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Orthogonal rational functions

Orthogonal rational functions (ORFs)

Gt Ab @ T A ey

(1—t/a)(1—t/az) ... (1 t/an)’

fo(t) = n=12...

@ (v1,000,03,...

@ Arbitrary complex or infinite, but outside / := [—1, 1]

@ Fixed in advance
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Orthogonal rational functions

Orthogonal rational functions (ORFs)

Function spaces

Rational basis:

bk(t)znl%t/aj, o €Cri={tcCU{oo)} : t &1}

Space of rational functions:

L= L{aq,...,an} =span{l, bi(t),..., bs(t)}
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Orthogonal rational functions

Orthogonal rational functions (ORFs)

Function spaces

Rational basis:

bk(t)—Hl_il;/aJ o €Cri={tcCU{oo)} : t &1}

Space of rational functions:

L= L{aq,...,an} =span{l, bi(t),..., bs(t)}

Vj:aj =00 = by(t) =tk and L, = P, = span{l,t,..., t"}
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Orthogonal rational functions

Orthogonal rational functions (ORFs)

Orthonormal rational functions (ORFs) on /

Given a positive measure p on | and inner product
(f.8), = [ FOEDdu(o)

— ORFs @k (t):

ok € Li \ Lk—1
ok Ly Lr—1

ekl = 1/ {ek i), =1
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Rational Christoffel functions

Rational Christoffel functions

Rational Christoffel functions

@ rational reproducing kernels

Kn(x,y) := Kn(x,y: dp) = Z%

have the property that ((-), Kn(-, y: dp)), = f(y) for every
f e »Cn—l

@ rational Christoffel functions
An(x) = Aalxidp) = Kit(x,x;dp)

: IRI
= inf ——
Rel-s [R(x)
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Rational Christoffel functions

Rational Christoffel functions

Theorem (Joris Van Deun, 2004)

Suppose
@ 4 is absolutely continuous and p/ > 0 a.e. in /,
@ {a;j}j>0 is bounded away from /
@ asymptotic distribution of the poles is given by measure v
@ limp—oo NAp(x) = k(x) uniformly on /
Then

k(x) = p/(x)mV/1 — x2 [/

Cy

N -1
%{g} dy(u)] , xa.e.in/

u—X

where the square root is positive for u > 1 and the branch cut is /.

-
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Rational Christoffel functions

Rational Christoffel functions

Aim is to prove - under certain conditions on the measure p -
uniform convergence of {n\,(x)}n>o0-
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Rational Christoffel functions

Rational Christoffel functions

Aim is to prove - under certain conditions on the measure p -
uniform convergence of {n\,(x)}n>o0-

Definition

w is regular on [ in the sense of Stahl and Totik iff

EA
: p
lim | sup [ ot =1, llpll; := max|p(t)|.
n=oo | pep, y \ llPll, il

Note: if x/ > 0 a.e. in /, then p is regular on /.
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Convergence

Convergence

Lemma 1

Consider the Chebyshev measure of the second kind

dw(t) = V1 — t2dt, t € I, and suppose that {«;};~0 is bounded
away from /, with asymptotic distribution v. Then uniformly for x
in compact subsets of (—1,1),

lim n\y(x; dw) =
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Convergence

Convergence

The proof of Lemma 1 is based on:

@ classical representation for the Christoffel function
)\LP](X; dw,) for Bernstein-Szegd weights:

V1—1t?
122 - t/ag)|

dw,(t) = tel;
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Convergence

Convergence

The proof of Lemma 1 is based on:

@ classical representation for the Christoffel function
)\LP](X; dw,) for Bernstein-Szegd weights:

V1-—t?

dw,(t) = 5, ¢
2 - t/ay)|

el;

. [Pl n-1 2 (CR
o An(x; dw) = N(x; dw,) T2 _x/aj)(  xeR.
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Convergence

Convergence

Suppose

@ p,w are regular on /, and p is absolutely continuous w.r.t. w
on (a,b) C I,

° Z—g is positive and continuous at x € (a, b)

@ {aj}j>0 is bounded away from /, with asymptotic distribution
v,

@ uniformly in some neighborhood of x,

. . An(x; dw)
| | ———1|) =0.
Ji, (imsu |20 1)

. . An(x+2;d
Then uniformly lim,_, )\"( 2id1)
n

d
(x+§;dw) = d_!uj(x)' s€ [_r7 r]! r>0.
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Convergence

Convergence

The proof of Lemma 2 is based on:

@ characterization of rationa|2ChristoffeI functions
: IRl
An(x; dup) = inf S o
I'l( /’[/) Rel:nfl ‘R(X)‘Z
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Convergence

Convergence

The proof of Lemma 2 is based on:
@ characterization of rationa|2ChristoffeI functions
. IRIl
An(x; dup) = inf S o
I'l( /’[/) Rel:nfl ‘R(X)‘Z
@ (under the given conditions on the sequence of poles)
equivalent characterization of regular measures:

1/n

R
im | sup (ARl

=1 R||, := max|R(t)|;
noo | rece o \IIRI, ; 1R[]y := max | R(¢)]
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Convergence

Main result

Suppose

@ 4 is regular on | and absolutely continuous on (a, b) C /,
o 1/ is positive and continuous at x € (a, b),

@ {aj}j>0 is bounded away from /, with asymptotic distribution
v.

