Some spectral properties of infinite band matrices.

B. Beckermann^∗, A. Osipov^†

Dedicated to Claude Brezinski on the occasion of his 60th birthday.

Abstract

For operators generated by a certain class of infinite band matrices we establish a characterization of the resolvent set in terms of polynomial solutions of the underlying higher order recurrence relations. This enables us to describe some asymptotic behaviour of the corresponding systems of vector orthogonal polynomials. Finally we provide some new convergence results for Matrix–Padé approximants.

Keywords and phrases. Band matrices, Difference operators, Weyl matrix, Hermite-Padé approximants, Matrix Padé approximants, Proper matrices.

2000 Mathematics Subject Classification. 39A70, 47B39, 47A10, 41A21, 30E10.

1 Introduction

One of the main tools in the spectral analysis of nonsymmetric difference operators generated by infinite band matrices (band operators) is the study of the behaviour of polynomials defined by a systems of orthogonality relations and connected to Hermite-Padé approximants [9] or Matrix Padé approximants. In case of tridiagonal band matrices (so-called complex Jacobi matrices), this link has been successfully exploited in the last years not only to provide new characterizations of the resolvent set, but also to derive new convergence results for Padé approximants in terms of their J continued fraction coefficients, see for instance the survey paper [6] and the references therein. In this paper we generalize some results of [9, 2, 4, 5] to the case of a band operator of arbitrary order which is not assumed to be bounded. We mention here the importance of such studies to the spectral theory of differential operators. For example, various classes of such operators in L^2(−∞, ∞) with polynomial coefficients admit a band matrix representation in the basis of Hermite polynomials [11].

Consider some infinite nonsymmetric band matrix A = (A_{k,l})^∞_{k,l=0} with complex entries satisfying for all k and for all ℓ < k − s or ℓ > k + r A_{k,ℓ} = 0, A_{k,k+r} ≠ 0, A_{k+s,k} ≠ 0. (1) That is, A takes the form

A =

A_{0,0} . . . A_{0,r} 0 0 . . . . . . . . . A_{1,0} A_{1,1} . . . A_{1,r+1} 0 . . . . . . . . . . . . . . . . . ... . .. A_{s,0} A_{s,1} A_{s,2} . . . . . . A_{s,s+r} 0 . . . 0 A_{s+1,1} A_{s+1,2} A_{s+1,3} . . . . . . A_{s+1,s+r+1} . . . 0 0 ... . . . . . . . . . ..

∗Supported in part by INTAS project 2000-272.

†Supported by the Academy of Finland and RFBR: projects 99-01-01079 and 00-15-96100

with s+r +1 nontrivial diagonals, where r and s are some fixed natural numbers. To the matrix A we assign finite-difference equations A_{k,k−s}Y_{k−s} + A_{k,k−s+1}Y_{k−s+1} + · · · + A_{k,k+r}Y_{k+r} = λY_k, (2) Y^+_{k−r}A_{k−r,k} + Y^+_{k−r+1}A_{k−r+1,k} + · · · + Y^+_{k+s}A_{k+s,k} = λY^+_k , (3) where k ≥ 0, λ ∈ C is some parameter, and the quantities A_{k,ℓ} with negative indices are arbitrary numbers satisfying assumption (1). We consider some particular fundamental systems of solutions {P^L(λ), Q^L(λ)} of (2), and {P^R(λ), Q^R(λ)} of (3), respectively, with elements being polynomials with respect to λ: Denote by

Q^L(λ) = (Q^L_k (λ))^∞_{k=−s} = (Q^{1,L}_k (λ), . . . , Q^{r,L}_k (λ))^∞_{k=−s};

P^L(λ) = (P^L_k (λ))^∞_{k=−s} = (P^{1,L}_k (λ), . . . , P^{s,L}_k (λ))^∞_{k=−s};

solutions of (2) satisfying the initial conditions

Q^L_{0:r−1} = I_r, Q^L_{−s:−1} = 0_{s×r}, P^L_{−s:−1} = (A_{0:s−1,−s:−1})^{−1}, P^L_{0:r−1} = 0_{r×s}.

