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UOV&W?RYXZTHP
[]\"^`_+a�bdcQegfihB\kj"fml�_ong^o\<egfi^2pipq^rhYn4j?fq\dcDfqns^r^+tue�b"\"^`ng^opvcQegfihB\

G(x; f, . . . , f (n)) = 0^o\<esng^wb"\"^]xyhY\dz{esfqhY\rfq\dz{hB\"\?b"^
f
^oe)ts^2t
egngcY\dt|xyhYng}~_2^2t
�5cDn�fies_2ngcDesfqhY\�j?^��Op�� cDb"eshY}�hBn|��"�"fvt|}�^9fi\"�d\"fies_2tsfq}�cYp"�

f 7→ d
dxf �"� ^�x�cY�ohY\�cD\dcYpihB�Yb"^�hY\��5^2b?e�to� fi\<eg_ong^2tgt|^2n$cYb�z2cYthY��p�� cDb"eshY}�hBns�"�dfqts}�^)fq\?�d\dfmeg_2tsfi}rcDp5^2t|e&ng^o}��"pvcYz{_O�dcYn�b"\r��_ongfme4cD�"pq^wcDb?eghY}�hYng�"�"fvts}~^

ϕ
j�� b"\�j"hY}rcDfq\"^~^o\

x �;� ^�zocBt�pi^��"pqbdt9t|fq}��"pq^~^oe�pi^rts^ob"p
a�b"^�\"hYb5t�zohY\dtsfvj?_ong^onghY\dtfqzof���^+tue�z{^2pib"f
hB�
x
�DcYnsfq^�j"cY\dt�pqc�ts�"�"�ong^rj?^��wfi^2}rcD\"\��yhBb��"pqbdt9�B_o\"_2ngcYpi^2}~^2\<e]b"\hYb"��^onse�j"^�z{^opqpq^{��z{fwfq\?�DcDngfqcY\<e��dcDn

ϕ
hYb�b"\��B^ong}~^�j?^��BhBfqtsfi\5cD�Y^�j�� b"\��5hBfi\<e��"�?^j?^�z{^oe�cYb?eshB}~hBns�d�"fqts}�^+�~^oe hY�¡j"^��"pqbdt�pZ� cDb?eghY}�hYng�"�"fvt|}�^

ϕ
^+tue`bd\"^��"hB}�hY�Yn4cQ��"�"fq^ ��¢ \�hY�?egfi^2\<e~cYpihBngt�j?^2t�_2a�bdcDesfqhY\dt�xyhY\dz{esfqhY\"\"^2pipq^2t G(x; f, . . . , σnf) = 0

�yhB�p�� hY\�c �.hBts_
σf(x) = f(ϕ(x))

� �0£ hYb5t�\dhYbdt�fi\<eg_ong^2tgt|^2nshB\dtwb"\dfqa�b"^2}~^2\<e�cYb�zocBt]hB�
G(x; y0, . . . , yn)

^+tue�cY\dcDpq¤�esfvaBbd^~^2\�eghYb?eg^2t9pq^2t��DcDngfvcD�"pq^2t�t|bdn�bd\kj"hY}rcDfq\"^~ns_2^op
hYbz{hY}��"pq^{�?^$hYb
p
�¥cBj?fvaBbd^ �I£ hYb5t0�5cDngpi^2nshB\dt0cYpihBngt0j�� _2a�bdcQegfihB\dtw�&cYb?��j?fil._2ns^2\dz{^+t���cD\5cQ�pi¤�esfva�b"^2t ��¦ cDn9z{hB\Q§ub"�BcYfqtshY\��"hY}�hY�BngcY�"�"fva�b"^�tsb"n x hB\�ts^�n4cD}��2\"^�fq}�}�_2j?fvcQeg^o}�^o\<ecDb?� j"^ob?� z2cYtwtsb"fq�DcD\<egt�¨

© ϕ(x) = qx
��hB�

q ∈ C∗
�
C
^2t|erpi^�zohYng�dtrj?^��dcYts^+� ¨
hB\�c�b"\d^�_+a�bdcQegfihB\ªcYb?�

q
�¥j?fil�_ong^o\dzo^2t(«
© ϕ(x) = x+ 1

¨�hY\`c�b"\"^�_2a�bdcQegfihB\`cDb"�rj"fml�_ong^o\dzo^2t��yhB\`j?fieOcYbdtstsf5cYb?��j?fil._2ns^2\dz{^+t�d\"fq^2t4� �� ^��"ng^o}�fq^on]z2cYt]zohYngns^+t|�.hY\5j ¬�b"\d^��"hY}�hB�Yn4cD�"�"fq^ ϕ ¬`j?^ob?���.hYfq\<egt)�"�?^2t�j?fvtuegfi\dz{egt2�pi^�ts^2zohY\dj�¬rbd\"^��"hB}~hB�Yn4cD�"�dfi^
ϕ
¬r�5hBfi\<ew�d�<^�j?hYb"�dpi^ �5� ^�zocYt��Y_o\d_ongfqa�b"^�^+tue�j"hY\dzpi^��"ns^2}�fi^2n&^{eOfqp5^+tue)ngcYfqtshY\"\5cD�"pq^]a�b(� fip�t|hBfme9�y�"fq^o\�a�b"^]}�hYfq\dt)z{pvcYtgt|fva�b"^+�
�"pib5t$tsfi}��"pq^aBbd^�pq^�ts^2z{hB\dj �"£ hYbdtO\"hYes^2nshB\dt

σqf(x) = f(qx)
^oe

τεf(x) = f(x+ ε).

¢ \­ns^oesnghYb"��^®pq^¯z2cYt°j?fil._2ns^2\<esfq^op��dcDn±�r�dcBtstgcD�B^²¬³pqc³pifq}�fmeg^¯zohY\<egfi\?b"^��´hYb�]zohY\?µdbd^o\dzo^w��¨
δq =

σq − 1

q − 1
−→ x

d

dx
,
pqhYn4tsa�b"^

q → 1,

^{e
∆ε =

τε − 1

ε
−→ d

dx
,
pqhYn4tgaBbd^

ε→ 0.

∗ ∗ ∗
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� � _oesbdj"^Oj"^2t0_2a�bdcQegfihB\dtHcDb?� q ��j?fil._2ns^2\dz{^+t0zohY}�}�^o\dzo^)cYb'&�(�)*)+)-,&tsfi�+z{pq^)cD�B^+z�.&b"pi^2nj"cD\dt9pq^`z2cYj?ng^rj?^r�"nghY�"pq�o}�^2t�j?^�j?_o\dhY}~�"ns^2}�^o\<e9^o\�es�"_2hYngfi^rj?^+t�\"hB}��dns^+t~��/�0214365�7
3*5+8:9�;�<>=�1?8@14;�<9� � []\"^�_{e4cD�.^�fi}��.hYnsegcD\<eg^ ^+tue�j?bd^�¬BA]^ofq\"^�a�b"fwfi\<egnsh?j?bdfmerpq^2t

q
�cD\dcYpihB�Yb"^+t`j?^+t`xyhB\dzÑegfihB\dt �?¤��.^ong�Y_2hY}�_{egnsfva�b"^2t`j�� .&b"pi^2n�^{eDC9cDbdtgt�¨Opi^+t`xyhB\dzÑegfihB\dt�?¤��.^ong�Y_2hY}�_{egnsfva�b"^2t��5cYtsfqa�b"^+t`a�b"f9t|hB\<e t|hBpib"esfqhY\dt j�� _+a�bdcQegfihB\dt`cYb?�

q
�¥j?fil�_ong^o\dzo^2tpifq\"_2cYfing^2t�cYpi�B_o�"ngfqa�b"^+t�j?b¡t|^+z{hB\dj hBngj"ns^B�>cY\dcDpqhY�Bb"^2t�j?^+tr_2a�bdcDesfqhY\dtrj"fml�_ong^o\<egfi^2pipq^2t�?¤��.^ong�Y_2hY}�_{egnsfva�b"^2t]z{pvcYtgt|fva�b"^2t~�FE*GIH�J � JB� ��K p>x�cDb"e�zofmeg^on9^o\5t|b"fies^~pq^2t�esn4cQ�DcYb?��j?^>L�cQ�z{hY�dfH¨"ts^2t$xyhB\dzÑegfihB\dt$es��Moegc~^{e�tgc�zo_opq�o�"ng^]xyhBns}~b"pq^�j?b`esngfi�dpi^9�"ngh?j?b"fieH§uhBb"^o\<e)b"\�nFNBpi^z{^o\<egngcYp.jdcD\dtOpvc~es�"_2hYngfi^r�?E+GIH	O?P~^oeQO?R�� �S hB\dtsfqj?_2nshB\dt2�?�dcDnw^o�<^2}��"pi^B�"pvcrt|_2nsfq^9�"fi\dhY}�fqcYpi^B�da�b"^�\"hBbdtw_2zonsfq��hY\dt$fqzof;^2\�b"esfqpifi�tscY\<e)pvc~\"hDe4cQesfqhY\�z{pvcYtgtsfqa�b"^9j?^2t]t|_2nsfq^2t)�?¤<�5^2ns�B_ohB}~_oesngfqa�b"^+t]¨

1F0(α;−;x) =
def

+∞∑

n=0

(α)n
n!

xn,

hY�
(α)n = α(α + 1) · · · (α + n − 1)

^+tue�pq^ ts¤�}~�.hYpq^`j?^ ¦ h<z{�"�dcD}�}�^on � .�pqpq^ ^+tuet|hBpib?egfihB\�j"^�pZ� _2a�bdcQegfihB\�j"fml�_ong^o\<egfi^2pipq^
�UT � V"� T+� (1− x)y′ − αy = 0,z{^�a�b"f(�.^ong}~^oe]j?^�j?_o}�hB\<esng^onOpi^�eg�"_ohBns�2}~^9�"fq\"hB}~fvcDp
¨

1F0(α;−;x) = (1− x)−α.

K p.^o�?fqt|es^�b"\ q �¥cY\dcDpqhY�Bb"^]j?^�z{^oe|eg^�fvj?^o\<egfmeg_~� S cDbdz{�?¤WTYX RZPd��A]^ofq\"^Y�	E*GIH�[\C9�^] V ��T � P2_y� �.�\�^{l�^{e�pvc~ts_ongfq^
1F0(α;−;x)

�.^ob?e`Moesng^��]j?_oxyhYng}�_o^��`j"^�pqc�x�cY�ohY\�t|bdfi�DcY\<es^~¨
1Φ0(a;−; q, x) =

def

+∞∑

n=0

(a; q)n
(q; q)n

xn,

hY��p�� hY\�c~�5h�t|_B�"�5hBb"n
q ∈ C � |q| < 1

^oe
n ∈ N ∪ {∞} ¨

(a; q)n =

n−1∏

i=0

(1− aqi).

S ^{e|eg^�t|_2nsfq^Ox�cDfie��dcYn|egfi^�j?^wpvc�x�cD}�fqpipq^]j?^+t�ts_ongfi^+t>�?¤��.^ong�Y_2hY}�_{egnsfva�b"^2t0�dcBt|fva�b"^2t>fq\<esnghD�j?b"fies^2t&�dcDnaA�^2fi\"^ � S � ^2t|e$b"\d^]j?_{xyhBns}rcDesfqhY\�j?^�pvc��"ng_2zo_2j?^2\<es^w^2\�z{^]ts^o\dt$a�b"^Y��t|f.p�� hY\fi}��.hBts^
a = qα

�<cDpqhYn4t
pq^2t)z{h<^Ib�z{fq^o\<e4t�j?^
1Φ0

eg^o\dj"^o\<e�eg^ong}~^�¬9es^2ns}�^���^on4t�zo^ob?�rj?^
1F0

pqhYn4tsa�b"^
q → 1 �B¦ cYn$cYfipqpi^2b"n4to�B^opqpi^�^2t|e)tshYpqb?esfqhY\ j?^�pZ� _2a�bdcQegfihB\`cDb"� q ��j?fil._2ns^2\dz{^+t�UT � V"� JY� (1− ax)y(qx) − (1− x)y(x) = 0,eshYb"ewzohY}�}�^�pqc�xyhB\dzÑegfihB\ }�_onghY}�hBns�"�d^�j?_o�d\"fq^��dcDn

(ax; q)∞
(x; q)∞

=
def

lim
n→∞

(ax; q)n
(x; q)n

,

z{^�a�b"f(�.^ong}~^oe]j?^�j?_o}�hB\<esng^onOpi^�eg�"_ohBns�2}~^
q
�¥�"fq\"hY}�fvcDp
¨

1Φ0(a;−; q, x) =
(ax; q)∞
(x; q)∞

.

� � fqj?_2^�j?^ ��j"_{xyhYng}rcQegfihB\`�ª�5^2b?eWM{egns^��dns_+z{fvt|_2^�zohY}�}�^�t|bdfme�¨$�5hBb"n |x| < 1
��pvc

GI829�E�365+829
1Φ0(a;−; q, x)

es^2\djk��^on4t9pqccGI8@9�E�3*5+8@9
1F0(α;−;x)

pqhYn4tgaBbd^
q → 1 �>¢ \
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�5^2b?e9cYbdtgt|f0ns^2}�cYnga�b"^2n]a�b"^�pZ� _2a�bdcQegfihB\�xyhY\5zÑesfqhY\d\"^opqpi^��UT � Vd� JB�Ñ�.ns_2_2z{ngfies^�^2\�b?esfqpqfqtgcD\<ep�� hY�._on4cQeg^ob"n
δq
�(eg^o\dj���^on4t�pZ� _2a�bdcQegfihB\ �UT � V"� T+��pqhYn4tgaBbd^ q → 1

�ÇeghYbQ§uhBb"ngt�cD�B^+z
a =

qα
� �0� ^rpqfi^2\��B_o\"_2ngcYp
^o\<esng^�z{^2t�j"^ob?�ª�9zohY\?µ5b"^o\dzo^2t&�ª��j?^2t�_+a�bdcQegfihB\dt�^{e�j?^rpq^ob"n4tt|hBpib?egfihB\dt4�$ts^on4c�^{�?�"pqfqzofmeg_��"pib5tOpihBfi\ �

∗ ∗ ∗��^o�"ng^o\"hB\dtH\"hDegns^O�"ng^{x.�"fvtueghYngfqa�b"^ ��� �"ng�2t L�cYz{hB�"fZ�+hB\�ng^{egnshBb"��^&pq^2t>_2a�bdcDesfqhY\dt>cYb?�
q
�¥j?fil�_ong^o\dzo^2t>zÑ�"^�� ¦ hBfi\dz2cDng_&^oe ¦ fqz2cDn4j��Q�"b"fvt
��cD}rcY\?bQ§|cD\`��zÑx � ^2\��5cDnsesfvz{b"pqfi^2n>pi^�� 8��43�'823 =��48 8��o�{�YC ��� cDegtshY\ �q�q� �"b"fvt;bd\��5^2b��"pqbdt(e4cDn4jr�y^oeHcD�d�dcDng^o}�}�^o\<e(j"cY\dt(pq^$z2cYj?ng^�j?^}~hYesfq�DcQegfihB\dt;cBtsts^��)j?fml�_ong^o\<eg^2t4�(zÑ�d^�� C ��� fqn��<�"hYl~^oe>zo^onsegcDfq\dtHj?^Ot|^+t0_2pi�2�B^+t �Q¢ \�cYb"ngcb"\"^��.hY\"\"^�fqj?_2^�j?^�pZ� �dfqt|eshBfing^�j?b�tsbQ§u^{e+�5j?^�tshY\�fq\<es_on?M{ew^oe�j?^�pZ� cY}��"pi^2b"n]j?b�egngcQ�DcYfipaBb;� fqp"c9t|bdtgz{fies_wcYb~zohYb"n4t>j?^2t�tsfq�2z{pq^2tH^2\�xy^2b"fqpipq^{e4cD\<e>pqc9z{hB\dtsfqj?_2ngcY�"pq^$�"fq�"pqfihB�Yn4cD�"�dfi^Oj?^
[ C9�^] V _ � S ^2zof"_{e4cD\<e+�Dfipd^2t|e$z{pvcDfqn&a�b"^�z{^�es�"�2}~^�c9_{es_]pqcYns�B^o}�^o\<e>hYb"�dpifq_w^{e$c9�dns^+tsa�b"^eshDe4cDpq^o}�^o\<e�j?fqts�dcYnsb�j"b�z{hBb"n4cD\<e]j?hB}~fq\dcY\<e�j?^2t�}rcQeg�"_o}rcQegfqa�b"^+t��5^2\dj"cD\<e�b"\��.hY\j?^o}�fi�¥tsfi�+z{pq^�cD�"ng�2t)pvc��5\�j"^2t�cY\"\"_o^+twa�bdcDn4cD\<eg^ �� c`tsfmegbdcQegfihB\�c`zohY}�}�^o\dzo_�¬`zÑ�5cD\"�B^onwfqp0¤�cr^2\?��fqnghY\�j?fi��cY\dt�^oe�cY�"�dcDng^o}�}�^o\<e�5hBb"n�j?^2t�ngcYfqtshY\dt�egns�+tr�DcDngfi_2^2t2�
j"cD\dt�pq^�zocBj?ng^�j"^�j?fi��^on4t�z{hBb"ngcY\<egt~j?^�ng^2zÑ�"^2ngz{�"^_o}�^ong�Y^2\<egt��yhYb�ng_o_2}~^2ns�B^o\<e4t �q�i� �w¨© q ��z{hB}��dfi\dcDeshBfing^Y� q �¥cY\dcDpqhY�Bb"^2t)j?^2tO�.hYpq¤<\�NY}�^+tOhYnses�"hB�YhY\5cDb?�9«© �d�"_o\"hB}��o\"^+twcDpq_2cQeghYfqns^+tOj?fqtgz{ng^{e4t(«© �BnshBb"�.^2tOa�bdcD\<egfqa�b"^+to�<ng^o�"ng_2ts^o\<e4cQesfqhY\5t(«© �d�?¤<tsfvaBbd^]eg�"_ohBnsfva�b"^r�Çesn4cQ�DcYb?��j"^ � cD�<es^on+�?j?fvtszons_oesfvtscDesfqhY\dt2�?j?_{xyhBns}rcQegfihB\dt �i�q� ��«© cDngfies�"}�_{egfqa�b"^�� q �¥fvj?^o\<egfmeg_2t2�&egngcY\dtszo^o\djdcD\dzo^Y�)^{�?�5hB\"^o\<egfi^2pipq^2t`^o\°zocDn4cYz{es_2nsfvtuegfqa�b"^�5h�t|fiesfq�B^I��«
. . . . . . . . .

K p�¤ c�cDfq\dtsf(cDbQ§uhBb"ngj(� �?b"f�b"\�xyhBfqtshY\"\d^o}�^o\<ewfq}~�dns^+tstsfihB\"\dcY\<e)j?^9egngcQ�DcYb?��^o\�}rcQes�d_{�}�cDesfva�b"^�^{eO�"�?¤?tsfqa�b"^Ox�cYfqtgcD\<e�fq\<es^2ns��^o\"fqn�j?^+t&_+aBb5cQesfqhY\5t&cDb"�
q
��j?fil._2ns^2\dz{^+t]��tshYbd�B^2\<e¬��"pqbdt|fq^obdngt��DcDngfqcY�"pi^+t9^{e~�dcDnsxyhYfvt�\"hB\�pifq\"_+cDfqns^+tg� � K p$^+tue�j?hY\5z�cYtgt|^��r�dcDn4cYj"hQ�"cDp
j?^z{hY\5tue4cQes^2n$a�b"^�pq^9t|bQ§u^oe$}rcD\5aBb5cDfie;§ubdtga�b(� ¬�b"\"^�j"cQeg^�esng�2t&ns_+z{^2\<es^]j?^]xyhY\djdcQesfqhY\5t&tshD�pifvj?^2t2�+} M2}�^)j"cY\dt0pi^)zocYt0pq^$�"pqbdtHt|fq}��"pq^)j?^+t;_+a�bdcQegfihB\dt;pqfq\"_2cYfing^2t;hYn4j?fi\5cDfqns^+t � S ^2z{f�^2t|e^o\�x�cYfmewtsfi}�fqpqcYfing^�¬�z{^9aBbdf�t2� ^2t|e)�dcBtsts_]�.hYbdn$pq^2t)_2a�bdcDesfqhY\dt)j?fil._2ns^2\<esfq^opqpi^+t�hBngj?fq\dcYfing^2tcDb & &�,Otsfi�+z{pq^�¨B^2\<esng^wpqc��d\`j?^+t&cD\d\"_o^+t&a�bdcDn4cD\<eg^O^{e$pq^�j"_o�"b?eOj?^2t$cD\"\d_o^2t$t|hBfm�"cY\<es^{�j?fm��pi^�tsbQ§u^oewxyb?e�z{hB\dtsfqj?_2ns_9z{hB}�}~^�zopih�tO^{e]tgcD\dtO�BngcY\dj fi\<eg_on?M{e�cDb?egns^�a�b(� �"fvtueghYngfqa�b"^��zÑx � �dcDnr^o�?^o}��"pq^�tsc ��j?^o\dtsfies_��.hYb"ng�dcYz{�"fqa�b"^]�ª�dns^+tsa�b"^�\?b"pqpi^I� �&� c�es�"_2hYngfi^�j"^2t_2a�bdcQegfihB\dtwj?fil._2ns^2\<esfq^opqpi^+twhYn4j?fq\dcDfqng^2tOcD\dcYpi¤�egfqa�b"^+t�c�_{eg_�j�� cD�.hYn4j ng^o\dhYb"��^opq_o^��dcDn]pqc�Ons^+j?_2zohYb"��^onses^
�rj?^+t�_+aBb5cQesfqhY\5t&j?bres¤��.^]j?^ �dbdz{�dto�Y�"b"fvt��dcYn$z{^2pipq^�j"^2t�_+a�bdcQegfihB\dt&¬t|fq\"�YbdpqcYnsfies_+t>fingns_2�Yb"pqfq�ong^2tH^{e&j?^�eshYb5t
pi^+t
�"nghY�"pq�o}�^+t
j?f b�zofipq^2t&^{e�\"hB\rns_+t|hBpibdt
a�b(� ^opqpq^2t�5h�tscYfi^2\<e � []\`ng^{eshBb"n$¬�j?^2t$fqj"_o^2t$^2tgts^o\<esfq^opqpq^2t�j?^ � fin!�<�"hDl �y^2\��dcDnsesfvz{bdpifq^on)¬�tshY\`cYn|�esfvz{pq^Oj"^ TY]�T P�tsb"n
pq^wz{_opq�o�dns^O�"nghY�"pq�o}�^wj?^��wfq^o}rcY\"\?� A�fqpi�.^onse [ � fqnYT P�_Ç�>c$§uhBb"_Ob"\�nFNBpi^z{^o\<egngcYp5j"cY\dt)pi^+t)�"nshB�Yng�2t�esng�2t)fi}��.hYnsegcY\<egt
x�cYfme4tO¬�pvc��5\�j?b & &�,�tsfi�+z{pq^�tsb"nOpq^�tsbQ§u^{e �¦ hYb"n�pq^2t&_2a�bdcDesfqhY\dt$cDb?� q �¥j"fml�_ong^o\dzo^2t
pZ� �"fqt|eshBfing^]ts^�ng_o�.�{es^�cQ��^2z)aBbd^opvaBbd^�ns^oegcYngj ��� ¬cDbdtgt|f>pq^�ng^{eghYb"n�¬ � fin!�<�"hDl�c�§uhYb"_�b"\�nFNBpi^�^2tgt|^2\<esfq^op �.£ hYbdt9\dhYbdt��"nghY�.hBtshY\dt�j�� ^{�<��"pifva�b"^on�j"cD\dtwzo^{e�cYn|egfqzopi^�zohY}�}�^o\<ewpqc�ng_2zo^o\<eg^�ng_2tshYpqb?egfihB\�zohY}��"pq�{es^�j(� b"\d^�t|_2nsfq^�j?^aBbd^2t|esfqhY\dt$�5h�t|_2^2t)�dcYn C ��� fqn��<�"hYl�^2\ T ]@R T~�y�.^ob�cQ�DcD\<e�tgc�}�hBn|eÑ�
xyhBb"ns\dfmeOb"\"^9�dcBt|^ngcYfqtshY\"\5cD�"pq^&�.hYb"n
pvc]es�"_2hYngfi^wj?^+t0_+a�bdcQegfihB\dt
cDb?�

q
��j?fil._2ns^2\dz{^+tHpifq\"_2cYfing^2t>cY\dcDpq¤�esfvaBbd^2t^{ewhYb"�<ng^�bd\"^�t|_2nsfq^9j�� fq\<es^2nsnghY��cQegfihB\dt&a�b"^9\"hBbdt)esnghYb"��hY\5t$cBtsts^����dcYtgtsfihB\"\dcD\<eg^2t$�B^2ngt



