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Abstract

Let Hj be the Holder space of functions z : [0,1] — R such that
|z(t + h) — z(t)] = o(p(h)) uniformly in ¢ € [0, 1], where p(h) = h*L(1/h)
with 0 < a < 1 and L is normalized slowly varying. Denote by &8
the polygonal smoothing of the uniform empirical process. We prove
that {8 converges weakly in Hj to the Brownian bridge B if and only
if h'/4 = o(p(h)). We also prove that the polygonal smoothing x5® of
the uniform quantile process converges weakly in Hj to B if and only if
BY/2In(1/h) = o(p(h).
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Let Ul, ey
ables. Let F),(t) be the empirical distribution function based on Uy, .
G, (t) be the empirical quantile function. It is well known that the empirical
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and quantile processes

En(t) == Vn(Fu(t) — t), Xn(t) = Vn(Gn(t) —t), te0,1],

U, ... be independent and [0, 1] uniformly distributed random vari-
.., U, and



both converge in law to the Brownian bridge B. The usual topological setting
for this convergence is the Skorohod’s space D(0,1). Changing the topological
framework changes the set of continuous functionals of the paths and hence mod-
ifies the scope of the convergence in law of &, and x,,. For instance, Dudley [8]
proves that the convergence of &, to B holds with respect to the p-variation
norm for p € (0,2). In another direction, Morel and Suquet [14] give a neces-
sary and sufficient condition for the convergence in law in L?(0,1) of &, to a
Gaussian process when the U;’s are associated. Under the same positive depen-
dence assumption, they also investigate the convergence in law of &, in some
Besov spaces.

Smoothing &, and x,, allows us to look for stronger topologies. Denote by
EPe the polygonal cumulative empirical distribution function (which interpo-
lates linearly F,, between its consecutive jumps). Denote by GP8 the polygonal
uniform sample quantile function (precise definitions are given in subsection 2.1).
Then define the processes

ERE() = Vn(ERE(t) — 1), XE(t) = Vn(GRE(t) —t),  te0,1].

It is well known that P8 and xP8 converge in law to B in the space C[0, 1] of
continuous functions endowed with the supremum norm. Because the Holder
spaces are topologically embedded in C[0,1], they support more continuous
functionals than C[0, 1]. From this point of view, the alternative framework of
Holder spaces gives functional limit theorems of a wider scope than CJ[0, 1]. This
choice may be relevant when the paths of 2% and xP# and of the limit process B
share some a-Holder regularity. Due to the well known regularity of Brownian
paths, this requirement is clearly satisfied with any o < 1/2 and it seems rather
natural to ask for some Holderian convergence in law of £P% and xPs.

Considering the Holder spaces HY of functions = : [0,1] — R such that
|z(t+h)—x(t)] = o(h®) uniformly in ¢ € [0, 1], Hamadouche [9] established that
the sequence (£P8),,>1 converges weakly to B in H? for every o < 1/4 but is not
tight in HY as soon as o > 1/4. In some sense this result means that polygonal
smoothing is too violent. With convolution smoothing of &,, it is possible to
reach the weak Holder convergence for any o < 1/2, see [10].

This paper investigates the convergence in law of £P% and of xP® with re-
spect to the more general class of Holder spaces HY of functions z satifying
|x(t + h) — 2(t)] = o(p(h)) uniformly in ¢ € [0, 1], where p(h) = h*L(1/h) with
0 < a@ <1 and L is slowly varying at infinity and ultimately monotonic. In
particular, this covers the case of spaces Hf built on weight functions p(h) =
he 09 (eq /D) .. .éi’“ (ck/h), where the ¢;’s are j-iterated logarithms. The critical
weight function for the Hélder regularity of B being po(h) = h/2In/?(c/h),
no stronger topological framework than Hf can be expected for the conver-
gence in law to B of a sequence of polygonal processes. Recent limit theorems
in the spaces H) may be found in Rackauskas and Suquet [16, 18, 19]. Some
statistical applications of weak Holder convergence are proposed by the same
authors [17, 20, 21].