Furthermore, denote by

Q^R(λ) = Q^{1,R}_k (λ) . . Q^{s,R}_k (λ)

∞

k=−r , P^R(λ) =

P^{1,R}_k (λ) . . P^{r,R}_k (λ)

∞

k=−r solutions of the dual recurrence relation (3) satisfying the initial conditions

Q^R_{0:s−1} = I_s, Q^R_{−r:−1} = 0_{s×r}, P^R_{−r:−1} = (A_{−r:−1,0:r−1})^{−1}, P^R_{0:r−1} = 0_{r×s}.

Here and in what follows we use the following notations: Q^L_{j:k} (and Q^R_{j:k}, respectively) for the stacked matrix with rows Q^L_ℓ , ℓ = j, j + 1, ..., k (with columns Q^R_ℓ , ℓ = j, j + 1, ..., k), etc; I_i, 0_{i×j} for the identity and zero matrices of sizes i and i×j. We shall also use A_{j:k,m:n} for the submatrix of A composed of its rows labeled j to k, and its colums labeled m to n. Finally, we use block matrix notations like [M N].

Algebraic aspects of these vector-valued polynomials have been discussed in detail by Sorokin and Van Iseghem [13, 14], see also the unpublished manuscript [3]. By the matrix version of the Shohat-Favart Theorem [13, Theorem 6], the systems Q^L(λ) and Q^R(λ) are satisfying the biorthogonality relation < Q^L_n (λ), Q^R_k (λ) >= δ_{n,k} with respect to some bilinear form < ·, · >, see also Remark 1 below. In [14, §6, Eqn (11)] it is shown that the quantities π_k(λ) = Q^L_{k:k+r−1}(λ)^{−1}P^L_{k:k+r−1}(λ) = P^R_{k:k+s−1}(λ)Q^R_{k:k+s−1}(λ)^{−1} (4) are convergents of a matrix continued fraction. These convergents are shown in [14, Theorem 1] to be Matrix Padé approximants of order k of some formal power series F at infinity with r × s– valued coefficients (with respect to so-called regular multi-indices), the power series F being weakly perfect by [14, Theorem 6]. The above-mentioned authors finally show in [14, Theorem 5] that (P^R_n , Q^R_n ) may be considered as vector Hermite-Padé approximants of F , including the classical Hermite-Padé approximants of type 1 for r = 1 and of type 2 for s = 1.

Duality relations like (4) or the Christoffel-Darboux formula of [13, Section 7] are closely connected to the fundamental work of Mahler [12] on duality between Hermite-Padé approximants of the types 1 and 2. In our setting the complete duality relations can be written as follows.

Lemma 1. For all k ≥ 0

I_{r+s} = [ P^R_{k−r:k+s−1} Q^R_{k−r:k+s−1} ]

· [ 0_{r×s} −A_{k−r:k−1,k:k+r−1} A_{k:k+s−1,k−s:k−1} 0_{s×r} ] · [ Q^L_{k−s:k+r−1}, −P^L_{k−s:k+r−1} ]

This lemma is proved by induction with respect to k using (2) and (3). In the present paper, we are less interested in algebraic aspects but more in analytic aspects of band operators and their associated polynomial solutions of the recurrence relations (2) and (3). We show in §2 by generalizing previous work [9, 5] for r = 1 that these vector polynomials enable us to derive a criterion for the resolvent set (see Theorem 1). As a consequence, we obtain in Theorem 2 some asymptotic behavior of vector orthogonal polynomials outside the spectrum of A. Section 3 is devoted to some convergence result for Matrix Padé approximants generalizing results for scalar Padé approximation from [2, 4].

2 Band operators and their resolvent

Denote by ℓ^2 the set of quadratic summable sequences, by (e_n)_{n≥0} its usual canonical basis, and by L(ℓ^2) the set of bounded operators acting on ℓ^2. In what follows we will identify the (possibly unbounded) matrix A with the closure of the (densely defined) operator acting on finite linear combinations of the basis vectors e_k by the formula Ae_k = k+s∑ max{0,k−r} e_j A_{j,k}, k ≥ 0.

We notice that the action of this operator A is described via matrix calculus.

