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Abstract

For a given 0 € (a,b), we investigate the question whether there exists
a positive quadrature formula with maximal degree of precision which has
the prescribed abscissa 6 plus possibly a and/or b, the endpoints of the
interval of integration. This study relies on recent results on the location
of roots of quasi-orthogonal polynomials. The above positive quadrature
formulae are useful in studying problems in one-sided polynomial L, ap-
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1 Introduction

Let o be a positive measure on a compact interval, say, [a,b], such that the
support of do contains an infinite set of points. In what follows we will be
interested in n-point quadrature formulas having the form

b n
Io‘(f) = / f(x)dg(m) = Qn(f) + Rn(f)a Qn(f) = Z An,jf(xn’j)v (1)

with z, ; € [a,b] distinct called the abscissas, and A, ; € R the weights. This
formula is said to be positive if A, ; > 0 for all j, and to have a degree of precision
m if m is the maximal integer such that R, (f) = 0 for all polynomials of degree
< m. In what follows, all our formulas will have degree of precision m >n — 1,
and thus the weights are computable from the abscissas by integrating Lagrange
polynomials. Any polynomial w,, of degree n with roots =, 1,...,2n,, will be
called a generating polynomial of @,,.

It is well known that there exist unique n-point quadrature formulas of degree
of precision 2n — 1, the so-called Gauss rules. Also, by relaxing the degree of
precision, one may prescribe one or both endpoints as abscissas: there exist
unique so-called (left or right) n-point Radau rules with abscissa a or b and
degree of precision 2n — 2, and a unique n-point Lobatto rule with abscissas
a and b and degree of precision 2n — 3. The existence and uniqueness of such
formulas can be seen from the fact that @), has a degree of precision m > n —1
if and only if we have the orthogonality

b
/ tw,(z)do(z) =0, j=0,1,...,m—n (2)

for a generating polynomial w,,, which should have simple roots in [a, b]. Denot-
ing by w(z) € {1,b—x,x—a, (b—x)(x—a)} the prescribed part of the generating
polynomial, we see from (2) that for finding the remaining abscissas we have
to find the roots of the orthogonal polynomial w,,/w of degree n — degw with
respect to the positive measure wdo on [a,b] for any of these four quadrature
formulas. It is well known that these roots are simple and in (a,b), and that all
the resulting quadrature formulas are positive.

Motivated by some problems related with the best one-sided polynomial
approximation of Heaviside functions [3], the aim of this paper is to study
the question whether for a given 6 € (a,b) there exists a positive quadrature
formula of the above type having the additional prescribed abscissa 0, if we are
willing to lower the corresponding degree of precision by 1. For Gauss rules
this question has been fully treated already in [2, Theorem 2.9], we will give
below an equivalent caracterization. In [2, Theorem 2.17] the authors discuss
the situation of two precribed abscissa 6 € (a,b) and ¢ € {a, b}, but it seems for
us that for the 6 given by the authors the weight corresponding to the abscissa
c might be begative.

As in [1, 2, 4], a central role in this study are played by quasi-orthogonal
polynomials as introduced by Shohat [7]. Given a 0 € (a,b), we call an n-point



quadrature rule a quasi Gauss rule (and quasi left Radau rule, quasi right Radau
rule or quasi Lobatto rule, respectively) with abscissa 6 if it has the prescribed
abscissas in {0} (and {0, a}, {0, b}, and {6, a, b}, respectively), all other abscissas
n (a,b)\ {0}, and has degree of precision 2n —2 (and 2n—3, 2n— 3, and 2n —4,
respectively).

Denote by

a<afy<..<af,<b a=azlf<. <all <b,
a<x§§i< <:cRR*b a:xTLL,1<...<x7LL,n:b,

the abscissas of the classical Gauss, the left Radau, the right Radau and the
Lobatto n-point rules for the measure o, respectively. It is shown implicitly in
the proof of Theorem 1.1 below (and can be alternatively established directly
using [8, Theorem 3.3.4] due to A. Markov) that

j=1..,n: xﬁlj < mf,j < xﬁ?, (3)
j=1,.,n—-1: xfﬁlyj <x£?+1 <ac£7j+1, (4)
j=1,.,n—-1: L4<x <xn 1,5 (5)
j=1..,n—-2: xfle] <mn]+1 <£E£R1J+1 (6)

We have the following main result, which will be proved in the next section.