� �������	����
���
������ ����������������������������� 
�!���"���
�#���$�%
pqc�es�d_ohYngfq^)j?^`C9cYpihBfqt2�Ip�� cDngfies�"}�_{egfqa�b"^B�Qpqc��B_ohY}�_oesngfi^)\"hY\"�¥zohY}�}�b"egcQegfi��^ �q�q�2£ hBbdt>��hYb?�j?nsfqhY\5t&^2\`�dcYn|egfqzob"pifq^onOz{hB\?�DcDfq\dz{ng^Opi^�pq^2zÑeg^ob"nwa�b(� cDb`j"^opv¬�j?^�xyhYng}~b"pi^+t&a�b"^�p�� hY\ �5^2b?eesnghYb"��^on�b"\ �.^ob�j?_+z{hYbdngcY�Y^2cY\<es^+t��Çx�cYb?es^ j�� cD�BhBfin�pi^re4cDpq^o\<e�j?^���cY}rcD\?bQ§|cY\�hBbkj"^2thYb?egfipvtH�5^2n|xyhBns}rcD\<e4t;j?^wz2cDpvz{b"p�xyhYng}�^op�[ S �?¤�]ZXY_Ç�Hts^)j?^+tstsfq\"^$bd\"^wcYtgt|^��(§uhYpqfq^)�B_ohB}~_oesngfi^\"hYb"��^opqpq^]�Yng^{l�_o^�tsb"nwpvc��B_ohB}~_oesngfi^�cYpi�B_o�"ngfqa�b"^9z{pvcYtgtsfqa�b"^ �[]��esh9eg�"^w�"ng^2ts^o\<e>esfq}�^Y�Qeg�"^wes�d^ohYng¤�hYx.pqfi\d^2cDn

q
�¥j?fil�^ong^o\dzo^)^+a�bdcQ�egfihB\dt$�dcYt)pvcD�Y�B^2j�\"hYesfvz{^+cD�"pq¤r�5^2�"fq\dj�eg�"^9t|fvtueg^on$es�"^2hYngfi^+t&hYx;pqfi\"^+cDnj"fml�^ong^o\dzo^�cD\dj�j?fil.^2ns^2\<esfvcDp�^2a�bdcDesfqhY\dt ��K \�es�"^�hB�"fi\dfihB\ hYx;es�d^�cDb?�eghYn4to�5es�d^�bdts^~hDx�eg�"^~z2cD\"hB\"fvzocDp>ts¤<t|es^2}���cBt�xyhBns}~b"pvcQeg^2j�cY�5hD��^9fi\c�ts�.^2z{fvcDp$zocYts^Y�;fqt�j?^2t|esfq\"^2j�egh�zocYnsng¤�es�d^res�"^2hYng¤�hYx

q
��j?fil.^2ns^2\dz{^^+a�bdcQegfihB\dt�esh�c�z{hB}~�5cDn4cD�"pq^�j?^2�Yng^o^�hDxOz{hB}~�dpi^oes^o\d^2tgt � �O�"fvt��"nghD��BngcY}®fq\dz{pqbdj?^+t�fq\��dcDnsesfvz{bdpqcYn 3�� = E482<`/���=�3 = 3���=48@1�� 8UGQE4829
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Z='% 9�=�
 = � �I=�9 365+0������B829(�)� 5�9 3���= E40���=
n = 1 � � ^2z2cDbdts^~hDxOfme4t�^{�<�eg^o\dtsfq�B^2\"^2tgt�eg�"fvtw}rcQes^2nsfvcDp(z2cD\"\dhDew�5^��dns^+t|^2\<es^2j`�"^ong^ �C � ����� fqn!���dhDl�^{e ¦
� . � C�bd^o\<es�d^on+��T ]@R�T

� b�j?^opv¬�j?^�pZ� cBzÑ�"�o��^o}�^2\<e$j?^�z{^��dnshB�Yn4cD}�}�^Y�<�5hBb"n |q| 6= 1
�dts^��.hBts^o\<e�j?^�\dhY}~��"ns^2bdts^2tOa�b"^2t|esfqhY\dtO\5cQesbdns^2pipq^2t � .�\��BhBfqzof�j?^ob?��¨©+* bd^opqpi^r^+tue�pvc�ns^2pqcDesfqhY\�^o\<esng^~pi^+t�fi\?�DcYnsfvcD\<e4t]cYpi�B_o�"ngfqa�b"^+t�^{e�esn4cD\5tszo^o\dj"cY\<egt��9j?^

� fqn!���dhDl � �yfq\?�DcDngfqcY\<egtOpqh<z2cDb?����}rcQegnsfvz{^�j?^�z{hY\d\"^2z{esfqhY\�j"^ � fqn��<�"hYlH� q �-,�esh	�B^+tg�w^{epqc~eg�"_ohBnsfq^�j?^ C9cYpihBfqt�cDb?�
q
�¥j"fml�_ong^o\dzo^2t��U[ �<j ¦ ,�]/.�_Ç�
0`����cD�"�.^opqhY\5t]a�b"^�j"cY\dt�pq^�z2cYtj?fml�_ong^o\<egfi^2p>pqc�a�b"^+tuegfihB\�^+tue�eghDegcYpi^2}�^o\<e9_opqbdz{fvj?_o^�¨0zocDn4cYz{es�2ns^~�BcYpihBfqtsfi^2\�j?^rpvc�}�hD�\"h?j?nshB}�fi^�^{e�j?^2t�}~b"pmegfi�dpifvzocDes^obdngt�j?^1,�esh	�B^+to�$es�"_2hYng�o}�^2t�j?^32�cDngfvt �<fi�¥j?^2\dtsfmeg_�j?^

,?zÑ�"pq^2tsfi\d�Y^on)^{e]�]cD}�fqt [ ��cY}>]ZP�_ � �©&4 cD��es�Zfqp0zohY\?µdbd^o\dzo^�j?^+t
q
�¥fi\?�DcYnsfvcD\<e4t&��^on4twpq^2t�fq\?�DcDngfvcD\<egtOj?fil�_ong^o\<esfq^opvt�a�bdcY\dj�hY\���dcBtsts^�¬~pqc~pqfi}�fies^�z{hB\<esfq\?b"^)�`�.hYb"n

q → 1
j"cD\5twj?^2twzohY\dj?fiesfqhY\5tOngcYfqtshY\"\5cD�"pq^2t �S ^2t�j?^2b?���"nghY�"pq�o}�^+t�t|hB\<e9zohY}��"pq�{es^2}�^o\<e9ns_+t|hBpibdt�jdcD\dt9pq^rzocYt�xyb5zÑ�dtsfi^2\ � � £ hDeshB\dt�dcDn�^o�?^o}��"pq^�a�b"^�j"cY\dt]zo^�zocBt�pvc

q
�Z}�hB\"h?j?nshB}�fi^9pqh<z2cDpq^�^o\

0
hBb ∞ t2� fq\<es^2ns�dns�oes^�¬p�� cDfvj?^9j�� bd\��d�"ng_��"pqcDeOtsb"nOpvc�zohYb"ng�5^�^opqpifq�?egfqa�b"^

C∗/qZ [5,?cDb V JDz?_ � � � c�es�d_ohYngfq^�ng^2t|es^fi\dzohY}��"pq�{eg^9jdcD\dtOpq^�zocBtOfingns_2�Yb"pqfq^on �
∗ ∗ ∗� cD\5t�pvc�j?^2ns\dfi�2ns^ �dcDnsesfq^ j?^�z{^oe�cYn|egfqzopi^B�;\"hBbdt�z{�dcD\"�B^ohB\dt�j?^ �5hBfi\<e�j"^ �<b"^ ^{ej?fingfq�Y^ohB\dt�\"hDegns^rcQeses^2\<esfqhY\���^on4t]j"^2t9�"nghY�"pq�o}�^+t�j"^r\dcQegb"ns^�cDngfies�"}�_{egfqa�b"^ �(� � _{egbdj?^cDngfmeg�"}�_{esfva�b"^&j?^+t0ts_ongfq^2t;tshYpqb?egfihB\dt;j�� _2a�bdcDesfqhY\dt0cDb?�

q
��j?fml�_ong^o\5z{^2t0\(� ^2t|e0�dcBt;zohY}��"pq�{�es^o}�^2\<e>\dhYb"��^opqpi^&«+zo^o�.^o\dj"cY\<e2�Q\"hBbdt>\"^wj?fvt|�.hBtshY\5t0�5cYt
j�� b"\"^Oeg�"_ohBnsfq^wt|¤?t|es_o}rcDesfvaBbd^ �� c�a�b"^2t|esfqhY\�c~_{es_�tshYbdpi^2�B_2^]ng^2z{^2}�}~^2\<e)�5cDn 4 ��� \dj?ng_�j"cY\dt [ � \dj VZV c�_¥��[ � \dj VZV ��_¥�hY���"pqbdtsfi^2b"ngt�a�b"^2t|esfqhY\5t]j"cY\dt�zo^{eses^�j?fing^2z{esfqhY\�ng^2t|es^2\<e�tscY\dt�ng^o�.hY\5t|^ �5� ^+t]ng_2tsb"piegcDegtj?hY\<e)\"hYbdt)�dcYnspq^onghY\5t$cYb O�6�tsfi�B\"fi�d^o\<eOaBb;� b"\�cD\5cDpqhY�Ybd^]\dc87�x0j"^�pvc�es�"_2hYngfi^9j?fil._2ns^2\?�esfq^opqpi^ \"^ j?hB\"\"^`a�b"^�j?^2t�hY�"§u^{egt�esngfi�<fvcDb?� � .�\ cYb?esng^2t�es^ong}�^2t2�;b"\d^�es�d_ohYngfq^`cDngfmeg�?�}~_oesfva�b"^~j"^2t�_2a�bdcQegfihB\dt�cDb?�

q
��j?fml�_ong^o\5z{^�\d^��.^ob?e Moesng^�b"\�t|fq}��"pi^�cD\5cDpqhY�Ybd^�j?^~pqc
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es�"_2hYngfi^�j?fil._2ns^2\<esfq^opqpi^ � [�\�hB�?§u^2z{esfix
ts^on4cDfie�j�� cQ�BhBfin)b"\�zocBj?ng^9jdcD\dtwpq^2a�b"^2p(_{egbdj?fq^on�pqct|_2nsfq^�j"^���hB\<egts^o�<fiegzÑ�
+∞∑

n=0

(1− q)(1− q2) . . . (1− qn)

hYb�j?^2twts_ongfi^+tO�"nghD�B^2\dcD\<e�j?b � 8��43 �'823 =��48 8���j?^���cD}rcY\?bQ§|cD\(�?zohY}�}�^
+∞∑

n=0

qn(n−1)/2

(1 + q) . . . (1 + qn)
·

�>M���S��	�&X�
(XZS
�
£ hYbdt]z{hY\5t|fvj?_ong^onghY\5t$j?^+tO_2a�bdcDesfqhY\dtwcYb?� q ��j?fml�_ong^o\5z{^2tOpqfq\"_2cYfing^2tOj�� hYn4j?ng^ n ¨

�*J � V"� PB� P.f(x) =
def

a0(x)f(qnx) + a1(x)f(qn−1x) + · · ·+ an(x)f(x) = 0,

hY�
P
j?_+t|fq�Y\"^9pZ� hB�5_2ngcDes^2b"n�cDb?�

q
��j?fil._2ns^2\dz{^+t

n∑

i=0

ai σ
n−i
q ,

aBbd^wp�� hY\�tsb"�"�.hBts^Y�YtgcD\5t
�5^2n|eg^]j?^��B_o\"_2ngcYpifies_B�D\"hB\�j"_o�Y_2\"_ong_�¨
a0an 6= 0 �Y� ^+t ai tshY\<e_opq_o}�^o\<e4t0j�� b"\rcD\d\"^2cYb�j?^)xyhY\5zÑesfqhY\5t

K
¨Ixyn4cYz{esfqhY\dt0ngcDesfqhY\"\d^opqpi^+tHtsb"n>b"\rz{hBns�5t0j?^wzohD�^Ib�z{fq^o\<e4t

C
�IxyhB\dzÑegfihB\dt
cD\5cDpq¤Begfqa�b"^+tHhYb~}~_2nshB}�hYng�"�"^2tHtsb"n
b"\�j?hY}rcDfq\"^wz{hB\?�B^2\dcD�dpi^B��BhBfing^]ts_ongfi^+twj?^ � cDbdns^2\<e&xyhYng}�^opqpi^+t �q�q� ^{e�z{^oe]cD\"\"^+cDb ^2t|e�}�b"\df�j"^�pZ� cDb?eghY}�hYng�"�"fvt|}�^

σq
a�b"f��5¬

f(x)
�.cYtgt|h?zofi^

f(qx) �� ^2t~_opq_o}�^2\<egt σq �¥fq\?�DcDngfqcY\<egt�j?^ K ��5+H�= H�pq^2t�tshYpqb?esfqhY\dt�j?^�pZ� _+aBb5cQesfqhY\ σqf = fxyhYng}~^2\<e�b"\ tshYb5tu��cD\"\d^2cDb
Kσq

�HcY�"�5^2pi_�pZ� 0@9 9�=40@; 
 = � E4829��43 0@9 3 = ��j?^
K �H� hYn4tsa�b"^

K
^2t|e]b"\�zohYng�dt2�

Kσq
^2\�^2t|e�b"\�tshYb5tu��z{hBns�dt � S ^�ts^on4c�pq^�zocBt]cYb?�BO Pr^{e OFR5�d^{e�p�� hY\cDb"n4c�cDpqhYn4t

Kσq = C
�dpq^�zohYng�dtwj?^2t�z{h<^Ib�zofi^2\<egt ��K p;^o\�^+tue�j?^�}>Mo}�^�j"cY\dt�pq^2t]j?^ob?�^{�?^o}��"pq^2twtsb"fq�DcD\<egt2��hY��p�� hY\�z{hB\dtsfqj?�2ns^�pq^�z{hYng�dt

K = C(x) �
� ��=I<`/���=WJ � T�H � � _2a�bdcQegfihB\ σqf = f

�5_+a�b"fi�DcYpi^2\<es^�¬�pZ� _2a�bdcQegfihB\
δqf = 0

�.^2t|e]b"\
q
�cD\dcYpihB�Yb"^���^{e0bd\"^$j?_oxyhYng}rcQesfqhY\.��j?^&pZ� _2a�bdcQegfihB\�j?fil._2ns^2\<esfq^opqpi^

x dydx = 0
¨+fqp�t2� cY�Yfie0j�� b"\zocYt��dcDnsesfvz{b"pqfq^on&j?^+t�_+aBb5cQesfqhY\5t��UT � Vd� TI�H^{e�� T � V"� JY�HhY�"es^o\?b�^2\r�5h�tscY\<e>ng^2ts�.^2zÑegfi��^o}�^2\<e

α = 0
^{e
a = 1 �,?f"p�� hY\�t2� fq}��5h�t|^���zohY}�}�^O\"hYbdt>pq^)xy^onghY\dt>cYb?� O?P�^oeaO?R��Hj?^�zÑ�d^on4zÑ�"^on;pi^+t
t|hBpib?egfihB\dtj"cD\dt&pi^�z{hYng�dt M(C∗)

j?^+t
xyhY\5zÑesfqhY\5t�}�_onghY}�hYng�"�"^+t�tsb"n
C∗
�BhB\rhY�?egfi^2\<e��5hBb"n$zohYng�dtj?^2t�z{hB\dt|egcD\<eg^2t�pq^�z{hYng�dt M(C∗)σq

j?^2t�xyhY\5zÑesfqhY\5t�}�_2nshB}~hBns�d�"^2t
σq
�¥fq\?�DcDngfqcY\<es^2t;«z{^opqb"fi�¥zof&t2� fvj?^o\<egfm�5^r\dcQegb"ns^2pipq^o}�^2\<e�cYb z{hYng�dt M(Eq)

j?^2t�xyhY\dz{esfqhY\dt�}�_2nshB}~hBns�d�"^2tt|b"n~pvc�tsb"nsx�cYz{^�j?^��wfq^o}rcD\"\
Eq = C∗/qZ �>¦ cYn�pq^�z{�"hYfi��j�� bd\ �9pqhY��cDngfmeg�"}�^]�

τj"cD\dt�pq^�j?^2}~fi�¥�"pqcY\�j?^ ¦ hYfq\dzocYns_ H �5eg^op
a�b"^ e−2ıπτ = q
��pvc`tsb"n|x�cBz{^

Eq
to� fqj"^o\<esfi�d^¬�pqc�z{hBb"ns�.^�^2pipqfi�"esfvaBbd^

C/ (Z+ Zτ) �>� ^�z{hYng�dt�j"^2t~z{hY\5tue4cD\<es^+t�j?^ pqc�es�"_2hYngfi^�^+tueb"\ z{hBns�5t�j?^ xyhY\dz{esfqhY\dt�^opqpqfi�?egfqa�b"^+t`¨
zo^`\(� ^2t|e~j?hB\dz��5cYt�pi^�z{hBns�dt�j?^2t~z{h<^�brzofi^2\<egt
Kσq = C

�dz{hB\<esn4cDfqns^2}�^o\<e$¬�z{^�a�b"f;ts^9�dcYtgts^��.hYbdnwpi^+tw_2a�bdcDesfqhY\dtOj?fil._2ns^2\<esfq^opqpi^+t � �



� �������	����
���
������ ����������������������������� 
�!���"���
�#���$�%
� ��=I<`/���=>J � J�H ,<hYfq^o\<e a, b, c ∈ C∗ �d� c�ts_ongfi^9�?¤<�.^ong�Y_ohB}�_{esngfvaBbd^ �40��45���; =�¨
�*J � J � T+� 2Φ1(a, b, c; q, x) =

∑

n>0

(a; q−1)n(b; q−1)n
(c; q−1)n(q−1; q−1)n

xn

^2t|e~b"\d^�ts_ongfq^ z{hB\?�B^2ns�B^o\<eg^Y��^{er^opqpq^ ^+tuert|hBpib"esfqhY\ j"^ pZ� _+a�bdcQegfihB\ cDb"�
q
�¥j?fil�_ong^o\dzo^2tpifq\"_2cYfing^�ngcDesfqhY\"\"^2pipq^�j�� hYn4j?ns^

2
¨

�*J � J � JY� σ2
qf − λσqf + µf = 0

cD�B^+z




λ =
(a+ b)x− (1 + c/q)

abx− c/q
µ =

x− 1

abx− c/q
� crts_ongfi^ 2Φ1

c�_{eg_�j?_{�5\"fi^��dcDn`A]^ofq\"^Y�5�"b"fvt�_oesbdj?fq_o^��dcDn]�]cD}rcD\?bQ§|cY\ � S � ^2t|e]b"\ q �cD\dcYpihB�Yb"^~�y^{e�bd\"^�j?_{xyhBns}rcDesfqhY\5�)j?^9pvc~ts_ongfq^��?¤<�.^ong�Y_2hY}�_{egnsfva�b"^ E ��0�� �45���; =�j�� .�b"pq^ons�
C9cDbdtgt9¨
�*J � J � PB� 2F1(α, β, γ;x) =

∑

n>0

(α)n(β)n
(γ)n(1)n

xn.

¢ \�ng^{egnshBb"�B^�z{^oe|eg^�j?^ong\"fq�ong^~�5cDn�pqfi}�fies^�z{hB\<esfq\?b"^��yhYb¡��z{hB\?µdb"^2\dz{^��"�9j?^2t�z{h<^Ib��z{fq^o\<egt>pqhYn4tgaBbd^
q → 1

�BcQ��^2z$pi^+t�z{hB\<esn4cDfq\<es^+t
a = qα, b = qβ

�
c = qγ �<¢ \r��^ongngc��"pqbdtpihBfi\�^o\ a�b"^op$t|^2\dt��"ng_2zofqt9hB\��.^ob"e�x�cDfqns^�zohY\?µdbd^on�pZ� _+aBb5cQesfqhY\�xyhY\5zÑesfqhY\d\"^opqpi^��6J � J � JY�^opqpi^o�Z}>Mo}�^ �B^2ngt�bd\"^`_+aBb5cQesfqhY\ j?fml�_ong^o\<egfi^2pipq^ � S ^o�.^o\5j"cD\<e+�;^o\ ns^2}~�dpqcB�ocD\<e σq �5cDn

1 + (q − 1)δq
^oe�^o\�x�cDfvtscY\<e~��zohY}�}�^rpi^rtsb"�Y�B�ong^�pZ� fq\<esngh?j?bdz{esfqhY\5��z{hB\?µdb"^2n

δq
�B^2ngt

δ = x d
dx

�
pq^�pi^+zÑeg^ob"nrng^{egnshBb"�B^2ngc�tscY\dt~�5^2fi\"^�pZ� _2a�bdcQegfihB\ �?¤<�.^ong�Y_2hY}�_{egnsfva�b"^`z{pvcYt|�t|fva�b"^�¨
�*J � J � R�� δ2y − λ̃δy + µ̃y = 0,

cQ��^2z




λ̃ =
(α+ β)x+ (1− γ)

1− x
µ̃ =

αβx

1− x.

�
J � P�H������
	���
���������������������������� S hY}�}�^)j"cY\dt>pq^Oz2cYt>j?^+t>_2a�bdcQegfihB\dt>j?fil._2ns^2\<esfq^opqpi^+to�p�� _2a�bdcDesfqhY\k�*J � V"� PB�$�.^ong}�^{e�j?^�j?_o�d\"fqnwb"\�t|¤?t|es�o}�^�j?^9n4cD\"� n ¨
�*J � P � T+� σqX = AX,hY�
A ∈ GLn(K)

^2t|e�b"\"^w}rcQegnsfvz{^wfq\?�B^2ngtsfq�"pi^)j?^OxyhY\5zÑesfqhY\5t �D¦ cYn
^{�?^o}��"pq^w^o\��.hBtgcD\<e
X =

(
f
σqf

) jdcD\dt��6J � J � JY�Ñ�?hB\�esnghYb"��^on4cDfie&pq^�t|¤?t|es�o}�^�j?^�}rcQegnsfvz{^�¨
A =

(
0 1
−µ λ

)
∈ GLn(C(x)).