Recall that λ is an element of the resolvent set Ω(A) if there exists an operator R(λ) = (λI − A)^{−1} ∈ L(ℓ^2) (I being the identity in L(ℓ^2)) referred to as the resolvent of A such that AR(λ)X = X and R(λ)AY = Y for any X ∈ ℓ^2 and Y ∈ D(A), the domain of A. In [9], Kaliaguine considered the particular case r = 1 of bounded band operators. He showed that λ ∈ Ω(A) if and only if there is some exponential decay rate for particular fundamental systems of solutions of (2) and (3). In the present paper we consider the case of possibly unbounded general band operators A, with (a_k)_{k≥0} defined by a_k := max{||A_{k−r:k−1,k:k+r−1}||, ||A_{k:k+s−1,k−s:k−1}||}, k ≥ 0, containing a sufficiently dense bounded subsequence. Generalizing [5, Theorem 2.1] for the case r = s = 1 of a complex Jacobi matrix, we may establish the following criterion for Ω(A) together with an exponential decay rate.

Theorem 1. Suppose that the band operator A with matrix representation (1) satisfies the following condition: there exists α > 0, p ∈ N and a strictly increasing sequence of nonnegative integers (k_n)_{n≥0} such that k_{n+1} − k_n ≤ p and a_{kn} ≤ α, n ≥ 0. (5) Then λ ∈ C belongs to the resolvent set of A if and only if there exist positive constants C, q < 1 and a matrix M = (M_{i,j} )^{j=1,...,s}_{i=1,...,r} ∈ C^{r×s} such that |Q^L_k (λ)R^R_n (λ)| ≤ Cq^{n−k}, 0 ≤ k < n + r; |R^L_k (λ)Q^R_n (λ)| ≤ Cq^{k−n}, 0 ≤ n < k + s, k, n ∈ Z_+, (6) where R^L_k (λ) = Q^L_k (λ)M − P^L_k (λ) and R^R_n (λ) = MQ^R_n (λ) − P^R_n (λ). In this case, the matrix M = M(λ) is unique, and its elements are calculated by the formula M_{i,j}(λ) = (R(λ)e_{j−1}, e_{i−1}). (7) Proof. First of all, consider an arbitrary matrix M ∈ C^{r×s} . For k, n ∈ Z_+ we define R_{k,n} = { Q^L_k (λ)R^R_n (λ), 0 ≤ k < n + r, R^L_k (λ)Q^R_n (λ), 0 ≤ n < k + s (8) (notice that the two different definitions for n − s < k < n + r give the same value by Lemma 1, see also formula (15) below). We claim that for the infinite matrix R = (R_{k,n})^∞_{k,n=0} we have the matrix identities (formal products between infinite matrices) (λI − A)R = I, R(λI − A) = I. (9) By symmetry (replace A by its transposed), it is sufficient to show the first identity. Since (Q^L_n (λ))_{n≥0} is a solution of (2), we have

(λI − A) [ R_{0:k−1,n} 0_{∞,1} ] = 0_{(k−s)×1} A_{k−r:k−1,k:k+r−1}R_{k:k+r−1,n} −A_{k:k+s−1,k−s:k−1}R_{k−s:k−1,n} 0_{∞×1} , s ≤ k ≤ n. (10)

Similarly, (R^L_n (λ))_{n≥0} is a solution of (2), and hence we have the (formal) identity

(λI − A) [ 0_{n,1} R_{n:∞,n} ] = 0_{(n−s)×1} −A_{n−r:n−1,n:n+r−1}R_{n:n+r−1,n} A_{n:n+s−1,n−s:n−1}R^L_{n−s:n−1}(λ)Q^R_n (λ) 0_{∞×1} . (11)

Combining identity (10) for k = n with (11) leads to the (formal) identity

(λI − A)R_{0:∞,n} = 0_{n×1} A_{n:n+s−1,n−s:n−1}[R^L_{n−s:n−1}(λ)Q^R_n (λ) − R_{n−s:n−1,n}] 0_{∞×1} = e_n,

(here we used that R^L_{n−s}(λ)Q^R_n (λ) − Q^L_{n−s}(λ)R^R_n (λ) = A^{−1}_{n,n−s}, following again from Lemma 1). This shows claim (9). Notice that in the above reasoning we require that n ≥ s. A proof for the case 0 ≤ n < s is similar, we omit the technical details.

