Holderian functional central limit theorem for
multi-indexed summation process*

Alfredas Rackauskas P, Charles Suquet ¢, Vaidotas Zemlys »*

& Department of Mathematics and Informatics, Vilnius University, Naugarduko 24,
LT-2006 Vilnius, Lithuania.

b Institute of Mathematics and Informatics, Akademijos str. 4, LT-08663, Vilnius,
Lithuania.

¢ Laboratoire P. Painlevé, UMR 8524 CNRS Université Lille I, Bat M2, Cité
Scientifique, F-59655 Villeneuve d’Ascq Cedex, France.

Abstract

Let {Xj; j € N4 j > 1} be an i.i.d. random field of square integrable centered
random elements in the separable Hilbert space H and &, n € N, be the summation
processes based on the collection of sets [0,¢1] x -+ x [0,¢4], 0 <¢t; < 1,i=1,...,d.
When d > 2, we characterize the weak convergence of (n; . .. nd)*l/%n in the Holder
space HY(H) by the finiteness of the weak p moment of || X1|| for p = (1/2 — a)~L.
This contrasts with the Holderian FCLT for d = 1 and H = R (Rackauskas, Suquet,
2003) where the necessary and sufficient condition is P(|X1| > t) = o(¢t™P).
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1 Introduction

Convergence of stochastic processes to some Brownian motion or related pro-
cess is an important topic in probability theory and mathematical statistics.
The first functional central limit theorem by Donsker and Prohorov states

* Research supported by a French-Lithuanian cooperation agreement “PAI Egide
Gilibert”.
* Corresponding author

Email address: vaidotas.zemlys@maf.vu.lt (Vaidotas Zemlys).

Preprint submitted to Elsevier December 2, 2006



the C[0, 1]-weak convergence of n~/2¢, to the standard Brownian motion .
Here &, denotes the random polygonal line process indexed by [0, 1] with ver-
tices (k/n,Sk), k = 0,1,...,n and Sy := 0, Sy = X5 + -+ + X, k > 1,
are the partial sums of a sequence (X;);>1 of i.i.d. random variables such that
EX, = 0 and EX? = 1. This theorem implies via continuous maping the
convergence in distribution of f(n='/2¢,) to f(W) for any continuous func-
tional f : C[0,1] — R. Clearly this provides many statistical applications. On
the other hand, considering that the paths of £, are piecewise linear and that
W has roughly speaking, an a-Holder regularity for any exponent o < 1/2,
it is tempting to look for a stronger topological framework for the weak con-
vergence of n~'/2¢, to W. In addition to the satisfaction of mathematical
curiosity, the practical interest of such an investigation is to obtain a richer
set of continuous functionals of the paths. For instance, Holder norms of &,
are closely related to some test statistics to detect short “epidemic” changes
in the distribution of the X;’s, see [21,22].

In 1962, Lamperti [12] obtained the first functional central limit theorem in
the separable Banach spaces H2, 0 < o < 1/2, of functions z : [0,1] — R such
that

[l = |2(0)] + wa(z, 1) < o0,
with

Wa(z,d) ;== sup 2(t) = xis)‘ 0.

O<ft—s|<s |t — 5] 50
Assuming that E | X;]? < oo for some ¢ > 2, he proved the weak convergence
of n=1/2¢, to W in the Hélder space H® for any o < 1/2 — 1/¢. Rackauskas
and Suquet in [20] (see also [19]) obtained a necessary and sufficient condition
for the Lamperti’s functional central limit theorem. Namely for 0 < oo < 1/2,

n~1/2¢, converges weakly in H? to W if and only if
lim @ P(|X,| > t) =0, (1)

where

pla) = : (2)

Further extensions of Donsker-Prohorov’s functional central limit theorem
concern summation processes. Let |A| denote the Lebesgue measure of the
Borel subset A of R?. For a collection A of Borel subsets of [0, 1]¢, summation
process {£,(A); A € A} based on a random field {X;, j € N4}, of indepen-
dent identically distributed real random variables with zero mean is defined
by

En(A) = D [Rnjl '|Rn; N AIX;, (3)

1<j<n



where j = (j1,...,Ja4), ® = (n1,...,nq), Rnj is the “rectangle”

Ry j = [jl —! jl) X e X [jd 1 jd) (4)

nyng ng  ng

and the indexation condition “1 < 7 < m” is understood componentwise :
1 <751 <nq,...,1 < jg < ng. Of special interest are the partial sum processes
based on the collection of sets A = Q4 where

Q= {[0,ta] x - x [0, ta]s £ = (ts,...,ta) € [0,1)" }, (5)

Note that when d = 1 the partial sum process &, based on Qg is the random
polygonal line of Donsker-Prohorov’s theorem.

By equipping the collection A with some pseudo-metric ¢, one define the space
C(A) of real continuous functions on A, endowed with the norm

1f]la == sup [f(A)].
AcA

The usual semimetrics are §(A, B) = 1/|AAB|, or §(A, B) = /m(AAB), for
A, B € A, where m is a probability measure on the o-algebra of Borel subsets
of [0,1]¢. When A is totally bounded with respect to §, C(A) is a separable
Banach space.

A standard Wiener process indexed by A is a mean zero Gaussian process W
with sample paths in C'(A) and

EW(AW(B)=|ANB|, A BEcA.

Existence of such process is proved by placing restrictions on collection A
which are usually expressed by some condition on its metric entropy. For
existence of W in Holder spaces H,(.A) built on some weight function p, see
Dudley [6] and Erickson [8]. For p(h) = h*, Erickson [8] proves that o cannot
exceed 1/2 and it decreases as the entropy of A increases. The functional
central limit theorem (FCLT) in C(A) or in H,(A) means the convergence
of the summation process {{,(A); A € A}, suitably normalized, to a Wiener
process indexed by A.

The first FCLT for {£,,(A); A € Q4} in C(Qy) were established by Kuelbs [10]
under some moment restrictions and by Wichura [27] under finite variance
condition. In 1983, Pyke [15] derived a FCLT for summation process in C(.A),
provided that the collection A satisfies the bracketing entropy condition.
However, his result required moment conditions which depend on the size
of the collection A. Bass [2] and simultaneously Alexander and Pyke [1] ex-
tended Pyke’s result to i.i.d. random fields with finite variance. Further de-
velopments were concerned with relaxing entropy conditions on the collection



A, Ziegler [28], and with relaxing i.i.d. condition on the random field {X,,
n € N?}, Dedecker [4], El Machkouri and Ouchti [7] to name a few.

The FCLT for summation process in H,(.A) is not so extensively studied. Most
general results are provided by Erickson [8] who shows that if E|X;|? < oo
for some ¢ > 2 then the FCLT holds in H,(A) for some p which depends
on ¢q and properties of A. For d = 1 and the class A of intervals [0,t], 0 <
t <1, Erickson’s results coincide with Lamperti’s ones [12], whereas his case
d > 1 requires moments of order ¢ > dp(«) with the same p(a) as in (2). In
Rackauskas and Zemlys [23], the result by Erickson was improved in the case
d=2.