We prove in the present contribution that 8¢ converges in law to B in HJ



if and only if h'/* = o(p(h)). Hence the weight function p(h) = h'/* is really
the right critical one in this problem. The polygonal quantile process behaves
better with respect to Holder topologies. Indeed we prove that xP% converges
in law to B in HY if and only if h'/2In(1/h) = o(p(h)).

The paper is organized as follows. The relevant background on Hélder spaces
and weak convergence therein is presented in Section 2. Section 3 contains the
limit theorem for £P% and its proof. Section 4 does the same for xPs.

2 Preliminaries

2.1 Polygonal processes

Let Uy, ...,U, be a sample of i.i.d. random variables uniformly distributed on
[0,1]. We denote by U,.; the order statistics of the sample

0= Un:O S Un:l § ce S Un:n § Un:nJrl - ]-7
which are distinct with probability one. For notational convenience, put
i

Un:s = EUnz = T
n+1

1=0,1,...,n+ 1.

We recall the distributional equality (see e.g. [24])

d Sl Sn

Unity o Un: :( ) 1

( n:1l nn) SnJrl Sn+1 ( )

where S, = X1+ -+ X}, and the X}’s are i.i.d 1-exponential random variables.
The empirical distribution function F;, of the sample is

1 n
i=1

It is also the piecewise constant function which jumps at the U;’s and satisfies

n
Note that F,,(Up.nt1) = 1. We define the polygonal empirical function FP8 as
the polygonal random line with vertices (Um, Fn(Um)), 1=0,1,...,n+1. The
uniform empirical process &, and the polygonal uniform empirical process &P
are defined respectively by

Eult) == VA(Fult) — 1), E2(1) := Va(ERE(D) — 1), te[0.1].

The polygonal smoothing being non linear, FP® does not inherit of the unbi-
asedness of F;,. Nevertheless the obvious estimate

1
n = < =, 2
e — €88l < 7= @)



implies that £P%, like &,,, converges in the sense of the finite dimensional distri-
butions to the Brownian bridge B.
We define the (discontinuous) uniform quantile process x, by

n+1

Xn(®) = V(Y Uil ()~ ), £ [0,1) (3)

Definition (3) differs slightly of the most usual one for the uniform quantile
process, see e.g. [5]. This later, denoted here ¥, is given by

Xn(t) :==vn(F (t)—t),  te[0,1],

where F;1(t) := inf{u; F,(u) >t}. The advantage of (3) is that at each jump
of xn, the process has null expectation.
We associate to x,, the polygonal uniform quantile process xb® which is affine

on each [up.i—1,Un:], 1 =1,...,n+ 1 and satisfies
X2 (unzi) = V(Upii — uni), i=0,1,...,n+1. (4)
We shall also consider the polygonal smoothing xP# of x,, defined as the polyg-
onal line which is affine on each [(i — 1)/n,i/n], i = 1,...,n and satisfies
P5(i/n) = V/a(Unsi —i/n), i=0,1,...,n. (5)

2.2 Holder spaces

Throughout this paper we deal with Holder spaces H, or Hj built on some
weight function p satisfying the following condition.

(r1) The function p: [0,1] — R is non decreasing continuous and such that
p(h) = h*L(1/h), 0 <h <1, (6)

where 0 < o < 1, and L is some positive function which is normalized
slowly varying at infinity.

Let us recall that L(t) is positive continuous normalized slowly varying at infinity

if it has a representation
t
d
L(t) = cexp {/ 5(u)u} ,
b u

with 0 < ¢ < oo constant and e(u) — 0 when v — co. By a theorem of Bojanic
and Karamata [1, Th.1.5.5], the class of normalized slowly varying functions is
exactly the Zygmund class i.e. the class of functions f(t) such that for every
§ > 0, t° f(t) is ultimately increasing and ¢ =9 f(¢) is ultimately decreasing. Here
and below “ultimately” means “on some interval [b, 00)”.

We shall also use one of the following extra assumptions.



(r2) The function L in (6) is ultimately monotonic.

(r3) The function 6(t) := t*/2p(1/t) is C* on [1,00) and there is a 8 > 1/2,
such that () In~"(¢) is ultimately non decreasing.

Note that such a § always (resp. never) exists when o < 1/2 (resp. o > 1/2). In
particular (r3) is satisfied by p(h) = h'/21n?(c/h) for v > 1/2. Here ¢ denotes
any constant compatible with the requirement of increasingness of p on [0, 1].

