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Abstract

We pursue our work on the asymptotic regimes of the Landau-Lifshitz equation for bi-
axial ferromagnets. We put the focus on the cubic Schrodinger equation, which is known
to describe the dynamics in a regime of strong easy-axis anisotropy. In any dimension, we
rigorously prove this claim for solutions with sufficient regularity. In this regime, we addi-
tionally classify the one-dimensional solitons of the Landau-Lifshitz equation and quantify
their convergence towards the solitons of the one-dimensional cubic Schrodinger equation.
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1 Introduction

Introduced by Landau and Lifshitz in [20], the Landau-Lifshitz equation
dm+m x (Am — J(m)) =0, (LL)

describes the macroscopical dynamics of the magnetization m = (mq,ma, m3) : RN x R — S? in
a ferromagnetic material. The possible anisotropy of the material is taken into account by the
diagonal matrix J := diag(.Ji, J2, J3), but dissipation is neglected (see e.g. [19]). The dynamics
is Hamiltonian and the corresponding Hamiltonian is the Landau-Lifshitz energy

ELL(m) = 1/ (\Vm|2 + )\1771% + Agmg)
2 Jgn

The characteristic numbers \; := Jy — J; and A3 := Jy — J3 give account of the anisotropy since
they determine the preferential orientations of the magnetization with respect to the canonical
axes. For biaxial ferromagnets, all the numbers Jy, Jo and J3 are different, so that Ay # A3 and
A1A3 # 0. Uniaxial ferromagnets are characterized by the property that only two of the numbers
J1, Jo and J3 are equal. For instance, let us fix J; = Jo, which corresponds to Ay = 0 and A3 # 0,
so that the material has a uniaxial anisotropy in the direction corresponding to the unit vector
es = (0,0,1). In this case, the ferromagnet owns an easy-axis anisotropy along the vector eg if
A3 < 0, while the anisotropy is easy-plane along the plane x3 = 0 if A3 > 0. In the isotropic case
A1 = A3 = 0, the Landau-Lifshitz equation reduces to the well-known Schrodinger map equation
(see e.g. [13], 26] 8, [I] and the references therein).
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In dimension one, the Landau-Lifshitz equation is completely integrable by means of the
inverse scattering method (see e.g. [14]). In this setting, it is considered as a universal model from
which it is possible to derive other completely integrable equations. Sklyanin highlighted this
property in [24] by deriving two asymptotic regimes corresponding to the Sine-Gordon equation
and the cubic Schrodinger equation.

In a previous work [12], we provided a rigorous derivation of the Sine-Gordon regime in any
dimension N > 1. This equation appears in a regime of a biaxial material with strong easy-plane
anisotropy, where the anisotropy parameters are given by

1
A =oe, and A3=—.
€

Here and in the sequel, € refers as usual to a small positive number, and o is a fixed positive
constant. More precisely, we introduced a hydrodynamic formulation of the Landau-Lifshitz
equation for which the solutions m write as

m=((1- UQ)% sin(¢), (1 — UQ)% cos(¢),u),
and we established that the rescaled functions (U, ®.) given by
w(z,t) = eU-(c2 2,t), and ¢(z,t) = B(e2 2, 1),
satisfy the Sine-Gordon system

U = A® — Z sin(20),
P = U,

in the limit ¢ — 0 (under suitable smoothness assumptions on the initial datum). We refer to [12]
for more details.

We now focus on the cubic Schrédinger equation, which is obtained in a regime of strong easy-
axis anisotropy. For this purpose, we consider a uniaxial material in the direction corresponding
to the vector es = (0, 1,0) and we fix the anisotropy parameters as

1
A=Az =—.
3

For this choice, the complex map m = mj +¢ms and the function ms corresponding to a solution
m to the Landau-Lifshitz equation satisfy E]

{i@tm + maArn — mAmy — Lmgim = 0, "

8tm2 - <Zm, Am>(c =0.
Let us introduce the complex-valued function ¥, given by

it

U, (z,t) = e 2m(z, t)es: . (2)

This function is of order 1 in the regime where the map m is of order 2. When ¢ is small
enough, the function ms does not vanish in this regime, since the solution m is valued into the
sphere S?. Assuming that mg is everywhere positive, it is given by the formula

ma = (1— e|w.?)2,

!Here as in the sequel, the notation (#1, 22)c stands for the canonical real scalar product of the two complex
numbers z; and z2, which is given by

(#z1, 22)c = Re(z1) Re(z2) + Im(21) Im(z2) = Re(z122).



and the function W, is solution to the nonlinear Schriodinger equation

( <\IJE,V\IIE>(C
(1 e|W.[2)2

| 2

1 v
iV + (1 — | ) 2A0, + LE

Ve +ediv
1+ (1 —efUc[?)z

)\116 —0. (NLS.)

As e — 0, the formal limit equation is the focusing cubic Schrodinger equation
1
10U+ AV + 5|\If|2\1; =0. (CS)

Our main goal in the sequel is to justify rigorously this cubic Schrodinger regime of the Landau-
Lifshitz equation.

We first recall some useful facts about the Cauchy problems for the Landau-Lifshitz and cubic
Schrodinger equations. Concerning this latter equation, we refer to [7] for an extended review
of the corresponding Cauchy problem. In the sequel, our derivation of the cubic Schrédinger
equation requires additional smoothness, so that we are mainly interested in smooth solutions
for which a fixed-point argument provides the following classical result.

Theorem ([7]). Let k € N, with k > N/2. Given any function ¥° ¢ H¥RN), there exist a
positive number Tyax and a unique solution W € C°([0, Tinax), H*(RY)) to the cubic Schridinger
equation with initial datum U°, which satisfies the following statements.

() If the mazimal time of existence Tyax 1S finite, then

Hm ||[U(-,t)|[gr =00, and limsup ||U(-,t)]pe = 0.

(ii) The flow map WO — W is well-defined and Lipschitz continuous from H*(RN) to CO([0, T,
HERNY)) for any number 0 < T < Tax-

(iii) When W € HYRN), with £ > k, the solution W lies in C°([0,T], H(RYN)) for any
number 0 < T < Thax-

(iv) The L?-mass May and the cubic Schrédinger energy Ecs given by

1 1
Mg(\I’):/ U, and ECS(\IJ):/ yv\II?—/ [Tt
RN 2 RN 4 RN

are conserved along the flow.

The Cauchy problem for the Landau-Lifshitz equation is much more involved. In view of the
definition of the Landau-Lifshitz energy, it is natural to solve it in the energy set defined as

ERN) == {v e L, (RY,S?) : Vo € L*(RY) and (v1,v3) € L*(RY)?}.
This set appears as a subset of the vector space
Z'NRY) = {v € Lip (RN, R%) : Vo € L*(RY), vy € L®(RY) and (v1,v3) € L*(RY)?},
which is naturally endowed with the norm
1
lollze == (llorllFp + vzl Zoe + [IVv2lI 72 + llosl|Fn) ®.

To our knowledge, the well-posedness of the Landau-Lifshitz equation for general initial data in
E(RN) remains an open question. This difficulty is related to the fact that the Landau-Lifshitz
equation is an anisotropic perturbation of the Schréodinger map equation, and the Cauchy problem



for this class of equations is well-known to be intrinsically difficult due to their geometric nature
(see e.g. [I] and the references therein).

On the other hand, our derivation of the cubic Schrodinger equation requires additional
smoothness, so that in the sequel, we do not address the Cauchy problem for the Landau-
Lifshitz equation in &(RY ). Instead, we focus on the well-posedness for smooth solutions. Given
an integer k > 1, we set

EFRYN) = {v e ERY): Vv e HFY(RY)},

and we endow this set with the metric structure provided by the norm

l\.‘:\»—‘

o]l z& == (Hvlllm + [JvallZee + V0231 + [losll7) 2,
of the vector space
ZFRN) = {v e LL (RN, R?) : (v1,v3) € L*(RM)? 05 € L®(RY) and Vv € H* 1 (RY)}. (3)

Observe that the energy set £(RY) then identifies with &1(RY).

When k is large enough, local well-posedness of the Landau-Lifshitz equation in the set
EF(RN) follows from the next statement of [12].

Theorem 1 ([12]). Let A\ and A3 be non-negative numbers, and k € N, with k > N/2 + 1.
Given any function m® € EFRN), there exist a positive number Tmax and a unique solution
m : RY x [0, Tax) — S? to the Landau-Lifshitz equation with initial datum m°, which satisfies
the following statements.