Theorem 1.1. (a) There exists a positive n-point quasi Gauss rule with abscissa
0 for n > 1 if and only if
n
LR RR G
U ng>Tng) \ o

(b) There exists a positive n-point quasi left Radau rule with abscissa 0 forn > 2
if and only if

n—1
G L LR
NS U (T 1,4 T jp1) \ 20 41 )
j=1
(¢) There exists a positive n-point quasi right Radau rule with abscissa 6 for
n > 2 if and only if

n—1
L .G RR
0 € U (‘rn,ja xnfl,j) \ {xn,j
j=1
(d) There exists a positive n-point quasi Lobatto rule with abscissa 0 for n > 3

if and only if
n—2

e U ($fﬁ1,]7 Ty 1,y+1) \ {z} ,J+1}
j=1
(e) Defining w(z) =1,z —a,b—x, (b—x)(x—a), respectively, and v = n—degw,
a generating polynomial for any such quadrature formula is given by

v (0, wo)

wy(x) = w(x) (py(a:,wa) - 1 (0, wa)pu_l(x, wa)) (7)



with p;(z,wo) the jth orthonormal polynomial with respect to the positive mea-
sure wdo, hence the above quadrature formulas are unique.

Since the intervals occurring in Theorem 1.1(b) and in Theorem 1.1(c) are
distinct and the union of their closures give the full interval [a, b] (and similarly
those in Theorem 1.1(a) for n replaced by n — 1 and in Theorem 1.1(d)), we
may draw two different conclusions for any prescribed abscissa 6 € [a, b].

Corollary 1.2. Ifn > 3 and
n n—1
FAS U{mﬁf}azﬁ];v‘rﬁ,j} U U {135—1,3'}
j=1 j=1

then there exists either an (n — 1)-point Gauss rule, an n-point Radau rule, or
an n-point Lobatto rule with abscissa 0. FElse, there exists a positive n-point
quasi either left or right Radau rule with abscissa 6.

If n >3 and

n n—1
e U {erLg} U U {ngl,ijﬁljl,ja 375&,;‘}
=1 =1

then there exists either an (n —1)-point Gauss rule, an (n—1)-point Radau rule
or an n-point Lobatto rule with abscissa 0. FElse, there exists either a positive
(n—1)-point quasi Gauss rule with abscissa 6§ or a positive n-point quasi Lobatto
rule with abscissa 6.

Remark 1.3. In order to understand better the restrictions for the parame-
ter 6 in Theorem 1.1, let us have a closer look at the quasi left Radau rule of
Theorem 1.1(b). As 6 approaches the exceptional point xTLL? |1, our quadrature
formula becomes the classical n-point left Radau rule, having a degree of preci-
sion 2n — 2 and not 2n — 3 as required for a quasi Radau rule. For 6 approaching
the left endpoint z/_, ; we obtain the classical (n — 1)-point Gauss rule (with
degree of precision 2n — 3) since the weight corresponding to the abscissa a
does vanish, see proof of Lemma 2.3 below. Finally, for § approaching the right
endpoint x,"; j+1, the right-hand abscissa of our quadrature formula approaches
b (see Lemma 2.2 below), and we obtain the classical n-point Lobatto formula
(and degree of precision 2n — 3). Similar phenomena do occur for the other
three quadrature formulas of Theorem 1.1, we omit details.

2 Proofs

Let {pn(z,0)} be the family of orthonormal polynomials on [a,b] with respect
to do normalized to have positive leading coefficients. The roots of p,(z, o) are
known to be simple and in (a, ), we will enumerate them more explicitly as

Tn,1(0) < ... < Tpn(0)



and use the convention z, 0(0) = a,Zn nt1(0) =b. Hw(z) € {1,b—x,z—a, (b—
x)(z — a)}, we use the notation p,(z,woc) for the polynomials corresponding to
the measure wdo. We also introduce the rational function

B pn(z,0)
fn(CC,O') - pnfl(l'yU).

As usual P,, denotes the family of all algebraic polynomials of degree not greater
than n.

In the next statement which goes back essentially to Shohat [7] we will enu-
merate some classical necessary and sufficient conditions for a certain quadrature
formula to exist. For the sake of completeness, each time a proof is provided.

