COPRIME VALUES OF POLYNOMIALS IN SEVERAL VARIABLES
ARNAUD BODIN AND PIERRE DEBES

ABSTRACT. Given two polynomials P(z), Q(z) in one or more variables and with integer
coefficients, how does the property that they are coprime relate to their values P(n), Q(n)
at integer points n being coprime? We show that the set of all gcd(P(n), Q(n)) is stable
under ged and under lem. A notable consequence is a result of Schinzel: if in addition P
and @ have no fixed prime divisor (i.e., no prime dividing all values P(n), Q(n)), then
P and @ assume coprime values at “many” integer points. Conversely we show that if
“sufficiently many” integer points yield values that are coprime (or of small ged) then the
original polynomials must be coprime. Another noteworthy consequence of this paper is
a version over the ring of integers of Hilbert’s irreducibility theorem.

Let Pi(z),...,Ps(z) € Z[z] be s > 2 polynomials in r > 1 variables z = (x1,...,2,) . For
n = (ni,...,n,) € Z", we consider the corresponding values P;(n). Is there a connection
between (a) P;(z),..

Pi(n), ..., Ps(n) being coprime as integers? Answers exist in both directions.

)

., Ps(z) being coprime as polynomials and (b) “many” of the values

Suppose that the polynomials P;(z),. .., Ps(xz) are coprime and their values have no fized
divisors, i.e., no prime number p divides all P;(n) (for all ¢, and all n). Then it is true that
for some n € Z", the integers P;(n),..., Ps(n) are coprime: coprime polynomials assume
coprime values. This is proved by Schinzel in [9]; Ekedahl [4] and Poonen [8] even give, in
the special case s = 2, a formula for the density of the good n; see Section [I.3] below, and
also [I] where Schinzel’s result is extended to other rings than Z, including all UFDs and
all Dedekind domains.

Here we put forward a more general property of polynomials that implies Schinzel’s coprime
conclusion. Set dy, = ged(Pi(n),...,Ps(n)), for n € Z", the ged of the values. We show,
even without the fixed divisor assumption, that the set D of all these d,, is a lattice for the
divisibility, i.e., it is stable under gcd and lem (Theorem; the quick proof that it yields
Schinzel’s theorem is in Section This generalizes previous results in one variable [2].

Regarding the Ekedahl-Poonen formula, we extend it to the case of s > 2 polynomials and
to the situation that several families of such polynomials are given (Section . We can
then deduce a version “over the ring Z” of Hilbert’s Irreducibility Theorem (Theorem [1.6)).

In the reverse direction, it is not true that if P(n),..., Ps(n) are coprime at one integer
point n (or even at infinitely many) then the polynomials P;(z),..., Ps(x) are coprime.
However we show that the coprimality of Pj(x),..., Ps(z) does hold if “sufficiently many”
n, in a density sense, can be found such that P;(n),..., Ps(n) are coprime (Theorem |1.8]).
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1. PRESENTATION

Throughout the paper, we adhere to the following notation. Given s > 2 nonzero poly-
nomials Pj(z),...,Ps(z) in Z[z] (where x = (x1,...,2z,) with r > 1), we say that they
are coprime (over the field Q) if no polynomial D(z) € Q[z] with deg D > 0 divides each
of Pi(z),...,Ps(z). In the definition of d, = gcd(Pi(n),...,Ps(n)) (n € Z"), we include
the case where Pj(n) = ... = Ps(n) = 0 by defining gecd(0,...,0) = 0. Finally we set
D={dy|neZ}.

1.1. The stability result.

Theorem 1.1. If Pi(z),...,Ps(z) € Z[z] are nonzero coprime polynomials, then the set
D = {dn | n€Z"} is stable under ged and lcm.

That is: if d,d’ € D then ged(d,d’) € D and lem(d, d’) € D. This is a generalization of the
one variable case (r = 1) done with S. Najib [2].

Ezample 1.2. Let P(z,y) = 22—y3, Q(x,y) = x(y+2)+1. Let dp,,, = ged(P(m,n), Q(m,n))
and D = {dy n }mnez. For instance P(5,1) = 24, Q(5,1) = 16, hence ds ; = gcd(24,16) =
8. For (m,n) = (1,-3), dmn = 28. The gecd of 8 and 28 is 4, and 4 is an element of D:
ds 5 = 4. Experimentation yields an infinite set:

D = {1,2,4,7,8,14, 16,23, 28,29, 32, 37, 41, 46, 47, 49,
53,56,58,59,61, 64, 67,74,79,82,83,89,92,94,97,98, ...}

1.2. Consequences. The following two corollaries are quick consequences of Theorem
The first one is what we refer to as Schinzel’s result in our introduction.

