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Introdution Graph estimation Adaptive tests Minimax boundsUndireted graphial modelWe onsider Z = (Z1, . . . ,Zp+1) ∼ Np+1(0,Ω−1)
Ω non singular.
Γ := {1, . . . , p + 1}G = (Γ,E) �nite undireted graph.neG (a) : neighbors of a in G .
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Z is a Gaussian graphial model with respet to G
⇐⇒Z satis�es the loal Markov property for any a ∈ Γ.2/28



Introdution Graph estimation Adaptive tests Minimax boundsEx. 1 : Geneti network of E. Coli

Nodes : genesVerties : interations between two genes and their produts that3/28



Introdution Graph estimation Adaptive tests Minimax boundsTransriptomi data analysisTransriptomi data = measures of the gene expression levels (RNAm)
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Introdution Graph estimation Adaptive tests Minimax boundsTransriptomi data analysisTransriptomi data = measures of the gene expression levels (RNAm)
Analysis of the dependene struture in thedata.Goal : Inferring a part of this gene network usingtransriptomi data.4/28



Introdution Graph estimation Adaptive tests Minimax boundsProperty
Ωa,b = 0 ⇐⇒ (Za ⊥⊥ Zb)|Z−{a,b}.
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Introdution Graph estimation Adaptive tests Minimax boundsProperty
Ωa,b = 0 ⇐⇒ (Za ⊥⊥ Zb)|Z−{a,b}.
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0Two bene�ts :sienti� interpretation of the graph.dimension redution in a statistial analysis.5/28



Introdution Graph estimation Adaptive tests Minimax boundsEx. 2 : Image analysis

Rue and Tjelmeland (2002)6/28
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Introdution Graph estimation Adaptive tests Minimax boundsStatistisData : Z ∼ Np+1(0,Ω−1).n observations of Z = (Z1, . . . ,Zp+1)
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Introdution Graph estimation Adaptive tests Minimax boundsStatistisData : Z ∼ Np+1(0,Ω−1).n observations of Z = (Z1, . . . ,Zp+1)QUESTIONS :1 Estimation or test of the struture.2 Estimation of the distribution
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Introdution Graph estimation Adaptive tests Minimax boundsStatistisData : Z ∼ Np+1(0,Ω−1).n observations of Z = (Z1, . . . ,Zp+1)QUESTIONS :1 Estimation or test of the struture.2 Estimation of the distributionSETTING :High dimension p ≫ n (e.g., miroarray)Optimality and adaptationFlexibilityomputationally fast7/28



Introdution Graph estimation Adaptive tests Minimax boundsOutline of the talk
Graph estimationAdaptive testsMinimax bounds
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Introdution Graph estimation Adaptive tests Minimax boundsGraph estimation : Preision matrix estimation
Ωa,b = 0 ⇐⇒ (Za ⊥⊥ Zb)|Z−{a,b}.
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0Graph Estimation ⇐⇒ Seleting the 0 of the preision matrix. la préision.
⇒ Estimation of the preision matrix by penalized maximum likelihood :
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Introdution Graph estimation Adaptive tests Minimax boundsPenalized maximum likelihoodEx1 : Complexity penalization.Idea : For any graph G ′, AG ′ = {Ω′ : Ω′ij = 0 for i G ′

≁ j}.
Ω̂G ′ = arg max

Ω′∈AG′

Ln(Ω′)Remarks : When the number of edges in G ′ inreases, thenthe likelihood Ln(Ω̂G ′) always inreases.the bias of Ω̂G ′ dereases.the variane of Ω̂G ′ inreases.
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Introdution Graph estimation Adaptive tests Minimax boundsPenalized maximum likelihoodEx1 : Complexity penalization.Idea : For any graph G ′, AG ′ = {Ω′ : Ω′ij = 0 for i G ′

≁ j}.
Ω̂G ′ = arg max

Ω′∈AG′

Ln(Ω′)Remarks : When the number of edges in G ′ inreases, thenthe likelihood Ln(Ω̂G ′) always inreases.the bias of Ω̂G ′ dereases.the variane of Ω̂G ′ inreases.There exists (at least) one graph G∗ that minimizes the Kullbak risk
E