Lemma 2.1. Let w(z) € {1,z —a,b—z,(b—2z)(z —a)}, v = n — degw, and
0 € (a,b).

(a) If py—1(0,wo) = 0 then there exists no n-point quadrature formula of
degree of precision > n + v — 2 having as prescribed abscissas the roots of (x —
O)w(x).

(b) If p,(0,wo) = 0 then there exists a unique n-point quadrature formula
of degree of precision > n + v — 2 having as prescribed abscissas the roots of
(x—0)w(x), namely the Gauss/Radau/Lobatto rule which has degree of precision
=n+v-—1.

(c) If p,—1(0,wo)p, (0,wc) # 0 then there exists at most one n-point quadra-
ture formula of degree of precision > n+v —2 having as prescribed abscissas the
roots of (v — @)w(x). Such a quadrature formula has the generating polynomial
wy, defined in (7).

(d) Conversely, if p,—1(0,wo)p,(0,ws) # 0 and provided that the roots of
Wy, /w with wy, as in (7) are simple and in (a,b) and that the weights correspond-
ing to the roots of w are positive, the polynomial w,, of (7) generates a positive
n-point quadrature formula of degree of precision n+ v — 2 having as prescribed
abscissas the roots of (x — O)w(x).

Proof. For a proof of parts (a)—(c), let @, be an n-point quadrature formula as
in (1), of degree of precision > n + v — 2, with generating polynomial W having
roots including 6 and the roots of w. Then for j =0,1,...,v — 2 we have

Ro(a/W) = 0 = I (27 W) = / W (2) do(z).

Expanding W/w in the basis of the p;(x,wo) we deduce the equivalent property
that
W(z) = w(z)(c1py (z,wo) + copy—1 (2, wa))

for some real constants ¢y, co. Notice that ¢; # 0 since otherwise @), would be
an (n — 1)-point rule. Since W () = 0 # w(#), we conclude that ¢1p, (0, wo) +
copy—1(0,wo) = 0. By the interlacing property of orthogonal polynomials
[8, p. 46], the quantities p,(0,wo) and p,_1(0,wo) do not vanish simultane-
ously. Thus p,_1(8,wo) # 0, as claimed in part (a). Also, notice that in case



pu(0,wo) = 0 the roots of W become the roots of w(z)p,(x,wo), that is, we
obtain the classical Gauss/Radau/Lobatto rule described in the introduction.
This shows claim (b).

In the remaining case p,_1(0,wo)p,(0,wc) # 0 we have shown that w, =
W /ey as in (7) is a generating polynomial for @,,. Observing that

b
R, (py—1(z,wo)w) = I, (py—1(x,wo)w) = CQ/ pu_1(z,wo)?w(x)do(x) # 0,

we conclude that there is a unique such @Q,, which has degree of precision
precisely n 4+ v — 2, as claimed in part (c).

Conversely, under the assumptions of part (d) we may construct a quadrature
formula (1) with abscissas x,, ; being the roots of w,, (which have been supposed
to be distinct elements of [a, b]), and weights

’ wy ()
o= [ e a
obtained by integrating Lagrange polynomials [5, p. 80], and thus @, has degree
of precision > n—1. Since any f € P, 4, _o can be written as f = fiw, + fo with
f1 € Py_o, fo € Pp_y1, we find that Rn(f) = Rn(flwn) + Rn(fQ) = Rn(flwn)a
the latter vanishing by orthogonality. Hence @, has degree of precision >
n+ v — 2, and thus n + v — 2 by part (c).
It remains to discuss the positivity of the weights. If w(z, ;) = 0, the
property A, ; > 0 has been included in the assumptions. Else we observe that

(37) = 7 ) _ NP - — N Vi .’IJ) =

Wy, () (@ = T 5) P'(n,;) (2 — 2n,5) w(z)
is an element of P, 1, _o which is > 0 on [a,b] and = 0 only at a finite number
of points, implying that A, ; = Q,(P;) = I,(P;) > 0. O

One learns from Lemma 2.1(c),(d) that there is a gap between our necessary
and sufficient conditions for a certain quadrature formula to exist, namely the
localization of the roots of wy,/w in (a,b), and the positivity of certain weights.
Each of these conditions will be further analyzed in the next two lemmas.

We start by recalling results from Peherstorfer [6] and Brezinski et al. [1,
Theorem 3] on the localization of roots of the quasi-orthogonal polynomial w;,
of (7). The second part can be found in [2, Remark 2.11].