(i) The solution m is in the space L>([0,T],EF(RN)), while its time derivative Oym is in
L>=([0,T), HF=2(RY)), for any number 0 < T < Tinax-

(73) If the maximal time of existence Tyax i finite, then
,I‘tnax 2
L 1ol e = . ()

(iii) The flow map m°® +— m is locally well-defined and Lipschilz continuous from EF(RN) to
CO([0, T], EF—YRN)) for any number 0 < T < Tax.

(iv) When m® € E4RN), with £ > k, the solution m lies in L>([0,T], E4RN)), with Oym €
L>=([0,T], H=2(RY)) for any number 0 < T < Tax.
(

v) The Landau-Lifshitz energy is conserved along the flow.

In other words, there exists a unique local continuous flow corresponding to smooth solutions
of the Landau-Lifshitz equation. The proof of this property is based on combining a priori energy
estimates with a compactness argument. For the Schrédinger map equation, the same result was
first proved in [8] when N = 1, and in [2I] for N > 2 (see also [28] 26| [13] for the construction of
smooth solutions). In the more general context of hyperbolic systems, a similar result is expected
when k > N/2 + 1 due to the fact that the critical regularity of the equation is given by the
condition k = N/2 (see e.g. [27, Theorem 1.2]).

Going on with our rigorous derivation of the cubic Schrédinger regime, we now express
the previous statements in terms of the nonlinear Schrédinger equation (NLS.|) satisfied by the
rescaled function V..



Corollary 2. Let e be a fized positive number, and k € N, with k > N/2+1. Consider a function
U0 ¢ HYRN) such that
1
e [[we oo < 1. (5)

Then, there exist a positive number T- and a unique solution ¥, : RN x [0,T.) — C to (NLS.)

with initial datum WO, which satisfies the following statements.

(i) The solution V. is in the space L>=([0,T], H*(RN)), while its time derivative 9,9, is in
L>=([0,T], HF=2(RY)), for any number 0 < T < T..

(73) If the mazimal time of existence T is finite, then
T: ) )
/0 |90l de = o0, or et Jim ([0 0], = 1. (6)

(iii) The flow map WO s W_ is locally well-defined and Lipschilz continuous from H¥(RN)
to CO([0, T], H*Y(RN)) for any number 0 < T < Tv.

(iv) When W9 € HYRN), with £ > k, the solution . lies in L>°(]0,T], H(RY)), with
o, € L>([0,T], H2(RN)) for any number 0 < T < T..

(v) The nonlinear Schrédinger energy €. given by

1

¢ (T,) = / (y\p5|2+s|v\115|2+
RN

(., V\IIE)%)
2 )

1 —eb?
15 conserved along the flow.
(vi) Set
1
m® = (% Re (90), (1 - ¢[9212) 2,25 Tm ().
The function m : RN x [0,T.] — S? given by
it 1 it
m(z,t) = (5% Re (e7= U (2,1)), (1 — e[ Ve(z, 1) %) Q,E% Im (e*?\I!a(x,t))>, (7)

for any (z,t) € RN x [0,T.], is the unique solution to (LL) with initial datum m° of Theorem .

Remark 3. Coming back to the proof of Theorem [1|in [12] and using standard interpolation
theory, one can check that the flow map ¥Y — W, is locally well-defined and continuous from
HFRN) to €O([0,T), H*(RY)) for any number 0 < 7' < 7. and any number s < k.

Corollary [2] also provides the existence of a unique local continuous flow corresponding to
smooth solutions to . Its proof relies on the equivalence between the Landau-Lifshitz
equation and the nonlinear Schrédinger equation , when condition is satisfied (see
statement (vi) above). We refer to Subsection for a detailed proof of this result.

With Corollary [2 at hand, we are now in position to state our main result concerning the
rigorous derivation of the cubic Schrodinger regime of the Landau-Lifshitz equation.

Theorem 4. Let 0 < ¢ < 1 be a positive number, and k € N, with k > N/2 + 2. Consider two
initial conditions WO € H*(RN) and V2 € HF3(RN), and set

K2 = [0+ [0 e+ <3[9 s+ < A2

Then, there exists a positive number A, depending only on k, such that, if the initial data ¥° and
WY satisfy the condition

Aez K0 <1, (8)



we have the following statements.
(i) There exists a positive number

1
T: > WQ)T (9)

such that both the unique solution V. to (NLSJ) with initial datum VY, and the unique solution

£

U to (CS) with initial datum U° are well-defined on the time interval [0, T%].

(i9) We have the error estimate
1ot = () e < (|22 = O[] s + AKD(1+ (KD)%) ) A2, (10)
for any 0 <t <T..

Theorem [] does not only rigorously state the convergence of the Landau-Lifshitz equation
towards the cubic Schrédinger equation in any dimension. It also quantifies this convergence in
the spirit of what we already proved for the Sine-Gordon regime in [12] (see statement (iv) of [12]
Theorem 1]). The assumptions k£ > N/2 + 2 in Theorem [4] originates in our choice to quantify
this convergence. They are taylored in order to obtain the e factor in the right-hand side of the
error estimate since we expect this order of convergence to be sharp.

This claim relies on the study of the solitons of the one-dimensional Landau-Lifshitz and
cubic Schrodinger equations. In Appendix E], we classify the solitons m., with speed ¢ and
angular velocity w of the Landau-Lifshitz equation when A = A\; = A3 (see Theorem . We
then prove that their difference with respect to the corresponding bright solitons W.,, of the
cubic Schrodinger equation is of exact order ¢ as the error factor in (10]) (see Proposition .

It is certainly possible to show only convergence under weaker assumptions by using compact-
ness arguments as for the derivation of similar asymptotic regimes (see e.g. [23] [10} [15] concerning
Schrédinger-like equations).

Observe that smooth solutions for both the Landau-Lifshitz and the cubic Schrédinger equa-
tions are known to exist when the integer k satisfies the condition k > N/2 + 1. The additional
assumption k > N/2 + 2 in Theorem {| is related to the fact that our proof of requires a
uniform control of the difference ¥, — ¥, which follows from the Sobolev embedding theorem of
HF2(RN) into L>®°(RY).

Similarly, the fact that WY is taken in H*+3(RY) instead of H**2(RY), which is enough to
define the quantity K2, is related to the loss of one derivative for establishing the flow continuity
in statement (7i7) of Corollary

Finally, the loss of two derivatives in the error estimate can be partially recovered by
combining standard interpolation theory with the estimates in Proposition and Lemma [2.5
Under the assumptions of Theorem ] the solutions W. converge towards the solution ¥ in
CO([0, 7], H*(RY)) for any 0 < s < k, when U0 tends to W0 in H*+2(RN) as ¢ — 0, but the
error term is not necessarily of order € due to the interpolation process.

Note here that condition is not really restrictive in order to analyze such a convergence.
At least when W0 tends to WO in H*2(RV) as ¢ — 0, the quantity K2 tends to twice the
norm ||W0|| 4« in the limit & — 0, so that condition is always fulfilled. Moreover, the error
estimate is available on a time interval of order 1/||%°||%,,, which is similar to the minimal
time of existence of the smooth solutions to the cubic Schrodinger equation (see Lemma
below).

Apart from the intrinsic interest of Theorem M it is well-known that deriving asymptotic
regimes is a powerful tool in order to tackle the analysis of intricate equations. In this direction,



we expect that our rigorous derivation of the cubic Schridinger regime will be a useful tool in
order to describe the dynamical properties of the Landau-Lifshitz equation, in particular the role
played by the solitons in this dynamics (see e.g. [0, [16] where this strategy was developed in
order to prove the asymptotic stability of the dark solitons of the Gross-Pitaevskii equation by
using its link with the Korteweg-de Vries equation L0} [4] 5]).

The rest of the paper is mainly devoted to the proof of Theorem[d] In Section[2], we explain our
strategy for this proof. Section [3] gathers the proof of Corollary 2] as well as the detailed proofs
of the main steps in the proof of Theorem [l Finally, Appendix [A] deals with the classification
of the solitons of the Landau-Lifshitz equation when A\ = Ay = A3, and with their convergence
towards the bright solitons of the cubic Schrédinger equation.

2 Strategy of the proof of Theorem

The proof relies on the consistency between the Schrodinger equations (NLS.) and (CS)) in the
limit € — 0. Indeed, we can recast (NLS.) as

1
10U, + AU, + 5\\11512\115 =eR., (2.1)

where the remainder term R, is given by

U2 g v v
Re = L N L (M)%. (2.2)
14 (1 —e|w.|2)2 2(1 + (1 — W |2)2)2 (1—e|P.|?)2

In order to establish the convergence towards the cubic Schrodinger equation, our main goal is
to control the remainder term R, on a time interval [0, 7] as long as possible. In particular, we
have to show that the maximal time T, for this control does not vanish in the limit ¢ — 0.

