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Abstract. Given an integral domain A, a monic polynomial P of degree
n with coefficients in A and a divisor p of n, invertible in A, there is a
unique monic polynomial @ such that the degree of P — @? is minimal
for varying ). This @, whose p-th power best approximates P, is called
the p-th approzimate root of P. If f € C[[X]][Y] is irreducible, there
is a sequence of characteristic approzimate roots of f, whose orders are
given by the singularity structure of f. This sequence gives important
information about this singularity structure. We study its properties in
this spirit and we show that most of them hold for the more general
concept of semiroot. We show then how this local study adapts to give
a proof of Abhyankar-Moh’s embedding line theorem.

1 Introduction

The concept of approzimate root was introduced and studied in [2] in order to
prove (in [3]) what is now called the Abhyankar-Moh-Suzuki theorem: it states that
the affine line can be embedded in a unique way (up to ambient automorphisms)
in the affine plane. More precisely, formulated algebraically the theorem is:

Theorem (Embedding line theorem)

If C[X,Y] — CJT] is an epimorphism of C-algebras, then there exists an iso-
morphism of C-algebras C[U,V] — C[X,Y] such that the composed epimorphism
C[U,V] = C[T] is given by U =T,V = 0.

This theorem, as well as other theorems about the group of automorphisms of
C[X, Y], was seen to be an easy consequence of the following one, in which d(P)
denotes the degree of the polynomial P:
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Theorem (Epimorphism theorem)
If C[X,Y] — CJT] is an epimorphism of C-algebras, given by X = P(T),Y =
Q(T), with d(P) > 0, d(Q)) > 0, then d(P) divides d(Q) or vice-versa.

Sometimes in the literature the names of the two theorems are permuted. The
initial proofs ([3]) were simplified in [5]. Let us indicate their common starting
point.

In order to prove the embedding line theorem, Abhyankar and Moh introduced
the image curve of the embedding, whose equation is obtained by computing a
resultant: f(X,Y) = Resy(P(T) — X,Q(T)—Y). The curve f(X,Y) = 0 has only
one place at infinity (see the general algebraic definition in [5]; in our context it
means simply that the closure of the curve in the projective plane has only one
point on the line at infinity and it is unibranch at that point). The fact that
C[X,Y] — C|T] is an epimorphism is equivalent with the existence of a relation
T = ¥(P(T),Q(T)), where ¥ € C[X,Y]. This in turn is equivalent with the
existence of ¥ such that the degree of W(P(T'),Q(T)) is equal to 1. Now, when
U varies, those degrees form a semigroup. This semigroup was seen to be linked
with a semigroup of the unique branch of ¥ at infinity, which has a local definition.
That is how one passes from a global problem to a local one.

To describe the situation near the point at infinity, in [3] the affine plane was
not seen geometrically as a chart of the projective plane. The operation was done
algebraically, making the change of variable X — % So from the study of the
polynomial f one passed to the study of ¢(X,Y) = f(X1,Y), seen as an element
of C((X))[Y]. That is why in [2] the local study was made for meromorphic curves,
i.e., elements of C((X))[Y]. The classical Newton-Puiseux expansions were gen-
eralized to that situation (see the title of [2]) as well as the notion of semigroup.
In order to study this semigroup some special approximate roots of ¢ were used,
which we call characteristic approximate roots. Their importance in this context
lies in the fact that they can be defined globally in the plane, their local versions
being obtained with the same change of variable as before: X — %

The proofs in [2] or in [5] of the local properties of approximate roots dealt
exclusively with locally irreducible meromorphic curves. In [36] a generalization for
possibly reducible polynomials was achieved, over an arbitrary non-archimedean
valued field.

An introduction to Abhyankar’s philosophy on curves and to his notations can
be found in [9]. A gradual presentation of the general path of the proof of the
epimorphism theorem was tried at an undergraduate level in [4]. See also the
presentation done in [39]. Other applications to global problems in the plane are
given in [6]. We quote here the following generalization of the embedding line
theorem:

Theorem (Finiteness theorem)
Up to isomorphisms of the affine plane, there are only finitely many embeddings
of a complex irreducible algebraic curve with one place at infinity in the affine plane.

The reference [6] also contains some conjectures in higher dimensions.

Here we discuss mainly the local aspects of approximate roots. We work in less
generality, as suggested by the presentation of the subject made in [25]. Namely,
we consider only polynomials in C[[X]][Y]. This framework has the advantage of
giving more geometrical insight, many computations being interpreted in terms of
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intersection numbers (see also [17]), a viewpoint that is lacking in the meromorphic
case. This has also the advantage of allowing us to interpret the local properties
of approximate roots in terms of the minimal resolution of f, a concept which has
no analog in the case of meromorphic curves. We define the concept of semiroots,
as being those curves that have the same intersection-theoretical properties as the
characteristic approximate roots, and we show that almost all the local properties
usually used for the characteristic roots are in fact true for semiroots.

First we introduce the notations for Newton-Puiseux parameterizations of a
plane branch in arbitrary coordinates, following [25]. In section 3 we introduce the
general notion of approximate roots. We explain the concept of semigroup of the
branch and related notions in section 4. In section 5 we introduce the characteristic
approximate roots of the branch, we state their main intersection-theoretical local
properties (Theorem 5.1) and we add some corollaries. In section 6 we explain the
main steps of the proof of Theorem 5.1. In sections 7 and 8 we give the proofs
of Theorem 5.1, its corollaries and the auxiliary propositions stated in the text.
We prefer to isolate the proofs from the main text, in order to help reading it. In
the final section we indicate the changes one must make to the theory explained
before in order to deal with the meromorphic curves and we sketch a proof of the
embedding line theorem.

A forerunner of the concept of approximate root was introduced in an arith-
metical context in [32] and [33] (see also [28] for some historical remarks on those
papers). The existence of approximate roots is the content of exercise 13, §1, in [13].
The concept of semiroot is closely associated with that of curve having maximal
contact with the given branch, introduced in [29] and [30]. More details on this
last concept are given in the comments following Corollary 5.6. Approximate roots
of elements of C[[X]][Y] are also used in [12] to study the local topology of plane
curves. The approximate roots of curves in positive characteristic are studied in
[40] using Hamburger-Noether expansions and the epimorphism theorem is gener-
alized to this case under some restrictions. The approximate roots of meromorphic
curves are used in [11] for the study of affine curves with only one irregular value.
The projectivized approximate roots of a curve with one place at infinity are used
in [16] in order to obtain global versions of Zariski’s theory of complete ideals. In
[23], the theorem 5.1 proved below and some of its corollaries are generalized to the
case of quasi-ordinary singularities of hypersurfaces.

We would like to thank S.S.Abhyankar for the explanations he gave us in Saska-
toon on approximate roots. We were also greatly helped in our learning of the
subject by the article [25] of J.GwoZdziewicz and A.Ploski. We thank B.Teissier,
E.Garcia Barroso and P.D.Gonzélez Pérez for their comments on preliminary ver-
sions of this work and S.Kuhlmann and F.V.Kuhlmann for the invitation to talk
on this subject in Saskatoon.

2 Notations

In what follows we do not care about maximal generality on the base field. We
work over C, the field of complex numbers. By "a|b"” we mean “a divides b”, whose
negation we note "a Ab"”. The greatest common divisor of aq,...,a,, is denoted
ged(ay, ..., am). If ¢ € R, its integral part is denoted [g].

We consider f(X,Y) € C[[X]][Y], a polynomial in the variable Y, monic and
irreducible over C[[X]], the ring of formal series in X:
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FXY) =YV 4o (X) YN+ (XY 2 4+ an(X)
where a;(0) = --- = an(0) = 0.

If we embed C[[X]][Y] — C[[X,Y]], the equation f(X,Y) = 0 defines a germ
of formal (or algebroid) irreducible curve at the origin - we call it shortly a branch
- in the plane of coordinates X,Y. We denote this curve by C.

Conversely, if a branch C' < C? is given, the Weierstrass preparation theorem
shows that it can be defined by a unique polynomial of the type just discussed, once
the ambient coordinates X,Y have been chosen, with the exception of C' = Y-axis.
If we describe like this a curve by a polynomial equation f with respect to the
variable Y, we call briefly its degree N in Y the degree of f, and we denote it by
d(f) or dy (f) if we want to emphasize the variable in which it is polynomial. When
C'is transverse to the Y-axis (which means that the tangent cones of C' and of the
Y-axis have no common components), we have the equality d(f) = m(C), where
m(C) denotes the multiplicity of C (see section 4).

From now on, each time we speak about the curve C, we mean the curve Cy,
for the fixed f.

The curve C can always be parameterized in the following way (see [20], [46]
(9], [44], [45)):

{X =1 (2.1)

Y:Zj21ajTj:"'+aB1TB1+"'+aBgTBQ+"'+aBGTBG+"'

with ged({N}U {j,a; #0}) =1.
The exponents Bj, for j € {1,...,G} are defined inductively:
By :=min{j,a; # 0,N /[j}
Bi = min{j,aj ;é O,ng(.ZV7 Bl, ...,Bifl) /K]}, for 4 Z 2.

The number G is the least one for which ged(N, By, ..., Bg) = 1.

We define also: By := N = d(f). Then (By, By, ..., Bg) is called the char-
acteristic sequence of Cy in the coordinates X,Y. The B;’s are the characteristic
exponents of Cy with respect to (X,Y).

A parameterization like (2.1) is called a primitive Newton-Puiseuz parameter-
ization with respect to (X,Y") of the plane branch C. Notice that X and Y cannot
be permuted in this definition.

Let us explain why we added the attribute “primitive”. If we write T = UM,
where M € N*, we obtain a parameterization using the variable U. In the new
parameterization, the greatest common divisor of the exponents of the series X (U)
and Y(U) is no longer equal to 1. In this case we say that the parameterization is
not primitive. When we speak only of a “Newton-Puiseux parameterization”, we
mean a primitive one.

We define now the sequence of greatest common divisors: (Fy, F1,..., Eg) in
the following way:

3

E; = ged(By, ..., B;) for j € {0, ...,G}.
In particular: Eqg = N, Eg = 1. Define also their quotients:
E;

N; = £ >1, for1 <i<Q@.