Lemma 2.2. Let w(z) € {1,z —a,b—z,(b—z)(x —a)}, v =n — degw, and

0 € (a,b) be such that p,_1(0,wo)p,(0,wo) # 0.
The roots of wy,/w with wy, as in (7) are simple and in (a,b) if and only if
fola,wo) < fu(8,wo) < fo(b,wo), 9)

which again is equivalent to
oel (ﬂfv—l,j—l(waa),mu—l,j(ww))a (10)

J=1



where we(y) = (v — a)w(y) and wy(y) = (b — y)w(y).

Proof. From [8, p. 45] or [7, p. 463] it is known that the v roots of the quasi-
orthogonal polynomial w,/w are real and distinct, and that at least v — 1 of
them lie in (a, b). Thus it remains to localize the remaining root. The sufficiency
of condition (9) has been shown in [1, Theorem 3(v)], and the necessity in [1,
Theorem 3(iii) and (iv)].

In order to make the link with condition (10), we write the partial fraction
decomposition

v—1

folw,wo)=az+ B+
j=1

¢
T = y-1,5(wo)’

where from the interlacing property of the roots of p,(x,wo) and p,_1(z,wo)
[8, p. 46] it follows that a,¢1,...,cp—1 > 0, fi(bywo) > 0, and f,(a,wo) < 0. In
particular, x — f, (z,wo) is strictly increasing in each subinterval

(Ty-1,j-1(w0), 7,1, (wo))

for j = 1, ..., v, where we recall the convention z,_1 o(wo) = aand z,_1 ., (wo) =
b. Since f,(a) < 0 < f,(b), we may conclude that § € (x,—1 j—1(wo), z,—1,;(w0))
satisfies (9) iff 0 € (x;_1,y;), with

xl,,l’j,l(wa) < Tj—1 < .’El,yj(UJU) <Yy < (EV,LJ'(CUO') (11)

and x;_1 a root of Py(z) = p,(z,wo) — fu(y,wo)py—1(z,wo) for y = a, and y;
for y = b, respectively. By construction, P,(z)/(x — a) € P, _; is orthogonal to
P,_o with respect to the measure w,o. Thus P,(x) is a non-trivial multiple of
(x—a)py—1(x,w,0), showing that g = a, and zj; = x,_1 j(weo) for j =1, ..., v—
1. By a similar argument, y, = b, and y; = z,_1 ;(wpo) for j=1,..,v —1. O

We learn from the proof of Lemma 2.2 that condition (10) implies the hy-
pothesis p,_1(0,wo) # 0, but it may happen that p, (0, wo) = 0.

We finally need to discuss the positivity of weights corresponding to pre-
scribed abscissas being roots of w for the n-point quadrature formula with gen-
erating polynomial w,, as in (7). The following result seems to be new.

Lemma 2.3. Let w(z) € {1,z —a,b —z,(b — z)(x —a)}, v = n — deguw,
and 0 € J; = (mu,l,j,l(waa),x,,,l’j(wba)) for some j € {1,...,v} such that
pu(0,wo) # 0, where as before wy(y) = (y — a)w(y) and wy(y) = (b — y)w(y).
(a) If w(a) = 0 then the weight corresponding to the prescribed abscissa a is
> 0 if and only if 0 > x,, ;(Da0), with We(y) = w(y)/(y — a).
(b) If w(b) = 0 then the weight corresponding to the prescribed abscissa b is
> 0 if and only if 6 < x,, ;(Wpo), with Wp(y) = w(y)/(b—y).

Proof. Since the second statement follows from the first after replacing = by —z,
we only show part (a). We will write shorter p;(z,&,0) = p;(z) and require in



what follows the so-called Christoffel-Darboux formula [8, p. 41-42]: there exist
scalars a,,, > 0 such that for all m >0

As before we observe that K,,(z,a) € P, is orthogonal to P,,_; with respect
to the measure (r — a)w,0 = wo, and hence

Kn(z,a)  pm(r,wo)

Km(a,a)  pm(a,wo)’ (13)

Using (12) as well as the orthonormality of the p; we deduce that
b
P (T, w0) 1
o () d =—- >0

According to (8) we may write the weight corresponding to the abscissa a as
follows