Now let λ ∈ Ω(A) and M(λ) as in (7). From the resolvent identity (λI −A)R(λ) = I together with (9) we see that the first s columns of the matrix representation of R(λ) and of the matrix R satisfy the same recurrence relation and the same initializations (7); hence R_{j,k} = (R(λ)e_k, e_j ), j ≥ 0, 0 ≤ k < s. In other words, the first s terms in corresponding rows of both matrices are equal. Observing that the recurrence relations for the corresponding rows also coincide, we may conclude that R is the matrix representation of R(λ). It remains to show the exponential decay rate (6) which for bounded operators has been established already in [8]. By symmetry it is sufficient to show again only the first part. Define w_{k,n} := ||R_{k−s:k+r−1,n}||^2 ≤ ||R(λ)||^2, 0 ≤ k ≤ n. (12)

By noticing that the vector on the left-hand side of (10) is a finite combination of the basis elements e_0, ..., e_{k−1} and hence an element of D(A), we obtain from (10) the inequality k−1∑ j=s w_{j,n} ≤ (s + r) · ( ||R_{0:k−1,n}||^2 + w_{k,n} ) ≤ a^′_k · w_{k,n}, s ≤ k ≤ n,

where a^′_k := (s + r) · (a^2_k · ||R(λ)||^2 + 1). Recall that, because of (5), the sequence (k_{n+1} − k_n) is bounded by p and the sequence (a^′_{kn} ) is bounded by some α^′. Therefore, according to [5, Lemma 2] there exist C̃ > 0 and q̃ ∈ (0, 1) depending only on a^′_k but not on the w_{k,n} such that s ≤ j < k ≤ n : w_{j,n} ≤ C̃ · q̃^{k−j} · a^′_k · w_{k,n}. Since for each n we find an k ∈ {n − p + 1, ..., n} being an element of (k_n), we may deduce that for s ≤ j ≤ n − p there holds |R_{j−s,n}|^2 ≤ w_{j,n} ≤ C̃ · q̃^{k−j} · α^′ · w_{k,n} ≤ (C̃ · α^′ · ||R(λ)||^2 · q̃^{−p−s}) · q̃^{n−(j−s)}, where for the last estimate we have used (12). On the other hand, for j = n−s−p+1, ..., n+r−1 we obtain directly from (12) that |R_{j,n}|^2 ≤ max{w_{n−p,n}, ..., w_{n,n}} ≤ (||R(λ)||^2 · q̃^{−s−p}) · q̃^{n−j}. Therefore the claimed relation (6) is true with q^2 = q̃ and a suitable constant C > 0. Hence the necessity of Theorem 1 is proved.

Now let (6) be fulfilled. We build up the infinite matrix R = (R_{k,n})^∞_{k,n=0}, where R_{k,n} are defined by (8). Then as in Theorem 2 from [9] we obtain that such a matrix generates a (minimal) bounded operator (also denoted by R) with domain D(R) = ℓ^2. From the second identity of (9) it follows that R(λI − A)Y = Y for any finite linear combination Y of the basis vectors, and hence also for any Y ∈ D(A) by definition of the operator A. Therefore R is a bounded left inverse operator for λI − A. We also have that Im(λI − A) is closed as the preimage of the closed set D(A) under the continuous mapping. Hence λ ∈ Ω(A) together with the relation R = R(λ) follow by showing that Re_n ∈ D(A) and (λI − A)(Re_n) = e_n for all n ≥ 0. In order to show this latter claim, we observe first that, similarly to the reasoning of (10) and (11), one finds that

(λI − A)U^k = 0_{(k−s)×1} A_{k−r:k−1,k:k+r−1}R_{k:k+r−1,n} −A_{k:k+s−1,k−s:k−1}R_{k−s:k−1,n} 0_{∞×1} + e^n, U^k := [ R_{0:k−1,n} 0_{∞,1} ] , k > n.

Here U^k ∈ D(A) as a finite combination of basis elements, with U^k → Re_n ∈ ℓ^2 for k → ∞, and ||(λI − A)U^k − e_n|| ≤ a_k||R_{k−s:k+r−1,n}|| tending to zero for k = k_j, j → ∞. Therefore, Re_n ∈ D(A) = D(λI − A), with (λI − A)Re_n = e_n. Consequently, λ ∈ Ω(A), and R = R(λ). In particular, the matrix M being the r × s principal submatrix of the matrix R needs to be unique, and formula (7) follows.

