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c© 2009 Birkhäuser Verlag Basel/Switzerland
1422-6383/030229-8, published online June 29, 2009

DOI 10.1007/s00025-008-0333-1 Results in Mathematics

Bernstein Polynomials and Operator Theory

Catalin Badea

Abstract. Kelisky and Rivlin have proved that the iterates of the Bernstein
operator (of fixed order) converge to L, the operator of linear interpolation
at the endpoints of the interval [0, 1]. In this paper we provide a large class of
(not necessarily positive) linear bounded operators T on C[0, 1] for which the
iterates T n converge towards L in the operator norm. The proof uses methods
from the spectral theory of linear operators.
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1. Introduction

1.1. Preamble

The Bernstein operator of order m associates to every continuous (real or complex-
valued) function f on [0, 1] the m-th Bernstein polynomial

Bmf(x) =
m∑

k=0

f

(
k

m

)
bm,k(x) :=

m∑

k=0

f

(
k

m

)(
m

k

)
xk(1 − x)m−k .

These polynomials were introduced in 1912 in Bernstein’s constructive proof of
the Weierstrass approximation theorem. Since then they have been the object of
multiple investigations, serving many times as a guide for several theorems in
Approximation Theory. The Korovkin theorem [1] is a typical example. In this
note, starting from several convergence results for the iterates of Bm, we prove the
convergence towards L of the iterates of operators from a large class of continuous
linear operators acting on C[0, 1]. Here L is the operator of linear interpolation at
the endpoints of the interval [0, 1]. The proof uses spectral theory methods.
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1.2. Notation

Let X be a complex Banach space. We denote by B(X) the Banach space of all
continuous (= bounded) linear operators on X. The Banach space we will work in
will be C[0, 1], the Banach space of all complex-valued and continuous functions
on the interval [0, 1], endowed with the supremum norm ‖ · ‖∞. For T ∈ B(C[0, 1])
we consider the operator norm

‖T‖ = sup {‖Tf‖∞ : ‖f‖∞ = 1} .

We denote by ek ∈ C[0, 1] the function ek(x) = xk and by Pn = span{e0, . . . , en}
the space of all complex polynomials of degree less or equal than n.

We denote by I the identity operator, acting on possible different spaces. For
T ∈ B(X) we denote by Ker(T ) the kernel of T and by Im(T ) = T (X) the range
(image) of T . We recall that for T ∈ B(X) its spectrum σ(T ) is defined as the set
of all complex numbers λ for which T −λI is not invertible in B(X). For T ∈ B(X)
we will sometimes write σX(T ) instead of σ(T ), when we need to emphasize the
space where T acts. The spectral radius r(T ) of T is the quantity

r(T ) := sup
{
|λ| : λ ∈ σ(T )

}
= lim

n→∞
‖Tn‖1/n .

Here Tn is the n-th iterate of T , with T 0 = I and T 1 = T . We refer for instance
to [13] as a basic reference of spectral theory of linear operators.

1.3. Convergence of iterates of the Bernstein operator

The methods employed to study the convergence of iterates of some operators oc-
curing in Approximation Theory include Matrix Theory methods, like stochastic
matrices [11,14,16,17], Korovkin-type theorems [1,10], quantitative results about
the approximation of functions by positive linear operators [6, 9], fixed point the-
orems [2, 8, 15], or methods from the theory of C0-semigroups, like Trotter’s ap-
proximation theorem [1,10,12].

As a motivation, we mention here the following results for the iterates of the
Bernstein operator. Denote by L ∈ B(C[0, 1]) the operator of linear interpolation
at the endpoints of the interval [0, 1] :

Lf(x) = f(0) +
(
f(1) − f(0)

)
x = B1f(x) . (1.1)

It was proved by Kelisky and Rivlin [11] that we have, for each fixed m ∈ N,

lim
n→∞

‖Bn
mf − Lf‖∞ = 0

(
f ∈ C[0, 1]

)
.