In this paper, we investigate summation processes build from Hilbert space
valued random elements. We establish necessary and sufficient conditions for
the FCLT to hold in certain Holder spaces. To illustrate our main result let us
state here its particular case which can be considered as Lamperti’s functional
central limit theorem for summation process {&,(A) : A € Q4} defined above.

Proposition 1 Let 0 < o < 1/2 and d > 1. Let {X;,j € N¢} be a set of
i.%.d. random variables with mean zero and variance EXJ2 = 1. Let W be a
standard Brownian sheet on [0,1]%. Then normed summation process

{(n1 -+ na) 260 (A); A€ Qu}

converge in distribution to W in the space HS if and only if

sup " P(|X;| > t) < 0. (6)
>0

As we see, condition (6) does not depend on the dimension d provided d > 1
and is weaker than necessary and sufficient condition (1) in the extension
by Rackauskas and Suquet of Lamperti’s functional central limit theorem.
Moreover, we show that summation process considered along the diagonal,
only if

lim 229 p(|X,| > t) = 0. (7)

t—o0
As dimension d increases, this condition weakens. For example, (7) is satisfied
for any d > 1 provided E X} < co. This again shows up a difference between
the cases d = 1 and d > 1 for functional central limit theorems in Hoélder
spaces.

The rest of the paper is organized in the following way. Section 2 introduces the
notations and precise definitions which are needed and states the results. In
Section 3 are collected necessary background material on the weak convergence
of distributions in Holder spaces. The proof of the main result is given in



Section 4.

2 Notation and results

In this paper vectors t = (t,...,t4) of R% d > 2, are typeset in italic bold.
In particular,
1:=(1,...,1).

For 1 <k <1 <d, t,; denotes the “subvector”
tig = (tkythsts -5 1)
The set R? is equipped with the partial order
s <t ifandonlyif sp <t forallk=1,...,d.
As a vector space R?, is endowed with the norm
it| = max(|ti],..., |td), t=(t1,...,ts) € R

Together with the usual addition of vectors and multiplication by a scalar,
we use also the componentwise multiplication and division of vectors s =
(51,...,84), t = (t1,...,tq) in R? defined whenever it makes sense by

st .= (Slth .. -,Sdtd)y S/t = (Sl/tl’ t "Sd/td)'

Partial order as well as all these operations are also intended componentwise
when one of the two involved vectors is replaced by a scalar. So for ¢ € R
andt e R4 c<tmeansc<tpfork=1,....d, t+c:=(t; +c,...,tg+c),

c/t == (c/t1,...,c/tq).
For n = (nq,...,ny) € N we write
w(n):=ny...ng,
and for t = (t1,...,tq) € RY
m(t) := min(ty, ..., tq).

For any real number z, denote by [z] and {z} its integer part and fractional
part defined respectively by

7] <z <[z]+1, [¢]€Z and {z}:=z—[z]



When applied to vectors t of R, these operations are defined componentwise:

2] = (], Tta), {t = () {ta}),

The context should dispel any notational confusion between the fractional
part of z (or t) and the set having = (or ¢) as unique element.

We denote by H a separable Hilbert space with norm |-|| and inner product
(.,.). For 0 < a < 1, we define the Holder space H(H) as the vector space
of functions z : [0, 1] — H such that

[2]la = [l2O)]] + walz, 1) < o0,

with

t) —
Wo(z,0) ;== sup |2(8) — x(s)l| 0.
o<lt-sl<s |t —s|® §—0

Endowed with the norm ||.||,, H2(H) is a separable Banach space, see [17]
or [18].

As we are mainly dealing in this paper with weak convergence in some function
spaces, it is convenient to introduce the following notations. Let B be some
separable Banach space and (Y,,),>1 and (Z,,)n>1 be respectively a sequence
and a random field of random elements in B. We write

for their weak convergence in the space B to the random elements Y or 7, i.e.
E f(Y,) — E f(Y) for any continuous and bounded f : B — R and similarly
with Z,, the weak convergence of Z,, to Z being understood in the net sense.

A H-valued Brownian sheet with covariance operator I' is a H-valued zero
mean Gausian process indexed by [0, 1]? and satisfying

E(W(t),z)(W(s),y) = (t1 As1)...(ta A sa){lx,y)
for t,s € [0,1]? and x,y € H. As the following estimate
E||W(t+h)+W(t—h)—2W(t)|* <clh|trT,

is valid for all t—h, ¢, t+h € [0, 1]¢, it follows from Rackauskas and Suquet [17]
that W (t) has a version in H?(H) for any 0 < o < 1/2.

It is well known that in the Hilbert space H, every random element X such
that E || X||? < oo is pregaussian, i.e. there is a Gaussian random element G
in H with the same covariance operator as X, see [14, Prop. 9.24]. Let the
X,’s be i.i.d. copies of X. If moreover E X = 0, then n~'/? 1 X, converges



weakly to G in H, in other words X satisfies the CLT in H [14, Th. 10.5].

We establish necessary and sufficient conditions for FCLT in Holder space
HY(H), where 0 < o < 1/2 and d > 2.

When based on the collection Qg4, the summation process &,, defined by (3)
can be canonically identified with a random field with parameter set [0, 1]%.
Indeed writing

[0,t] :=[0,¢1] x -+ x [0,t4] (8)

we define

én(t) =&al((0,t]) = > [Rnjl 7 [Rni N[0, 81X;, te0]%  (9)

1<j<n

In subsection 3.3 below we discuss in detail the construction of the random
field &, and propose some useful representations. Now we can state our main
result which appears as a contrasted extension of the necessary and sufficient
condition obtained by Rackauskas and Suquet [19, Th. 1] in the context of
Lamperti’s Holderian FCLT.

Theorem 2 For 0 < o < 1/2, set p = p(a) :=1/(1/2 — ). For d > 2, let
{X;; 7 € N, 5 > 1} be an i.i.d. random field of square integrable centered
random elements in the separable Hilbert space H and &, be the summation
process defined by (9). Let W be a H-valued Brownian sheet with the same
covariance operator as Xy. Then the convergence

m(n) g, T (10)
holds if and only if
vy (vg - 'Ud)ZP(HXlu > V10 - 'Ud) m('u)——n)o) 0. (11)

Moreover (11) is equivalent to the finiteness of the weak p-moment of Xy, i.e.

sup t? P(|| X1]| > t) < oc. (12)
>0

At first sight, condition (11) looks asymetric, but it is easy to see that any
permutation on the indexes 1,...,d leads to an equivalent condition.

As condition (12) is weaker than E || X;]|? < oo, then theorem 2 improves
when H = R, Erickson’s [8] result for Qg :

HE (R)

(nl...nd)_1/2§n W

m(n)—oo



if 0 < < 1/2 and E|X1|? < 0o, where g > dp(«).

Considering the convergence of random fields (£,,n € N?) along fixed path
n=(n,...,n) € N4 n €N we obtain the following result.