Corollary 1. If λ ∈ Ω(A) and A satisfies the conditions of Theorem 1, then

lim sup k→∞ ||R^L_k (λ)||^{1k} < 1, lim sup_{n→∞} ||R^R_n (λ)||^{1n} < 1. (13)

The matrix M = M(λ) of Theorem 1 is called the Weyl matrix of the band operator A. For the particular case r = s = 1 of a Jacobi matrix A we recover the classical Weyl function as introduced by Berezanskii [7]. From (7) we see that M is analytic in Ω(A).

Remark 1. It is not difficult to show that the power series F mentioned in the introduction in the context of formula (4) coincides with the formal asymptotic expansion at infinity

M_∞(λ) = ∞∑ k=0 z^{−1−k} ( (A^ke_j , e_i) ) i=0,...,r−1;j=0,...,s−1 coinciding with the Laurent expansion of M at infinity in case of bounded A. As a consequence, the quantity π_n of (4) gives a Matrix Padé approximant of M_∞ at infinity of order n. Moreover, the bilinear form < P, Q >= coeff(λ^{−1}, P (λ)M_∞(λ)Q(λ)), P ∈ C^{1×r} [λ], Q ∈ C^{s×1} [λ] is easily shown to verify the biorthogonality relations < Q^L_n , Q^R_n >= δ_{n,k} as required for the matrix version of the Shohat-Favard Theorem mentioned in the introduction. Following Kishakevich [10] who discussed the case of block tridiagonal matrices, we call such a bilinear form a generalized spectral function of A. Notice also that the knowledge of M_∞ allows to reconstruct the operator A (up to normalization) either by using the orthogonalization procedure described in [16] or by expansion into a matrix continued fraction as proposed in [14].

Remark 2. Using the Cauchy formula, it is possible to give some analytic formulas, at least in the case of bounded operators A: for instance, the bilinear form is given by < P, Q >= 1 2πi ∫ C P (λ)M(λ)Q(λ) dλ, where C be some contour in Ω(A) surrounding once ∞ in a clockwise direction. Furthermore, for the resolvent we have the following integral representation

(R(λ)e_k, e_n) = 1 2πi ∫ C Q^L_n (λ^′)M(λ^′)Q^R_k (λ^′) λ − λ^′ dλ^′, λ ∈ Ω(A) where the contour C ⊂ Ω(A) surrounds once ∞ and λ. This latter formula includes for k = 0, ..., s − 1 (and for n = 0, ..., r − 1) the classical integral representation for functions of the second kind R^L_n (λ) (and R^R_k (λ), respectively). More generally, for any function ψ being analytic in some neighborhood of the spectrum of A we deduce the following matrix representation ψ(A) = ( 1 2πi ∫ C Q^L_n (λ)M(λ)Q^R_k (λ)ψ(λ) dλ )_∞ n,k=0 . Remark 3. As mentioned in [6, Section 2.1], we may identify the infinite matrix A via matrix calculus with possibly two closed and densely defined operators acting on ℓ^2. Let us write more explicitly [A]_{min} for the closure of the (densely defined) operator acting on finite linear combinations of the basis vectors e_k as considered before. The operator [A]_{max} with domain of definition D([A]_{max}) = {y ∈ ℓ^2, Ay ∈ ℓ^2} is easily seen to be the maximal closed operator acting via matrix calculus, and hence a closed extension of [A]_{min}. Writing A^H = (Ā_{l,k})^∞_{k,l=0} for the conjugate matrix, one may show [6, Lemma 2.1] that ([A]_{min})^∗ = [A^H ]_{max}, and ([A^H ]_{max})^∗ = [A]_{min}. The matrix A is called proper if the operators [A]_{min} and [A]_{max} coincide. We refer the reader to [6, Section 2.2] for further details and especially for the link between proper and determinated Jacobi matrices.

It is possible to show following the reasoning of [6, Example 2.7] that the divergence of ∑ k 1/a_k implies that A is proper. Thus for instance bounded A or more generally the matrices considered in Theorem 1 are proper. Indeed, it is possible to show by generalizing the reasoning of [6, Theorem 2.10] that λ ∈ Ω(A) if and only if A is proper, and there exists a bounded operator within the set of some formal left inverses built with help of the fundamental solutions (which are given in (8) and (9)). In this case, the corresponding formal left inverse is the matrix representation of the resolvent of A.