[
K(Ω̂G ′ ; Ω)

]
≈ bias + variane .We do not know G∗ !If n is large enough, then G∗ = G .If n is too small, G∗ has less edge than G . Hopeless to estimate G .A reasonnable goal is too aim for G∗.Goal : Piking a graph Ĝ that performs almost as well as G∗.10/28



Introdution Graph estimation Adaptive tests Minimax boundsHeuristi : data-driven approximation of the Kullbak risk
E

[
K(Ω̂G ′ ; Ω)

]
≈ −Ln(Ω̂G ) + �n [ p∑a=1 degG ′ (a)] .Data-driven riterion :Ĝ = argminG ′

−Ln(Ω̂G ) + K log(p)n [ p∑a=1 degG (a)] ,for some K > 0.Analysis : Simultaneous ontrol of the deviations of the estimators Ω̂G ′

 omputing the metri entropy assoiated to the distributions in AG ′ .
 Under some onditions....

E

[
K(Ω̂Ĝ ; Ω)

]
≤ � log(p)E [

K(Ω̂G∗ ; Ω)
]Computational omplexity : 2p(p−1)/2 estimators to ompute.11/28



Introdution Graph estimation Adaptive tests Minimax boundsConvexifying the riterionEx2 : l1 penalization (Glasso) [Banerjee et al. (07), Rothman et al. (08), Ravikumar etal. (09)℄
Ω̂ = arg min

Ω′

−Ln(Ω′) + λ‖Ω′‖1 .The estimator Ω̂ is usually sparse. l1 penalization shrinks some oe�ients to zero.
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Introdution Graph estimation Adaptive tests Minimax boundsConvexifying the riterionEx2 : l1 penalization (Glasso) [Banerjee et al. (07), Rothman et al. (08), Ravikumar etal. (09)℄
Ω̂ = arg min

Ω′

−Ln(Ω′) + λ‖Ω′‖1 .The estimator Ω̂ is usually sparse. l1 penalization shrinks some oe�ients to zero.Analysis : the Kullbak loss K(Ω̂; Ω) is small ... under some onditions :
E

[
K(Ω̂; Ω)

]
≤ � log(p)n [ p∑a=1 degG (a)]

 tools : Behaviour of the spetrum of a Wishart matrix [Davidson and Szarek (01)℄+ deviation of the entries of a standard Wishart matrix.12/28



Introdution Graph estimation Adaptive tests Minimax boundsConvexifying the riterionEx2 : l1 penalization (Glasso) [Banerjee et al. (07), Rothman et al. (08), Ravikumar etal. (09)℄
Ω̂ = arg min

Ω′

−Ln(Ω′) + λ‖Ω′‖1 .The estimator Ω̂ is usually sparse. l1 penalization shrinks some oe�ients to zero.Analysis : the Kullbak loss K(Ω̂; Ω) is small ... under some onditions :
E

[
K(Ω̂; Ω)

]
≤ � log(p)n [ p∑a=1 degG (a)]

 tools : Behaviour of the spetrum of a Wishart matrix [Davidson and Szarek (01)℄+ deviation of the entries of a standard Wishart matrix.When n is small, the graph G̃ assoiated to Ω̂ (empirially) performs very bad.12/28



Introdution Graph estimation Adaptive tests Minimax boundsGraph estimation : onditional regressionZa =
∑b 6=a θa,bZb + ǫa ,with ǫa ⊥⊥ (Xb)b 6=a and the matrix θ is de�ned by

θa,b = −Ωa,b/Ωa,a .Graph Estimation ⇐⇒ Seletion of the 0 of θ.
⇒ Estimation in a linear regression model with Gaussian design :
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θa,b = −Ωa,b/Ωa,a .Graph Estimation ⇐⇒ Seletion of the 0 of θ.
⇒ Estimation in a linear regression model with Gaussian design :Ex1 : Complexity penalization
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Introdution Graph estimation Adaptive tests Minimax boundsGraph estimation : onditional regressionZa =
∑b 6=a θa,bZb + ǫa ,with ǫa ⊥⊥ (Xb)b 6=a and the matrix θ is de�ned by