This implies:
Ei :Ni+1Ni+2"'NG7 for 0 S ) S G- 1.
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Let us introduce the notion of Newton-Puiseuz series of C with respect to
(X,Y). It is a series of the form:

n(X) =Y a;x % (2.2)
i>1

obtained from (2.1) by replacing T by Xw~. It is an element of C[[X%]]. One
has then the equality f(X,n(X)) = 0, so n(X) can be seen as an expression for
a root of the polynomial equation in Y: f(X,Y) = 0. All the other roots can be
obtained from (2.2) by changing X7 to wX%7 where w is an arbitrary N-th root of
unity. This is a manifestation of the fact that the Galois group of the field extension
C((X)) —» C((X~)) is Z/NZ. From this remark we get another presentation of
the characteristic exponents:

Proposition 2.1 The set {%, ey BWC} is equal to the set:

{ox(n(X) — {(X)), n(X) and {(X) are distinct roots of f}.

Here vx designates the order of a formal fractional power series in the variable
X.
Given a Newton-Puiseux series (2.2), define for k € {0,...,G}:

nk(X): Z an%.

1<j<Bk41

It is the sum of the terms of n(X) of exponents strictly less than %. We

call N, (X) a k-truncated Newton-Puiseuz series of C with respect to (X,Y). If the

parameterization (2.1) is reduced, then 7 (X) € C[[XEN*k]] and there are exactly
N

Yo such series.

Before introducing the concept of approximate root, we give an example of a
natural question about Newton-Puiseux parameterizations, which will be answered
very easily using that concept.

Motivating example

There are algorithms to compute Newton-Puiseux parameterizations of the
branch starting from the polynomial f. If one wants to know only the beginning
of the parameterization, one could ask if it is enough to know only some of the
coefficients of the polynomial f. The answer is affirmative, as is shown by the
following proposition:

Proposition 2.2 If f is irreducible with characteristic sequence (By, ..., Ba),
then the terms of the k-truncated Newton-Puiseux series of f depend only on
al(X),...,aEL(X).

k

The proof will appear to be very natural once we know the concept of ap-
proximate root and Theorem 5.1. Let us illustrate the proposition by a concrete
case.

Consider:

fIX,)Y)=Y* - 2X3Y?2 —4X%Y + X® - X7,
One of its Newton-Puiseux parameterizations is:
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X =T
Y =T%+T7
We get, using the proposition for & = 1, that every irreducible polynomial of
the form:
g(X, V) =V* —2X3V? 4 a3(X)Y 4+ au(X)

whose characteristic sequence is (4,6, 7), has a Newton-Puiseux series of the type:

Y = X7 +(X)

with vx (y) > 1.

It is now the time to introduce the approximate roots...

3 The definition of approximate roots

Let A be an integral domain (a unitary commutative ring without zero divisors).
If P € A[Y]is a polynomial with coefficients in A, we shall denote by d(P) its degree.

Let P € A[Y] be monic of degree d(P), and p a divisor of d(P). In general
there is no polynomial @) € A[Y] such that P = @QP, i.e. there is no ezact root
of order p of the polynomial P. But one can ask for a best approzimation of this
equality. We speak here of approximation in the sense that the difference P — Q”
is of degree as small as possible for varying (). Such a () does not necessarily exist.
But it exists if one has the following condition on the ring A, verified for example
in the case that interests us here, A = C[[X]]: p is invertible in A.

More precisely, one has the following proposition:

Proposition 3.1 If p is invertible in A and p divides d(P), then there is a
unique monic polynomial () € A[Y] such that:

d(P — Q) < d(P) — @. (3.1)

This allows us to define:

Definition 3.2 The unique polynomial ¢ of the preceding proposition is
named the p-th approximate root of P. It is denoted {/P.

Obviously:
d(V/P) = AP

Example: Let P=Y" + a,Y"" ! + ... + a, be an element of A[Y]. Then, if n is
invertible in A:

VP=v +3.
n

We recognize here the Tschirnhausen transformation of the variable Y. That is
the reason why initially (see the title of [2]) the approximate roots were seen as
generalizations of the Tschirnhausen transformation.

We give now a proposition showing that in some sense the notation ¢/P is
adapted:

Proposition 3.3 If p,q € N* are invertible in A, then v/ /P = %/P.
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We see that approximate roots behave in this respect like usual d-th roots. The
following construction shows another link between the two notions. We add it for
completeness, since it will not be used in the sequel.

Let P € A[Y] be a monic polynomial. Consider P, € A[Z7'], Pi(Z) = P(Z™1).
If we embed the ring A[Z '] into A((Z)), the ring of meromorphic series with
coefficients in A, the p-th root of P; exists inside A((Z)). It is the unique series P,
with principal term 1-Z~ ¥ such that P? = P,. We note:

1

P} = P,.

1 1

Consider the purely meromorphic part M (PF) of PF, the sum of the terms
having Z-exponents < 0.

1
We have M (PF) € A[Z~'], so:
1
QYY) =M(P7)(Y™') € A[Y].

We can state now the proposition (see [35], [36]):

Proposition 3.4 If Q € A[Y] is defined as before, then Q = ¢/P.

4 The semigroup of a branch

Let Oc = C[[X]][Y]/(f) be the local ring of the germ C' at the origin. It is an
integral local ring of dimension 1.

Let Oc — Oc¢ be the morphism of normalization of O¢, i.e., O¢ is the integral
closure of O¢ in its field of fractions. This new ring is regular (normalization is a
desingularization in dimension 1), and so it is a discrete valuation ring of rank 1.
Moreover, there exists an element 7' € O , called a uniformizing parameter, such
that Oc ~ CJ[T]]. Then the valuation is simply the T-adic valuation vz, which
associates to each element of O, seen as a series in T, its order in 7.

Definition 4.1 The semigroup I'(C) of the branch C is the image by the
T-adic valuation of the non zero elements of the ring O¢:

T(C) = v1(Oc — {0}) C v1(Oc — {0}) = N = {0,1,2, ...}.

The set I'(C) is indeed a semigroup, which comes from the additivity property
of the valuation vr:

Vo, € Oc — {0}, vr(¢9) = vr(d) + vr(¢).

The previous definition is intrinsic and it does not depend on the fact that the
curve C is planar. Let us now turn to other interpretations of the semigroup.

First, our curve is given with a fixed embedding in the plane of coordinates
(X,Y). Once we have chosen a uniformizing parameter 7', we have obtained a
X =X(T)

Y =Y(T)

For example, a Newton-Puiseux parameterization would work.

If f' € Oc — {0}, it can be seen as the restriction of an element of the ring
C[[X]][Y], which we denote by the same symbol f’. The curve C' defined by the
equation f' = 0 has an intersection number with C' at the origin. We note it (f, f'),
or (C,C"), to insist on the fact that this number depends only on the curves, and
not on the coordinates or the defining equations. We have then the equalities:

vr(f') = vr (f/(X(T),Y(T))) = (£, f),

parameterization of the curve: {
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which provides a geometrical interpretation of the semigroup of the branch C":

L) ={(f, ). f" € CIXNIY], £ £}

From this viewpoint, the semigroup is simply the set of possible intersection num-
bers with curves not containing the given branch.

The minimal non-zero element of I'(C) is the multiplicity m(C), noted also
m(f) if C is defined by f. It is the lowest degree of a monomial appearing in the
Taylor series of f, and therefore also the intersection number of C' with smooth
curves passing through the origin and transverse to the tangent cone of C.

If py,...,p are elements of T'(C), the sub-semigroup Np; + --- + Np; they
generate is denoted by:

<p17 "'7pl>'

One has then the following result, expressing a set of generators of the semigroup
in terms of the characteristic exponents:

Proposition 4.2 The degree N of the polynomial f is an element of I'(C),
denoted By. So, Bg = By. Define inductively other numbers B; by the following
property:

Ei = II]lIl{] S F(C)l] g <§0, ---;§i71>}-
Then this sequence has exactly G + 1 terms By, ..., B¢, which verify the following
properties for 0 < i < G (we consider by definition that Bgy1 = o0):

1)B; = B; + Y, By
)g_( _Bt)—El
3) N;B; < B

A proof of this proposition is given in [49] for generic coordinates (see the defi-
nition below) and in [25] in this general setting. Other properties of the generators
are given in [34], in the generic case (see the definition below). In fact the proof can
be better conceptualized if one uses the notion of semiroot, more general than the
notion of characteristic root. This notion is explained in section 6. When reading
the proof of Proposition 4.2, one should become convinced that there is no vicious
circle in the use of the B}’s.

The point is that it appears easier to define the B}’s by property 1) and then to
prove the minimality property of the sequence. We have used the other way round
in the formulation of Proposition 4.2 because at first sight the minimality definition
seems more natural. One should also read the comments preceding Proposition 9.1.

The generators of the semigroup introduced in this proposition depend on the
coordinates X,Y, but only in a loose way. Indeed, they are uniquely determined
by the semigroup once the first generator Bg is known. This generator, being
equal to the degree of the polynomial f, depends on X,Y. Geometrically, it is the
intersection number (f, X). It follows from this that for generic coordinates, i.e.
with the Y-axis transverse to the curve C, the generators are independent of the
coordinates.

We can therefore speak of generic characteristic exponents. They are a complete
set of invariants for the equisingularity and the topological type of the branch (see
[49]). For the other discrete invariants introduced before, we speak in the same
way of generic ones and we use lower case letters to denote them, as opposed to
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capital ones for the invariants in arbitrary coordinates. Namely, we use the following
notations for the generic invariants:

?bo, bg)
(60, ceey €g)
(1)
(bo, -... by)

This makes it easy to recognize in every context if we suppose the coordinates to
be generic or not.

We call g the genus of the curve C.

The exponent by is equal to the multiplicity m(C) of C at the origin. When D
is a curve passing through 0, we have (C, D) = by if and only if D is smooth and
transverse to C at 0.

The preceding proposition shows that in arbitrary coordinates the generators
of the semigroup are determined by the characteristic exponents. But the rela-
tions can be reversed, and show that conversely, the characteristic exponents are
determined by the generators of the semigroup. From this follows the invariance
of the characteristic exponents with respect to the generic coordinates chosen for
the computations. Moreover, like this one can easily obtain a proof of the classical
inversion formulae for plane branches (see another proof in [1]). Let us state it in
a little extended form.

Let (X,Y) and (z,y) be two systems of coordinates, the second one being
generic for C. We counsider the characteristic exponents (By, ..., Bg) of C with
respect to (X,Y).

