] does not refer to coalgebra structures, but
one readily checks that Z commutes with diagonals and hence yields an isomorphism
of categorical operads in cocommutative coalgebras between P̂aB and P̂aC. This
morphism Z : P̂aB → P̂aC induces an isomorphism of cosimplicial Hopf operads
Z : C•(P̂aB) → C•(P̂aC) when we apply the construction of §3.1. Then we can
apply a criterion of Z. Fiedorowicz (see [15]) to identify C•(P̂aB) with a model
of an E2-cooperad in cosimplicial commutative algebras and the assertion of the
theorem follows. �

Recall that:

Theorem 3.3 (F. Cohen [10], see also [23] for a survey). The homology of any E2-
operad is identified with the 2-Gerstenhaber operad G2, the cocommutative graded
Hopf operad generated as an operad by an operation µ ∈ G2(2) in degree 0 and an
operation λ ∈ G2(2) in degree 1, so that the symmetry relation

(a) µ(x1, x2) = µ(x2, x1), λ(x1, x2) = λ(x2, x1),

and the composition relations

µ(µ(x1, x2), x3) = µ(x1, µ(x2, x3)),(b)

λ(λ(x1, x2), x3) + λ(λ(x2, x3), x1) + λ(λ(x3, x1), x2) = 0,(c)

λ(µ(x1, x2), x3) = µ(λ(x1, x3), x2) + µ(x1, λ(x2, x3))(d)

hold. The diagonal of this Hopf operad is determined on generating operations by
the formulas ∆(µ) = µ⊗ µ and ∆(λ) = λ⊗ µ+ µ⊗ λ.

The cocommutative graded Hopf operad of this statement refers to the structure
formed by an operad in the category of cocommutative graded coalgebras. The
cohomology of a cosimplicial commutative Hopf cooperad inherits the dual structure
of a commutative graded Hopf cooperad, a cooperad in the category of graded
commutative algebras.

Relations (a-d) assert that: the element µ represents an associative and commu-
tative product operation; the element λ represents a Lie operation of degree 1; so
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that we have the distribution relation (d) between them. From this assertion, we
obtain that G2(n) is spanned by monomials

P1(x11, . . . , x1m1) · · ·Pr(xr1, . . . , xrmr
),

where the factors Pi(xi1, . . . , x1mi
) are Lie monomials formed from the degree 1

bracket operation λ. In this expression, we assume that the sequences

(x11, . . . , x1m1), . . . , (xr1, . . . , xrm1)

arises from a shuffle of variables (x1, . . . , xn), so that each of these variables xi

occur with degree 1 in the monomial.
The commutative algebras G∨2 (r), r ∈ N, dual to G2(r) and isomorphic to the

cohomology of E2-cooperads, can also be characterized by the following property:

Theorem 3.4 (V. Arnold [1], see also [23]). The algebra G∨2 (r) is identified with the
graded commutative algebra generated by elements ωij, of upper degree 1, associated
to each pair i 6= j, divided out by the Arnold relation

ωijωjk + ωjkωki + ωkiωij = 0,

for every triple i 6= j 6= k, where we also assume the symmetry relation ωij = ωji,
for every i 6= j.

The relationship between these two descriptions is given by the following asser-
tion:

Proposition 3.5 (D. Sinha [23]). The duality pairing 〈−,−〉 : G∨2 (r)⊗ G2(r) → k
is characterized by the formula

〈ωij , π〉 =

{
1, if π = x1 · · ·λ(xi, xj) · · · x̂j · · ·xr,

0 otherwise,

and the duality relation between products and coproducts

〈uv, π〉 =
∑
(π)

±〈u, π(1)〉 · 〈v, π(2)〉,

where ∆(π) =
∑

(π) π(1) ⊗ π(2) denotes the coproduct of π in G2(r).

D. Tamarkin uses a variant of the following assertion in his proof of the formality
of the little 2-cubes operad:

Proposition 3.6 (D. Tamarkin [27]). We have an isomorphism of cocommutative
graded Hopf operads

G2
'−→ H∗(C•(PaC))

mapping the generating operations of G2 to the homology classes of C•(PaC) rep-
resented by:

– the vertex (12) ∈ C0(PaC) as regards µ ∈ G2(2);
– the 1-simplex

t12 ∈ HomPaC((12), (12))︸ ︷︷ ︸
=A(2)

⊂ C1(PaC)

as regards λ ∈ G2(2).