The strategy for reaching this goal is reminiscent from a series of papers concerning the
rigorous derivation of long-wave regimes for various Schrodinger-like equations (see [23, 3] 4]
10l B, 2, O 15, 12] and the references therein). The main argument is to perform suitable
energy estimates on the solutions ¥, to . These estimates provide Sobolev bounds for the
remainder term R., which are used to control the differences u. := ¥, — ¥ with respect to the
solutions ¥ to (CS)). This further control is also derived from energy estimates.

Concerning the estimates of the solutions W., we rely on the equivalence with the solutions m
to in Corollary |2 Using this equivalence, we can go back to the computations made in [12]
for the derivation of the Sine-Gordon regime of the Landau-Lifshitz equation. More precisely,
given a positive number 7' and a sufficiently smooth solution m : RY x [0,7] — S? to (LI)), we
define the energy E’ﬁ'L of order k > 2 as

. 1
EfL(t) = §(H3tm(',t)\@lm +AmC, )1 Fee + M+ X3) ([[Vma (- 8) [ Fie 23)

HIVma (1) [52) + Mz (lma (O Fes + ||m3<'7t)||§i[k—2))v

for any ¢ € [0,T]. In the regime A\; = A3 = 1/e, we can prove the following improvement of the
computations made in [I2, Proposition 1].

Proposition 2.1. Let 0 < e < 1, and k € N, with k > N/2+ 1. Assume that

Al = A3 =

1
= (2.4)



and that m is a solution to (LI) in CO([0,T], EFTH(RN)), with oym € CO([0,T], HF2(RY)).
Given any integer 2 < £ < k + 2, the energies EI{L are of class C* on [0,T], and there exists a
positive number Cy, depending possibly on k, but not on €, such that their derivatives satisfy

(L) 1) < D (im0 e + s D3+ 19mC013) (B + B @), (25)

for any t € [0,T). For £ —1 =1, the quantity EL, (t) in this expression is equal to the Landau-
Lifshitz energy Ery(m(-,t)).

As for the proof of [12], Proposition 1], the estimates in Proposition rely on the following
identity. Under assumption (2.4)), we derive from (LL) the second-order equation

1
Bum + Am — = (Amlel + Amg@g) +5 <m161 + mgeg) = F.(m), (2.6)
where

- ¥ (a 2(0m, Oym)gadym — |0;m[20;m) — zaz-j(@m,ajmmm))

1<i,5<N

1
—- ((m% + 3m§)Am161 + (Smf + mg)Amgeg —2mymg(Amyes + Amge;) 2.7)

+ (m% + mg)Amgeg — |Vm\2(m161 + mases) + V(m% + m%) . Vm)

1
+? ((m% + m%)(mlel + mgeg)) .
Note here that the computation of this formula uses the pointwise identities
(m, 0im)gs = (m, Dzm)gs + |0im|* = (m, Dyym)gs + 2(dm, Oiym)gs + (0;m, m)gs = 0,

which hold for any 1 < i,j < N, due to the property that m is valued into the sphere S?.

Since A\ = A3, the expression of the function F.(m) in is simpler than the one that was
computed in [I2]. In contrast with the formula in [I2] Proposition 1], the multiplicative factor in
the right-hand side of now only depends on the uniform norms of the functions mq, ms and
Vm. This property is crucial in order to use these estimates in the cubic Schrédinger regime.

The next step of the proof is indeed to express the quantities E’ﬁL in terms of the functions

U.. Assume that these functions ¥, : RV x [0,7] — C are smooth enough. In view of
and (NLS.)), it is natural to set

eh):= (100l #1000 SO
2.8
+e(Hat<1 — el e, 1)2)2[[Fpuce + A — W, )2 || Fpucs + 2] V()| [ 2))

for any k > 2 and any ¢ € [0,7]. Combining the local well-posedness result of Corollary [2| and
the computations in Proposition we obtain

Corollary 2.2. Let 0 < ¢ < 1, and k € N, with k > N/2 + 1. Consider a function ¥ €
H*5(RN) satisfying condition (), and let ¥, : RN x [0,7.) — C be the corresponding solution
to given by Corollary[d Given any integer 2 < £ < k + 2 and any number 0 <T < T,
the energies @ﬁ are of class C' on [0, T), and there exists a positive number Cy,, depending possibly
on k, but not on €, such that their derivatives satisfy

1), V(- )><cH
1—51\1/( DD

€)' < @(H%(-J)H%&HW (Dl +e H ) (€L(t)+em2el (1),

(2.9)



for any t € [0,T). For £ —1 =1, the quantity €L(t) in this ezpression is equal to the nonlinear
Schrodinger energy €. (V. (-,1)).

In order to gain a control on the solutions ¥, to (NLS.)) from inequality (2.9), we now have
to characterize the Sobolev norms, which are controlled by the energies €. In this direction, we
show

Lemma 2.3. Let 0 < e < 1, T > 0 and k € N, with k > N/2 4+ 1. Consider a solution
U, € CO([0,T], H**(RN)) to (NLS.)) such that

1
oT =€ max, ()] oo < 1. (2.10)

There exists a positive number C, depending possibly on op and k, but not on e, such that

1
5 (1) o + el VLD s+ AT )] )
< €(t) < (| e Dl s + [ VLl 1) [Fema + 2 AT 1) ez
(2.11)
for any 2 <0 <k+2 and any t € [0,T]. Moreover, we also have
1
Ll + Vel < € < ot + Vel @)

for any t € [0, 7.

With Corollary [2.2] and Lemma [2.3] at hand, we are now in position to provide the following
control on the solutions ¥, to (NLS.)).

Proposition 2.4. Let 0 < e < 1,0 <o < 1 and k € N, with k > N/2+ 1. There exists a

positive number Cy, depending possibly on o and k, but not on €, such that if an initial datum
U0 ¢ HF3(RN) satisfies

Cut ([0 o+ 7 [T o + 2] AT ) < 1, (2.13)

then there exists a positive time

1
Cu([[ 0| g+ 2| V0| e+ | ALY 1)

such that the unique solution V. to (NLS.)) with initial condition W0 satisfies the uniform bound

ex[|we ()|, <

as well as the energy estimate

190 g+ €2V L0 o + el AT

O]l
*(H‘PSHHk + 23| V8 0+ 2| AW )

lizs (2.14)

for any 0 <t <Tg.



An important feature of Proposition lies in the fact that the solutions W, are controlled
uniformly with respect to the small parameter £ up to a loss of three derivatives. This loss is
usual in the context of asymptotic regimes for Schrodinger-like equations (see e.g [4, [5] and the
references therein). It is related to the property that the energies E’ﬁL naturally scale according
to the right-hand side of in the limit ¢ — 0. This property is the origin of a loss of two
derivatives. The extra loss is due to the requirement to use the continuity of the flow
with respect to the initial datum in order to prove Proposition and this continuity holds
with a loss of one derivative E] in view of statement (#ii) in Corollary .

We now turn to our ultimate goal, which is to estimate the error between a solution W,
to (NLS.) and a solution ¥ to (CS). Going back to (2.1)), we check that their difference u. :=
V. — ¥ satisfies the equation

1
i0yue + Aug + §(|u€ + U (ue + ) — |U)?T) = eR... (2.15)
In view of (2.2)), we can invoke Proposition in order to bound the remainder term R. in
suitable Sobolev norms. On the other hand, we also have to provide a Sobolev control of the
solution ¥ to (CS)) on a time interval as long as possible. In this direction, we can show the

following classical result (see e.g. [7]), by performing standard energy estimates on the H*-norms
of the solution W.

Lemma 2.5. Let k € N, with k > N/2, and U° € H*(RN). There exists a positive number Cj,
depending possibly on k, such that there exists a positive time

1

T2 =55
: Ck:H\IJOH?{k

for which the unique solution U to (CS)) with initial condition WO satisfies the energy estimate
1G] < Ol 20 e

for any 0 <t <T.

Finally, we can perform standard energy estimates in order to control the difference u. ac-
cording to the following statement.