Theorem 3 The convergence

W2y el W (13)
holds if and only if
Jim #7% P([| X1 | > ) =0, (14)

Since 2d/(d — 2a) < 2d/(d — 1) we see that E || X1]|?¥(@1 < oo yields (14).
In particular E || X1|* < oo gives the convergence (13) for any d > 2 and
any 0 < o < 1/2. This contrasts with the corresponding result for Holder
convergence of the usual Donsker-Prokhorov polygonal line processes where
necessarily E | X1]|? < oo for any ¢ < p(«) as follows from (1).

Of course, Theorem 3 is only a striking special case and similar results can
be obtained adapting the proof of Theorem 2 for summation processes with
index going to infinity along some various paths or surfaces.

As passing from n to n + 1 brings O(n?!) new summands in the summation
process of Theorem 3, one may be tempted to look for similar weakening
of the assumption in the Holderian FCLT for d = 1, when restricting for
subsequences. In fact even so, the situation is quite different: it is easy to see
that for any increasing sequence of integers ny such that supgs; ngc1/np <
00, the convergence to zero of nZ(Q)P(|X1| > nyg) when k tends to infinity
implies (1). As n,ﬁ(a)P(|X1| > ng) = o(1) is a necessary condition for (&,, )rk>1
to satisfy the FCLT in H2(R) when d = 1, there is no hope to obtain this
FCLT for (&, )r>1 under some condition weaker than (1).

3 Background and tools
3.1 Holder spaces and Schauder decomposition

We present briefly here some structure property of H? (H) which is needed to
obtain a tightness criterion. For more details, the reader is referred to [17]



and [18]. Set
W;={k27; 0<k<2} ;j=012,...

and

Vo := Wh, Vi=W;\ W1, j2>1,
so V; is the set of dyadic points v = (k1277,. .., k4277) in W; with at least one
k; odd. Define the pyramidal functions A, by

Ajoft) = A2 (t —v)), tel0,1)7
where

A(t) := max(O, 1- max |ti| — E?g(}](ti), t=(t,...,t) €[-1,1]"

The H-valued coefficients \;,(x) are given by:

Mow(z)=2(v), v € V;

Nio(2) = 2(v) — ;(x(v) Fat), vev, iz,

where v~ and v" are defined as follows. Each v € V; admits a unique
representation v = (v1,...,vq) with v; = k;/2/, (1 < i < d). The points
v™ = (vy,...,v;) and v = (v{,... v)) are defined by

Vi, if k; is even Vi, if k; is even,

B {vi — 277, if k; is odd; n {Ui +277, if k; is odd;
V. =

Define the linear operators E; (j > 0)

Ej[L’ = Z Z )\i,v<x>Ai,v> x € HZ(H)

Introduce the sequential norm

15 = sup 2% max [\ ()], = € HE,(H).
>0 j

From Rackauskas and Suquet [18] this norm is equivalent to norm ||z, on
HY(H). Note also that

|2 — Ejz|[5* = sup max||A;(2)].
i>J eV

is non increasing in J.



For proving tightness criteria in HY(H) we need this result from [18].

Theorem 4 The space H°(H) has the Schauder decomposition
H; (H) = W,
i=0

where W is the closed subspace of H2(H) spanned by the sums Y ey, hoXiw,
where the hy, are arbitrary elements of H. This means that the direct sum
above is topological, i.e., that the canonical projectors m; : HO(H) — W, are
continuous in the strong topology of H (H).

3.2 Tightness criteria

Compacts in separable Banach spaces with Schauder decomposition are char-
acterised by this result from Suquet [24]:

Theorem 5 Let X be a separable Banach space having a Schauder decompo-
sition @2y Wi. A subset K is relatively compact in X if and only if:

i) For each j € N, E;K is relatively compact in Vj = @®_, W;, where E; s
the continuous canonical projector X — Vj.
ii) sup,ex ||z — Bzl — 0 as j — oo.

Since the set N with the binary relation j < mn is directed, our summation
process {&,, m € N%} is a net. So to prove convergence we will need the
tightness criteria for nets. Due to Prokhorov’s theorem for nets, see e.g. [26,
th.1.3.9, p.21], we need only asymptotical tightness. For the net of H-valued
random elements {(,, m € N} the asymptotical tightness means that for
each € > 0 there exists a compact set K. € H%(H) such that

liminf P(¢, € K.) > 1 —¢. (15)

m(n)—oo
Now we can prove tightness criterion in H? (H).

Theorem 6 Let {(,,n € N} and ¢ be random elements with values in the
space HS (H). Assume that the following conditions are satisfied.

i) For each dyadic t € [0,1]¢, the net of H-valued random elements {Cn(t),

n € N4} is asymptoticaly tight on H.
it) For each e >0

lim lim sup P(sup 207 max |Aj o (Cn)| > E> = 0.

J =00 m(n)—o0o JjzJ vey,

10



Then the net {n, n € N} is asymptoticaly tight in the space H (H).

Proof. For fixed positive n, put n, = 274, [ = 1,2,... and choose a sequence
(1) decreasing to zero. By (ii) there is and integer .J; and index ny € N¢ such
that for the set

A= {a s sup 299 max ||\ oo)]| < 21},
gzn vV

P(Cn € A)) > 1 — 1, for all n > ny. It is easily seen that V,; = @LOVVZ»
is isomorphic to the Cartesian product of a finite number of copies of H.
Thus from (¢) there exists a compact K; € H?(H) such that for all n > ny,
P(¢, € B)) > 1 —1, where

Bl = {l’ € Hg(H) . EJl.I' S Kl}

Take K the closure of N2, (A; N B;). Then P(K) > 1—2n, and K is compact
due to theorem 5. O

3.3  Summation processes

We discuss now the construction of the summation process random field &,.
Let us start with the case d = 1 where &, is the Donsker-Prohorov polygonal
line wich interpolates linearly between the vertices (k/n, Sg). Expressing ¢ as
a barycenter of [nt]/n and ([nt] + 1)/n we have

]

R N L N L

- - (16)

As &,([nt]) = Spny, the linear interpolation between the vertices ([nt]/n, Spy)
and (([nt] +1)/n, Spy41) leads to

En(t) = (1 — {nt}) Sy + {nt}Spnar1- (17)

This expression can be rewritten under the forms

En(t) = Sty + {1t} (Spui+1 — Sing)) (18)
= S[nt] + {nt}X[nt]+1 (19)
= 1; n|[(i = 1)/n,i/n] N [0,4]|X.. (20)

Formula (17) comes directly from barycentric representation of ¢ and linear
interpolation. Formula (18) is useful to control the increments of &,, (19) is
the classical expression of &, and (20) gives the interpretation of &, in terms of

11



Q; indexed summation process. Our aim is to generalize these representations
when d > 1. Our first step will be to generalize (16) expressing t € [0,1]? as a
barycenter of the vertices of some “rectangle” R,, ; containing ¢. This leads to
the extension of (17) and we shall check that it also coincides with the initial
definition (9), so extending (20). Finally we shall extend (18). There is no
extension of (19), at least with a single X; outside S}y, as it is already clear
from the case d = 2.