Theorem 2. If λ ∈ Ω(A) and A satisfies the conditions of Theorem 1, then for i = 1, . . . , r, and j = 1, . . . , s there holds

lim sup k→∞ |Q^{i,L}_k (λ)|^{1k} > 1, lim sup_{k→∞} |Q^{j,R}_k (λ)|^{1k} > 1. (14)

Proof. Multiplying the equation of Lemma 1 on the left and on the right with [ I_r −M 0 I_s ] , [ I_r M 0 I_s ]

gives

I_{r+s} = [ −R^R_{k−r:k+s−1} Q^R_{k−r:k+s−1} ] (15) · [ 0_{r×s} −A_{k−r:k−1,k:k+r−1} A_{k:k+s−1,k−s:k−1} 0_{s×r} ] · [ Q^L_{k−s:k+r−1}R^L_{k−s:k+r−1} ]

and hence in particular Q^R_{k−r:k+s−1} · [ 0_{r×s} −A_{k−r:k−1,k:k+r−1} A_{k:k+s−1,k−s:k−1} 0_{s×r} ] · R^L_{k−s:k+r−1} = I_s. Hence for any vector a, ||a|| ≥ 1 of size s and for indices k = k_n where the above coefficients are bounded in norm ||a||^2 ≤ ||a^T Q^R_{k−r:k+s−1}|| · a_k · ||R^L_{k−s:k+r−1}a||. Since ||R^L_{k−s:k+r−1}a|| ≤ ||R^L_{k−s:k+r−1}|| · ||a||, we deduce that 1 ≤ lim inf_{n→∞} ||a^T · Q^R_{kn−r:kn+s−1}(λ)||^{1/kn} · ||R^L_{kn−s:kn+r−1}||^{1/kn} ≤ lim inf n→∞ ||a^T · Q^R_{kn−r:kn+s−1}(λ)||^{1/kn} · lim sup_{n→∞} ||R^L_{kn−s:kn+r−1}||^{1/kn} < lim inf n→∞ ||a^T · Q^R_{kn−r:kn+s−1}(λ)||^{1/kn} ≤ lim sup_{k→∞} ||a^T · Q^R_k (λ)||^{1/k}. Taking as a a unit vector, we get asymptotics for each component. A similar result is obtained for the Q^L_k .

Consider as an example for some β > 0 the operator A^β generated by the matrix A^β with s = 2, r = 1, and two nonzero diagonals:

(A^β_{n+2,n})_{n≥0} = (1, 1, 2^β , 2^β , 1, 1, 3^β , 3^β , 1, 1, 4^β , 4^β , . . . ), (A^β_{n,n+1})_{n≥0} = (1, 1, 1, (1/2)^β , 1, 1, 1, (1/3)^β , 1, 1, 1, (1/4)^β , . . . ).

Notice that A^β = DA^0D^{−1}, with the diagonal matrix D = diag(d_0, d_1, ...), and d_{4k} = d_{4k+1} = d_{4k+2} = d_{4k+3} = ((k + 1)!)^β for k ≥ 0, such that a_{4k+1} = max{||A^β_{4k,4k+1}||, ||A^β_{4k+1:4k+2,4k−1:4k}||} = 1, k ≥ 1. At first, let β = 0. The operator A^0 is bounded, with two nonzero diagonals consisting of ones. It is known for instance from the theory of Toeplitz operators that the resolvent set of A^0 is the domain Ω(A^0) = {λ : |w_1(λ)| > 1, |w_2(λ)| < 1, |w_3(λ)| < 1}

Figure 1: Spectrum of A^0

where w_1(λ), w_2(λ), w_3(λ) are the branches of the algebraic function w^3 − λw^2 + 1 = 0 in the complex plane λ with cuts along the segments [0, ω], [0, ω exp(2πi/3)], and [0, ω exp(4πi/3)], ω =^3_{41/3} , such that |w_1(λ)| > |w_2(λ)|, |w_1(λ)| > |w_3(λ)|. Thus the spectrum of A^0 is a threepetal rose, see Figure 1. Now consider the case β > 0. In order to make the dependence on β more explicitly, we write q^{1,R}_{k,β} (λ) = Q^{1,R}_k (λ). The reader can easily check by recurrence on k that q^{1,R}_{k,β} (λ) = q^{1,R}_{k,0} (λ)/d_k. From (3) one easily sees that q^{1,R}_{k,0} (λ) grows at most exponentially in k for any λ ∈ C , whereas d_k grows faster than exponentially. Hence the second condition of (14) is not fulfilled for q^{1,R}_{k,β} (λ) for any λ ∈ C , implying that the spectrum of A^β is the whole plane C for all β > 0. We have therefore found a proper matrix A^β with empty resolvent set.