Proposition 4.3 (Inversion formulae)

The first characteristic exponent By can take values only in the set
{lby,1 <1 < [Z—;]} U {b1}. The knowledge of its value completely determines the
rest of the exponents in terms of the generic ones:

1) By = by = G = g and:

(Bo, .., Ba) = (bo, -, by).
2) By = lbg with 2 <1 < [P] = G =g+ 1 and:
(Bo, ..., BG) = (Ibo, bo, b1 + (1 — 1)bo, ..., by + (1 — 1)bo).
3) By =b1 = G =g and:
(Bo, ..., Bg) = (b1,bo,ba + bo — b1, b3 + by — by, ..., by + bg — by).

Moreover, for k € {1,...,9}, the k-truncations of the Newton-Puiseux series
with respect to (z,y) depend only on the (k + €)-truncation of the Newton-Puiseux
series with respect to (X,Y), where e = G — g € {0,1}.

The name given classically to one form or another of this proposition comes
from the fact it answers the question: what can we say about the Newton-Puiseuz
series with respect to (Y, X) if we know it with respect to (X,Y)? In this question,
one simply inverts the coordinates.

We prove the statement on truncations using, as in the case of Proposition 4.2,
the notion of semiroot, introduced in section 6.
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5 The main theorem

As before, the polynomial f € C[[X]][Y] is supposed to be irreducible. To be
concise, we note in what follows:

fk = EW

Next theorem is the main one, (7.1), in [2]. A different proof is given in [5],
(8.2). Here we give a proof inspired by [25].

Theorem 5.1 The approximate roots f for 0 < k < @, have the following
properties:
1) d(fr) = - and (f, fr) = Br+1-
2) The polynomial f, is irreducible and its characteristic exponents in these
Bg B By

coordinates are BB B

Theorem 5.1 gives properties of some of the approximate roots of f. One does
not consider all the divisors of IV, but only some special ones, computed from
the knowledge of the characteristic exponents. For this reason, we name them the
characteristic approzimate roots of f.

We give now a list of corollaries. In fact these corollaries hold more generally for
semiroots, see the comments made after Definition 6.4. The proofs of the theorem
and of its corollaries are given in section 7. Before that, in section 6 we explain the
main steps in the proof of Theorem 5.1

Corollary 5.2 The irreducible polynomial f being given, one can compute
recursively its characteristic approximate roots in the following way. Compute the
N-th root fo of f and put Ey = N. If f; was computed, put (f, fr) = Bpy1. As
E}, has already been computed, take Ejy, = ged(Ey, Bry1) and compute fry =
= "r+y/f. One can then deduce the characteristic exponents from the characteristic
roots.

This has been extended to the case of meromorphic curves in [10]. The preced-
ing algorithm works only if f is irreducible. But it can be adapted to give a method
of deciding whether a given f is indeed irreducible, as was done in [8]. See also
the more elementary presentation given in [7]. A generalization of this criterion of
irreducibility to the case of arbitrary characteristic is contained in [19].

Following the proof of the proposition, we add an example of application of the
algorithm.

Corollary 5.3 For 0 < k < @G, the polynomials f and f; have equal sets of
k-truncations of their Newton-Puiseux series.

This, together with the remark following equation (8.1), gives an immediate
proof of Proposition 2.2.

Corollary 5.4 Every ¢ € C[[X]][Y] can be uniquely written as a finite sum of

the form:
b= 3 o f Sl S
00,50
where i € N, 0 < i < Npy1 for 0 < k < G — 1 and the coefficients «;,. ;, are
elements of the ring C[[X]]. Moreover:
1) the Y-degrees of the terms appearing in the right-hand side of the pre-
ceding equality are all distinct.
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2) the orders in T of the terms
Qig...igr0 (T ) fo (TN, V(T)™ - fa (TN, V(T))'

are pairwise distinct, where ' — (TN, Y (T')) is a Newton-Puiseux parameterization
of f.
d(¢)

There is no a priori bound on ig: this exponent is equal to [==]. The orders
in T appearing in 2) are the intersection numbers of f with the curves defined by
the terms of the sum which are not divisible by f.

This corollary is essential for the applications of Theorem 5.1 to the proof of
the embedding line theorem. Indeed, the point 2) allows one to compute (f, @)
in terms of the numbers (f, o, i ofefi' - fi¥7). But, as explained in the
introduction, one is interested in the semigroup of f, composed of the intersection
numbers (f, @) for varying ¢. This way of studying the semigroup of f is the one
focused on in [2] and [5].

Corollary 5.5 The images of X, fo, fi1,..., fa—1 into the graded ring gr,,.O¢
generate it as a C-algebra. If the coordinates are generic, they form a minimal
system of generators.

We have defined generic coordinates in the remark following Proposition 4.2.
Here gr,,. O¢ is the graded ring of O¢ with respect to the valuation vp. This concept
is defined in general, if A is a domain of integrity, F'(A) its field of fractions and
v a valuation of F'(A) that is positive on A. In this situation, we define first the
semigroup of values I'(A4) to be the image of A — {0} by the valuation. If p € T'(4),
we define the following ideals of A:

1, := {z € A,v(x) > p},

If :={z e A v(x) > p}.
The graded ring of A with respect to the valuation v is defined in the following way:

gr A = @ I/}

pel(A)

This viewpoint on the approximate roots is focused on in [42] and [43], where the
general concept of generating sequence for a valuation is introduced. This concept
generalizes the sequence of characteristic approximate roots, introduced before.

In the case of irreducible germs of plane curves, the spectrum of gr,,(O¢) is
the so-called monomial curve associated to C. It was used in [22] in order to show
that one could understand better the desingularization of C' by embedding it in a
space of higher dimension.

Before stating the next corollary, let us introduce some other notions. For more
details one can consult [14], [31] and [42].

An embedded resolution of C is a proper birational morphism = : ¥ — C?2 such
that ¥ is smooth and the total transform 7~ (C) is a divisor with normal crossings.
Such morphisms exist and they all factorize through a minimal one 7, : ¥,, — C?
which can be obtained in the following way. Start from C — C? and blow-up the
origin. Take the total transform divisor of C' in the resulting surface. All its points
are smooth or with normal crossings, with the possible exception of the point on
the strict transform of C. If at this point the divisor is not with normal crossing,
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Figure 1 The Dual Graph

blow up the point. Then repeat the process. After a finite number of steps, one
obtains the minimal embedded resolution of C.

The reduced exceptional divisor £ of 7, is connected, which can be easily
seen from the previous description by successive blowing-up. This phenomenon is
much more general, and known under the name “Zariski’s connectedness theorem”
or “Zariski’s main theorem”, see [47], [37] and [27]. The components of £ are
isomorphic to CP!'. We consider the dual graph D(m,,) of £, whose vertices are in
bijection with the components of £. Two vertices are connected by an edge if and
only if the corresponding components intersect on ¥,,. The graph D(x,,) is then
a tree like in Figure 1, in which we represent only the underlying topological space
of the graph and not its simplicial decomposition.

In this picture there are exactly g vertical segments, g being the genus of f
(see its definition in the comments following Proposition 4.2). The first vertex on
the left of the horizontal segment corresponds to the component of £ created by
the first blowing-up. The vertex of attachment of the horizontal segment and of
the right-hand vertical segment corresponds to the component of £ which cuts the
strict transform of C.

If we consider also the strict transform of C on ¥,,, we represent it by an
arrow-head vertex connected to the vertex of D(m,,) which represents the unique
component of £ which it intersects. We denote this new graph by D(7,,, f).

This graph as well as various numerical characters of the components of £ can
be computed from a generic Newton-Puiseux series for f. The first to have linked
Newton-Puiseux series with the resolution of the singularity seems to be M.Noether
in [38]. See also [20] for the viewpoint of the italian school.

Corollary 5.6 Let m,, be the minimal embedded resolution of C'y. We consider
the characteristic approximate roots fi, for 0 < k < g with respect to generic
coordinates. Let us denote by C} the curve defined by the equation f; = 0. One
has evidently Cy = C,. Let us also denote by C}, the strict transform of Cj by
the morphism m,,. Then the curves C} are smooth and transverse to a unique
component of the exceptional divisor of m,,. The dual graph of the total transform
of fofi--- f, is represented in Figure 2.
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Figure 2 The Total Dual Graph

The previous corollary gives a topological interpretation of the characteristic
approximate roots, showing how they can be seen as generalizations of smooth
curves having maximal contact with C.

Such a generalization was already made in [29] and [30], where the notion of
mazimal contact with f was extended from smooth curves to singular curves having
at most as many generic characteristic exponents as f. It was further studied in
[15]. Let us explain this notion.

If D is a plane branch, let

]‘ !
v(D) := WSUPD'{(DaD )},

where the supremum is taken over all the choices of smooth D'. Tt is a finite
rational number, with the exception of the case when D is smooth, which implies
v(D) = +o0.

Consider now the sequence of point blowing-ups which desingularizes C'. For
i € {0,...,g}, let D; be the first strict transform of C' that has genus g —i. One has
Dy = C. Define:

vi(C) :=v(D;).

The sequence (vo(C), ...,v4(C)) was named in [29] the sequence of Newton coeffi-
cients of C. In characteristic 0 - for example when working over C, as we do in
this article - its knowledge is equivalent to the knowledge of the characteristic se-
quence. The advantage of the Newton coefficients is that they are defined in any
characteristic.

Definition 5.7 If D is a branch of genus k € {0,...,g}, we say that D has
maximal contact with C if v;(D) = v;(C) for every i € {0,...,k} and (C, D) is
the supremum of the intersection numbers of C' with curves of genus £ having the
previous property.

It can be shown with the same kind of arguments as those used to prove Corol-
lary 5.6, that for every k € {0,...,g}, the curves having genus k and maximal
contact with f are exactly the k-semiroots in generic coordinates.

In order to understand better Corollary 5.6, let us introduce another concept:

Definition 5.8 Let L be some component of the reduced exceptional divisor
E. A branch D < C? is called a curvette with respect to L if its strict transform
by 7, is smooth and transversal to L at a smooth point of £.
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Let Ly be the component of £ created by the blowing-up of 0 € C2. For every
ke {l,...,g}, let Ly be the component at the free end of the k-th vertical segment
of D(my,). Let Lyyq be the component intersecting the strict transform of C.

Corollary 5.9 A characteristic approximate root of f in arbitrary coordinates
is a curvette with respect to one of the components Ly, L1, ..., Lgy1.

This corollary is an improvement of Corollary 5.6, which says this is true in
generic coordinates. This more general property is important for the geometrical
interpretations of approximate roots given in [16]. A deeper study of curvettes, for
possibly multi-branch curve singularities can be found in [31].