Denote as usual by CJ0, 1] the space of continuous functions z : [0,1] — R
endowed with the supremum norm ||z|| . For p satisfying (rl), put

1) —
o) sy O =00
s,t€[0,1], p(t —s)
0<t—s<3

, 0<d<1.

We associate to p the Holder space
H, :={z € C[0,1]; wy(x,1) < oo},
endowed with the norm
[]lp = [2(0)] + w, (, 1).

As H, is a non separable Banach space, it is more convenient to work with its
closed separable subspace

HY = {z € Hy; ;i_r)r(l)wp(x,é) = 0}.

When p(h) = h*, the corresponding Holder spaces H, and H7 will be denoted
by H, and H¢, respectively.

As polygonal lines, the paths of £8% and x}® belong clearly to Hf for any p
satisfying (rl).

One interesting feature of the spaces H? is the existence of a basis of trian-
gular functions, see [3]. We write this basis as a triangular array of functions,
indexed by the dyadic numbers. Let us denote by D, the set of dyadic numbers
in [0, 1] of level j, i.e.

Dy = {0,1}, Dj={(@-1)27;1<1<27}, j>1
Write for r € Dj, j >0,
rTi=r—27, rTi=r4277.
For r € Dj, j > 1, define the triangular Faber-Schauder functions A, by:
2i(t—r7) ifte(r,r;

An(t) =3 29(rT —t) ifte (r,rt];
0 else.



When j = 0, we just take the restriction to [0, 1] in the above formula, so
Ao()=1—1t, Ay(t)=t, te[0,1].
The sequence {A,;r € D;, j > 0} is a Schauder basis of C[0, 1]. Each « € C[0, 1]

has a unique expansion
x = Z Z Ar(z) Ay, (7)

with uniform convergence on [0,1]. The Schauder scalar coefficients A,(x) are
given by
a(rf) +a(r7)

() = 2(r) — 5 ,

TEDj,jZl,

and in the special case j = 0 by

The partial sum

J
Ejz:=) Y M(@)A, (8)

j=0reD;
in the series (7) gives the linear interpolation of by a polygonal line between
the dyadic points of level at most J.
Ciesielski [3] proved that {A,;r € D;, j > 0} is also a Schauder basis of each
space H? (hence the convergence (7) holds in the H, topology when x € H?)
and that the norm ||z, is equivalent to the following sequence norm :

239 = sup 27 max A, ().
>0 reD;

This equivalence of norms provides a very convenient discretization procedure
to deal with Hélder spaces and is extended in [18] to the spaces Hj with p
satisfying (r1). The sequence norm [|z||3°*¢ equivalent to ||z||, is then defined by

1
z||%%9 := sup —— max |\, (z)]. 9
(4 sup p(QJ)reDf_l ()] (9)

It is worth noticing that

1
_ seq __
|z — Eyz|; =S yel%jlx\r(w)l- (10)

2.3 Tightness in Holder spaces

We write

o

Y, ——Y,
n—oo

for the convergence in law in the separable Banach space H of a sequence
(Y3)n>1 of random elements in H, (also called here convergence in distribution in



Hp or weak convergence in HZ) Such a convergence is equivalent to the tightness
of (Y,,)n>1 on H7 together with convergence of finite dimensional distributions.

The following characterization of tightness in Hj looks very similar to the
classical one for the space CJ0, 1], obtained by combining Ascoli’s and Prohorov’s
theorems.

Theorem 1. The sequence (Yy)n>1 of random elements in HY s tight if and
only if the following two conditions are satisfied:

i) For each t € [0,1], the sequence (Y, (t))n>1 is tight on R.

it) For each e > 0,
}in}) limsup P(w,(Y;,,d) >¢) =0. (11)
Proof sketched. For the sufficiency, we refer to Theorem 3 in [18] noting that
with the notations used therein,

Yo = E; Va9 < wp(Ya, 277).