For every n > 1 in N¢, put

Sy = Z X;. (21)

Proposition 7 Let us write any t € [0,1]¢ as the barycenter of the 2¢ vertices

T P L Y] (22)

n n’

of the rectangle Ry ng+1 with some weights w(w) > 0 depending on t, i.e.,

t= > wu)V(u), where > w(u) =1 (23)

ue{0,1}4 ue{0,1}4

Using this representation, define the random field £ by

& (t) = Z w(u)S[ntHu, telo, 1]d.

ue{0,1}4

Then &, coincides with the summation process defined by (9).

Proof. For fixed n > 1 € N4 any t # 1 € [0, 1]¢ belongs to a unique rectangle
R, j, defined by (4), namely R, (ny+1. Then the 2¢ vertices of this rectangle
are clearly the points V(u) given by (22), recalling that in this formula the
division of vector is componentwise. To simplify notations, put

nt] s

= nt h t=—74+ —. 24
s ={nt}, whence prats (24)

For any non empty subset L of {1,...,d}, we denote by {0,1}¢ the set of
binary vectors indexed by L. In particular {0,1}¢ is an abriged notation for

wr(u) = [[ s (1 —s)'"™, we{0,1}"

leL

and when L = {1,...,d}, simplify this notation in w(u). For fixed L, the sum

12



of all these weigths is one since

> wpw) =I[(si+(1—s)) =1 (25)

ue{0,1} & leL

The special case L = {1,...,d} gives the second equality in (23). From (25)
we immediatly deduce that for any K non empty and strictly included in
{1,...,d}, with L:={1,...,d} \ K,

>ooww)=[Ise Y. st1—s)" =] s (26)

u€{0,1}¢, keK  we{0,1}L keK
VkeK, u,=1
Formula (26) remains obviously valid in the case where K = {1,...,d}.

Now let us observe that

S w@)Vw) = Y w(u)(["t]+“>=["t]+ S w(u)

uef{0,1}d ue 0,1} n.n uef{0,1}4

Comparing with the expression of ¢ given by (24), we see that the first equality
n (23) will be established if we check that

= Y wuu=s. (27)

ue{0,1}4
This is easily seen componentwise using (26) because for any fixed [ € {1,...,d},
ss= >, wu) =[] sk=-s.
uc{0,1}4, ke{l}
u;=1

Next we check that &, () = £ (t) for every t € [0, 1]¢. Recalling (8), introduce
the notation
Dy =N (|0, [nt] + u| \ [0,[nt]]).

Then we have

En(t) = Z w(u) (S[nt] + (Sing+u — S[nt})) = Sing + Z w(u) Z X;.

ue{0,1}4 ue{0,1}4 €Dt u

Now in view of (9), the proof of &, (t) = &} (t) reduces clearly to that of

n

Z w(u) Z X; = Z |Rn,i|_1|Rn7i N [07tHXi7 (28>

ue{0,1}d i€D¢ o icl

13



where

I'={i<m;Vke{l,...,d}, ix <[ngty] +1 and

e {l,...,d}, i = [mt)] +1}. (29)

Clearly I is the union of all Dy, u € {0,1}¢, so we can rewrite the left hand
side of (28) under the form Y ;.; a; X;. For ¢ € I, put

K@) = {ke{1,....d}; i = [mts] +1}. (30)

Then observe that for ¢ € I, the u’s such that ¢ € Dy, are exactly those
which satisfy uy = 1 for every k € K(2). Using (26), this gives

Viel, a; = > wu)= [[ s (31)

ue{0,1}9, kEK (i)
VkeK (3), up=1
On the other hand we have for every ¢ € I,

snotl = T1 (0= "00) 1 Lo b s e
i)

keK ( e ) kK (q) "k

As |Ry,i|7' = w(n), (28) follows and the proof is complete. O

Extending formula (18) to the case d > 1 requires the introduction of some
more notations. For any finite subset A of N¢, we put

icA

Note that when A = ([0,n] X -+ x [0,n4]) NN with n = (n4,...,ng) € N9,
S(A) is the sum S,, defined by (21). For any Cartesian product C' = C X
-+« x (y of finite subsets C; of N, i = 1,...,d, let us define

Algj)czzclX"'XijlX{k}XCj+1X...XCd (33>

and
(As)(C) = s(aLC). (34)

Clearly the operators A,(Cj )’ commute for different j’s. It is worth noticing that

A](gj)‘s”n - S(TLl,...,TLj_l,k,?’Lj+1...,TLd) - S(nl,...,nj_l,k—l,nj+1...,nd) (35>
and that for 1 <1 < mn,

X;=AV .. AYs,, (36)

Note that when applied to Sy, A,(ﬁj ) is really a difference operator acting on

14



the j-th argument of a function with d arguments. Also since k£ defines the
differencing, Ay ), does not depend on n;.

Recalling the notations (29), (30) and formula (32), we have
En(t) = Sing + Y [Rnil ' [Rni N [0,8]| X5 = Spg + > < 1T Sk) Xi.
il i€l \ keK(4)
This can be recast as .
$n(t) = Sing + >_Ti(2) (37)
=1

with

Ti(t) :== Z ( H sk>Xi. (38)
icl  \keK()
§K (3)=1

Now we observe that

= Y% (M- ¥ (Is) § %

Kc{1,..d} el keK
k=l K()=K HK =1 K(i)=K

From (33) and (34), it should be clear that

Z Xi= ( H Af:itkm) Stnd]

icl keK
K(i)=K

where the symbol II is intended as the composition product of differences
operators. Recalling that sy = {nytx}, this leads to

L= Y }(H{nktk})(HAnkw) (39)

Kc{1,...d keK keK
tK =l

Finally we obtain the representation

&nlt) = St + i > ( [1{nt Zk}> ( [T A %]H) Smy- (40)

=1 1<41 <t <<y <d \ k=1

3.4 Finite dimensional distributions

As (11) implies (14) and d/(d/2 — a) > 2, for 0 < a < 1/2 we have that
E | X1|* < co. In what follows we assume E || X;||* = 1.
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Define Ay = [0,¢1] X - -+ x [0, 4] and the jump summation process by

Cn(t) = Z x{g/n € At}Xj'

j<n
For any Borel set A C [0, 1]* define for € > 0
A = {y cRY Iz e A |z —y| < 6}, AT =R\ (RY\ A).

