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Introduction
Stationary discs are natural invariants of manifolds with boundary with respect to bi-
holomorphisms. They were originally introduced by L. Lempert in [4] as the geodesics
for the Kobayashi metric on strictly pseudoconvex domains.

Holomorphic discs have proved to be a very important tool in the understanding of
the local structure of complex manifolds. In order to study the local structure of al-
most complex manifolds and of pseudoholomorphic maps, we want to describe the
set of pseudoholomorphic discs.

Almost complex geometry
Definition 1 An almost complex manifold M is a (real) manifold equipped with an
almost complex structure J : M → End(TM), that is:

∀p, J2
p = −idTpM .

−→ dimM is even.
−→ example: (R2n, J = i) ≃ C

n.

Definition 2 A map f : (M1, J1) → (M, J) of class C1 is pseudoholomorphic if

df ◦ J1 = J ◦ df. (1)

A fundamental particular case
If the source space is the unit disc ∆ ⊂ C, f is called a pseudoholomorphic disc.
Condition (1) can then be written locally under one of the following equivalent forms:

•an elliptic PDE:
∂f+q(Jf)∂f = 0;

•an almost complex version of the Cauchy-Riemann equations:

∂f

∂y
= Jf

∂f

∂x
. (2)

Using (2), A. Nijenhuis and W. Woolf [5] proved that there exist pseudoholomor-
phic discs . In fact one can even prescribe the center f(0), and f ′(0) (provided it is
sufficiently small).

The set of stationary discs glued to a
Levi-non-degenerate hypersurface
Since the statement will be local, we assume from now that the ambient manifold is
R

2n equipped with an almost complex structure J .

Stationary discs
Let Γ be a real hypersurface in R

2n.

Definition 3 A pseudoholomorphic disc f is glued to Γ if f is continuous on ∆ and
f(∂∆) ⊂ Γ.

Γ

f(∂∆)&%
'$

-

f

Interest: stationary discs are globally invariant under the action of any pseudo-
biholomorphism F .

But: this does not give a sufficiently precise information on F , since there are in
some way “too many” discs glued to a hypersurface.

=⇒ we introduce an additional condition on discs, still preserved by biholomor-
phisms.

We recall that

• the cotangent bundle T ∗
R

2n can be equipped with an almost complex structure J∗,
obtained as a lift of J [6, 2];

• the conormal bundle N∗Γ of Γ is a subbundle of the cotangent bundle:

N∗Γ = {φ ∈ T ∗
(1,0)Γ/ ℜφ|TΓ = 0}.

Definition 4 A pseudoholomorphic disc f glued to Γ is stationary if it admits a lift
f ∗ = (f, g) to the cotangent space T ∗

R
2n, such that:

i. (f, ζg) is J∗−holomorphic;
ii. ∀ζ ∈ ∂∆, g(ζ) ∈ N∗

f(ζ)Γ \ {0}.

Two examples

Γ= the unit sphere

Stationary discs glued to S
2n−1 ⊂ C

n

and centered at 0 are exactly the linear
discs ζ 7→ λζ.

More generally:

Theorem 5 ([2])
Γ=almost complex perturbation of
S

2n−1

=⇒ stationary discs centered at 0
form a manifold of dimension 2n − 1.

Γ= a non-degenerate hyperquadric

In this case, stationary discs are ex-
plicitely determined [1]. We get:

Proposition 6
Let Q ⊂ C

n be the hyperquadric

Q : ℜzn = ±|z1|
2 + . . . + ±|zn−1|

2.

Then stationary discs centered at the
same point p /∈ Q form a manifold of
dimension 2n − 1.

Remark 7 In Definition 4, we need toallow the fibered part to have a pole of order one at
0. For instance, no disc glued toS2n−1 admits aJ∗-holomorphic lift glued toN∗

S
2n−1 without

pole.

Main result
Here we study the case when Γ is only Levi-non-degenerate. Up to a linear change
of coordinates, we can assume:

{

Γ : ℜzn = ±|z1|
2 + . . . + ±|zn−1|

2 + O(|z|3)
J is a small perturbation of i

.

Let us fix some stationary disc f0 glued to Q and centered at p = (0, . . . , 0, pn) /∈ Q.

Theorem 8

1. Γ=small almost complex perturbation of the Levi-non-degenerate hyperquadric Q

=⇒ stationary discs centered at p form a manifold of dimension 2n− 1 near f0.

2. More precisely, the maps

f 7→ f(1) and f 7→ f ′(0)

are local diffeomorphisms on their images.

In particular, this gives a local foliation of Γ by the boundaries of stationary discs.

Ideas of proof
•Γ is non-degenerate ⇐⇒ N∗Γ \ {zero section} is totally real [3]. Hence stationary

discs glued to Γ lift into holomorphic discs glued to a totally real submanifold S(Γ).

•By Proposition 6, holomorphic discs glued to S(Q) form a manifold of the right di-
mension (namely, the Maslov index along a lift of f0); this property is stable under
a small perturbation of (Q, J) since the partial indices along a lift of f0 are positive.

•Projections of holomorphic discs glued to S(Γ) are exactly the stationary discs
glued to Γ.

Corollary: a uniqueness property
Theorem 8 also shows that the diffeomorphism φ : f(1) 7→ f ′(0) is well-defined, and
commutes with pseudo-biholomorphisms in the following sense:

F = φ−1
◦ dFp ◦ φ.
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Corollary 9
The pseudo-biholomorphism F is uniquely determined by its differential at p.
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