J � R�H �"!#	����%$&�'!#��	(�%
����*)
�,+%	���-��'� ¦ hYb"n�b"\�ts¤?tueg�o}�^�j?fml�_ong^o\<egfi^2p δX = AX
��hY\tscYfme�a�b"^~eshYb"es^~esn4cD\dt|xyhYng}rcQegfihB\�j?^�§|cDb"�B^�pqfq\"_2cYfing^�fq\?��^on4t|fq�"pq^

X = FY
j"_{�d\"fie�b"\\"hYb"��^2cYb ts¤<t|es�2}�^

δY = BY
��hY�

B = −F−1δF + F−1AF � [�\�n4cD�"fvj?^�zocYpqzob"p}~hB\<esng^�aBbd^�pqc�} M2}�^�esn4cD\dt|xyhYng}rcQegfihB\�j"^r§|cDb"�B^�n4cD}��o\"^�pq^�ts¤?tueg�o}�^ �*J � P � TI�rcDbt|¤?t|es�o}�^
σqY = BY

�"hY�
�*J � R � T+� B = (σqF )

−1
AF.
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S ^2z{f;§ubdt|esfi�d^�j"^`j?_{�5\"fin~b"\"^ ns^2pqcDesfqhY\�j�� _2a�b"fq�DcDpq^o\5z{^r^o\<egns^�j"^�es^2pqt~ts¤<t|es�2}�^2t�¨HhY\�dcDngpi^2ngc�j�� _2a�b"fq�DcDpq^o\dzo^��BpihB�dcDpq^��yhYb�n4cQegfihB\"\"^opqpq^+�$t|f
F
^2t|e�¬�z{h<^Ib�z{fq^o\<e4t)ngcDesfqhY\"\"^2pqt2�j�� _+a�b"fi�DcYpi^2\dz{^�pqh<z2cDpq^ �y^o\

0
��tsf�pq^2trzoh�^�b�z{fq^o\<egt�j?^

F
t|hB\<e�cY\dcDpq¤�esfvaBbd^2trj"cY\dt�b"\�BhBfqtsfi\5cD�Y^Hj?^

0
�2j�� _+a�b"fi�DcYpi^2\dz{^HxyhBns}�^opqpq^�t|fBpi^+t(z{h<^Ib�zofi^2\<egt�tshY\<e�j?^2t0t|_2nsfq^2t�j?^ � cDb"ng^o\<exyhYng}~^2pipq^2t � S hB}~}�^�j"cY\dtwpvc~es�"_2hYngfi^�j"^2t�_+a�bdcQegfihB\dtwj?fil._2ns^2\<esfq^opqpi^+to�"bd\ ��pq^o}�}�^�j?b�B^+zÑes^2b"n$zo¤?z{pqfqa�b"^w���?�DcDpvcD�dpi^]tsb"nOb"\�z{hBns�dt)j?^9�dcBt|^�aBbd^opvz{hY\5aBbd^Y�<fi}��"pqfvaBbd^9a�b"^�eshBb?et|¤?t|es�o}�^��*J � P � T+��j?^ n4cD\d� n ^2t|e�_+aBbdfi�DcYpi^2\<e�¬�b"\"^�_2a�bdcDesfqhY\�j�� hYn4j?ng^

n
� [ ,?cYb V V c _j"cD\dt>pq^wzocBt
z{hY}��"pq^{�?^B��[ � � V JYc _d^o\~�Y_2\"_on4cDpÇ� �B¢ \~�5^2b?e&j?hB\dz)fi\dj"fml�_ong^o}�}�^o\<e
�dcYnspq^onj�� _+a�b"fi�DcYpi^2\dz{^��ypqh?zocYpi^9hYb��YpqhY�5cDpq^+�$^o\<egns^9t|¤?t|es�2}~^+tOhYb�_2a�bdcDesfqhY\dt �

J � 6 H�� ��)�������� 	����
q � )�

	���!#����
 ����� � ^+t�tshYpqb?esfqhY\5t�j?b�ts¤?tueg�o}�^��*J � P � TI��tshY\<e�pq^2tfi\?�DcYnsfvcD\<e4twj?^rp�� cD�d�"pifvzocDesfqhY\

X 7→ A−1σqX � S � ^+tue�pZ� cY\dcDpqhY�Bb"^~}�b"piesfq�"pqfqz2cQegfmx$j"^rpqczocDn4cYz{es_2nsfvtscDesfqhY\�j?^+t�tshYpqb?esfqhY\dt>j?brts¤?tueg�o}�^wj?fml�_ong^o\<egfi^2p
δX = AX

z{hY}�}�^w_opq_o}�^2\<egtj?b�\dhD¤�cYb�j�� bd\"^rz{hY\d\"^{�?fqhY\
X 7→ δX − AX ��� cD\5t�z{^�j?^ong\"fq^on�zocBto��pZ� hB�?§u^{e�cDpq�Y_o��"nsfva�b"^�fq\<esngfi\5t|�+aBbd^`a�b"f$}�h?j?_2pifvt|^ pqc�t|fiesb5cQesfqhY\ ^2t|e�pq^`}�h?j?b"pq^ ¬�zohY\"\d^{�?fihB\ hYb�pq^}~h?j?bdpi^�j?fil._2ns^2\<esfq^opOcYtgt|h?z{fq_ �>£ hBbdt�t|hB}�}~^+t�cDfq\dt|fOz{hB\dj?b"fiegt�¬�j?_{�5\"fin�b"\ <c8�
@; ��=

02;8�
q
7 
25 ����1?=�9�E4= �rz{hY}�}�^rb"\ zohYb"�dpi^

(M,Φ)
xyhBns}�_�j�� b"\

K
�¥^2ts�dcBz{^��B^+zÑeghYngfi^2p>j"^j?fi}�^2\dt|fqhY\ª�d\dfi^�^oe j�� b"\¡cDb"eshY}�hBns�"�dfqts}�^

σq
�¥pqfi\"_+cDfqns^�j"^

M
«)cDb?egns^2}�^o\<e�j?fie2�

Φ�B_2nsfi�d^]pq^
q
��cD\dcYpihB�Yb"^�j?^�pqc~ng^opvcQegfihB\�j?^ � ^ofq�"\"fie���¨

∀a ∈ K, x ∈M, Φ(ax) = σq(a)Φ(x).

� pies^ong\dcDesfq�B^2}~^2\<e2�IzD� ^2t|e�b"\r}�h?j?b"pq^�¬9�BcDb5zÑ�"^Oj?^wpihB\"�Ybd^ob"n>�d\dfi^�tsb"n�pZ� cY\"\"^+cDb��y\"hB\?�z{hY}�}~b?egcDesfixg� Dq = K
〈
σq , σ

−1
q

〉 j"^2t�hY�._on4cQes^2b"n4t�cDb"�
q
��j?fil._2ns^2\dz{^+t �>� ^�t|¤?t|es�o}�^�*J � P � T+�(^2t|eHcYfi\dtsf<}�h<j"_opqfqts_&�dcYn0pq^)}~h?j?bdpi^ (Kn,ΦA)

�IhY�
ΦA(X) = A−1σqX

^{eHeshBb?e}~h?j?bdpi^�^2t|e�j?^rz{^{eses^~xyhYng}�^�}~h?j?bdpih�pi^rzÑ�dhYfi��j(� b"\d^~�5cYts^�«�j?^��"pib5to��pZ� _+a�b"fi�DcYpi^2\dz{^^o\<esng^Ot|¤?t|es�o}�^+t�z{hBnsng^2ts�5hB\dj�¬9pZ� fqtshY}�hYng�"�"fvts}~^O^2\<esng^$pq^2t
}�h?j?b"pq^2t&cDb?�
q
�¥j?fil�_ong^o\dzo^2tcYtgt|h?z{fq_2t �"¦ cYnw^{�?^o}��"pq^Y�.^o\��dcYn|e4cD\<e]j?^�pqcr}rcDesngfqzo^�z{hB\dtue4cD\<eg^�fvj?^2\<esfies_ A = In

�.hY\hY�?egfi^2\<e�b"\ <c8�
2; ��= �4029�0��»�(zY� ^+tues�¥¬D�¥j?fqng^�b"\k}�h?j?b"pq^��yfvt|hB}�hYng�"�"^r¬B�
(Kn,Φ)

hB�
Φ^2t|ewj"_{�d\"fq^��dcYnwp�� cYz{esfqhY\�j?^

σq
z{hB}��5h�tscY\<es^��dcDn�zohY}��5h�tscY\<es^ �

J � � H�� !#��� �'��-���� ����� ����! �����'!��������>[]\ j?^+t��db?egt~j?^�pqc�es�"_2hYngfi^�^+tue�pvc�z{pvcYtgtsfm��5zocDesfqhY\ªpih?zocYpi^�^{e��BpihB�dcDpq^�j?^2t�_+aBb5cQesfqhY\5t~¬kzoh�^�b�z{fq^o\<egt~n4cQegfihB\"\"^opvt ��� cY\dt�pi^�z2cYtz{hY}��"pq^{�?^B�0tshYbdt�p�� �?¤<�5hYes�"�+t|^ |q| 6= 1
�0hY\��.^ob?e�ng^o}rcDn4a�b"^on�a�b"^`eshBb?es^�}rcQesngfvz{^

Fj�� _+a�b"fi�DcYpi^2\dz{^�pqh<z2cDpq^9^o\<esng^9j?^ob?� es^2pqt�ts¤?tueg�o}�^2twcBj?}�^{e�cDb"eshY}rcDesfvaBbd^o}�^o\<eOb"\��"nghD�pihB\"�Y^2}~^2\<e)}�_2nshB}~hBns�d�"^�¬
C
^o\��B^2n|egb j?^�pZ� _2a�bdcQegfihB\`xyhB\dzÑegfihB\"\"^2pipq^r�*J � R � T+��¨

F (qx) = A(x)F (x) (B(x))
−1
,aBbdf0�.^ong}�^{e2��fies_2ngcDesfq�B^2}~^2\<e2�dj(� cY�Yn4cD\dj?fqn]pq^�j?fqtga�b"^�j"^~j?_o�d\"fiesfqhY\�j?^

F � S ^~�"�"_o\dhD�}~�2\"^�j?^��dnshB�dcD��cQesfqhY\�j?^�pvc�}~_2nshB}�hYng�"�"fq^�^+tue]z2cDn4cYz{es_ongfvtuegfqa�b"^9j?^2t�_2a�bdcQegfihB\dt�cYb?�
q
�¥j?fil�_ong^o\dzo^2twz{hB}��"pi^o�?^2t2�"}rcDfvt�cDbdtgtsf

p
��cYj?fva�b"^2t2�?^{e]^+tue�^o\�z{hB\<esn4cYt|es^�}�cYnga�b"_�cD�B^+zpqc�es�d_ohYngfq^9j"^2tO_2a�bdcDesfqhY\dtwj"fml�_ong^o\<egfi^2pipq^2t �

��M���� 
����BX �OW 
�RYXZT0P �"R�WdT0P�!OV �5P$W � U �"�#�%$&�QR�'�( �"�*)gV&W,+-�YX �5P-�S

�RYXZT0P)P �.�/�
0 029�� ��=21%3�� �-= 9�82< ��1?= E482<`/���=���=

q
= �43 
 =B<c8�
2; ��=

> 1
=�3��-= �

ai
��829�3 
 = �

GI829�E�365+829���1?0@3*5+8@9 9�= ����= � 
 =���0�	202145+0 � ��= E482<`/��-=���=
x
H�4�5

λ ∈ C∗ � 8@9 9�8@3 =
λqZ = [λ; q]��0

q
7 �6/�5�1 0���=�
25���E�165�3 = {λqn : n ∈ Z} H
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� ^2t t|^2b"pqt��5hBfi\<e4t�fi\?�DcYnsfvcD\<e4t�j?^�pZ� cDb?eghY}�hYng�"�"fvt|}�^ x 7→ qx
tsb"n�pvc t|�"�d�ong^�j?^�wfi^2}rcD\"\

S
t|hB\<e

0
^{e ∞ ^{e$fqpvt�§uhYbd^o\<e�b"\�n?NYpq^�ts¤�}�_oesngfqa�b"^ �B£ hBbdt&cY�5hBngj"^onghY\dt
j?hB\dzp�� _{egbdj?^`pqh?zocYpi^�^2\

0
�>z{^2pipq^�^o\ ∞ t2� ^2\�j?_2j?bdfqtgcD\<e��5cDn�pq^ zÑ�5cD\"�B^o}�^o\<e�j?^��DcYnsfvcD�dpi^

w = 1/x �.� c��"pqb"�dcYn|e�j?^+t]ng_2tsb"piegcQe4t]pqh?zocYb?���BcDn4j?^2\<e�b"\�ts^o\dt~�y^oe�ng^2t|es^2\<e]�DcDpqfvj?^2t4��5hBb"n�j?^2tOhB�5_2ngcDes^2b"ngt)^oe]j?^2tw_+a�bdcQegfihB\dtO¬~zoh<^Ib�z{fq^o\<e4t)cY\dcDpq¤�esfva�b"^2t �
� pZ� hY�._on4cQes^2b"n�cDb"�

q
�¥j"fml�_ong^o\dzo^2t

P
hBb }�fq^ob?���d¬~pZ� _+a�bdcQegfihB\�zohYngns^+t|�.hY\djdcD\<es^

P.f(x) = a0(x)f(qnx) + a1(x)f(qn−1x) + · · ·+ an(x)f(x) = 0,hY\��.^ob?ewcYtgtsh<zofi^2n�b"\ / 8��)� ��829�= 
 = � = � 3 829D=�9
0
��a�b"f�^+tue)p�� ^o\?��^opqhY�"�.^wz{hB\?�B^o�<^wj"cY\dt

R2 j?^
{(i, j) | i = 0, 1, . . . , n, j > v0(ai)}hY�

v0(a)
j?_+t|fq�Y\"^�pqc��DcDpqbdcQegfihB\

x
�¥cBj?fvaBbd^�j?^

a
�<zD� ^2t|e|��¬Q��j?fqns^�tshY\�hBngj"ns^�j�� cD\d\?b"pqcDesfqhY\^o\

0 � S ^`�.hYpq¤<�YhY\d^r^2t|e�fi\?�DcYnsfvcD\<e9�dcYn�_2a�b"fq�DcDpq^o\dzo^rpih?z2cDpq^ �>¢ \ �.^ob"e~cDfq\dtsf$j?_o�d\"fqnpi^~�5hBpi¤<�BhY\"^~j?^ £ ^"!OeghY\�j(� b"\�t|¤?t|es�2}~^B��hYb�j�� b"\�}�h<j"b"pi^�cDb"� q ��j?fil._2ns^2\dz{^+to��cYfi\dtsfaBbd^`t|^+t��.^o\<es^+tr¨>z{^�tshY\<e�pq^2t��.^o\<eg^2t�j"^2t�ts^o�B}�^o\<egt��5\"fqt�a�b"f&�.hYn4j?^o\<e�pq^`zohY\?��^{�?^z{fi�¥j?^+tstsbdt �
¢ \ �dcDngpq^�j?^kt|¤?t|es�2}~^�hYb°j?^�}�h?j?b"pq^ /�;�1rpqhYn4tsa�b(� fip�¤¡c�bd\"^�ts^obdpi^��5^2\<es^�^{ej?^�ts¤?tueg�o}�^�hBb j?^�}~h?j?bdpi^ G ; E�� �45+=I9 �U=I9

0
��pqhYn4tsa�b(� ^opqpq^�^2t|e�j"^��"pqbdt \?b"pqpi^ �)� ^2tt|¤?t|es�o}�^+t�xyb5zÑ�dtsfi^2\dtrt|hB\<e~�dns_+z{fvt|_2}~^2\<e~zo^ob?�ª�5hBb"nrpi^+tsa�b"^2pqt�hB\ �.^ob"e`t|b"�d�5h�t|^2n2��¬_2a�b"fq�DcDpq^o\dzo^�ngcDesfqhY\"\d^opqpi^��"ns�+to�wa�b"^

A(0) ∈ GLn(C)1 � S � ^2t|e�fvz{f9pZ� cY\dcDpqhY�Bb"^�j"^2t_2a�bdcQegfihB\dt
xyb5zÑ�dtsfi^2\"\"^2t$j?^�pqc�es�"_2hYngfi^�j?fml�_ong^o\<egfi^2pipq^Y��j?hY\<e$pi^+t&�.hYfq\<egt)t|fq\"�Bb"pifq^on4t&tshY\<e
16�$� ; � 5+=I1 � [ K \(6 � _¥��[ � cBt � 6Y_;¨Y¬�_2a�b"fq�DcDpq^o\dzo^$n4cQegfihB\"\"^2pipq^O�"ns�+to�Qbd\�ts¤?tueg�o}�^wj?fil._2ns^2\<esfq^op
δX = AX

t|b"�d�5h�t|_�xybdzÑ�5t|fq^o\�^o\
0
t|^2ngcYfme)es^2p;a�b"^

A(0) ∈Mn(C) �
� cªes�"_2hYngfi^�j"^2t�_+aBb5cQesfqhY\5t�cDb?� q

�¥j"fml�_ong^o\dzo^2t�tsb"fie�cDpqhYn4t�cYtgt|^����5j?�opq^o}�^2\<e�pqces�"_2hYngfi^9j?fil._2ns^2\<esfq^opqpi^ � .&\�cYpmeg^ong\dcD\<ewj?^+t)esn4cD\dt|xyhYng}rcQesfqhY\ j?^)§|cDb"�B^9zohY\dt|egcY\<es^+to�<a�b"f�5^2ns}�^{eses^2\<e~j?^�t|^�ngcY}�^o\"^2n�cDb zocYt�hY�
A(0)

^+tue~esngfqcY\"�YbdpqcYfing^`tsb"�5^2nsfq^obdns^B�0^oe�j?^+t�wegngcY\dtuxyhBns}rcDesfqhY\dt�j"^�z{fvtscYfipqpq^o}�^o\<e��k� ����=40@145�9/� 361?0@9�� GI8214<c02365+829��+�Ñ�.zD� ^2t|e|��¬Q��j?fing^�j?^esn4cD\dt|xyhYng}rcQesfqhY\ j?^O§|cDb"�B^�j?^�pqc�xyhBns}�^


Ir1

xIr2
Ir3


 ,

hY�
r1, r2, r3 ∈ N

^oe
r1 + r2 + r3 = n

�
hY\�hB�?esfq^o\<e)b"\�ts¤?tueg�o}�^]\dhY\`ng_2tshY\d\dcD\<e]¨?zo^opvc�tsfi�B\"fm�5^�a�b"^�pi^9a�b"hDegfi^2\<e)j?^9j?^2b?���DcQ�pi^2b"ngt(�"nshB�"ng^2t 
25��4365�9�E�3 = ��j?^

A(0)
\(� ^2t|e;�dcBt�b"\"^��db"fqtgtgcD\dzo^
^o\<esfq�ong^
j?^

q
�ypvc�z{hB\dj?fiesfqhY\cD\dcYpihB�Yb"^��.hYbdn�bd\�ts¤?tueg�o}�^~j"fml�_ong^o\<egfi^2pHts^on4cDfie9a�b"^~pvc j?fil�_ong^o\dzo^~j?^rj?^2b?���DcDpq^obdngt�"nshB�"ng^2tOj?fvtuegfi\dz{es^+tw\"^�t|hBfmew�dcBtOb"\�^o\<egfi^2n4� �

� cD\5t�pq^2t~j?^ob"��eg�"_ohBnsfq^2t2�;pq^2t��DcDpq^obdngt��dnshB�"ns^+t�j?^ A(0)
§uhBb"^o\<e�bd\ n?NYpq^`t|�._2zofqcYp^{e�t|hB\<e�cD�d�5^2pi_2^2t:=��I/�8���029�3 ��j?b°ts¤�es�2}~^ �w� ^2t ^{�?�.hBtgcD\<e4t��y^2\ x�cYfme+�Opi^2b"ngt�zopqcBtsts^2t}~h?j?bdpih

Z
j"cD\dt>pq^�zocBt
j?fil._2ns^2\<esfq^opZ�+}�h?j?b"pqh

qZ
j"cY\dt>\"hDegns^wz2cYt4�0tshY\<e
j?^+t
fi\?�DcYnsfvcD\<e4tfi}��.hYnsegcD\<e4t �d¦ pib5t��B_o\"_2ngcYpi^2}�^o\<e2�dhY\��.^ob?e�cQesegcBzÑ�"^on�¬ zÑ�dcBaBbd^��5^2\<es^�j"b��5hBpi¤<�BhY\"^j?^ £ ^"!OeshB\�b"\"^ � �I; 0@3*5+8@9:E40@1?0ZEI3 �I145��4365��I; = ¨.fip>t2� cY�Yfie�j�� b"\"^~_2a�bdcQegfihB\��5hBpi¤<\"hB}�fqcYpi^j?hY\<e(pq^2t;ngcBz{fq\"^2t�tshY\<e(pq^2ta=��I/�8���029�3 � 0@3*3 0 E�� � �$# E4=�3*3 =�/ =�9 3 = � .�pqpi^+t0ts^ong�B^2\<e.^2\��Y_2\"_on4cDp
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ëQº4È Φ Ã�Ò Φ−1 Ö
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�$�� �����
q
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�� �

¬��"ngh<j"b"fing^�j?^+t�tshYpqb?esfqhY\dt�xyhYng}�^opqpi^+t���zohY}�}�^ cDb O?R�� � ,?cY\dt�tsb"ng�"nsfvts^Y�;j"cY\dt�pq^`z2cYtxybdzÑ�dtsfi^2\(�?z{^+t�t|hBpib"esfqhY\dt$xyhYng}�^opqpi^+twz{hB\?�B^2ns�B^o\<e �
� ��=I<`/���= P � T�H� T+� � � _2a�bdcDesfqhY\®j?fil._2ns^2\<esfq^opqpi^ �UT � V"� T+��^2t|e�xybdzÑ�5t|fq^o\"\d^�^o\ 0

��j(� ^o�<�.hBtgcD\<e
0
^oep�� _2a�bdcDesfqhY\`cYb?�

q
�¥j?fil�_ong^o\dzo^2t��UT � V"� JY��^2t|e&xybdz{�dt|fq^o\d\"^]^2\ 0

j�� ^{�?�.hBtgcD\<e
1
¨<^opqpi^+t$tshY\<e^o\ x�cDfie 16�$� ; � 5 5I1 = ��^o\

0 ��K p�^2\�^+tue]j"^�}>M2}~^�jdcD\dtOpZ� ^o�?^o}��"pq^'J � T ��6JY� � cY\dtwpZ� ^o�?^o}��"pq^ J � J"�?p�� _2a�bdcDesfqhY\�j?fil._2ns^2\<esfq^opqpi^9^2t|ewxybdzÑ�5t|fq^o\"\d^�^2\ 0
�dj�� ^{�?�.hD�tscY\<egt

0
^oe

1− γ ^oewp�� _2a�bdcDesfqhY\�cDb?� q ��j?fil._2ns^2\dz{^+t)^2t|e)xyb5zÑ�dtsfi^2\"\"^�^o\ 0
j�� ^{�?�.hBtgcD\<e4t

1
^{e
q/c �?¢ \r�.^ob"eOj?^�}>Mo}�^����dcDn)pi^�zÑ�dcY\"�Y^2}~^2\<e>j"^]�DcDngfvcD�"pq^2t

z = 1/x
��zohY\dt|egcDes^2naBb;� ^2pipq^2twtshY\<e)xybdzÑ�dtsfq^o\"\"^+tO¬�pZ� fi\?�5\"f$��^{�?�5h�tscY\<egt$ns^+t|�.^2z{esfix�t�¨

α
�
β
^{e
a
�
b
� �

� ��������� �����>[ ,?cYb V V c _�� 82;�1 ;�9 �����43 5I<c=�G ; E�� �45+=I9
σqX = AX

9�829:1 � ��829�9�0@9 3#�
5���=��Z5��43 = ;�9�= ;�9 5���; = 361?0@9�� GI8214<c02365+829!
 =	��02;8��= GI8@14<>= ����= 3 029/��=�9 3 =�# ��
 5'
 =�9 365�3 �
�

F (x) = In + xF1 + · · · ,
3 = ����= ��; =

(σqF )
−1
AF = A(0)

H 0 =^/�� ; � = ����= = �43 E48@9
	2=I1 �Z=�9 3 = �-
Z829�E`/�1?8���829 �Z=40	� ��=
=I9D;�9�= <c0236145+E4= < �I1 82<c8216/
��= �4;�1

C
� H

� ^2t~z{h<^Ib�zofi^2\<egt�j"^`pvc�}rcQegnsfvz{^ F (x)
t|hB\<e�z{hB\dt|esngb"fme4t�fq\dj?b5zÑesfq��^o}�^o\<e�¬��dcDnsesfqnj?^9pqc�ng^opvcQegfihB\