In fact (as was firstly proved in [14]), we have convergence of the iterates of Bm

towards L in the operator norm :

lim
n→∞

‖Bn
m − L‖ = 0 . (1.2)

According to a result due to Karlin and Ziegler [10], if (k(n))n≥1 is an in-
creasing sequence of positive integers such that

lim
n→∞

k(n)
n

= ∞ , (1.3)
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then
lim

n→∞
‖Bk(n)

n − L‖ = 0 . (1.4)

1.4. What this paper is about

The aim of the present note is to generalize the above-mentioned convergence re-
sults for the iterates of Bernstein polynomials to a large class of continuous linear
operators T on C[0, 1]. The conditions required about T are of approximation-
theoretical flavour (degree of exactness, interpolation at endpoints, shape preserv-
ing properties), or of spectral nature (closed range condition, spectrum location).
A spectral interpretation of condition (1.3) in the Karlin–Ziegler result is also
given. The main novelty of the obtained results is that the linear operators are no
longer supposed to be positive.

I have attempted to write this note so as to be accessible to both operator
theorists ignorant of properties of Bernstein polynomials and approximation the-
orists unskilled in the nuances of spectral theory. This has sometimes influenced
the exposition.

2. Main results

The following result is a generalization of the Kelisky–Rivlin theorem.

Theorem 2.1. Let T : C[0, 1] �→ C[0, 1] be a continuous linear operator such that
1. Ker(T − I) = span(e0, e1) (degree of exactness one);
2. T (f)(0) = f(0) and T (f)(1) = f(1) for every f ∈ C[0, 1] (interpolation at

endpoints);
3. Im(T − I) is closed (closed range condition);
4. σ(T ) ⊂ D ∪ {1} (spectrum location).

Then limk→∞ ‖T k − L‖ = 0.

The corresponding version of the Karlin–Ziegler theorem is given by the fol-
lowing statement.

Theorem 2.2. Let Tn ∈ B(C[0, 1]) be a sequence of continuous linear operators
having degree of exactness one, interpolating at the endpoints 0 and 1, with all
ranges Im(Tn − I) closed and verifying the spectral inclusion σ(Tn) ⊂ D ∪ {1}.
Denote

γn = sup
{
|λ| : λ ∈ σ(Tn) \ {1}

}
.

Then γn < 1 and, if k(n) ∈ N, with k(1) < k(2) < k(3) . . ., and k(n)(1− γn) → ∞
as n → ∞, then limn→∞ ‖T k(n)

n − L‖ = 0.

It is well known that for T = Bn, the n-th Bernstein polynomial, the first two
conditions (degree of exactness one and interpolation at endpoints) are verified.
The range of T − I is closed since T is a compact operator (even a finite rank
operator). We discuss the spectral condition σ(T ) ⊂ D ∪ {1} in the following
lemma.
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Lemma 2.3.
(a) The spectrum of Bn : Pn �→ Pn is given by

σPn
(Bn) =

{
n!

(n − k)!
1
nk

: 0 ≤ k ≤ n

}
.

(b) The spectrum of Bn : C[0, 1] �→ C[0, 1] is given by

σC[0,1](Bn) = {0} ∪
{

n!
(n − k)!

1
nk

: 0 ≤ k ≤ n

}
.

Thus σC[0,1](Bn) ⊂ D ∪ {1} and

γn = sup
{
|λ| : λ ∈ σ(Bn) \ {1}

}
= 1 − 1

n
.

Proof. The (n + 1) eigenvalues of Bn, acting on the finite dimensional space Pn,
were computed in [4]; see also [3,5]. For the spectrum computation in (b), note that
Bn is a compact (even finite rank) operator acting on the infinite dimensional Ba-
nach space C[0, 1]. Therefore 0 ∈ σ(Bn) and every non-zero point of the spectrum
is an eigenvalue. If λ 
= 0 is an eigenvalue of Bn (viewed as an operator on C[0, 1]),
then Bng = λg with g ∈ C[0, 1], g 
= 0. Since Bng is a polynomial of degree at
most n and λ 
= 0, we have g ∈ Pn. Thus λ is a non-zero eigenvalue of Bn, viewed
as an operator on Pn. We apply (a), and the formula for the “spectral gap” γn

follows. In particular, the spectrum of Bn ∈ B(C[0, 1]) is included in D ∪ {1}. �

Note that the condition k(n)(1 − γn) → ∞ of Theorem 2.2 reduces to the
condition (1.3) of Karlin and Ziegler.