For the necessity, introduce the functionals ®5 defined on HY by Oy (z) =
wy(x,1/N). By the definition of H9, the sequence (®x)y>1 decreases to zero
pointwise on Hj. Moreover each ®y is continuous in the strong topology of Hf.
By Dini’s theorem this gives the uniform convergence of (®x)n>1 to zero on
any compact K of H}. This remark combined with the assumption of tightness
of (Yy,)n>1 leads easily to

lim sup P(w,(Y,,1/N) >¢) =0, (12)
N —o0 n>1
from which we obtain (11). O

The special following tightness result extends Theorem 1 in [9]. It may be
relevant in the case of processes Y,, whose “not too small increments” behave
smoothly, while their smaller increments can be controlled differently. This
typically happens with the empirical processes £P5.

Theorem 2. Assume that the sequence (Yy)n>1 of random elements in HZ
fulfils the following conditions.

a) For each r € D, (Yn(r))n>1 is tight in R.
b) For some non increasing sequence (an)n>1 in (0,1), converging to zero,
P([Yo(t) = Yu(s)| 2 u) < [t = s|Q(t = sl,w), u>0, [t—s|>an, (13)

where the function Q : R} x RY — R satisfies for every positive ¢,

+o0
ZQ(2_j,€p(2_j)) < 0. (14)



¢) wp(Yn,an) converges to 0 in probability (n — o0).
Then (Yy)n>1 is tight in HY.

When using Theorem 2 to prove a weak Holder convergence, Condition a) is
automatically satisfied as soon as the convergence of finite dimensional distri-
butions of Y;, holds true. Note also that if b) is satisfied without the restriction
|t —s| > an, then c) follows. Of course our interest in this theorem focuses
on the case where there is no possibility to obtain b) without the restriction
|t — s| > ap. Condition ¢) may be tractable when some information is available
on the local smoothness of Y,,. The following corollary is well adapted to the
case of the polygonal uniform empirical process. Recall that p(h) = h*L(1/h)
with 0 < a < 1 and L slowly varying.

Corollary 3. Assume that the sequence (Yy,)n>1 of random elements in Hp
satisfies Conditions a) and c) of Theorem 2 and that for some real numbers
v >0, p> 2 and some non increasing sequence (an)n>1 i (0,1), converging to

zero,
E|Y,(t) = Y, (s)[P < Cplt — s|*™7, |t — 5| > ay, (15)

for some positive constant Cy,. Then (Y, )n>1 4s tight in HY if either a < v/p
ora=y/p with 37,5, L(27) 77 < 0.

Proof of Theorem 2. By Theorem 2 and Remark 1 in [19], it suffices to prove
that for every positive g,

lim limsup P (||Y,, — EpY,[[54 > e) =0, (16)

J—0 p—oo

with the projectors E; defined by (8). Define the integer J,, by the condition
2=7/n=1 < q,, <2777 Then accounting (10), we have for each J > 1

P(||[Y, — EjYa|59 > ¢) < Py, + P, (17)
where
/ o
PJ,n T (ngja’g}f]" p(2_J> ?éalD}j |)‘T(Yn)‘ > 5)3
P! = P( sup — max [\ (Y,)| > E).
2 e w0

The estimate (17) is clear when J < J,. When J, < J, it remains true with
the usual convention “sup () = —oo”, which gives P, = 0.
To control P/, let us simply note that

P < P(wy(Yn,an) > ¢),
so Condition ¢) in Theorem 2 gives

limsup P/ = 0. (18)

n—oo



Now to control P}, having in mind the usual convention that a sum indexed
by the emptyset is defined as null, we get by Condition b)

Pr, < > D PNl >ep(27))
J<j<J, r€ED;
< ) 2277Q(27,ep(277))
J<G<Tn,

< ) Q27.ep(27)).
j=J

In view of (14), this leads to

hm limsup P = 0. (19)

J—00 pooo

Then (16) and hence the tigthness of (Y},) follow from (18) and (19). O

Proof of Corollary 3. By Markov’s inequality, (15) leads to (13) with Q(v,u) :=
CpuYv™P. Hence Condition (14) reduces to

Z

2] j(pa—7)

Since L is slowly varying in the neighbourhood of infinity, 2°L(2)? goes to
infinity with z for any positive . It follows that the above series converges for
any « < v/p whatever the choice of the slowly varying function L may be. O