AF = (σqF )A(0) ��K p(to� ^o\5t|b"fie]a�b(� b"\"^�}rcQegnsfvz{^ Y j?^�n4cD\"�~}rcQ�?fi}rcYp�B_2nsfi�d^]pZ� _2a�bdcQegfihB\
σqY = A(0)Y

t|f�^oewts^obdpi^2}~^2\<eOtsf�pvc�}rcQegnsfvz{^
X = FY

^2t|e�t|hBpib?�esfqhY\�j?b�ts¤?tueg�o}�^
σqX = AX � S ^�pq^o}�}�^��.^ong}~^oe�j?hB\dz�j?^�n4cD}�^2\"^on�pvc�ng_2tshYpqb?esfqhY\j?^2t�ts¤<t|es�2}�^2t�xybdzÑ�dtsfq^o\dt~¬�zo^opqpi^�j?^+trt|¤?t|es�o}�^+t�¬�z{h<^Ib�zofi^2\<egt~z{hY\5tue4cD\<egt � .�\ x�cYfme+�cYtgt|h?z{fq_�cDb"�rzohY\dtsfvj?_on4cQegfihB\dt
�"ng_2zo_2j?^2\<es^2t2�Dfqp5�.^ong}�^{e)x�cYzofipq^o}�^o\<e)j?^�j?_2}�hY\<esng^on�a�b"^B�z{hY}�}�^��.hYbdn�pq^2t�_2a�bdcDesfqhY\dt�j?fil._2ns^2\<esfq^opqpi^+to� 3 82;�3 ����� 3 5�<>= G ; E�� �45+=�9 = �43 �-8 E40���=�<>=�9 3

� �I;�5�	20���=�9 3 #c;�9 �����43 5I<c= # E48�='" EI5+=�9 3 � E48@9��43 029 3 � �
£ hYbdt�\"hBbdt�t|hB}~}�^+t�j?hB\dz��5\dcDpq^o}�^o\<e�ngcY}�^o\"_+t�¬`ns^+t|hBbdj?ng^�b"\�ts¤?tueg�o}�^�cYb?� q �j?fml�^ong^o\5z{^2t

σqX = AX
# E48�='" E�5+=I9�3 � E4829�� 3 029�3 �Ñ��5+H�= H.es^2p0a�b"^

A ∈ GLn(C) �d¦ hBb"nz{^~x�cDfqns^B��_2zonsfq�BhB\dt
A = DU

pvc�j?_+z{hY}��.hBtsfmegfihB\�j"^ � b"\"xyhYn4j�}~b"piesfq�"pqfqz2cQesfq��^�j?^ A �cDb?egns^2}~^2\<eHj?fie2�
D
^2t|e
t|^2}~fi��t|fq}��"pi^B�

U
^+tue>b"\"fq�5hYes^2\<es^O^{e>^opqpi^+t
z{hB}~}~b?eg^o\<e �YK p"t|b�b~e+��5hBb"n�z{hY\5z{pqb"ns^B�(j?^rz{hB\dtuegnsbdfing^�j?^2b?��}rcQegnsfvz{^+t

eq,D
^oe
eq,U

a�b"f�zohY}�}~b?es^2\<e�^o\<egns^^opqpi^+t�^{e�cQ��^2z
D
^{e
U
^{e�eg^opqpi^+t�a�b"^

σqeq,D = Deq,D
�
σqeq,U = Ueq,U

¨;^2\ x�cDfie
eq,A = eq,Deq,U

^+tue�cYpihBngt�b"\d^�t|hBpib?egfihB\ j?^
σqX = AX �(� ^rpq^2z{es^obdn�^2t|e�fi\?�<fies_r¬^2tgtscQ¤�^on&pi^+twzocYtOpq^2tO�dpibdt]t|fq}��"pi^+twj"cD\5t�zÑ�dcBaBbd^�z{pvcYtgts^~¨

� T+��,<f
A = D

^{e
n = 1

�
A
^+tuerb"\d^�zohY\dt|egcY\<es^

c ∈ C∗ ^{e�pZ� hY\ª�B^2b?e�tgcQ��hYfqnns_+t|hBbdj?ng^�pZ� _+a�bdcQegfihB\
σqf = cf ��6JY��,<f

A = U
^+tue�b"\dfi�.hDeg^o\<es^�j?^�n4cD\d�

2
�?hB\ �.^ob"e]�"ng^o\dj?ng^��dcDnw^o�<^2}��"pi^r¨

A =

(
1 1
0 1

)
,

^{ewp�� hY\���hYfieOa�b(� fqp�x�cDb?e]tgcQ��hYfqn�ng_2tshYbdj?ng^�p�� _2a�bdcDesfqhY\
σqf = f + 1 �S ^opvc��.^ob"e]t|^�x�cDfqng^9¬�pZ� cDfvj?^�j?^�pqc�xyhB\dzÑegfihB\`eg��M{e4crj?^ LBcBz{hB�"f>¨

θq(x) =
∑

n∈Z
q−n(n−1)/2xn.
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� c xyhY\dz{esfqhY\ θq
^2t|e�j?hY\dz��"hBpihB}~hBns�d�"^�tsb"n

C∗ � .�pqpq^���_ongfi�d^�j?^��"pqbdt�pZ� _+aBb5cQesfqhY\xyhY\dz{esfqhY\"\"^2pipq^�¨
θq(qx) = qxθq(x).

S ^{e|eg^r_2a�bdcDesfqhY\(�(a�b"f&t2� _2z{ngfie
σqf = qxf

�(\(� ^2t|e��dcYt�xyb5zÑ�dtsfi^2\"\"^�¨(^opqpq^�c�b"\"^�ts^ob"pq^�5^2\<es^Y�5aBbdf0�DcYb?e
1 ��¢ \��5^2b?e�j?hB\dz�zohY\dtsfqj"_ong^on θq zohY}�}�^�p�� b"\�j?^+t q ��cD\dcYpihB�Yb"^+twj?^p�� ^{�?�.hY\"^2\<esfq^opqpi^B�BzocYn)zo^opqpi^o�¥zof5��_ongfi�d^wp�� _2a�bdcDesfqhY\`j"fml�_ong^o\<egfi^2pipq^

δy = xy
a�b"f.\(� ^+tueO�dcBtxybdzÑ�dtsfi^2\"\"^~^o\

0
��hB��^2pipq^rc��5hBb"n�t|^2b"pq^~�.^o\<eg^

1 �(� � cDpq�YhBnsfies�"}�^~^2t|e�}�cYfi\<eg^o\dcY\<e�pq^t|b"fq�DcD\<e�¨
� T+��,<hYfie

D = P
j?fvcD�

(c1, · · · , cn)P−1 ��¦ hYb"n9zÑ�dcBaBbd^�^{�?�.hBtgcD\<e ci �(zD� ^2t|e|��¬Q��j?fqns^zÑ�dcYa�b"^��DcDpq^ob"n)�"nghY�"ng^9j?^
A
�"pZ� _+a�bdcQegfihB\

σqf = cif
^2t|eOxybdzÑ�dtsfq^o\"\"^B�?j�� ^o�?�5h�tscY\<e

ci �.�pipq^�cYj"}~^oew�5hBb"n]tshYpqb?esfqhY\�\"hY\ esngfq��fvcDpq^9pi^��
q
��zocDn4cYz{es�2ns^$�

eq,ci(x) =
θq(−x)

θq(−c−1
i x)

.

,<hY\�cD\dcYpihB�Yb"^9j?fil._2ns^2\<esfq^op�^2t|e�pvc~tshYpqb?egfihB\
xγ

j?^9p�� _2a�bdcDesfqhY\�j?fil._2ns^2\<esfq^opqpi^
δf = γf�ÇxybdzÑ�5t|fq^o\"\d^�j�� ^o�?�5h�tscY\<e

γ
��¨$pqc j?fil�_ong^o\dzo^�^2tgt|^2\<esfq^opqpi^�_oegcD\<e�a�b"^�zo^{e|eg^�j?^2ns\"fq�ong^^2t|e`^o\¡�B_o\"_2ngcYp�n4cD}�fm�5_o^ �w¢ \¡hY�"esfq^o\<e�b"\"^�t|hBpib"esfqhY\¡j?^

σqX = DX
^o\¡�.hBtgcD\<e

eq,D = P
j?fvcD�

(eq,c1 , · · · , eq,cn)P−1 ��¢ \ �B_2nsfi�d^�cYfqts_o}�^o\<e�a�b"^�z{^{eses^�}rcDesngfqzo^�\"^j?_o�.^o\dj��dcBtwj?b�zÑ�"hBfm��j?^�pvc�j?fqcY�YhB\dcDpqfqtgcQegfihB\ j?^
D ��6JY��,<hYfie

U = In +N
��j?hY\dz

N
^2t|e]b"\"^�}rcQesngfvz{^�\"fqpq�5hYes^o\<eg^+� ��¢ \��.hBts^ eq,U =

U lq = exp(lq log(In +N))
��aBbdf(^2t|e]j?hY\5z�bd\��.hYpq¤<\�NY}�^9^o\

N
^{e�^2\

U
�{�"hY�

lq
^2t|et|hBpib?egfihB\�j"^

σqf = f + 1 �"£ hYb5tO�"ns^2\dj?nghY\dtO�.hYbdn lq pi^�� q �¥pihB�BcDngfies�"}�^)��¨
lq(x) = −xθ

′
q(−x)

θq(−x)
.

,<hY\�cD\dcYpihB�Yb"^�z{pvcYtgt|fva�b"^�^2t|e�pqc~t|hBpib"esfqhY\
log x

j?^9pZ� _+a�bdcQegfihB\�j?fil�_ong^o\<esfq^opqpq^
δf = 1 �S �dcYzob"\"^�j?^+t�_2a�bdcDesfqhY\dt

σqf − f = 1
^oe
δf = 1

^2t|e�b"\"^��DcYnsfvcD\<eg^�\"hB\��"hY}�hB�Y�o\d^j�� bd\"^r_2a�bdcDesfqhY\�pifq\"_2cYfing^rj�� hYn4j?ns^
2
�(xybdzÑ�dtsfi^2\"\"^B�(j�� ^o�?�5h�tscY\<e9j?hBb"�"pq^

1
��zocBt�j�� bd\"^_2a�bdcQegfihB\�cYb?�

q
��j?fil._2ns^2\dz{^+tg�$hYb

0
��zocBtwj�� b"\"^�_2a�bdcDesfqhY\�j?fil._2ns^2\<esfq^opqpi^I� �

� ^2t��"ng^o}�fq^on4t�cYb?es^2b"ngt~� � j"cD}rt2� � fqn��<�"hYlH� S cDng}�fqzÑ�5cD^op �q�i� �Ob?egfipqfqtgcDfq^o\<e9j�� cDfqpipq^ob"n4t�5hBb"n
q
��zocYngcBzÑes�2ns^+t
^{e

q
�ZpqhY��cDngfmeg�"}�^�j?^2t&xyhY\dz{esfqhY\dt$n4cD}�fm�5_o^2t&^{e)�5hBb"�DcDfq^o\<e�ng_2tshYbdj"ns^pi^kt|¤?t|es�2}~^�¬ zoh�^�b�z{fq^o\<egt�z{hB\dt|egcD\<e4t

σqX = AX
^2\ �.hBtgcD\<e

X = xlogq A
�OhY�

logq A
^2t|e&b"\"^�}�cDesngfqzo^�zohY\dt|egcY\<es^Oes^2pipq^�a�b"^

qlogq A = A �?£ hDegns^]}�cDesngfqzo^ eq,A \(� ^2t|e�dcYt9n4cD}�fi�d_o^B��}�cYfqt9^2pipq^r^2t|e�}�_onghY}�hYng�"�"^�tsb"n
C∗

¨;zY� ^+tue�z{^oe|eg^��"nghY�"ngfi_oes_B�.^oe��"pqbdt�"ns_+z{fvt|_2}�^o\<e$pq^�z{hB\<esn?NYpq^�j?^�tshY\�pifq^ob�t|fq\"�Bb"pifq^on+�"a�b"f�\"hBbdtO�5^2ns}�^oe|esn4c~j�� hB�?es^2\"fqnwb"\"^�5hB\"\"^�zocYngcBzÑeg_ongfqtgcQegfihB\�j?b��"�"_2\"hY}��o\d^�j?^�z{hB\?µdb"^2\dz{^ �D¦ hYb"n
zohY\dzopib"ng^Y�Qng^o��^o\dhY\dt>cDbzocYt)�B_o\"_2ngcYp
¨
� �����'!#��� � � � � ����82;�3 �����43 5�<>=

σqX = AX
G ; E�� �45+=�9 =I9

0
0 
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X = Meq,A(0)
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ðgð
� �"�.^opqhY\dt�t|fq\"�YbdpqcYnsfies_+t�j?^�pvc�t|hBpib"esfqhY\�xyhY\djdcD}�^o\<e4cDpq^ X pq^2t���NBpi^+t�j?^

X
^oe�j?^z{^ob"� j?^�tshY\�fi\?��^on4t|^

X−1 � .�\��B^2n|egb j?^�pvc�xyhYng}�b"pq^9j?b�esngfi�"pq^9�"ngh<j"b"fme]j"^ LBcBz{hY�dfH¨
θq(x) = (q−1; q−1)∞(−x; q−1)∞(−q

−1

x
; q−1)∞,hY��hY\�c��.hBts_

(a; q−1)∞ =
∏
n>0(1− q−na)

�deshYb5t�pq^2t �2_onghBt�j?^
θq
t|hB\<ewj"^2t �2_onghBtt|fq}��"pi^+tw^{e�t|hB\<ewtsfiesb"_+t�t|bdn]pvcrt|�"fqn4cDpq^9j"fqtgz{ng�{eg^

[−1; q] ��¢ \�^o\�j?_2j"b"fme9cDfvt|_2}�^o\<ewpi^+t�o_onghBtH^oe&pi^+t>��NBpi^+t�j?^
eq,c

cDfq\dtsfda�b"^wpi^+t>��NBpi^+t�j?^
lq �Y� ^+t�t|fq\"�Bb"pqcYnsfies_+t>j?^ eq,A(0)

t2� hBn|��BcD\dfqts^o\<e;^2\
q
��ts�"fin4cDpq^2tHj?fvtszons�oes^+t

[c; q]
���5hBb"n�zÑ�dcBaBbd^�^{�?�.hBtgcD\<e

c
�;�dpibdt2�Dtsf

A(0) \(� ^2t|e�dcYt�t|^2}~fi��t|fq}��"pi^B�5pvc
q
��ts�"fin4cDpq^�j?fvtgz{ng�{es^

[1; q] �.� ^2t�t|fq\"�YbdpqcYnsfies_+t]j?^ M to� hYng�BcY\"fqts^o\<e^o\�j?^2}�fm�
q
�¥ts�"fqngcYpi^+t�j?fvtszons�oes^+t

aqN
zocYbdts_o^2t]�dcDn�pi^+t�tsfq\"�Yb"pvcDngfies_2t]j?^

A
�.^2\���^onsesb�j?^p�� _2a�bdcDesfqhY\ xyhY\dz{esfqhY\"\"^2pipq^

σqM = σq(Meq,A(0)e−1
q,A(0)) = AM

(
A(0)

)−1

.

[]\"^�t|hBpib"esfqhY\���}�cDesngfqzofi^2pipq^+��xyhY\5j"cD}�^o\<e4cDpq^
X
cQ¤<cD\<e
cDfq\dtsf�_{es_�hY�"es^o\?bd^Y��pi^+t$tshYpqb?�esfqhY\dtO�y��^2z{eshBnsfq^opqpi^+tg�(}�_onghY}�hYng�"�"^+t0tsb"n

C∗
tshY\<eHcYpihBngt0eghYb?eg^2t>j?^Opqc�xyhBns}�^

XV
�QhB�

V^2t|eObd\ ��^2z{es^obdn$}�_onghY}�hBns�"�d^
q
��z{hY\5tue4cD\<e2�<zD� ^2t|e|��¬Q��j?fqns^�¬�z{h<^Ib�z{fq^o\<e4t$jdcD\dt M(Eq)

�j�� cY�"ng�2t�p�� ^{�?^o}��"pq^cJ � T ��K p>\"^rt|^2ngcYfme��dcYt9j?f�b�z{fqpi^�j�� ^{�?�"pqhYfies^on�zo^2t9t|hBpib"esfqhY\dt�pih?z2cDpq^2t�5hBb"nwz{pvcYtgt|fi�d^on$pi^+twt|¤?t|es�2}~^+t�xyb5zÑ�dtsfi^2\dto��}rcDfvt)b"\"^�j?^2tgz{ngfq�?esfqhY\��dpibdtOfq\<esngfq\dt|�+a�b"^�^2t|e�5h�tstsfi�dpi^ ��]cD�"�.^opqhY\dt;aBbd^Y�oj"cY\dt�pq^&zocBt�j?^2t;_2a�bdcDesfqhY\dt�j?fil�_ong^o\<esfq^opqpq^2t2�ÑpqcwzopqcBtstsfm�.zocQegfihB\�pqh?zocYpi^j?^2t0t|¤?t|es�o}�^+t�xybdzÑ�dtsfq^o\dt�^2\
0
�y�dcYn;^o�<^2}��"pi^I��^2t|e(eghDegcYpi^2}�^o\<e;ts�5_+z{fi�d_o^��5cDn(pvcw}rcQegnsfvz{^j?^$}�hB\"h?j?nshB}�fi^Oj�� b"\"^Ot|hBpib?egfihB\�xyhB\dj"cD}�^2\<egcDpq^&pqhYn4tHj�� bd\��"nghYpqhY\d�Y^o}�^2\<e0cD\dcYpi¤�egfqa�b"^pi^OpqhY\"��j�� b"\~�5^oesfie&pqcBz{^oe>^2\<eshBb"ngcY\<e;pvc�tsfq\"�Yb"pvcDngfies_

0 �D� c�}rcQegnsfvz{^wj?^O}�hY\"h?j?nghY}�fq^wt|^zocDpvz{bdpi^�j�� cYfipqpq^ob"n4t$¬��dcDnsesfqnOj?^
A(0) � C�_o\"_2nsfva�b"^o}�^o\<e9��tsf A(0)

^2t|ewt|^2}~fi��t|fq}��"pi^I��pq^2t^{�?�5h�tscY\<egt)xyhBns}�^o\<ewb"\�t|¤?t|es�o}�^�zohY}��"pq^{e�j(� fq\?�DcDngfqcY\<egt$pih?z2cDb?� �d� cD\dt�eshBbdt�pq^2t�zocYt2�p�� hY�?§u^oe��Y_2hY}�_{egnsfva�b"^wt|hBbdtu�q§|cYzo^o\<eH^2t|e&pi^w�B^ong}�^
(C∗, 0)

¨Bzo^�t|hB\<eHpq^2t�ns^2�"ns_+t|^2\<egcDesfqhY\dtj?^�t|hB\ �BnshBb"�5^�xyhB\dj"cD}�^2\<egcDp�a�b"f(fq\<es^2ns�<fq^o\"\d^o\<e �
¦ hBb"n)pi^+t q �¥j?fil�_ong^o\dzo^2t2��bd\"^�es^opqpq^9j"^2tgz{ngfi�?egfihB\`�B_ohY}�_oesngfqa�b"^�^2t|eO^2\dz{hBns^��.hBtgt|fq�"pq^ ��w^o}rcDn4a�b"hY\5t`j�� cD�.hYn4j a�b"^�eshBb?e�t|¤?t|es�o}�^�^2t|e�pqh?zocYpi^2}~^2\<e _+aBbdfi�DcYpi^2\<e ¬ bd\ ts¤<t|�es�o}�^]¬�zoh<^Ib�z{fq^o\<e4t
z{hY\5tue4cD\<egtw��zD� ^2t|e&pq^]z{hB\<es^o\?b~j?brpq^o}�}�^`P � JY� �D¦ hYb"n
bd\"^�}rcQegnsfvz{^z{hY\5tue4cD\<es^

A ∈ GLn(C)
�Bpq^]ts¤?tueg�o}�^��*J � P � TI�H�5^2b?e)t2� fi\<eg^ong�"ns_oes^2n>zohY}�}�^]j?_o�d\"fvtstgcD\<eb"\"^ ts^2z{esfqhY\ _2a�b"fq�DcDngfqcY\<es^rj?b��5�"ns_ �B^+zÑeghYngfi^2p
esngfi�<fvcDpOj?^�ngcY\"�

n
tsb"n

C∗ �>¦ ng_2z{fvts_{�}~^2\<e2�.^o\�a�b"hYesfq^o\<e4cD\<e
C∗ × Cn �dcYn]pvc�ng^opvcQesfqhY\�j�� _+a�b"fi�DcYpi^2\dz{^�^o\"�B^o\dj?ng_o^��dcDn�pq^2tns^2pqcDesfqhY\dt

(x,X) ∼ (qx,AX)
��hY\ z{hY\5tuegnsb"fie$bd\��d�"ng_]��^2z{eshBnsfq^op?�"hBpihB}�hYng�"�"^

FA
tsb"npqc�z{hBb"ng�5^9^opqpqfi�?egfqa�b"^

Eq �
� �����'!#��� ������� ����9 8 ��365+=I9�3�0@5�9��45 ;�9�= ��5 ��=4EI365+829 =�9 361?= �-= � E ��0�� ��= � 
 
 � ��;�5�	�0���=I9�E4=
��8�E40���= 
 =������ 3 5�<>= � 1?02365+829�9�= � ��G ; E�� � 5+=�9�� =�9

0
=I3 ��= �`E ��0 � �I= � 
 
 5���8@<>8@16/ ��5+= 
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	�=4E�3 8@145+= � � � 8���8@<>8@16/ ��= �^/ ��023 � �4;�1
Eq

H
� =�<>0@1 ��; = P � 6 H � ckz{hBnsng^2ts�5hB\dj"cY\dz{^�j?^ � ^2fip [ � P X2_�j?fie`aBbd^�zo^2trj?^2ns\dfi�2ns^+t~tshY\<e^o\`�df §u^+zÑesfqhY\�cQ��^2zwpq^2tOzopqcBtsts^2tOj?^�ns^2�"ng_2ts^o\<egcDesfqhY\dt$j?b��YnghYb"�.^]xyhB\dj"cY}~^2\<egcYp

π1(Eq)
�}�cYfqt�fip?x�cYb?e&�"ng^o\5j?ns^w��cDn4j?^wa�b"^wp�� _2a�b"fq�DcDpq^o\5z{^O^o\<egns^Ong^o�"ng_2ts^o\<e4cQesfqhY\5t0zohY\dtsfqj"_ong_o^Ofqzof\(� ^+tue$�dcYt&pqc�tsfq}~fqpqfmegbdj?^�¬�z{h<^Ib�z{fq^o\<e4t�z{hB\dt|egcD\<e4t �B¢ \r�.^ob"e)j?_2}~hB\<esng^on�a�b"^�pvc��"f §u^2z{�esfqhY\`zofm��j?^2tgtsbdt&�dnshD�<fq^o\<e
^o\`x�cDfieOj(� b"\d^�_+aBbdfi�DcYpi^2\dz{^�^2\<esng^]zocDes_2�YhYngfq^2t>e4cD\"\dc �<fi^2\"\"^2t �
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� �������	����
���
������ ����������������������������� 
�!���"���
�#���$�%
S ^opqpi^o�¥zof�xyhYb"ng\"fieObd\"^�fi\<eg^ong�"ng_{egcDesfqhY\��B_ohB}~_oesngfqa�b"^�pqfi}��"fvj?^�j?^�pvc�es�"_2hYngfi^�j?^ C9cDpqhYfvtpih?zocYpi^�j?^2t&_2a�bdcQegfihB\dt
xyb5zÑ�dtsfi^2\"\"^2t2�YcQ��^2z)b"\d^]\"hYesfqhY\�j?^��YnghYb"�.h87¥j?^�j?^�}�hB\"h?j?nshB}�fi^^{e�b"\keg�"_ohBns�2}�^�j?^`j?^2\dt|fies_�j?^re|¤<�.^&,?zÑ�"pq^2tsfq\"�Y^2n [5,?cYb V JYz _ � S ^{eses^�fq\<es^2ns�"ng_{e4cQegfihB\�5^2b?e]j�� cDfqpipq^ob"n4t�M{egns^9�.hYb"n4tsb"fi�<fq^�j"cD\dtOpq^�zocBt)�YpqhY�dcYp���zÑx � 5�9YG 1?0�pvc�ns^2}rcDn4aBbd^QP � ]�� �
� ����� 
 ��� ����� ��� ������
 ������� � �������������

£ hYbdt$��hYbdj?ngfqhY\dt�j"hY\"\"^2n$bd\`t|^2\dt)¬�pZ� fvj?_o^�a�b"^Y�(�OpqhYn4tsa�b"^ q → 1
�Bpvc

q
��j?_ongfi�DcDesfqhY\

δq =
σq−1
q−1

eg^o\dj¡�B^2ngt�pvc j?_ongfq�DcQesfqhY\
δ = x d

dx

� � S ^oe|eg^�fvj?_o^�c�_{es_�pqc t|hBb"ngzo^Y�j?^o�"bdfqt A]^ofq\"^Y�"j?^�\dhY}~�"ns^2bdts^2t
q
��cD\5cDpqhY�Yfq^2t �<£ hYb5twz{hY\5t|fvj?�ong^onghY\5t$j?hB\dz�b"\"^�x�cD}�fqpipq^j?^�t|¤?t|es�o}�^+t
σqX = AqX,hY� pq^2trzoh<^Ib�z{fq^o\<e4t�j?^

Aq
j"_o�.^o\dj?^2\<e�j?^

q �
¦ hYb"n�ng^2ts�5^+zÑes^2n�p�� cD\dcYpihB�Yfq^Y�HhY\ª�5^2b?ens_2_2z{ngfqns^�z{^2t]t|¤?t|es�o}�^+tw¬�pZ� cDfvj?^�j?^�p�� hY�._on4cQeg^ob"n
δq
¨

δqX = BqX,
cQ�B^+z

Bq =
Aq − In
q − 1

,

z{^�a�b"f&\dhYbdt�zohY\dj"b"fme~¬�t|bd�"�5h�t|^2n�a�b"^
Bq

es^2\djk�B^2ngt9pvc�}rcQegnsfvz{^
B̃
j"_{�d\"fvtgtscY\<e9pq^t|¤?t|es�o}�^�j?fil._2ns^2\<esfq^op

x
d

dx
X = B̃X.