Proposition 2.6. Let 0 < e <1,0< 0 <1 and k € N, with k > N/2+ 2. Given an initial
condition W0 € HFT3(RN), assume that the unique corresponding solution V. to is well-
defined on a time interval [0,T] for some positive number T, and that it satisfies the uniform
bound )

e2 || (- 1) poe < 0, (2.16)

for any t € [0,T). Assume similarly that the solution U to (CS)) with initial datum ¥° € H*(RN)
is well-defined on [0,T]. Set u. := ¥, — V¥ and

1
Ke(T) = H\IJHCU([O,T},H’C) + H‘I’8|’c0([0,T1,Hk) +e2 HV\IJEHCO([O,T},Hk) + ‘SHA\IJEHCO([O,T],H’“)'
Then there exists a positive number Cy, depending possibly on o and k, but not on e, such that

o o) g < (e 0 s + KDL+ K (T)H) R, 2a7)

for any t € [0, 7.

In view of Remark continuity actually holds with any positive loss of fractional derivatives, which translates
by a loss of at least one classical derivative.

10



We are now in position to conclude the proof of Theorem

Proof of Theorem [} Under the assumptions of Theorem , we can apply Proposition (with
o = 1/2 for instance) and Lemma They provide the existence of a positive number C1,
depending only on k, and a corresponding number T, with

1
T >
© T (K0

such that, under assumption (with A replaced by C1), the solution ¥, to with initial
datum WY, and the solution ¥ to with initial datum U° are well-defined on the time
interval [0, T;]. Moreover, the function W, satisfies condition (2.16]) with o =1/2 on [0, T¢], and
the quantity ICc(7:) in Proposition is controlled by

K.(T.) < C1K°. (2.18)

As a consequence, we can invoke Proposition with ¢ = 1/2, which gives the existence of
another positive number Cs, depending only on k, such that

) = WD < ([0 =0 s + Ko (T2) (1 + Ko(T2)?) ) €O,

for any t € [0,7.]. Statement (ii) in Theorem [4 follows, with A = max{C;,C{, C?Cy}. This
completes the proof of Theorem [] O

3 Details of the proofs

3.1 Proof of Corollary

The proof essentially reduces to translate the statements in Theorem [I]in terms of the nonlinear
Schrodinger equation (NLS.J). Indeed, consider an initial datum W0 € H*(RYN) satisfying the
assumptions of Corollary . Coming back to the scaling in (2]), we set

m{ = £2 Re (\I/g) and mg =2 Im (\Ilg),

while we can define the function )

0 02
m = (1—c|P)2, (3.1)
due to condition (F). The initial datum m® = (m%, m3, m3) then lies in EX(RY). Hence, there
exists a positive number Tyax and a unique solution m to (LL)) with initial datum m°, which
satisfies the five statements in Theorem |1} As in , we then set
1 at
V. (z,t) =¢c 2e= (mi(z,t) + ims(z,1)).

In view of statement (i4¢) in Theorem [I the Sobolev embedding theorem guarantees that the
function W, belongs to C°([0, Trax), CY (RY)). In particular, we are able to define the number

T :=sup {T € [0, Tinax) such that e [o(-, )|l e < 1 for any ¢t < T} < Trax,
and this number is positive due to condition . Note here that either T, = Tiyax, Or

1
£2 tli% [T, 8)|| e = 1.

11



With these definitions at hand, statements (¢), (ii) and (iv) of Corollary [2] literally follow
from the same statements in Theoreml Moreover, the function msg is continuous on RY x [0, T%)
by statement (i77) in Theorem [1} and it does not Vanlsh on this set by definition of the number
T. due to the fact that m is valued in S?. Therefore, we deduce from that

= (1—clu.2)?, (3.2)

on RY x [0,T;). Recall here that the map m is solution to (LL). Since this equation holds
with m € L®([0, Timax), EF(RY)) and 9ym € L®([0, Timax), H*2(RY)), we can check that the
functions m and me solve , and it is enough to apply the chain rule theorem to ms in order to
derive that the function W, is solution to with initial datum 2. A direct computation
then provides the identity

52<\Il€7 V\:[IE>(2C

2 _ 2 2
V)2 + <m1+m3)—]\115\ eIV 4

(3.3)

and the conservation of the energy €. in statement (v) follows from the same statement in
Theorem Note finally that this construction of solution W, to (NLSJ) guarantees the local
Lipschitz continuity of the flow map in statement (iv) of Corollary [2] due to the same property
in Theorem

Concerning uniqueness, the argument is similar. Given another possible solution ¥, to (NLS.)
with initial data W0 as in Corollary [2| we set

m(z,t) = (5% Re (e_i?t‘ilg( 1), (1 — e|W.(z,t)) )% ez Im (e_%\ils(:n,t))>,

and we check that the maps m are solutions to and that they satisfy the statements
in Theorem I (on time intervals of the form [0, )) In view of the uniqueness statement in
Theorem |1 I and of the previous construction of the solution ¥, to , we obtain that
U, = U, that is the uniqueness of the solution .. Statement (vi) follows from the same
argument. This concludes the proof of Corollary O

3.2 Proof of Proposition

Let us first recall the Moser estimates

05" 1052 fo++ 0 £ 2 < G poas T (| fonll o |1 £ill e (3:4)
mi

1<e<y

which hold for any integers (j,¢) € N%, any a = (aq,...,q;) € N/, with Z{zl a; = £, and
any functions (f1,..., f;) € L®RN) 1 HYRN)/ (see e.g. [22, 18]). Under the assumptions of
Proposition we derive from these estimates that the second-order derivative dym belongs to
Co([0,T], H*(RY)). Hence, the energies Ef; are of class C* on [0,T]. Moreover, in view of (2.6),
integrating by parts provides the formula

(BLL)(8) = (Bem(e,0), Fo(m) (2 ) s = 3 / (0,0%m (. 1), 02 Fa(m) (2,1)) gy dr, (3.5)

|a|=0—2

for any ¢t € [0,7]. In order to obtain (2.5), we now have to control the derivatives 9% F(m) with
respect to the various terms in the quantities EfL and Eﬁil. Here, we face the difficulty that the
derivative 02 F.(m) contains partial derivatives of order ¢ + 1 of the function m, which cannot
be bounded with respect to the quantities EfL and Eﬁl. In order to by-pass this difficulty,

12



we bring to light a hidden geometric cancellation in the scalar product in the right-hand side
of (3.

Let us decompose the derivative 9% F;(m) as

1 1
OSF.(m) = —2 Z 95 ({(8ym, 0ym)gs)m + G1(m) — gGg(m) + E—QGg(m), (3.6)
1<i,j<N

according to the definition of F.(m) in (2.7). By the Leibniz formula, the quantity G1(m) is here
given by

Gi(m) = Y (agai(2<aim,ajm>R3ajm—\ajmﬁaim)
1<i,j<N
&

-2 >a§}—ﬁ ((Bim, ajm>R3)a§m),

0<B<&,B7#0 <ﬂ

where 02 := 020;;. As a consequence, we directly infer from the Leibniz formula and the Moser

estimates (3.4]) that
|G1(m)|| 2 < Cr [IVml[Zee [Vl gres- (3.7)

Here as in the sequel, the notation C}, refers to a positive number depending only on k. Observe
that the uniform boundedness of the gradient Vm is a consequence of the Sobolev embedding
theorem and the assumption & > N/2 4 1. Similarly, we have

1Ga(m)|| 2 < ck(HVmum_l (I3 + lImsl3) + 193 (Il ges + s e—s)

(3.8)
+ IVl e [[Vml ez (mallze + Hm3HLoo)>,
for the quantity
Ga(m) :z@ﬁ‘((m% +3m2)Amyer + (3m? +m32)Amges — 2mimz(Amyes + Amzer)

+ (m% + m%)Amgeg — |Vm|2(m161 + mases) + V(m% + mg) . Vm),

and
2 2

1G3(m)||,2 < Cr(lmallze + Imsllze) (Imall ge—z + Imsll ge-2), (3.9)

where

Gg(m) = 8;‘((171% + m%)(mlel + mgeg)).