2.4 An Holderian FCLT

We shall need the following invariance principle for partial sums processes, which
is proved in [18] in a more general setting. Let X1,...,X,,... be ii.d. random
variables in R with null expectation and E X7 = 1. Set Sy = 0,

Sp=X1+ -+ X, for k=1,2,...
and consider the polygonal partial sums processes
E.(t) = n_l/QS[m] +n~ Y2 (nt — [nt]) Xpny41, te€[0,1]. (20)

Theorem 4 (Rackauskas, Suquet [18]). Let p satisfying (r1). If =, con-
verges weakly in HY to the standard Brownian motion W, then for every A > 0,

Jim tP(|X1| > A6(t)) = 0. (21)

If p satisfies (r1), (r3) and (21), then =, converges weakly in HS to W.



Recall that Condition (r3) implies that @ < 1/2 and that 6 is defined by
0(t) =t'2p(1/t) =t/ L(t).

If a < 1/2 then it suffices to check (21) for A = 1 only. In the classical case
where p(h) = h*, 0 < a < 1/2, (21) is equivalent to P(|X;| > t) = o(t~P(®))
with p(a) := (1/2 — a)~!. This improves on Lamperti’s Theorem [11] which
obtained the weak H¢ convergence of =, under the finiteness of E|X;|P for
some p > p(a). In the case where p(h) = h'/21In"(c/h) with b > 1/2, (21) is
equivalent to E exp('y|X1|1/b) < 00, for each v > 0.

2.5 Spacings

The study of the asymptotical behavior in Hy of the polygonal lines {h¢ and
x>% involves clearly their p-weighted increments between vertices. This requires
some probabilistic control on the increments U,,.;1r — Up,.;. The quantities of
interest are more precisely the minimal and maximal spacing d,.1 and dy.541
defined by

5n:1 = Orgrliign(Un:i+1 - Un:i)u 5n:n+1 = Org%xn(Un:iJrl - Unz) (22)

and the minimal k-spacing m,, (k) defined for k =1,...,n by

mn(k) = i (Un:i-i-k — Un:i)- (23)

=  min
0<i<n—k+1
Let us recall the classical Lévy’s results about d,.1 and 6,.41-

Lemma 5 (Lévy [13], [24]). The sequence of random variables (n26n;1)n>1
converges in distribution to the exponential distribution with parameter 1.

Lemma 6 (Lévy [24], p.726). The limiting distribution of the maximal spac-
g Op:nt1 @S given by

P((n+1)0n:p41 —log(n+1) <t) —— exp(—e™"), > 0.

n—00

To control my,(k), we use the following lemma by Deheuvels which extends
an earlier result of Devroye [7] concerning m., (1) = 0p.1.

Lemma 7 (Deheuvels [6]). Let k > 1 be a fized integer. Then, whenever a
non increasing sequence (an)n>1 of positive constants satisfies the condition

> (nag)k < oo, (24)

n=1

we have P(m, (k) < a, i.0.) =0.

10



3 Polygonal uniform empirical process

Theorem 8. Let p(h) = h*/*L(1/h) be a weight function satisfying (r1) and
(r2). Then P8 converges weakly in H} to the Brownian bridge if and only if

tlim L(t) = 0. (25)

In view of the embeddings of Hélder spaces and of the result in [9] for

the weight functions p(h) = h%*, a > 1/4, Theorem 8 leads to the following

characterization of the weak Hf convergence of {8® when p satisfies (rl) and

(r2) :

Hp . . . 1/4
e —" - B if and only if }lllmo R Y4p(h) = cc. (26)
It is worth noticing that Condition (r2) is needed here only to prove the necessity
of (25).
The following elementary lemma plays a key role in the proof of Theorem 8.

Lemma 9. Let the weight function p satisfy (r1) with 0 < o < 1. Then, there

is an € (0,1], such that if 0 <t <t <1 witht —t <n and if [ is any real
valued function whose restriction to [t,t'] is affine, we have

wp &) = FOI 1) - 1)

) 27
t<s<si<v p(s' —s) p(t' —1) (27)

where 1 depends only on p.

