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The original statement
I k a field of finite type over Q
I k a fixed algebraic closure, and Gk = Gal(k/k)

I X smooth projective geometrically connected curve over k
I l a prime
I Z = {x , y} where x , y ∈ X (k)

I U = X\Z

0→ H1(Xk ,Ql(1))→ H1(Uk ,Ql(1))→ Ql → 0

Theorem (U.Jannsen 89)
The exact sequence of Ql [Gk ]-modules above splits if and only
if the cycle y − x is a torsion element of Pic0 X.
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The context
Remarks

1. This is an example of a “mixed motive”

0→ H1(Xk ,Ql(1))︸ ︷︷ ︸
pure of weight −1

→ H1(Uk ,Ql(1))→ Ql︸︷︷︸
pure of weight 0

→ 0

2. This theorem comes from its analogue in Hodge theory
(Carlson, Beilinson ∼ 1980).

3. Jannsen studies more generally the injectivity of
Abel-Jacobi’s map, in any dimension:

cl′ : CHj(X )0 → Ext1(Ql ,H2j−1(Xk ,Ql(j)))

and gives two proofs for j = 1.
Niels Borne (joint work with Michel Emsalem) A criterion of cuspidalization of l-adic sections
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Several steps
1. Integral coefficients:

If one replaces Ql (respectively y − x is a torsion element)
by Zl (respectively y − x is a prime-to-l torsion element),
Jannsen’s theorem still holds.

2. Several rational points:
One considers x1, · · · , xr ∈ X (k), the exact sequence
becomes

0→ H1(Xk ,Zl(1))→ H1(Uk ,Zl(1))→ Zr−1
l → 0

Using additivity of Ext, one sees that it splits if and only if
∀i , j ∈ {1, · · · , r}, the cycle xj − xi is of torsion prime to l .

3. A rational divisor:
Fix Z ⊂ X a reduced divisor of degree r . Then we get:

0→ H1(Xk ,Zl(1))→ H1(Uk ,Zl(1))→ H2
Zk

(Xk ,Zl(1))0 → 0
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Trivialisation, and descent

The way to make progress is the following basic observation: let

0→ V1 → V2 → V3 → 0

be an exact sequence of Zl [Gk ]-modules, torsion free and of
finite type over Zl . If the sequence splits after restriction to Gk ′ ,
where k ′/k is a finite Galois extension of degree prime to l , then
the original sequence splits. To formulate a condition on cycles
that is stable by descent, we need to introduce the “universal
degree 1 Picard torsor”. To X/k is associated the scheme
Pic1

X/k classifying families of line bundles of degree 1, a torsor
under the Jacobian Pic0

X/k . There is a natural map X → Pic1
X/k

corresponding to the universal family given by ∆ : X → X ×k X .
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Our result
Theorem (B.-Emsalem 2010)
The exact sequence of Zl [Gk ]-modules

0 → H1(Xk ,Zl(1))→ H1(Uk ,Zl(1))→ H2
Zk

(Xk ,Zl(1))0 → 0

splits for almost all l if and only if there exists a non-negative
integer N ≥ 1 and a rational point
x : Spec k → Pic1

X/k /Pic0
X/k [N] so that Z = X\U is included in

the fiber of X → Pic1
X/k → Pic1

X/k /Pic0
X/k [N] at x.

Remark
The given condition implies that N · [Pic1

X/k ] = 0 in
H1(Gk ,Pic0

X/k ). It is known (Eriksson-Scharaschkin 2010) that
[Pic1

X/k ] is of finite order, equal to the period of the curve
(cardinal of the cokernel of deg : CH0(Xk )Gk → Z).
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Modular curves
It is a priori difficult to construct explicit examples because of:

Theorem (Raynaud 1983, Manin-Mumford conjecture)
Let k be a number field, X/k a smooth projective curve of
genus g ≥ 2. Fix a k-embedding X ↪→ Pic0

X/k . Then the set
X (k) ∩ Pic0

X/k (k)tors is finite.
But the modular curves are natural examples because of the:

Theorem (Manin-Drinfeld 1972)
Let Γ ⊂ SL(2,Z) be a congruence subgroup, and XΓ the
associated modular curve. The class of any degree-0 divisor
with support in the cusps is a torsion element of Pic0(XΓ).
This applies for instance for X1(p), with p prime, which is
defined over Q. There is a single rational cusp and p−1

2 cusps
defined over Q(ζp)+.
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The profinite fundamental group

