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A wireless sensor network (WSN) is a wireless network consisting of

spatially distributed autonomous devices using sensors to

cooperatively monitor physical or environmental conditions.

Wikipedia
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A sensor is defined by

1. position

at each time.
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A sensor is defined by

1. position

2. coverage radius

at each time.
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All positions known : Domain covered ?

. Optimal locations of other sensors

: Creation of holes?

: Can we support failure (or
switch-off) without creating holes ?
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All positions known : Domain covered ?

Some positions known : Optimal locations of other sensors

Positions varying with time : Creation of holes?
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All positions known : Domain covered ?

Some positions known : Optimal locations of other sensors
Positions varying with time : Creation of holes?

Fault-tolerance/ Power-saving : Can we support failure (or
switch-off) without creating holes ?
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Homology : Algebraization of the topology
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Homology : Algebraization of the topology

Coverage : reduces to compute the rank of a matrix
Detection of hole, redundancy : reduces to the computation of a

basis of a vector matrix, obtained by matrix reduction
(as in Gauss algorithm).
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Ck = U{[X07 R Xk—1]7 Xi € w, ﬂ;<ZOB(XI': 6) 3& Q}
The set [, ., B(x, €) has the same homology groups as the
simplicial complex (Ck, k > 0).
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Vertices : a, b, ¢, d, e.
ab, bc, ca, ae, be, ec, bd, ed
abc, abe, bec, aec, bed.

abec.
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Vertices : a, b, ¢, d, e.

Edges : ab, bc, ca, ae, be, ec, bd, ed.
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Vertices : a, b, ¢, d, e.
Edges : ab, bc, ca, ae, be, ec, bd, ed.
Triangles : abc, abe, bec, aec, bed.
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Vertices : a, b, ¢, d, e.
Edges : ab, bc, ca, ae, be, ec, bd, ed.
Triangles : abc, abe, bec, aec, bed.

Tetrahedron : abec.

«O0>» 4F>» «=)r « =)



» No hole in Cech implies no hole in Rips complex.
The converse does not hold.

For /°° distance, Rips=Cech.
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» No hole in Cech implies no hole in Rips complex.

» The converse does not hold.

» For /> distance, Rips=Cech.
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Pab

_ba
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» ab= —ba

» 3ab means three times the edge ab.
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» ab= —ba

» 3ab means three times the edge ab.

n

8,,_1 aiaz...anp = Z(—l)ialag 0oo

i=1

)

.apn.
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» ab= —ba

» 3ab means three times the edge ab.

n
8,,_1 diaz...adnp = Z(—l)’alag 000 5\,
i=1

Example :

0> abe = be — ae + ab.
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8n8n+1 = 0

0105 abe = 61(be —ae + ab)

=e—b—(e—a)+b—a=0.




» A triangle is a cycle of edges.
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» A triangle is a cycle of edges.

» A tetrahedron is a cycle of triangles.
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» A triangle is a cycle of edges.
» A tetrahedron is a cycle of triangles.

» A triangle is a boundary of a tetrahedron.
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Bo = Nb of vertices — Nb of independent edges.
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Bo = Nb of vertices — Nb of independent edges.

/N

Bo=5—-3=2.
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Bo =

Nb of vertices — Nb of independent edges.
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Bo =

Nb of vertices — Nb of independent edges.
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B1 = Nb of independent polygons — Nb of independent triangles.
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B1 = Nb of independent polygons — Nb of independent triangles

A

Br=1-1=0.
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B1 = Nb of independent polygons — Nb of independent triangles
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B1 = Nb of independent polygons — Nb of independent triangles
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> B, = dim ker 0, — dim range O0p+1.
Hard to visualize the intuitive meaning

But relatively easy to compute.

Existence of tetrahedron in Rips complex means over-coverage.
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> (B, = dim ker 0, — dim range Op+1.

» Hard to visualize the intuitive meaning
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> (B, = dim ker 0, — dim range Op+1.
» Hard to visualize the intuitive meaning

» But relatively easy to compute.
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> (B, = dim ker 0, — dim range Op+1.

» Hard to visualize the intuitive meaning

» But relatively easy to compute.

