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Introduction

These notes correspond to (half of) a course taught jointly with Mihai Maris in 2013 on
non linear dispersive equations and non linear elliptic equations. The material presented
here, from Chapter 1 to Chapter 4, deals with the dispersive equations part and collects
what was thaught in class for 16.5 hours. It contains essentially an introduction to the
Cauchy problem for the non linear Schrédinger equation (NLS), more precisely the L2
subcritical and L? critical ones. To put things in a wider perspective, the first chapter
also presents the non linear wave equation and the H' subcritical NLS, in an informal
fashion (not to say naive here and there).

The main goal of these lectures is to describe the functional analytic tools required to
state rigorously and solve the Cauchy problem for NLS. The presentation is completely
self contained (assuming only some standard background on functional analysis and dis-
tribution theory) hoping that the student wishing to understand the proofs from A to Z
will find all the material in the present source. We would reach our goal if this could give
the minimal autonomy to the student interested in learning more on dispersive PDE. In
this spirit, we have decided to include an appendix on the Littlewood-Paley theory; this
was not discussed in class but, as is well known, it is a very useful tool for dispersive PDE.
We illustrate one application with the proof of homogeneous Sobolev embbedings (with
fractional derivatives). We hope to complete the present notes with a section on Strichartz
estimates for the wave equation (whose proof uses the full strength of the Littlewood-Paley
theory) to provide some additional material to the reader interested in the wave equation.






Chapter 1

A brief overview

In this chapter, we present the Schrédinger and wave equations at a formal level, to record
some basic features of these equations and give some flavour of the related analytical
problems or tools involved in their resolutions. This will motivate the notions introduced
in the next chapters.

We start with some generalities about the linear equations. The Schrodinger equation
on R” reads

i0u — Au = f, (1.1)

where A = (9/0z1)? + - -+ + (0/0z,)? is the Laplacian, f is a given function! depending
on time, i.e. for some interval I,

f:IxR"—=C,

and u : I x R™ — C is the unknown function (or distribution). When f = 0, one says (1.1)
is the homogeneous Schrédinger equation. To solve (1.1), one imposes an initial condition
ug, say at t = 0 (assuming implicitly that 0 € I),

u(0,2) = ug(z). (1.2)

Typically in these lectures, ug will belong to some Sobolev space (of nonnegative order).
Formally, the equation (1.1) can be seen as an ODE in infinite dimension since, as a func-
tion of ¢, u takes its values in an infinite dimensional space of functions (or distributions)
of x. But the important difference with usual ODE of the form

X+LX =V, (1.3)

with L : B — B a linear and continuous endomorphism on a Banach space B, is that the
linear operator A is not a continuous endomorphism on any standard Banach space such
as L? or H?, so that the standard Cauchy-Lipschitz Theorem does not apply. One says A

Lor even a temperate distribution
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is unbounded (see Exercise 1.1 below). However, under suitable assumptions on ug and
f which will be detailed further on, one can turn the Cauchy problem (1.1)-(1.2) into an
integral equation by using the following so called Duhamel formula

t
u(t) = e”"Puy + 1 / e E=9)A £ (5)ds, (1.4)
tJo

much as the usual method of variation of parameters would give for inhomogeneous ODE
(or, even more formally, as if A was a matrix).

Exercise 1.1. Let B = LY(R") with q € [1,00). Show that the Laplacian
A CP(R™) — C5°(R™)

does not extend to a continuous endomorphism on B. (Hint: Introduce ¢ € C§°(R™) such
that ||¢||e = 1 and consider the family ¢.(x) = € ™9p(z/€) indezed by 0 < € < 1).

The unboundedness of A makes the construction of e~#2 (which solves formally the
homogeneous equation) non obvious since it cannot be defined by the usual exponential
series. In general, one solves this problem by using the theory of semigroups. However,
in this special case where the operator has constant coefficients, the Fourier analysis will

allow to define it in a simple way by

1

Oyary / et et 5 (¢) de, (1.5)

e~ L) () —
€ 2e)@) = Gy

where |€2 = &2 + - + &2 and @ is the Fourier transform of ¢. In other words, e A s

the multiplication by ei!lél” on the Fourier side: this is an important example of Fourier
multiplier (see Chapter 2).

Similarly, one can consider the wave equation
Otu — Au = f, (1.6)
which, as a second order equation in time, is subject to two initial conditions
u(0,x) = up(x), Owu(0, ) = uy(x), (1.7)

where ug,u; and f are given functions (usually, one assumes that ug,u1, f and u are
real valued). To rewrite the solution to (1.6)-(1.7) similarly to (1.4), we rewrite first the
homogenous equation (f = 0) as first order system

oU — AU =0,

A=(3 o) v=(o)

with



Then

— sinty/—A
A ( costy/—A NEN )7 (1.8)

—A
—v/—=Asintv—A costyv—A

where cos(tv/—A) (resp. sin(tv/—A)/v/—A) is the Fourier multiplier defined similarly
to (1.5) via the multiplication by cos(t|{|) (resp. sin(¢|¢])/[£]). Then, according to the
method of variation of parameters, the solution to

oU - AU =F

is given by

U(t) = MU (0) + / t eU=IAR(s)ds.
0

This expression can be considered as formal (e.g. by pretending A is a finite dimensional
matrix) by the non specialist reader, but we point out that this is completely rigorous
provided we introduce the semigroup associated to (the relevant closure of) A. Anyway,
as said above for the Schrodinger equation, this can be seen as a formal fashion to write
down the solution which can be justified afterwards by mean of Fourier multipliers. Using

F= (2) and considering only the first component of U, we find

sint\/—Au n Usin(t — s)v/—A
v=A ) VA

for the solution to the Cauchy problem (1.6)-(1.7). Notice that we use here that —A
is nonnegative for it corresponds to the multiplication by |¢|? on the Fourier side. In
the literature, the notation v/—A is often replaced by |V| or |D| (in the context of wave
equations, D refers sometimes to (Dy, D,) and one prefers the notation V = V,, for spatial
derivatives).

u(t) = cos(tv/—A)ug + f(s)ds, (1.9)

Exercise 1.2. Work out the details!

The integral formulations of the Schrodinger and wave equations given by (1.4) and
(1.9) respectively will be important to solve the related nonlinear equations which we
introduce now. We will consider special types of nonlinearities, namely pure power non
linearities, that is

i0pu — Au = —plulV~tu (NLS)
u(0) = ug
and
0?u — Au = —plul'"tu
u(0) = ug (NLW)
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where v > 1 and p are real numbers (more conditions will be specified later on). In the
sequel, we will refer to u|u|"~'u as the nonlinearity.

There are basically two different situations: p > 0, the defocusing case, and pu < 0, the
focusing case. In practice, we consider the cases u = £1 but, to streamline the discussion,
we will keep an abstract real parameter p.

There are many questions one can ask about such equations. Two basic ones, which
are similar to the Cauchy problem for ODE, are

e local well-posedness: for which type of initial data and nonlinearities can one solve
the equations locally in time, i.e. on some open time interval I containing 0 ?

e global well-posedness?: for which type of initial data and nonlinearities can one solve
the equations globally in time, i.e. for t € R ?

In the left part of this introduction, we present three basic ideas or notions used to
study these questions.

1. Use the Duhamel formula. By this we mean that rather than solving directly (NLS)
or (NLW), we will rather recast these equations into integral ones, using the Duhamel
formulas (1.4) and (1.9), namely

t
u(t) = e~ tByy — £ / e =98y (s) [P Lu(s)ds, (1.10)
v Jo

for (NLS), and

sint\/—Au B tsin(t — s)v/—A
N VAN

for (NLW). Of course, checking the equivalence of these integral formulations and their
PDE counterparts is not completely obvious and requires some analysis. One interest
of these formulations is that there are no longer derivatives in (1.10) and (1.11) which
suggests one may solve these equations without assuming much smoothness on u.

u(t) = cos(tv/—A)ug + lu(s)|" " tu(s)ds, (1.11)

2. The long time behavior of solutions should depend on the sign of u. To
justify this intuition, we consider first a naive finite dimensional analogue in the following
exercise.

Exercise 1.3. Consider the Hamiltonians (i.e. functions) Hy defined on R? by

H:I:(xaf) = €2 i.’IJ4.

2the exact definitions of local and global well posedness require more than local or global existence in
time. One also asks for some nice dependence on the initial data, but we forget about this aspect in the
introduction.



We are interested in the solutions to
i = (OcH.)(@,€) #(0) = g Hm.)
§=—(0,Hs)(x,€)

where” means ‘time derivative’.

1. Assume that the solution to (Hamy) is defined on an interval I. Show that the
function t — Hy(x(t),&(t)) is constant on I.

2. Show that for any (xo,&y) the solution to (Hamy) is global in time.

3. Show that there are initial data (xg,&o) for which the solution to (Ham_) blows up in
finite time. (Hint: check that (x(t),&(t)) = (a(a —bt)~L, L(a — bt)~2) is a solution
provided that b*> = 4a2.)

The analogy between this exercise and our nonlinear PDE is as follows. One can
associate energy functionals to (NLS) and (NLW), which take respectively the form

Vu(t, ) | Ju(t, )"

Egscn(u(t)) = /n 5 — dx (1.12)
for (NLS), and
u(t, z))? u(t, z)|? u(t, z)|V 1
EWaV(u(t)) — /n (at (;7 )) + |v (;? )‘ +M’ (iﬂ +)‘1 dl‘, (113)

for (NLW). The first analogy with Exercise 1.3 is that these energy functionals (or Hamil-
tonians) are conserved by the flow of the equations in the sense that,

u solves (NLS) = %Esch(u(t)) =0, (1.14)
and
u solves (NLW) = %Ewav(u(t)) =0. (1.15)

To justify (1.14) and (1.15), we introduce the L? inner product

(v,w)p2 = /nvwdx, (1.16)

and consider first the wave equation. By using

2 (o) = 2 (unl?)

v 1, —
S V; (Opuu + W) Jul” 1,

and differentiating formally under the integral sign, we find

d 1 [—— - _
@Ewav(u(t)) =3 /Vatu - Vu+ Vu - Vou + (puu + wop) |[ul” ' dz.
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By integration by part, we also have

/W-dex = Z/ajvajwdx = Z—/v@?wdw = (v,—Aw)ge
j=1 j=1

and it is then easy to see that

iEwav(u(t)) = Re (81516, afu — Au+ ,uu|u|”_1)

dt LQ’

which vanishes if u solves (NLW). Using the same calculation, we find

d
—Esan(u(t)) = Re (Qpu, —Au+ puful”™")

dt L2

= Im (—idu, —Au+ ,uu\u|”*1)L2
= Im || — Au+ pulul” |72 = 0.

Interpretation. When p > 0, these energy functionals are sums of positive terms which
are thus controlled individually over the evolution, much as x (t) and &4 (¢) in the second
question of Exercise 1.3. For this reason, one expects global well posedness for the defo-
cusing equations (under suitable assumptions on v and the initial data). In the focusing
case where 1 < 0, we are in a situation similar to the third question of Exercise 1.3, and
we may thus expect possible blow up. This quite rough intuition is correct in the sense
that certain focusing (NLS) and (NLW) have indeed solutions blowing up in finite time.
We shall see in the next paragraph that this is also related to the power v.

In these short lectures, we won’t have much room (or time!) to study such very
interesting issues. However, it is worth mentionning this aspect of the problem since it
motivates the study of solutions with low regularity: the control on the energy will give
at best a control on the H! norms of solutions so if one wants to study (NLS) or (NLW)
by using such conservation laws, it is important to use arguments involving only Sobolev
norms of order at most 1.

We conclude this part by mentionning that the analogy between the Exercise 1.3 and
nonlinear PDE could be pushed much further since (NLS) and (NLW) can be seen as
Hamiltonian systems in infinite dimension, but such a point of view is far beyond the
scope of these lectures.

3. Scaling properties and critical exponents.
Consider real numbers «, 8,7 € R and A > 0, and set

ux(t, ) = N u(A\%, M),
e Computation 1. It is not hard to check that,

10puy) — Auy + ,U/|'U/A’V_1u)\ — ()\a-‘r’yiatu _ )\Q,B—i—’yAu + )\zw’u‘urj_lu)/\
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and
OPuy — Auy + pluy| " tuy = ()\2O‘+Vat2u — AP Au+ )\Wu|u|”_1u))\.

Choosing for the Schrédinger equation,

OZ:2, 6:17 Y=

we have A*T7 = A28+ = \¥7 and therefore, if T' € (0, 4-oc],
u solves (NLS) on (=T,T) <= uy solves (NLS) on (—A72T,\72T). (1.17)

For the wave equation, we choose

and observe similarly that

u solves (NLW) on (=T,T) <= uy solves (NLW) on (—\"'T, A71T).

e Computation 2. If we keep § =1 and v = %, it is not hard to check by a simple
change of variable that

[ur(O)llz2 = A7 [[u(0)] |2, (118)
and similarly, if we set |[Vv|[r2 = (3_; H(‘)]-UH%Q)UQ, that
IV (@A) ]2 = A7 "2 [ Vu(0)]] 2. (1.19)
Using a parameter s € {0, 1} to cover both cases of Computation 2, we set
ol go :=llollrz, ol == [IVvl[ 2.
We also observe that

2 n — 2s

> 1 > . 1.2
— 5 >0 — +n—23—y (1.20)

This is related to the following definition.
Definition 1.4. If n > 2s, define

4
n—2s

Ve =14

The power v > 1 is said to be H® subcritical (resp. H* critical, resp. H® supercritical) if
v < (resp. v =1, r€sp. Vv > U.).
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Here we have given a definition of critical exponent for a given regularity s (as in the
lectures by J. Ginibre [2] for instance). One can adopt the symmetric point of view and
define the critical regularity s. := § — % associated to a given v (see for instance Tao’s
book [6]).

To motivate the introduction of Definition 1.4, we now record several remarks illus-
trating the interest of criticality, in the particular case of (NLS) with s = 0 which is the
only one we will have time to study.

The first simple remark is that if v is L? subcritical and if we know that (NLS) has
global in time solutions for all initial data with small enough L? norms, then we can
automatically conclude that (NLS) has global in time solutions for all data ug € L2,

regardless their sizes. Let us prove this claim. If ug is any L? initial datum, consider
2
up () = AvTup(Az).

Then by using the subcriticality condition (i.e. the strict inequality in (1.20)) and (1.18),
we see that
luoallz =0, A—0.

Therefore, if A is small enough, our assumption on small initial data ensures that (NLS)
with initial datum ug ) has a solution defined for ¢ € R. Then, by rescalling, i.e. by using
(1.17) with A=2T = +o0, we see that (NLS) with initial datum ug has also a global in
time solution, which proves the claim.

This situation has to be compared to the the one of the critical exponent v = 1+ 4/n.
We will see that, in this case, (NLS) has global in time solutions for small initial data in
L? but on the other hand, in the focusing case, that there are solutions (with non small
initial data) which can blow up in finite time (see Section 4.2). This is an indication that
a new non trivial effect shows up for critical exponents. Note that there is of course no
contradiction with the previous remark: if v is L? critical, the argument used in the first
remark cannot be used to decrease the size of initial data by rescaling since, by criticality,
the exponent vanishes in (1.18).