θa,b = −Ωa,b/Ωa,a .Graph Estimation ⇐⇒ Seletion of the 0 of θ.
⇒ Estimation in a linear regression model with Gaussian design :Ex1 : Complexity penalization

θ̂a,. = argmin
θ′a,. ‖Za −∑b 6=a θ′a,bZb‖2 (1+ K log(p)n ‖θ′a,.‖0]) .Ex2 : l1 Penalization (Lasso)

θ̂a,. = argmin
θ′a,. ‖Za −∑b 6=a θ′a,bZb‖2 + λ‖θ′a,.‖1 .Analysis : (Gaussian) onentration + (a bit of) onentration for Wishart matries.[Giraud (08), Rothman et al. (08)℄13/28



Introdution Graph estimation Adaptive tests Minimax boundsGraph estimation : Bayesian approah1 De�ne a prior distribution on the set of Graphs (e.g. Erdös-Rényi model)2 For any graph G , De�ne a prior distribution on the set of preision matrieswith presribed zeros (typially : HyperWishart distribution).
 Compute the posterior distribution of L (G ,Ω|Z1, . . . ,Zn).
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Introdution Graph estimation Adaptive tests Minimax boundsGraph estimation : Bayesian approah1 De�ne a prior distribution on the set of Graphs (e.g. Erdös-Rényi model)2 For any graph G , De�ne a prior distribution on the set of preision matrieswith presribed zeros (typially : HyperWishart distribution).
 Compute the posterior distribution of L (G ,Ω|Z1, . . . ,Zn).Computational di�ulties :If the graph G is hordal, then the HyperWishart distribution is onjugateeasy omputation of L(Ω|G ,Z1, . . . ,Zn)If G is not hordal, one has to use MCMC-like algorithms : omputationallyintensive. [Dellaportas et al. (03), Sott and Carvahlho (09)℄
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Introdution Graph estimation Adaptive tests Minimax boundsAtive researh topi
tests multiples Pseudo-vraisemblane Vraisemblane- Shäfer/Strimmer (04) - Meinshausen/Bühlmann (06) - Yuan/Lin (06)- Wille/Bühlmann (06) - Giraud/Huet/V. (09) - Banerjee et al. (07)- Bühlmann/Kalish (08) ... - Friedman et al. (07)... ...
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Introdution Graph estimation Adaptive tests Minimax boundsAtive researh topi
tests multiples Pseudo-vraisemblane Vraisemblane- Shäfer/Strimmer (04) - Meinshausen/Bühlmann (06) - Yuan/Lin (06)- Wille/Bühlmann (06) - Giraud/Huet/V. (09) - Banerjee et al. (07)- Bühlmann/Kalish (08) ... - Friedman et al. (07)... ...Common features :�often� algorithmi approahes.A few theoretial results 1 ≪ n ≪ p+ hypotheses on the ovariane Ω−1.Pratial performane are (sometimes) disapointing and the results are notorroborating.  [Villers et al. (08)℄15/28



Introdution Graph estimation Adaptive tests Minimax boundsValidation of a graph

Expression data : p + 1 genesn observations of (Z1, . . . ,Zp+1)GOAL : testing that no regulation between genes has been forgotten.16/28



Introdution Graph estimation Adaptive tests Minimax boundsValidation of a graphGraph : G = (Γ, E) with Γ = {1, . . . , p + 1}DATA : n observations of Z = (Z1, . . . ,Zp+1) ∼ N (0,Ω−1)GOAL : testingH0 : � Z is Gaussian graphial model with respet to G . �Means : Testing for any vertex a :H0,a : � Z satis�es the loal Markov property at a with respet to G �
mZa ⊥⊥ Z−{a,neG (a)}|ZneG (a)
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Introdution Graph estimation Adaptive tests Minimax boundsApproahRegression of Za with respeto Z−a : Za =
∑b∈Γ\{a} θabZb + ǫa , ǫa ⊥⊥ Z−aNeighborhood test for the vetex a : testingH0,a : � Za ⊥⊥ Z−{a,neG (a)}|ZneG (a) �

⇐⇒ H0,a : � θa−neG (a) = 0 �
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Introdution Graph estimation Adaptive tests Minimax boundsApproahRegression of Za with respeto Z−a : Za =
∑b∈Γ\{a} θabZb + ǫa , ǫa ⊥⊥ Z−aNeighborhood test for the vetex a : testingH0,a : � Za ⊥⊥ Z−{a,neG (a)}|ZneG (a) �

⇐⇒ H0,a : � θa−neG (a) = 0 �Y =

p∑i=1 θiXi + ǫwith :
θ ∈ R

p unknown
ǫ ∼ N (0, σ2) and σ2 = var(Y |X ) unknown
(Xi )1≤i≤p ∼ N (0,Σ) with Σ unknown but non singular.
ǫ independent of X
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Introdution Graph estimation Adaptive tests Minimax boundsApproahRegression of Za with respeto Z−a : Za =
∑b∈Γ\{a} θabZb + ǫa , ǫa ⊥⊥ Z−aNeighborhood test for the vetex a : testingH0,a : � Za ⊥⊥ Z−{a,neG (a)}|ZneG (a) �

⇐⇒ H0,a : � θa−neG (a) = 0 �Y =

p∑i=1 θiXi + ǫwith :
θ ∈ R

p unknown
ǫ ∼ N (0, σ2) and σ2 = var(Y |X ) unknown
(Xi )1≤i≤p ∼ N (0,Σ) with Σ unknown but non singular.
ǫ independent of XV ⊂ {1, . . . , p}Testing the support of θ :data : n observations of (Y,X).H0 : � θ−V = 0 �18/28



Introdution Graph estimation Adaptive tests Minimax boundsDesription of the proedure
 For the sake of simpliity : V = ∅.Consider m ⊂ {1, . . . , p}testing H0 : � θ = 0 �. against the alternative H1,m : � θ−{m} = 0 �
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Introdution Graph estimation Adaptive tests Minimax boundsDesription of the proedure
 For the sake of simpliity : V = ∅.Consider m ⊂ {1, . . . , p}testing H0 : � θ = 0 �. against the alternative H1,m : � θ−{m} = 0 �We note

Πm the orthogonal projetion onto the spae generated by Xi , i ∈ m
‖.‖n : eulidean norm on R

n.Fisher test :
φm(Y,X) = (n − |m|)‖ΠmY − ΠmY‖2n

|m|‖Y− ΠmY‖2nWe rejet H0 if φm(Y,X) > thresholdUnder H0, φm(Y,X) ∼ Fisher(|m|, n − |m|)19/28



Introdution Graph estimation Adaptive tests Minimax boundsDesription (fd)
M(k, p) : Colletion of subset of {1, . . . , p} of size k. (k ≤ n − 1)De�nitionLet us rejet the test Tα if

∃m ∈ M(k, p) : φm(Y,X) > F̄−1
|m|,Nm (α/|M|)F̄|m|,Nm (u) is the probability that a Fisher distribution with |m| et Nm degrees offreedom is larger than u.
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Introdution Graph estimation Adaptive tests Minimax bounds
H0

Pθ(Tα > 0) ≤ 1 − δ

Pθ(Tα > 0) ≥ 1 − δ

Θ[k, p] : Vetors θ ∈ R
p with at most k nonzero oordinates.H0 : θ = 0 against H1 : θ ∈ Θ[k, p]\{0}

‖
√
Σθ‖2p := var[∑pi=1 θiXi ]
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Introdution Graph estimation Adaptive tests Minimax bounds
H0

Pθ(Tα > 0) ≤ 1 − δ

Pθ(Tα > 0) ≥ 1 − δ

Θ[k, p] : Vetors θ ∈ R
p with at most k nonzero oordinates.H0 : θ = 0 against H1 : θ ∈ Θ[k, p]\{0}

‖
√
Σθ‖2p := var[∑pi=1 θiXi ]TheoremAssume that n ≥ �[α, δ]k log (pk ) ,then Pθ (Tα > 0) ≥ 1− δ then for all Σ and for all θ ∈ Θ[k, p] suh that