Lemma 8 Put e, := m(n)~! and Ba(t) := |A7 \ A;°"| for each t € [0,1]%.
Then

E |7(n)"*(€a(t) = Calt))I* < KBn(t) ——— 0.

m(n)—oo

Proof. For each t we can write 7(n) " 2(&,(t) — (a(t)) = ¥jcn @; X, Where
5 1= (1) (| B 0 Ag] — () (/€ A},
Then

E|m(n) (& - GIF = > > aiyE (X, X;) = B[ Xa|* Y o,

i<nj<n js<n

since the X;’s are i.i.d. with zero mean. Now from Erickson [8, th. 7.3.] we
have

Z 04? < ﬂn<t>‘

j<n
And this upper bound tends to zero since the Lebesgue measure of Ag \ A, ™

is clearly O(e,,) = O(m(n)™t). O

Combined with the estimate P(||X1]| > r) < r2E || X{||?, lemma 8 gives

[70(1) "2 (En(t) — Cu(F))]] ———— 0.

m(n)—o0

By Slutsky’s lemma, this implies the asymptotical equality of finite dimen-
sional distributions of both processes m(n)~/2¢, and w(n)~/2(,.

Lemma 9 Let (, := 7(n)"/2¢,. The convergence

Cnlt) ———— W(2) (41)

m(n)—oo

holds for each t € [0, 1]%.
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Proof. Let
J(n):={jeN:j/nc A}
and let I(n) denote the number of elements in J(n). Then

() =m(n)™ 37 X;.

jed(n)
Since I(n) — oo, as m(n) — oo, the central limit theorem in Hilbert space

gives

In)™? Y X; ——— @, (42)

jem) m(n)—oo

where GG is a zero mean Gaussian random element in H with the same covari-
ance operator as X;. If U,, is random variable uniformly distributed on the
points j/n, 1 < j <mn, then

1 .
= ZX{J/nEAt}:P(UneAt)%|At‘:t1td

m(n) w(n) =, m(n)—oo

This together with (42) gives the convergence (41) for every ¢ € [0,1]¢ since
W (t) has the same distribution as |A|'/2G. O

Lemma 10 The convergence

(Caltr), - Calty)) ——— (W(t1), ..., W(t,))

m(n)—oo

holds for each ¢ > 1 and each t,, ... t, € [0,1]%

Proof. Because H is equipped with product topology, the tightness of the net
(Cn(t1), ..., Cnlty)) in HY follows from the tightness in H of the ¢ nets (Cn(t;)).

Denote by (-, -), the scalar product in H? which is defined by
q
<hag>q = Z(hi’gi>7 h = (hh ) hq)a g = (917 cee aQQ) € H.

=1

Accounting the above mentionned tightness, it remains only to check for each
h € HY, the weak convergence

Vo= ((Calt1), . Calty)) ) ———— (W(t1),..., W (L)), h>q. (43)

4 m(n)—oco

This will be done through Lindeberg theorem. The first step is to establish

17



the convergence of the variance b,, :== EV,? using the decomposition

q q
Z Cn tk hk —7T )_1/QZZX{Z/n€Atk}<thk>
k=1 i<n k=1

Denoting by I' the covariance operator of X7, we get

bn (m > > ilix{z/n € Auhx{i/m € Ag}E ((Xi, hi) (X5, hu) )

™ i<nj<n k=1

I
M=
M@

(Thi, hi)—— > x{#/n € Ay, N Ay}

1 ( )ign

i

11

Il
M=
M=

(Thi, ) P(Up, € Ay, N Ay,),

T
—
o~
I

_

where the discrete random variable U, is uniformly distributed on the grid
t/n, 1 <4 < n. Under this form it is clear that when m(n) goes to infinity,
b, converges to b given by

a q q 2
=D (Thi, )| Ay, N Ay | = <Z(W(tk), hk)) :
k=11=1 k=1

When b = 0, the convergence (43) is obvious. When b > 0, let us introduce
the real random variables

= 3 )i € A4} (X ),

which have both zero mean and finite variance and note that V,, = 3, .,, Y, 5.
To obtain (43) we have to check, by Lindeberg theorem, that for each € > 0,

LS B (V2o Yol > b)) ——— 0. (44)

n i<n m(n)—oo

Now we have

= 7'r(1n ki: lzjzx{i/n € A, bx{i/m € Ay J( X5, hie) (X, )
1 q

q
SO IX P e 1|

=1l=

- _ - : i |12 = Ch |2
= oy () e = i

:]

n

~—
bl

—_

Recalling that the number of terms in >°;,, is exactly w(n) and choosing
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m(n) large enough to have b, > b/2, we obtain :

2 be?
L) < B (1P > 5omn)}).
Ch
which gives (44) by square integrability of X;. O

To conclude this section, let us retain that from lemmas 8 and 10, the fi-
nite dimensional distributions of 7(n)~1/2¢, converge to finite dimensional
distributions of the Wiener sheet W'.

3.5 Rosenthal inequality in Hilbert space

Since the Hilbert space H has cotype 2, it satisfies the following vector valued
version of Rosenthal’s inequality for every ¢ > 2, see [13, Th. 2.6]. For any
finite set (Y;);es of independent random elements in H with zero mean and
such that E ||Y;||? < oo for every i € I,

q
so;(

where the constant C7, depends only on g and the G(Y;) are centered Gaussian
independant random elements in H such that for every ¢ € I, G(Y;) has the
same covariance structure as Y;. In the i.i.d. case with N = #I, we note that
e G(Y;) is Gaussian with the same distribution as N'/2G(Y;) and using the
equivalence of moments for Gaussian random elements, see [14, Cor. 3.2], we

obtain .

> Y| <
iel
where Cf depends on ¢ and does not depend on the distribution of Y;. Since
H has also the type 2, there is a constant a depending only on H such that
E |G(V1)]|? < aE|Y1||?, see [14, Prop. 9.24]. Finally there is a constant C,
depending on H, ¢, but not on the distribution of the Y;’s, such that

Y

el

S,

i€l

Y G

el

+ZEHYHq> (45)

el

1" q/2
¢y (N2 (EIGM)IE)" + NEVi]7).

< C, (VPRI + NEIVIY), (V=i ()

3.6 An extension of Doob inequality

For ii.d. Hilbert space valued random field {XJ, Jj € Nd} introduce d one
parameter filtrations, F* = (Fj,k = 0,1,...), i = ,d, where F
o(X5,5 € N, ji < k).
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Assume that E || X;|| < oo, then the X;’s are Bochner integrable and according
to [25] we can introduce conditional expectations with respect to F', i =
1,...,d. Let EX; = 0. Denote M, = ||S,||. Since the norm is a continuous

convex functional we have fori =1,...,d,n € NMand k=0,1,...
E (|Salll75) 2 1B (Sal Bl = || D2 E(XGIF)| = S0 ,mi-s ki |l
i<n
Hence for each i = 1,...,d, n; — M, is a one parameter submartingale with

respect to the filtration F*. Thus M, is a orthosubmartingale according to [9].
Since M, is nonnegative, we can apply Cairoli’s strong (p, p) inequality [9, th.
2.3.1] for nonnegative orthosubmartingales. Thus for all p > 1 and n € N¢

dp
B s I < (2] Blsal (a7)

0<j<n

4 Proofs of Theorems 2 and 3

This section is mainly devoted to the proof of Theorem 2 which is detailed in
subsections 4.1 to 4.3. In subsection 4.4, Theorem 3 is established by a simple
adaptation of the previous proof.