We shall actually see in Chapter 4 that the notion of subcriticality is already relevant
for the local well posedness issue (but this aspect is more technical). In particular, we will
see that for subcritical exponents, we can solve (NLS) on time intervals depending only
on ||lug||r2. This will turn out to be very useful to prove global existence: thanks to a
computation similar to the one of energy conservation, one can see that the flow of (NLS)
preserves the L2 norm, since (formally again) if u solves (NLS),

Ld

S luOl3: = Re(u,d)

= Rei(u, —Au+u!u|l’_1u)L2
— Re i (|IVul s + lfullfe) = 0. (1.21)

By using this conservation law and the fact that the lifespan of the solution depends on
the L? norm of the initial condition (for L? subcritical exponents) we will be able to prove
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the global existence. Notice that, similarly to the case of the energy, this conservation
law controls only the L? norm; this is another reason for considering solutions of limited
smoothness.
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Chapter 2

Some tools of harmonic analysis

2.1 Lebesgue spaces and real interpolation

In this section, we record several estimates on functions in Lebesgue spaces and operators
thereon. In particular, the Marcinkiewicz interpolation Theorem 2.4 will be crucial to
prove the so called Strichartz estimates which, in turn, allow to solve the fixed point
equations (1.10) or (1.11).

We start with an elementary proposition.

Proposition 2.1. 1. Let g € [1,00] and s > 0 be such that 1 € [1,00]. Then

1]l 2 = 11f]17e. (2.1)
2. For all real numbers q1,q2 € [1,00] such that q% + q% =: % <1, one has
1 fglla < Ifllzallgllza- (2.2)
3. Let g1 < q < qa all belong to [1,00]. Then
1fllze < WAl Zan £ zas (2.3)

with 6 € [0,1] such that
1 0 1-90
S=

¢ @ @

Proof. The estimate (2.1) is straightforward. To prove the item 2, one observes that

1£9ll%q —/If!q\g\q < 1Mo gl 2 = 11711z 9] 2o

where the inequality follows from the standard Holder inequality and the last equality
from (2.1). In the item 3, we may assume that ¢ < oo, otherwise the result is trivial (take
6 =0). Then

(2.4)

I1£l1%, = / |F1%1 10D,

15
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and we observe that “ o
e Lo, |f|0 e Lo,

The condition (2.4) means precisely that g—; and (13729)(1 are conjugate so, by the Holder
inequality, we get
If11Z0 < IIfQQIILg%IIf“_Q)qII a3

(1-0)q

and we conclude thanks to (2.1). O

To handle properly the equations (1.10) or (1.11), it is convenient to see u as a function
of time with values in some LY space. For this purpose, we introduce the mixed space-
time norms LPLY, when p,q € [1,00). We shall actually mostly consider the case when
p,q € (1,00). We consider functions F' = F(t,x) defined for t € I and z € R", I being a
given compact interval. We set

1l oa = [IF Ol || Loy

that is,

1/p
1Pligse = [ 1F Ot (25)

Note that this implicitly uses that ¢ +— |[F'(t)|[zrn) is measurable (see Exercise 2.2).
We will define these norms on the space LPL{ which we define as the set of continuous
functions F' € C°(I x R™) such that ||F(t)||z« < oo for all t € I and HFHLszLq < 0.

Exercise 2.2. Assume that g € [1,00). Check that t — ||F(t)||rs is measurable on I.
In the applications, we shall often consider the subspace
C(I,LYR™)NC%I x R™) ¢ LPLY.

We note that the introduction of such spaces avoids using (and in particular defining)
Bochner integrals, as is common in this context (see Cazenave [1] or Ginibre [2]). This
elementary approach will be sufficient for our purposes. We will sometimes consider the
norm || - [|zeerq defined in the obvious way by

[[F||Lse o = sup || F(t)||La,
tel

but only for functions F' € C(I, L?). In the next proposition, we will always have p < oc.

Proposition 2.3. 1. For all real numbers p1,p2,q1,q2 € [1,00) such that

1 1 1 1 1 1
- <1 and —+ —=-<1
q1 q2 q b1 P2 p

one has
IFGIlzzz0 < 1Fllg21 1o 1G] o2 oo

for all F € LP* LI and all G € LP2LE.
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2. Let p,q € (1,00) and let p',q" be the dual exponents, i.e.
1 1 1 1
-+ —==1 and -+
q g p p

Then, for all F € C(I,LI(R")) N C°(I x R")

/ /1 . Fdedt' (2.6)

=1.

I1Fll 20 =
G H e

with G € Lpngl in the supremum.
Proof. 1. We observe that, for each ¢t € I.

IE@®)G@)[Le < |[F@)]| L [|G@)||za2,
using (2.2) in space. Using (2.2) in time,
IEO Nz GOz [0y < IFOHzn |y GO 252 a1

and this yields the result. For the item 2, we observe first that

\ /] Fdedt\ < IFGlps iy = IIFCllzyss < 1FllepiallGl
X n

by the first item. This shows that the sup (2.6) is not greater than ||F| rrre- To see that
it is not smaller, we proceed as follows. The result is easy if F'(¢,z) never vanishes (which
is the generic situation). In this case, it suffices to consider

1 _ 1 F(t,z)
Gt,z) = ———[|F@)|[P79 F(t, )it 2 2.7
) = T IFOI 176 ey (2.7

for which it is easy to check that

HGHL?'U;’ =1, //GFdxdt = IFlleLa-

Notice that the non vanishing of F' and its continuity ensure that ||F(¢)||zs # 0 for all ¢.
The sup is a max in this case. The case when F' may vanish is similar but slightly more
technical: one basically constructs a family G, € LPL¢ such that

1Gl Iy =1 and / /Gemdmnpmg, 50,

by regularizing the expression (2.7) (e.g. by changing |F(¢,2)|™! into (|F(¢,z)] +¢€)71). Tt
is left to the reader as an exercise. O

The last result of this section is a version of the Marcinkiewicz interpolation theorem.
In the sequel, all L? spaces are over R".



18 CHAPTER 2. SOME TOOLS OF HARMONIC ANALYSIS

Theorem 2.4. Assume we are given a map T defined on L' U L? such that
T:L?— L2 T:L'— L™
are both linear and continuous, with continuity estimates
T folle2 < Mol follrz, (1T Allzee < Ml fallpe, (2.8)
for all fi € L', fo € L?. Then, for all 2 < q < 0o, we have

e o 1

[T flle < CqMy' My “|[fll s feL nL? (2.9)
1
. .. o q2q+1 q
with explicit constant Cy = <7q,(q_2)> .

In this result the constant Cj is irrelevant (for our applications), but the explicit
dependence on M; and Ms will be very useful. We also point out that there are alternate
theorems on interpolation, in particular the classical Riesz-Thorin theorem. Here, we
have chosen the Marcinkiewicz Theorem to give an illustration of some techniques of real
interpolation theory.

The rest of the section is devoted to the proof of this result.

For a given measurable function f, we define its distribution function as
my(t) = meas ({If| > 1)), >0,

where {|f| >t} = {z € R" | |f(x)| > t} and meas(-) is the Lebesgue measure. Notice that
it is a non increasing function taking its values in [0, co] hence is (Lebesgue) measurable
on R*. If f € LY with 1 < ¢ < oo, we observe that for all £ > 0,

q g~ 49 _4q
/ o> /Wm >t /W 9m (1),

which is the Chebychev-Markov inequality. Therefore, we always have the estimate
1|

ta
In particular, my takes finite values when f € L4. A straightforward consequence of (2.8)
and (2.10) is that

my(t) < t>0, felLl (2.10)

T f2| |35
mrf,(t) < TL7
M2
< ?QQHJ%H%% (2.11)

for all t+ > 0 and f» € L?. For functions g € L™ we have meas{|g| > t} = 0 for all
t > |g||z. In the context of the theorem, this shows that, for all ¢ > 0 and f; € L',

mry, (t) =0 if t> M| fillz1, (2.12)

since M| f1llzr = [T fallze-
The next lemma will be crucial in the proof of Theorem 2.4. .



2.1. LEBESGUE SPACES AND REAL INTERPOLATION 19

Lemma 2.5. If 1 < g < oo and f € LY, then

1£11%, = ¢ /O 197 (1) .

Proof. It suffices to consider ¢ = 1 for if we know that the result is true in this case, we
have for g > 1,

1A%, = 1791 = /0 mpa(t)dt = /0 m (/9 dt = q /0 m(s)s9~1ds,

by using the change of variable t = s9. If ¢ = 1, we write

/Ooomf(t)dt - /OOO </|f|>tdﬂf> dt = //R+XRn La(t, z)dzdt

A={(t,z) eRT xR" | |f(z)| > t},

with

since 14(t,7) = 1y (). Using the Fubini Theorem and observing that

La(t,z) = L f(2))(t),

1 pgdtdx = 7 dt | doe = |f(x)|dz,
St = LA L.

which yields the result. O

we get

In the next lemma, we record a very simple observation which will also be crucial in
the proof of the theorem.

Lemma 2.6 (Distribution function of a sum). If f, g are measurable functions then, for
allt >0,
Mg (26) < my(8) +mg (D).

Proof. Tt suffices to observe that if |f(z) + g(x)| > 2t then either |f(z)| > t or |g(x)| >t
(otherwise |f(x) 4+ g(x)| < |f(x)|+ |g(x)| < 2t). Therefore

{71+ 19l > 2t} < {If] >t} U {lg] > t},

and we get the result by taking the Lebesgue measure. O

Proof of Theorem 2.4. Let f € L' N L2 Then Tf € L? N L™ hence Tf € L4 by (2.3).
By Lemma 2.5, in which we use the change of variable ¢ +— 2¢, we have

AN, = g2 /0 o (26)t0dt. (2.13)
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The idea of the proof is then to find, for each ¢, a suitable decomposition

f=fie+ for, fir €LY, for €L

with a nice enough control on myy, ,(t) and myy, ,(£) to exploit that, by Lemma 2.6* and
the linearity of T,

mr(20) < mrg (1) + meg,, (0. (2.14)

We will consider
z
for = (11|f|§z + m]l|f>z> f

for some z = z(t) to be chosen below, and thus

z
fie = <]1|f|>z - m]l|f>z) e
We will choose z(t) such that
mrp (8 =0,  t>0. (2.15)

To determine such a z, we observe that, by (2.12), it is sufficient that ¢ > M; || f1¢||:. We
thus need to estimate ||f1|[z1. It is not hard to check that |f1¢| = (|f] — 2)1|f>. hence

VI
Wil < [ el = [ Dioacilims < I (2.16)

Thus, it suffices to choose z(t) so that tz(t)4 ' > M1HquL/q,. A simple calculation shows
that

1
’ -1 / q—1
LY ATVATOP S O YA

t t

will do. With such a z, (2.15) holds true. On the other hand, for each ¢, (2.11) yields

| f,elI7
mry,  (t) < Mj==5t, (2.17)
where, by using Lemma 2.5, we write
o
adllie =2 [ g (s)sds. (2.18)
0

It is not hard to check that |fa;| = min(|f], z) and then that

myg(s) if s<z
m s) = .
f2’t( ) {0 otherwise

'this lemma implies that, for a given t, mry, 41y, ,(25) < mry, ,(s) + mryg, ,(s) for all s > 0, which
we use in the particular case s =t
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Therefore
z(t)
= 2/ my(s)sds. (2.19)
0
Using (2.13), (2.14), (2.15), (2.17) and (2.19), we obtain
() z(t)
T f]|74 < M22q2q+1/ / my(s)sds t973dt. (2.20)
0 0

By the Fubini Theorem and the fact that s < z(t) means ¢t < MleHqL/q,/sql*l, we have

S0 oo [ pMlIANY /s
/ / my(s)sds | t973dt = / / t973dt | my(s)sds
0 0 0

- / M2 ]| 0D 024 ()

2)
Mq AN e
= 72 q ; s my(s)ds

M~ £115
¢'(a-2)
M2

= q( )HfHL¢7

using that ¢ > 2 and, by elementary computations, that
1-¢)g-2)+1=d -1 Jd(g-1)=q

Taking into account the constant in front of the integral in (2.20), the result follows. [

2.2 Fourier analysis

In this section, we record useful results of Fourier analysis, assuming some familiarity of
the reader with the Schwartz space and temperate distributions.

The Schwartz space S(R") is defined as the space of smooth functions ¢ : R* — C
such that, for all multi-indices «a, 8 € N",

sup |20 p(z)| < oco.
reR?

The Fourier transform is defined on the Schwartz space by

FO© =3 = [ "o

We record several of its properties.
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Proposition 2.7. 1. F maps S(R™) into itself.

2. F is invertible on S(R™) and we have the inversion formula
pla) = 2m)" [ epie)ds.
8. The Fourier transform exchanges multiplication and differentiation: for all a € N"
and all p € S(R™),

Fla%p) = i™og(Fp),  F(02p) =ile*(Fy).

4. The L? normalized Fourier transform Fy = (271')_"/2]: and its formal adjoint
Fa(x) := (Fa)(—x)
satisfy
(P, ) o = (0. F39) o [IF200ll2 =[]0l |2, (2.21)
for all ,7 € S(R™). (See (1.16) for the L? inner product (.,.)z2.)

5. F extends, in a unique fashion, as a unitary operator on L?(R™) which we still
denote by Fs.

Given a measurable function a on R", we denote by M, the multiplication by a, i.e.

(Mav)(£) = a(§)v(§)-
The last item of Proposition 2.7 allows to define easily Fourier multipliers on L?(R™).

Definition 2.8. Given a = a(§) € L>*(R"), we define the Fourier multiplier a(D) by
a(D) = F5 My Fo.
The function a is called the symbol of the Fourier multiplier.

Example 1. If a = 1, then (D) = I.
Proposition 2.9. 1. For all a € L*(R") and u € L*(R")
la(D)ul|r2 < laf|e]lull 2.

2. If a,b € L*(R"), then

a(D)b(D) = (ab)(D),  a(D)* =a(D).
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3. If a belongs to S(R™), then

o(Duls) = [ Kalwyutw)ds
with Kq(z,y) = (2m) "a(y — ).
4. If a belongs to S(R™) and q1 < g2 both belong to [1,00] then
la(D)ul|pe < Callul|La
with

Co = (2m)"llallAllall "

a1 l_ﬂ

Proof. 1. By unitarity of F2, we have
la(D)ul|r2 = [laFaul[ 2 <|laf|Le||F2ullr2 = [la][Le|[ul] 2.
2. It is a straightforward consequence of the unitarity of F» together with the fact that

M} = Mg and MoMy = Mg
3. If u € S(R™), the Fubini Theorem allows to write

a(D)u(z) = (2m)" / e Ea(E)a(E)dE = (2m) " / / &€ a (¢yu(y)dyde

from which the result follows easily, at least when u is a Schwartz function. The result
remains true if u is in L? by a density argument, since both a(D) and the convolution by
a (which is integrable) are bounded operators on L2.

4. By the item 3 of Proposition 2.1, we have

a1 _a

1
la(D)ul|pe2 < [la(D)ul| gz [la(D)ul] " .
We then use on one hand
la(D)ul|par < (27)7"||a]|p1|[ul[La

since the convolution by a L' function preserve L9, and on the other hand

la(D)u(z)] = (2m)"

[t~ x)u(y)dy\ < 2n)™all  llull o
by the Holder inequality. O

Example 2 (Schrédinger group). For t € R, we define e”"* as the Fourier multiplier
by eitlé?
e A = f;‘eitmz}}.

For notational simplicity, we will set
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Proposition 2.10. 1. The map R >t U(t) is a unitary group on L?(R™), ie

Ut)U(s) =U(t+ s), U)" =U(-t), U0)=1.
2. This map is strongly continuous: for all ¢ € L*(R"), t — U(t)p € L*(R") is
continuous.
3. Let I C R be an interval containing 0. If f : I — L*(R") is a continous L*(R™)

valued function, then

ISt /t Ut —s)f(s)ds € L*(R™)
0

is continuous. Here the integral is taken in the Riemann sense?.