Corollary 1.3. Let Pi(z),...,Ps(z) € Z[z] be nonzero coprime polynomials. Suppose that
there is no prime number p that divides P;(n) for eachi =1,...,s and everyn € Z". Then
there exists ny € Z" such that Pi(ng), ..., Ps(ng) are coprime integers. Moreover the set
of such ny is a Zariski-dense subset of Z".

Proof of Corollary[1.3 assuming Theorem[1.1l The set D C N is not necessarily finite (for
r > 2). Let {d;; } jen be an enumeration of D* = D\ {0} and set ; = ged(dy,, - - -, di;). The
sequence (d;);en is a decreasing sequence of positive integers, hence is ultimately constant
equal to some value d* € N, and d* = ged(D*) = min(D*).

By Theorem [1.1] D is stable by ged; so is D*. Using ged(a, b, ¢) = ged(ged(a, b), c), we
have §; € D*, for every j € N. It follows that d* € D*. The no fixed divisor assumption
yields d* = 1. Hence 1 € D*, thus giving the first conclusion.

The Zariski-dense assertion is proved in Corollary [4.2] g

Corollary 1.4. Let Pi(z), ..., Ps(z) € Z[z] be nonzero polynomials with no common zero
in C". Then D is a finite lattice (i.e., a finite subset of Z stable under gcd and lem). In
particular, the smallest positive element d* of D is a common divisor of all elements of D
and the largest positive element p* of D is a common multiple of all elements of D.

Proof. Hilbert’s Nullstellensatz provides polynomials A;(z), ..., As(x) € Q[z] such that
i1 Ai(z)Pi(z) = 1. Clearing the denominators yields polynomials Bi(z),...,Bs(z) €
Zlz] and A € Z, A # 0, such that >.7 | Bi(z)Pi(z) = A. It readily follows that every

element d,, € D divides A. Hence D is finite. The rest is given by Theorem g
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1.3. Ekedahl-Poonen formula. Given nonzero coprime polynomials Pj(z),..., Ps(z) €
Z[z] as in Theorem this formula provides another generalization of Corollary it
computes the density of integer points where the values are coprime. Specifically let

R={neZ | Pi(n),...,Psn) are coprime}.

The density 11(S) of a subset S C Z" is defined as follows. For B > 0, set B = [0, B — 1],
where [0, B — 1] is the set of integers from 0 to B — 1. Then
_ #(SNB)
= lim TP
wS) = lim T
Denote the set of prime numbers by P.

Theorem 1.5 (Ekedahl-Poonen density formula). Let z = (x1,...,2,) (r > 1). Let
Py(x),...,Ps(z) € Z[z] (s = 2) be nonzero coprime polynomials. We have:

w-11(-3)

peEP
where ¢, = #{n € (Z/pZ)" | Pi(n) =0 (mod p),...,Ps(n) =0 (mod p)}.

It is possible that the product in Theorem is zero. This is the case if and only if, for
some prime p, we have ¢, = p”, which exactly means that p divides Pi(n),..., Ps(n) for
all n € Z". This can be avoided by assuming, as in Corollary that there is no prime
p that divides Pi(n),..., Ps(n) for all n € Z". With this no fixed divisor assumption, the
density pu(R) is strictly positive: the product is finite if r = 1 (as proved in Section ,
and convergent if r > 2.

We provide a proof of the Ekedahl-Poonen formula in Section [6] It follows Poonen’s proof
with some adjustments; in particular we consider the general case s > 2 (and not just
s = 2). We also consider in Section the more general situation that several families
of coprime polynomials {Pi;(z)}i, {Pi(2)}iy.-., {Pu(x)}i are given and one looks for
the density of the set of points n € Z”" such that, for each j = 1,...,¢, the integers
Pji(ng), Pj2(ng), . .. are coprime (Proposition [6.2)). This generalization will be used to
prove the case of several polynomials in the following result.

1.4. A version over the ring Z of Hilbert’s Irreducibility Theorem.

Theorem 1.6. Let y = (y1,...,Yn) be n = 1 new variables. Let Py(z,y),...,P(z,y) be
¢ > 1 polynomials, irreducible in Z[x,y|, of degree > 1 in y. Assume there is no prime p
such that Hle Pj(n,y) =0 (mod p) for everyn € Z". Then the set of alln € ZF such that
Pi(n,y),...,Pun,y) are irreducible in Z[y| is Zariski-dense, and even of positive density.