A = /b pu(z,wo) — fL,(0,wo)p,—1(z,wo) aa(x)da(a:)

" pu(a,wo) — f,(0,wo)p,—1(a,wo) W, (a)
p Pr(zwo)  fu(0,wo) py_i(z,wo)

/ P (a:w0) — Fo(@wo) py_1(awo) Wa(T) do ()
a f,,(a, wa) - fu(evwo) C;a(a)

B 1 1/K,_1(a,a) fu(0,wo
 Qala) f,(0,wo) — f(a,wo) (f,,(a,wa

Recall from Lemma 2.2 that f,(0,wo) > f,(a,wo) < 0, and trivially

taa )

) _
)

Wa(a)K,—1(a,a) > 0.

With the rational function

) Felzw)  Koa(a.a)
fla.we) K, (a.a)

we therefore may conclude that A,1 > 0 if and only if r(¢) > 0. In or-
der to discuss the sign of r(f), recall from the proof of Lemma 2.2 that r
is strictly decreasing in the interval J;, and notice that we have the value
1-K,_1(a,a)/K,(a,a) > 0 at the left endpoint of J;, and a strictly negative
value at the right endpoint of J;. Thus A, 1 > 0 if and only if § > z;, with z;
the unique root in J; of r. Applying (12) and (13) we obtain the simplification

r(z) = K,,,1<a,a>( Ky(@.a) ) - K,—1(a,a) p,(a)p, ()

K,(a,a) \K,_1(x,a) K,(a,a) K,_i(x,a)

with roots x,1(Wa0), ..., Ty, (Weo). Comparing with the ordered and disjoint
intervals Jy, ..., J,,, we find that =, ;j(W,0) € Jj;, and thus z; = z, ;(W,0), as
claimed above. O



We are now prepared to show our main Theorem.

Proof of Theorem 1.1. Statement (a). We set w(z) = 1, v = n, and w,, as in (7).
Provided that 6 is as indicated in Theorem 1.1(a), we conclude from Lemma 2.2
with

L

Trn—1,j—1(weo) = ;vn? < &y j(wo) = ;vg] < po1 j(wpo) = B0

n,j
that w, = wy,/w has all its roots in (a,b). Thus the existence of a positive
n-point quasi Gaussian quadrature with abscissa 6 follows from Lemma 2.1(d).
Conversely, if 0 = z,, j(wo) = :z:f’j for some j € {1,...,n} then p,(6,wo) =0,
and there does not exist a n-point quasi Gaussian quadrature by Lemma 2.1(b).
For any other value of 6 € (a, b), the polynomial w,, = w,, /w has one of its roots
outside (a,b) by Lemma 2.2, and thus an n-point quasi Gaussian quadrature
cannot exist by Lemma 2.1(c).
Statement (b). We set w(z) =z —a, v =n — 1, and w, as in (7). Provided
that € is as indicated in Theorem 1.1(b), we conclude from Lemma 2.2 and
Lemma 2.3(a) with

Tn2,j-1(Wa0) < Tp-1,j(@a0) = Ty_1

< apo1j(wo) =i < wngj(wo) =) 50

that w,/w has all its roots in (a,b), and that the weight A, 1 corresponding
to x,,1 = a is > 0. Thus the existence of a positive n-point quasi left Radau
quadrature with abscissa 6 follows from Lemma 2.1(d).

The non-existence for other values of 8 follows as above using again Lemma 2.1,
Lemma 2.2, and Lemma 2.3(a).

Statement (c) follows from Theorem 1.1(b) after replacing x by —z, or,
alternatively from Lemma 2.1, Lemma 2.2, and Lemma 2.3(b) with w(z) = b—x,
v=n-—1, and

RR

Tn—9j-1(wa0) = hs ; < Ty j(wo) = 2]

< (Enfl’j(&bJ) = xff_l,j < "Enfg)j(wbd).
Statement (d) follows from Lemma 2.1, Lemma 2.2, and Lemma 2.3(a),(b)
with w(z) = (x —a)(b—1z), v =n — 2, and
Tp-3,j-1(Wa0) < Tp_2j(We0) = 3355’1,3‘ < Tz j(wo) = erL,jJrl

< Tp—2,5 (@bd) = xﬁfl’jJ’,l < Tp-3,5 (wba).

Statement (e) follows from Lemma 2.1(c). O
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