4. Ift #0 and p € S(R™), we have

Ut)p(x) = A Ki(z,y)e(y)dy
with .
6:‘:1T _ila—y|? .
Ki(x,y) = —e 4, =+ := sign of t.
|4mt|2

Proof. The item 1 follows from the items 1 and 2 of Proposition 2.9 and Example 1. The
items 2 and 3 are left to the reader as an exercise. We simply record that, for both items,
it suffices to understand why s — U(=%s)f(s) is continuous when f is. Let us prove the
item 4. We set ¢, (y) = ¢(x + y) so that

Ut)p() = (2m) /2 / o P (Fy,) (€)de

where we want to use the Parseval formula (2.21). The function ¢ — e~ #€l” fails to be
Schwartz but we can pass to the limit e — 07 in the integral by considering

wze (5) = 67Z€|£|27 Ze = €t i,

and the result follows then from the explicit knowledge of the Fourier transform of Gaussian
functions, namely the fact that, if z is complex number with positive imaginary part and
va the principal determination of the square root,

(Fov2)(y) = —=me . (2.22)

2that is the Riemann integral on a compact interval of a continuous function with values in the Banach
space L*(R")
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Note that e+ it = (@)1/2 + isign(t)(ivezgtz_e)lm. We refer to Exercise 2.12 for
the proof of (2.22). O

We record as a Corollary the following straightforward important consequence of the
item 4 of Proposition 2.10.

Corollary 2.11. For allt # 0, U(t) is a continuous linear map from L' to L>. Further-
more, there exists C' > 0 such that

U@ <ClHTM2 t£0.

Exercise 2.12 (Fourier transform of Gaussian functions). The goal of this exercise is to
prove (2.22).

1. Check that it suffices to consider n =1 (hint: Fubini).
2. Prove that (2.22) is true when z € (0,400) by checking that

(a) both sides of the equality solve the same ODE of order 1 in vy,
(b) both sides coincide at y =0 (hint: use that [ e~ dt = (7/a)Y? if a > 0).

3. Check that, for a giveny € R, z — (F51,)(y) is holomorphic on the right half plane
{Re(z) > 0}.

4. Conclude (hint: analytic continuation).

The next exercise gives a first rigorous interpretation of the fact that the Duhamel
formula (1.4) solves the Cauchy problem (1.1)-(1.2).

Exercise 2.13. Let I be an interval containing 0 and f : I — L*(R™) be continuous. Let
ug € L2(R™). Check that

7

u(t) = U(t)uo + 1,/; Ut — 5)f(s)ds

solves the Schrodinger equation

(10 — Au = f,
in the distributions sense on I x R™.
Solution. Assume first that f = 0. We want to show that, for any ¢ € C§°(I x R™),

vanishes, that is

_ / / ult, ) (i0, + At x)dxdt = 0.
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By rewriting (i0; + A) = (—id; + A)v and using the Fubini Theorem, we can interpret
the above integral as

/ (10 — A)p(1), U(tuo) o dt - = / (U(=8)(i0, = A)(2), uo) 1 dit
I R
— ( / U(t)(iBtA)d_J(t)dt,Uo) - (229)
I L?

Denoting by 1 the Fourier transform with respect to z, we have

U(—t)(is — A)d(tz) = (2m) / ¢ SR (36, 4 |¢2)h(1, €)de
= z’(27r)_”% ( / emfe_i”gQ:p(t,{)dﬁ). (2.25)

Here we have used that |£ |21,AZ_) is the Fourier transform (in x) of —As), which follows from

~

the third item of Proposition 2.7. Note also that fe“'fe—it‘ﬂzw(t,g)dg is a Schwartz
function of ¢t and x, which is compactly supported in ¢. Then

/ U(—1)(i0, — A)ib(t, 2)dt = 0
I

as the integral of the derivative of a C§° function. This implies that (2.24) and thus (2.23)
vanish. As a by-product of this computation, more precisely of (2.24), we discover that
computing (i0; — A)U(t)up in the distribution sense rests on the calculation the action of
the adjoint of U(t) on (i0; — A).

We consider next the case when ug = 0 and f € C(I, L?). The previous step suggests
we have to determine the formal adjoint® of the operator f f(f U(t —s)f(s)ds. To do
so, we pick f € C(I,L?), p € C§°(I x R") and compute

// o(t, x) (/OtU(t — s)f(s)ds) (t,x)dtde = /I/Ot (o(t), U(t — 5)f(s)ds) » dsdt
= [ [ W 000 56)5) 2 s

Using that f(f ds = f[o 1 ds if t > 0 and fg ds = _f[t 0] ds, and letting I = [a,b] with
a < 0 < b, it is not hard to check that

[([ oy ([ a)as [ ([ ) an

by the Fubini Theorem, from which we get
t b b
[ [ we=ne.s@aspisa = [ [ve-newin )
1Jo 0 s L2

_/ao (/as U(s—t)go(t)dt,f(s)>pd&

3i.e. tested against C§°(I x R™) functions
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Therefore, (2.23) with u(t) = —i fo f(s)ds and @ := (i0; — At yields

(10—, ) = —i /0 ' < / bU(s—t)go(t)dt, f(s)>L2ds+i / ’ ( / U(s — (), f(s)>L2

where, in the right hand side, (2.25) shows that

(s — t)plt) = i 5-Uls — 1),

After integration with respect to t, we get

b 0
(0, — Ayu,p) = —i /0 (= i(s), [(5)) jads + i / (1(s), £(5)) uds
b
— / (B(5), £(5)) 2ds
/fsx Y(s, x)dsdx,

which is the expected result. ]

The definition of Fourier multipliers is not restricted to bounded symbols. As suggested
by the item 3 of Proposition 2.7, one can for instance consider the Fourier multiplier by
ao (&) := £ which satisfies

aa(D) = (=i)ela,

at least on the Schwartz space. We also recall that the expression of the wave group
(1.8) should involve the Fourier multiplier by |£| sin(¢|£]) which is not bounded. To handle
unbounded Fourier multipliers, which will not be continuous endomorphisms of L?, we
need to use Sobolev spaces.

We first recall the notion of temperate distributions and of their Fourier transform. A
temperate distribution 7' is a linear map 7' : S(R") — C which is continuous, in the
sense that for some C' > 0 and N > 0, we have

(T,o)| <C Y sup [2°0]p(x)),

lo|+]8| <N TER”

where (T, ) is the usual notation for 7'(¢). The Fourier transform on S’(R") is defined
by duality by
(FT,p) :=(T'Fp), SR

We recall without proof the following result which we consider as part of the background
of the reader.

Proposition 2.14. 1. For all ¢ € [1,00], LY(R™) is embedded into S’'(R™), via u — T,
with

(Tu,p) = /nu(x)go(x)dx.



28 CHAPTER 2. SOME TOOLS OF HARMONIC ANALYSIS

2. The definition of F on S'(R™) is compatible with the ones on S(R™) and on L*(R™).

Definition 2.15. For s € R, one defines the space H*(R™) as the space of temperate
distributions T such that FT belongs to L (R™) and

1711 = (277)_"/ (1+ [€]*)*|FT(©)*dg < <.
Rn”

We record the following proposition for reference.
Proposition 2.16 (Properties of Sobolev spaces). 1. If s1 < so, then H®2 C H*!.
2. If s >0, H® is contained in L*. Actually, if s >0
ue H —  wel? and (1+|¢?)¥?(Fu) e L?
3. If s € N, H® coincides with the subspace of functions u € L? such that 0%u € L? for
all |a| <'s, the derivatives being taken in the distributions sense.
4. For all real number s, S(R™) is dense in H*.

5. Letk € N and s > k+%. Then H® C C*. In particular, H* := Ng>oH?® is contained
imn C°,

We give a short proof for completeness.

Proof. 1 and 2 are trivial (the point of 2 is to emphasize that H* C L? when s > 0).
The item 3 is left as an exerice (one has basically to see that Zla\ﬁs |€%| is bounded from

above and below by (constants times) (14 [£|2)%/2). In 4, it suffices to approximate the L2
function (14|£[2)%/2FT(€) by functions ¢; in S(RE) and observe that FHA+€12)752p))
goes to T'in H® as j — oo. In 5, when k = 0 and u € H®, we observe that, Fu(£) belongs
to L' by the Holder inequality since

Fu(€) = (141627 (1 + €272 Fu(6) )
is a product of two L? functions. Therefore, the inverse Fourier transform of Fu(€) is

continuous on R™ (and goes to zero at infinity by the Riemann-Lebesgue Lemma). The
case of k > 1 is similar. O

Proposition 2.17 (Fourier multipliers on Sobolev spaces). Let s be a real number.

1. If a € L®(R"), then H*® is stable by the Fourier multiplier a(D) and

la(D)ul[rs <|lal|Loe[[ul]rs-
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2. If p is a measurable function such that, for some m € R,

P < C(1+ €)™,

then the Fourier multiplier
p(D) := F3 MpF>

which maps S(R™) into HS~™ extends uniquely to a continous operator from H*® to
Hs™™,

3. Two such operators a(D) and p(D) commute.

Proof. Left as an exercise to the reader. O

Proposition 2.18 (Mollifiers). Let x € S(R™) such that x(0) = 1. Let (ex)ren be a
sequence of positive numbers going to zero and define

Xk(€) = x(erf)-
Then
1. x(exD) maps L? into H>.

2. For all g € [1,0], (xk(D))ken is bounded in L(LL(R™)), i.e. there exists C > 0 such
that

Ixk(D)ullze < Cllullze, k=0, uwe LYRY).

3. For all q € [1,00), xx(D) converges strongly to the identity on LI(R™), i.e. for all
u € L1(R™),
|Ixke(D)u — ul[ga — 0.

Proof. The item 1 is obvious for if u belongs to L? then x(e;D)u has a compactly sup-
ported Fourier transform. The item 2 is a consequence of the item 4 of Proposition 2.9
by observing that the Fourier transform of x(ex€) is €. "X(z/€;) which has a L' norm
independent of €;. In item 3, due to the a priori uniform boundedness given by the item
2, it suffices to consider a dense subset of L? such as the Schwartz space. Then, it is easy
to check (or even standard to know) that if u € S(R™) then x(ex&)u(§) converges to u(§)
in S(R™) hence so do their inverse Fourier transforms, which in turn implies the expected
convergence in L9. O

We will need the following exercise in Chapter 4.

Exercise 2.19. 1. Let u € H*(R"). Show that t — e "y is C' on R with derivative
—ie" A Au (note that Au € L? since u € H?).
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2. Letx € C°(R) and f € CY(I, L?), I being an interval. Prove thatt — e~ x(D)f(t)
is C1 with derivative

eTAX(D)f'(t) — i Ax(D) f(¢)-

(Note here that —Ax(D) is a bounded operator on L? since it is the Fourier multiplier

by 1€1°x(€)-)

Solution. 1. We show first the differentiability namely that, for all ¢, we have

e—i(tHh) A, _ p—ithy, 2
h

+ie B Aul| =0, h—0

L2

By the Parseval formula, and up to a multiplicative constant, the above norm reads

i(t+h)lE]? _ pitlg]? ,
/ ‘(e P —ie“'f'2|512> a(e)

The bracket goes to zero as h — 0 for all ¢ and is uniformly bounded by C|£|? so, using that
|€|%4(€) belongs to L?, this integral goes to zero as h — 0 by the dominated convergence
theorem. This proves the derivability. The continuity of the derivative in ¢ can be proved
as the third item of Proposition 2.10.

2. As in 1, we prove the derivability only. Using the notation U(t) = e~

2

de.

A we write
Ut +h)x(D)f(t+h) =U@)x(D)f(t) = (U(t+h)—U(t))x(D)f(t)
+U )X (D) (f(t+h) — (1))
(U@t +h) =U®)x(D)(f(t+h) - (1))
= I+ I1I+111.

Since x(D)f(t) belongs to H? (its Fourier transform is L? and compactly supported), I/h
has a limit as h — 0 by the previous question. That I1/h has a limit as h — 0 follows
from the differentiabilty of f in ¢ and the continuity of U(t)x(D) on L?. Finally I11/h
goes to zero as h — 0 since (f(t + h) — f(t))/h is bounded as h — 0 and

h
/ )P €23 (€)ds

e+ 1)~ UOXD) | oypa < s | |

£eR

is bounded by C|h|. O

We conclude this section by recording a few facts and definitions on homogeneous
Sobolev spaces and homogeneous Sobolev estimates. We start with the following result.
A proof is given in appendix.
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Proposition 2.20 (Homogeneous Sobolev inequalities). If s € [0,n/2), there exists C > 0
such that

lull | 2s. < Cl[IDI*u]] 12, (2.26)

for all w € S(R™). In particular, H® is contained in L,

2n
Informally, we can rephrase the fact that H® is contained in L»-2s by saying that a
2n
L? function u also belongs to L=n-2 provided that u has ’s derivatives’ in L?.

Definition 2.21. For 0 < s < n/2, one defines the homogeneous Sobolev space H?
on R™ as the closure of S(R™) for the norm

[l s = 1€ PO | oy

. 2n
It follows from Proposition 2.20 that H® is a subspace of L»=2s. In particular, it is a
subset of distributions on R™.

Be careful that H* is not contained in L2 (unless s = 0) due to the low frequencies,
namely to the possible non L? integrable singularities which are allowed on Fap at &€ = 0
(they are only square integrable with respect to |£|2°d¢). However H® contains H*.

One interest of the homogeneous Sobolev spaces is to scale precisely as the associated
Lebesgue spaces. This means that if u belongs to H® and if we set uy(z) = u(A\z) with
A > 0 then

_n _n
Nunllgs = X7 2 M[ull s, Mluall 2, = X 72 [ul] | 2n

n
n—2s n—2s

This follows from a simple calculation, say for u € S(R™), which is left to the reader. One
could prove several results on such spaces, for instance introduce those of negative order
and check that there is a natural duality between H® and H 5. However, we won’t need
such additional results so we only record the minimal tools for our purposes.

A consequence of Proposition 2.20 is the following result which is a special case of the

so called Hardy-Littlewood-Sobolev inequality. It will be important in Chapter 3.
Proposition 2.22. Let p > 2 be a real number and let 6 = %. There exists C' > 0 such

that

/ 9O 05 < 01171119l o (2.27)
rRJr |t—s]

forall f,g € o (R). Here p' is the conjugate exponent to p, i.e. I% =1-

D=

In other words, this proposition says that f |- |79 belongs to LP(R) if f € L” (R).
Note that | - |_5 is locally integrable on R since 0 < § < 1 but it does not belong to any
Lebesgue space on R since [ |t|~%%dt will diverge either at 0 or at infinity. A proof of
Proposition 2.22, splitted into several steps, is suggested in Exercise 2.24 below. It uses
the result of the following exercise.
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Exercise 2.23. Let d > 1 be an integer. The purpose of this exercise is to show that, for
all 0 < s <d,

—s d 4—5F(d58) s—d
Fllx = (2m)222 ,
(e = w2t

where x +— |z|™% and & — |€|97% are defined on R? (as temperate distributions).

1. Show that, for any ¢ € S(R?Y), the map

s (|- 7, Fo) 1= / 23 () dx,

is holomorphic in the strip {0 < Re(s) < d}.

2. Show that, for Re(s) € (d/2,d), F(|z|~*) is locally integrable on RY. Hint: introduce
X € Cgo(Rd) such that x =1 near 0 and observe that

2] x(@) € LY, (1= x)(2)lz[* € L%
In the sequel, we denote by Fs(§) the locally integrable function F(|z|~%).
3. For Re(s) € (d/2,d), show that

(a) Fy is continuous on R\ 0, (hint: ¢4 F((1 — x)| - |7*%) is continuous on R?)
(b) for all X >0 and all € # 0, Fs(\) = X*~1F,(¢),

(c) Fs is radial, i.e. Fs(RE) = Fg(€) for any orthogonal matriz R € O(d).

(d) Fy(€) = c(s)|€]*~¢ for some c(s) € C.