‖
√
Σθ‖2p
σ2 ≥ �[α, δ]n [k log (pk )].21/28



Introdution Graph estimation Adaptive tests Minimax boundsSummaryThe test Tα is powerful against a k-sparse alternative when
‖
√
Σθ‖2p
σ2 ≥ � kn log (pk ) .Is it optimal ?
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Introdution Graph estimation Adaptive tests Minimax boundsSummaryThe test Tα is powerful against a k-sparse alternative when
‖
√
Σθ‖2p
σ2 ≥ � kn log (pk ) .Is it optimal ?... under the hypothesis that k log(p/k) is small ompared to n.Why is this ondition ouring ? Is it minimal ?It is possible to ahieve the rate of testing k log ( pk ) against Θ[k, p]simultaneously over all k ∈ {1, . . . , n/2 log(p)}.The omputational omplexity of Tα is terrible. Proportionnal to (kp).How an we ope with this in pratie ?.data-driven olletion of models given by a fast proedure (e.g. : Lasso).22/28



Introdution Graph estimation Adaptive tests Minimax boundsMinimax separation distaneH0 : θ = 0 against H1 : θ ∈ Θ[k, p] \ {0}.Fix δ > 0. ψα test of Level α.Separation distane of ψα :
ρ[ψα, k,Σ] := inf{ρ > 0, inf

θ∈Θ[k,p], ‖
√
Σθ‖p≥ρσ Pθ,σ[ψα = 1] ≥ 1− δ

}

.

H0

Pθ(ψα > 0) ≤ 1 − δ

Pθ(ψα > 0) ≥ 1 − δ
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Introdution Graph estimation Adaptive tests Minimax boundsMinimax separation distaneH0 : θ = 0 against H1 : θ ∈ Θ[k, p] \ {0}.Fix δ > 0. ψα test of Level α.Separation distane of ψα :
ρ[ψα, k,Σ] := inf{ρ > 0, inf

θ∈Θ[k,p], ‖
√
Σθ‖p≥ρσ Pθ,σ[ψα = 1] ≥ 1− δ

}

.

H0

Pθ(ψα > 0) ≤ 1 − δ

Pθ(ψα > 0) ≥ 1 − δ Minimax distane of separation
ρ∗[k,Σ] := inf

ψα

ρ[ψα, k,Σ] .

ρ∗[k] := supX ρ∗[k,Σ]
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Introdution Graph estimation Adaptive tests Minimax boundsKnown variane σ2If the support of θ is known  square of the parametri separation distane √k/n.
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Introdution Graph estimation Adaptive tests Minimax boundsKnown variane σ2If the support of θ is known  square of the parametri separation distane √k/n.TheoremAs long as p ≥ n ≥ �(α, δ) and k ≤ p1/3, wehave
(ρ∗[k])2 ≃ �[α, δ]

[kn log ( pk ) ∧ 1√n ] .
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Comments :If k log(ep/k) is small before √n, analogous to minimax risk for predition.Analogous to Gaussian sequene model (Ingster (02), Baraud (02)).Large (k, p) ⇒ parametri separation distane over Rn.Adaptation to the sparsity is possible. (Bonferroni multiple testing proedure).24/28



Introdution Graph estimation Adaptive tests Minimax boundsUnknown variane σ2
ψα : supσ>0 P0,σ[ψα = 1] ≤ α. Separation distane when the variane is unknown.
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Introdution Graph estimation Adaptive tests Minimax boundsUnknown variane σ2
ψα : supσ>0 P0,σ[ψα = 1] ≤ α. Separation distane when the variane is unknown.

ρU [ψα, k,Σ] := inf{ρ > 0, inf
σ>0, θ∈Θ[k,p],
‖
√

Σθ‖n≥ρσ Pθ,σ[ψα = 1] ≥ 1− δ

}

.

H0

Pθ(ψα > 0) ≤ 1 − δ

Pθ(ψα > 0) ≥ 1 − δ

ρ∗U [k,Σ] := inf
ψα

ρU [ψα, k,Σ] .

ρ∗U [k] := supX ρ∗U [k,Σ]
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Introdution Graph estimation Adaptive tests Minimax boundsUnknown variane σ2
ψα : supσ>0 P0,σ[ψα = 1] ≤ α. Separation distane when the variane is unknown.