» Existence of tetrahedron in Rips complex means over-coverage.
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Beyond random graphs : random simplicial complexes. Applications to sensor networks

L Poisson homologies

Random setting

» Sensors = Poisson process (\)
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Beyond random graphs : random simplicial complexes. Applications to sensor networks

L Poisson homologies

Random setting
» Sensors = Poisson process ()

» Domain = d dimensional torus of width a
» Coverage = square of width &

[0, a] x [0, 4]

1

’]IQ

axa




Beyond random graphs : random simplicial complexes. Applications to sensor networks

L Poisson homologies

Random setting

Sensors = Poisson process ()

Domain = d dimensional torus of width a

Coverage = square of width &

r-dilation of P.P.(\)=P.P.(Ar~9), one can choose a = 1.

vV vyYyye.y

[0, a] x [0, a]

1
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x=) (-1)*B.

d
k=0

» d=1:{x =0N /S # 0} < { circle is covered }
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x=) (-1)*B.

d
k=

0

» d=1:{x =0N /S # 0} & { circle is covered }
» d=2: {x =0N/p # p1} < { domain is covered }




x=) (-1)*B.

d
k=0

» d=1:{x =0N /S # 0} & { circle is covered }
» d=2: {x =0N/p # p1} < { domain is covered }
» d=3: {x =0N o+ P2 # B1} & { space is covered }




x=) (-1)*B.

d
k=0

» d=1:{x =0N /S # 0} & { circle is covered }
» d=2: {x =0N/p # p1} < { domain is covered }
» d=3: {x =0N o+ P2 # B1} & { space is covered }
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» d=1: {x =0N /S # 0} < { circle is covered }
» d=2: {x =0N /S # p1} < { domain is covered }
» d=3: {x =0N o+ B2 # B1} < { space is covered }
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» By(x) : Bell polynomial

By(x) = {clj}x+{g}x2+...+ {Z}xd




» By(x) : Bell polynomial

By(x) = {i’}x+{g}x2+...+{

Euler characteristic
o ?
Ed = -2

5~ Ba(—0) where § = A
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» Define h(X1, ...,Xk) = %I[{”X,._Xj”q’,'#}(xl, ...,Xk)
Then (Campbell) :

= \k+1/ / X1y ooy Xkt 1)AXpp1.--dX1

(k+1

= (k+ 1) o
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» Define h(Xl, ...,Xk) = %]I{”X,'—Xj”<€,i75j}(xl7 ...,Xk)
» Then (Campbell) :

§=)\kH/ﬂ‘o~~/Th(xl,...,xk+1)dxk+1...dx1

_ (k+1)?

k
-~ (k+1)! A
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Desmndnation reglons of Fe when o = 5 o fmetion of A
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Cov(sk, s1) = <2l
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Euler characteristic
Var(x) = (%) d Ii:; y
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Euler characteristic
Var(x) = <5) d Ii:; ,

In dimension 1,

s (Qe—o - 202e—20)
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If A = 00, Bi(w) £ Bi(T?) = (9).
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distanceTy (X_—E[X], ‘ﬁ(O,l)) <

vV
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distancery X—[X], 7N(0,1) | < .
Vv
Stein method
Malliavin calculus for Poisson process

«0O>» «F»r «=>»

Se

« =




—E
distancety X—[X], 2N0,1) | < .
Vv
» Stein method
» Malliavin calculus for Poisson process
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- E
distancety X—[X], MN0,1) | < —-
Vv
» Stein method
» Malliavin calculus for Poisson process
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» Discrete gradient Dy F(w) = F(w U {x}) — F(w)
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» Discrete gradient Dy F(w) = F(w U {x}) — F(w)
> Dyfp € {1,0, —1, —2, —3}
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» Discrete gradient Dy F(w) = F(w U {x}) — F(w)
> Dyfo € {1,0, -1, -2, —3}

P(fo > c) < exp [— C‘TEWO] log (1 N
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» So < Nb of points in a MHC process

E[Bo] < A

1—e "

=T
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» So < Nb of points in a MHC process

1—e?

E[fo] < A

=T

P(fo > ¢) < exp [— " log (1 + C;;)}
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Beyond random graphs : random simplicial complexes. Applications to sensor networks
I—Poisson homologies

L Robust estimate
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