Remark 2.4.
(a) If T is positive, then the first condition of Theorem 2.1 (degree of exactness

one) implies the second one (interpolation at endpoints). This follows for
instance from [7, Theorem 3.1].

(b) If T is compact, or even a Fredholm operator, then the closed range condition
is satisfied. Also, it is known (see for instance [18]) that if T is a compact op-
erator with spectrum in D∪{1}, then the sequence of iterates (Tn) converges
in the operator norm. Also, it can be proved that if T verifies supn ‖Tn‖ < ∞,
Im(T − I) is closed and σ(T ) ⊂ D∪{1}, then (Tn) converges in the operator
norm.

Corollary 2.5. Let Tn : C[0, 1] �→ C[0, 1] be a sequence of linear operators such that

(i) Tnf ∈ Pn for all f ∈ C[0, 1] (polynomial operators);
(ii) Ker(Tn − I) = P1 (degree of exactness one);
(iii) [Tn(f)](j) ≥ 0 if f ∈ Cj [0, 1], f (j) ≥ 0, j = 0, 1, . . . , n (shape preserving).

Let (k(n))n≥1 be an increasing sequence of positive integers with limn→∞
k(n)

n =
∞. Then limn→∞ ‖T k(n)

n − L‖ = 0.
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Proof. The condition (iii) implies in particular the positivity of Tn and thus (using
the Remark (2.4a)), Tnf(0) = f(0) and Tnf(1) = f(1). Because of the condition
(i), Tn is a finite rank operator and thus the range of Tn−I is closed. The condition
σ(Tn) ⊂ D ∪ {1} follows from [3], as well as the inequality γn ≤ 1 − 1

n . Therefore

k(n)(1 − γn) ≥ k(n)
n

→ +∞

and we apply Theorem 2.2. �

3. The Proofs

There is a common part to the proofs of Theorems 2.1 and 2.2. Recall that P1 =
span{e0, e1} is the space of all linear functions. Denote

C0,1 =
{
g ∈ C[0, 1] : g(0) = 0, g(1) = 0

}

the closed subspace of C[0, 1] of all functions vanishing at the endpoints of the
interval.
Step 1. The decomposition of the space. Using the above notation, we have the
following decomposition of the space as a topological direct sum

C[0, 1] = P1 ⊕ C0,1 . (3.1)

Indeed, for every complex-valued continuous function f ∈ C[0, 1] we have

f = Lf + f − Lf ,

with Lf ∈ P1 = Ker(T − I) and f − Lf ∈ C0,1. Also, if g ∈ P1 ∩ C0,1, then g is a
linear function vanishing at both endpoints. Therefore P1 ∩ C0,1 = {0}.

Since T preserves linear functions we have T (P1) ⊂ P1. Because of the in-
terpolation at endpoints, we also have T (C0,1) ⊂ C0,1. Hence, with respect to the
decomposition (3.1), the operator T has the following matrix decomposition:

T =
[

I 0
0 A

]
∈ B(P1 ⊕ C0,1) . (3.2)

Indeed, T acts as identity on the space of linear functions. Note also that in the
above decomposition, L = T |P1 is a projection (L2 = L) with Im(L) = P1 =
Ker(T − I) and Ker(L) = C0,1.
Step 2. Properties of A from properties of T . The above matrix decomposition
for T induces several properties of A, the restriction of T to the space C0,1. It is
not difficult to see that the spectra of the two operators are related by

σ(T ) = {1} ∪ σ(A) . (3.3)

Using the spectrum location condition we obtain that σ(A) ⊂ D ∪ {1}.
We now show that Im(A − I) is closed. Indeed, suppose that gk and g are

functions from C0,1 verifying ‖(A − I)gk − g‖∞ → 0, as k tends to infinity. As

T − I =
[

0 0
0 A − I

]
,
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and the range of T −I is closed, we get g ∈ C0,1∩Im(T −I) = Im(A−I). Therefore
Im(A − I) is closed.