We then deal with the remaining term of decomposition (3.6). Coming back to (3.5]), we
integrate by parts in order to write
/ <ata§m,a§aij(<aim,ajm>R3)m>R3
RY (3.10)
__ / 050, (0, 0y ) (01050, m) o + (D10, Oym)yy ).
R

for any 1 <4,57 < N. Arguing as before, we first obtain

’/RN 20; ((Dym, D;m)gs ) (0:05m, ) ga| < Co [V 3eo [Vl ey [0:0m] 2. (3.11)

13



On the other hand, it follows from the Landau-Lifshitz equation and the Leibniz formula that
050 ((0ym, ym)gs) (0e02 m,m)ps

=— Z < >8”8 ((8im, 0;m)gs) <85m><(9a - (Am—é(m1€1+m3€3)) >R3a

B<a*

where 92" := 020;. The right-hand side of this formula vanishes when 8 = 0. Due to this
cancellation, we can deduce as before from the Leibniz formula and the Moser estimates (3.4)
that

} /RN 8;“@ (<8lm,8]m>Rs) <8ta§*m, m>R3

1
< (1Tl + ITmlml Vi oo

% (I1Vmll e (Il gz + Imsl —z) + 1Vl s (sl = + HmaHLw)>)-

We finally collect this estimate with (3.7), (3.8)), (3.9) and (3.11)) in order to bound the right-
hand side of (3.5)). Using definition (2.3)), the fact that 0 < ¢ < 1, and the Young inequality
2ab < a® + b?, we obtain (2.5)). This completes the proof of Proposition O

3.3 Proof of Corollary

In order to establish inequality , we rewrite in terms of the function V.. Given
an initial datum U2 € H*(RY) satisfying (), the corresponding solution ¥, to is
in C9([0,7%), H***(R"N)) by Corollary . Here, the characterization of the maximal time 7
guarantees that

a%H\Ilg( t <1,

M o
for any 0 <t < T%. In particular, it follows from the continuity properties of the solution ¥, and
the Sobolev embedding theorem that

<1, (3.12)

or 1= €? max |- (, )HLOO

t€[0,T]

forany 0 < T < T..

In another direction, the function m defined by solves for the corresponding initial
datum m?, and we can prove that it is in C°([0, T], E¥F*(R™N)), with 9ym € €°([0, T], H*+2(RY)).
Indeed, the fact that m; and mg belong to C°([0, 7], H¥*4(RY)) is a direct consequence of their
definition and of the continuity properties of the function W.. Concerning the function me, we
write it as

ms = n(e20,). (3.13)
In view of (3.12), the function 7 in this formula can be chosen as a smooth function such that
1
n(x) = (1 - |z*)z,
when |z| < or, and n(z) = (1 + or)/2 for |z| close enough to 1. As a consequence, we have
1 1 1
m2('7t) - m2('? S) =&z / 77/ (55 ((1 - T)\IIE('7 8) + T\IIE(Wt))) (\Ija('at) - qj&('v S)) dTa (314)
0
for any 0 < s <t < T. By the Sobolev embedding theorem, we infer that
1
<ez||n||pee [P (-, t) = WL(-, 5)

< &3 |zoo W t) = Vo, s [

(3.15)

M=

ng(,t) m2 HLoo
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At this stage, let us recall the Moser estimate

1FC e < Cell Fllzre: mae, IF e 117" (3.16)

which holds for £ > 1, f € L®°(RN) n HY(RY), and F e C*(R), with bounded derivatives up to

order ¢ (see e.g. [22 [18]). Applying this estimate, (3.4) and (3.12]) to (3.14)), we get the existence
of a positive number A, also depending only on k, n and op, such that

I mal-,t) = ma(-,5) e < A% (|| Wl t) = Wl )] o
+ 5%“\1’5('775) - q’é('vs)HLw (H\PE("t)HHZ + H\PE("S)HHZD’

for any 1 < ¢ < k + 4. Combining with (3.15)), we finally deduce that m is continuous on [0, T7,
with values in E¥4(RY). Since this map is solution to (L)), it follows from (3.4) and the Sobolev
embedding theorem that its time derivative 9ym is in C°([0, T], H**2(RN)).

As a consequence, we are in position to apply Proposition for the solution m. Coming
back to (7)), we express the various terms in inequality (2.5)) as

eELL(t) = €L(1),
for any 2 < /¢ < k+ 2, and

Ima ()1 Zoe + lma (-, 1) + VM, )| 2o

<\I/€(-,t),v\1f€(.,t)>CH2 )

= s(HxIJE(',t)H%O + HV\IJE(~,t)H2m +5H .
- - (1—clW.(-, )25 =

Note also that Ef; (t) = €1(¢) by (3.3). In conclusion, the continuous differentiability of the
energies (’Eﬁ, as well as inequality (2.9)), readily follow from Proposition This completes the
proof of Corollary O

3.4 Proof of Lemma

We first infer from the proof of Corollary that the energies €% are well-defined on [0, 7] for
1 < ¢ < k+2, when the solution ¥, to (NLSJ) lies in C°([0, T], H***(R") and satisfies condi-
tion (2.10). We also observe that the left-hand side inequalities in (2.11)) and (2.12) are direct

consequences of the definitions of the energies €£. Concerning the right-hand side inequalities,
we first deal with (2.12)), for which condition (2.10)) guarantees that

52<\I/5(x,t),V\116(x,t)>(% < EU%]V\IIS(:c,t)P
1—e|U(z,t)? - 1—o2 ’

for any (z,t) € RY x [0,T]. The inequality then follows, with C = 1/(2 — 202.).

We argue similarly for the right-hand side inequality in (2.11). We take advantage of the
uniform bound given by (2.10) in order to control the space derivatives of the function (1 —
e|T.>)Y/2. As in the proof of Corollary , we introduce a smooth function such that

n(z) = (1— |22,

when |z| < o, and n(x) = (1+o7)/2 for |z| close enough to 1. Since (1 —¢e|¥,[2)1/2 = 77(5%\1'5)
by (2.10)), we again deduce from the Moser estimate (3.16) that

HA(l - 5|\I/s('at)|2)%“f1272 < Cff%HA\I’E('at)Hsz lgln%}égng_lH\IIE("t)HLw >

m—1
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where C refers, here as in the sequel, to a positive number depending only on k and op (once
the choice of the function 7 is fixed). Condition (2.10) then provides

e A =T, )23

e < C2(| AV, 1) Fyoa- (3.17)

At this stage, we are left with the estimates of the two terms in (2.8]), which depend on the
time derivative of the function ¥.. Concerning the first one, we rewrite (NLS.) as

l\’)\)—l

ied Ve + ediv ((1 - E‘\IJEP)%V\I/E — V(1 —e|l)?)2v ) +(1-(1- E|\I/6\2)%)\IJE =0,

so that

le0we(,8) = % )| s < 2| (L= 2l 1) V1) e s)
1 1 :

+ 5HV(1 - 5|\Ijs('vt)|2) qus("t)HHé—l + H(l - 5|\Ijs('at)|2) Z\I’S(Ht)HHZ—Q-
Invoking the Moser estimate , we have

Vqls('at)HHz,l + HV(I - 5|\I}€('7t)|2) QWE("t)HHZ*l

< (el g+ e 11— <) ),

N

(1 — e[ (-, 1))

so that (2.10) and (3.17) provide

(1 = el )P) 2T ) s + [V (L= Wl D) 2 W 8)]| o < Of| AT,

M- Ol e

Similarly, we can bound the last term in the right-hand side of (3.18) by [|[¥.|| ;.- if £ = 2, and
by

SIS

1
(1= e ) Ol 8l < (WOl rs + [Tl Bl e | (1 = T OF) ),
otherwise. Since £ — 2 > 1 in this case, we again infer from and that
1
1@eC )] oo | (1= el OF) 2 [ e < O s
Gathering the previous estimates of the right-hand side of , we finally get
0 )~ 10 ) B < O(2IAT G s 00)]s). (319

We now turn to the last term in (2.8]). Coming back to (NLS.)), we infer that

9 (1 — e]U.[2)% = e div(iv., VI.)c,
and we again deduce from and that
1
eflo (1 — elTe(, D)7 -2 < Wl DI l| AT D[ Fyez < CEATL( D[ fyema

Combining this inequality with (3.18) and (3.19), we conclude that the energy €%(¢) can be
bounded from above according to (2.11)). This completes the proof of Lemma [2.3] O
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3.5 Proof of Proposition

The proof relies on a continuation argument, which is based on the Sobolev control of the solution
U, provided by the energies €. Assume first that the initial condition W0 lies in H¥*5(RY) and
satisfies condition for a positive number C. to be fixed later. In this case, Corollary ] yields
the existence of a maximal time Tax and of a unique solution ¥. € C°([0, Tinax), H*T4(RY))
to with initial datum W2, In particular, we infer from Corollary that the quantity

Y42 defined by
k+2

2k+2 Z @

is well-defined and of class C! on [0, Tihax). On the other hand, we can invoke the Sobolev
embedding theorem so as to find a positive number C, depending only on k, such that

o L PREle |

Assuming that condition (2.13)) holds for a number C, such that oC, > 2C4, we obtain

Q

. s Sl

As a consequence of the continuity properties of the quantity E’g’” and of the solution ¥., we
deduce that the stopping time

T, := sup {t € [0, Tomax) : €2 | ( < o and ¥52(7) < 2952(0) for any 7 € [O,t]},

(3.20)

T)HLOO

is positive.