6 The steps of the proof

In this section we explain only the main steps in the proof of Theorem 5.1, as
well as a reformulation for the corollaries. The complete proofs are given in section
7.

First we have to introduce a new notion, fundamental for the proof, that of
the expansion of a polynomial in terms of another polynomial. This is the notion
mentioned in the title of [5].

Let A be an integral domain and let P, @) € A[Y] be monic polynomials such
that @ # 0. We make the Euclidean division of P by @ and we keep dividing the
intermediate quotients by ) until we arrive at a quotient of degree < d(Q):

P = qQ +ro
G =q0Q+n

q—1=qQ +rt
Here ¢; # 0 and d(¢;) < d(Q). Then we obtain an expansion of P in terms of
¢ P=gQ" +rQ + 1 1Q" 4+ 1.
All the coefficients g¢, 74,7t 1, ...,79 are polynomials in YV of degrees < d(Q). This
is the unique expansion having this property:
Proposition 6.1 One has a unique Q-adic expansion of P:
P=aQ® +aiQ* '+ +a, (6.1)

where ag,a1,...,as € A[Y] and d(a;) < d(Q) for all i € {0,...,s}.The Y-degrees
of the terms a;Q** in the right-hand side of equation (6.1) are all different and

s = [%]. One has ap = 1 if and only if d(Q) | d(P). In this last situation,

supposing that moreover s is invertible in A, one has a; = 0 if and only if Q = V/P.
Remark: One should note the analogy with the expansion of numbers in a

basis of numeration. To obtain that notion, one needs only to take natural numbers
in spite of polynomials. Then the a;’s are the digits of the expansion.

Definition 6.2 The polynomials P and () are given as before, with d(Q) | d(P).
Let us suppose s = % is invertible in A. The Tschirnhausen operator 7p of

“completion of the s-power” is defined by the formula:

™7(Q) = Q + %al.
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Look again at the example given after Definition 3.2. The usual expression
P=Y"+aY" ! +... +a, is the Y-adic expansion of P and {/P is exactly
7p(Y). The following proposition generalizes this observation.

Proposition 6.3 Suppose P € A[Y] is monic and p | d(P), with p invertible
in A. The approximate roots can be computed by iterating the Tschirnhausen
operator on arbitrary polynomials of the correct degree:

YP=1porpo.. o7p(Q)
~—_———
d(P)/p

for all @ € A[Y] monic of degree —d(:).

The steps of the proof of Theorem 5.1 are:

Step 1 Show that there exist polynomials verifying the conditions of Theorem
5.1, point 1).

Step 2 Show that those conditions are preserved by an adequate Tschirnhausen
operator.

Step 3 Apply Proposition 6.3 to show inductively that the characteristic roots
also satisfy those conditions.

Step 4 Show that the point 2) of Theorem 5.1 is true for all polynomials
satisfying the conditions of point 1).

This motivates us to introduce a special name for the polynomials verifying the
conditions of Theorem 5.1, point 1):

Definition 6.4 A polynomial ¢; € C[[X]][Y] is a k-semiroot of f if it is
monic of degree d(qx) = Eﬂk and (f,qr) = Bry1.

The term of “semiroot” is taken from [8].

We show in fact that all the corollaries of the main theorem (Theorem 5.1),
with the exception of the first one, are true for polynomials that are k-semiroots
of f. That is why we begin the proofs of the corollaries 5.3, 5.4, 5.5, 5.6 and 5.9
by restating them in this greater generality. It is only in Corollary 5.2 that the
precise construction of approximate roots is useful. In our context, the value of the
approximate roots lies mainly in the fact that the definition is global and at the
same time gives locally k-semiroots (see section 9).

We now formulate some propositions that are used in the proof of Theorem 5.1.
The first one is attributed by some authors to M.Noether. Equivalent statements
in terms of characteristic exponents can be found in [41], [26], [18], [48], [34].

Proposition 6.5 If ¢ € C[[X]][Y] is monic, irreducible and K(f, ¢) :=
= max{vx (n(X) — {(X)),n(X) and ((X) are Newton-Puiseux series of f and ¢}

is the coincidence exponent of f and ¢, then one has the formula:

(f.9) Bi +N-K(f=¢)—Bk

d(¢) Nl"'NIcfl Nl"'Nk

. . B 41
where k € {0,...,G} is the smallest integer such that K(f,$) < =x.
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This proposition allows one to translate information about intersection num-
bers into information about equalities of truncated Newton-Puiseux series and con-
versely. For example, from Definition 6.4 to Corollary 5.3, where in place of fi we
consider an arbitrary semiroot gg.

Proposition 6.6 For each k£ € {0,...,G}, the minimal polynomial ¢, of a
k-truncated Newton-Puiseux series 1 (X) of f is a k-semiroot.

This gives us the Step 1 explained before.
Proposition 6.7 If ¢ € C[[X]][Y] and d(¢) < Eﬂk, then (f,¢) € (Bo, ..., By).

In other words, Eﬂk is the minimal degree for which one can obtain the value

By in the semigroup T'(C).

Proposition 6.8 If ¢ is a k-semiroot and v is a (k—1)-semiroot, k € {1,...,G},
then 74 () is a (k — 1)-semiroot of f.

This gives Step 2 in the proof of Theorem 5.1.

7 The proofs of the main theorem
and of its corollaries

Proof of Theorem 5.1

1) The first equality d(fx) = Eﬂk is clear from the definition of approximate
roots.

The main point is to prove that (f, fr) = Bgy1 for all k € {0,...,G}, where
Bgy1 = oo. We shall prove it by descending induction, starting from k& = G. Then
fe = fandso (f, fg) =00 =Bgq1.

Let us suppose that (f, fx) = Bgy1, with & € {1,...,G}. Then we have by
Proposition 3.3:

fior = "/ f = RS F = Y R/ f

and so: fr_1 = "/ fx.
By Proposition 6.3, we know that “/fy = 74, 0 -0 7, (qk—1), where g1
~———

d(fx)/N

is an arbitrary polynomial of degree % We shall take for gy—; an arbitrary
(k — 1)-semiroot, which exists by Proposition 6.6. By the induction hypothesis, fy
is a k-semiroot. By Proposition 6.8, if ¢ is a (k — 1)-semiroot of f, then 7, (¢)
is again a (k — 1)-semiroot. Starting with ¢r_, and applying the operator 7y,
consecutively %f:) = % times, we deduce that “%/f; is a (k — 1)-semiroot of f.

The induction step is completed, so we have proved the first part of the propo-
sition.

2)We show that this is true generally for an arbitrary k-semiroot qi. First we
prove that g is irreducible.

Suppose this is not the case. Then ¢y = [[;*,r;, where mm > 2 and
i € C[[X]][Y] are monic polynomials of degree at least 1. So, for all i, d(r;) <
d(qr) = Eﬂk By Proposition 6.7, (f,7;) € (Bo,..., Bx) and so (f,q) =
=>""(f i) € (Bo,..., By), which contradicts (f,qr) = Bj+1. This shows that g
is irreducible.

/\ﬁ
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We have to prove now the claim concerning its characteristic exponents. We

apply Proposition 6.5, which expresses (df(’g:)) in terms of the coincidence exponent

of f and gy.

(f.aq) — §k+1 —
_ d(qx) d(qx)

= N?_’“_f]i,k. So, by Proposition 6.5, one has K(f,qr) = Bji1, which implies that

the k-truncated Newton-Puiseux series of f and ¢ are equal. This means that the

first k£ terms of the characteristic sequence of ¢ are lg—z, lg—;, lg—:, with 1 € N*.

So d(qx) = lg—z = lEﬂk. But we know that d(gx) = %7 and this implies that [ = 1,

which in turn implies that ¢ has no more characteristic exponents. O

Proof of Corollary 5.2

The point here is to compute the characteristic approximate roots and the
characteristic sequence without previously computing truncated Newton-Puiseux
parameterizations.

The algorithm given in the statement works because

gcd(Bo. .... By) = ged(Bo, ..., By) = By,
which is part of Proposition 4.2.
Once the characteristic roots have been computed, by-products of the algorithm

are the sequences (By, ..., Bg) and (Ej, ..., Eg). From the point 1 of Proposition
4.2 one deduces then the characteristic sequence (By, ..., Bg). O

First, we have directly by the property of being a k-semiroot:

Example: Take:
fIX,V)=Y* - 2X%V? —4X°Y 4+ X - X7,

an example already considered to illustrate Proposition 2.2. We suppose here we do
not know a Newton-Puiseux parameterization for it. We suppose it is irreducible
- indeed it is, and the elaborations of the algorithm alluded to in the text would
show it - so we apply the algorithm:

N=By=By=E; =4

fo=VF=Y

(f: fO) =6

E, = ged(4,6) =2

fi=VF=rpor(Y?)=Y? - X°

=13
Ey = ged(Er, By) = ged(2,13) =1
G=2

Ny =2 =2

By=Bi+B>,~NiBi=6+13-2-6=1.
So:
(Bo, B1,Bs) = (4,6,7).
Proof of Corollary 5.3
The more general formulation is: If qx is a k-semiroot, f and q; have equal
k-truncated Newton-Puiseuz series. The proof is contained in that of Theorem 5.1,
point 2, where it was seen that K(f,qx) = Bgy1- O

Proof of Corollary 5.4
We give first the more general formulation which we prove in the sequel:



18 Patrick Popescu-Pampu

Let qo, ...,qc € C[[X]][Y] be monic polynomials such that for all i, d(q;) = Eﬁ
Then every ¢ € C[[X]][Y] can be uniquely written in the form:

¢ = Z (077 ch(z]oqil o quG
finite

where ig € N, 0 < ip < Ngy1 for 0 < k < G —1 and the coefficients a;,.. i, are
elements of the ring C[[X]]. Moreover:

1) the Y -degrees of the terms appearing in the right-hand side of the pre-
ceding equality are all distinct.

2) if for every k € {0,...,G}, qi is a k-semiroot, then the orders in T of
the terms

Qig...ig—1 (TN)QO(TN: Y(T))io T 4dG-1 (TN: Y(T))icul
are pairwise distinct, where T — (TN, Y (T)) is a Newton-Puiseux parameterization

of f.
Take first the gg-adic expansion of ¢:

¢ = Z Qig s .

. d
0<ia <[71:25]

Here a;, € C[[X]][Y] and d(a;,,) < d(ga) = éV—G = N.