Then uniformly for s € [—r,r], r > 0,

lim n\, (X + %) = p/(x)mV/1 — x2

n—oo

/c,%{@}d”(”)l_l'
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Convergence

Universality

Corollary 1

Suppose

@ u is regular on | and absolutely continuous on (a, b) C /,
o 1/ is positive and continuous in (a, b),

@ {aj}j>0 is bounded away from /, with asymptotic distribution
v.

Then for x € (a, b), uniformly for r and s in compact subsets of

the real line,
r S
||m Kn (X + Rﬂ(xvx),x + R"(X7X)> (X r S) = SInﬂ-(r - S)
n—00 Ka(x, x) A 1) = n(r—s) ’

where K, (x,x) = t/(x)Y21/(y)?Kn(x, y; dp), and
\p,,(x, r,s)| = 1.

-
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Influence of poles

How poles of ORFs affect their Christoffel functions

In some results on asymptotics of orthogonal rational functions,
the restriction on the poles is replaced by a Blaschke type

assumption: » %, (1 - ‘aj - ,/ozf = 1‘) = oo; hence, {a;};>0

does not necessarily have to be bounded away from /.
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How poles of ORFs affect their Christoffel functions

In some results on asymptotics of orthogonal rational functions,
the restriction on the poles is replaced by a Blaschke type

assumption: » %, (1 - ‘aj - ,/ozf = 1‘) = oo; hence, {a;};>0

does not necessarily have to be bounded away from /.
Q: Can we do the same for rational Christoffel functions?
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How poles of ORFs affect their Christoffel functions

In some results on asymptotics of orthogonal rational functions,
the restriction on the poles is replaced by a Blaschke type

assumption: » %, (1 - ‘aj - ,/ozf = 1‘) = oo; hence, {a;};>0

does not necessarily have to be bounded away from /.
Q: Can we do the same for rational Christoffel functions?
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Influence of poles

How poles of ORFs affect their Christoffel functions

In some results on asymptotics of orthogonal rational functions,
the restriction on the poles is replaced by a Blaschke type

assumption: » %, (1 - ‘aj - ,/ozf = 1‘) = oo; hence, {a;};>0

does not necessarily have to be bounded away from /.
Q: Can we do the same for rational Christoffel functions?
A: No, we cannot.

However, we can ease the restrictions on the poles.
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Influence of poles

How poles of ORFs affect their Christoffel functions

Suppose
@ w is the Chebyshev measure of the second kind,

@ the poles {¢;};~0 have asymptotic distribution v with support
in C,

o x € (—1,1) is fixed,
@ for every € > 0 there exists § > 0 such that
limsup,_, o % ngn:]aj—xygé %@(J} < €.
Then at x,

—1
1im nXn(x; dw) = W(x)mV 1 — x2 [/E R {%} dy(u)] :
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Influence of poles

Example

Consider the sequence of poles
1/3 . - - R
{o ) = {@}i_y U{a}Z, U {oo}, with & = & = Zi, and

1 3 3
) = 5(/8/+/8l_1)7 B = (1—m> e+, p>0.

Then
@ the Blaschke type assumption
> <1 - ‘aj - 1/on? - 1‘) = oo is satisfied for every p > 0;
@ the sequence of\ﬁoles is not bounded away from / due to
2

|im[*>oo 64/ = — 5 € I,

@ the asymptotic distribution is given by v = d5.
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Influence of poles

Example (cont.)

. o 1 . . . . _
p = 3 = condition w.r.t. ) S{a7 IS Not satisfied in x = —/2/2.
3 g —f‘(x) 4
&8 n=1000
--n=2000
e 25F ---n=4000| |
X —n=8000
SN—r
=4 |
15F q
i
1 | 4
?
0.5 q
£}l *0.‘8 *0‘.6 *U‘.4 *0.‘2 6 X 0‘.2 0‘.4 O.‘G 0.‘8 1

v
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Influence of poles

Example (cont.)

Graphs of NAy(x) and f(

_ o 1 - -
p = 0.5 = condition w.r.t. > S{aj] 'S satisfied for every
x € (—1,1).
3k G —f‘(x) 4
4 n=1000
--n=2000
25k ---n=4000| |
\>_</ ——n=8000
=
151 T
i 1
0.5 T
£}l *0.‘8 *0‘.6 *U‘.4 ,0_‘2 6 X 0‘.2 0‘.4 0.‘6 0.‘8 1
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Influence of poles

Example (cont.)

Graphs of NAy(x) and f(

p = 0.5 = condition w.r.t. > %a,} is satisfied for every
x € (—1,1).

—i(x)
n=1000
3.08F --n=2000| |

2.85r

! /l I I I I N
285 -0.75 -0.7 X 065 -0.6 -0.55

v
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