,<f>p�� hY\�t|b"�d�5h�t|^�z{^�j?^ong\"fq^on�xybdzÑ�dtsfq^o\�\"hB\�ng_2tshY\"\5cD\<e]^2\
0
��cDb�t|^2\dt�^{�?�"pqfqa�b"_~�"ng_{�z{_2j"^o}�}�^o\<e4�{�(fqp&^o\ ^+tue~j?^�}>Mo}�^`j?^

Aq
�.hYb"n

q
cBtsts^��r�dnsh?zÑ�"^�j?^

1 �	K p&¤kc�cDpqhYn4tb"\"^�t|hBpib"esfqhY\ z2cD\"hB\"fvaBbd^
Xq = Mqeq,Aq(0)

j?b�ts¤<t|es�2}�^��6J � P � T+��^{erb"\"^�tshYpqb?esfqhY\zocD\dhY\"fva�b"^
X̃ = M̃(−x)B̃(0) j"b�t|¤?t|es�o}�^�j?fil�_ong^o\<esfq^opZ�Yzo^{e|eg^]j?^2ns\"fq�ong^w_{e4cD\<e
xyhBb"ns\dfi^�dcDnOpvc~es�"_2hYngfi^�j?^ �5bdzÑ�dt|� �5nghY�.^o\"fqbdt 2 �� hYn4tsa�b"^ q �DcDngfq^Y��pi^9z{hB}~�.hYnses^2}�^o\<e$\?bd}~_2nsfva�b"^]j?^+tOt|hBpib?egfihB\dt)^2t|e��]zÑ�dcYhDesfva�b"^$�cDb���hYfvt|fq\dcY�Y^�j?^�pq^ob"n4t]pqfq^ob?��tsfi\d�Yb"pqfi^2ngt �.¦ hYb"n9cYtgt|bdns^2n]pvc`z{hB\?�B^2ns�B^o\dzo^�j?^ Xq

�B^2ngt
X̃
t|b"n)b"\`j"hY}rcDfq\"^]n4cDfvtshY\"\dcY�"pq^wpihBngtga�b"^

q
es^2\dj���^on4t

1
��\"hYb5t&\"hBbdt$pqcYfqtgt|^2nshB\dt�j?hB\dz�Yb"fvj?^on$�dcDn$pqc��Y_2hY}�_{egnsfq^]j?^+t$tsfi\d�Yb"pvcDngfmeg_2t �B� c�z{hB\?�B^2ns�B^o\dzo^$j?^ Bq ^o\<egngcYfi\"^�aBbd^]pq^2t^{�?�5h�tscY\<egt9j?^

Aq
es^2\dj?^o\<e���^on4t

1 �H£ hYb5t�t|bd�"�5h�t|^2nshB\dt�a�b"^ q es^o\5jk�B^2ngt 1
pq^�pihB\"�j�� bd\"^

q0
�¥ts�"fqngcYpi^9z{hB\<esfq\?b"^

qR0 = e−2ıπτ0R �"hB� q0 = e−2ıπτ0 , Im(τ0) > 0 ;cDb?egns^2}~^2\<e�j?fme+�
q = e−2ıπτ ^oe τ = τ0ε

�
ε → 0+ � � fq\dtsf&pq^2t�pifq^ob?� tsfi\"�Bb"pqfi^2ngt�j"^2t

eq,Aq(0)
t|^�z{hY\5j?^o\dts^o\<ew^2\

qR0 �5£ hYbdt�tsb"�"�.hBts^onghY\5twj?^��"pqbdt]a�b"^�pq^2t�t|fq\"�Bb"pqcYnsfies_+twj?^
Aq

��^{e)j"hY\dz�j"^
Bq
�>eg^o\dj?^2\<e��B^2ngt�pi^+t���NYpq^2t

x1, x2, . . .
j?^
B̃
��j?^�tshYnses^�a�b"^�pq^2t&pifq^ob"�t|fq\"�Ybdpifq^on4tOj?^2t

Mq
ts^�z{hB\dj?^o\5t|^2\<e)^2\�j?^+t�j?^2}~fi��t|�"fqn4cDpq^2tOz{hB\<esfq\?b"^2t

xiq
R+

0 � ,?hYfie
U0 = C∗ r

(⋃
xiq

R+

0

)
r qR0p�� hYb"��^onse�zohY}��"pq_o}�^o\<e4cDfqns^�j"cD\dt

C∗
j"^~pvc ns_2b"\"fqhY\�j"^�eghYb?eg^2t�zo^2t�j?^2}~fi��t|�"fqn4cDpq^2t�^{et|�"fqn4cDpq^2tOz{hB\<esfq\?b"^2t �

2 ¶?ºOÔIê�ÒZÃuÈ�Êw¹¿ÄQºgÒ�¹¿ÀÑÄ9ÔIÃ log(−x) ·+Ò�¹¿Î¿¹¿ËZêuÃ
¹¿¸u¹�ÃuË�ÒH¸uÃuÎ¿Î¿Ã
Ì2·+¹<Ësï º4ÄIÄ2·IÎ¿Ã>ÃuÄ −1 ÃuÒ0ÔIÀÑÄoÒ0Î»º$¸|ÀÑ·+ëI·IÈ�Ã$ÃuË�ÒÎ»º&ËZëI¹¿È�º4Î¿Ã
¸uÀÑÄ2Ò�¹¿Ä+·IÃ qR0 ¹¿Ä2Ò�È�À2ÔI·+¹ ÒZÃ
ëIÎ¿·+Ë;ÐIº4ËsÖ
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� �����'!#��� � ������� [5,?cDb VZV c _ ��9 � ; /Z/�8���= ��; =
Bq → B̃

;�9�5 GI8214< �I<c=�9 3 �4;�1 3 82;�3
E482<`/ 0ZEI3�
Z=

U0
H ��9 �4; / /�8���= � 
Z= / � ; ��� �I; =�����0 � 3614; E�3*;�1 =�
Z=���8@1�
 0@9 =I9

0
	�0@145+=

E4829 365�9 ;�<c=�9 3��
�a0@;�3*1 =I<c=�9 3 
@5�3'� �I; 
 ;�9�= <c0236145+E4= 
Z=^/ 0 � �I0 �Z= 
Z=
Bq(0)

# ��0`GI8@14<>=

 =���821�
 029 E4829(	�=�1���= 	2=�1 �`;�9�= <c0236145+E4=�
Z= /�0�� ��0 ��= 
 =

B̃(0)
# ��0aGI8214<c= 
 =	��8@1�
Z029�H


 ��821 � ��0 ��8�� ;�365+829WE40@9�829�5��I; =
Xq

E48@9
	2=I1 �Z= 	2=I1 �
X̃

;�9�5 GI8214< �I<c=�9 3��4;�1 3 82;�3	E48@<^/�0ZEI3

 =
U0

H

¦ hBb"nwpq^��"nshBb"��^on+�BhB\ _oesbdj?fq^�ts_o�dcYns_2}�^o\<e$pq^2t]z{hY}��.hBtgcD\<eg^2t Mq
^{e
eq,Aq(0)

j"^�pqct|hBpib?egfihB\�zocY\"hY\"fva�b"^
Xq ��� c��"ng^o}�fq�ong^�^2t|e$tshYpqb?esfqhY\�j"^]pZ� _+aBb5cQesfqhY\�cYb?� q �¥j?fil�_ong^o\dzo^2t

σqMq = AqMq (Aq(0))−1 ,cQ�B^+z�zohY\dj?fiesfqhY\kfq\"fiesfvcDpq^
Mq(0) = In � S � ^2t|e�^+tsts^o\<egfi^2pipq^o}�^o\<e9pvc�}~_oes�"h?j?^ j�� .&b"pi^2nj�� fq\<es_2�Yn4cQegfihB\�\?b"}�_2nsfva�b"^
j�� bd\"^&_+aBb5cQesfqhY\�j?fil�_ong^o\<esfq^opqpq^��yfvz{fZ�+cQ��^2z0�dcBt��Y_2hY}�_{egnsfva�b"^+�aBbdf.��cDn4cD\<egfmeOtsc~z{hB\?�B^2ns�B^o\dzo^)��^on4t�pvc�t|hBpib"esfqhY\

M̃ �?¦ hBb"n$pvc�j?^ob"�<fq�o}�^�z{hB}��5h�tscY\<es^Y�hY\�b?esfqpifvts^�j?^2t)xyhBns}~b"pq^2tOcYts¤<}~�"eshDegfqa�b"^+t9¨
lim
ε→0+

eq,qγ (x) = (−x)γ , lim
ε→0+

(q − 1)lq(x) = log(−x).

S ^2tOxyhBns}~b"pq^2twts^��"nghYb"��^o\<eO^o\�_oesbdj?fvcD\<e�pq^�zohY}��5hBn|eg^o}�^o\<e�j?^
θq
pihBngtga�b"^

q → 1
�5¬p�� cDfvj?^�j?^�pZ� _+aBb5cQesfqhY\ xyhY\5zÑesfqhY\d\"^opqpi^�tgcQegfqt|x�cDfies^9�dcYn

Θ(τ, z) = θe−2ıπτ (e2ıπz),aBbdf�ns^2pifq^
Θ(−1/τ, z/τ)

¬
Θ(τ, z)

[ � cY\ X/.Y_¥� [ ��b"}cXZJ�_&¨
Θ(τ, z) =

√
i/τ

e(iπ/τ)(z−(τ+1)/2)2 Θ(−1/τ, z/τ).

,?hYbdt]pi^+t��?¤<�5hYes�"�+t|^+t�j?b�eg�"_ohBns�2}~^B�dhB\�^o\�esfqng^�pqc`z{hY\?��^ong�Y^2\dz{^�j?^
eq,Aq(0)

�B^2ngt
(−x)B̃(0) ��� � fi}��.hYnsegcD\5z{^�j?^�pvc9�Y_2hY}�_{egnsfq^wj?^2t&t|fq\"�YbdpqcYnsfies_+t��ypq^2t q ��ts�"fin4cDpq^2t
j"fqtgz{ng�{eg^2tj?^wt|fq\"�YbdpqcYnsfies_+t0ts^wz{hY\5j?^o\dts^o\<eH^o\�j?^2t
zohYb"�db"ns^+tH^o\�xyhYng}~^Oj?^

q0
��t|�"fqn4cDpq^2tHz{hY\<egfi\?bd^2t4�§ubdtuegfm�5^�pi^�es^2ns}�^�j?^`��z{hB\?µdb"^2\dz{^w��cD�"�dpifva�b"_�¬�z{^{eses^�tsfmegbdcQegfihB\ �

� ��=I<`/���= P � . H�0hBbdt�pi^+t�^o�?^o}��"pq^2t��"ng_2z{_+j?^o\<e4t]ng^o\<egns^2\<e�j"cY\dt�pi^�zocBj?ns^�j?^rz{^�es�d_ohYng�o}�^B��a�b"f
�.^ons�}~^oe�cYfi\dtsf0j(� ^o�<�dpifva�b"^on�^oe�j?^��"ng_2z{fvts^on]j?^�\"hY}~�"ng^obdts^2t)xyhBns}~b"pq^2t����"fq^o\�zohY\"\?b"^+t
� �� � ^{�?^o}��"pq^�j"^�pvc�ts_ongfq^]�"fq\"hY}�fvcDpq^~�?E+GIH;�UT � Vd� TI��^oe9� T � V"� JY�|�&^2t|e)esn4cDfies_9j"cD\dt [5,?cDb VZV ��_¥�p�� ^{�?^o}��"pq^ J � J�^2t|e]j?_{e4cDfqpipq_�j"cD\dt [5,?cYb V V c _ � �

� ���������������	�������
������� �	���

� �DcY\<e�j(� _2\"hY\dzo^on(pq^&ng_2tsb"piegcDe;�Y_2\"_on4cDpZ�{ng^o��^o\"hB\dt�¬wpZ� ^o�<^2}��"pi^�J � JOj?^2tHts_ongfi^+t��?¤<�5^2n|��Y_ohB}�_{esngfvaBbd^2t$^{ew_{egbdj?fqhY\dtOpq^�j�� bd\ �.hYfq\<eOj"^��<b"^��YpqhY�5cDpZ�<zY� ^+tues�¥¬D�¥j"fing^�tsb"nwpvc�ts�"�"�2ns^j?^��wfi^2}rcD\"\
S �.¢ \�zohY\dt|egcDes^�a�b"^9p�� _2a�bdcDesfqhY\��?¤<�5^2ns�B_ohY}�^oesngfqa�b"^�j?^'C9cDbdtgt

δ2y − λ̃δy + µ̃y = 0,
cD�B^+z





λ̃ =
(α+ β)x+ (1− γ)

1− x
µ̃ =

αβx

1− x .
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¤9cBj?}�^{e>�5hBb"n>t|^2b"pi^+t0tsfq\"�Yb"pvcDngfies_2t

0
�
1
^{e ∞ ^{e>aBbd^)zo^2tHt|fq\"�YbdpqcYnsfies_+t;tshY\<e;ng_o�Bb"pifq�ong^2t �� c�}�_oes�"h?j?^rj?^ �dnghY�.^o\dfibdt�^o\�xyhYb"ng\"fie�j?^2t9ts¤<t|es�2}�^2t]xyhY\dj"cY}�^o\<egcYb?��j?^�t|hBpib?egfihB\dt^o\

0
^{ew^o\ ∞ ¨

{
2F1(α, β, γ;x)

x1−γ
2F1(α− γ + 1, β − γ + 1, 2− γ;x)

{
(1/x)α 2F1(α, α− γ + 1, α− β + 1; 1/x)

(1/x)β 2F1(β, β − γ + 1, β − α+ 1; 1/x)

¢ \��.^ob"e0j?^
}>Mo}�^�^2\9j"hY\"\"^2n(b"\"^&�dcYts^
j?^&tshYpqb?esfqhY\dt�^o�?�"pifvz{fies^+t(^2\
1
�{}rcDfvt�\"hBbdt�\(� ^o\cDb"nghY\dt��dcYt�p�� bdtgcD�B^ �5� ^��"nghYpqhY\d�Y^o}�^2\<ewcY\dcDpq¤�esfva�b"^�j�� b"\�ts¤?tueg�o}�^�xyhB\dj"cY}~^2\<egcYp;j?^t|hBpib?egfihB\dt�cYb��BhBfqtsfq\dcD�B^)j�� b"\"^�t|fq\"�Bb"pqcYnsfies_OxyhBb"ng\"fme)^o\dzohYng^wb"\`ts¤?tueg�o}�^wxyhY\5j"cD}�^o\<e4cDpj?^wt|hBpib?egfihB\dtH^{e&t2� ^o�?�"nsfq}�^)j"hY\dzO¬��dcDnsesfqn
j�� b"\rcDb?egns^Ot|¤?t|es�2}~^)xyhB\dj"cD}�^2\<egcDp<�dcYn>b"\"^}�cDesngfqzo^)j"^)zohY\dt|egcY\<es^2t$¨Dz{^OtshY\<e0pq^2tHx�cY}�^obdts^2t�GI8214< ; ��= ��
 =QE4829 9�=��Z5+8@9�j"^)pvc]es�"_2hYngfi^z{pvcYtgt|fva�b"^>[ K \(6 � _¥�	[ � cYt � 6�_Z��[ � � J/. _ �d¦ cYnw^{�?^o}��"pq^Y�5hY\��.^ob?e�ns^2pifq^on 0
¬�p�� fi\"�d\"f;�5cDnp�� b"\"^]j"^2t$}�cDesngfqzo^2t�tsb"fq�DcD\<eg^2t2�Dt|^2pihB\�aBbd^�p�� hY\rng^2t|es^�j"cD\dt&pi^�j?^o}�fi�Z�"pvcD\�j"^ ¦ hYfq\dz2cDng_hYb�j"cD\dtwtshY\�hY�d�5h�t|_�¨

�+P � . � T+� P̃+ =



eiπα

Γ(γ)Γ(β − α)

Γ(β)Γ(γ − α)
eiπ(α−γ+1) Γ(2− γ)Γ(β − α)

Γ(1− α)Γ(1− γ + β)

eiπβ
Γ(γ)Γ(α− β)

Γ(α)Γ(γ − β)
eiπ(β−γ+1) Γ(2− γ)Γ(α− β)

Γ(1− β)Γ(1− γ + α)




�+P � . � JY� P̃− =



e−iπα

Γ(γ)Γ(β − α)

Γ(β)Γ(γ − α)
e−iπ(α−γ+1) Γ(2− γ)Γ(β − α)

Γ(1− α)Γ(1− γ + β)

e−iπβ
Γ(γ)Γ(α− β)

Γ(α)Γ(γ − β)
e−iπ(β−γ+1) Γ(2− γ)Γ(α− β)

Γ(1− β)Γ(1− γ + α)




� cr}rcQegnsfvz{^~j?^�}�hB\"h?j?nshB}�fi^�^2\�pq^���NYpq^ 1
^2t|e

(P̃+)−1P̃−
¨�^opqpi^�ns^2�"ng_2ts^o\<es^�pZ� ^{l�^{et|b"n0pi^)t|¤?t|es�2}~^&xyhY\djdcD}�^o\<e4cDpBz{�"hYfvt|fBj?b��"nghYpqhY\"�B^o}�^o\<e;cY\dcDpq¤�esfva�b"^�pq^&pqhY\"��j�� bd\��5^oesfiepqcBz{^{e�tsfi}��"pq^�cDb"eshYbdnOj"^

1
[ K � , 4 ]�T4_¥� [5,?cDb VZV c _ �

� c zohYngns^+t|�.hY\5j"cD\dzo^�j?^k�wfq^o}rcD\"\"� A]fipq�5^2n|e�^2t|e�\"_o^ j?^�pqcªzocYngcBzÑeg_ongfqtgcQegfihB\ª�5cDn�wfi^2}rcD\"\�j?^�pZ� _+aBb5cQesfqhY\��?¤<�5^2ns�B_ohB}~_oesngfqa�b"^�¬��5cDnsesfqn�j?^�t|^+t)fi\?�DcYnsfvcD\<e4t�pqh<z2cDb?����pi^+t^{�?�5h�tscY\<egt4�9^{erj?^+t�}rcDesngfqzo^2t~j?^�zohY\"\d^{�?fihB\ [ K � , 4 ] T4_ � .�\ es^2ns}�^+t�}�h?j?^ong\"^+to�>hY\ns^+z{hY\d\dcDfie�aBbd^�p�� hY�"§u^{e]z{pvcYtgtsfm�5cY\<e)^+tue�pqc 1 = /�16� �I=�9 3 02365+829!
 = <>8@9�8�
21 82< 5+=r¨.z{^2zof(^2t|ej���cDb�x�cYfme$a�b"^]pi^+t�}rcQegnsfvz{^+t�a�b"fdfq\<es^2ns�<fq^o\"\"^2\<e�z{fi�¥j?^+tstsbdt
\d^]j?_o�.^o\5j?^o\<e&^2\�x�cDfie$a�b"^j?^2t�z{pvcYtgt|^+t�j�� �"hY}�hDeghY�"fq^�j?^+t�zÑ�"^2}�fi\dt�pi^�pqhY\d��j?^2tga�b"^opvt�ts^rx�cDfie�pq^��"nghYpqhY\d�Y^o}�^2\<ecD\dcYpi¤�esfva�b"^ � S ^+t�zÑ�d^o}�fi\5t�j?hYfq�B^2\<e�_2�<fmeg^on�pq^2t�tsfq\"�Yb"pvcDngfies_2t9^oe�pZ� hB\�hB�?esfq^o\<e�fvz{f&b"\"^ns^2�"ns_+t|^2\<egcDesfqhY\�j?b � 1?82; /�=�GI829 
 02<c=�9 3 0�� 
 = ��0 
21?8@5�3 = /�1?8 ��=4EI365�	�=Q<c825�9�� 361?8@5�� / 8@5�9 3 ���j?hB\dz�j�� b"\��BnshBb"�.^�pifq�"ng^�¬�j"^ob?���Y_2\"_on4cQeg^ob"n4t4�Ñ�dhB�?§u^{e�z{_opq�o�dns^~j"cD\dt�j?^�\dhY}~�"ns^2b?�j?hY}rcDfq\"^+t�� � cY\dt�p�� ^{�?^o}��"pq^�z{fi�¥j?^+tstsbdt2�5pvc`zopqcBtsts^�j"b��.^{esfie�pqcBz{^oe9tsfi}��"pq^�cDb?eghYb"n9j?^
1
c �.hYb"n�fq}�cY�Y^ª��j"cY\dt zo^{eses^�ns^2�"ns_+t|^2\<egcDesfqhY\5�

(P̃+)−1P̃− �O£ hYb5t cYpipqhY\dt`es^2\<es^2n2�t|b"fq�DcD\<e � fqn��<�"hYl [ � fqnYT P _Z�
j�� cYj"cY�?es^2n~zo^{eses^�j?_o}rcDn4zÑ�"^ cDb z2cYt~j?^2t~_+aBb5cQesfqhY\5t�cYb?�
q
�¥j?fil�_ong^o\dzo^2t �,?b"�"�.hBtshY\dt�j?hY\dz�}�cYfi\<eg^o\dcY\<ewpi^�ts¤?tueg�o}�^`�6J � P � T+�)xybdz{�dt|fq^o\�^2\ 0

^{e�^o\ ∞ ��z{^+z{fZ�ns^2pqcDesfq�B^2}~^2\<e&¬�pvc��DcDngfqcY�"pi^
w = 1/x

� �d¢ \�j?_o}�hB\<esng^]a�b(� ¬�_2a�b"fq�DcDpq^o\5z{^]n4cQegfihB\"\"^2pipq^
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ð
�

�"ns�+to�dhY\��.^ob?e�t|bd�"�5h�t|^2n
A(0), A(∞) ∈ GLn(C) ��¢ \��.^ob?e9cDpqhYn4t�j?_o�d\"fqn�j?^+t]tshYpqb?�esfqhY\dt>pqh?zocDpq^2t>^2\

0
^oe�^o\ ∞ z{hB}~}�^�zofm��j?^2tgtsbdto�Ing^2ts�5^+zÑegfi��^o}�^o\<eH}�_onghY}�hYng�"�"^+tHtsb"n

C^{eHtsb"n
Sr{0} ��t|�"�d�ong^$j?^)�wfi^2}rcD\"\��dnsfq�B_2^�j?^&pZ� hYngfi�Bfi\"^I�Ñ�It|hBfi^2\<e X(0) = M (0)eq,A(0)^{e

X(∞) = M (∞)eq,A(∞) � S ^2t)tshYpqb?esfqhY\dt$t|hB\<e�ns^2pifq_o^+t��dcYn&pvc <c0236145+E4= 
 = E48@9 9�=��Z5+829

 =�� 5�1�����8 � ¨

P =
(
X(∞)

)−1

X(0),aBbdf?^2t|e>}�_2nshB}~hBns�d�"^)tsb"n
C∗

^oe
σq
�¥fq\?�DcDngfqcY\<es^ �2¢ \~�.^ob?e&j?hB\dz)pqc9zohY\dtsfqj"_ong^on
z{hB}~}�^b"\"^~}�cDesngfqzo^���fi\?��^on4tsfi�"pq^+��j?^~xyhY\dz{esfqhY\dt�^opqpqfi�?egfqa�b"^+tr�s�

q
��t|fq�Y}rc �5^2nsfqh?j?fqz���j"cY\dt�pqces^ong}�fi\dhYpqhY�Yfq^�j?^ � fqn��<�"hYl�� � .�pqpq^r§uhYb"^�fqzof]pq^�nFNBpi^�j"^2t�}rcDesngfqzo^2t�j?^�}�hB\"h?j?nshB}�fi^j"cD\dt>pvc�es�d_ohYngfq^�j?^��wfq^o}rcD\"\"� A]fipq�5^2n|e+�Y}rcDfvt
fqp?x�cDb"e&�"ng^o\dj?ng^O�BcYngj?^wa�b(� ^opqpi^w\;� ^+tue&�5cYt¬�z{h<^Ib�z{fq^o\<e4t�z{hB}��"pi^o�?^2t�� S � ^+tue�pZ� b"\"^ j"^2t�j"f b�z{bdpmeg_2t�^oe�pZ� b"\ j?^2t�zÑ�dcDng}�^2t9j?^ pqces�"_2hYngfi^ ���^o�"ng^o\"hB\dtOpZ� ^o�<^2}��"pi^ J � J �?¦ hYb"nOpZ� _+aBb5cQesfqhY\��?¤<�5^2ns�B_ohB}~_oesngfqa�b"^��dcYtsfvaBbd^

σ2
qf − λσqf + µf = 0

cQ��^2z




λ =
(a+ b)x− (1 + c/q)

abx− c/q ,

µ =
x− 1

abx− c/q ,^o\ t|^k�dcBtscY\<e�tsb"n�pq^2t�xyhBns}~b"pq^2t�j?^�zohY\"\"^o�?fihB\ j?^ � cDng\"^+tu� ��^opqpqfi\?� � cQe4t|hB\²�-	2825�1
[ C9�^] V _;� � T V � �Ñ�<hY\�zocYpqzob"pq^�^o�?�"pifvz{fies^2}�^o\<ewpqc~}rcQegnsfvz{^�j?^ � fqn��<�"hYl [ ,"cDb VZV c _&¨�+P � . � PB� P = (D(∞))−1MD(0),hY�

D(0) =

(
1 0
0 eq,q/c(x)

)
, D(∞) =

(
eq,a(1/x) 0

0 eq,b(1/x)

)

^{e

M =




2Φ1

(c
b
, a; c; q, q

) Θq

(
bx
cq

)

Θq

(
abx
cq

) 2Φ1(
q

b
,
aq

c
;
q2

c
; q, q)

Θq

(
bx
q2

)

Θq

(
abx
cq

)

2Φ1(
c

a
, b; c; q, q)

Θq

(
ax
cq

)

Θq

(
abx
cq

) 2Φ1(
q

a
,
bq

c
;
q2

c
; q, q)

Θq

(
ax
q2

)

Θq

(
abx
cq

)




� ^�} M2}�^�a�b"^�j"cD\dt pvc es�d_ohYngfq^�j?^��wfi^2}rcD\"\ b"\"^�_2a�bdcQegfihB\ ^2t|e�z2cDn4cYz{es_ongfvt|_2^��¬�_+aBbdfi�DcYpi^2\dz{^��"ng�2t4�9�dcYn�pvc�\dcQegb"ns^ j?^`ts^2t�tsfq\"�Yb"pvcDngfies_2t�^{e�tgc�ng^o�"ng_2ts^o\<e4cQesfqhY\�j?^}~hB\"h?j?nghY}�fi^B� � fin!�<�"hDl j"_o}�hY\<egns^wa�b"^�pvc�j?hY\d\"_o^�j?^]pqc9}rcQegnsfvz{^�j"^]z{hB\"\"^{�?fqhY\ P ^{ej?^2t$tuegnsbdz{esb"ng^2t&j?^`LBhYn4j"cD\rj?b�ts¤?tueg�o}�^�^o\
0
^{e&^2\ ∞ �U5+H�= H?j?^+t&t|esngbdzÑegb"ng^]j?^`LBhYn4j"cD\j?^

A(0) ^{e~j?^ A(∞) �Ñ�;xyhYb"ng\"fie�b"\�ts¤?tueg�o}�^`z{hB}��"pi^oe�j�� fi\?�DcYnsfvcD\<e4to�5^{e�fqp&ng_2tshYb5j�pq^�"nshB�"pq�o}�^
fi\?��^on4ts^ � [�\"^&�B^2ngtsfihB\��dns_+z{fvt|_2^�j?^$zo^
es�"_2hYng�o}�^
^2t|e0j?hB\"\"_2^&j"cD\5t [5,?cDb VZV c _ �£ hYb5t>^o\rj?hY\d\"^onghY\dtH�"pqb?e?NDe�fvz{f"b"\d^w�B^2ngtsfihB\�fq\<esngfi\dts�2a�b"^B�Qj"cD\dt�p�� ^2ts�"ngfme�j?b~es�d_ohYng�o}�^P � R � �w^o}rcDn4a�b"hY\5t�a�b"^�pi^+t�z{hY}��.hBtgcD\<eg^2t eq,A(0)

^{e
eq,A(∞)

j"^2t�t|hBpib"esfqhY\dt�pih?z2cDpq^2txyhYb"ng\"fvtsts^o\<e�j"^2t�ns^2�5�2ns^+t���}~_2nshB}�hYng�"�"^2t4�O�.hYb"n�pq^2t��d�"ng_2t��"hYpqhY}�hBns�"�d^2t��dpqcDegt
F (0)^{e

F (∞) fi\<egnsh?j?b"fiegt��"ns_+z{_+j?^o}�}�^o\<e��yes�"_2hYng�o}�^'P � R<� �d¦ cYn�cDfqpipq^obdngt2�dpvc q �¥fi\?�DcYnsfvcD\dzo^j?^
P =

(
eq,A(∞)

)−1
Meq,A(0)

hY��pZ� hB\�c~�.hBts_�¨
M =

(
M (∞)

)−1

M (0),
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�!���"���
�#���$�%
j?fme�a�b"^�pvc`zohY}��.hBtgcD\<es^�z{^o\<egngcYpi^

M
j"^�pvc�}rcQegnsfvz{^~j?^�z{hY\d\"^{�?fqhY\

P
�.^ob?e�to� fq\<es^ons��"ns_oes^2n�z{hB}~}�^�bd\�fqtshY}�hBns�"�dfqts}�^r}~_2nshB}�hYng�"�"^

F (0) → F (∞) ^2\<esng^��d�"ng_2t��dhYpqhD�}~hBns�d�"^2t �
� �����'!#��� ������������9 8 ��365+=I9�3�0@5�9��45 ;�9�= ��5 ��=4EI365+829 =�9 361?= �-= � E ��0�� ��= � 
 
 � ��;�5�	�0���=I9�E4=
����8	�40���=�
Z= �����43 5�<>= �W1 02365+829 9�= � �`G ; E�� � 5+=�9�� �4;�1

S
=I3 �-= � E ��0 �!��= � 
 
 5��I8@<>8@16/ ��5+=!
Z=

3*145 / ��=I3 �
(F (0), ϕ, F (∞))

� 8��
F (0) =�3

F (∞) �I8@9 3 
Z= � % �I1 � ��	�=4E�3 8@145+= � ��� 8���8@<>8@16/ � = �
/���0@3 � �4;�1

Eq
=I3
ϕ : F (0) → F (∞) = �43 ;�9 5���82<c8216/
��5��4<c= < �I1 82<c8216/ � = =�9 361?=QE4= � % 7

�I1 � ��H�� 9c5���82<c8216/ ��5��4<>=Q=I9�3*1 = 
 =�;8� 3 = � � 36145 /���=�3 �
(F (0), ϕ, F (∞))

=�3
(G(0), ψ,G(∞))= �43Q;�9 E482; / ��=

(u(0), u(∞))

 
 5���8@<>8@16/ ��5��4<c= � �'��8���82<c8216/
��= ���

u(0) : F (0) → G(0)=I3
u(∞) : F (∞) → G(∞) ��;�5 GI8214<c=I9�3';�9 E40@1416� E482< < ;�3 0@3*5 G 0�	2=4E

ϕ
=�3
ψ
� 5+H�=YH

ψ ◦ u(0) = u(∞) ◦ ϕ H

� � cD�DcD\<egcY�Y^;j"^$z{^oe|eg^&j?^2tgz{ngfq�?esfqhY\�^+tue0a�b(� ^opqpq^�^2t|e0z{hB}��dcQegfi�"pq^&cYb��"nsh?j?bdfme(eg^o\dtshYngfq^op^{ewcYj?}�^{eOb"\"^�fq\<es^ong�"ng_{e4cQesfqhY\���cDpqhYfvt|fq^o\"\d^�cD�Bns_+cD�"pq^ [5,?cDb V JDz?_¥�?cDpqhYn4t$a�b"^�pqc�}rcQegnsfvz{^j?^�z{hB\"\"^{�?fqhY\ª\"^�zohY}�}�b"es^��dcYt`cDb��"ngh<j"b"fmereg^o\dtshYngfq^op � S ^2zof��<fi^2\<erj"b�x�cDfie`aBb;� fqp^2t|eOfq}��5h�tstsfq�"pi^9j?^�j?_o�d\"fqnOb"\"^9x�cD}�fqpipq^�j?^
q
�¥z2cDn4cYz{es�ong^2t

eq,c
}�_onghY}�hBns�"�d^2t&es^opvtwa�b"^

eq,cd = eq,ceq,d � S ^w�"nghY�"pq�o}�^�cQ�DcYfme>_{eg_�t|b"ng}�hY\<eg_)�5cDn
�DcD\rj?^2n ¦ b?e$^{e ,<fq\"�B^on&j"cY\dt[ �?j ¦ ,�]/.Y_(¬�p�� cDfvj?^9j?^�tshYpqb?egfihB\dt$ts¤<}��.hYpqfvaBbd^2t2�Y}rcDfvtOz{^opqpq^2t|�¥zof5\"^��.^ong}~^oe|eg^o\<eO\"f�b"\"^fi\<eg^ong�"ns_oegcDesfqhY\��B_ohY}�_oesngfqa�b"^9z{pvcDfqns^B�?\"f;j?^�j?_+z{ngfing^9pqc�zohY\?µdbd^o\dzo^ �
� =�<>0@1 ��; = P � ]�H � ^�pqc�j?^2tgz{ngfq�?esfqhY\ªz{fi�¥j?^+tstsbdt2�>hY\ �.^ob"e~egfing^on�b"\d^�j?^+tszonsfq�?egfihB\ j?b�YnghYb"�.^&j?^ C9cDpqhYfvt;^oe0}>Mo}�^B�ItshYb5t0zo^onsegcDfq\"^+t;�?¤<�.hDes�d�2ts^2t2�2j?^$p�� cD\dcYpihB�Yb"^$j�� bd\��YnghYbd�5^j?^9}~hB\"h?j?nghY}�fi^ 2�cDngfvt �<fi�¥j?^2\dts^�j"cY\dtOpi^9�BnshBb"�5^�j?^ C9cDpqhYfvtQ[ ,?cYb V JYz _ � S ^2z{f�^+tue�j"cY\dtpqc�j?nshBfmeg^]pqfi�B\"^�j"^�pvc�eg�"_ohBnsfq^�j"^QC9cDpqhYfvt)j?fml�_ong^o\<egfi^2pipq^�zopqcBtstsfvaBbd^Y�Ba�b"^�pZ� hB\resnghYb"��^on4c"��dcDnO^{�?^2}~�dpi^B�dj"cD\5t [ �?j ¦ , V P2_ �
� ����� 
 ��� ����� � ����� �	�	������� � � ����� � ��
������

£ hYbdt�ns^2�"ns^2\"hY\5tOfqzof(pi^+tw�?¤<�5hYes�"�+t|^+twj?b�es�"_2hYng�o}�^ P � � �"a�b"^�\dhYbdt�tsb"�"�.hBtshY\5twt|¤��}~_oesngfqa�b"^2}�^o\<e��B_2nsfi�d_o^+t�^2\ ∞ ��cD�"ng�2t�zÑ�5cD\"�B^o}�^o\<e�j"^��DcDngfqcY�"pi^
w = 1/x

� � � b?�esng^o}�^o\<e�j?fie2��\"hBbdt�t|bd�"�5h�t|hB\dt9a�b"^�pi^+t�tsfq\"�Yb"pvcDngfies_2t9j?^
Bq

es^o\5j?^o\<e9�B^2ngt�pq^2t9��NYpq^2t
x1, x2, . . . , xr

j?^
B̃
�da�b"^

Bq → B̃
bd\"fmxyhBns}�_2}~^2\<eOtsb"nOeghYb?e]zohY}��dcYz{e�j?^�p�� hYbd�B^2n|e

U = U0 ∩ U∞ = C∗ r
⋃

06i6r
xiq

R
0 ,

hY��pZ� hB\�c��.hBts_
x0 = 1,

^{e)a�b"^]pi^+t$t|esngbdzÑegb"ng^2t&j"^ LBhYn4j"cD\rj?^
Bq(0)

^oe
Bq(∞)

�O�DcDngfi^2\<e�z{hY\<egfi\?bd}~^2\<e;����z{x �pi^&es�"_2hYng�o}�^aP � � � �D¢ \�tsb"�"�.hBts^on4c]j?^)�"pqbdt0a�b"^)pq^2t>t|�dfin4cDpq^2t0z{hY\<egfi\?bd^2t xiqR0 t|hB\<e0j?^ob"�¬�j?^ob"��j?fvt�§uhYfq\<es^2t2�5zo^�a�b"fH^2t|e]�<ngcYf;�.hYb"n�b"\�zÑ�"hBfm���Y_2\"_ongfqa�b"^�j"^
q0 �.� ^2t�t|hBpib?egfihB\dtzocD\dhY\"fva�b"^2t

X
(0)
q

^{e
X

(∞)
q

j?b�ts¤?tueg�o}�^
σqX = AqX

z{hY\?��^ong�Y^2\<e)ng^2ts�.^2zÑegfi��^o}�^2\<e�B^2ngt�pq^2t~tshYpqb?esfqhY\dt
X̃(0) ^{e X̃(∞) j"b ts¤<t|es�2}�^ j?fil._2ns^2\<esfq^opOj?^`}rcDesngfqzo^ B̃ t|b"n~pq^2thYb"��^onsegt

U0
^{e
U∞ �d� c~}rcQegnsfvz{^�j?^�zohY\"\d^{�?fihB\

Pq =
(
X(∞)
q

)−1

X(0)
qz{hY\?��^ong�Y^�j"hY\dzY�"t|b"nwpZ� hYb"��^onse

U
�?�B^2ngt$pqc�}rcDesngfqzo^
P̃ =

(
X̃(∞)

)−1

X̃(0).
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ð
�

S ^{e|eg^�j?^2ns\dfi�2ns^�ns^2pifq^]j?^2b?�`t|hBpib"esfqhY\dt�xyhY\dj"cY}�^o\<egcYpi^+t�j�� b"\`}>M2}~^9ts¤<t|es�2}�^�j?fil._2ns^2\?�esfq^opZ�+^2pipq^)^2t|e>j?hB\dz&zohY\dt|egcY\<es^&tsb"n
zÑ�dcBa�b"^&z{hB}��5h�tscY\<es^�z{hB\"\"^o�<^Oj?^)p�� hYbd�B^2n|e
U �+� ^Opqcj?_{�d\dfmegfihB\`j?^

U
hY\`j"_2j?b"fiewaBb;� fqp�cYj?}�^{e

r+ 1
zohY}��.hBtgcD\<es^+t�z{hB\"\"^o�<^+t

Ui ��£ hYbdt)pq^2tfi\dj"^{�?hY\dtHj?^)}rcD\"fq�ong^$¬�z{^OaBbd^&pvc�xynghY\<egfi�2ns^�j?^
Ui
tshYfie0xyhBns}�_o^)j?^

xiq
R
0

^{e
j?^
xi+1q

R
0 �S hY}�}�^�fi\dj"fqa�b"_�zofm��j?^+tstsbdt2�

P̃
^+tue�zohY\dt|egcY\<es^9t|bdn

Ui
�dj?^��DcYpi^2b"n

Pi ∈ GLn(C)
¨
Pi^2t|eObd\"^�}rcQesngfvz{^�j?^�z{hB\"\"^o�<fqhY\�cDb�ts^o\dtwj?^9pvc~es�"_2hYngfi^9j?^��wfq^o}rcY\"\ �

� �����'!#��� � � ��������[5,?cDb V V c _ � 0^3*1 029�� GI8@14<>0@3*5+8@9 
Z=a<>8@9�8�
21 82< 5+= �-8 E40���= 
2; �����43 5I<c=

25 ����1?=�9 365+= �IG ; E�� �45+=�9 
 =`<c0236145+E4=

B̃
=�9 ��= /�8@5�9 3 �45�9/� ; � 5+=�1 16�$� ; � 5+=�1

xi
�
i = 1, . . . , r

���
=��I/�145�< �4= 
Z029����-0 �40���=

X(0) � 08
2<c=�3 /�82;�1 <c0236145+E4=
(Pi)

−1
Pi−1

H

¢ \�egnshBb"��^on4c]j"cY\dt [5,?cDb VZV c _�j?^2t
^o�?^o}��"pq^2t>egngcYfmeg_2t�zohY}��"pq�{es^2}�^o\<e2�Dj"hY\<e&z{^2pibdfdj?^pqc~z{hB\?µdb"^2\dz{^�j?^+t)xyhY\dz{esfqhY\dtO�?¤<�.^ong�Y_ohB}�_{esngfvaBbd^2t��5cYtsfqa�b"^+t)j"^ A]^ofq\"^9�B^2ngt$pq^2t)xyhY\5zÑ�esfqhY\dt��?¤<�.^ong�Y_2hY}�_{egnsfva�b"^2t�z{pvcYtgt|fva�b"^2t �0¢ \k¤��"nghYb"��^~�dcDn�^o�<^2}��"pi^�a�b"^rpvc�}rcQegnsfvz{^j?^ zohY\"\"^o�?fihB\�aBbd^`\"hBbdt�cQ��hY\5t�z2cDpvz{b"pq_o^ ^o\ �*P � . � PB��zohY\?��^ong�Y^~�B^2ngt9pvc�}rcDesngfqzo^`j?^}~hB\"h?j?nghY}�fi^
(P̃+)−1P̃−

j"_2z{ngfies^�¬~p�� cDfvj?^�j?^��*P � . � T+�$^{e��+P � . � JB� �� ^�es�"_2hYng�o}�^cP � T V cYj?}�^oe�b"\"^rfq\<es^ong�"ng_{e4cQesfqhY\��BcYpihBfqtsfi^2\"\"^ [ ,"cDb V JDz?_ � K p
xyhYbdns\"fieb"\"^��DcDngfqcY\<es^O^{�?�"pqfqzofmeg^�j(� b"\`es�"_2hYng�o}�^]�.^2cYbdz{hBb"���"pqbdt)�Y_2\"_on4cDp.j?^9j?_{xyhBns}rcQegfihB\`j?b�YnghYb"�.^�j"^'C9cDpqhYfvtOhY�?eg^o\?b`�5cDn 4 ��^2t � \dj"ns_>[ � \dj V T2c�_¥�-[ � \dj V JYc2_ �
� ���������������	������� �������	��� � ��� ����
 ��������� � � ����� ��

����� �����

£ hYbdt]z{hY\5t|fvj?_onghY\5t&fvz{f(bd\"^�_2a�bdcDesfqhY\
P.f(x) = a0(x)f(qnx) + a1(x)f(qn−1x) + · · ·+ an(x)f(x) = 0¬�z{h<^Ib�z{fq^o\<e4t�cD\5cDpq¤Begfqa�b"^+to�0aBbd^�\"hYb5t�\"^`tsb"�"�.hBtshY\5t��"pqbdt�xyb5zÑ�dtsfi^2\"\"^ �0£ hYb5t�tsb"�?��5h�t|^2nshB\dt�z{^2�5^2\dj"cY\<e2�"�.hYb"n�t|fq}��"pqfm�d^2n2�.a�b"^�eghYb?eg^2t�pq^2t]�5^2\<es^+t]j?^�tshY\��.hYpq¤<�YhB\"^�j?^

£ ^"!OeghY\�tshY\<e
^o\<egfi�2ns^+t �<¢ \�esnghYb"��^on4c�cYpihBngt
jdcD\dt`[52.�5c ] ] _.^{eOj"cD\dt^[ �+2 V V _.pqc��dns^2b"�B^j?^�p�� ^{�?fvtueg^o\dzo^�j�� b"\"^ GI0ZEI3 82145���0@3*5+8@9 029�0��)�2365���; = 
 = ��
 8?/���1?0@3 =�;�1
P