Take now the qg_1-adic expansion of every coefficient a,,:

iG— 1
E Qic_q1iclG

The coefficients «;,_,i, € C[[X]][Y] have degrees d(ai,_,in) < d(ga—1) and the
sum is over ig_1 < Ng.
Proceeding in this manner we get an expansion with the required properties.
Before proving the unicity, we prove point 1), namely the inequality of the degrees.
Suppose there exist (i, ..., i¢) # (jo, ---, jo) and

i0 i1 0 .71

d(ig. iy’ @' - a8 ) = d(y. jo @01 "'qéG)7éoo-

This means:

Let us define p € {0,...,G} such that i, = ji for ¥ > p+ 1 and i, < j,. If
such a p does not exist, simply interchange (i, ..., icz) and (jo, ..., j), then apply
the preceding definition. We obtain:

=, N N
I;)(lk ]k)Ek (.7 Zp) E
But j, — i, > 1and | iy — ji |< Ny — 1, s0:
A <o (Nepr — 1AL Zi o(F — 1) A =
=i O(Ek+1 - E%) = E_p -1

which is a contradiction.
Now, this property of the degrees shows that 0 € C[[X]][Y] has only the trivial
expansion, and this in turn shows the unicity.
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Let us move to point 2). From now on, gy is a k-semiroot. By the properties of
intersection numbers recalled in section 4, vr (g (TN, Y (T))) = (f,qx) = Bgy1- So:

G-1
vr (g gy o(TN)qo(TN,Y(T)) - qo 1 (TN, Y(T))'¢1) = Y ixByya.
k=—1
Here i_1 = vx (. .ig_,0(X)) € N.

Let us suppose we have (ig, ...,ig_1) # (jo, ---, ja_1) such that: Zf::ll ix B
= Zf::ll jkBry1. Asbefore, we take p € {0, ...,G—1} with iy = j; for k > p+1 and
ip < jp- S0t (p —ip)Bps1 = SoP_"  (ir — ji)Brs1 which gives: E, | (j, —ip)Bps1.
But Ep+1 = ged(Eyp, Bpi1), by Proposition 4.2, and we get: Npy1 = Yoy | (p—ip)-
As 0 < jp —ip < Npt1, we get a contradiction.

With this, point 2) is proved. O

Proof of Corollary 5.5
We prove the following fact:

If qq, ..., qc are semiroots of f, the images of (X, qo,...,qa_1) in the graded ring
grvr (Oc) generate it. If the coordinates are generic, they form a minimal system
of generators.

We take the notations explained in section 5, with A = O¢. For every p €
€ T(0), dimg(I,/I}) = 1. The vector space I,/If is generated by an arbitrary
element ¢ € O¢ such that vp(¢) = p. We obtain:

gru, (Oc) =~ @ CT".
{per (o)}

We have: vr(X) = N and vr(qx) = Bjya, for k € {0,...,G — 1}. To show that
the images of X,qo,...,qa_1 generate gr,,(O¢) is equivalent with the fact that
every w € gr,, (Oc) can be expressed as a polynomial P, (TN, T8 ... TBe). This
comes in turn from Proposition 4.2. Indeed, it is shown that (Bg, By, ..., Bg) =
=T'(C) and so every p € T'(C) can be written as p = ZkG::ll ix Bjy1, which implies
T? = (TN)i- (TBv)io...(TBc)ic—1  An arbitrary w € gry, (O¢) is then a linear
combination of such terms.

Another proof can use Corollary 5.4.

In case the coordinates are generic, By = m(C), the multiplicity of C' at the
origin, and this is the smallest non-zero value in I'(C). Then (b, ..., b,) is a minimal
system of generators of I'(C'). Indeed, what prevented (By,..., Bg) from being
minimal was the possibly non minimal value of By in T'(C) — {0} (see Proposition
4.2).

Now, the minimality for the algebra gr,,(O¢) comes from the minimality for
the semigroup I'(C). O

Remark: An equivalent statement (using the notion of maximal contact ex-
plained after Corollary 5.6, rather than the notion of semiroot), was proved by M.
Lejeune-Jalabert. See the paragraph 1.2.3 in the Appendix of [49].

Proof of Corollary 5.6

Instead of the characteristic roots we consider arbitrary semiroots ¢; and we
show that the Corollary is also true in this greater generality. We sketch three
proofs of the Corollary. The first one uses adequate coordinate systems to follow
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the strict transforms of C'y and Cy, during the process of blowing-ups. The second
and third one are more intrinsic.
1) Let us consider generic coordinates (X,Y’) and Newton-Puiseux series 7(X)
N, (X) for f, respectively g,. We have:
i
230 = X ayxt.
jzn
If 31 : i — C? is the blow-up of 0 € C?, the strict transform C} of Cy in S)
passes through the origin of a chart of coordinates (X;,Y;) such that:

3

X=X
Y :Xl(an -|-Y1)

The strict transform C} of Cy has in the coordinates (X1,Y7) a Newton-Puiseux

series of the form: 4
i
' (Xy) = Z a;j Xy
j>nt1
The coordinates (X1,Y;) are generic for it if and only if [2] > 2. If this is the
case, one describes the restriction of the next blowing-up to the chart containing
the strict transform of Cy by the change of variables:

X1 =Xs
Y1 = Xo(aon +Y2)
One continues like this s; := [] times till one arrives in the chart (X,,,Y;,)
at a strict transform C;l with Newton-Puiseux series:

i
n(sl)(X81) = Z a; X4, o
Jj>b1
Now for the first time the coordinates are not generic with respect to the series.
Let us look also at the strict transform CJ! of Cy,. By Corollary 5.3, the branch
Cy, has a Newton-Puiseux series 19 (X) such that:

no(X) = Z G}X%
i>1
with @ = a; for j < b and n | j for all j € N*.
The strict transform Cqs; then has a Newton-Puiseux series of the form:

J
mt(Xe) = Y ajXg
j2b1

The series in the right-hand side has integral exponents, which shows that C7!
is smooth - which was evident, as Cj,, was already smooth. But, more important,
C21 is not tangent to X, = 0. This shows that it is transverse to C}' and to
the only component of the exceptional divisor passing through (X,,,Y5,) = (0,0)
which is defined by the equation: X5, = 0.

The next blowing-up separates the strict transforms of Cy and Cj,. The curve
C'égl“) passes through a smooth point of the newly created component of the
exceptional divisor.

This shows that the dual graph of the total transform of f - fy is as drawn in
Figure 3.

3
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Figure 3 The Dual Graph of the Product

To continue, one needs to change coordinates after s; blowing-ups. Instead
of considering the ordered coordinates (Xs,,Y5,), we look at (Ys,, X5, ). We now
use the inversion formulae explained in Proposition 4.3. They allow to express
the characteristic exponents of C7' with respect to (Ys,,Xs,) in terms of those
with respect to (Xs,,Ys, ). Moreover, it follows from the property of truncations
stated in Proposition 4.3 that, if one inverts simultaneously the strict transforms
of Cy,Cyy, ..., Cq,_,, they keep having coinciding Newton-Puiseux series up to con-
trolled orders. Repeating this process, one shows that after a number of inversions
equal to the number of terms in the continuous fraction expansion of %‘, the initial
situation is repeated, but with a curve having genus (g — 1). The strict transform of
the semiroot gy, for k € {1, ..., g} will be a (k — 1)-semiroot for the strict transform
of f, in the natural coordinates resulting from the process of blowing-ups. So, one
can iterate the analysis made for gy and get the corollary. O

2) Given two branches at the origin, from the knowledge of their characteristic
exponents and of their coincidence exponent, (see Proposition 6.5), one can construct
the dual graph of resolution of their product. This is explained in [31] and proved
in detail, as well as in the case of an arbitrary number of branches, in [21]. In our
case this shows that the minimal embedded resolution of f, where g is an arbitrary
semiroot for generic coordinates, is also an embedded resolution of f-g;. Moreover,
the extended dual graph is obtained from the dual graph D(m,, f) attaching an
arrow-head vertex at the end of the k-th vertical segment (see the explanations
given after Corollary 5.6). We get from it the corollary. O

3) If | € C[[X,Y]] is of multiplicity 1, let #,(l) be its total transform divisor
on ¥,,. If L is a component of £, the exceptional divisor of 7, let u(L) be its
multiplicity in %, (1). Let also ¢(L) be its multiplicity in 7, (f). These multiplicities
can be computed inductively, following the order of creation of the components in
the process of blowing-ups. In particular, if Ly is the component represented at the
end of the k-th vertical segment of the dual graph, u(Ly) = % for k € {1, ..., g},

and ¢(Ly) = by, (folklore).

Let us consider now the branch C,, ,. We know that (f,qr_1) = b and

m(gr-1) = =, where n = m(f). Then % = 1% and the lemma on the
growth of coefficients of insertion in [31] shows that the strict transform of Cy, _,

necessarily meets a component of the k-th vertical segment of D(m,). If C;  is
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the strict transform of ¢;_1 by m,,, we have:
(foar-1) = (1,(£), Cpp ) = D d(L)(L, Cy, )
L

n_, - Now it can be
easily seen that ¢ strictly grows on a vertical segment of D(m,,), from the end to the
point of contact with the horizontal segment. This comes from the fact that those
components of the exceptional divisor are created in this order - but not necessarily

consecutively. As ¢(Ly) = by and (f,qr_1) = bx, we see that:
b =Y ¢(L)(L,Ch ) =D d(L)m(Cy, ) > d(Li) -1 =1by.
I L

the sum being taken over all the components of £ which meet C

This means that the inequalities are in fact equalities and shows that Cékil is
smooth, meets Ly transversely and meets no other component of £.

Proof of Corollary 5.9
We prove:

A semiroot qi of f in arbitrary coordinates is a curvette with respect to one of
the components Ly, L1 .

We analyze successively the three cases introduced in Proposition 4.3, using
also some results of its proof.

1) By = by.

This is the case of generic coordinates. The affirmation is the same as Corollary
5.6. We get that g is a curvette with respect to Lyy1, for all k € {0,...,g}.

2) By = by, with 2 <1 < [$].

Then, by Proposition 4.3, G = g + 1.

The curve gy is smooth and so m(gy) = 1.

Moreover, by the definition of semiroots, (f,qo) = By = by = m(f).

This shows that ¢g is smooth and transversal to f and so it is a curvette with
respect to Ly.