Proof of Lemma 9. Because the function L in (6) is normalized slowly varying,
t°L(t) is ultimately non decreasing for any positive €, i.e. is non decreasing on
some interval [b, 00), where b > 1 depends on ¢ and L. Choosing ¢ = 1 — «,
it follows that the function h/p(h) is non decreasing on (0,7], where n = 1/b
depends only on p. This together with the fact that f is affine between ¢ and
leads for t < s < s’ <t to the estimate

f&)—fls)l _ _s'=s [fE)-fO o =t [f{) = [

p(s’ —s) p(s' —s) ' —t o=ty -t
whence (27) follows. O

Proof of Theorem 8. As we have already noted that £P® converge to B in the
sense of the finite dimensional distributions, we only have to prove that Con-
dition (25) is necessary and sufficient for the tightness in Hf of the sequence
(ERE)n>1-

The necessity of (25) follows essentially of the fact that with po(h) := h/4,
(§h8)n>1 is not tight in HY , see [9]. Now if (25) fails, then p(h)/po(h) is bounded
near 0 by (r2) and hence Hp is topologically embedded in Hf . This forbids the
tightness of (§£8),>1 in Hj.

To prove the sufficiency of (25) for the tightness of (££8),,>1, we shall use
Corollary 3, recalling that its Condition a) is obviously satisfied, due to the

convergence of the one dimensional distributions of (££%),,>1.

11



To check Conditions b) and ¢), we choose a,, := n~¢ with 3/2 < ¢ < 2.
In order to obtain the estimate (15) for the increments of £P2, let us observe
first that the corresponding increments of the discontinuous empirical process
&, may be expressed as

6u(t) = u(s) = <= D Zls0). 0<s<i<l, (28)
i=1

where the Z;(s,t) := 1¢,4(U;) — (t — s) are i.i.d. bounded random variables.
Note moreover that for any real p > 2,

E|Z(s,t)|P < |t — s|. (29)
Now in view of (2), (28) and (29), Rosenthal’s inequality, see [22] or [12], gives

us for any p > 2,

E[R5(t) — EE(s)P < E([€a(t) — Enls)| +2n71/)"

< PTIERG() ~ Eals)I” + 2% P

< Ay (nrTPRE— s + [t — s[P/?) + 227 TP/2(30)
with a constant A, depending only on p. The estimate (30) is valid for any
s,t €10,1]. When |t — s| > n~¢, we have moreover

O L e
so (30) leads to the inequality
E‘ggg(t)ifgg(sﬂpScplti‘ﬂ%a ‘t75| Zan:nica

where the constant C), depends only on p. Hence (15) is satisfied for any p > 2¢
with an exponent v = 5= — 1. Finally recalling that ¢ < 2, we choose p large

C
enough to have
y 1 1 1

p:2c p 4

To check Condition c), it is convenient to introduce the random variable N
with values in N* U {oo} defined by

N :=inf{l € N*; Vn > 1, m,(2) > a,}, (31)

with the usual convention inf (} := co. Because a,, = n~¢ with ¢ > 3/2, Lemma 7
implies that N is almost surely finite. Hence for any positive ¢ there is some
integer ny = ny(e) such that

PN >n)<e. (32)
It follows that for any positive &g,

P(w,(£8%,a,) > g0) < P(w,(E88,a,) > €0, N <mq) +e. (33)

n n 9

12



Now it remains to control w,(£8%, a,,) on the event
E.:={N <nm}.

To do that, let us consider an arbitrary interval [¢,t + a,,] and estimate on E.
the ratios

|Ehe(s") — &RE(s)]
p(s’ —s)

Due to (23) and (31) it is clear that on E. and for every n > nj, the open
interval (t,t + a,) contains at most two order statistics U,.;. We observe also
that the increment of £P® between two consecutive vertices of its restriction to
[t,t+a,] (including artificial vertices at t and t+a,,) is bounded by n~/2 because
n'/2a, = n'/2=¢ < n=1. Then considering the three possible configurations and
using Lemma 9 it is easily seen that on E,

3

!
<2
qn(s,s") < n2p(5n)

, t<s<s <t+a,.

qn(s,s') =

, t<s<s <t+an n>n.