The operator A − I is also one-to-one, since (A − I)g = 0 with g ∈ C0,1

implies g ∈ Ker(T − I) ∩ C0,1 = P1 ∩ C0,1 = {0}.
Consider now S : C[0, 1] �→ Im(A− I), S = A− I. Then Im(A− I) ⊂ C0,1 ⊂

C[0, 1] is complete, as a closed set of a Banach space. Also S is onto, and thus an
isomorphism since A is continuous. According to the Banach isomorphism theorem
the inverse operator S−1 is continuous. We obtain

‖(A − I)g‖∞ ≥ δ‖g‖∞ (g ∈ C0,1) (3.4)

with δ = 1
‖S−1‖ .

Step 3. The spectrum of A does not contain 1. Suppose to the contrary that
1 ∈ σ(A). Then A − I is not invertible, but it is injective and with closed range.
Thus Im(A−I) is not dense in C0,1. We obtain the existence of a function h ∈ C0,1

and of a constant ε > 0 such that

‖h − (A − I)g‖∞ ≥ ε (g ∈ C0,1) . (3.5)

On the other hand, the point 1 is in the boundary of σ(A) and thus there exists a
sequence (λn)n≥1 in C with |λn − 1| → 0 and A − λnI invertible. Let

fn =
1

‖(A − λnI)−1h‖∞
(A − λnI)−1h (n ≥ 1) .

Then fn ∈ C0,1, ‖fn‖∞ = 1 and

|λn − 1| = ‖(A − λnI)fn − (A − I)fn‖∞

=
∥∥∥∥

1
‖(A − λnI)−1h‖∞

h − (A − I)fn

∥∥∥∥
∞

=
1

‖(A − λnI)−1h‖∞
∥∥h − (A − I) (‖(A − λnI)−1h‖∞fn)

∥∥
∞

≥ ε

‖(A − λnI)−1h‖∞
(using (3.5)).

Hence
lim

n→∞
‖(A − λnI)−1h‖∞ = +∞ .

Using condition (3.4) we have

δ ≤ ‖(A − I)fn‖∞ (3.6)

≤ ‖(A − λnI)fn − (A − I)fn‖∞ + ‖(A − λnI)fn‖∞ (3.7)

≤ |λn − 1| + ‖h‖
‖(A − λnI)−1h‖∞

. (3.8)

As the last two terms tend to zero, we get a contradiction1. Therefore 1 
∈ σ(A).

1This is a general argument in spectral theory, saying that the boundary of the spectrum is in
the approximate point spectrum.
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Proof of Theorem 2.1. Putting all things together, we obtain that the spectral
radius of A is smaller than 1 and thus the iterates An of A converge to 0 in the
operator norm as n tends to infinity. From the decomposition of T we get that Tn

converges to L, the projection onto Ker(T − I) = span(e0, e1). �

Proof of Theorem 2.2. Let (Tn) be a sequence of bounded linear operators sat-
isfying the conditions of the theorem. With respect to the same decomposition
C[0, 1] = P1 ⊕ C0,1 we have

Tn =
[

I 0
0 An

]
∈ B(P1 ⊕ C0,1) .

Let n ∈ N. As above, we have σ(An) ⊂ D and thus r(An) = γn < 1. Since
r(An) = limm→∞ ‖Am

n ‖1/m, we obtain that ‖Am
n ‖ ≤ Cγm

n , for every m,n ∈ N,
and with a suitable positive constant C. Therefore

‖T k(n)
n − L‖ = ‖Ak(n)

n ‖ ≤ Cγk(n)
n = C exp

{
k(n) log

[
1 − (1 − γn)

]}
.

Using the condition k(n)(1 − γn) → ∞ we obtain the desired result. �

Remark 3.1.
(a) The above proof gives the known estimate

‖Bk(n)
n − L‖ ≤ C

(
1 − 1

n

)k(n)

for the Bernstein polynomials.
(b) The operator-theoretical method described here is also useful for related prob-

lems. For instance, a result similar to Theorem 2.1 can be given for operators
preserving only the constant functions. In this case the limit of the iterates
is of the form f �→ μ(f)e0, for a suitable continuous linear functional μ on
C[0, 1]. This is a generalization of [8, Theorem 2], for instance. We plan to
return to this topic in the future.
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