Here, for “many” n € Z", the specialized polynomials P;(n,y),..., P/(n,y) are irreducible
not only in Q[y], as Hilbert’s Irreducibility Theorem would Eonclude, but also in Zly): we
have the additional conclusion that each polynomial Pj(n,y) is primitive, i.e., its coeffi-
cients are coprime integers. The assumption on the product ngl P; is clearly necessary
and non void: for P = (2% — )y + (#? — 2 + 2), we have P(n,y) = 0 (mod 2) and so
P(n,y) is divisible by 2 in Z[y], for every n € Z". B

Theorem is a special case of the paper [I, Theorem 1.6] with S. Najib and J. Konig,
where similar conclusions are drawn, but over more general rings (like UFDs or Dedekind
domains). We refer to [I] for more on this topic. Below is the quick proof of Theorem
assuming Theorem [I.5]in the case £ = 1. There is a reduction argument to this case, which
is given in Section [6.6]
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Proof. Set P = P; and let Hp be the subset of Z" of all n such that P(n,y) is irreducible
in Q[y]. From Theorem 1 of [10), §13] (a result of S.D. Cohen), Hp is of density 1. Denote
the coefficients of P, viewed as a polynomial in y, by Pi(z),..., Ps(z) and consider the set
R from Section of all n € Z" such that Pj(n),..., Ps(n) are coprime. The assumption
of Theorem corresponds to Pi(z),..., Ps(z) having no fixed divisor. From Theorem
the set R is of positive density. It follows that H = Hp N'R is of positive density, thus

proving the result since for every n € H, the polynomial P(n,y) is irreducible in Z[y]. O

1.5. A criterion for coprimality. In our introduction, we raised this reverse question:
to what extent existence of coprime values forces the coprimality of the polynomials? For
one variable polynomials we have this coprimality criterion involving the gcd in Z of some
values. Define the normalized height of a degree d polynomial P(z) = agz? + --- + ag by

H(P) = maxj—g,.. d-1|5*

ad

Proposition 1.7 (|2, Proposition 5.1|). Let Py,...,Ps € Z[z] be s > 2 nonzero polynomi-
als and H the minimum of the normalized heights H(P), ..., H(Ps). Then Py,..., Py are
coprime if and only if there exists n > 2H + 3 such that ged(Pi(n), ..., Ps(n)) < /n.

In particular if Pj(n),...,Ps(n) are coprime (as integers) for some sufficiently large n
then Pi(x),..., Ps(x) are coprime (as polynomials). We wish to generalize this result to
polynomials in several variables. But the following example proves that evaluation at one
point, however big it is, may not give information on the coprimality of the polynomials:
with P(z,y) = (z —y)x and Q(x,y) = (x —y)y, we have gcd(P(n+1,n),Q(n+1,n)) =1,
and so infinitely many points (n + 1,n) where the ged is small, despite the polynomials
not being coprime.

The following result ensures that if the ged d,, is small for “sufficiently many” n, then the
polynomials are coprime.

Theorem 1.8. Let Pi(z),...,Ps(x) € Z[z] be s > 2 nonzero polynomials in r variables.
Let ¢ = max(deg P, ...,deg Ps) and S be a non-empty finite set of Z. Let k > 0. If

_ #{neS|dy <k} (2k+1)0
. #ST T

then Pi(x),..., Ps(z) are coprime polynomials.

Tk

In the special case k£ = 1, we have m = %. Theorem states that if
m > % then Pj(z),..., Ps(z) are coprime polynomials; and clearly this also implies that
Pi(z),...,Ps(z) have no fixed prime divisor. This criterion is of interest because of the
Ekedahl-Poonen density formula. If polynomials Pj(z),..., Ps(z) are coprime and have
no fixed prime divisor, then 71 must be positive for sufficiently large S, and so up to taking

S large enough, the criterion will indeed reach the coprimality conclusion.

Example 1.9. Let P(z,y), Q(x,y) € Z[z,y] be two nonzero polynomials of degree < ¢ := 10.
Let S = {1,2,...,100} with #S = 100. If for more than 30% of (m,n) € S?, we have
dmn =1 (i.e., P(z,y) and Q(z, y) coprime) or dp, ,, = 0 (i.e., P(m,n) = Q(m,n) = 0), then
we have m; > %, and so, from Theorem |1.8] P(z,y) and Q(z,y) are coprime polynomials.

Proof of Theorem[1.8 It relies on the Zippel-Schwartz lemma which is usually stated as
a probability result, but in fact is an enumerative result.
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Zippel-Schwartz lemma. Let P(x1,...,x,) be a nonzero polynomial of degree ¢ over a
field K. Let S be a non-empty finite set of K. Then
#{(z1,...,2,) €S" | P(x1,...,2,) =0} < 2
#57 T #S

Let D(z) = ged(Pi(z),...,Ps(z)). Then degD < ¢. Note further that D(n) divides
d, = ged(Pi(n),. .., Ps(n)), so that |[D(n)| < dy. Now assume, by contradiction, that D
is a non constant polynomial. We use the Zippel-Schwartz lemma to bound the number
of solutions to the equations D(n) = j. Specifically we have:
_#{neS|dua<k} _#{neS"||D@m) <k}
a #S7 b #S7

k .