If k € {1,...,G}, where by Proposition 4.3, G = g + 1, we have:

B1 bg

m(qr) = bo(qr) = Bi(qr) = B e

(fsar) = Brt1 = by,
We have noted by bo(gx) the corresponding characteristic exponent of gy.
So, for k € {1,...,G — 1}, the curve g is a (k — 1)-semiroot with respect to
generic coordinates and by Corollary 5.6, it is a curvette with respect to Ly.
3) By =b;
By Proposition 4.3, we have G = g.
Again g is smooth. Using Proposition 4.3 we obtain:

(f,0) = B 250 =m(f).

As in the preceding case, gq is a curvette with respect to Lg.
If k € {1,...,G}, where G = g, we have:

B b
() = blas) = Brla) = o = 2.

(f7 Qk) = §k+1 = 5k+1-
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Figure 4 By = bg

STTT J (

Cou

Figure 5 Bg = lbg,l > 2

7
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Cou

Figure 6 By = b1

So gy is a k-semiroot with respect to generic coordinates, and by Corollary 5.6,
it is a curvette with respect to Lp41.

Let us summarize this study by drawing for each of the three cases the dual
graph of the total transform of the product gg - - - ¢i. As in the statement of Corol-
lary 5.6, we denote by C), the strict transform of g,. We obtain the situations
indicated in Figures 4, 5, 6. O
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8 The proofs of the propositions

Proof of Proposition 2.1

The series ((X) can be obtained from 7(X) by replacing X~ by wX~, where
w € un, the group of N-th roots of unity. One has the inclusions of cyclic groups:
un Cpun C---Cun =py.Let k€ {0,...,G}besuchthat w e pn —pu_~ .

Eo B el F Er—1
Then:
oo, if k=0
v X)—((X)) = ’
X (1(X) = (X)) {EW fhe .G
(|

Proof of Proposition 2.2

We start from f = YV + a1 (X)YV 7! + ap(X)YV"2 + .. + ay(X). Let us
consider the approximate root f, = “/f.

As is seen from equation (8.1) in the proof of Proposition 3.1, its coefficients
depend only on a4 (X), ...,aEl(X).

k

Corollary 5.3 shows that f and f; have equal k-truncated Newton-Puiseux
series. Combining these facts we see that the k-truncated Newton-Puiseux series
of f depend only on aq(X),...,an~ (X). O

El

Proof of Proposition 3.1
Let us put
Q=Y%+aY> '+ +ax.
The inequality d(P — QP) < d(P) — @ means that the coefficients of Y,

Y™ 1 . Y" % in the polynomial P — Q" are equal to 0. This gives the system of
equalities:

(o1 = pa;
ar=pay+ | L |a?
2 (8.1)

e . . i]‘ .. ik71
ap = pay + Zi1+2i2+---+(k71)ik71:k Ciq.igg_1 a7 Qp_ 1, 1<k<

3

Here the coefficients ¢;, . ;,_, are integers, easily expressible in terms of binomial

vin1
coefficients:

P (Z'1+"'+Z'k,1)!
Ciy.igg_1 — . . - - .
[0 i o 7 | il !

We see that from the relations (8.1) one can compute successively ai, ao, ..., ax.
One has only to divide at each step by p. That is the reason why in the definition
of the approximate root we asked p to be invertible.

So ai,as, e O exist and are uniquely determined. Moreover, they depend
only on ;.0 O

Proof of Proposition 3.3
Let us note Q := ¥/P and R := ¥/Q.
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We want to show that R = %/P, i.e. that d(P — RP?) < d(P) — %.
If § := Q — R, we know that d(S) < d(Q) — 42 = 42 4L phey,

q pq

P—QvP=P—(R'+S)P=(P—Rr")-Y"_, < Z ) SkRIP=F) " and so:

p
P — RPY :(Ppr)_FZ ( g )SkRa(pk)
k=1
which implies:

d(P — R") < max({d(P — Q")} U{d(S*R'® 9),1 < k < p}).

We know that d(P — Q?) < d(P) — @ and for 1 < k < p we have:

d(S*RIP=R)Y = kd(S) + q(p — k)d(R) <
AP AP )
p pa pa
= k@—k@de(P)—k@ =
p pq p
_ AP _dp)
= d(P)—k o < d(P) PR
So finally:
d(P — RP?) < max{d(P) — ?,d(P) — %} =d(P) — %
which shows that R = %/P. O

Proof of Proposition 3.4
FPY)=Y"+a,Y" ' +a¥Y" %+ +aq,, then :

P(Z)=Z"14+uZ+ - +a,Z")

and so:

=

PP(Z2) =271+ Y ") = M(P}) + H(P)
E>1

where:
1

M(PP) =2 % + a2 %+ s,

1
H(PP) = = 2"
E>1

Here the coefficients ¢, are elements of A, uniquely determined polynomially
by the coefficients of P. We get:

Q) =V +eVET 4o den

Let us consider:
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We want to show that d(R) < n—7, which is equivalent to vz(R(Z7Y)) > —n+3+1,
vy designating the order of a series in A((Z)). But:
R(Z7) =P(Z ) -QZ )=
1
=P (2) = (M(P")) =

1

:Plf(Pl *H(Plg))
p
k

=

p—k

P =
)riT s

= 22:1 (_1) 1

1

where we have noted S := H(P;). We obtain:

p—k
vz(R(Z)) > mini<p<pfvz(P, 7 S%)} = ming<pep{—n-2

+k-1} = —nt41
p

which is the inequality we wanted to prove.
So d(P(Y) ~ Q(Y)?) <n — 2, and this shows that @ = ¥/P. 0

Proof of Proposition 4.2

The degree d(f) can be obtained as an intersection number: N = d(f) =
vr(f(0,T)) = (f,X_). So N e T'(C).

We now define by, by the relation given in point 2) of the proposition. We prove
that the numbers defined in this way are indeed elements of the semigroup I'(C)
and verify the minimality property used to define them in the text.

The important fact is that Proposition 6.5 is proved only using the formulas
of the B}’s in terms of the By’s. That is the reason why we can apply it in what
follows.

Consider the minimal polynomials ¢y, of the k-truncated Newton-Puiseux series
nk(X), for k € {0,...,G — 1} (see Proposition 6.6 and its proof). Then d(¢y) =

= Elk = N;--- N and K(f, ¢i) = %, so Proposition 6.5 gives: % = %
We get:
(f: (Zsk) = Ek-

This shows that By, € I'(C).

Consider now an arbitrary element g € C[[X]][Y] and expand it in terms of
(b0, ..., pc) as explained in the proof of Corollary 5.4. Indeed, (¢o,...,0c) are
semiroots of f and we show in the proof that the corollary is true in this greater
generality. Notice that the content of this corollary is true in our case, because we

use only point 2) of Proposition 4.2 which, as well as point 3), results from point 1).
From Corollary 5.4 we get:

(f,9)
_ . N N i N iG—1
= ming,, e )10 (@ig.ig_10 (T ) (T, V(1) - g1 (T, Y (1))}
= min(io _____ iG,l){ile"f‘iOEl + "'+’L'G,1§(;}

where i_1 = vx(ai,.. .ig_10)-

This shows that T'(C) = (B, ..., Bg).

Now, for every k € {1,...,G}, we have By, ¢ (B, ..., Bx_1), because Fj_; does
not divide Bj,.

Suppose ! € T'(C) and ! ¢ (By, ..., By_1). We already know that | € (By, ..., Bg)
sol =i 1N +iyBy + - +ig 1Bg with i; € N for j € {-1,...,G — 1}. As
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By = min{j € T(C),j ¢ (Bo, .., Br_1)}-
O

Proof of Proposition 4.3

In what follows we look at the functions as elements of (’50270. If the local
coordinates X, Y are chosen, one obtains a natural isomorphism @CQ’O ~ C[[X,Y]].
If f € C[[X]][Y], by definition (see section 4), By = d(f) = (f,X). Now, X is a
regular function at the origin. We take other coordinates, =,y € @cz generic for
the functions f and X. By the implicit function theorem, we have C'x = C}, where:

h(z,y) ==y —y(z),
with v € C[[z]]. Take a Newton-Puiseux parameterization of C:
x = Tho
y=y(T)
Then: By = (f,X) = (f,h) = vr ((T%, y(T))) = v (y(T) — (T*)).

The first exponent in y(7T') which is not divisible by bg is 1. So, when we vary
the choice of y, we cannot obtain a value vr(y(T) — v(7%)) greater than b;. The
value b; can be obtained if the truncations of Y;(T") and (7"*) coincide up to the
order b; (not including it). When « varies, we can also obtain all the values lbo,
with Ibg < by, i.e., with I < [§].

Once we know the degree By, by Proposition 4.2 we know that By = Bq
and that all the numbers By, ..., Bg are uniquely determined by the minimality
property from the semigroup, which is independent of the coordinates. Then one
can compute, in this order, the sequences (Fy, F1,..., Eg) and (Ny,..., Ng) and
finally obtain all the sequence (By, ..., Bg).

Let us treat successively the three cases distinguished in the statement of the
proposition.

1) By = bg.

This means that the Y-axis is transverse to C¢. Then it is immediate that
G = g and (By, ..., Bg) = (bo, ..., b,). So:

(Bo, ..., Ba) = (bo, ..., bg).

2) By =1-bo, with I € {2,..., [2]}.

This means that the Y-axis is tangent to C'y but has not maximal contact with
it (see the definition of this notion given after Corollary 5.6). Then By = lby. As
bo is the minimal element of T'(C) — {0} and by < By, we see that By = by. Then
E; = by and so By = b;. Continuing like this we get:

G=g+1
(EO;EhE% ---:EG) = (150,50,51, ---:Eg)
(Eo, B, Es, ..., Eg) = (leo, €0, €1, ..., €9)
(N1, N2, N3, ... Ng) = (I,n1,m2, ..., ng).

By proposition 4.2, point 1), we get : By — By_1 = By — Ny 1B =
=br_1 — Ng_1by_o, for all k € {17 7G}
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For k = 27 B2 — B1 = 51 — lZO = b1 — lbo which giVGSZ
By =by + (1 =1)bg.
For k> 3, Ni,_1 = nj_o and so:
By, — Bi—1 = by_1 — np_sbg_s = br_1 — bp_».
We obtain by induction:
(B07 "'7BG) = (lb07 bU: bl + (]‘ o l)b(]: ey bg + (]‘ - l)bo)
3) By = b;.
This means that the Y-axis has maximal contact with the branch Cy. The
same kind of analysis as before shows that:
G=g
(Bo, B1, B, ..., Bg) = (b1, b, b, ..., b,)
(Eo, Er, Es,...,Eq) = (b, e1,e2,...,eg)
_(h
=

(Bo, ..., Ba) = (b1,bg, bz + by — b1, ..., by + bg — b1).