This estimate being uniform in ¢ € [0,1 — a,,], it follows that

3

wy(ER8, an) < P2 p(5n)

, m>ni, on k.. (34)
n:l)

Next we note that if Z is a random variable having the exponential distri-
bution with parameter 1, then with b:= —In(1 —¢), P(Z < b) = . In view of
Lemma 5 we can find an integer ng = na(e) such that

b
P(ém1 < ﬁ) <%, n>mn,. (35)

Finally, by Condition (25) we can find an integer n3 = ng(e, o) such that

3 3
nl/2p(bn=2)  bY/AL(n2/b)

Gathering (33), (34), (35) and (36), we see that with ng := max(ny,ne, ng),

< €9, N =>ns. (36)

P(w, (&%, an) > €0) <3¢, 1> ny.

Since € and gy were arbitrary, Condition c) of Corollary 3 is satisfied and the
proof of Theorem 8 is complete. O

4 Polygonal uniform quantile processes

Theorem 10. Let p(h) = h'/2L(1/h) be a weight function satisfying (r1) and
(r3). Then xp® converges weakly in HY to the Brownian bridge, if and only if

lim 0} = 0. (37)

t—oo Int
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Due to the embeddings of Hélder spaces, note that if p satisfies (rl1) with
a < 1/2, then x}h# converges weakly in Hf to B. Note also that for the special

class of weight functions of the form p(h) = h'/21n”(c/h), (37) implies (r3).

Proof. Let us establish first the sufficiency of (37). With the i.i.d. 1-exponential

random variables X; and their partial sums Sy introduced in (1), let ¢, be the

polygonal process which is affine on each interval [up.i—1, Un], i =1,...,n+1
and such that

S.

Cn (unz) = \/ﬁ( ’

Sn+1

—un) i=01,...,n+1 (38)

Put for notational convenience
X;:XszX“ S]/C:Sk*ESk

and let =, be the partial sums process (20) built on the S}’s instead of the Sy ’s.
Note also that EX{2 = 1. Then we have for i = 0,1,...,n+ 1,

n 1Sy,
_ (s - Iy )
Spyr Vo m1mH
n(n+1) S i Shp
T S (m_nﬂm)
nn+1) _

- T—H (:n+1(un:i) — Un:; :n+1(1)) .

It follows that

vn(n+1) =

Cu(t) = 5.0, Ent1(t) — t2,41(1)), te][0,1], (39)

because both sides of (39) are polygonal lines with the same vertices. By the

strong law of large numbers,

nn+1) as
Sn+l n—oo

1. (40)

By Theorem 4, =,,11 converges weakly in H? to the Brownian motion if X7
satisfies (21) for every positive A. Noting that 6(¢) = L(t), and |X1| < X7 + 1,
this condition follows from (37) since

tP (| X1 > A0(t)) < tP (X1 +1 > A(t)) = texp(—AL(t) + 1).

Denote by I the identity s + s on [0,1]. The map ¢ : H) — Hf, x +— x—2(1)] is
obviously continuous for any p. Hence by preservation of the weak convergence
by continuous maping, see e.g. [2, p.29],
- Hy
¢(Ent1) —— B. (41)

n—oo
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From (40) and (41) it follows that

Hp
(n —2— B. (42)
n—oo

By (1), xP8 and ¢, have the same finite dimensional distributions. This implies
that the distributions of xP® and (, coincide as probability measures on the
Borel o-field of Hf. A simple way to see it is to use the decomposition of any
element = € HY on the Faber Schauder basis of triangular functions, noting that
the coefficients are dyadic second differences of x, see [15] or [23]. Hence (42)
gives

o

H
xbe —, B. (43)

To prove now the necessity of (37), assume that the convergence (43) holds
for some p satisfying (r1), with a = 1/2. This implies the tightness of (cp(En+1))n>1
in HY. The sequence of degenerated processes (Zy)n>1 defined by Z,, = Z,,41 (1
is tight in HY in view of the CLT in R. As Z,,41 = ¢(Z5+1) + Zn, this gives the
tightness in HY of (Z,41)n>1. By Theorem 5 in [18] X] must satisfy (21) for
every positive A, which implies (37) because

P(|X]| > A6(t)) > P(X; > 1+ AL(t)) = exp(—1 — AL(t)).
The proof is complete. O

Remark 11. From Theorem 10 we see that the critical p for the weak Hj con-

vergence of P& to B is p1(h) = h'/21In(c/h). This fact is somewhat connected
to the following observation. Denote by i* the random index where the maximal
spacing of the sample is realized, i.e.