Let X be a connected scheme, endowed with a geometric point
x : Spec Ω→ X . When Y → X varies in all covers of X , the
sets Y (x) of geometric points above x form a projective system.
The profinite fundamental group π1(X , x) is defined as the
automorphism group of this projective system.
This is a profinite group, and Y → Y (x) induces an equivalence
of categories between covers of X and finite sets endowed with
a continuous action of π1(X , x).
When X = Spec k , the étale fundamental group is isomorphic
to the absolute Galois group Gk of k .
When X is a scheme defined over C, the étale fundamental
group is isomorphic to the profinite completion of the topological
fundamental group of the associated analytic space Xan.
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A folklore conjecture
Let X/k be a scheme, x : Spec Ω→ X a geometric point. By
functoriality we get a group morphism π1(X , x)→ Gk that is an
epimorphism if X is geometrically connected.

Conjecture (Cuspidalisation conjecture)
If X/k is a smooth geometrically connected projective curve of
genus g ≥ 2 defined over a number field and U is any
nonempty open subset, then any section of π1(X , x)→ Gk lifts
to a section of π1(U, x)→ Gk :

π1(U, x)

��
π1(X , x) // Gk

pp
gg
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Abelianisation of the geometric part
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An application

Corollary (Criterion of cuspidalization of l-adic sections)
Let X/k be a smooth projective curve of genus g ≥ 2 defined
over a number field. Let U any nonempty open subset. If
X (k) 6= ∅ and Z = X\U satisfies the hypothesis of the theorem
(geometrically, any divisor of degree 0 with support in Z is
torsion) then any section of π[ab,l]

1 (X , x)→ Gk lifts to a section
of π[ab,l]

1 (U, x)→ Gk :

π
[ab,l]
1 (U, x)

��

π
[ab,l]
1 (X , x) // Gk

oo

gg
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Remarks

1. The weak statement is not a consequence of the strong
one, but both have the common consequence that any
section of π[ab,l]

1 (X , x)→ Gk coming from a section of
π1(X , x)→ Gk lifts to a section of π[ab,l]

1 (U, x)→ Gk .
2. The hypothesis X (k) 6= ∅ ensures that the exact sequence

1→ H1(Uk ,Zl)→ π
[ab,l]
1 (U, x)→ Gk → 1

does split. This is however much too strong a condition.
Indeed Harari-Szamuely have shown (2008) that when
U = X this sequence splits if and only if [Pic1

X/k ] lies in the
maximal l-divisible subgroup of H1(Gk ,Pic0

X/k ). According
to them such a statement also holds for general U if one
uses a generalized Jacobian.
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Statement
Let X/k be a geometrically connected scheme of finite type
and x : Spec Ω→ X a geometric point. The “fundamental exact
sequence” reads

1→ π1(Xk , x)→ π1(X , x)→ Gk → 1

By functoriality, a rational point induces a section, well defined
up to conjugacy by an element of π1(Xk , x). One thus get an
application: sX : X (k)→ Hom-extGk (Gk , π1(X , x))

Conjecture (Section conjecture, Grothendieck 1983)
If X a smooth, proper, geometrically connected curve of genus
greater than 2 over a field k of finite type over Q, the application
sX is one to one.

Remark
The Mordell-Weil theorem easily implies that sX is into.
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Definition
Let X be a scheme, Z an effective Cartier divisor, r ≥ 1 an
integer. There is a universal stack π : r

√
Z/X → X endowed

with a r -th root of (O(Z ), sZ ), it is called the stack of roots of
(X ,Z , r). The moduli space is X , and the projection π is an
isomorphism over U = X\Z . One can construct it as the fiber
product:

r
√

Z/X //

π
��

[A1/Gm]
×r��

X
(O(Z ),sZ )

// [A1/Gm]

If instead ones fixes finite families r = (ri)i∈I of integers and
Z = (Zi)i∈I of effective Cartier divisors on X , one can just iterate
the construction above, and one gets a stack π : r

√
Z/X → X . If

X is a curve the corresponding stack is called an orbicurve.
Niels Borne (joint work with Michel Emsalem) A criterion of cuspidalization of l-adic sections
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Hyperbolic orbicurves

Definition

1. If X is a smooth proper orbicurve of genus g over a field k,
one defines its orbifold Euler-Poincaré characteristic by :

χorb(X ) = 2− 2g +
∑
i∈I

deg Di
1− ri

ri

2. The orbicurve is hyperbolic if χorb(X ) < 0.

Conjecture (Section conjecture for hyperbolic orbicurves)
The section conjecture still holds for smooth proper hyperbolic
orbicurves over fields k finitely generated over Q.