(N1:N2zN37"'7NG)

In order to deal with truncations we use Proposition 6.5. Since we have two
systems of coordinates, we note by K(X’Y)(f, @) the coincidence exponent of f and
¢ in the coordinates (X,Y"). See Proposition 6.5 for its definition.

Let ¢pic be the (k + €)-semiroot of f with respect to (X,Y) which is equal
to the minimal polynomial of a (k + €)-truncated Newton-Puiseux series of f (see
Proposition 6.6). Then we look at f and ¢y, in the coordinates (z,y) and we
compute K®¥)(f, ¢y.) using Proposition 6.5. This shows that some precisely de-
termined truncations of their Newton-Puiseux series in these coordinates coincide.
As ¢y is determined only by the (k + €)-truncation of the Newton-Puiseux series
of f with respect to (X,Y’), the computations done in each of the three cases give
the result.

We give as an example only the treatment of the second case (Bg = lby).

In this case € = 1. Let us consider £ > 1 and the semiroot ¢y4+1. We know,
by Theorem 5.1, that (X, ¢gi1) = d(drr1) = -2— and (f, ¢rs1) = Bryo. Then:

Ery1
B B b
(@, Pry1) = m(Prir) = 7 - Ek]\;1 = B e So:
(f: ¢k+1) _ E’H»Zek _ 5k+1€]¢ _ 5k+1
(z, drs1) bo bo nyccng

and Proposition 6.5 applied in the coordinate system (x,y) gives the equality
K@Y (f, dpyr) = b’“+17 which shows that f and ¢p41 have coinciding k-truncated

n
Newton-Puiseux series in the coordinates (z,y). O

Proof of Proposition 6.1
We consider expansions of the type (6.1):
P=aQ® +aQ* '+ - +a,

with d(a;) < d(Q) for all i € {0, ...,s}.
Let us show that in such an expansion, the degrees of the terms are all different.
More precisely, we show that:

d(a;Q*"") > d(a;Q*7) for i < j. (8.2)
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Indeed, we have:
d(a; Q") — d(a;Q*7) = d(a;) — d(az) + (j — 1)d(Q) > d(a;) — d(a;) +d(Q) > 0.

From this property of the degrees, one deduces that a @-adic expansion of
0 € A[Y] is necessarily trivial, which in turn gives the unicity of the expansion for
all monic P € A[Y].

Moreover, identifying the leading coefficients in both sides of equation (6.1),
we see that ag is monic.

Then we have also: d(P) = d(aQ?®) = d(ao) + sd(Q), which implies:

d(P) d(ao)
— L =5+ :
d(Q) d(Q)
But 0 < [2(('8)) < 1, which gives the equality s = [%]. Also, since ag is monic,

d(Q) | d(P) & d(ag) =0 ag = 1.
Let us suppose now we are in the case when d(Q) | d(P). We have just seen
that in this situation ag = 1. Then:

P-Q =) aQ*"
i=1
and, by the growth property of the degrees (8.2), we get:
d(P — QS) < d(angZ) & ap = 0.

But d(axQ*7?) = d(a) + (s — 2)d(Q) < (s — 1)d(Q) = d(P) — %5} and
d(a; Q1) > (s — 1)d(Q) if a; # 0, which implies:

~

d(P)
d(P - Q°) <d(P)— —= < a; =0.
(P=Q) <d(P) = g5 &
By the definition of approximate roots, we see that a; = 0 if and only if

Q=P :
Proof of Proposition 6.3
Let us take for () a monic polynomial, d(Q) = @. The @-adic expansion of

P is of the form:

P:QP+G1QP71+"'+Gp
with d(a;) < d(Q) for 1 <i <p.

We consider also the 7p(Q)-adic expansion of P:

P=1p(Q)F +a\7p(Q)" " + - + ay,.

We shall prove that if a; # 0, we have d(a}) < d(a1). This will show that after
iterating 7p at most d(aq)+ 1 times, we arrive at the situation a; = 0, in which case
p(Q) = Q = ¥Y/P. But d(a;) +1 < d(Q) = @, which proves the proposition.

So, let us suppose a; # 0. Then:

1 - o 1
P=(Q+-a)’+> a;Q" =) ( z ) —ay Q" (8.3)
p k=2 k=2 p

We study now the 7p(Q)-adic expansion of P — 7p(Q)P starting from equation
(8.3). First, for 2 < k < p, we have:

d(ax QP *) < d(Q) + (p — k)d(Q) < (p — 1)d(Q)
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d(af Q" %) < kd(Q) + (p— k)d(Q) = p- d(Q).

But d(7p(Q)) = d(Q) and Proposition 6.1 shows that the 7p(Q)-adic expansion
of arQ?~* has non-zero terms of the form c;7p(Q)’ with j < p—2 and the 7p(Q)-
adic expansion of af QP * of the form ¢;7p(Q)’ with j <p— 1.

Let c(()k)TI:»(Q)”’1 be the term corresponding to 7p(Q)P"! in the 7p(Q)-adic
expansion of a¥QP~*. It is possible that cék) = 0. Then:

(e 7p(Q)P ) < d(abQP )
and so:
d(cl?) < k-d(ar) — k- d(Q) +d(Q) < 2d(ar) — d(Q) < d(a1) — 1.

But the polynomial a} is a linear combination with coefficients in A of the

polynomials c((]k), which shows the announced inequality:

d(a}) <d(ap) — 1.
With this the proof is complete. O

Proof of Proposition 6.5

As stated in section 6, this result is classical. Recent proofs are contained in [34]
(for generic coordinates) and [24] (for arbitrary coordinates). We give here a rather
detailed proof in order to explain the origin of the formula for By in Proposition
4.2.

Let N =d(f),M = d(¢). Decompose ¢ € C[[X]][Y] as a product of terms of

degree 1:
M

$(X,Y) = [J(v - ¢:(X))
i=1
where the (;(X) are all the Newton-Puiseux series of ¢ with respect to (X,Y).
Let T — (TN,Y(T)) be a parameterization of f, obtained from a fixed Newton-
Puiseux series n(X). As T = X~ , we have: Y(T) = n(X). Then, using the rules
explained in section 4:

(£.0) = vr(@(TN,Y(T)) = vr([LL, (V(T) = G(TV)) =
= v 2 ([T, (X) = G(X)) = Nox ([T, (n(X) = G(X)) =
= N ox(n(X) = G(X))
Now we look at the possible values of vx ((X) — (;(X))) when i varies, and for
a fixed value we look how many times it is obtained.
If k is minimal such that K(f,¢) < %, we get:
e the value £i is obtained M - # times, for i € {1, ..., k}.

N
e the value K (f, ¢) is obtained M - % times.
So:
k
Ei,1 — El Bz Ek
(£.9) [; N vt Mo K(f,9)]

which implies:

(1:8) _§ B
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Now recall the formula for By given in Proposition 4:

k—1
= Ei-E;
B, = By, + — B, 8.4
k k 2221 By i (8.4)
which gives:
k—1
E; - E; _
> el By By — ExBy.
B;
=1
We get:
(f,¢)  Ex—1Br EyBy
- = - ELK
M N N + L (f7 ¢)7
which is the desired formula. O

Remark: We had nothing to know about the relation of By with the semigroup
['(C). We only needed the fact it is given by formula (8.4). See also the comments
made in the proof of Proposition 4.2.

Proof of Proposition 6.6
Let 7x(X) = hy(X®). Then hy(T) € C[[T]] and:

X = T%
Y = hy(T)

is a primitive Newton-Puiseux parameterization of (¢ = 0). So we have:

N
d = —.
(dk) o
Now, using Proposition 6.5, since K (f, ¢r) = B}“\;r‘, we have:
(f: ¢k) §k+1 N §k+1 _
- = = (f, =— . ——— = Bji.
d(¢r)  Ni--- Ny (f: %) Er Nip---Ng et
We have obtained: d(¢y) = Eﬂk and (f, ¢x) = Bry1, which shows that ¢ is a
k-semiroot. O

Proof of Proposition 6.7

We prove the proposition by induction on k.

For k = 0, we have ¢ € C[[X]], and so ¢(X) = XMy(X), where u(0) # 0, so:
(£,6) = M- (f,a) = M -d(f) € (Bo) = (Bo).

Suppose now the proposition is true for k € {0, ..., G —1}. We prove it for k+1.

Counsider ¢ € C[[X]][Y],d(¢) < %M and take a k-semiroot ¢ of f, which

exists by Proposition 6.6. Make the gi-adic expansion of ¢:

1

¢ =aoq; +arq;,  + -+ as.

We prove that the intersection numbers (f, aiq,‘z*i) are all distinct. Suppose by
contradiction that 0 < j < i < s and (f,aiq} ") = (f,a;q; ’). Then (i—35)(f,qx) =
= (f,ai) — (f,a;) € (Bo, ..., By), by the induction hypothesis. So: Ej, | (i — j)Bjt1-

But Ejy = ged(Ey, Byy1), and so we obtain: Efrl | (i — j). Now, Ef—’:—l = Ny

Ey
andi—j < s = [;((qi))]. As ;((qi)) = % ~d(¢) < % : Ef::—l = Nji1, we see that

§ < Nj41, which gives a contradiction.
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This shows that the numbers (f, a;g; ") are all distinct and so:

(f,¢) = ming{(f,a;q} ")} = min;{(f,a;) + (s — i) (f, qx) }.

But (f,a;) € (Bo,..., Bx) by the induction hypothesis and (f,¢) = Bji1, so:
(f, ) € (By, ..., Byy1). With this, the step of induction is completed. O

Proof of Proposition 6.8
If ¢ is a k-semiroot and ¢ a (k — 1)-semiroot, then d(¢) = Eﬂk and d(¢) = %
So the i-expansion of ¢ is of the form:

¢ = N +a1¢Nk*1+...+aNk_ (8.5)

We have 14(¢0) = ¢ + Nikal.
We are going to show that:

(f,9) < (f, a1).

This will give (f,74()) = (f,%) = Bg. But d(a1) < d(¢) and so d(74(¢)) =
= d(¢), which shows that 74(¢) is also a (k — 1)-semiroot.