=�9DGI0 E�3 =�;�1 ��
Z=

 =$� 16�

1 � S ^`ng_2tsb"pme4cQe�^+tue�_{eghY\"\5cD\<e2�0z{hY}��dcYns_ ¬�z{^�a�b"^`pZ� hB\ tgcDfie~j?^+t�hB�5_2ngcDes^obdngtj?fml�_ong^o\<egfi^2pqt�¨5�.hYb"n�z{^2b?�<�¥zof��.hY\�\"^��5^2b?e�^+t|�._ong^on�^o\��B_o\"_2ngcYp;a�b(� b"\"^�x�cBzÑeghYngfqtgcQegfihB\xyhYng}~^2pipq^ � S ^~eg�"_ohBns�2}~^�j?^�x�cBzÑeshBnsfvtgcQesfqhY\�\(� ^+tue�cYb?esng^�aBb;� b"\d^r�B^2ngtsfihB\�}�h<j"^ong\"^�^{e�"ns_+z{fvt|_2^�j"b ��zocY\"hY\dfqz2cDp(ts¤<t|es^2}²� }~^2\<esfqhY\"\d_��5cDn � fin!�<�"hDl �[]\"^��DcDngfqcY\<es^�cD�._opqfq^o\"\"^�j?^rz{^�es�"_2hYng�o}�^�j?fme�a�b"^~pi^~}�h<j"b"pi^rcYb?�
q
�¥j?fil�_ong^o\dzo^2tz{hYngng^2ts�5hB\dj"cD\<e�cYj?}�^{e�bd\"^r�dpiesn4cQegfihB\�z2cD\"hB\"fqa�b"^r¬�a�b"hYesfq^o\<egt��"bdngt�j"^r�5^2\<es^2t�j"_{�z{nghYfvtstgcD\<eg^2t��U[5,?cDb V JDc�_H^{e'[5,?cYb V JD��_Ç� ��¢ \�}�hY\<egns^9}>Mo}�^�a�b"^�pq^��Yn4cYj"b"_�cYtgt|h?zofi_9^2t|ep�� b"\"fva�b"^rfi\?�DcYnsfvcD\<e�xyhYng}�^op � S ^2t�ng_2tsb"piegcDegt�tshY\<e�j�� cDfqpipq^ob"n4t��DcYpqcY�"pi^+t�tscY\dt�tsb"�"�.hBts^onpi^+t��.^o\<eg^2t�^o\<egfi�2ns^+t ��� c�z{pvcYtgt|fi�5z2cQesfqhY\�j?^2t9tshY}�}�^2t9j?fqns^+zÑes^+t9j?^�}�h?j?b"pq^2t��"bdngt�^2t|ecDfvt|_2^�¬��dcDnsesfqn�j?^�z{^�a�b"^�\"hBbdt]cD�BhB\dt&�<b�tsb"n]pq^2t�}~h?j?bdpi^+twxybdzÑ�5t|fq^o\dt�¨dhY\�ng^{egnshBb"��^cDfq\dt|f?pvc�z{pvcYtgtsfm�5z2cQegfihB\�xyhYng}�^opqpi^OhB�?es^2\?b"^O�dcDn ¦ n4cYcY�Y}rcD\��U[ ¦ n X P�_¥��[ �<j ¦ ,�]/.�_Ç� �Y� c�j"_{�es^ong}�fi\5cQesfqhY\~j?^2t>zopqcBtsts^2tHcD\dcYpi¤�egfqa�b"^+t0fvtshDxyhYng}�^opqpi^+t;ng^o�<fq^o\<e>cDpqhYn4t0¬�pqc�j?_oes^ong}�fi\5cQesfqhY\j?^2twzopqcBtsts^2tOj?^�}�h?j?b"pq^2t)�dpiesng_2t]¬��BngcBj?b"_��"�?_ �S hB\dz{ng�{eg^o}�^o\<e+�<b"\�}~h?j?bdpi^

M
j?^��Yn4cYj?bd_�cBtstsh?z{fq_�¨

gr(M) = M1 ⊕ · · · ⊕Mk,�
Mi

^2t|e��"b"n�j?^�n4cD\"�
ri
�(j?^��5^2\<es^

µi
���.^ob?e M{egns^rj?_+z{ngfme9�dcYn�bd\�ts¤?tueg�o}�^~j"hY\<e9pqc}�cDesngfqzo^

A
^+tue 36145+029 �@; ��0@5�1?= �4; /���145+=I;�1 ='/ 0@1 � ��8�E � ��£ hDeghY\dt A1, . . . , Ak

ts^2t��"pqh?zotj?fqcY�YhB\dcDb?� �D� c�}rcQesngfvz{^ Ai ^2t|e$j?^]ngcY\"� ri ^{e&pq^]ts¤?tueg�o}�^]j?^�}�cDesngfqzo^ Ai ^2t|e)cYtgtsh<zofi_cDb�}�h?j?b"pq^`�"bdn
Mi � S hY}�}�^`\"hBbdt�cD�BhB\dt9t|b"�d�5h�t|_ pi^+t��.^o\<eg^2t�^2\<esfq�ong^2t2�;hB\��5^2b?e
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} M2}�^�^o�<fq�Y^2n�a�b"^

Ai
tshYfie�j?^~pvc�xyhBns}�^

xµi× bd\"^�}rcDesngfqzo^�j?^
GLri(C) � � �B^+z�z{^+t\"hDe4cQesfqhY\5to�Dbd\�fqtshY}�hBns�"�dfqts}�^wns^+t|�.^2z{egcD\<e�pvc��BngcBj?bdcQegfihB\rj?^

M
��^on4t>b"\�}�h?j?b"pq^

M ′��cYtgtsh<zofi_w¬�pvc9}�cDesngfqzo^
A′
�H^2t|e&j?hY\d\"_w�dcDn
bd\"^�}rcQegnsfvz{^

F
es^opqpq^�aBbd^

(σqF )A = A′F
�^{e2��j?^~�"pqbdto�5esngfvcD\"�Bb"pqcYfing^�tsb"�5_2nsfq^obdns^��dcDn��"pih?z2t]^oe9j?hB\<e]pq^2t��"pih?z2t]j?fvcD�BhY\dcYb?��tshY\<e

Ir1 , . . . , Irk �
� ��=I<`/���= P � TZT�H� ^ }�h?j?b"pq^�¬ j?^ob?�°�5^2\<es^+t�z{hYngng^2ts�5hB\dj"cD\<e�¬�pqc�}rcDesngfqzo^kj(� _+aBb5cQesfqhY\
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� ��=I<`/���= R � P�H ,<f ŷ ^+tue�pvc�t|_2nsfq^�j�� .�b"pq^on+�"hY\�c B̂ŷ =
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q
��j?fil._2ns^2\dz{^+t �

� ��
 � � � � ��� ����
 �	�������
xy(qx) − y(x) = −1S hB}�}~^$\"hYb5t;��^o\"hB\dt(j?^$pi^)ng^o}rcDn4a�b"^on+�{pvcwxyhYng}~b"pi^�j"^ � ^ofq�"\"f �&^2t|e0ng^o}��"pvcYzo_o^��5cDnpqc~ng^opvcQesfqhY\

(fg)(qx) = f(qx)g(qx) ��¢ \��Dc�cD�d�"pifva�b"^onwpvc~}�_{es�dh<j"^�j?^�pqc��DcYnsfvcQegfihB\j?^2t�zohY\dt|egcY\<es^+t � ,<hBfme λ ∈ C∗ ^oe tshYfie yλ b"\"^�t|hBpib?egfihB\ªj"^�p�� _2a�bdcDesfqhY\
xy(qx) −

λy(x) = 0
«dtsf

y(x) = yλ(x)C(x)
�5pZ� _2a�bdcQegfihB\��+R � V"� JY�)j?^2��fq^o\<e� R � 6 � T+� λC(qx) − C(x) = − 1

yλ(x)
.

£ hYb5t�cDpqpihB\dt�ns^2�BcDn4j?^2n pq^2t�z2cYt�t|bdfi�DcY\<egt�¨ λ = 1
^{e

y1 = q−(logq x)(logq x−1)/2�FE*GIH R � � ��« λ 6∈ qZ ^{e yλ = 1
θq(λ/x)

�?E+GIH�R � X�� �



��� ����� ��
�$�� �����
q
�-�����	� � ��
�$�"�
�� �

ð
R � � H�� 	�� ���

λ = 1
���

y1 = q−(logq x)(logq x−1)/2 �
,<f
t = logq x

^{e
z(t) = C(qt)

�"pZ� _2a�bdcQegfihB\��+R � 6 � T+�)j?hB\"\"^�z{^2pipq^{��z{f
¨� R � �"� T+� z(t+ 1)− z(t) = −q−t(t−1)/2,aBbdf;t|^�ng_2tshYb"e��dcDnOegngcY\dtuxyhBns}rcDesfqhY\�j?^ �dhBb"ngfi^2n � .�\�^ol.^oe2�.cQ�B^+z�pvc�ns^2pqcDesfqhY\ F(z(t+
1)) = eχFz �?hY\�c

(eχ − 1)Fz(χ) = −Fq−t(t−1)/2(χ),z{^�a�b"f>z{hBnsng^2ts�.hY\dj��5�dcDn�esn4cD\5tuxyhBns}rcQegfihB\�j?^ �5hYbdnsfq^on�fq\?��^on4t|^B�"cDb?��tshYpqb?esfqhY\dt
zα

j?^� R � �"� T+�]¨
zα(t) =

1√
2π log q

∫ +∞+iα

−∞+iα

q−
1
2 (χ/log q+1/2)2

1− eχ eχt dχ,

hY�
α 6= 0 (mod 2π) �"� ^�pq¬d�"pq^2twtshYpqb?esfqhY\dtwtsb"fq�DcD\<eg^2t)j?^9p�� _2a�bdcDesfqhY\k� R � V"� JY��¨

� R � �"� JY� yα(x) =
1√

2π log q

∫ ∞eiα

0

q−
1
2 (logq(ξ/x)+1/2)2

ϕ(ξ)
dξ

ξ
,

hY�
ϕ = 1

1−ξ �
� �����'!#��� � �
����� ��9 �4; / /�8 �I= ��; =

q
= � 3>;�9 9�82< ��1?=B16�4= �

> 1
=�3 ��8@5�3

α 6= 0

(mod 2π)
H � 0WGI829�E�365+829

yα

 �#% 9 5+=1
Z029��

C̃∗
/ 0@13����H	� H�
 � = �43 ��
 b"\"fva�b"^ �I8�� ;�365+829

029�0��)�2365��I; = � ;�1
C̃∗


 = ����H�� H�
 � / 8 � � ��
Z029�3 ��0 /�1 8?/�145 ��3 � �4;�5�	�0@9 3 = �'5��'=��Z5��43 = 
 = �
E4829��43 029�3 = �

C
�
A
�
R
�
δ > 0

3 = ���-= � ��; =��"��; = � � �I; = ��825+=�9 3
n ∈ N � ε ∈]α − δ, α+ δ[=I3

x ∈ C̃∗ 0�	2=4E |x| < R
� 829:025�3 �

� R � . � T+� |yα(x)− ŷn(x)| < CAnq
1
2 [n2+(argq(xe

−iε))2]|x|n+1,

ŷn

 � � 5�� 9�0@9 3 ��0 �I8@< <c= / 0@143*5+= ����=�
 
 8@1�
21 =

n

Z=
ŷ
H

R � X�H�� 	�� ���
λ 6∈ qZ � � yλ = 1

θq(λ/x)

��w^o}��"pvcY�ohY\dt
yλ

�dcDn 1
θq(λ/x)

^{e tsb"�dt|esfiesb"hB\dt ¬
C(x)

b"\d^²t|_2nsfq^®j?^ � cDb"ng^o\<e
∑
n∈Z Cnx

n jdcD\dt)pZ� _+aBb5cQesfqhY\k� R � 6 � TI��«<hY\�c Cn = λ−nq−n(n+1)/2

1−λqn
�5hBb"n)eshYb"e

n ∈ Z �z{^�a�b"f;j?hB\"\"^9pqc�tshYpqb?esfqhY\�tsb"fi�DcY\<es^9j?^9p�� _2a�bdcDesfqhY\k� R � Vd� JB�]¨
� R � X � T+� y[λ;q](x) =

∑

ξ∈[λ;q]

ϕ(ξ)

θq(ξ/x)
,

hY�
ϕ = 1

1−ξ �
� �����'!#��� � �
��
 � 4�8@5�3

λ ∈ C∗ r [1; q]
H � 0 GI829�EI365+829

y[λ;q] 
 �#% 9�5+= 
Z029��
C∗ r

[−λ; q]
/�021 ����H���H���� = �43 ��
 b"\dfqa�b"^ ��8�� ;�365+829>< �I1 82<c8216/
��= �4;�1

C∗

Z=�����H�� H�
 � /�8�� � 5�
 0@9 3

��= �^/�1?8 /�145 ��3 � � �4;�5�	2029�3 = �
� 5�� =��Z5��43 = 
Z= �cE4829�� 3 029�3 = �
C
�
A
�
R > 0

3 = ����= � ��; =`/�82;�1
3 8@;�3

ρ > 0
� 829:025�3 �

� R � ] � T+� |y[λ;q](x) − ŷn(x)| < C

ρ
An|q|n(n−1)/2|x|n

� 5
0 < |x| < R

�
supξ∈[λ;q] |1 + ξ

x | ≥ ρ
=I3
n ∈ N H
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�!���"���
�#���$�%
.&\�^ol.^oe2�Dtsf

y′
^2t|e>b"\"^OcDb?egns^)t|hBpib?egfihB\�a�b"f<��_ongfm�d^&_o�BcYpi^2}�^o\<e;pvc]zohY\dj?fiesfqhY\�� R � ] � TI�Ñ�cDpqhYn4tOpqcrj?fil�_ong^o\dzo^
y′(x) − y[λ;q] ts^on4c~j"^�pqc~xyhBns}�^ h(x)

θq(qmλ/x)

�.cQ�B^+z
h
�"hYpqhY}�hYng�"�"^cDb���hYfvt|fq\dcD�B^�j?^

0 ∈ C �U[ � S V J�_Ç� � � ��^2z�p�� _2a�bdcDesfqhY\ xy(qx) = y(x)
^oe�pZ� �?¤<�.hDes�d�2ts^aBbd^

λ 6∈ Z �"hB\�j"_2j?b"fie�a�b"^ h ≡ 0 �
� � � � �	������� ��� ��� � ��������� ��� ���	���

q
� ��� �	��� ��
 ���

�]cD�"�.^opqhY\dt]aBbd^�pvc~esn4cD\5tuxyhBns}�_o^9j?^ � cD�"pvcYzo^�j?^�pvc�xyhY\dz{esfqhY\ ϕ jdcD\dtOpvcrj?fqns^+zÑesfqhY\
d = R+eiα

�Qj�� cDng�Yb"}�^2\<e
α
�Ifvtstsb"^)j?^$pZ� hYngfi�Bfi\"^)j"cD\5t;pq^$�dpqcY\�z{hB}~�dpi^o�<^)j?^)pqc]�DcDngfqcY�"pi^

ξ
�"^2t|e���tshYbdtOng_2ts^ong�B^�j�� ^{�?fqt|es^2\dz{^I� Ldϕ(x) =

∫
d e
−ξ/x ϕ(ξ) dξ �� c�}�_oes�"h?j?^9z{pvcYtgt|fva�b"^�j"^�tshY}�}rcQegfihB\`j?^ � hBns^2pm� � cY�"pvcYz{^]^2t|eOj?_+z{ngfmeg^��5cDn)pi^9j?fvcQ��Yn4cD}�}�^�tsb"fq�DcD\<e �

f̂ =
∑

n≥1

anx
n B̂−→ ϕ =

∑

n≥1

an
(n− 1)!

ξn−1

Lα−→ fα =

∫ ∞eiα

0

e−ξ/xϕ (ξ) dξ.
�+R � ] � JY�
.�pipq^�xyhY\dz{esfqhY\"\"^��.hYb"nOpvc�ts_ongfi^]xyhYng}~^2pipq^

f̂
t|f�z{^2pipq^{��z{f�^+tue^C�^o�<ng^o¤ TY�<z{^9a�b"f�_2a�b"fq�DcDb?e¬�pvc�z{hB\?�B^2ns�B^o\dzo^�j?^

ϕ
�.^oe9tsf>z{^{eses^~j?^ong\"fq�ong^�ts^��"nghYpqhY\"�B^�cD\dcYpi¤�egfqa�b"^2}~^2\<e]pq^�pqhY\"�j?^

d
cQ��^2zwb"\d^�z{nghYfvtstgcD\dzo^�zohY\?��^o\dcY�"pq^ �,?fHpZ� hY\�cY�"�.^opqpi^ 3*1 029�� GI8@14< �4= 
 =

q
7 ��0 /���0ZE4= 
 =

ϕ

 029�� ��0�
@5�1?=4E�3*5+8@9 
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α
pZ� fq\<es_2�Yn4cDpq^rj?^��+R � �"� JY�Ñ�0pi^`es�"_2hYng�o}�^ R � . x�cYfme�cD�"�5cDn4cDfiesng^rpqc���^on4tsfihB\ q ��cD\dcYpihB�Yb"^t|b"fq�DcD\<eg^�j"^�pqc�}�_oes�"h?j?^�j"^�t|hB}�}�cDesfqhY\�^{�?�.hY\"^2\<esfq^opqpi^�j"^ � hYng^opi� � cD�"pvcYzo^~���B^2ngtsfihB\z{hY\<egfi\?bd^+�w¨

f̂ =
∑

n≥0

anx
n B̂q;1−→ ϕ =

∑

n≥0

anq
−n(n−1)/2ξn

Lαq;1−→ fα =
1√

2π log q

∫ ∞eiα

0

q−
1
2 (logq(ξ/x)+1/2)2

ϕ(ξ)
dξ

ξ
.

� R � ] � PB�
� ^�}rcD\dfi�2ns^9cD\dcYpihB�Yb"^B�<pi^9eg�"_ohBns�2}~^ R � ]~\"hBbdtwz{hB\dj?b"fie�cDb�j?fvcD�Yn4cD}�}�^9t|b"fq�DcD\<e�¨

f̂ =
∑

n≥0

anx
n B̂q;1−→ ϕ =

∑

n≥0

anq
−n(n−1)/2ξn

L[λ;q]
q;1−→ f [λ;q] =

∑

ξ∈[λ;q]

ϕ(ξ)

θq(ξ/x)
,

� R � ] � R��
aBbdf"�5^2ns}�^oe$j?^]j?_o�d\"fqn�b"\"^]�B^2ngtsfihB\

q
��cD\dcYpihB�Yb"^wj?fvtgz{ng�{es^�j"^�pqc�tshY}�}rcQegfihB\rj?^ � hYng^op� cD�dpqcBz{^ ��� cY\dt)pi^+tOj?fqcY�Yn4cD}�}�^2t$z{fi�¥j?^+tstsbdt2�Ypvc�ts_ongfq^ ϕ j?hBfme�M{egns^�z{hY\?��^ong�Y^2\<es^��yf � ^ � f̂j?hYfieQMoesng^

q
�UC�^o�<ng^o¤�j�� hYn4j?ng^WT+�]^{e�pq^��dnshBpihB\"�Y^2}~^2\<e�cD\5cDpq¤Begfqa�b"^�j?^

ϕ
j?hYfie9^{�?fqt|es^2nj"cD\dt�pqc�j?fqns^+zÑesfqhY\ j�� cYns�Bb"}�^o\<e

α
^{ercYj"}~^oe|egns^�¬�pZ� fq\?�d\"fwcYb��"pqbdt�bd\"^ zonshBfqtgtscY\dz{^

j?b�es¤��.^
θ|q|(A|ξ|)

hBb(��j?^~x�cY�{hB\�_+aBbdfi�DcYpi^2\<es^Y�.j?b�e|¤<�5^ |ξ|µe (ln |ξ|)2
2 ln |q|

¨(zY� ^+tue�z{^�a�b"^p�� hY\`cY�"�.^opqpi^�b"\"^>EI1 825�� ��029�E4=
q
7 =��I/�829�=�9 365+= ����= 
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q
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f [λ;q] = S[λ;q]f̂ � S � ^2t|e�z{^oe|eg^ q �¥tshY}�}�^`j?^ f̂ j"cY\dt�pvc
q
�¥j"fing^2z{esfqhY\

[λ; q]
��a�b"^ p�� hY\�5^2b?e�fqj"^o\<esfi�d^2nO¬�bd\ �.hYfq\<e�j?^�pqc�zohYb"ng�5^9^2pipqfi�"esfvaBbd^

Eq
�Oa�b"^�\dhYbdtO�"ngfq��fqpq_o�Yfq^onghY\5t �

0 �#% 9�5�3*5+8@9 R � T V H ,<hYfie U ⊂ C
b"\ hYb"��^onse�\"hB\��.hYng\"_ ^oe

ϕ
bd\"^`xyhB\dzÑegfihB\ j?_o�d\"fq^j"cD\dt

U � ,<hBfme k > 0 �H¢ \�j?fie�a�b"^ f cYj"}~^oe�¬�pZ� fq\?�d\"fOj"cY\dt
U

;�9�= EI1 825�� ��029�E4=
q
7

=��I/�829�=I9�3*5+= ����= 
 
 821�
@1?=
k
t|fZ���5hBb"n�eshBb?e

ρ > 0
��fip
^o�<fvt|es^�j?^2t9z{hB\dt|egcD\<eg^2t

C
�
A > 0es^opqpq^2t&a�b"^B�Y�.hYb"n&eshBb?e

ξ ∈ U r{0} ��_ongfi�5cD\<e infχ∈CrU |1− χ
ξ | ≥ ρ

�YhY\�cYfme |ϕ(ξ)| <
Cθ|q| 1k (A|ξ|) �
� ��=I<`/���= R � TZT�H� T+� � �B^+z�pvc]xyhBns}~b"pq^$j?^ S cYbdzÑ�?¤��{hY\~��_ongfm�d^)a�b(� bd\"^OxyhY\dz{esfqhY\~^o\<egfi�2ns^ ∑n≥0 anx

n^2t|e±¬ z{nghYfvtgtscY\dz{^
q
�Z^o�<�.hY\d^o\<esfq^opqpq^³j�� hYn4j?ng^³b"\ tsf ^{e t|^2b"pq^o}�^o\<e±t|f |an| <

CAn|q|−n(n−1)/2 �?hY� C � A > 0
tshY\<ewj?^2twzohY\dt|egcY\<es^+t [ ��cY}>]�JY_ ��6JY�'.�\ �dcYn|egfqzob"pifq^on+��pvcªxyhY\dz{esfqhY\

ξ 7→ ∏
n≥0(1− q−nξ) ^2t|e�¬ z{nghYfvtstgcD\5z{^

q
�^{�?�5hB\"^o\<egfi^2pipq^ j(� hBngj?ng^ bd\(��zocYnktshY\¯j?_o��^opqhY�d�5^2}~^2\<e�j?^ �>cQ¤<pihBn�¬ p�� hYngfi�Bfi\d^ ^2t|e

∑
n≥0

1
(q−1;q−1)n

q−n(n−1)/2ξn �
,?hYfie�}rcDfq\<es^2\dcD\<e

∆ ∈ C{x}[σq ]
b"\ hB�5_2ngcDes^obdn`pqfi\"_+cDfqns^�cDb?�

q
��j?fil._2ns^2\dz{^+t ¬z{h<^Ib�z{fq^o\<e4t0zohY\?��^ong�Y^2\<egt �{£ hYb5t
t|b"�d�5h�t|^2nshB\dt0a�b"^Opq^w�5hBpi¤<�BhY\"^Oj?^ £ ^ !OeshY\�j?^ ∆

\;� caBb;� b"\d^��.^o\<es^�\"hY\�\?b"pqpq^�^{e9aBbd^�z{^2pipq^{��z{f0�DcDb?e
1 � S ^+z{fH_2a�b"fq�DcDb?e���zD� ^2t|e�b"\�^{�?^on4z{fvz{^x�cYz{fqpq^9¬~�dcYn|egfin�j"^2twj?_o�d\"fiesfqhY\dt�j"b��5cDn4cD�Yn4cD�d�"^ P��$¬�j?fqng^�aBb;� fqp(to� _2zonsfie�¨

� R � T T � TI� ∆ = P (xσq) + x∆̃hY�
∆̃ ∈ C{x}[xσq ] ��� � _2a�bdcQegfihB\ P (X) = 0

�5^2b?e�cDpqhYn4t Moesng^�zohY\dtsfqj"_ong_o^ zohY}�}�^
��
 � �I; 0@3*5+8@9BE4021 0 E�3 ��145��43*5���; = 
Z=

∆
�5hBb"nwpvc��.^o\<eg^

1 �¢ \ j"_o}�hY\<egns^ [)2.�dc V J _�a�b"^¡eshYb"es^ tshYpqb?esfqhY\¯xyhBns}�^opqpq^ j?^
∆ŷ = c