4.1 Equivalence of conditions (11) and (12)

First we note that (11) is equivalent to the convergence

F(m) —— 0, (48)

m—00

where
F(m):= sup v} (vy-- ~vd)2P(HX1H > v1vg - - ~vd).

m(v)>m
Now introducing the function ¢(t) := P(||X1]|| > t) and the sets
Hip={ve€ RE: v >m, vivg---vg = t},

we have

F(m)=sup sup o} *t?g(t) = sup t>g(t) sup oV >

tzmd 'UEHt,m tzmd UEHt,m
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When ¢t > m?, Hy,, is non empty and on this set, v; = t(vy - - - v4) ! is maximal
for vy = -+ =vy = m, so

t2g(t) sup V7% = Pg(t)m VP2,
’UEHt,m

Finally
F(m) = m~@=D@=2 sup tPg(t).

t>md
Recalling that d > 1 and p > 2, this reduces the convergence (48) to the
finiteness of supy,,q tPg(t) for some mo > 0. As tPg(t) is bounded on any
interval [0, a] for a < oo, this finiteness is equivalent to (12).

4.2 Necessity of condition (11)

It is easily checked that condition (11) is equivalent to

nyongP([ Xl > 00y onf*) ——— 0. (49)

Recall that p = (1/2 — a)~!. Since { X, k < n} are independent and identi-
cally distributed, we have for each ¢t > 0

—1 —1/2 —1/2
P(m g g || X >t) _

ning...ng
=1- <1—P(||X1|| >tni/pn§/2...n2/2)> : (50)

Hence (49) is equivalent to

“1/p —1/2 ~1/2 Pr
ny Pyt g Jmax [[Xel] 0. (51)
For every 1 < k = (ky1,..., k) <m = (ny,...,ny) we have

Xe=Ay . A,

Let 0 > 0 be an arbitrary positive number. Applying this representation with
any n such that [1/n| = m(n)~! < §, we deduce for each ¢ > 0

I _ [| X
Pl g 2 g e (1l > 1) = P((nr.m) ™2 e SEET
ke =R=> 1

_ _ Sk — S|
SP(2d Yy .. .ng)™"? max H— >t)
' k== 1) [(k —1)/n|

< Plwa((n ... na) %0, 0) > 2'7%). (52)

> t)

21



Since the function w,(-,d) is continuous on HZ(H), by continuous mapping
theorem it follows that

lim P(we((n1...14)"Y%n,0) > a) = P(we(Wy,8) > a) (53)

n—oo

for each continuity point a of distribution function of the random variable
we (W, d). Since paths of Wy lie in H? (H),

P(wy,(W4,0) >t) -0 as 0 — 0. (54)

Combining (52) — (54) we easily deduce (51).

4.8 Sufficiency of condition (11)

In view of the convergence of finite dimensional distributions established in
subsection 3.4, we only have to check the tightness of the net (7 (1)~/2£,)n>1
using theorem 6. By lemma 9 and the separability of H, the net (7 (n)~'/2&,(t))n>1
is asymptoticaly tight for each ¢ € [0,1]%. Thus condition (i) of theorem 6 is
satisfied.

To check condition (ii), consider with s = (sq,. .., S4),

Ap(t,t';8) = ||En(t, 52, .., 84) — Enlt, S2,. -, 8a)||-

Lemma 11 For any t',t € [0,1],t' > t, we have

1
sup An(t,t'ss) <30 {t' —t > n—l}wn(t’, t)+ 3% min (1, ny(t' = 1)) Zn,

s€[0,1]
where
Up(t' 1) := max S AO)S('k (55)
o LaskeaSreall oo, 0 )|
7y = 1max ||A,(€11)Sk|| (56)

1<k<n

Proof. Put uw := (t,s), u’ := (t',8), s0 uy = t, v} =t and gy = v, = s.
Recalling (37), we have

n(u’) = En(w) = Spuur) = g + 2 () = D). (57)

To estimate this &,’s increment we discuss according to the different possible
configurations.
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Case 1.0 <t —t < 1/n;.

Case 1.a. [nit'] = [nit], whence [nu’] = [nu]. Consider first the increment
Ti(u') — T1(u) and note that by (39) with [ =1,

Z {nkuk’}A[nkuk +1 St

1<k<d

Because uq.q = uf,; and [nu’] = [nu), all the terms indexed by k > 2 disap-
pear in the difference T’ (u’) —T1 (u). Note also that {nt'} —{nit} = ni(t'—1).
This leads to the factorization

Ti(w') = Ti(u) = ni(t' — DAL 1 Sinu.

For [ > 2, T)(u) is expressed by (39) as

Tl(u) = Z {niluil} {nnull}Aferull 41 A&l”uzl]—i—ls[”u]

1<ip << <d

As above, all the terms for which i; > 2 disappear in the difference T;(u’) —
T)(u) and we obtain

T(w') = Ti(w) =na(t' =) > {nesi}..{ngsi}
1<ipg< <i;<d
(1) (i2)
A[nlt}JrlA[niQsiz]Jrl A[n”szl]+ls[nu]

Since {ni,si,} ... {nys;,} <1 and

HA A(iz) A(Zl S[nu H

[n1t]+ [nizsiz}—i-l [n”szl]—&-l

A( )t]—i-l 251 i

<2 HA%H

el

where ¢; = #+1 and [ is some appropriate subset of [0,n] N N with 2/-1
elements. Hence with Z,, defined by (56), we obtain for [ > 2

i) = i)l < e =) () )22

Clearly this estimate holds true also for [ = 1, so going back to (57) and
recalling that in the case under consideration [nu’| = [nu|, we obtain

||§n<u'>—fn<u>||szm<t’—t>(d 1)21 = 3t — )2 (58)

=1 [=1
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Case 1.b. nyt < [n1t'] < nyt’. Using chaining to exploit the result of case 1.a,

we obtain
o) = ntal] < fente) ~ (20t oo (P27 5) - o)
< 3T it — [mt']) Zn + 37N ([t] — mit) Zn,
=3 (' — 1) Zp. (59)

Case 2.t —t > 1/ny. Then [nit] < nit < [nyt] +1 < [nyt'] < nyt’ and putting

= = vi=(t,8), v = (#],8),
we get the upper bound

1€n(w”) = &n(w)]| < [[€n () = En (V)| 4 [|€n (V") = En ()| + [|€n(v) = Enlw)]],

where the first and third terms fall within the case 1 since t' — ¢} < 1/n; and
t—t; < 1/ny. As njuy = nyty = [nyt], we have

[nv] = ([n1ty], [n2.4s]) = [nu] and  {njv1} = {[nit]} =0,
so the representation (40) for &,(v) may be recast as
d—1 :
En(V) = Sina) + Z Z < H{nkuZk}> ( H [nzzkak]+1> Sinu)-
=1 2<i1<ig <<y <d k=1

Clearly the same representation holds for &,(v’), by just replacing u by u’.
Now since A’s are interchangable and

[nt']
_ (1)
S[nuq - S[nu] = Z A; S(i,[nzds})’

i=[nt]+1

we get

[€n(@) — £l n<wntt§( ) _ 3y (1),

with ¥, (t',t) defined by (55). Using case 1 to bound ||&,(u') — &, (v’)|| and
|1€n(v) — En(w)]|, we obtain

||§n(t/a s) — &nlt, 3)” < 3d_1{n1t/}Zn + Sd_lwn(t/» t) + 3d_1{n1t}Zn
<3N () + 2351 7, (60)

Combining (58), (59) and (60) we complete the proof of lemma 11. O
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Now we continue the proof of the sufficiency of condition (11) by introducing
truncated variables and finding estimates for their moments. Let § € (0, 1) be
an arbitrary number. Define

- 1

X; = XXl < 0mP (s .. na)' /2 (61)
Denote for m > 0

c(m) :=sup sup wvs...vgP (|| X1| > u'/P(vy ... vg)"?)
UZM V2:g>M
¢y = sup t¥ @2 P(|| X4 || > t).