Exactly as in the proof of Proposition 6.7, we have that the intersection numbers
(f, a;pNe=?) are all distinct, for i € {1,..., N }. Using equation (8.5) we deduce:

(f, 0 — ™) = mim<icn {(f, @™ )} < (F,a0p™ ).
But, by Proposition 4.2, (f,¢) = Bpy1 > NiBp = (f,9™*) and so:
(f,¢ — ¢™N¥) = (f,9™*). We obtain:
(f,a1) + (Ne = 1)(f,¥) = Ni(f,¢)
which gives:
(fs) < (f,an).
On the other hand, d(ay) < d(v) = %, and Proposition 6.7 shows that

(f,a1) € (Bo,...,Bx_1). But (f,¢) = By ¢ (Bo,..., Br_1), which shows that we
cannot have the equality (f,v) = (f,a1).

Thus, we have proven the inequality (f,v) < (f, a1) and with it the proposition.

O

9 The approximate roots
and the embedding line theorem

We present the ideas of the proofs of the epimorphism theorem and of the
embedding line theorem as they are given in [5].

It is in order to do these proofs that is developed in [5] the theory of Newton-
Puiseux parameterizations and of local semigroups for elements of C((X))[Y], the
meromorphic curves. This framework is more general than the one presented before,
which concerned elements of C[[X]][Y], the entire curves. We have chosen to give
before all the proofs for entire curves, first because they are in general used for the
local study of plane curves and second in order to point out in this final section the
differences between the two theories. A third type of curves, the purely meromorphic
ones, will prove to be of the first importance.

Proof of the Epimorphism Theorem
We consider an epimorphism o : C[X,Y] — C[T] and we note:

P(T) :=0(X),Q(T) := o(Y),
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N = dT(P)7M = dT(Q)
We suppose that both degrees are non zero. The ideal ker(o) is of height one
in C[X,Y], so it is generated by one element. A privileged generator is given by:

F(X,Y) = Resp(P(T) — X,Q(T) — Y).

Here Resy denotes the resultant of the two polynomials, seen as polynomials
in the variable T'.
From the determinant formula for the resultant, we obtain:

dx(F) = M,dy (F) = N

and that F' is monic if we see it as a polynomial in X or in Y.
Let us consider the set:

D(F) == {dr (G(P(T),Q(T))). G € C[X, Y] - (F)}.

The set I'(F) is a sub-semigroup of (N, +). The morphism o is an epimorphism
if and only if T € im(o), which is equivalent to 1 € T'(F), or T'(F) = N.
Make now the change of variables: 2 = X !, y = V. Take:

f(x,y) = F(z~',y) € Clz~[y].

The polynomial f is monic in y, of degree d(f) = N. By definition, the elements
of Clz~!][y] are called purely meromorphic curves (notation of [5]). As we have the
embedding of rings Clz '] < C((x)), we can also look at f as being a meromorphic
curve, i.e. an element of C((z))[y]. The theory of Newton-Puiseux expansions can
be generalized to elements of C((x))[y], and so f has associated Newton-Puiseux
series n(z) € C((z~)) and Newton-Puiseux parameterizations of the form: z =
N y =y(r) € C((r)). It is important here that the exponent of 7 in z(7) is taken
positive (see below).

From such a primitive Newton-Puiseux parameterization (see the definition in
section 2), one can obtain a characteristic sequence of integers (By, ..., Bg), where
we put By = —N and the other B;’s are defined recursively as in the case of C[[z]][y],
treated before. At the same time we define the sequence of greatest common divisors
(Ey, ..., Eg), which are elements of N*, and the sequences (N, ..., Ng), (Bo, ..., Bg),
as in section 2. Notice that (By, ..., Bg) is again a strictly increasing sequence, but
not necessarily (B, ..., Bg).

If ¢ € C((x))[y], f fo, we define:
(.f: (;5) = Uy (Resy(f7 ¢))

This construction extends the definition of the intersection number from
C[[z]][y] to C((x))[y]. It is again true with this definition that:

(f,¢) = vr (37", y(7))),

if 7 — (7N, y(7)) is a Newton-Puiseux parameterization of f (we understand here
why it is important to take # = 7% and not x = 7= V).
We define now:

FC[w*I](f) = {(f7 ¢)7¢ € C[wil][y]f *‘ﬁ}
The set I'cpy-1)(f) is a sub-semigroup of (Z,+). In fact we can say more.
Indeed, if ®(X,Y) = ¢(X 1,Y) € C[X,Y], we have:

dr(®(P(T),Q(T))) = =(f,9),
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which shows that:
Lepe-11(f) = =T(F).
We see in particular that the semigroup I'c,-17(f) consists only of negative
numbers.
As o is an epimorphism, we get:

Lep-y(f) =7Z-.
Remark: If we consider intersections with elements of C((x))[y], we can define
a second semigroup I'c(())(f). We have obviously the inclusion I'cj,-1] C T'e((a))
but in general this is not an equality.
Consider for example f = y> — 2z~ !. A Newton-Puiseux parameterization of f
isT— (r2,771). Take ¢ =y> — (2 — z) € C(())[y] — C[z~!][y]. Compute their
intersection number: (f,¢) = v, (¢(7*,77")) =2 ¢ Z_ = Lgp—(f).

Suppose now by contradiction that we are in a case where neither N | M
nor M | N. This implies easily that By = —M. Indeed, v,(y) = (f,y) =
= —dp(Y(P(T),Q(T))) = —dr(Q(T)) = —M. Since N AM we deduce by the
definition of By that By = v, (y) = —M.

Since T'cp,-1)(f) = Z -, we get in particular —FE; € Tgp-1y(f)-

The contradiction is got in [5] from the properties:

By =—-N, By = -M, —FE € T'¢p-1(f)-

Here is the place in the proof where the approzimate roots make their appear-
ance. As in the case of C[[X]], from the sequences (By, ..., Bg) and (Ey, ..., Eg) one
can define inductively a sequence (By, ..., Bg) by the relations given in Proposition
4.2.

They are elements of ['c((,))(f), as they can be obtained by intersecting f with
arbitrary semiroots of f, for example the ones got by truncating a Newton-Puiseux
series of f (Proposition 6.6 generalizes to this context).

But, more important, (By, ..., Bg) are elements of Cepp-11(f)- Indeed, fr =
= "/f € Clz71][Y]. Theorem 5.1 generalizes to this context and so: (f, fx) =
= By, for k € {0,...,G}.

What is again true is that (B, ..., Bg) form a system of generators of D, -1)(f).
As I'gp—11(f) is composed of negative numbers, we cannot speak any more about
a minimal system of generators, as in Proposition 4.2. What remains true is that
they are a strict system of generators (see [5]) in the following sense:

Proposition 9.1 Every element y of T'¢[,-17(f) can be expressed in a unique
way as a sum:
y=i_1By+ ---+ig_1Bg
where i_1 € N and 0 < iy < Np4q for ke {1,...,G —1}.

To get this proposition, one proves first an analog of Corollary 5.4, obtained
by replacing C[[X]] by C[z~']. The proof follows the same path.
Now write the property —E; € T'cp,-1)(f) in terms of this strict sequence of
generators:
~Ey =i 1By+---+ig_1Bg.
Take p := max{k € {0,...,G},ix_1 # 0}. So:

Ey =i |Bo|+ - +ip1|Byl,
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with 'L'p,1 7é 0.

pr Z 2, we get: Ep,1 | (E1 — 2.71 | EU | — = Z'p,2 | §p71 D and so:
Ep1 | (ip-1 | By |). Since E, = ged(Ey—1,| By |), we get N, = Zz
contradicts the inequality 0 < i, < Np,.

So we obtain p < 1 and:

E1:Z’71|§0|+Z‘0|E1‘.

1 | Z'pfl, which

This implies: 1 =14 _4 ‘BO‘ +1p ‘ 1] , which shows that ‘BO‘ =1lor ‘g—l‘ = 1. But,
by the recursive relations glvmg the B s, Bo=By=—-N and By =By = —M, so:
L =lor —— =
(M,N) (M,N)
We get: M | N or N | M, which contradicts our hypothesis. The theorem is
proved. O

Remark: One can also give a proof without using contradiction. In this case
one cannot suppose from the beginning that N /M, and so it is not necessarily
true that By = —M. As one cannot hope to express in this case By in terms of NV
and M, the preceding proof appears to get in trouble. This can be arranged if one
modifies the definition of the characteristic sequence, taking for B; the minimal
exponent appearing in y(7), without imposing that it should not be divisible by N.
This is the definition of characteristic sequence taken in a majority of Abhyankar’s
writings on curves, in particular [5], where the preceding proof is given with this
modified definition.

Proof of the Embedding Line Theorem
If the epimorphism o : C[X,Y] — CJ[T] is given by X = P(T),Y = Q(T), put
N :=dp(P), M := drp(Q) and write:

P(T) = aoTN +a; TN + -+ + ap,
Q(T) = BoTM + /i TM ' + -+ Bu.

(we consider here that d;(0) = 0).

Suppose one of the degrees M, N is zero, for example M = 0. Then: Q(T) =
= f € C.

For all G € C[X,Y], dr(G(P(T),Q(T)) € NN. If ¢ is an epimorphism, there
exists such a G with dr(G(P(T),Q(T)) = 1, and this implies N = 1. So:

)
{P(T) :OégT-i-Ozl, (7)) 750
)

Consider the isomorphism of C-algebras o1 : C[U, V] = C[X, Y], given by:

U=1x_2
[e 7)) @p
VZY*ﬂo

Then o o 0y : C[U, V] — C[T] is given by:

U=T
V=0

and the theorem is proved in this case.
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Suppose now that M > 1,N > 1. By the epimorphism theorem, M | N or

N | M. Suppose for example that M | N. Consider the isomorphism of C-algebras

g .

C[U,V] — C[X,Y] given by:
_ N N
U=X-ayf, Y™
V=Y
Then o o o is given by:
U = P(T) ~ afy M Q)%
V=Q(T)

We have: dT(P(T)*OLQﬂ(;%Q(T)%) < dp(P(T)) and so in the new coordinates

(U,V), the sum of the degrees of the polynomials giving the embedding of the line
in the plane is strictly less than in the coordinates (X,Y).

Repeating this process a finite number of times, we see that we arrive at the

situation where one of the polynomials is a constant, the case first treated. This

proves the theorem. O
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