Niels Borne (joint work with Michel Emsalem) A criterion of cuspidalization of l-adic sections
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Packets

Remark
This conjecture is not contained as such in Grothendieck’s
1983 letter to Faltings, but a very similar one is stated for any
non-empty open U ⊂ X. The rational points at infinity then play
a special role, they give rise to “packets” of sections. In our
setting, this corresponds to the following phenomenon.

Lemma (Packets of rationals points)
Let π : X = r

√
Z/X → X be a smooth orbicurve. Let x be a

point of X , with orbifold index r . The isomorphism classes of
k(x)-rational points in the fiber π−1(x) are in one to one
correspondence with k(x)∗/(k(x)∗)r . This correspondence
depends from the choice of a tangent vector at x.
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A folklore strategy
Proposition (Section conjecture along a cover)
Let Y → X be a cover of smooth proper orbicurves over a field
k. If the section conjecture holds for X , then it also holds for Y.

Remark
This is a formal statement valid over any field and a very
general orbifolds. The point of the proof is that étale paths (up
to homotopy) lift along an étale cover.
This leads to the following strategy to prove the section
conjecture, starting from
X : Y

��H

G
++VVVVVVVVVVVV

X
��

[Y/H] = Xoo

��
P1 // [Y/G] = Poo
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Link with cuspidalization

So the section conjecture boils down to prove it for P, whose
moduli space is P1, and to understand if the section conjecture
for X implies the section conjecture for its moduli space X .

IsoClX (k) //

��

Hom-extGk (Gk , π1(X , x))

��
X (k) // Hom-extGk (Gk , π1(X , x))

The vertical left-hand map is onto (“packets”) so if the section
conjecture is true for X , it holds for X if and only if the vertical
right-hand map is onto - which is exactly a cuspidalization
statement.

Niels Borne (joint work with Michel Emsalem) A criterion of cuspidalization of l-adic sections
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moduli space is P1, and to understand if the section conjecture
for X implies the section conjecture for its moduli space X .

IsoClX (k) //

��

Hom-extGk (Gk , π1(X , x))

��
X (k) // Hom-extGk (Gk , π1(X , x))

The vertical left-hand map is onto (“packets”) so if the section
conjecture is true for X , it holds for X if and only if the vertical
right-hand map is onto - which is exactly a cuspidalization
statement.
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Deligne’s fundamental groupoïd
Gerbes over (Spec k)et

Definition
Fix X/k a geometrically connected proper scheme over a field.
Let Y → X be a Galois cover, of group A. One associates to it
the groupoïd

PY = IsomA
X×SX (pr∗2 Y ,pr∗1 Y )→ X ×S X

Let now P0
Y be the connected component of PY containing the

section id : X → PY above the diagonal ∆ : X → X ×S X .
Deligne’s fundamental groupoïd is:

P(X/k)∧ = lim←−
Y

P0
Y → X ×S X

And finally the fundamental gerbe GX of X/k is the associated
stack. This construction also works when one replaces X by a
Deligne-Mumford stack X .
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Gerbes over (Spec k)et and exact sequences
Consider a gerbe G affine and smooth over (Spec k)et ,
trivialized over a finite Galois extension K/k . One associates
to this data a partially split exact sequence:

GK

��yyssssss

1 // A // E // Gk
// 1

where
E =

∐
σ∈Gk

Isom(σ∗s̄, s̄)

Isomorphism classes of objects in G(k) are in one to one
correspondence with sections of the exact sequence up to
conjugacy.
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Section conjecture and the fundamental gerbe
Let X/k be a smooth hyperbolic proper orbicurve, K/k a finite
extension, and x ∈ X (K ). Because we have a canonical
morphism X → GX , the gerbe GX is trivialized over K and the
associated partially split exact sequence is Grothendieck
fundamental exact sequence. So the section conjecture
means that X → GX is a bijection on rational points.

Proposition
Let X ,Y be geometrically connected Deligne-Mumford stacks
over a field k, and Y → X a cover. One supposes Y admits a
finite global chart Z → Y, where Z is a scheme. Then the
following diagram is (2)-cartesian:

Y //

��
X
��

GY // GX
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over a field k, and Y → X a cover. One supposes Y admits a
finite global chart Z → Y, where Z is a scheme. Then the
following diagram is (2)-cartesian:

Y //

��
X
��

GY // GX
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