At this stage, we go back to inequality (2.9)) in order to find a further positive number Cs,
also depending only on k, such that

S0 < 0 (190Dl + IV O+ TELDTEBE ) son

for any 0 <t < Ty. Due to the definition of T, we observe that

H 1%@ gf;ﬁCHiwé1_10211w5<-,t>u%m-

Combining these inequalities with the Sobolev embedding theorem, we are led to

[Z/;+2]’(t) C C2 Zk:—‘rQ( )

1-02
Setting
1—o0?
= 3.21
ST 2020,3F2(0) (3.21)
and integrating the previous inequality, we infer that
1— 2 ZkJrQ 0
SEH2(4) < (1=09)=770) $E+2((), (3.22)

T 102 C203E2 00 T

for any t < T;. Invoking once again the Sobolev embedding theorem and the definition of the
quantity $52 we also get

E3 (| W (-, )| oo < Cre3FH2(1)2 < V20123 BH2(0)3,
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In view of Lemma [2.3] we infer the existence of a positive number C3, depending only on k and
o, such that

1 1 1
e2||Wo(-,t)||Le < V2C1Cse2 (H\pgqu +e2 || V8| +s\}Amg|\Hk>,
again when t < 7. Enlarging C, so that V20,05 < 0Cy, we deduce that
1
e2||We(- )|z < o (3.23)

In view of (3.22)), a continuation argument then guarantees that either T, < T, < Tpax, or
T, = Tmax < T:. In this latter case, it results from the conditions in (6) and from (3.23)) that

TII]aX
/0 V0, 0)|f o dt = oo (3.24)

On the other hand, as a further consequence of the Sobolev embedding theorem, of Lemma [2.3

and of , we have
/ V(0|2 dt < C2 / (e 1)|2 dt < ACTSEF2(0) T,
0 0

When Tax < T, definition (3.21)) yields

2 — 202
Co

< 00,

Tmax
L Ivwe ol e <

which contradicts (3.24). As a conclusion, the stopping time T is at least equal to T, and we
derive from Lemma [2.3| and from (3.22) that

W) G+ & V) [ + €2 AL, )| G
< 2m2(t) < 43E02(0) < 403 (|02 G + | VUG + 2202 ).

for any 0 < ¢ < T.. Similarly, we derive from (3.21]) that

1
T > :
T 2070 (9017, + e VOO, + eI ARY1%,)

It then remains to again enlarge the number C, so that C, > 4C'32 and Cy > 201202032 in order to
complete the proof of Proposition , provided that U0 € H*3(RY). In view of the continuity
of the flow with respect to the initial datum in Corollary , we can extend this result
to arbitrary initial conditions W € H**3(RV) by a standard density argument. This ends the
proof of Proposition [2.4] O

3.6 Proof of Lemma

Assume first that the initial condition WO belongs to H**2(R™) and consider the correspond-
ing solution ¥ € C°([0, Tinax), H*2(RY)) to (CS). In this case, the derivative 9, ¥ is in
CO([0, Trmax), H*(RN)), so that the quantity

1
() = [0 ¢, 1)
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is well-defined and of class C! on the interval [0, Tax)- In view of (CS)), its derivative is equal to

S4(1) = { = AV(,0) = S0PV, 0,9(,0)

for any 0 <t < Tihax. Since we have
_<Aql('>t)7i\1/('at)>]{k = <V\Il(at)>lv\1](at)>Hk =0,

by integration by parts, we can combine the Moser estimates in (3.4) and the Sobolev embedding
theorem in order to get

S4(6) < 1T OPEC e 9Ol e < LT[0 0] e < L)

Here, the positive number C, possibly changing from inequality to inequality, only depends on

k. Setting
1 1

T, = = , 3.25
20,6 (0) CkH\IIOHZk (325)
we conclude that &4(0)
k 0112
HH< ———~2 <2 0) =¥ i 3.26

as long as t < T,. Invoking again the Sobolev embedding theorem, we also have
1
[0, 8)|| e < CuGr(t)z < Ci[ 00| 40 < o0,

and a continuation argument as in the proof of Proposition guarantees that the maximal
time of existence Tax is greater than T. In view of (3.25)) and (3.26)), this completes the proof
of Lemma when W0 € HK*2(RN). Using the uniform lower bound on the maximal time
of existence provided by Ty, we can finally perform a standard density argument to extend this
lemma to any arbitrary initial datum ¥° € H¥(RY). This concludes the proof of Lemma O

3.7 Proof of Proposition [2.6

Set )
2
6k72(t) = iHuE('at)HHk—m
for any t € [0,7]. Under the assumptions of Proposition the functions u. and Jyu. lie in

CO([0,T), H*) and in C°([0,T], H*~2), respectively. Hence, the function &j_5 is of class C! on
[0,T]. In view of (2.15)), its derivative is given by

2—2(75) = < — Auc(,t) — Ge(+t) + 5R5('at)aius('vt)>[_]k—27

where we denote

G: = = (Jue + T (ue + T) — |U|?T).

1
2
Integrating by parts, we see that

<Au5,ius> —<Vus,iVuE>Hk,2 =0,

Hk—2 =

so that the Cauchy-Schwarz inequality leads to

‘Gé_g(t)‘ < \/5619—2(15)% (HGE('at)HHk—z + 6”'7_\’,5(',15)}}11,6,2). (3'27)
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At this point, we notice that
1
G. = 5(’”5’2%2 + |U€|2\I’ + 2(“57 \I’>(C(ua + \Ij) + ‘\I"Qua)v

and we invoke the Moser estimates (3.4)), as well as the Young inequality 2ab < a? + b2, in order
to obtain

1Ge s < Co(lluelzries (luellFe + 1) + 19 s el oo (clizoe + [@]122) ),

Here as in the sequel, the notation C}, refers to a positive number depending only on k. Due to
the assumption k& > N/2 + 2, the Sobolev embedding of H*~2(R"™) into L>°(R") then leads to

|G-, )| spoe < Cr Ska(t)? K(T)2. (3.28)

We now turn to the remainder term R, which we decompose as R := Rc1 — Re2 — Re3
according to the three terms in the right-hand side of (2.2]). We introduce a smooth function x

such that )

IRENCEERE
when |z| < o, and we use (2.16) to recast R.; as

() :

1
Req = [W P AV, x(e2 T.).
We next apply the Moser estimate (3.16]) and invoke again (2.16)) to obtain

Hx(aé )|l e < Croll Vel e

when 1 < ¢ < k — 2. Here as in the sequel, the notation Cj, refers to a positive number
depending only on k and o. In view of (3.4]), this gives

HREJHH"' < Ck;,aH\I’sHLOO (”A\PEHL“’ (1 + H\IJEHLOO)H‘I’EHHZ + H‘IISHLOOH\IJEHHKH)'
Since
HR6,1HL2 < ||‘IJ€H%°°||\P€HH2’

due to (2.16]), we deduce from the condition £ > N/2 + 2 and the Sobolev embedding theorem
that
[Reillpes < CrokelT)? (14 K(T)).

We argue similarly for the term

2

1 1
RS,Q = 5‘\:[/6’4X(€2 \Ile) \Ilea

which we bound as
HRE,QHHIcfz = Ck,alcs(T)B (1 + ICE(T)>~

Concerning the term R. 3, we introduce a further smooth function p such that

1
ST

when |z| < o, and we write

Reg = (((0e AW + VO p(ed 02) + 23 (e, VI - VL o/ (3 00) ) 0,
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Arguing as for the function y, we have

10022 Wo)|| e + 110/ (€% Ol e < Croor | e

for 1 < /¢ <k — 2, and we infer as before that

|Res| s < Croka(T) (14 K(T)).

We conclude that
[Rell s < CrokeT)? (14 K(T)?).

Coming back to (3.27) and using (3.28)), as well as the Young inequality, we obtain
a(t) < CioKe(T)?(S(t) + 2K-(T)2 (1 + KL(T)°)).