>0

Evidently condition (11) yields ¢(m) — 0 as m — oo and ¢, < co. Set

Cpm := max{c,; c¢(m)}.

Lemma 12 With m = m(n) and any q¢ > p

IE X1 | < 26" Py mmt’™  (ng .. .ng) "2 (63)
~ 2¢,m _
BIIXa 7 < 50t/ g ) (64
E[Xi[? <E[IX4] (65)
2q+1c m Ip—1
E| X7 < ﬁﬂ_pn({ P (ny. .. ng)?? L. (66)

Proof. To check (63), we observe first that since E X; = 0,

IEX1|| = |E X1 — EXox{|| Xa| > 6nlP(nsy .. ‘nd)l/Q}H

<[~ .
< An}/p(ng...nd)l/z (|| X1]] > ¢)dt

1/2
+0m"(ny...na) 2P| X1l > 0n"(na . na) ).

Next we have

. P(|| X[ > ¢) dt
\/éini/p(nz...nd)l/z (H 1” )
1/p—1 “172 [0 2 o . N
:(Snl (n3..-nd) I/QU n1n3ndp(||Xl|| > 5vn1 (ns.”nd) )W
o
- 5711/1”_1(”3 +.na)~2b(m, 0) /1/2 o2 dw
L

< §b(m, 5)ni/p_1(n2 ong) Y2,
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where

b(m,d) == sup sup uvy...vgP (|| X1| > 0ul/P(vy. .. vg)Y?).

U>m vg.q>m

We complete the proof of (63) noting that

b(m;d)=0"" sup sup wuvs...vgP (|| X1l >U,1/p<1}2...1)d)1/2)

u>6Pm va.q>m

=07 max{ sup  sup uvs...vgP(|| X1|| > utP(vy. .. vg)'?);

m>u>0Pm va.q>m

sup sup uvg...vaP (|| Xq|| >u1/p(v2...vd)1/2)}

U2 V2:g2M

<6 Py m, (67)
since

sup sup uvy...vgP(||X1|| > u'/P(vy ... vg)?)

u<m vg.q>m

< sup sup uvy . .. vacy(utP(vy . . wg) )" W2

u<m vy;,g=>m

= ¢, sup u?@D/A=20) gy (y . g) TR =
usm V2>

Next we have
— 6n1/p(n2...nd)1/2
% < | B P() X > £) dt
0
5(na...ng)/?
- / 1L P(|| X | > ¢) dt

ony /p (na..nq 1/2
o LP(| X | > ¢) dt

8(ng..ng)1/2

By Chebyshev inequality P(||X1| > t) < t_2 hence the first integral does

not exceed (q —2)71692(ny...ng)"* 1. As [/' 1 "< n?"7" the second integral
does not exceed

n}/p
69(ns. --”d)q/%l/ ny...nqu’ P(|[ X1 > du(n, .. -nd)l/Q)uqufl du
1

< 8%ny...ng)"* " sup  sup wvs...vaP(|Xa|| > 6ulP(vy. . vg) PP

va:g2m 1<usng

1 J—
< H max{b’(m, 5); b(m; 5)}5qnli/p l(n2 Ny .nd)q/Q_l,
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where

V(m,d) = sup sup uvy...vgP(|X1| > 6u?(vy. .. v9)"?)

vg:.q>m 1<u<m

< 572d/(d/27o<)cp < 57pcp’

recalling that 0 < § < 1 and p = (1/2 — a)~'. Accounting (67) inequality (64)
now follows.

To check (65), let us denote by (e, & € N) some orthonormal basis of the
separable Hilbert space H. Then we have

9

IX5P = [~ B Xy e)| = 3 [(Ken) — B (Xne)|
k=0 k=0

whence
[oe} ~ 9] . 2
E[|X]* = 3 Var((Xy, e)) < 3B (X, en))

k=0 k=0

—E Y [(X1e) =E|X)? <E|X2

k=0

which gives (65).

Finally we note that (66) is obviously obtained from (64) since the convex-
ity inequality || X719 < 297H|Xq]|9 + 297 H|E X4 |9 together with E[|X;| <
(E[1X1]]9)1/ gives B[ X][|? < 29E || X7 O

Lemma 13 If condition (11) is satisfied, then

nfl/p(ng o) Pz, —2 0. (68)

m(n)—oo

Proof. First note that really

ko kg
Z e Z X(kmé ----- iq)|| -
10=1

Zyp = max
1<k<n ;
Zd:1

Fix € > 0 and associate to any § € (0,1) the truncated random variables X,
and X defined by (61), (62). Substituting X}, by Xj, respectively X, in the
definition of Z,, we obtain Z,,, respectively Z, . Introducing the complementary
events

E, — {Vk <n, | Xe| < 0P (n,.. .nd)1/2}, E¢ = Q\ Ep,
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we have
P(Zn > ent(ny .. .na)"?) < P({Zn > enl’(ny .. .na)"?} 0 En) + P(ES).
Clearly Z,, = Zn on the event F,. By identical distribution of the Xg’s,
P(ES) < ny .. .ngP(| X1] > 0n)P(ng .. .ng)"'?)

and this upper bound goes to zero when m(n) goes to infinity by condition
(11). This leads to

limsup P(Zn > eny/?(ny ... ng)Y?) < limsup P(Z, > eniP(ny .. .ng)"?).

m(n)—oo m(n)—o0
(69)
Because nl_l/p(ng ...ng)"?||E X1|| — 0 as m(n) — oo by lemma 12, the right-
hand side of (69) does not exceed

limsup P(n; /P(ny...ng) 7. > ¢).

m(n)—oco

Using the extension of Doob inequality (47), we obtain with g > p

P(ny " (ny .. .ng) %7 > ¢€)

ka.q
<n P max Yo X >€n/ (ny...ng)"?
12.q<k3.q<mo2.q -
12:.4=12.q
L / n9.4 q
< eIy P(ny .. ng) Y*E X/ ~
1 (1,32,...,8q)
22:4=12.4

Applying Rosenthal inequality (46) together with the estimates (65), (66), we
obtain

P(n;P(ny...ng) 7. > ¢)
< eI Py .nd)-q/%*q((n2 )P XU) 4 s g ||X;||q>

_ 2q+1 m
< G (ni X P = 5)

Combined with (69) this gives

limsup P(n; P(ny .. .ng) Y2 Zy > ) < 6977,

m(n)—oo

where the constant ¢ depends on €, p and ¢. Since ¢ > p and é may be choosen
arbitrarily small in (0, 1), the convergence (68) follows. O

Next we continue proving (iii) of Theorem 6. Due to the definition of \; (&)
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it is easy to check that (iii) holds provided one proves for every ¢ > 0

lim limsupII(J,n;e) =0, (70)

—00 n—oo

where

[I(J,n;e) := P(sup 2% (ny .. .nd)’l/2 max Ay, (tgr1, tr; Se) > 5) =0, (71)
§>J 0<k<2?
0<£<2i

with ¢, = k277, € = (ly, ..., 1), 29 = (27,...,27) (vector of dimension d — 1)
and s, = £277.