Up.ir — Upuix—1 = 6. = max (Up; —Upi_1).
n: n:*—1 n:n+1 1§i§n+1( n:t n: 1)

By Lemma 6, we have for n large enough,

In(n+1)

P(dn.n >
el = n+1

)>1—2e‘1>0.

Now the following lower bound holds at least with probability 1 — 2e~!.

In(n+1)
B (tnie) = X (e —)| PPN — )
1 (1/(n+ 1)) = (nt 1) 2In(c(n + 1))

Hence w,, (x28,1/n) cannot converge to zero in probability, which forbids the
tightness in H) of (xh%)n>1 in view of (12).

Since we already noted that our definition of the quantile process is not
the most classical, it is natural to ask if Theorem 10 still holds true with the
classical polygonal quantile process xP&, based on the left continuous inverse of
the empirical distribution function Fj,. This process is the random polygonal
line with vertices (i/n,n'/?(Uy,; —i/n)), 0 <i<n.

15



Corollary 12. Let p(h) = hY/2L(1/h) be a weight function satisfying (r1) and
(r83). Then xP& converges weakly in H7 to the Brownian bridge, if and only if L
satisfies (37).

Proof. To show that (37) implies the weak-H{ convergence of x}® to B, it suffices
clearly to check the tightness. To this end, we estimate w,(X%%,d) in terms of
wp(x8,d) in order to apply Theorem 10. To control the increments of xb&
between s and t we discuss according to the positions of s and ¢ relatively to
the grid {i/n,i =0,...,n}.

Case 1, =1 < s <t < L. Interpolating linearly between (i — 1)/n and i/n and

n
using the relationship between Uy,.; — Uy.i—1 and x28 (un.i) — XE8(Un.i—1), We get

n'/2(t — s)

)erjzg(t) - )Z}rjzg(s) = n(t - S) (X'rng(unz) - X%g(un:ifl)) - n+1

Due to (r1), h/p(h) increases on (0,1/n] for n large enough. Hence

YPE (1) — P8 t— 1 1 /2 4
|Xn ( ) Xn (S)| < n S Wp<X2g7 )p( ) + n s
p(t —s) p(t —s) n+1 n+1 n+1p(t—s)
1 1
< pg I 44
< wp (e )+ 2 p(1/n) (49

Case 2, i:Ll <s< 1< (j—1)/n<t<j/n. By chaining we get

[XRE(t) — XRE(s)]
pt—s

i
n

<Th+T>+15,

where
[Xhe(i/n) — XRE(s)l T - IXhe(t) — xhe((j —1)/n)|
plifn—s) ' ' plt—(G—1)/n)
7y o (G = 1)/m) = 522G/
p((G—=1)/n—i/n) ~

with the convention that T} := 0 when its denominator vanishes. From Case 1,
T; and Ty are bounded by (44). To bound T3 when ¢ < j — 1, we note that

T1 =

e (I =N pe(d j—1—i
(50) () =) S
whence
j—1—i\ (j—1—i j—1—i
T wp (XPE, jn_+1 )p(jn+1 ) n 1 (1)
p(5) n'/? p(I==1)
< W (BBt —5) + On 2, (45)
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where C':= supy_j<; h/p(h). Accounting (44), we obtain finally in Case 2 and
for n large enough,

CPS(H) — wPg 1
PR RN < o, (0 1) (0B 0= 8) 4 (€ D2

To conclude this discussion, let us simply retain that for any 0 < § < 1 and
n>1/4,

w, (X8, 6) < 3w, (x28,8) + (C + 1)n~ /2
From this it follows that

lim sup P (w,(¥%8,6) > ) < limsup P (w,(x58,0) > /4). (46)
n— o0 n—oo
From (37), Theorem 10 and Theorem 1 applied to (xP8),>1 and (46) we deduce
that
lim lim sup P (w,(x28,6) > ¢) = 0.

—0 n—oo

Now Theorem 1 applied to the sequence (x2%),>1 gives its tightness in Hp.
The necessity of (37) for the weak Hf convergence of (Xh®)n>1 is easily

checked by the argument given in Remark 11. O
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