Estimate (2.17) finally follows from the Gronwall inequality. O]

A Solitons of the Landau-Lifshitz equation

In this appendix, we focus on the correspondence between the solitons of the one-dimensional
Landau-Lifshitz equation and of the one-dimensional cubic Schrodinger equation. Concerning
this latter equation, it is well-known that it owns bright solitons (see e.g. [25]). Up to a space
translation and a phase shift, they are given by

(dw — 02)% eim;t)

1
cosh (W(m — ct))

Uew(z,t) = et (A1)

for any (z,t) € R2. In this formula, the speed ¢ € R and the angular velocity w € R satisfy the
condition 4w > ¢?. In the sequel, our goal is to exhibit solitons for the one-dimensional Landau-
Lifshitz equation, which converge towards the bright solitons W, in the cubic Schrédinger regime
that we have derived in Theorem [l

Going back to the scaling in and to formula (A.1)), we look for solitons to (LL| under the
form

Mew(T,t) = Veu(x —ct)e

“WEand  [mewla(z,t) i= [Vewle(x — et), (A.2)

for any (x,t) € R%. Here, we have set, as before, qu = [Vewlt +i[Vew]s. The speed ¢ and the
angular momentum w are real numbers. In order to simplify the analysis, we also assume that
A= A1 = A3 > 0 as in the cubic Schrédinger regime. Using the equivalent formulation of the
one-dimensional Landau-Lifshitz equation given by

m X Oym — Oggm — (\8Im|2 + )\(m% + mg))m + )\(mlel + mgeg) =0,

we observe that the functions VCM and [V. ]2 solve the ordinary differential system

— 0" +ic(vod — vho) — (|JU2 + |vh]? + N6]|2) 0 + A0 4+ wued = 0,
{ (02 = wy0) = (|0 + [0 + AoP?) (TW,..)

—vf + ¢(i0, ¥')c — (|']* + [vh]* + Ao]*)ve — w|d]? = 0.
This system appears as a perturbation of the harmonic maps equation, which corresponds to
the case ¢ = A\ = w = 0. It is invariant by translations and by phase shifts (of the function
). In the energy space £(R), the unique constant solutions to (TW, | are the trivial solutions

es = (0,1,0) and —es = (0,—1,0). Moreover, we are able to classify all the non-trivial solutions
in this space according to the possible values of the parameters ¢, A and w.
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Theorem A.1. Let A > 0 and (c,w) € R%. Up to the invariance by translations and phase shifts
(of the map V.,), the unique non-trivial solutions Ve, to (TW,| in the energy space E(R) are

given by the following formulae :
(1) Forw=c¢=0,

1
—, and [Vopla(w) = Stanh (A2z),

Vr € R, Voo(z) = ——F—
cosh(A\2z)

with 6 € {£1}.

(ii) For 0 < —wé < X and ¢* < 4()\+w5), or for wd >0 and 0 < ¢® < 4()\+w5),

icdx

- 4: - 2 1
Vo € R,V (z) = ( (A+5c1u) )3 "2 .
2\ + 6w + (Ac? + w?)2 cosh ((4 A+ dw) — 02)533)

X ((2()\02 + wQ)% +c? — 2(5w>é cosh ((()\ + dw) — i) ;x)

+isign(c)5<2(/\02 + wz)% —2+ 2(5w>é sinh <<()\ + dw) — %) §x>>,

and

vxeR,[VC,w]g(x):5<1— A\ + bw) — 2 )

2+ 0w + (A + w?)7 cosh ((4()\ +ow) — 02)%x)
with § € {+1}. Moreover, when ¢ # 0, the map Vcw can be lifted as Vc,w = |%7w|ei¢c!w, with
2

cdx 2(Ac2 + w?)2 — ¢ + 20w 5 A\ >
cw(®) = — +sign(c)d arctan tanh Atow)——)"z) ).
Poul?) 2 nlc) <(2()\c2+wz)é +02—25w) (<( ) 4> )

Remark A.2. Observe that the numbers § = £1 in this statement give account of the limit
when z — +o00 of the function [V, 2.

Proof. The proof follows the approach developed in [II]. By classical regularity theory (see
e.g. [17]), all the solutions v = (v1,v2,v3) to (TW,| in £(R) are smooth, and all their derivatives
are bounded. Given a non-trivial solution v in £(R), this implies that

va(£o0) := lim wva(x) € {—1,1}, and lim [v'(z)] =0.

xr—+00 r—+o0

Taking the complex scalar product of the first equation of (TW_|) by ¢/, multiplying the second
one by v}, and summing the resulting identities, we obtain

(|v/|2)/ = —2wvh — 2\vgvh,
due to the fact that |v| = 1. Integrating this expression from either —oco or +o00o gives
|v|2 = A1 - v%) — 2w (vg — va(F00)). (A.3)

In particular, we observe that
v2(—00) = vz(+00),

except possibly when w = 0. As a consequence, we infer that the energy density
1 2 12
e(v) := §(|vl| + Ao]?)
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is equal to
e(v) = A(1 —v3) — w(ve — va(£0)). (A.4)

Taking the complex scalar product of the first equation of (TW,,|) by 0 and integrating the
resulting expression leads to
(10,0 )¢c = c(va(£o0) — v2), (A.5)

and we observe that ¢ is also equal to 0 in case va(+00) # v2(—00). Introducing (A.4) and (A.5)
in the second equation of (TW_.,|), we finally obtain the second-order differential equation for
the function vo

— vl + (v2 — va(£00)) (2003 + (2Av2(£00) + 3w)vs — ¢ + va(£oo)w) = 0.  (A.6)

At this stage, we split the analysis into two cases according to the values of vo(—o00) and
va(400). If they are different, we know that ¢ = w = 0, and (A.6]) reduces to

—vl — 2)\1)2(1 - v%) =0.
Multiplying this equation by v} and integrating, we get
—(v§)2 — 203 + Avg + A = 0.

By the intermediate value theorem, we also know that ve vanishes. Up to a translation, we can
assume that v2(0) = 0. Hence, v5(0) is equal to £A'/2. Coming back to and invoking the
Cauchy-Lipshitz theorem, we conclude that there exist only two possible solutions depending on
the value of v4(0). Finally, we check that the functions

va(x) = £ tanh ()\%x), (A.7)

are these two possible solutions. We next go back to the first equation in (TW, |} and use (A.4)
in order to write
— "+ A(2v5 — 1)5 = 0. (A.8)
Again by (A.4), we obtain
7/(0)> = A(1 — v2(0)?) — v4(0)* = 0.

We are now reduced to invoke the Cauchy-Lipshitz theorem as before, and then to solve explic-
itly (A.8), so as to prove the existence of a complex number « such that

y a

o) = — (4.9)

cosh(A\2z)

for any x € R. Since |92 = 1 — v2, we infer that |a| = 1, and up to a phase shift of the function

U, we can assume that a = 1. Statement (i) in Theorem then follows from formulae (A.7)
and (A9).

We now assume that ve(—00) = va(+00) := v3° € {—1,1}. Multiplying (A.6) by v5 and
integrating, we have

(Ué)Q = (v — v§°)2<)\(vg + U§°)2 + 2w(v2 + v5°) — 02>, (A.10)

so that
/\(UQ(J:)+USO)2+2w(v2(x)—1—1130) — >0, (A.11)
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for any z € R. Taking the limit £ — co, we obtain the necessary condition
2 <4\ +wv),

for having a non-trivial solution, and we assume this condition to be fulfilled in the sequel.

At this stage, we also know that v owns a global minimum when v5® = 1, respectively
maximum when v§° = —1. This optimum is different from £1, otherwise it follows from applying
the Cauchy-Lipschitz theorem to that the solution v is trivial. Up to a translation, we can
assume that this optimum is attained at x = 0, so that v5(0) = 0, with —1 < v3(0) < 1. In view
of , this gives

Av2(0) + v§°)2 + 2w (v2(0) 4+ v5°) — Z=0.
Using (A.11)), we deduce that

03(0) = (v§°(w2 F AN —w— )\vg"). (A.12)

— y‘}—‘

In particular, the inequality —1 < v2(0) < 1 leads to the strongest necessary conditions

(A.13)

0 < —wvs® < A, and ¢ < 4(X + wus®),
or
wus® >0, and 0 < 2 < 4(/\+wv§‘3),

which we assume in the sequel. In view of (A.12)), and since v4(0) = 0, applying the Cauchy-
Lipschitz theorem to (A.6]) then provides the uniqueness, if existence, of the solution vy. Note
also that, as a further consequence of the Cauchy-Lipschitz theorem, the function vy is even.