ρU [ψα, k,Σ] := inf{ρ > 0, inf
σ>0, θ∈Θ[k,p],
‖
√

Σθ‖n≥ρσ Pθ,σ[ψα = 1] ≥ 1− δ

}

.

H0

Pθ(ψα > 0) ≤ 1 − δ

Pθ(ψα > 0) ≥ 1 − δ

ρ∗U [k,Σ] := inf
ψα

ρU [ψα, k,Σ] .

ρ∗U [k] := supX ρ∗U [k,Σ]TheoremIf p ≥ n ≥ �(α, δ) and k ≤ p1/3, we have
(ρ∗U [k])2 ≃ �[α, δ] kn log (pk ) exp [�[α, δ] k log(ep/k)n ]

.
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Comments :If k log(ep/k) ≤ √n, same minimax separation distane as for known variane.Blow up in ultra-high dimension.25/28



Introdution Graph estimation Adaptive tests Minimax boundsStatistial arguments ⇒ geometrial resultsX design matrix of size n × p. Sparse eigenvalues
Φk,+(X) = sup

θ,‖θ‖0≤k ‖Xθ‖2n
‖θ‖2p Φk,−(X) = inf

θ,‖θ‖0≤k ‖Xθ‖2n
‖θ‖2pStatistial model : Y = Xθ + ǫ with ǫ ∼ N (0n , σ2In). θ is sparse in some way.
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Introdution Graph estimation Adaptive tests Minimax boundsStatistial arguments ⇒ geometrial resultsX design matrix of size n × p. Sparse eigenvalues
Φk,+(X) = sup

θ,‖θ‖0≤k ‖Xθ‖2n
‖θ‖2p Φk,−(X) = inf

θ,‖θ‖0≤k ‖Xθ‖2n
‖θ‖2pStatistial model : Y = Xθ + ǫ with ǫ ∼ N (0n , σ2In). θ is sparse in some way.PropositionFor any design X,nσ2 ≥ inf̂

θ
sup

θ:‖θ‖0=k E [
‖X(θ̂ − θ)‖2] ≥ �Φ2k,−(X)

Φ2k,+(X) k log (pk )σ2Proof : Fano's lemma
26/28



Introdution Graph estimation Adaptive tests Minimax boundsStatistial arguments ⇒ geometrial resultsX design matrix of size n × p. Sparse eigenvalues
Φk,+(X) = sup

θ,‖θ‖0≤k ‖Xθ‖2n
‖θ‖2p Φk,−(X) = inf

θ,‖θ‖0≤k ‖Xθ‖2n
‖θ‖2pStatistial model : Y = Xθ + ǫ with ǫ ∼ N (0n , σ2In). θ is sparse in some way.PropositionFor any design X,nσ2 ≥ inf̂

θ
sup

θ:‖θ‖0=k E [
‖X(θ̂ − θ)‖2] ≥ �Φ2k,−(X)

Φ2k,+(X) k log (pk )σ2Proof : Fano's lemmaCorollaryNo design X satis�es Φ2k,−(X)
Φ2k,+(X) is lose to 1 if k log(p/k) & n.(Baraniuk et al. 2008).26/28



Introdution Graph estimation Adaptive tests Minimax boundsGeometrial arguments ⇒ statistial resultsDn,p : Design matries whose olumns have been normalized to 1PropositionFor any design X ∈ Dn,p
Φ2k,−(X) ≤ Ck2 exp [−2kn log (pk )] ∨ 1 .
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Introdution Graph estimation Adaptive tests Minimax boundsGeometrial arguments ⇒ statistial resultsDn,p : Design matries whose olumns have been normalized to 1PropositionFor any design X ∈ Dn,p
Φ2k,−(X) ≤ Ck2 exp [−2kn log (pk )] ∨ 1 .Corollary (Minimax lower bound for estimation)If k log(p/k) ≫ n log(n). For any design X ∈ Dn,p ,inf̂

θ
sup

θ:‖θ‖0=k E [
‖θ̂ − θ‖2] ≥ � exp [�′ kn log(pk )]σ227/28
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