��cD�B^+z
cz{hY\?��^ong�Y^2\<e4�H^+tue�tshY}�}rcD�dpi^��dcYn�pvc�t|hB}�}�cDesfqhY\�j?^

q
� � hYng^opi� � cD�"pvcYzo^�j"fqtgz{ng�{eg^ S[λ,q]t|f

λ
\(� ^2t|e��dcBt j"cD\dt�pvc

q
�ZhBns�"fies^�j�� b"\"^ n4cYzofi\"^�j?^ pZ� _+a�bdcQegfihB\ zocYngcBzÑeg_ongfqt|esfva�b"^ �� ckt|hB}�}~^ y ��_ongfi�d^`pZ� _+a�bdcQegfihB\ ∆y = c �&� cD\5t�pqcktsfmegbdcQegfihB\ªcY\dcDpqhY�Bb"^ �.hYbdnrb"\t|¤?t|es�o}�^B�Hbd\"^�tshYpqb?egfihB\�xyhY\5j"cD}�^o\<e4cDpq^rxyhYng}�^opqpi^k�y�dfi^2\ _+z{ngfmeg^ �q�i� � F̂ ^2t|e�tshY}�}rcD�dpi^j"cD\dt�pi^+t�}>M2}~^�z{hB\dj?fiesfqhY\dt �0� ^ob"� t|hB}~}�^+t S[λ,q]F̂

^{e
S[µ,q]F̂

t|^�z{hBnsng^2ts�5hB\dj?^2\<e�dcDn�}~b"piesfq�"pifvzocDesfqhY\�¬�j?nshBfmeg^��dcDn�b"\d^r}�cDesngfqzo^�^opqpifq�?esfva�b"^
Sλ,µ

��a�b"fZ�(�dcDn�cY\dcDpqhY�Bfi^cQ�B^+z�pq^�z2cYt�j?fil�_ong^o\<esfq^op�[ �]cD}c] P _�}�_ongfmeg^]j?^]t2� cY�"�.^opq^on
q
�¥}~b"pmegfi�dpifvzocDes^obdn&j?^ ,�egh ��^2t4� �¢ \�\"hDeg^on4c�a�b"^�pq^2t�fi}rcY�Y^2t�j?^ λ ^{e µ j"cY\dt Eq

j?hBfi��^o\<ew_2��fies^2n�bd\�\"hY}~�"ng^9�d\"f>j?^�DcDpq^ob"n4t �¢ \��.^ob?e`cY�"�"pqfqa�b"^2nrz{^2t�ns_+t|b"piegcDegt�cDb"� t|_2nsfq^2t��?¤<�.^ong�Y_2hY}�_{egnsfva�b"^2t�z{hY\"µdb"^o\<eg^2t�dcYtsfqa�b"^+tOj?b�e|¤<�5^
2Φ0

[)2.�dc V JY_&¨
� R � T T � JB� 2Φ0(a, b;−; q, x) =

def

∑

n≥0

(a; q)n(b; q)n
(q; q)n

qn(n−1)/2(−x)n

¦ hBtshY\dt a = qα, b = qβ
^{e
x = z/(1 − q) �(� c`ts_ongfi^~j?fi��^ong�Y^2\<es^ 2Φ0(a, b;−; q, x)z{hY\?��^ong�Y^;xyhYng}�^opqpi^2}~^2\<e2�{pqhYn4tgaBbd^

q → 1
�o��^on4t�pqc�t|_2nsfq^
�?¤<�5^2ns�B_ohY}�_oesngfqa�b"^
z{hB\?µdb"^2\<es^z{pvcYtgt|fva�b"^

2F0(α, β;−;−z)
�"a�b"f(^+tuew_o��cDpq^o}�^o\<ewj?fq�B^2ns�B^o\<eg^ �£ hYbdt)cQ��hY\dt>fq\<esngh?j?b"fie2��j"cD\dt$pZ� ^o�<^2}��"pi^ J � J?�Bpqc�t|_2nsfq^]�?¤<�.^ong�Y_ohB}�_{esngfvaBbd^)�5cYtsfqa�b"^

2Φ1(a, b; c; q, x)
^{e]tshY\�_2a�bdcDesfqhY\ xyhY\dz{esfqhY\"\"^2pipq^ �d¦ hBtshY\dt z = cx

^{e]tsb"�"�.hBtshY\dtwa�b"^
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c→∞ j"cD\5t&�*J � J � TI� �+¢ \�hB�?esfq^o\<e(pvc�ts_ongfi^�j"fi��^ong�Y^2\<es^ 2Φ0(a, b;−; q, x)
^{eHp�� _2a�bdcDesfqhY\�*J � J � JY�$j?^2��fq^o\<e

� R � T T � P�� {
(c− abqx)σq

2 − (1− (a+ b)qx)σq − qx
}

2Φ0(a, b;−; q, x) = 0.

,<hYfie
ϕ
pvc�egngcY\dt|xyhYng}~_2^�j?^

q
� � hYng^op�j?^ 2Φ0(a, b;−; q, x) �.¢ \�c

� R � T T � R<� ϕ(ξ) = 2Φ1(a, b; 0; q,−ξ) ∈ C{ξ}.

� cwts_ongfi^ 2Φ0(a, b;−; q, x)
^+tue0tshY}�}rcD�dpi^
�dcYn(pZ� hB�5_2ngcDes^obdn

S[λ,q]
t|f
λ ∈ C∗ r [−1; q] �.&\9§uhYbdcY\<e
tsb"n&j"^2t>xyhBns}~b"pq^2t
j?^�zohY\"\"^+zÑegfihB\~^oe&pq^ob"n4t

q
�¥cY\dcDpqhY�Bb"^2t2�QhY\��.^ob?e$}~hB\?�esng^onra�b"^�pqc

S[λ,q]
tshY}�}�^�j"^�pvckt|_2nsfq^�j?fi��^ong�Y^2\<es^

2Φ0(a, b;−; q, x)
es^2\dj��&a�bdcY\dj

q
eg^o\dj���^on4t T��

x = z/(1 − q)) �0�B^2ngt�pvc�t|hB}~}�^�j?^ � hBns^2p�j?^rpqc�ts_ongfq^�j"fi��^ong�Y^2\<es^
2F0(α, β;−;−z)

j"cD\dtOpvc�j?fqns^+zÑesfqhY\��dcBtstgcD\<eO�dcDn
λ ��¢ \�^o\�j?_+j?b"fie]aBbd^r��pq^��`}~b"pi�esfq�"pifvzocDes^2b"n~j"^ ,�egh ��^2tW[ ��cY}c] P�_wcYtgt|h?zofi_�¬

2F0(α, β;−;−z)
�5^2b?ecM{esng^`fq\<es^2ns�dns_oes_z{hY}�}�^�pqfq}~fies^ j?b

q
�Z}~b"piesfq�"pqfqz2cQes^2b"n j"^ ,�egh ��^2t

Sλ,µ
cYtgt|h?z{fq_�¬

2Φ0(a, b;−; q, x)�5hBb"ns�<b�a�b"^~pq^2t�\"hY}~�"ng^2t]zohY}��"pq^{�?^2t
λ
^{e
µ
�5\dfHng_o^2pqt�\"_2�BcQegfmx�t2��\"f>\?b"pvto�5\"^~tshYfq^o\<e�dcYtwtsb"nwb"\"^9}>Mo}�^�j?fqng^2zÑegfihB\ fvtgt|b"^�j"^ Vd�

� � ��� �����
(
∑

n≥0 q
n(n−1)/2xn)2 � � ��� � � ��� ��� � � � ����� � � 
 � ����
 �$� � � ����
��

¦ h�t|hB\dt Ŷ = (
∑

n≥0 q
n(n−1)/2xn)2 ^{e9z{hB\dt|fvj?_2nshB\dt]tgcregngcY\dtuxyhBns}�_2^�j?^ q � � hYng^op

B̂q;1Ŷ �]¦ cDn�b"\°z2cDpvz{b"p�tsfq}~�dpi^B�whY\ �.^ob"e��B_2nsfi�d^on�pvc�xyhBns}~b"pq^�tsb"fi�DcY\<es^ ¨�t|f
f̂ =∑

n≥0 anx
n ^{e ĝ ∈ C[[x]]

�dcDpqhYn4t
B̂q;1(f̂ ĝ) =

∑

n≥0

anq
−n(n−1)/2ξnB̂q;1ĝ(q−nξ).

K p$t2� ^2\dt|bdfme�a�b"^B�Htsf P (ξ) = B̂q;1Ŷ (ξ)
∏
n≥0(1− q−nξ) �>cDpqhYn4t P ^2t|e�b"\"^�xyhY\dz{esfqhY\^o\<esfq�ong^�es^opqpq^9a�b"^

� R � T T � 6B� P (qm) = (−1)mqm(3m+1)/2(q−1; q−1)m(q−1; q−1)∞.

¢ \~^2\rj?_2j?bdfme$a�b"^ P cYj"}~^oe&¬9p�� fq\?�d\"f5b"\"^�z{nghYfvtgtscY\dz{^
q
�Z^o�<�.hY\d^o\<esfq^opqpq^Oj(� hBngj?ng^ ≥ 3 �

� =�<>0@1 ��; =QR � T J�H � c�egngcY\dt|xyhYng}~_2^�j?^ q � � hYng^op5j"^ (
∑

n≥0 q
n(n−1)/2xn)2 ng^o�"ng_2ts^o\<eg^b"\"^9xyhY\5zÑesfqhY\�}�_onghY}�hBns�"�d^�j"cY\dt

C
�d¬���NYpq^2t���tsfi}��"pq^2t4�Oj"cD\5t

qN
^{e�cQ¤<cD\<e&¬�pZ� fi\?�5\"fj"cD\dt

Cr qN
bd\"^�z{nghYfvtstgcD\5z{^

q
�¥^{�?�.hY\"^2\<esfq^opqpi^9j�� hYn4j?ng^�^o�"cYzÑeg^o}�^o\<ewj?^2b?� �

¦ cYn]z{hB\dts_2a�b"^o\<e+�dpvc�ts_ongfi^ (ŷ)2 \(� ^+tue��dcYt q � � hBns^2pm� � cY�"pqcBz{^�tshY}�}rcD�"pq^�z{hB}�}~^ ŷ^opqpi^o�Z}>Mo}�^ � S ^r�"�"_o\dhY}��o\"^r^+tue�pqfq_�cDb�x�cDfie�t|bdfi�DcY\<e~¨(pZ� _2a�bdcQegfihB\�j"^ (ŷ)2 zohY\<egfi^2\<ej?^ob?���.^o\<eg^2t�\"hY\�esngfi�<fvcDpq^2t�cDpqhYn4t�a�b"^�� R � Vd� JB�w\(� ^o\�c a�b(� b"\"^�ts^ob"pq^ � .�\�^{l�^{e+�(cQ�B^+zp�� _2a�bdcDesfqhY\k� R � V"� JY�{�"hY\��.^ob?e�_2z{ngfqns^ σqŶ © ��;�5 9 
 = �43a0@;�3*1 = ��; = (σq ŷ)2 © ^o\�eg^ong}�^2tj?^
Ŷ
^{e
ŷ
«dzo^opvc~\"hYbdtwzohY\dj"b"fme]¬~pZ� _+a�bdcQegfihB\�tsb"fq�DcD\<es^�¨

� R � T J � TI� ∆Ŷ = 1 + x, ∆ = q2x3σ2
q − x(1 + x)σq + 1.



��� ����� ��
�$�� �����
q
�-�����	� � ��
�$�"�
�� � �

� �����'!#��� � � � � � � 0 029�� ����H�� 
�H������ 8@9:0
∆ = (xσq − 1)(x2σq − 1)

=�3 ��0 � ��145+=
Ŷ= �43

(1, 1/2)
7 ��82< <>0	� ��=�/�021���= /�1?8�E ��
 � � ;�5�	2029�3��

f̂ =
∑

n≥0

anx
n B̂q;1−→ ϕ =

∑

n≥0

anq
−n(n−1)/2ξn

A∗q;1,1/2−→ f∗1
L∗q;1/2−→ f∗(1,1/2).

� R � TYP � TI�
��E�5 � Aq;1,1/2 = L

q
1
2 ;1

= Lq;1/2
=�3'� �45 ��
 8@9 �4;�5�3 ��0 < ��3���8�
 =�����H���H 3���� 1?= �6/�H ����H��ZH �������

829>/�8���= ∗ = α
�61 = �6/ H ∗ = [λ; q

1
2 ]
� H

� cD\5t^[ �+2 V V _.^{e`[ ��,
2 V P�_¥�DhY\�j"_o}�hY\<egns^Oa�b"^weshBb?es^+t
pq^2t�ts_ongfi^+t
^o\<egfi�2ns^+t>t|hBpib?egfihB\dtxyhYng}~^2pipq^2t�j�� bd\"^`_+aBb5cQesfqhY\ cYb?�
q
��j?fil._2ns^2\dz{^+t�pqfi\"_+cDfqns^ cD\dcYpi¤�esfva�b"^�tshY\<e�}~b"pmegfqtshY}~�}�cY�"pq^2t$�dcDnOj?^2t)�"ngh?z{_+j?_2t$�Y_2\"_on4cDpqfqtgcD\<e&zo^opqb"f�_o��h?aBbd_�z{fi��j?^2tgt|b5t � S ^�ng_2tsb"piegcDe$b?egfipqfqts^j?^�x�cB�{hY\�^+tsts^o\<egfi^2pipq^�pvcrx�cYz{eshBnsfvtscDesfqhY\�cD\5cDpq¤Begfqa�b"^�j?^2t�hY�._on4cQeg^ob"n4t�cD\5cDpq¤Begfqa�b"^+t]cYb?�

q
�¥j?fil�_ong^o\dzo^2t9��z{x � O?P�� �"� � b?egfipqfqtgcQegfihB\�j"b �"ngh?z{_+j?_�j?^9}�b"piesfvtshY}�}rcQesfqhY\`�dcYts_�t|b"n�j"^2tesn4cD\dt|xyhYng}rcQesfqhY\5t�j?^ � cY�"pvcYz{^ q �¥cY\dcDpqhY�Bb"^2t�j?fvtszons�oes^2t�j?hB\"\"^�\dcDfvtgtscY\dz{^�¬�bd\ �"�"_o�\"hY}��o\d^�j?^!,<esh ��^2t

q
�¥cY\dcDpqhY�Bb"^��y�dcYn zohY}��dcDn4cDfvtshY\ª^o\<esng^�j?^+t`tshY}�}rcQegfihB\dt`j"cY\dtj?^2t

q
��j?fqns^+zÑegfihB\dt

[λ; q]
j?fml�_ong^o\<eg^2t4� � S hB}�}~^�jdcD\dtwpq^�zocBt�j?^�pvcrtshY}�}rcQesfqhY\�tsfi}��"pq^j?_2zonsfie�z{fi�¥j?^+tstsbdt2�>pi^+t�}�b"piesfq�"pqfqz2cQeg^ob"n4t�j?^ ,�esh	�B^+t�\d^�tshY\<e~�"pqbdt�z{hB\dt|egcD\<e4t�}rcYfqtr¬z{h<^Ib�z{fq^o\<e4t>^opqpifq�?egfqa�b"^+to�<z{hB}~}�^]zo^ob?�rj?^�pqc�}rcDesngfqzo^�j?^ � fqn��<�"hYl���z{x � O PB� � S ^2t&}�bdpm�esfq�"pifvzocDes^2b"ngt�j?^ ,<esh ��^2t�t|hB\<e2�;j"cY\dt�pq^ z2cYt�fingns_2�Yb"pqfq^on+�(�dcDng}�f&pq^2t���esn4cD\dtgz{^2\dj?^2\<egcDpfi\?�DcYnsfvcD\<e4t0��t|hBb"�dcYfmeg_2t��dcDn � fqn��<�"hYl ��z{x � OYTI� ��K \?��^on4t|^2}�^o\<e]hB\��.^ob?e�ng^2zohY\dt|esfiesbd^onb"\ �B^ong}�^�j(� _+aBb5cQesfqhY\�cDb"�

q
�¥j?fil�_ong^o\dzo^2t�pqfi\"_+cDfqns^�cY\dcDpq¤�esfvaBbd^ pqh?zocDpq^ ��¬�esn4cD\5tuxyhBn|�}�cDesfqhY\�j?^�§|cDb"�B^��"ng�2t4��¬`�5cDnsesfqn9j"^2t9fq\?�DcDngfqcY\<egt)xyhYng}�^opvt�^{e�j?^2t

q
�¥}~b"pmegfi�dpifvzocDes^obdngtj?^ ,�egh ��^2t � S � ^+tue]pvcrtshYpqb?esfqhY\�j?b��dnshB�"pi�2}�^�j?^��wfq^o}rcD\d\?� A]fipq�.^onse q �¥cY\dcDpqhY�Bb"^9pih?z2cDpj"cD\dt�pi^ zocYt�fingng_o�Ybdpifq^on�a�b"f$ns_2�5hB\dj ¬�b"\d^ cDb"esng^`a�b"^2t|esfqhY\�j?^ � fqn!���dhDl°�g�9fq\?�B^2ngts^�wfi^2}rcD\"\�eg�"^ohBns¤`xyhYnweg�"^�\"^2fi�B�?�5hBns�dh�h?j`hDx

x = ∞ �d� �.¦ hYb"nw�dcBtsts^on�cDb�zocBt��YpqhY�5cDpfingns_2�Yb"pqfq^on+�Dfip�tsb�b�eOj�� cQ§uhBb?es^2n$cYb?�rfi\?�DcYnsfvcD\<e4t;pqh?zocDb"��^2\
0
^oe ∞ b"\"^��Y_o\d_on4cDpqfqtgcQegfihB\z{hY\?��^o\5cD�"pq^]j?^9pvc�}rcDesngfqzo^9j"^ � fqn!���dhDl �

�>M�� ��V 
�RYXZT0P-� 
(V
	
q �
UOX � �dS
�5P$W �"� 
�S<X�R +-( �"RYX ��V ���

� � _oesbdj"^�j?^+t~_2a�bdcQegfihB\dt~cDb?� q ��j?fml�_ong^o\5z{^2t~z{hB}��"pi^o�?^2t~c�j?_|§|¬��.hYnses_�t|^+t�xyngb"fiegt2�} M2}�^�t|f?�.^2cYbdz{hBb"��ns^+tueg^O¬�x�cYfing^ �Y� hYn4tsa�b"^)pZ� hB\~�.^o\5t|^�cYb?��j?_2�B^2pihB�"�5^2}�^o\<egt0ng_2z{^2\<egtj?^�pvcreg�"_ohBnsfq^
p
�¥cBj?fqa�b"^�^{e�cDngfmeg�"}�_{esfva�b"^�j"^2t�_2a�bdcQegfihB\dt]j"fml�_ong^o\<egfi^2pipq^2t2�dfqp>^2t|e�z{pvcDfqnaBbd^Y�Dng^opvcQegfi��^o}�^o\<e
cDb"��_2a�bdcDesfqhY\dt
cYb?�

q
��j?fil._2ns^2\dz{^+to�Bz{^2t��5hBfi\<e4t�j?^w�<b"^]tshY\<e
}�hYfq\dtcQ�DcD\dzo_2t �� c�pqfmeses_2ngcDesb"ng^�tsb"n)pi^+t$_+a�bdcQegfihB\dt&cYb?� q �¥j?fil�_ong^o\dzo^2t p �¥cBj?fvaBbd^2t�^+tuewcYtgts^����dcYb"�<ns^ �� hYn4tgaBbd^ |q| 6= 1

pq^2t�ng_2tsb"pme4cQe4t�^{�?fvtue4cD\<e4t��FE*GIH�pq^2t]es�d_ohYng�o}�^+t�j�� fq\dj?fvz{^�j"cD\dt [ � � ]�JY_^{e�pvc z{hY\5tuegnsbdz{esfqhY\�j?^2t`t|hBpib?egfihB\dt�z2cD\"hB\"fqa�b"^+trj"cD\5t [ ,"cDb VZV ��_Ç�rfi\dj"fqa�b"^2\<e`aBbd^�pqces�"_2hYngfi^�^2t|e��"pqb?eFNYe�t|^2}��"pvcD�dpi^�¬�pqc�eg�"_ohBnsfq^rz{hY}��"pq^{�?^ �(� c��Yn4cD\dj"^~j?fil�_ong^o\dzo^�cQ�B^+zpi^`z2cYt�zohY}��"pq^{�?^r^2t|e�a�b"^B�;^o\ �<b"^ j?^�pZ� _oesbdj?^�j?^�pvc�z{hB\?µdb"^2\dz{^B�(hY\ ^+tue�hY�"pqfi�B_�j?^esn4cDfies^onOpq^�zocYt |q| = 1
¨?^o\�^{l�^{e]jdcD\dt)b"\�z{hBns�dt)b"piesn4cD}�_oesngfqa�b"^�pqc~\"hBns}�^9j?^

q
^2t|e

1pihBngtga�b"^
q
^2t|e$�"ngh?zÑ�"^wj?^

1 �B� ^�esn4cQ�DcDfqp?\"^wx�cYfmeOaBbd^]z{hB}~}�^2\dz{^2n&}rcDfvt�fqpd^+tueOz{pvcDfqn&a�b"^pqc9eg�"_ohBnsfq^
p
�¥cBj?fvaBbd^�j?^2t$_2a�bdcDesfqhY\dt$cDb?�

q
�¥j"fml�_ong^o\dzo^2t$cQ�B^+z |q| = 1

^2t|e$bd\"^]�dcYn|x�cYfmeg^j?_{xyhBns}rcQegfihB\�j?^rpvc es�"_2hYngfi^rj?^+t�_2a�bdcDesfqhY\dt9j?fil�_ong^o\<esfq^opqpq^2t
p
��cYj"fqa�b"^+to��z{^�a�b"f
pvcDfvtgt|^^o\<esng^o��hYfqn&j�� fq\<es_ong^2tgtgcD\<es^+t�fq}��"pifvzocDesfqhY\dtO�B_ohB}~_oesngfqa�b"^+tQ[ � \dj V JYz4_ �
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K zof��d\"hYbdt)�dcYnspq^onghY\5t$�dpib?e?NDe�j?b��.hYfq\<eOj?^��<b"^�cYnsfies�"}�_oesfvaBbd^�^oew^o\��dcDnsesfvz{bdpifq^onwj?b�"nshB�"pq�o}�^ ��tsz{��!OcYn��2fi^2\���j?^�pvc�ng^2z{�"^on4zÑ�"^9j?^2t�tshYpqb?esfqhY\dt�cDpq�Y_2�"ngfqa�b"^+t�j�� _2a�bdcQegfihB\dtxyhY\dz{esfqhY\"\"^2pipq^2t�pifq\"_2cYfing^2t �&� cD\dt`z{^�zohY\<es^o�<es^�hY\ hB�?esfq^o\<e��"pqb?e?NDe j?^+trng_2tsb"pme4cQe4t�j?^ngcDesfqhY\dcYpifies_ � .�\��5cDnsesfvz{b"pqfi^2n2�+�.hYb"n0pi^+t;_+aBb5cQesfqhY\5t(�?¤<�5^2ns�B_ohB}~_oesngfqa�b"^+to�ÑhB\�j?_2}~hB\<esng^w¨
� �����'!#��� ����� �'��� [ C�hBb P � _¥� S � � K KFK �&^{eB[ � � V JYc _Z� � �"�.^o\5j?fm�d�*4�8@5�3

q ∈ C∗ ;�9
9�82< ��1?= E48@<^/ ��=���= 9�829 1?0 E�5�9�= 
 = ��
 ;�9 5�3 �YH � = �>0 �!��=�143*5+8@9�� �4;�5�	�0@9 3 = � ��829�3 � ��;�5�	�0@7
��=I9�3 = � �� T+� � 
 � ��; 02365+829�� �?/�=I1 � �48@< ��36145��I; = �40��45��I; =&� 
�H�
�H�
 � 
Z=^/ 0@1?0@< 5�3*1 = �

a, b, c
08
2<c=�3

;�9�= �40 ��= 
 = ��8�� ;�365+829�� 
 029��
C(x)

H�6JY� ���`=��Z5�� 3 =
α, β, γ ∈ Z 3 = � � ��; =

a = qα
�
b = qβ

=I3
c = qγ

=�3 ��
 � ��; 02365+829
� �?/�=I1 � �48@< ��36145��I; = E �-0�� �45��I; = � 
�H�
�H ��� 
Z=W/ 0@1?0@< 5�3*1 = �

α, β, γ
08
2<c=�3 ;�9�= �40���=1
Z=

�I8�� ;�365+829�� 
Z029��
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