4. Show that the result is true for s € (d/2,d). (Hint: use the identity [ |z|*p(x)dz =
c(s) [ 1€1°~Ap(€)dE with ¢(€) = e €12 and introduce polar coordinates.)

5. Conclude for all s € (0,d). (Hint: analytic continuation.)

Comment. In dimension d = 3, we recover that (2r) 3F(|¢|7?) = (47) " tx|~!, using
that T'(1/2) = n'/2 and T'(1) = 1. This yields the fundamental solution to the Laplacian.

Exercise 2.24. The purpose of this exercise is to prove Proposition 2.22.

1. Check that it suffices to show that, for all ¢,9 € S(R),

/R/R gmdsdt

Hint: approzimate |f|,|g| € L by sequences in S and use Fatou’s Lemma.

< CH‘PHLP/’WHLP/-
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2. Check that there exists a positive constant ¢ such that, for all p, € S(R),

M‘S =c | PM)()|r)° dr
/R/R s = /RSO( ()" dr.

Hint: use the result of Fxercise 2.23 and that F turns convolutions into products.

3. Check that there exists C > 0 such that, for all ¢ € S(R),
ﬂ ~
17172 9[| 2 < Cllll -

Hint: use (2.26) and the fact that ’(w,‘D’é%l¢)L2’ < HwHLp’|HD’5%1¢HLP for all
¢ € S(R) with Fourier transform vanishing in a neighborhood of 0.

4. Conclude.
Exercise 2.25 (Wave group). For t € R, we define W (t) : H* x L? — H' x L* by

sint|D|
W(t) = cost|D| D ’
—|D|sint|D| cost|D|

where sintA/X is implicitly defined as t for A = 0.
1. Check that each operator in the matriz W (t) maps S(R") into S(R™).

2. Check that W (t) has a unique continuous extension (starting from S(R") x S(R™))
into an operator H' x L?> — H' x L2.

3. Check that (W (t))ier is a group on H' x L? and on H' x L2,

4. Check that W (t) preserves the norm (HvH?{l + ‘|w‘|i2)1/2 on H' x L2,

5. Let I be an open interval containing 0. Prove that if (ug,u1) € H' x L? and fe
C(I, L?) then

int|D tsin(t — s)|D
u(t) = cos(t| Do + 2P, 4 / sint = $)1Dl ¢4
D 0 |D|

solves the wave equation (1.6) in the distributions sense on I x R™.
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Chapter 3

Strichartz and nonlinear estimates

In this chapter, we introduce suitable functions spaces and prove some related estimates
which will be useful to define rigorously and solve the equation (1.10) by mean of the
Picard fixed point Theorem. The main result is Theorem 3.9 on Strichartz estimates for
the Schrodinger equation.

3.1 Functions spaces

Definition 3.1. If I is a compact interval and X a Banach space, C(I,X) is the space
of functions f : I — X which are continuous on I. We equip it with the norm

[fllLsex == sup || f(t)]|x-
tel

We recall that C(1, X) is a Banach space.

Definition 3.2. Let I be a compact interval and p > 2, ¢ > 2 two real numbers. We
define MY as the subspace of functions f € C(I,L?) such that

1. for almost every t € I, u(t) belongs to LY,
2. the function t — ||u(t)||La is measurable,

3. the following norm is finite

1/p
|ullpra = (/Illu(t)H]zth) < o00.

We equip this space with the norm
ull s = Ifullze 2 + 1l oo

35
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Definition 3.3. Let p > 2 and q > 2 be real numbers, p' and q' be their conjugate and let
I be a compact interval. We let

LII’/L‘I, .= completion of C(I, L) for the norm || - o o
I

(See (2.5) for the definition of the norm). We still denote by || - ||

completion.

' o the norm of this
Proposition 3.4. M7 is a Banach space.

Proof. Let (ug)) be a Cauchy sequence in M7, Tt suffices to see that some subsequence
will be convergent in MY?. Since (uy)g is a Cauchy sequence in C (I, L?), we know that
||ur, —u|pse 2 — 0 for some u € C(I, L?). On the other hand, using that (uz) is a Cauchy
sequence for the norm Il Lrre We can construct a subsequence (ug,); such that

||ukj - ukj+1HL’I’Lq < 277,

For all t € I, we consider
N [e'S)
= Z Hukg (t) = Uk (t)HLq € [O’ OO}, f(t) = Z Huk]‘ (t) - ukj+1(t>||Lq € [Oa OO]
j=1 j=1

Then we have ||fn]] ey < 1 and, by the Fatou Lemma! applied to /X we also have
I f]] ) < 1. In partlcular the sequence fy converges for almost every ¢ which implies
that, for those t, uy; (t) is a Cauchy sequence in L?. Since we already know that, as j goes
to infinity, ug,(t) = u(t) in L?, we find that

lim wy, (t) = u(t) € L? for almost every t € I.
j—00

In particular, u(t) belongs to L? for almost every ¢. By the Fatou lemma again, we have

J (0 = (O < iming [ Y, () = wn, ().
which shows that u belongs to LY L7 and that ||u — uy,|| rrre — 0 as goes to infinity since
the right hand side is smaller than (3, -, 27")?. This completes the proof. O

To be able to manipulate LPL? functions which are unambiguously defined pointwise
in time, it will be convenient to use several approximation procedures. This is the purpose
of the next two propositions.

Proposition 3.5. Assume that Ry is a family of continuous linear operators on a Banach
space X such that
Ry — I in the strong sense as k — oo.

Then, for all f € C(I,X), if we set fi(t) := Ri(f(t)), we have fr € C(I,X) and

ka_f‘|L}’CX_>07 k — oo.

! [liminf < liminf [
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Proof. It relies on the fact that f is uniformly continuous on I. Fix first € > 0 and let
C > 1 such that
C = sup || Ry[|x—x-
k

Such a C exists by the uniform boundedness principle. By uniform continuity of f we can
find § > 0 such that ||f(¢) — f(s)||x < €/3C if |t — s| < 0. By compactness of I we can
write I as a finite union of intervals I; = [t;,t;41] with |t 41 — t;| < §/2. Now for any
t € I, we can choose j such that ¢t € I; and

k@) = FOllx < (@) = felt)lx + 115 (E) = fE)x + 1) = F@)lx

< COlf ) = FUDI+(Re = DF)lIx +[1£(t) = FO)lx
2e
= IR - D)l
uniformly with respect to k. Now, since there is a finite number of t; we can choose ko
large enough such that ||(Ry — I)f(t;)||x < €/3 for all j and all £ > kg. Taking the sup
over t € I, we get the result. O

IN

Proposition 3.6. 1. C(I,L*N L) is dense in MY,

2. C(I,L>NLY) is dense in LZI),Lq/.

Proof. 1. Consider a sequence of mollifiers Ry, as in Proposition 2.18. Let u € M%7 and
define uy pointwise in time by

up(t) = Re(u(t)).
We know that u belongs to C(I, L?) and converges to u in this space by Proposition 3.5.
By Proposition 2.18 and the item 4 of Proposition 2.9, it is not hard to check that uj also
belongs to C(I, L?). Furthermore

[ = ullf = /1 | Rpu(t) — u(t)||2,dt — 0,  k — oo, (3.1)

by standard dominated convergence since, by Proposition 2.18, ||Rxu(t) — u(t)||r« — 0 for
a.e. ¢ and is dominated by C||u(t)||, independently of k.

2. Tt suffices to see that C'(I, L> N LY) is dense in C(I,LY) for the L?qu' norm. Indeed,
if f e C(I,LY), then Ryf belongs to C(I, L? N LY) by the item 4 of Proposition 2.9 and
the convergence to f in L} L9 is obtained as in (3.1). O

Although we shall mainly use functions in spaces like C'(1, L?) in this chapter, we will
sometimes need to use functions in LP L (see prior to Proposition 2.3) and it will be useful
to approximate them by functions in C(I, LY).

Exercise 3.7. Let I be a compact interval and G € LYLE with p,q € [1,00). Let x €
C3(R™) be equal to 1 near 0 and define Gi(t,z) = x(x/k)G(t, ).

1. Check that Gy, € C(I,L%) for all ¢1 € [1,00].
2. Check that ||G — Gk||L§Lq — 0 as k — .
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3.2 Strichartz estimates

The Strichartz estimates are linear inequalities which are crucial to solve dispersive PDE
at low regularity. We consider here the case of the Schrodinger equation which is simpler
than the one of the wave equation (we hope, in a near future, to include a section on the
wave equation in appendix).

Definition 3.8. A pair of real numbers (p,q) is Schrodinger admissible on R" if

2 n
p>2a Q>2, -+ —=

n
= 3.2
PRI (3.2)

Here n can be any integer > 1.

We comment that the case p = 2 is also allowed (we then require that ¢ # oo i.e. that
n # 2) and corresponds to the so called endpoint pair, but we won’t need to consider this
limit case here (furthermore, the proof of the related Strichartz estimates is more difficult
in this case, see Keel-Tao [3]). To see the relevance of the notion of Schrédinger admissible
pair, we refer to Exercise 3.11 below.

The Strichartz estimates give information on the linear flow, that is on the unitary
group U(t) (see Proposition 2.10) and the following related operators. Given a compact
interval I and real numbers tg,t; € I, we will consider

U(Juo = [t U(t)uol,
Dy f = [t — /t: Ut — s)f(s)ds] ,

BY = / N (s fls)ds.

to

We call Dy, the Duhamel operator at initial time ¢3. These operators are a prior: well
defined between the following spaces

U() : L* = C(I,L%,
Dy, : C(I,L?) — C(I,L%),
E{l : C(,L%) — L

We recall that the norm || - || MES used in the next theorem is given in Definition 3.2.

Theorem 3.9 (Strichartz estimates for the Schrodinger equation). Let n > 1 and (p,q)
be Schrodinger admissible. Then there exists C > 0 such that, for all compact interval 1
and all tg,t1 € I, we have:

1. for allug € L%, U(-)ug belongs to MY and

U)ol pmza < Clluol|2- (3.3)
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2. Forall f € C(I,L?N Lq/), Dy, f belongs to M7 and

1Dt Fllpgzs < CllAIl o - (3.4)

8. Forall f € C(I,L?N Lq/), Efolf belongs to L? and

1B e < CUA Ly (3.5)

The great interest of Strichartz estimates is the following, say for the homogeneous
estimate (3.3): it says that whenever ug is in L?, then U(t)ug belongs to L4 on an averaged
sense (in particular for almost every t), which is quantitative since we have a LP estimate
in time of ||U(¢)uo||re. This is a remarkable fact since we have no derivative in L? for
ug (nor for U(t)ug). This is in strong contrast with Sobolev embeddings (see Proposition
2.20) which show that a function belongs some L9 space with ¢ > 2 provided that some
(fractional) derivative of the function also belongs to L?.

The estimates (3.4) and (3.5) mean basically that assuming f € L?/Lq/ is sufficient;
we only assume that f belongs to C(I, L?) to guarantee that D, f and Ett; f are clearly
defined. Actually, (3.4), (3.5) and the item 2 of Proposition 3.6 lead in a straightforward
fashion to the following corollary.

Corollary 3.10. For all compact interval I C R and all ty,t1 € I, the operators Dy, and
Ef; extend uniquely from C(I, L* N qu) to continuous operators

J— / ’ —t / /
Dy : LY LT - MDY, By LN LY — L%

such that, for some constant C independent of I and to,t1,

IN

[1Diofllpza < CllAl s (3.6)

[Euflls < ClAly o (37)

Before proving Theorem 3.9, we justify the interest of the notion of Strichartz admis-
sible pairs. We record first a simple exercise.

Exercise 3.11. Define
S\t(z) = Y(Ax), Thu(t, z) = u(N%t, \z).
1. Check that S\U(t) = U(A72t)S,.

2. Let p,q € [1,00) and I be an interval. Check that if 1 is a Schwartz function

)\_(%+%)|’U(‘)¢HL’;L‘I _ HT,\U(‘)i/’HL’;,QILq = ||U(-)S)\'¢||L’;721Lq.
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This exercise shows that (3.2) is precisely the condition which makes the Strichartz
estimates scale invariant. Indeed, the second question of Exercise 3.11 shows that if
Strichartz estimates as in (3.3) hold true for some pair (p, q) € (2,00)? then

(24 _n
A GOl = I0OSEls 10 < OIS = A 1],

and this can hold with a constant independent of the interval I only if (p, ¢) is admissible.

Theorem 3.9 will be mostly a consequence of the following lemma (where we assume
implicitly that (p,q) is Schrodinger admissible).

Lemma 3.12. There exists C > 0 such that for all compact interval I, all tg € I and all
feC, LY NLY, Dy, f belongs to MY and

1Dt g0 < CUTl (3.8)

Proof of Lemma 3.12. That Dy, f € C(I, L?) whenever f € C(I, L?) follows from the item
3 of Proposition 2.10 (where 0 can be replaced by any ty). We prove next that, for all
FeC(I,L'nL?), Dy F belongs to MY and

|Dto 210 < C||F]] (3.9)

/ 7.
LY La

Let Fj := RpF with Ry as sequence of mollifiers as in Proposition 2.18. Then Fj, belongs
C(I,L' N L?), by the item 4 of Proposition 2.9, hence also to C(I,L?) by (2.3). We also
point out that

Dy, Fi(t) = Ry, / t U(t — s)F(s)ds

to
belongs to C(I,L9) N C°(I x R™) (on one hand by the item 4 of Proposition 2.9 for L4
and on the other from the items 5 of Proposition 2.16 and 1 of Proposition 2.18 for the
space-time continuity). This last property allows to use (2.6) which shows that it suffices
to prove that

‘// GDtOdea:dt‘ < CQHGHLP,Lq’HFkHLP/Lq" (310)
I xR™ I I

for all G € LZI),LZI,. By Exercise 3.7, we can even assume that G € C(I,LY). Let us prove
(3.10) in this case. We know that G Dy, F}, € L*(I x R") by the item 1 of Proposition 2.3

so the Fubini Theorem allows to write
'// G Dy, Frdzdt / < G(t)(DtoFk)(t)dx> dt‘
IxR™ I \JRrn
t
/ / ( GOU (- s)Fk(s)dm> dsdt'
I Jtg R™

/I/I HG(t)HLq’ HU(t - S)Fk(S)HquSdt.

IN
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Note that we can swap f;; ds and fR" dx easily since G € C(I, Lq'). We then observe that
the Marcinkiewicz Theorem 2.4 combined with the unitarity of U(¢ — s) and Corollary
2.11 yield

Ut — 5)Fu(s)lle < Cylt — sl G5 Bl o

Note that here we use that F(s) belongs to L' N L?. The admissibility condition (3.2)
shows that § — % = %, hence by using the Hardy-Littlewood-Sobolev inequality (2.27) we
get (3.10) which in turn yields (3.9) when F' = Fj. Then, the estimate (3.9) applied to
F}, — F; shows that Dy Fy, is a Cauchy sequence for the LYL? norm since Fj, converges to
Fin C(I, L) (by Propositions 2.18 and 3.5) hence also for the L?/Lq/ norm. Since Dy, F},
also converges to Dy, F' in C(I, L?), the completeness of M%7 shows that Dy, F belongs to
M2 and that (3.8) holds. If f belongs to C(L? N LY) we consider Fy, := x(z/k)f, with
x € C8°(R™) equal to 1 near 0. Then F} belongs to C'(I, L' N L?) and converges to f in
C(I,L?>N LY) by Proposition 3.5. In particular, Dy, Fy, — Dy, f in C(I, L?). By (3.8) and
the completeness of M, Dy Fy, — Dy, f in M2? and (3.8) holds. O

Proof of Theorem 3.9. We prove first that there exists C' > 0 such that, for all compact
interval I and all f € C(I,L?> N LY),

Denote I = [a, b]. Once squared, the norm reads

([uensa [veaseas) = [ (0. [ve-ssea)

- / (F(). Daf(t) — Dof(£)) 0 dt

I

/ U(—t)f(t)dt

I

S CHfHLPqu” (31]‘)
L2 d

by writing [, ds = f(j ds — fbt ds. Using the Holder inequality we have

|(f(®), Daf(t) = Dof () o] < IF Ol o ([[Daf ®)]za + 1 Dof (t)]] )
and then, by using (3.8), we get (3.11). Then, for each t,tg € I, we consider I’ := [tg, ]
(or [t,to]) and observe that
1D = |00 [ Ut-5)1)as
Il
Clifll o

L2

IN

by using (3.11). Together with (3.8), this yields (3.4). The estimate (3.5) is a direct
consequence of (3.11). We next consider (3.3). Let ug belong to L? and Ry, be a sequence
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of mollifiers as in Proposition 2.18. Then RyU(-)ug belongs to C(I,L? N L4) and for all
G € C(I,L* N LY) we have

'//G(t’x)RkU(t)uodxdt) = /I(G(t),U(t)Rkuo)Lz dt‘

—‘(AU@@G@&J@W>B
CllGl|

IN

LII’/Lq’HRkuOHLZ'

By Exercise 3.7 the inequality remains valid if G € Lp/Lgl and, by (2.6), it shows that
1RRU (uollrzre < Cf|Ryuol| 2.