3 Convergence of Matrix Padé approximants

Once having established a criterion of the resolvent set similar to the case of complex Jacobi matrices, we now show that known convergence results of scalar Padé approximants in terms of the corresponding difference operator like [2, Theorem 3.11] or [4, Theorem 3.1 and Theorem 4.1] can be generalized to the matrix setting.

Theorem 3. Let A be bounded. Then the sequence of Padé approximants (π_k)_{k≥0} from (4) converges in capacity to the Weyl function in compact subsets of the unbounded component of the resolvent set of A. Moreover, the convergence is uniform in compact subsets of the complement of the numerical range of A.

Proof. Suppose that s ≤ r (the case r < s is similar). We first notice that the sequence of matrices R^L_{n:n+s−1}(λ)Q^R_{n:n+s−1}(λ) = ( ((λI − A)^{−1}e_{n+j} , e_{n+k}) ) j,k=0,...,s−1 is uniformly bounded on compact subsets of Ω(A). According to the expansion of the resolvent at infinity, we obtain for such matrices the following expansion at infinity R^L_{n:n+s−1}(λ)Q^R_{n:n+s−1}(λ) = λ^{−1}I_s + O(λ^{−2}). Consequently, the sequence of functions

h_n(λ) := det(R^L_{n:n+s−1}(λ)Q^R_{n:n+s−1}(λ)) forms a normal family in Ω(A), with h_n(λ) = λ^{−s} +O(λ^{−s−1}). This shows that any accumulation point of h_n in the unbounded component of the resolvent set is different from the function 0. Following [4, Lemma 2.4(c)], we may deduce that for any compact F a subset of the unbounded connected component of the resolvent set there exist constants C_1, C_2 > 0 and monic polynomials p_j of degree bounded by C_2 such that |h_n(λ)| ≥ C_1 · |p_n(λ)| for all n ≥ 0 and for all λ ∈ F . By noticing that the matrix of cofactors of R^L_{n:n+s−1}(λ)Q^R_{n:n+s−1}(λ) is also bounded uniformly on F , we find a constant C_3 such that sup_{n≥0} sup_{λ∈F} |p_n(λ)| · ||[R^L_{n:n+s−1}(λ)Q^R_{n:n+s−1}(λ)]^{−1}|| ≤ C_3. On the other hand, it is easy to show that the constants C = C(λ) and q = q(λ) of Theorem 1 may be chosen to be continuous as a function of λ. Hence the limit relations of Corollary 1 are true uniformly in F , that is,

lim sup n→∞ sup_{λ∈F} ||R^L_{n:n+s−1}(λ)||^{1/n} < 1, lim sup_{n→∞} sup_{λ∈F} ||R^R_{n:n+s−1}(λ)||^{1/n} < 1. Consequently,

lim sup n→∞ sup_{λ∈F} [|p_n(λ)| · ||M(λ) − Q^L_{k:k+r−1}(λ)^{−1}P^L_{k:k+r−1}(λ)||]^{1/n} ≤ lim sup n→∞ sup_{λ∈F} ||R^L_{n:n+s−1}(λ)||^{1/n} · ||R^R_{n:n+s−1}(λ)||^{1/n} < 1, implying convergence in capacity in F (compare with the proof of [4, Theorem 3.1]). In order to establish the second part of the assertion, it is possible to show following the lines of the proof of Theorem 1 that π_n(λ) is the Weyl function of the (finite dimensional) operator A_{0:n−1,0:n−1}. Since the numerical range of this operator is included in the numerical range of A, we may conclude that π_n is analytic outside the numerical range of A. Thus, the uniform convergence follows from the convergence of capacity and the Lemma of Gonchar (see, e.g., [4, Section 4]).