By lemma 11 the probability II(.J, n;e) does not exceed

P(sup 2% (ny ...ng) Y% max |3\ {tepr — tx > 1/n0 }0n(trr, t)
j>J 0<k<2J

+ 3% min{1, ny (teys — tk)}Zn] > a>.

In what follows, we denote by “log” the logarithm with basis 2 (log2 = 1). For
notational simplification, let us agree to denote by &’ the successive splittings
of g, 1.e. & = ce where the constant ¢ € (0, 1) may decrease from one formula to
following one. For j > log ny, we have 2/ > ny, whence (ty1—t;) =277 < 1/m
and noting that 1 —a =1/2+ 1/p,

2ajnl—1/2n1 (tepr — t) < n1/22—j(1—a) — ni/22_j(1/2+1/p) < nl—l/p'

This gives
sup 2% (ny...ng) " max (i — 1) Zn < 0y V(0L ong) 2 2,
j>logni 0<k<2J

On the other hand, for J < j < logn,, we have 2%n; "/* < po "% = p VP,
whence

. B = -
jmax 2% (ny .. .ng) V2 Z, <n] /p(ng ong) V227,

Now, applying lemma 13 twice, we reduce (70) to

lim limsup P(J,n;e") =0, (72)

J =00 n(n)—oo

where

Lo aj —1/2 /
P(J,m;¢e") P< s max 2%(ny ... ng) Jmax Un(tryr, tr) > € >
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Notations zzn(tkﬂ,tk) and ¢, (ty41,t;) mean that X; are substituted by )71
and X7 respectively in the definition of ¢ (tr11,%x). Accordingly we introduce

the notations P(.J,m; ') and P'(J,n;¢’). Splitting Q in E,, and E¢ like in the
proof of lemma 13, we obtain

P(J,n;e") < P(J,nje) +ny...ngP(|| X1|| = 6n)/"(ng ... ng)'?).
Then (72) is reduced by condition (11) to

lim limsup P(J,n;e') = 0. (73)

J—oo m(n)—oo

The number of variables X, k to be centered in the sum an(tk+1, t) is at most
n(thir — t)na ... ng <277 ny .. ng and (63) yields

max  2%(ny...ng) Y?|E Xq|| < n$” 1/2( 51_pcpm)ni/p_1(n2 coong) !
J<j<logny '
=28""Pcym(ny...ng)""
Therefore

limsup max 2%(n 1...nd)_l/2n12_‘7n2...ndHEj(le gél‘pcp2‘J+1.

m(n)—oo J<j<logni

This upper bound going to zero when J goes to infinity, (73) is reduced to

Jim. 11?1)supP (J,n;e’) = 0. (74)
We have with ¢ > p
logni
a] 1/2 /
P'(J,n;e) Z P(29(ny ...mg)” max 7, (tar t) > £)
lognl ' .
< N 2% (ny L ng) TP IR, (b, ). (75)

Denote uy = [nitx] and observe that ug, 1 — up < n1277. By (47),

Uk 41 n9.q

ZZX’

i1:1+uk 1,2 d—lg d

E ), (tp+1,t)? <E

Estimating this last g-moment by Rosenthal inequality (46) with a number of
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summands N < (n,277)nsy ... ng, we obtain

EY (teyr, tr)? < Cq<(n12j)q/2(n2 .. .nd)q/QE 1 X117 +n1277ny ... ngE HX:'lHq>
S CqE ||X1H22*jq/2(n1 e nd)q/2
+1
M(Sq—pg—jngﬁv(m o nd)Q/Q'
q—p

Reporting this estimate into (75) we obtain
P'(Jm;e) <31(J,m;e) + Xo(J,m;€)

with ¥; and X5 explicited and bounded as follows. First

C o
EhUﬂu€%=g5EHXm2 S gltaa-/2)s

J<j<logmi

E | X, Z 9~ (a/p=1)j
j=J
C o—(g/p—1)J

_ 9 2
o g’qE 1]l 1 — 2-(g/p—1)"

&

< 2
= 21

Hence
lim limsup Xy (J,n;e") = 0.

=00 m(n)—oco
Next
q+1 )
2 chpzm q—pnl—qa Z 2]qo¢
((] - p)glq J<5<
<j<logmni

q+1 qa
2 chp,m q—pnl—qoc 3
~ (¢—p) 200 —1

Yo(J,m;e) =

Noting that m = m(n) and limsup,, ., ¢,m = ¢,, We obtain

q—p

PARRIONG
lim sup o (J, ;) < P
m(n)—oo (q - p)(2qa o 1>€/q

Recalling (71) and summing up all the successive reductions leads to

q—p

lim sup lim sup T1(J, 7:2) < 2 CaCs
1M sup l1m sup ,n,g) s
J—oo m(n)—oo (q - p)(2qa - 1)6,(1

Since II(J, n;e) does not depend on ¢ which may be choosen arbirarily small,
the left-hand side is null and this gives (70). Consequently the condition (ii)
follow and the proof of Theorem 2 is completed.
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4.4 Proof of Theorem 3

The necessary and sufficient condition which is technically relevant in the
proof of Theorem 2 is (49):

nl---ndP(HXlH > n}/pnéﬂ---n;ﬂ) — 0.

Now looking back at the proof of Theorem 2, having in mind the extra as-
sumption that ny = ny = -+ = ng = n, it should be clear that the weak H? (H)
convergence of n~%Y 25(,17,”7”) to W is equivalent to the condition obtained by
reporting this equality of the n;’s in (49), namely to

! P(||Xy]| > nt/PH@D2) —— 0, (76)

n—oo

It is easily checked that in (76) the integer n can be replaced by a positive
real number s and then puting ¢t = s/P*(4=1/2 we obtain the equivalence of
(76) with
2pd
Jim 4750 P(||Xq || > £) = 0. (77)
Finally recalling that p = p(a) = 2/(1 — 2«a), we get

2pd 2
2+p(d—1) d-2a’

which reported in (77) gives (14) and completes the proof.
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