We have similar estimates on (Ry — R;)U(-)up which show that RiU(-)up is a Cauchy
sequence in M%7 which converges to U(-)ugp € C(I, L?). This shows that U(-)ug belongs
to M7 and that (3.3) holds. O

3.3 Nonlinear estimates

In this short section, we record fairly elementary estimates to deal with the nonlinearities
of (1.10) (or (1.11)) using the same spaces as those involved in Strichartz inequalities.

Proposition 3.13 (Nonlinear estimates). Let I be a compact interval, v > 1 be a real
number and q := v + 1.

1. The mapping
P,:C(I,L>NLY) 3 uws |[u*ueCI,LY)

s well defined.

2. Let p > 2 be a real number such that

1
?—%zo (3.1)

Then P, has a unique continuous extension
P, MBIV L7
and
1) = Pul)ll o < 2 77 (Hullyhy + lollh, ) = ooz (32

for all u,v € M9,
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We point out that if (p, ¢) is a Schrédinger admissible pair, the strict inequality (resp.
equality) in (3.1) means precisely that v is L? subcritical (resp. L? critical). We also
emphasize that this proposition is designed to handle the L? (sub)critical NLS and that
the analysis of the H' subcritical equation (where v can be larger) would require other
estimates.

The proof will rely on the following two simple exercises.

Exercise 3.14. Let v > 1 be a real number.
1. Let z,( € C be independent over R. Show that
f(s):=|z+sC/" 1z + s0)
is C1 on R and that

o . z+ sC C(z+sC)
fi(s) =|z+sC| 1<C+(V_1)|Z+SC|RG< |z + sC| )>

2. Show that for all real numbers a,b > 0 and u > 0,
(a 4+ b)* < 2H(a* 4+ bM).

3. Conclude that for all z,2’ € C and v > 1,

HZ‘V71Z o ‘Z/|1/712/‘ S V21/71(‘Z|1/71 + |z/‘ufl)‘z . Z/’.

Exercise 3.15. Let I be a compact interval, po > p1 > 1 be two real numbers and
f e LP2(I). Check that

1 1

A lLee < [P P2 [ f]] e

Proof of Proposition 3.13. 1. Note first that by |u['~'u we mean the L7 valued function
t > |u(t)]*~'u(t). This function is indeed L7 valued since |u(t)|¥ € L9/¥ = L9/(a=1) = 7",
Furthermore, it is continuous on I since, by the item 3 of Exercise 3.14 and the generalized
Holder inequality (2.2),

)" u(t) = fu(s)"~ uls)|] Lo 2" ([lullzs " + u()72") [ut) = u(s)l|ze

<
< Cullu(t) — u(s)|| e

The mapping P, is thus well defined.

2. It suffices to prove (3.2) on C(I, L? N L7). If we do it, then for any u € M5, by using
Proposition 3.6, we can define P, (u) as the limit of P,(u;) for any u; € C(I,L* N L9)
converging to u in M7 and (3.2) will show on one hand that the limit does not depend
on the choice of u; and on the other hand that P, is continuous. So let us prove (3.2).
Once again, the item 3 of Exercise 3.14 and the generalized Holder inequality (2.2) yield

@) u(t) = @~ @] o <v27F (@7 + [o®17") Hult) = ()] L.

By taking the L norm in time of both sides and by observing that the right hand side
belongs to Lv (I) (using the generalized Holder inequality (2.2) in time), the result follows
from the Exercise 3.15. U
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3.4 Global in time estimates

The estimates of Theorem 3.9 and Corollary 3.10 involve constants independent of the
interval I. This suggests we could take I = R in these results. In this section, we describe
how to justify this fact. This will turn out to be important to prove the global well
posedness of the L? critical NLS with small data.

Definition 3.16. If X is a Banach space, we denote by C,(R, X) the space of bounded
and uniformly continuous functions f: R — X. We equip it with the norm

[[fllgex = sup || f(t)]|x-
teR

Exercise 3.17. 1. Check that Cy,(R, X) is a Banach space.

2. Define

Cieat (R, L?) := {f € C(R,L? | lm U(—t)f(t) and lim U(—t)f(t) exist in L2}

t——+o0 t——o0

and check that it is a closed subspace of Cy(R, L?).

It follows from this exercise that the space Cscat(R, L2) is a Banach space. The index
scat refers to scattering. We will say that a continuous fonction f : R — L? scatters as
t — 4o if there are (time independent) f+ € L? such that

Hf(t) — U(t)f:tHLQ — 0, t — *o0. (3.3)

By construction of Cycat(R, L?) and the unitarity of U(¢), it is clear that all functions of
Cicat (R, L?) scatter, since if we set fi = limy_y+00 U(—t)f(t) then, by unitarity of U(t),

F(@) = U@) fellz = [[U(=6)f(8) = fellpz =0, ¢ — +oc.

In these introductory lectures, will not enter in a detailed description of what scattering
theory is but we simply record that (3.3) means that, as time goes to infinity, a func-
tion f which scatters behaves like a solution to the ’free’ (i.e. linear and homogeneous)
Schrédinger equation. We shall see that the space Cseat(R, L?) is a good one to solve the
L? critical NLS with small data.

We next introduce the analogue of Definition 3.2 when I = R.

Definition 3.18. If p > 2 and q > 2 are real numbers, we define Mﬁ?q as the set of
functions u € Cysear (R, L?) such that

1. for almost every t € R, u(t) belongs to L9,

2. the function t — ||u(t)||ra is measurable,
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3. the following norm is finite

1/p
lullze e = (/Ruu(tmqut) < o0.

We equip this space with the norm
lull s o= Iz 2 + el oo
Exercise 3.19. Check that MY is complete (hint: mimick the proof of Proposition 3.4.)

Before stating our result on global in time Strichartz estimates, we record another
result as an exercise.

Exercise 3.20. Let F : R — L?. Check that F(t) has a limit as t — 400 if and only if
for all e > 0 there exists T > 0 such that ||F(t) — F(s)||r2 <€ for allt,s > £T.

Theorem 3.21 (Global in time Strichartz estimates). Assume that (p, q) is a Schrédinger
admissible pair. There exists C > 0 such that,

1. for all ug € L?, U(-)ug belongs to MR and

U (Juol|ape < Clluol| 2,

2. for all f € C(R,L>NLY) such that ||f]| , <00, Dof belongs to MY and

L2 L
D0 lLaags < Cllfll

Proof. 1. The estimate of ||U(-)uo rzrq follows from the fact that the constant in (3.3) is

independent of I. That U(-)ug belongs to Cseat(R, L?) is trivial.
2. By (3.4) where the constant is independent of I, it is clear that Dy f belongs to C(R, L?)
and that HDofHMﬁq < CHfHLqu,. We show that U(—t)(Dof)(t) has limits as t — £oo.

We consider the case of 400 (the one of —oo is similar). For all ¢ > s, we have

HU(—t)(Dof)(t)—U(—S)(Dof)(S)HL2=‘ [ vensor

12 S CHfHLﬁ;t]qu

by using (3.5) with [s,t] = I = [to,t1]. The conclusion then follows from Exercise 3.20
since || f[|,,» ,, is arbitrarily small for s, large enough. O
[s,t]

To extend the Strichartz estimates of Theorem 3.21 to a complete space, we introduce
the following definition which is of course the analogue of Definition 3.3.
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Definition 3.22. Let p > 2 and q > 2 be real numbers, p' and q' be their conjugate. We

let
L%qu := completion of C(R, L?) for the norm || - ||

/
P /'y
LP La

or, more precisely, the completion of the subset of C(R, Lq,) on which the L%Lq/ norm 1s

finite. We still denote by || - ||, the norm of this completion.
R

Corollary 3.23. If (p,q) is a Schridinger admissible pair, the Duhamel operator Dy
initially defined C(R, L? N Lq/) N L%Lq/ extends in a unique continuous fashion to an
operator

Do : IELY — MEY,
which satisfies HﬁofHM%q < CHfHLﬁqu,.

Proof. Tt suffices to see that C(R, L2 N L9) N L%Lq’ is dense in C(R, L¢) N L%qu for the
L% L7 norm. This can be done exactly as for the item 2 of Proposition 3.6 hence we do
not repeat the argument. O

We conclude this section with a global in time analogue of Proposition 3.13.

Proposition 3.24 (Nonlinear estimates). Let v > 1 be a real number, ¢ := v + 1 and
p > 2 be a real number such that

~0. (3.4)

SSEIN

1
i
The mapping
P, METNCR, LY) 3 u— |ul’ 'u e C(R, LY)
is well defined and has a unique continuous extension
P,: MR? — LR L7,
with
Pu() = Pl e < 02 (lullygh, + lollzh ) u = olligzer (3:5)
for all u,v € ME1.

Proof. That P, maps ME?NC(R, L?) to C(R, L7 is a direct consequence of the item 1 of
Proposition 3.13. The estimate (3.5) is also valid on ME?NC(R, L?) by (3.2). Therefore,
the proposition would follow from the density of ME? N C(R, L?) in ME?. This is the
main point of this proof. Let Ry = x(exD) be a sequence of mollifiers as in Proposition
2.18 and u € MR?. We show that Ryu — u in ME? as k — oo. We check first that Rju
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belongs to Cseat (R, L?). If uy := limy_,1oo U(—t)u(t) then, using that Rj commutes with
U(—t) and the item 2 of Proposition 2.18), we have

| U(=t) Riu(t) — Rpur||pz = [|Ri(U(=t)u(t) — us)||rz < ClU(—t)u(t) — ux|[r2 — 0,
as t — Fo0. This shows that Ryu belongs to Cseat(R, L?). We next prove that

sup ||Riu(t) — u(t)||r2 — 0, k — . (3.6)
teR

We start by observing that we can write

|| Riu(t) — u(t)]] U (=) Riu(t) — U(=t)u(t)]| >

1Be(U(=t)u(t) — ux)llr2 + || Rrus — uxllpe + [Jux — U(=t)u(®)]| L2

IN

where, given € > 0, we can choose T' > 0 such that the first and third term are smaller
than €/3 if £t > T, uniformly with respect to k. Then, using that Ry — I strongly on
L?, the term in the middle is smaller than ¢/3 if k is large enough. We have thus shown
that for each € > 0 we can choose T' > 0 and kg € N such that, for all k£ > kg

sup ||Rru(t) — u(t)|| <e.
[t|>T

On the other hand, we already know that supj <y |[Rru(t) — u(t)||z2 — 0 as k goes to
infinity, by Proposition 3.5. Therefore, we have proved (3.6). The convergence of Riu to
u for the Lﬁ’qu norm is simpler and proved by dominated convergence as in Proposition
3.6. This completes the proof since Ryu belongs to MY N C(R, L9). O
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Chapter 4

The Cauchy problem for NLS

In this chapter, we solve the L? subcritical non linear Schrédinger equation, for all initial
data in L%, and the L? critical one for small initial data in L2. In both cases, the point is
to give a precise meaning to the fixed point equation (1.10) and to solve it.

4.1 The L? subcritical NLS
We work in dimension n > 1 and assume that v is a L? subcritical exponent, namely
4
l<v<1l4—. (4.1)
n

For a given v as above, we define the real numbers p and ¢ by

B 4v+1)

= 1 = .
¢=vEd n(v—1)

Exercise 4.1. 1. Check that (p,q) is Schridinger admissible (in the sense of (3.2)).

1 4
P22 —0) so.
P p 4 n

2. Check that

3. Check that p > q.

In the previous chapters, we have set up all the tools required to solve rigorously the
L? subscritical nonlinear Schrodinger equation. We fix p € R. Given uy € L?, we rewrite
the equation (1.10) as

w=U()ug — %EUE(U), (4.2)

where we recall that U(-)ug is the map t — U(t)up and that Dy and P, are defined
respectively in Corollary 3.10 and Proposition 3.13. Note in particular that the right

49
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hand side of the above equation is perfectly defined since the subcriticality condition (4.1)
implies that 1% — % > 0 by Exercise 4.1.

We will seek solutions u € ﬂ[./\/llj’q, the intersection being taken over all compact
intervals containing 0 (see Definition 3.2 for the space M7?). More precisely, this means
we shall look for u € C(R, L?) such that, for any compact interval I containing 0, its
restriction to I belongs to MY and solves (4.2).

This section is entirely devoted to the proof of the following theorem.

Theorem 4.2. 1. For all ug € L?, the equation
w=U(-)uo ~ “DoP,(u), (4.3)

has a unique solution u € NfMYPY(R) (the intersection is taken over all compact
intervals containing 0).

2. If we define ®'(up) := u(t), we define a (flow) map
o' L — L
which satisfies, for all ug € L? and all s,t € R,
19 (uo)[| 2 = [|uol| 2, P’ o @° = P, =1
In addition, for all positive numbers R, T, there exists a constant C > 0 such that
19" (uo) — @ (v0)| 2 < Cluo — wol L2, (4.4)
for all |t| < T and all ug, vy such that ||uol|r2 < R, ||vol|r2 < R.

3. The solution to (4.3) belongs to C(R, L*) N LY.

7R x R™). It satisfies u(0) = ug and,
in the distributions sense,
10 — Au = —plu|’ " u. (4.5)

We will split the proof of this theorem into several propositions or lemmas. For given
real numbers tg,t; € R, it will be convenient to denote

Ky, = —%Eto oP,: MBT — MY Lié = Eﬁ; oP,: MY — 2, (4.6)

which are both continuous on M%7 for any compact interval I containing ¢y and ¢; (recall

that Eﬁ; is defined in Corollary 3.10). The continuity of these maps follows from Corollary
3.10 and Proposition 3.13.

Proposition 4.3 (Local existence). There exists a constant C > 1 such that, for all
to € R and all ug € L?, the map

u— U(- — to)up + Ky, (u)
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15 a contraction on the closed ball

B, = {u € My o) | U U(')UOHM%{

< . ;
i 2ol

—T,t0+T

where T is given by

1
n__1
7=C Yuol| 5 . (4.7)

Note that +—— < 0 so the existence time grows as ||ug||;> decreases.