Next we use this statement to determine the cohomology morphism associ-
ated to automorphisms of the cooperad C•(P̂aC) coming from the Grothendieck-
Teichmüller group.
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3.7. Mapping spaces. The simplicial mapping spaces MapA(A,B) of a cofibrantly
generated model categoryA are defined by morphism sets MapA(A,B) = MorA(A⊗
∆•, B), where A⊗∆• is a cosimplicial frame of A – a cosimplicial object associated
to A and characterized by some homotopical features (see [13] and [20, §1, §5]). We
have another equivalent definition (adopted in the introduction of the paper) where
we take a simplicial frame of the target instead of a cosimplicial frame of the source.
The simplicial set MapA(A,B) satisfies nice homotopy invariance properties when
we assume that A is cofibrant and B is fibrant.

We refer to [13] and to [20, §1, §5] for full details on the definition of mapping
spaces and its applications. Just recall that A⊗∆0 = A and A⊗∆1 forms a cylinder
object of A in the model category A. Accordingly, the vertices of MapA(A,B)
are nothing but morphisms φ : A → B in A and the 1-simplices are nothing
but left homotopies φ01 : A ⊗ ∆1 → B between morphisms φ0, φ1 : A → B so
that π0(MapA(A,B)) can be identified with the set of left homotopy classes of
morphisms φ : A → B in the model category A and, hence, with the morphism
set [A,B]HoA of the homotopy category of A when A is cofibrant and B is fibrant.

The set π0(MapA(A,A)) inherits a monoid structure when A is a cofibrant-
fibrant object of A. The invertible elements of this monoid are associated to ho-
motopy classes of morphisms φ : A → A which are invertible in [A,A]HoA and
hence, to the self homotopy equivalences of A. The space of homotopy automor-
phisms of A ∈ A, denoted by hautAA, is the sum of the connected components
of MapA(A,A) which are invertible in the monoid π0(MapA(A,A)) – equivalently,
the connected components of MapA(A,A) which are associated to the self homotopy
equivalences of A. If A is not cofibrant and fibrant, then we apply the definition
of hautAA to a cofibrant-fibrant replacement of A in the model category.

Now we apply the definition of the space of homotopy automorphisms to the ob-
ject C•(P̂aC) in the category of cosimplicial commutative Hopf cooperads cHopfOpc

1.
For a cofibrant-fibrant object of this category A• ∈ cHopfOpc

1, we can consider the
space haut1cHopfOpc

1
A• ⊂ hautcHopfOpc

1
A• formed by the connected components

which are associated to morphisms φ : A• → A• such that φ∗ : H∗(A•) → H∗(A•) is
the identity of the cohomology cooperad H∗(A•). Note simply that left homotopic
morphisms of cosimplicial commutative Hopf cooperads φ0, φ1 : A• → B• induce
the same morphisms in cohomology, because a cylinder object in the category of
cosimplicial commutative Hopf cooperads gives a cylinder object for each A•(r)
in the base category of cosimplicial modules. Thus self homotopy equivalences in
the same connected component of haut1cHopfOpc

1
A• induce the same morphism in

cohomology.
Let A• be any cofibrant-fibrant replacement of C•(P̂aC). By functoriality, each

automorphism of the categorical operad P̂aC induce an automorphism of cosimpli-
cial commutative Hopf cooperads g∗ : C•(P̂aC) → C•(P̂aC). From the description
of Proposition 3.6, we easily check:

Observation 3.8. The automorphisms g∗ : C•(P̂aC) '−→ C•(P̂aC) associated to
elements of the Grothendieck-Teichmüller group g ∈ GRT 1(Q) induce the identity
in cohomology.

Thus any element of the Grothendieck-Teichmüller group g ∈ GRT 1(Q) gives
rise to a self homotopy equivalence ĝ∗ : A•

∼−→ A• defining a vertex in the simplicial
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set haut1cHopfOpc
1
C•(P̂aC). Accordingly, we have a well-defined group morphism

GRT 1(Q)op Υ−→ π0(haut1cHopfOpc
1
C•(P̂aC)),

and our aim is to prove:

Theorem. The cooperad C•(P̂aC), and hence, any model of an E2-cooperad in
simplicial commutative algebras, satisfies

π∗(haut1cHopfOpc
∗
C•(P̂aC)) =

{
GRT 1(Q)op, for ∗ = 0,
0, for ∗ > 0,

so that the natural action of GRT 1(Q) on P̂aC yields exactly all homotopy classes
of homotopy automorphisms associated to C•(P̂aC).
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