Remark 4. It seems that only few results on the convergence of Matrix-Padé approximants have been established so far. In case of a symmetric operator with r = s > 1, one may easily show that our Theorem 3 contains a matrix version of the Markov convergence theorem since here the numerical range of A coincides with the convex hull of the union of the supports of the underlying measures of the (matrix–valued) Markov function.

Another class of bounded operators leading to so-called Stieltjes systems has been discussed in [1] for r = 1 and in [15] for general r, s (the proof in the latter paper is only given for r = 2 and s = 3). This subclass of operators (1) is described by the requirement that A_{k,k+r} > 0, A_{k+s,k} > 0 for all k ≥ 0 and A_{k,ℓ} = 0 else. Here one may establish uniform convergence in some set which in general is shown to be larger than the complement of the convex hull of the spectrum.

We finally mention that the results given in this paper can be generalized to study spectra of operators generated by band matrices with operator elements.

References

[1] A. Aptekarev, V. Kaliaguine and J. Van Iseghem, Genetic sums representation for the moments of a system of Stieltjes functions and its applications, Constructive Approximation, vol 16 (2000) 487-524.

[2] B. Beckermann and V. A. Kaliaguine, The diagonal of the Padé table and the approximation of the Weyl function of second order difference operators, Constructive Approximation, vol 13 (1997) 481-510.

[3] B. Beckermann, Nonsymmetric difference operators and polynomials being orthogonal with respect to rectangular matrix valued measures, Publication ANO 335, Université de Lille (1995).

[4] B. Beckermann, On the convergence of bounded J-fractions on the resolvent set of the corresponding second order difference operator, Journal of Approximation Theory, vol 99 (1999) 369-408.

[5] B. Beckermann, On the classification of the spectrum of second order difference operators, Mathematische Nachrichten, vol 216 (2000), 45-59.

[6] B. Beckermann, Complex Jacobi matrices, J. Comput. Appl. Math., vol 127 (2001) 17-65.

[7] Yu. M. Berezanskii, Integration of nonlinear difference equation by the inverse spectral problem method, Dokl. Soviet Acad. Nauk, vol 281 (1985). English transl. in Soviet Math. Dokl., vol 31 (1985) 264-267.

[8] S. Demko, W.F. Moss & P.W. Smith, Decay Rates for Inverses of Band Matrices, Math.

Comp., vol 43 (1984) 491-499.

[9] V.A. Kaliaguine, Hermite-Padé approximants and spectral analysis of nonsymmetric operators, Mat. Sb., vol 185 (1994) 79-100 (In Russian). English transl. in Russian Acad. Sci. Sb. Math., vol 82 (1995) 199-216.

[10] Ju.L. Kishakevich, Spectral function of Marchenko type for a difference operator of an even order, Math. Notes, vol 11 (1972) 266-271.

[11] A.G. Kostyuchenko and K.A. Mirzoev, Generalized Jacobi matrices and deficiency indices of ordinary differential operators with polynomial coefficients, Funct. Anal. Appl., vol. 33 (1999) 25-37.

[12] K. Mahler, Perfect systems, Compos. Math., vol 19 (1968) 95-166.

[13] V.N. Sorokin and J. Van Iseghem, Algebraic aspects of matrix orthogonality for vector polynomials, Journal of Approximation Theory, vol 90 (1997) 97-116.

[14] V.N. Sorokin and J. Van Iseghem, Matrix continued fractions, Journal of Approximation Theory, vol 96 (1998) 237–257.

[15] V.N. Sorokin and J. Van Iseghem, Matrix Hermite-Padé problem and dynamical systems, J. Comput. Appl. Math., vol 122 (2000) 275-295.

[16] V. A. Yurko, On higher-order difference operators, J. Difference Equ. Appl., vol 1 (1996) 347-352.

Andrei S. Osipov Bernhard Beckermann University of Oulu Université des Sciences et Technologies de Lille Sodankylä Geophysical Observatory Laboratoire ANO Tähteläntie 62 UFR Mathématiques – M3 99600, Sodankylä, Finland 59655 Villeneuve d’Ascq CEDEX E-mail : andrei@sgo.fi E-mail : Bernhard.Beckermann@univ-lille1.fr