4 v—-1

Proof. We note first that, for all 7 > 0, B, is a complete metric space, as a closed ball of
the Banach space Mﬁ’;’_T totr]" We then look for conditions on 7 such that F', defined by

F(u) :=U(- — to)uo + Kty (u),

preserves B, and is a contraction thereon. By Corollary 3.10 and Proposition 3.13 (with

v = 0), we know that there exists C1 > 0 such that for all ug, to, 7 and all u € Mﬁ’;’_T to+7]

[ Ko ()] | papo

1 v
o p v
i S O Pl

T,t9+7] )

In particular, setting R := 2||U(-)uo]| Mba for simplicity, we see that if u belongs to
0~ T:t0TT

B, we have

1F (1) — U (Yuo|| py < Oy

[to—Tsto+7]

"R, (4.8)

Similarly, for all u,v € B,, Corollary 3.10 and Proposition 3.13 also yield

- L/—K v—1 o
1) = F@llage < Cor 2 R lu— vl

(4.9)

with a constant Cy independent of g, ug, 7, u, v. Therefore, if we choose 7 such that

[

1
- o

ClTP %RV S R, CQTP

~

PRV < 1/2, (4.10)

then B; is stable by F' and F'is 1/2 Lipschitz on B;. This is satisfied if Tii%RV_l is small
enough and, using that

1_v 1 _wg11 V-l 1 n n nv—1
RV—1 — ( v—1 v—1 R) , o= = ,
T ! ’ p 4 2w+l dv+iil

it is not hard to check that this holds if 7 is of the form (4.7) with C large enough. O

The next proposition will be useful to prove the uniqueness of solutions and also to
prove the uniform continuity of the flow on balls.
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Proposition 4.4 (Uniquess and stability estimates). Let R,T > 0. There ezists C > 0
such that

1. for alltg € R and all I := [tg — T, to + T1,
2. for all ¢, € M1

3. for all u,v € MY such that [ul| vz + [[0]| pgpa < R and which solve

U:¢+Kt0(u), U:¢+Kto(v)7 (411)
we have
[l = vllpgpr < Clld — ¢l agp.
To prove this proposition, and for future purposes, we will need the next lemma.

Lemma 4.5. 1. Let I be a compact interval and to,t1 € I. If u € M?’q, we have
Ky (u) = U()Lié(u) + Ky, (u). (4.12)
2. Iftg < t1 < to, if I = [to,t2] and if u € MT? solves

= U( — to)u(to) + Kto (u), on [to, tl], (413)
= U( — tl)u(tl) + Ky, (u), on [tl, tg] (414)

then it solves both equations on [tg, ta].
3. Ifue MY t; €R, ty € I and if we define u € M?ftl by u(t) = u(t + t1) then
Kto(u)(t + tl) = Kto—t1 (ﬂ)(t), tel—t.

The first item gives a rigorous sense to the formula

/tU(t —8)([u]"" ) (s)ds = U(t) 1U(—s)(\u|l’*1u)(s)ds + tU(t — 8)(|u]""tu)(s)ds(4.15)

0 to

Let us recall that the above expression is formal (at least with the tools we are using)
since the map s — (Ju|~1u)(s) is not a continuous L? valued function in general.

Proof. 1. If u € C(I, L?> N L) then (4.15) makes sense, and coincides with (4.12), since
lu[*"Lu is continuous from I to L2 If u only belongs to M7? we let uy = Rpu with
Ry, = x(exD) as in Proposition 2.18. Using that u;, — w in M%7 and the continuity of
Ki,, K, and Lié on MY, we get (4.12) by letting k — oo in (4.15) applied to .

2. By using (4.12) on [t1, t2], we have

U (- — to)ulto) + Ky (w) = U(-) (U(—to)ulto) + Litu) + Kiy (u). (4.16)
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On the other hand, by using (4.13) at ¢ = t;, we also have
u(tr) = Ut — to)u(to) + Ko (u)(t1) = Ut) (U(—to)u(to) + Ly} (u))
and by plugging this identity in (4.16) we get precisely
U(- = to)u(to) + Ky (u) = U(- — t1)u(tr) + Ky (u)

on [t1,t2]. Since the right hand side is equal to uw on this interval by (4.14) we see that
u = U(- — to)u(ty) + K, (u) on [t1,t2] hence on [tg,t2]. That (4.14) holds on [to, 2] is
proved similarly (using additionally that Lié(u) = —Li‘f (u)).

3. If u € C(I, L* N LY), this item follows directly from

t+t1 t

/ Ut +t1 — s)|u(s)”u(s)ds = / Ut — o) u(o + )" ulo + t1)do.
to to—t1

If u € MY, we approximate it as above by a sequence uy, as in the first item and pass to

the limit, using that the map u — (- + ¢1) is continuous from M%7 to M?ftl. g

Proof of Proposition 4.4. We let A be a constant such that, for all ¢g,t; € R, all
interval J containing tg,t; and all wy, wy € MY,

1 _v _ —
15 (w1) = Koy (wo)|agge < A7 (Ilollyz ], + loallyz 1 ) oy = woll s o, (417)

1_v _ _
1L (wr) — Lik (wo)|| g2 < AlJ[P 7 (le\ Zgiq + |[ws 25;) [lwi — wa||pp e (4.18)

Such estimates are direct consequences of the Strichartz estimates of Corollary 3.10 and
of the nonlinear estimates (3.2). We choose N > 1 large enough such that

1_v 1
2RVVA(T/N)V & < 5. (4.19)

We let I, = [to, to+ kT /N] for k < N and show by (finite) induction on k that there exists
C, > 0 such that for all ¢, € M9 and all u,v € M5 solving (4.11), we have

lu = vll gz < Cillé = Wl . (4.20)
k k

The result is trivial if £ = 0. Assume it holds for £ and let us show it holds for k£ + 1. Let
us set
Ji = [to+ kT /N,to + (k+ 1)T/N].

We start with the inequality
lu=ollpgs < [fu— ol + [l — vl o (4.21)
Tt1 I Ik
and get, using Lemma 4.5 with ¢, = to + kT /N,

= vl gz < 116 = ¥l Laage + 11U C) (L) = L3 (0)) gy + 11Ky () = Koy ()l
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Obviously, we can estimate the first term by
16— Yllaene < N6 —vllpes .
k k+1
For the second one, we use (4.18) and the induction assumption to obtain
t
1UC) (i (w) = Lig(@)) s < CILG (w) = Lig ()] 2

1 _v
< 20R" ALY |lu = ol|pp 1
k

1 v
< 2CR"MA|L|T TP Cyllo — | agpea-
k
By (4.17) and (4.19), the last term can be estimated by

1_v
15 () = Koy (0)llage < 2R AT 7 flu = vllags 1o

< 1
< Sllu=ollug o

Summing up and using (4.21), we obtain

1 1 _v
(1 _ ) [ (Ck + 1+ 2CR" Y A|L, | ka) || — || pqmoa
2 Tt Tt

which shows that (4.20) holds at step k£ + 1 and completes the proof. O

Proposition 4.6 (Conservation of the L? norm). Let I be a compact interval, to € I and
u e MP? solve
u=U(-—to)u(ty) + K, (u).
Then, for allt € 1,
[lu(®)]| 22 = l[u(to)ll 2.
As we will see below, it is worth noticing that the proof of this proposition does not

use the subcriticality assumption (4.1). In particular, it would also hold for the L? critical
case.

Proof. Using the mollifiers of Proposition 2.18, we let @ = x(€xD)u = Rixu and define

wlt) = RO~ toyutte) LRy [ UG- )lan(s) aa(s)ds

to

= UMRU(~to)ulto) - U()Re= () e (s) M (s)ds.

to

We will use that t — U(t) Ry f(t) is a L? valued C'(I) function when f € C(I, L?), with

derivative
CUMRLI() = ~iAU ORI (1) + UORLS ().
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This follows from Exercise 2.19 and shows on one hand that

d ‘ N
Zu(t) = —iAv(t) - %Rk (Jiig (8" (8)) | (4.22)
and on the other hand that
d ) d
SOl = 2Re (nie). Gulo)
Therefore,
! [
ok (D172 = llon(to)l|7: = —2/ Re (Uk(s)aiAUk(S) + B (|ﬂk(8)|”_1ﬂk($)))L2 ds
to
t
= —2u/ Im (vk(s),Rk (\ﬂk(s)|”*1ﬂk(s)))L2 ds
to
t
~ o / Im ( / (R;vk)(s,x)|ak(s,x)|v—1ak(s,x)dx) ds,
to n
since —(vg(s), Avk(s))r2 = ||[Vug(s)|[2, is real. Writing (Rjuvy) = @ + (Rfvk) — Gy and

using the mixed Holder inequality (see Proposition 2.1), we obtain

[lon(®)[72 — llor(to)l[72] < 2[|Riox — k|| | [P @) - (4.23)

Since @y — u in MY? (see Proposition 3.6), P, (i) is bounded in L?/Lq/ by Proposition
3.13. On the other hand, using that Ky, (ux) — Ky, (u) by Proposition 3.13 and (3.6), we
see that vy, — w in M7 and

| Rivr = @l p o < Offor =l o + || REw = el | o = 0.

This allows to let k& go to infinity in (4.23) whose right hand side goes to zero and the left
hand side goes to |[|u(t)||22 — ||u(to)||32|. This completes the proof. O
We note that this proof is rigorous justification of the formal computation (1.21).

With the previous results at hand, we are ready to prove Theorem 4.2.
Proof of Theorem 4.2. 1. Uniqueness. If both u and v solve (4.3) then, for all 7" > 0
we have u(t) = v(t) for all t € [-T,T] by applying Proposition 4.4 with
¢=v=U()w, I=[-TT], R={ullyes+]v]pres-

Eristence. Fix ug € L? and let 7 be as in Proposition 4.3. Then, we can solve (4.3) on
[0, 7]; we call u™ the corresponding solution. By Proposition 4.6 |[u(M)(7)||12 = [|uo|| 2,
so by Proposition 4.3 with initial time ¢y = 7, we can find @(!) which solve

iV =U( - )M (r) + K- (aV), (4.24)
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on [7,27]. Then,

o (100 e
a(t) te(r,27]
is automatically continuous on [0, 27] with values in L2. Furthermore, ||ul| L8 5y L9 is also
finite, so u(?) belongs to MPL . By construction, u(?) solves (4.3) on [0, 7] but it also

[0,27]"
solves (4.24). By the item 2 of Lemma 4.5, it solves (4.3) on [0,27]. We can then repeat

this procedure and find a solution u(® on [0, 37] by gluing to 1 the solution to
i=U(-—2r)u®27) + Kor(@)  on [27,37],

which is well defined by Proposition 4.3 and the fact that |[u®(27)||,2 = |luo||z2 by
Proposition 4.6. By induction, we can construct a solution defined on [0, +00) (i.e. on
[0, k7] for all k € N), and then similarly on (—oo, 0].
2. The flow ®! is well defined by the item 1. That it preserves the L? norm follows from
Proposition 4.6. Let us prove the group relation ®'*% = ®! o ®*. For a given ug € L?, we
let

v(t) = O (®*(up)), u(t + s) = u(t) = 5 (up),

so that
v(t) = U()(P*(uo)) + Ko(v)(t).
and, by the item 3 of Lemma 4.5,
u(t) =U(t+ s)up + Ko(u)(t +s) = U(t + s)ug + K_s(u)(t).
By the item 1 of Lemma 4.5, we have K_(u)(t) = U(t)L% () + Ko(u), so we get
u(t) = U(t) (U(s)uo + L2 ,(a)) + Ko(u)(t) = U(t) (U(s)uo + U(s)Li(u)) + Ko(a)(t)

where the right hand side is precisely U (t)®*(ug) + Ko(u)(t). Therefore, v and u solve
the same equation hence they coincide at ¢t. This shows that ®'5(ug) = ®' o ®*(ug). We
next prove the estimate (4.4). It suffices to show that, for any 7" > 0, the ./\/lz[qu 7] Dorm

of ® (ug) := t — ®'(up) is bounded by a constant depending only on ||ug||;2 and T. Then
the result will follow from Proposition 4.4 with ¢ = U(-)ug and ¢ = U(-)vg combined with
the homogeneous Strichartz inequality (3.3). For a given R, we can fix

1
T = CilR %_l}%f s
so that, for any ug such that ||ug||z2 < R, Proposition 4.3 implies that

19 (uo)llps < 3T CYuollagpr | < Csllullze

with C a constant given by Strichartz inequalities. Since ®7(ug) has the same L? norm
as ug, we get from the group property

19 ()L, =119 (87 (o)) | gps < Cl187 o) | 2
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Therefore, we obtain
19 (o)l ar <119 (o) s+ 11 () Ly, < 2Csl w2,
and then, by an induction on k,

19 (o)l [agrt, < Cilluollz2,

which yields the result.
3. We start by observing that, for all compact interval I, the space M%7 is continuously
embedded in LYT!(I x R™) since p > q and since, by the Holder inequality,

1_1
|l Larxrny < ] 7 ||ul|ppa-

Therefore, M%7 is contained in LY, (I xR") and any global solution belongs to LY (RxR"™).

loc loc
Then, using the same approximation procedure as in Proposition 4.6, we find that

v = uin L (R xR,  Rp(Jag|” Hag — [u”'u in L. (R x R™)

loc

hence in the distributions sense, and the equation (4.5) follows by letting & go to infinity
in (4.22). O

4.2 The L? critical case

In this section, we still assume that n > 1 but now consider the L? critical exponent

4
v=1+4+ —.
n

As in the subcritical case, we define the numbers p and ¢ by

2n+4 4v+1) 2n+4
q=v+1= , pi= = ,
n n(v—1) n

which are Schrodinger admissible in the sense of Definition 3.8.
In the next theorem we show that, regardless the sign of p, the L? critical NLS is
globally well posed, but only for small initial data.

Theorem 4.7. Let i = £1. There exists a real number € > 0 such that, if we set
B(e) = {uo € L* | [|uo|r2 < £},

1. for all ug € B(e), the equation
w=U(-)ug — EDoP, (w)

has a unique solution in MR?. In particular, this solution scatters as t — +oo, i.e.
there are uy € L? such that

Hu(t) - e_itAuiHLQ — 0, t — *oo.
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4

2. This solution u belongs to C(R, L?) N L' (R x R*™1) and solves
u(0) = wo, 10w — Au = —u]u\%u
the second equation being taken in the distributions sense.

Proof. 1. The proof is basically the same as the one of Proposition 4.3, up the fact that the
contraction will follow from the smallness of the initial data rather than from smallness of
the time 7. We give the main lines of the proof for completeness. Let

F(u) :==U(-)uo + Ko(u),
with ug € B(e) (see (4.6) for Ky). By Corollary 3.23 and Proposition 3.24, we have
1Kol [agzs < Cllul gz
and
1 () — Pl Lnggr < C(lulligha + ol Fydo) e — vl gz

for all u,v € MR?. Let R. := 2C1e with Cy such that [|U(-)uol|ype < CiJuol|Lz for all

up € L?. Such a C exists according to the item 1 of Corollary 3.21. Consider the closed
ball B. of ME? of radius R. centered at 0. Then, if € is small enough, we have

1P @)l s < Cilluo|2 + C¥ < 2C1e

and
1F(u) = F(0)l| ppe < O Hlu =0l e < |u = vl| aqpa /2,

for all u,v € B.. Therefore, if ¢ is small enough, F' is a contraction on the ball B, and
thus has a unique fixed point.

2. This item can be shown as in the subcritical case. We simply note that p = ¢ here and
that the embedding of ME? into LY (R x R™) is obvious. O

We end up this section with a few words on finite time blow up for the focusing L2
critical Schrodinger equation (see for instance [5] where the following calculations can be
found). We start with an exercise.