In order to construct this solution, we set y = 1 —v5°vy. The function y is even, positive and
owns a global maximum at = 0. Rewriting (A.10)) in terms of the function y and taking the
square root of the resulting expression, we deduce that

Y (x) = —y(a:)(/\y(x)2 — 2(wvs® + 2M\)y(x) + 4(A + wos®) — cz)%, (A.14)

for any x > 0. Observe here that the polynomial P(X) = AX? —2(wv$® +2M\) X +4(A+wvs®) —c?
owns two distinct roots

1 1
Xy =24 L (V@ bung) 225 X =2 1 (VaZ 1A - ).

due to (A.13)). Since y(0) = X_ by (A.12) and since y attains its global maximum at = = 0, it
follows that the quantity P(y(x)) in the right-hand side of (A.14]) is positive for any =z # 0. In
view of (A.13]), we are also allowed to write

=

d < h(4()\+wv§°) e (wv§°+2)\)y>> (4 4 wos®) — ¢2)
— | arcos =— ,
dy yvVw? + A2 y/P(y)

for any 0 < y < X_. The existence of the solution vg, as well as its expression in Statement (i7)
of Theorem [A.1] then follow from combining this formula with (A.14).

We next proceed with the first equation in (TW,,)). Inserting (A.4) in this equation, we
obtain the second-order linear differential equation

— 0" +icvat 4+ (203 — dcvh + 3wvs — A — 2wr5®) D = 0. (A.15)

Since |6]? = 1 — v2, the function |9|? owns a global maximum for z = 0, which is given by

2(\ + wvs® w2+02)\%—wv°° — 2\
B
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in view of (A.12). Using the invariance by phase shift of the function v, we can assume that

N

5(0) = %(2()\+wv§°)((w2 FENE —w) — ) (A.16)

By maximality at = 0, we also know that
(9(0),3'(0))c =0,

while (A.5)) provides

Hence, we have

v5° — v3(0)

@/(0) _ iCWb(O) = iCU§O<

2\ + wus® — (w? + 02)\)5>§

: (A7)
(W2 +c2N)2 — wod®

In view of (A.16) and (A.17), we deduce as before from the Cauchy-Lipschitz theorem that there
exists at most one solution v to (A.15).

In order to conclude the proof, we are left with the construction of this solution. We split
the analysis into two cases. When ¢ = 0, equation (A.15]) reduces to

— 3" 4+ (223 + 3w — A — 2wv3°) v = 0. (A.18)

Taking the real and imaginary parts of this equation, we infer that v; and w3 also solve it.

By (A.16) and (A.17), we have v3(0) = v4(0) = 0. By the Cauchy-Lipschitz theorem once again,
the function vs identically vanishes, and we obtain

803w (A + v5°w) (1 + cosh(2(A + vw) 7))
(2)\ — vé’ow( cosh(2(\ + vgow)%x) — 1))2

v1(2)? =1 —wvo(x)? =

)

for any x € R. Here, we have used the property that |w| = —v3°w due to conditions (A.13)).
Since v} (0) = 0 and
2v2

v1(0) = (wvs°A 4+ w?) 2,

A
by (A.16]) and (A.17), we infer that

N|—=

4( — v5wA — wz)% cosh (A + vgow)%m)
2\ — v5°w( cosh(2(X + Ugow)%x) -1)

o(z) =vi(z) =

is the desired solution to (A.15).
We finally turn to the case ¢ # 0. We now compute

@) = (4N + vPw) — ¢2) (2(/\02 + wQ)% cosh ((4(X + v5°w) — 62>%$) +c? - 2v§°w>

)

2
(2)\ + v3w + (A + w2)% cosh ((4(X + v5°w) — @)%gg))

for any « € R. In this case, we observe that the function ¥ does not vanish on R, so that we can
lift it as ¥ = |0]e?® with a smooth phase function . Coming back to (A.F), we compute

() = c _ oy 4\ + v3w) — 2 )

1+
v5° + va() 2 < 2(A\c? + wQ)% cosh ((4(A + v5°w) — 02)%x) + 2 — 20w
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Since 9(0) > 0 by (A.16]), we can also assume that ¢(0) = 0. Checking that

d 2a 1—d\s ay a®
— [ — = arct — "Vtanh(—2)) ) =
dy<b< — d2)3 are Em<(1—|—d> an ( 2 ))> b(cosh(ay) + d)’

for any y € R, and any coefficients ¢ > 0, b > 0 and —1 < d < 1, we conclude that the phase
function ¢ is given by the formula in Statement (é¢) of Theorem [A.1] Finally, the formula for
the map v follows from the ones for |0] and ¢ using the identities

1
Vz € R, cos(arctan(x)) = ——, and sin(arctan(z)) = %
(1+22)2 (1+22)2
This concludes the proof of Theorem O

We now go back to the cubic Schrodinger regime of the Landau-Lifshitz equation. In view
of the classification in Theorem [A.1] the solitons W, of (CS)) can be obtained in this regime as
the limit of the solitons m_,,_ of (LL| for the choice of parameters

1 1
ce=c, O0c=1, )\Ezg’ and wszwfg. (A.19)

Indeed, fix w > 0 and ¢ > 0, with 4w > ¢?, so that the soliton V.. is well-defined. The
assumptions 0 < —w.d. and ¢ < 4(/\E + wedg) then hold for € small enough. By Theorem

there exist non-trivial solutions Ve_,,. to (TW,,) with

1 icT
- €2 (dw—c?2ez
‘/CE,OJE(‘T) = ( ) 1

X
1 + we + (1 + (62 — 20))5 —+ w 62)5 cosh ((4&) _ 62)%1})

)

X ((2(1 + (% = 2w)e —|—w252)% + 24 (2 —2w)e ) cosh ((

SIS

+ isign(c) (2(1 + (¢® — 2w)e + w?e?)

o)
Z)%)).

(A.20)

c?
4
— 24 (2w —P)e smh((

Coming back to the scaling in (2)), we observe that the corresponding function

it
€

w\»—t
w\»—t

To(x,t) :=€ 2, . (z,t)e "2V, . (z — ct)e™, (A.21)

satisfies
YTo(z,t) = Ve, t),

as € — 0. Moreover, we can control the difference between the functions T, and V., by a factor
of order ¢ as in Theorem Ml

Proposition A.3. Let k € N, ¢ > 0 and w > 0, with 4w > c. Given any number 0 < ¢ < 1/w,
consider the function Y. defined by (A.21)), with the choice of pammeters Ce, 0g, Ae and wWe given
by (A.19). There exists a positive number Cy, depending only on k, ¢ and w, such that

HTE('vt) - \I’c,w('at)

for any t € R.
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Proof. Given any real number ¢, we infer from (A.1) and (A.21) that

HTE(at) - \Ilcw ) HHk - Hs_i‘/CE,wE - UC,L«)HHIN (A22)
where we have set .
2e'2
Vel®) = osh (o)

with a := (w — ¢2/4)Y/2. In view of (A.20), we have

M\»—‘

V we (@) = Ue(x) = eWe () + e?R.(x), (A.23)

where the first-order term W, is equal to

Wew(x) == i ((4(12 — ¢?) cosh(azx) — L“Q + dica sinh(ozx))
SN 4 cosh(aur)? cosh(ax) ’
whereas the remainder term R, is given by
ael?
R.(z) := W 2(FE ngye) cosh(ax)? (’yg(w — V) — 2N5) cosh(ax)
+isign(c) sinh(az) (2(K. — veke) cosh(az)? — (w — v:)ke))

(w—ve + 2ve COSh(OzJ,‘)2)2

+2(1 + ev.) cosh(ax)? + e(w — ve)

((2 4 e7e) cosh(az) + ie sign(c) k. sinh(am))) :

In this expression, we have set

22 1 1
Yo = © 5 Y el = 7((2(1 + (- w)e +we)T + 2+ (2 - w)e)? — 2),
€
4w — 2)2 1 1
Ke 1= W +eKe = - (2(1 + (2 — 2w)e + w252)% -2+ (2w — (:2)5) ’
£
and )
-2 1 1
Ve 1= ¢ 5 w +eN; = g((l + (02 - 2w)5+w252)2 — 1).
Since
. dwe? — ;4 - 2w27 K. le|(2w — 02;(4w - 02)% Cand N 02(4w8— 02)’

as € — 0, it follows from the smoothness and the exponential decay of the remainder term R,
that its H*-norm remains bounded as ¢ — 0. In view of (A.23)), we deduce that

HE_%VCE,UJE - UCMHHk o elWewll g

It is then enough to set Ck := ||[Wew| gr and to use (A.22) so as to complete the proof of
Proposition O
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