Exercise 4.8. Let 1) € C%(R") and define

1 e’ i (o
tx) = —pe tar T (2. 4.25
u(t, o) i= e (3) (4.25)
Show that
o1 e/ in |zf? x x x
= pge thQ_%_ALt? v(5) i (V) (3)
and that

= s (5 - ) () - (D) e ()]
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It follows from this exercise that if we can find a non zero ¢ solving the nonlinear
elliptic equation

4
—Ap + ¢ = [Y[n9, (4.26)
then u given by (4.25) solves the focusing NLS (in the classical sense)

|z

. 2 .
i0u — Au = |u\%u, u(—1,2) = e_’T‘“w(a:), (4.27)

for t € (—00,0) and x € R™. Note that the initial time is taken at —1 (by a translation in
time we could take it to be 0). If we know additionally that 1) belongs to L?(R"), then

1
Ju(t, z)|* =

2
= [¢ (I = Wliadot@), =0~ (4.28)

t

If ||4|| 12 is not zero, this means that the solution to the Cauchy problem (4.27) blows up
at t = 0. Indeed, if the solution was global and continuous in time with values in L? then
lu(t,.)|? should converge to |u(0,.)|? as t — 0~ in L', which is obviously not the case in
(4.28). The blow up can also be observed on the Strichartz norm: indeed, the solution to
(4.27) satisfies

2

—n4n —
lu@)lze = [t 2 " [[¢l[Le = [t 7 [[¢]] 2,

so that, for all t < 0,

_1 —
lallzy__ e = [t [[¥llLs = 400, £ =07

00,t]

It turns out that one can indeed find a non trivial solution to (4.26); more precisely, one
can find a nonnegative C? solution

—AQ+Q=Q"x
which decays exponentially at infinity, hence is L?. We refer to the lectures by Mihai

Maris for more on this topic. Notice that, in the defocusing case, one cannot find non
trivial H' and exponentially decreasing solutions to

~ ~ ~ é ~
—AY +1p = —[p[n 1,
since this would lead to

19912 + 19l = (= 89 +6.9) s == [ uP+Hde <0

hence to ||¢|| g2 = 0, i.e. P = 0.
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Appendix A

Littlewood-Paley decomposition

In this appendix, we provide a self contained proof of the Littlewood-Paley decomposition,
which is a very powerful tool to prove various estimates used in dispersive equations (see
for instance Tao’s book [6] for such applications of this theory). By lack of time, we only
give an application to the proof of the homogeneous Sobolev inequalities (2.26), but we
hope to complete this appendix by a section on Strichartz estimates for the wave equation.

A.1 The Littlewood-Paley decomposition Theorem
Let us fix a smooth cutoff function ¢¢ € C§°(R™) such that

¢o(§) =1 for [([<1  ¢o=0 for [{| =2, (A.1)
and set

P(&) = ¢o(§) — Po(28).
For u € L1(R™), with ¢ € (1,00), we define the square function Su by

1/2
Su(z) = (Zleﬁ(?_kD)U(x)IQ) ;
kEZ

where Sy(z) = (EQZ_N |¢(27*D)u(z)|?)2. This definition makes sense since ¢(2~¥D)u
belongs to LY for any k (see the item 4 of Proposition 2.9), hence is a measurable function,
so that Su is the pointwise limit of a non decreasing sequence of non negative measurable
functions. Therefore Su is a measurable function with values in [0, o).

Theorem A.1 (Littlewood-Paley decomposition). For all g € (1,00), there exists a con-
stant Cy such that
Cy Hlullze < [1Sullze < Cllul|za,

61
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for all w € LY(R™). Furthermore, S is continuous on L% since
||Su — Sv||re < Cyl|lu —vl|La.

Note that the operator S is not linear: it only satisfies 0 < S(u + v) < Su+ Sv (the
inequalities hold pointwise in z). One says S is sublinear or subadditive. The proof of
Theorem A.1 will be given in Section A.3. It will use the following facts which we record
as an exercise.

Exercise A.2. 1. Check that the support of ¢ satisfies
1
supp(¢) C {2 <[l < 2}. (A.3)

2. Prove that if u € L? then

N
u— Y (27" -0, N — +oo. (A.4)
k=—N 1.2
Hint: Check first that
Z¢ = ¢o(27VE) —do(€) — 1—¢o(§), N — oo,
and that
0
> d(275¢) = ¢o() — 02V TE) — do()Ipmo(€), N — oo
k=—N

The interest of Theorem A.1 is to allow to localize estimates in frequency as follows.

Corollary A.3. 1. Ifq € [2,00), then for all u € LY

1/2

[lullze < Cq <Z|¢> 27D UHm) :
keZ
2. If ¢ € (1,2], then for all u € L1
1/2
(Z 627" D) UHLq> < Cyllullza
keZ

3. If ¢ =2, then for all u € L?

1/2
Cy Hull 2 < (Z!Iqb 277D UHLq> < Collullr2

keZ
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Proof. 1. Assume that ¢ > 2. For u € L9, we write

qa/2
I1Sullze = /(ZW(?'“D)U(QT)!Z) dx

keZ

Lez(/ oDy >|2}"/2dx>2/q]

by interpreting the right hand side of the first line as the L%/2 norm, raised to the power ¢ /2,
of the sum 3, [#(27¥D)u(z)|?, and then by using the triangle (or Minkowski) inequality in
the second line. Note that this argument uses that ¢ > 2 to guarantee that ( [ | f|%/?dxz)?/9
defines a norm. This show precisely that

1/2
|[Sul[re < (ZI@Z)(T’“D)UH%q) ;

keZ

q/2

IN

hence yields the result by using the upper bound in Theorem A.1.
2. Assume now that 1 < ¢ < 2 and that v € LY. Then

. B . ) 2/q
> Il *Dyullf. = |6(27*D)u(z)|%dz

keZ keZ

q/2
/ (Z |¢<2’“D>u<x>|2> da

kEZ

2/q

IN

by interpreting the right hand side of the first line as the 12/ norm, raised to the power 2 /4,
of the sequence [ |¢(27%D)u(z)|?dxr, and then by using || ffk(x)dacle/q <[ i (@)]]}0r2dz
k k

in the second line. This means exactly that

1/2
(Z\|¢ kDu\m) < [ISullLs,

kEZ

and the conclusion follows from the lower bound in Theorem A.1. The item 3 is a direct
consequence of 1 and 2. O

Corollary A.3 rests on the fact that, if ¢ > 2 and 1 < ¢’ < 2,

- llzae <M -llepas I Hlepe < A Hpege-

By repeating this argument, we can also consider the mixed space times norms LII)Lq (given
by [[ullpe = (f; |[u(t)|[% ;dt)*/P) provided that both p and ¢ are non smaller than 2 or
non greater than 2.
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Corollary A.4. Let p,q € [2,00) and p',q € (1,2]. Then

1/2
lullpera < Cy (ZW 27"D UHLm> ; (A.5)
keZ
1/2
(ZH¢ kD fHLp L‘1> SC‘ZHfHLZ;,Lq’ (AG)
kEZ

for all compact interval I, all w € C(I,L?) and all f € C(I, Lq/).

The proof is left to the reader as an exercise. This corollary is very useful to prove
Strichartz estimates for the wave equation.

A.2 Homogeneous Sobolev estimates

In this section, we prove Proposition 2.20, namely that for all real number s € [0,n/2)

[lull, 2. < CIlIDIw]] .

—2s

for all v in the Schwartz space. Since 2n/(n—2s) belongs to [2, 00), the item 1 of Corollary
A.3 shows that

1/2
lull e, < C (Zuarkmuui&) . (A7)

keZ
Choose next ¢ € C§°(R™) such that ¢ = 1 near the support of ¢ and 1) = 0 near 0. Define

¥s(§) = [€]7"(8),
extended by 0 at £ = 0. This defines a function in C§°(R"™). Using that ¢ = ¢ and the
composition properties of Fourier multipliers (see Propositions 2.9 and 2.17), we get
627Dy = (27 D)e(27F D)2 F DJu
279 (27 D)o (27" D)|D|"w.

Therefore
—k —ks —k —k s
o Dyull 2 <275 @ D)|| | |[6@FD)IDIu|
Using the item 4 of Proposition 2.9 with a(&) = vs(27%¢), we find that
n—2s 2s
—k n kn/2
o™ D)| ,  w < Co(I0l]) T (2520 e) "
S Cka,

and thus obtain

—2s

1627 D)ul| | 2 < C|[¢(27D)|DI*ul| .
Using (A.7) and the item 3 of Corollary A.3, we get the result. O
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A.3 Proof of the Littlewood-Paley decomposition

A.3.1 The Calderon-Zygmund Lemma
In the following proposition, m denotes the Lebesgue measure on R".
Proposition A.5. For all f € LY(R") and all real number X > 0 one can find

1. an at most countable family' of cubes (Qj)jes such that, for all j € J,

1 n
A< Q) /Qj |f(z)|de < 27, (A.8)
and
> om(Qy) < AIfllw, (A.9)
jeJ

2. a function g € L'(R™) such that

lg(x)| <27\, almost everywhere, (A.10)

3. a family (b;)jes in LY(R™) such that

b; =0 outside Qj, /bjda: =0, (A.11)
such that
fF=g+> b (A.12)
jeJ
and
gl + > 116l < 4[| f]l 1 (A.13)
jeJ

Proof. Step 1: construction of the cubes. We start by choosing ky € N such that
2"\ > 27R0n | y| 11 (A.14)

We then define the cube
CQ = [0,2%)"

and let Py := (C%)nen be the countable collection of all translates of C§ by vectors in
(2k07Z)". The collection P, is obviously a partition of R". We then define, for each k € N,
the collection Py := (C¥)nen by

k= 27kCY,. (A.15)

Lpossibly empty!
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In other words, the partition Py1 is obtained from Py by dividing each cube into 2" cubes
of half side. In particular, each cube of Py has a unique parent cube in Py, i.e. for any
cube Cﬁ,ﬂ of Pgyq there is a unique N’ € N such that Cﬁ,“ - C]]ﬁ,,.

The construction of the cubes (Q;) en is as follows. We drop all cubes of Py over which
the mean value of |f| is > A into a set which we call bad cubes. In other words, the bad
cubes of Py are those which satisfy

1

A< WR/) /c?v \f(x)\dx <2\,

the lower bound following from the definition of bad cubes and the upper bound following
from )

o | @de =27 [ fa)ldn < 27 ] < 2

m(CY) /cg e :
by (A.14). For non bad cubes of Py, we apply the following procedure. We divide each one
of them into 2" cubes of half side (which then all belong to P;) and among all these new
cubes, we drop those over which the mean value of |f| is > A into the set of bad cubes.
Notice that these new bad cubes are disjoints from the previous bad ones and that they

satisfy
1
A< / |f(z)|dz < 2"\
m(Cx) Joy,
where the lower bound follows again from the very definition of bad cubes and the upper
bound from

1 n on .
O oy e = s [ 1@t < s [ lar <2

since the parent cube CR,, of 011\7 is not a bad cube. By iterating this process, we construct
an at most countable family of bad cubes which we denote by (Q;);cs after relabeling.
They are disjoints and such that

1 n
N /Qj |f(2)|dz < 2"\, (A.16)

Note that the iterative process either stops at some level k, if the non bad cubes from the
previous step (i.e. those belonging to Py_1) all give rise to bad cubes after division, or
there are arbitrarily small cubes in the complement of U;Q;. If one wants to reformulate
this procedure rigorously, one defines iteratively the sets, as long as they are non empty,

Iy ={N €N | CY is a bad cube},
and, for k > 1,

I, = {N € N | C% is a bad cube, disjoint from the C%¥, 0 <k <k, v € I,}.
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We let K be the at most countable set of integers k for which Ij is non empty and define
(Qj)je] = (C]l%)kEK,NEIk' If we Now deﬁne

G = Rn\UjGJQj, (A.17)

then, for any z in G, there exists a decreasing sequence (Cﬁ,(k x)) ke of cubes of Py, which
all contain x and satisfy

1
/C . 1 (2)|da < A (A.18)

Indeed, since each Py is a partition, there exists a unique N = N(k, z) such that z € C']’i,
and this cube cannot be contained in any bad cube of previous orders 0, ...,k —1 nor be a
bad cube of order k (i.e. N € Ij), since otherwise = would not belong to G. This implies
that (A.18) holds.

Step 2: Construction of the functions. We set

1
m(Q;) Jg,

bj(x) =0 if ©¢@Q;,  bi(z) = f(z) - fif zeqy, (A.19)

and

1
_ _ A.
g Laf +j§eJ (m(Qj) /Qj f) Lo, (A.20)

= laf+ ) g, f—bj, (A.21)

jeJ

where in the second line one may recall that b; = 1¢,;b;. We now check that the cubes
(Q; and the functions g and b; satisfy the expected properties. By (A.16), we know that
(A.8) holds. This then implies that

m(Qj) < A1 / £ (2)|dz,

Qj

and by summation over j, we get (A.9). We next consider (A.10). It follows from (A.16)
and (A.20) that
lg(x)] < 2"\, for all x ¢ G,

so it remains to consider 1gg = 1 f, that is to show that |f(z)] < 2"\ for almost every
xz € G. By Lemma A.6 below, we know that A,f — f in L' as k — oco. In particular,
there is a subsequence Ay, f such that

llim Ay, f(x) = f(z), for almost every z € R".
—00
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On the other hand, if x belongs to G and k is a given integer, we know that the only cube
C]]i, = C’]'i,(k 2) of P containing z is not a bad cube, hence that

Jiy?

by (A.18). Using this last estimate along the subsequence k;, we see that |f(z)| < A almost
everywhere on G, which completes the proof of (A.10). The properties in (A.11) follow
directly from (A.19). By (A.17) and the fact that the cubes @); are disjoint, (A.12) is a
straightforward consequence of (A.21). Using (A.20), we get

llgllze < Nl + Y sl

jeJ

1

[Aef ()| = —=55

<A
m(CY)

On the other hand, it follows easily from the definition of b;, that is (A.19), that
Il <2 [ I7(@)da.
j

The last two inequalities yield clearly (A.13). This completes the proof. (I

Lemma A.6. Let C% be the cubes defined in (A.15). For all k € N and u € LY(R"),

define
1
= % (g o s

NeN
Then ||Agu — ul|r — 0 as k — oo.

Proof. Using the easily verified fact that
Akul[r < [lullL,

we may assume that u belongs to C§°(R") since it is dense in L'. Fix a large cube @ in
R™ which contains the support of u. Then

1
Agu = Z (”W /C]’i, u(x)dm) Lk -

CkNQ#D

Since all C% have a bounded side (by 2k0=* < 2k0)  there exists Q independent of k such
that

supp(Agu) C @ (A.22)

Fix then € > 0. By the uniform continuity of u, we can find § > 0 such that

e—yl <6 = fulz) —uly)] < —=.

m(Q)
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Then, for all z € Q, if we let C% (x) be the unique cube of the partition P, containing z,

we have
1

Au(e) ~ ) = s /C 1) )y

so that, if k is large enough to guarantee that diam(C%) < & (this diameter is of order
2F0=k and is independent of N, see (A.15)), we obtain

g
HAku_uHLoo(Q) < ~_-

m(Q)

Using (A.22) and the fact that supp(u) C Q C Q, we obtain

[|Agu — ul|p < e, for all k large enough,

more precisely for all k such that 2¥0~* < §. This completes the proof. O

A.3.2 Proof of Theorem A.1

Although the operator S is not linear, one can reduce its study to the one of family of
linear operators by a nice randomization technique (we follow here the presentation of
Muscalu-Schlag’s book [4]). Let us introduce a sequence of random variables

(ri)kez = sequence of independent Bernoulli variables with values in {—1,1}, (A.23)

i.e. P(rp = £1) = 1/2. We denote by (2, 7,P) the probability space on which this
sequence is defined. The interest of this randomization technique is the following classical
result.

Proposition A.7 (Khinchin’s inequality). For all ¢ € [1,00), there exists Cq > 0 such
that, for all N and all family (zx)x<n € C2N+1

_ 2 2
Cr S ) §/| S w)m]dP < (3 [af)
k<N k<N k| <N
The proof of this proposition rests on the following lemma.

Lemma A.8. There exists C' > 0 such that, for all N, all family (zx)x<n € C2N+1 and
all A > 0,

P mwarl > A3 [l | <0
|k|<N [k|<N
Proof. Letting z; = x1 + iy, be the decomposition into real and imaginary parts, we have

\ Z Tkzk\2=\ Z T'kxk|2+’ Z T’kyk\Z

[k|<N [k|<N lk|<N
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and thus the set we are considering, i.e. {|3, rkzk’ > A, |zk|2)1/2}, is contained in

{yzk:rkxk} > )\(zk:x%)lm} U {|zk:7~kyk\ > A(zk:yg)ln}

This reduces the problem to the case of a real valued family, say (zy). If all x; vanish
the result is trivial (we compute the probability of an empty set, by the strict inequality).
Otherwise, by homogeneity of the condition, we may assume that Za:i = 1. Then

E exp()\Zrkxk) =E H exp(Argzg) | = H E (exp(Argxy)) = H cosh(Azy),

k<N |k|<N k| <N |k|<N

using (A.23). Using that?

coshz < e‘”2/2, x € R,
we get
E [ exp(A Z rpxE) | < N2, (A.24)
k<N

Therefore, we obtain

P ({Zrkxk > A}) =P ({exp(AZrka?k) > e)‘Q}> < oA N/2 e*/\2/2,
k k

using the Tchebychev inequality and (A.24). In a similar fashion, we also have

F ({Zrkxk < _)‘}> =P ({GXP(_)‘ZTk$k) > eA2}> <e N/
k k

by changing zj into —z in (A.24). Using finally that

({1 a]) r ({ S ) oo (S <},

the result follows. O

Proof of Proposition A.7. By homogeneity, we may assume that Y, [2x[> = 1 (if the
sum vanishes, the result is trivial). Let Zy(w) = 3 <y 7k(w)zk. We have

E(|Zn]?) = / |Zyy(w) 7P = g / NTP{| Zy| > AJdA < Cq / 122y,
Q 0 0

2check it! (hint: study the function é — Incosh(z) by differentiating it twice)
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using Lemma 2.5 for the second equality and Lemma A.8 for the inequality. This proves
the upper bound. We now prove the lower bound. We start by observing that, by inde-
pendence, the sequence (r}) is orthornormal® |, so that

E(|Zn]?) = > lal> =1 (A.25)
|k|<N

On the other hand, by Holder’s inequality on a probability space, we have
E(|Zn|) < E(|ZN|7),
so it sufficient to consider the case ¢ = 1, i.e. to bound E(|Zy|) from below. We use that

E(1Znf*) = E(2Zn|"°1Z5")
E(|Zn[*)PE(Zn )

<
< CE(1Zx|)*?

where we used the Holder inequality in the second line and then the already proved upper
bound, with ¢ = 4, in the third one. Using (A.25), we conclude that E(|Zy|) > C3/2
which provides the lower bound. O

The proof of Theorem A.1 will mainly follow from a careful study of the family of
linear operators

Xi= Y m(w)e(27FD),

|k|<N

namely by getting suitable bounds uniform with respect to N € N and w € Q). Here is the
main technical result of this section.

Proposition A.9. For all ¢ € (1,00), there exists Cq > 0 such that
LN ullze < CllullLa,
forall N e N, allw € Q) and all v € L1.

Let us notice that, for fixed N and w, the LY — L9 boundedness of L%, is a direct
consequence of the item 4 of Proposition 2.9. The point of Proposition A.9 is to provide
a bound which is uniform with respect to w and N. Before proving this proposition, we
explain how to obtain Theorem A.1.

Proof of Theorem A.1 We prove first the upper bound, i.e. that for all ¢ € (1,00),
there exists Cy such that

|Sullre < Cqllul|La, for all uw € L. (A.26)

3if j £k, B(ryry) =P(rj =16 = 1) +P(ry =174 = —1) = P(r; = —rg = 1) — P(r; = —rg = —1) which,
by independence, reads ZOSU’HSl(fl)“*'”]P’(rj =(—D)P(rp = (-1)*)=1/44+1/4—1/4—-1/4=0
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By monotone convergence, we can write |[Su||pe = imy_o0 |[Snul|ra (see (A.2) for Sy).
By Proposition A.7 and the Fubini Theorem, we have

q

d T W k u\x €T w
Iswallfy < [ | [ 3 o) s | et

By Proposition A.9, the integral in z is bounded by C||u||%,, uniformly with respect to w
and N. Since P(Q2) < oo, we get (A.26). We note that, although S is not linear, we have
|Su — Sv| < |S(u—v)| almost everywhere (by the second triangle inequality) if u,v € L9.
Thus, (A.26) implies that |[Su — Sv|[re < Cgl||lu — v||ra. The interest of this remark is
that if we replace v by a sequence (u;) which goes to u in L9, we see that Su; — Su in
L4, This is useful to prove the lower bound,

1Sulla < |lullza/C,  ue LY, (A.27)

since we may assume that u belongs to S(R™). Let us prove (A.27). If u,v belong to the
Schwartz space, hence to L?, we can write

(u,v)p2 = lim | > ¢(27"Dyu, Y ¢(27/ D)

Ik|<N GI<N 1o

since )< #(27*D)u — u in L? (and the same for v) as N goes to infinity (see Exercise
A.2). Then

> H2IDNW),, = . (¢27*D)u,e(2 D))

[k|<N |j|<N Ik] 15| <N
[i—k|<2

since

6(27¥D)"¢(277D) = 32 *D)p(2 D) =0 if |j—k| >2,

for (A.3) implies that if [j — k| > 2, 277¢ and 27%¢ cannot belong simultaneously to the
support of ¢. Therefore,

|(U,’U)L2| < Z / Z ‘Cb k?D (2m_k)’u(ﬂj)|d.7}
m=—2"7 |k|<N
< 5/|Su(x)|\5’v(x)dac, (A.28)

by estimating the sum over |k| < N by the sum over k € Z and by the using the Cauchy
Schwartz inequality pointwise in = (almost everywhere). Using the Holder inequality and
the upper bound (A.26) for the conjugate exponent ¢', we obtain

[t

< Cl[Sul|al[v]] L,
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from which (A.27) follows. O

We now turn to the proof of Proposition A.9 to which the rest of the section is devoted.
Proposition A.10. Proposition A.9 is true for ¢ = 2.

We will see in the proof that one can take Cy = 4||¢|| .

Proof. We have

[L%ull7e = Y > (re@)é(2 " D)u, rj(w)$(2 7 D)u)

|k|<N j<N
= (u, B{u) 2 (A.29)
where ‘
By = ), ruwrj(w)e(2 "D)*¢(27D).
il |kI<N
It follows from the item 2 of Proposition 2.9 that BY, = b%,(D) with
BRE) = Y. rwriwe2F)e(277¢).
il |kl <N
We will show that, for all £ € R™,
6% (6)] < 16][¢|[7- (A.30)

Indeed, if £ = 0 then b%,(§) = 0 since ¢(0) = 0. On the other hand, if £ # 0 and if we let
p = integer part of In(|¢|)/In 2, (A.31)

we have 2¢ < [¢] < 2#FL. Using (A.3), the only terms which may not vanish in the sum
defining b%; are those for which

1/2<]27%¢ <2 and 1/2<|279¢ <2
Therefore, j and k must be such that
272 <ok <92 and 272 <20 <22

ie. =1 <pu—k<2and —1 < p—j < 2. Therefore, the sum by (w) contains at most
16 non vanishing terms, each one being bounded by ||¢||2«. This proves (A.30). By the
item 1 of Proposition 2.9 and (A.29), we get

1L%ull72 < [lull 2|1 Birull e < 1611617 [ull?:,

so the result follows. O
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We next consider the Schwartz kernel of LR, which we denote by K%;. According to
the item 3 of Proposition 2.9, it is given by

K§(z,y) = @2m) ™ Y mu(w)2 (25 (y — z)).
|k|<N

It satisfies the following important bounds.

Lemma A.11. There exists Baz > 0 such that,

Bezlz —y[™", (A.32)
A.33)

|[Kn(z,y)| <
|VyK%($7y)| < BCZ|x_y|_n_17

—

forall N e N, all w € Q and all x # y.

These estimates are singular at z = y. Of course, K is a Schwartz function of z —y
hence is bounded near x — y = 0, as well as its derivatives, but the bounds depend badly
on N. The interest of Lemma A.11 is the uniformity of the bounds with respect to the
parameters N and w.

The index CZ in the constant Bcy refers to Calderén-Zygmund since operators whose
kernel satisfy bounds as (A.32) and (A.33) are called Calderén-Zygmund operators.

Proof. Using that gg is a Schwartz function, there exists a constant C' > 0 such that
o) + Vo) <CA+ )%  keZ, neR", (A.34)
Assume now that z —y # 0. As in (A.31), we may introduce the unique p € Z such that
2 < o —y| < 20T (A.35)
Splitting the sum according to &+ p < 0 and k 4 p > 0, and then using (A.34), we get

KRyl < D> 2"y —a2)+ Y 2624y )

k+p<0 k+p>0
S C Z 2k’n + C Z 2kn(1 + 2k|y _ .'L'D_n_l
E+u<0 k+u>0
< c2my oWy oy oW
k<0 k>0
< C27",

Using (A.35) again, 27" is bounded by |z — y|™" so we get (A.32). The proof of (A.33)
is similar (the change of n into n + 1 is of course due to the additional factor 2F obtain
after differentiation of ¢(2%.)). O



A.3. PROOF OF THE LITTLEWOOD-PALEY DECOMPOSITION 75

Lemma A.12. Let || -|| be a norm on R™. There exists a constant B independent of N
and w such that, for all t > 0,

sup / |Kn(z,y) — K (z,0)|de < B. (A.36)
lyll<t /]| >2t
We note that the constant depends on the dimension, the norm || - || and linearly on
the constant Bcyz in Proposition A.11.
O
Proof. By the Taylor formula and (A.33), the left hand side of (A.36) is bounded by
C tjz]| —t| " de = C IEI I
|l[[>2¢ ll=11>2

where we used the change of variable z = z/t. The result follows by using the equivalence
of ||z|| and the euclidean norm |z| for z large. O

In what follows, we will consider cubes on R™. If @) is a cube, we will denote by Q*
the cube with same center and twice the side.

Lemma A.13. There exists a constant C' independent of N and w such that, for all cube
Q in R"™ and all function w € L' supported in Q and such that fQ w(z)dx =0, we have

HL%wHLl(Rn\Q*) < Cllwl[ps.

Here the constant C' can be chosen equal to B in (A.36) for the norm ||z|| := max(|z;|).

Proof. Let yo be the center of (). Furthermore,
o) = [ Koty = | (K500) ~ K 0) )iy

since w has mean zero. Observe next that, up to a zero measure set, () is an open ball for
the norm ||z|| = max;(|z;|). Denote its radius by ¢ > 0. Then

/Q (K]u\?(xvy) - Kﬁ(m,yo))w(y)dy = /|~|| (K]Uijf(xvg + yO) - K%(JE, yO))w(g + yO)d?j
ylI<t

and therefore, by taking the modulus, integrating in x (which we write as yo + & with
||Z|| > 2t) and using the Fubini Theorem, we get

HL(:]UVw‘ |L1(R”\Q*) < < sup / ‘K](:)f(yo + ja g + Z/O) - KKT(ZJO + £7y0)‘dj> HwHL1
llgll<t /||z|[>2t

Using
KR (yo+ 2,9 + o) — K§(yo + 2,90) = K§(2,9) — K§(2,0)
and Lemma A.12, the result follows. O
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Proposition A.14. The family of operators LY, is uniformly of weak type (1,1), i.e. there
exists C > 0 such that
m({|L{ul > t}) < Ot |ul|L,

forallt >0, alluc L', all N €N and all w € Q.

We recall that m stands for the Lebesgue measure on R™. We note again that one
can see in the proof that the constant C' depends linearly on the constants Bcyz, B (see
(A.36)) and Cy = 4]|¢|| Lo

Proof. Let t > 0. Using Proposition A.5 with A\ = ¢, we write first u = g—i—zjeJ bj = g+b.
Then
m({IL%ul > 1)) < m({|L%gl > t/2}) + m({IL%b] > 1/2}).

Then, by using (A.10), we have ||g||7. < 2"t||g||;: and therefore
m({|ILxgl > t/2}) < 4t7%||LKgl[72 < Ct72||gll72 < CtH[ul|
using Proposition A.10. On the other hand, using that
{ILFb > 1/2} C UjesQf U {Trmu,q: | LKl > 1/2},

it follows that

m({L5H] > 1/2}) < S m(Q; +2t‘12/ (2)|dz

= = \UlQl
23" (@) +2t_12/ 2)\da
jeJ jeJ \Q*

2"t HJul|pr + Ot} Z 1165111
jeJ

IN

IN

using (A.9) and Lemma A.13. Using (A.13), we get the result. O

We next give another version of the Marcinkiewicz interpolation Theorem (this one is
taken from [7]). Compared to Theorem 2.4, its purpose is to obtain a LY — L7 bound
rather than a LY — L9 one.

Proposition A.15 (Marcinkiewicz interpolation Theorem). Let T be a map defined on
LY U L2, such that T is linear on L' and L? and such that

meas{|Tfi| >t} < M]|fillp:/t, (A.37)

ITfel[ < Mollfolle (A.38)

for all fy € L', all t > 0 and all fo € L?. Then, for all 1 < q < 2, there exists Cy > 0

such that
T fllza < Cl[flLas

for all f € L' N L2.
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The meaning of this proposition is that if T' is both continuous on L? (this is (A.38))
and of weak type (1,1) (this is (A.37)) then it is continuous on all intermediate L? spaces,
1<g<2

Proof of Proposition A.15. We use the same notation as in the proof of Theorem 2.4. As
in (2.13),

o0
T, = q2¢ / oy (20019 Vdt.

For each t > 0, we write f = fi; + fo; with

fre=Tqpsnlfl,  far=Tgp<nlfl-
Since f € L, it is not hard to check that f1; € L' and foy € L?. Then, using Lemma 2.6,
(A.37) and (A.38) (which implies (2.11)), we have
mTf(Zt) < MTf (t) + mTfQ,t(t)

fudlos | gl

2
L2

< M
M M3
< [ @l S [ ()P
(171>t} {Ir1<ty
Using that

e </{f|>t} J (””)'df‘:) i = ( [ t‘”dt) f(a)lda

_ 1 1
= 1 Rnlf(x)lq | f(x)|dx

and similarly

+o0 e
q—3 2)2dx | dt = =3 2)2d
/0 t (/{lfgt} |f ()] ) t /n </|f(m)|t t) 1f(2)]

1
= F(2)]972|f (2)|?da
5 ¢ Rnl()l /()]
we obtain )
I < at (22 + 52 ) it
which yields the result. U

Proof of Proposition A.9 By Propositions A.10 and A.14 combined with Proposition
A.15, we obtain that for any g € (1, 2] there exists C; such that

ILXulle < Collul|La,
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for all w € Q and N > 0. This is true for all © € L? since it holds on the dense subset
L' N L2, by Proposition A.15, and since we already know that LY; is continuous on L4
(see the comment after the statement of Proposition A.9). This proves the result when

€ (1,2]. When g > 2, we proceed in a standard fashion by duality: for u € S(R"), we

have
llzs = sup [ 2)ee]

vef;%") ||U||LQ’

Since adjoint of L% has a form similar to LY, (we have to replace ¢ by ¢ - see the item 2
of Proposition 2.9), we have

(L8, 0) o] = [(u, LR 0) | < lullza| |LK 0] Lo < Collullzallol] o,
since ¢’ € (1,2]. This implies that
[ILRullLe < CyllullLe,

for all u in the Schwartz space, hence for all u € L? by density. This completes the proof.
O
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