#{n eS| D(n) =} ¢

< <(2k+1)— 0
1.6. Specialization and coprimality. A tool of frequent use in this paper is a result
about how coprimality is preserved by specialization, in the vein of the Bertini-Noether
and Ostrowski theorems for irreducibility. The following statement gives an insight into
the general result, which itself is detailed in Section [3]

Tk

j=—k

Proposition 1.10. Let k be an infinite field and Py(a, z), ..., Ps(a,x) € kla, z] be polyno-
mials in the variables a = (a1, ...,am) and x = (z1,...,x,) (withs > 2, m > 1, r > 1).
The following conditions are equivalent:

(i) The gcd of Pi(a,x),...,Ps(a,z) € kla, z] is in k[a].

(ii) The polynomials Pi(a,x),..., Ps(a,z) € kla,z] are coprime in k(a)[x].

(iii) There exists a proper Zariski-closed subset Z of k™ such that for all a* € k™ \ Z,
the polynomials Py (a*,z), ..., Ps(a*,z) are coprime in k[z].

(iv) There exists a Zariski-dense subset Y of k™ such that for all a* € Y, the polyno-
mials Py(a*,x),...,Ps(a*,x) are coprime in k[z].

In Section [2] we focus on the case of polynomials in one variable. In Section [3| we present
the general specialization result introduced above. Section [ is devoted to a technical
lemma, used in Section [o| for the proof of Theorem We end in Section [6] with a proof
of the Ekedahl-Poonen formula in the case of several polynomials.

2. THE ONE VARIABLE CASE

The case of one variable polynomials plays a central role: first, some of the general results
can be interestingly improved; secondly, most results in several variables will follow by
reduction from the one variable case.

2.1. Stability by gcd and lcm.

Theorem 2.1 (|2, Prop. 3.2 and 3.3]). Let Pi(z),...,Ps(x) € Zlx] be nonzero coprime
polynomials. Set d, = ged(P1(n),..., Ps(n)) (n € Z). Then the set D = {d, | n € Z} is
stable under gcd and lem. Moreover there is a nonzero § € Z that is a common multiple to
all d,, and such that the sequence (dy)nez is periodic of period 6. Hence D is a finite set.

As Py(x), ..., Ps(z) are coprime, note that it cannot happen that Pj(n) = ... = Ps(n) = 0.
The periodicity result is specific to the one variable case (see [2, §2.5]); d can be taken to
be any nonzero element of the ideal (Py,...,P;) NZ C Z[z]. For two polynomials P(x)
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and Q(z), 6 can be chosen as the resultant of P and Q). More generally, as the polynomials
Py(z), ..., Ps(x) are coprime in Q[z], one can write a Bézout identity: we have

A1(z)Pr(z) 4+ - - + As(x) Ps(x) = 1

for some A;j(x),...,As(x) € Q[z]. Then § can be taken to be the right-hand side of the
identity obtained by clearing the denominators of the coefficients of the A;(z): for some
Bi(z),...,Bs(z) € Z]z], we have Bi(x)Pi(z) + - - - + Bs(z)Ps(z) = § € Z.

Ezample 2.2. Theoremis false for non coprime polynomials. Let P(z) = 5(z%—1)(x—1)
and Q(z) = (22 —1)22. Then D is an infinite set (because d,, = ged(P(n), Q(n)) = |n?—1]
tends to infinity as n — 400). The set D is not stable by ged: for instance do = 3 € D and
dg = 8 € D, but 1 ¢ D (by contradiction, suppose that for some n € Z we have d,, = 1,
then [n? — 1| = 1, so n = 0, but for n = 0, P(n) =5, Q(n) = 0 and d,, = 5). Neither D
is stable by lem: 5 € D, 8 € D but 40 ¢ D (for |n| < 7 we have d,, # 40 and for |n| > 7,
dy, = |n? — 1] > 40).

2.2. Proof of Theorem Everything in Theorem is proved in [2], except the
stability under lem that was left to the reader (after the proof for the ged was given). For
completeness we detail it here.

Let d,,, and d,, be two elements of D and let m(ni,ny) be their lem. The goal is to prove
that m(ny,n2) is an element of D. The integer m(ny,ng) can be factorized:

m(n1,nz) = [T o
el
where, for each i € I, p; is a prime divisor of § (see Theorem and «; € N (maybe
a; = 0 for some i € I).
Fix i € I. As pj" divides m(ny,ng), then pi" divides dp,, or divides d,,; say that p;" divides
dy,, with m; equals nq or ns.
The Chinese Remainder Theorem provides an integer n, such that

n =m; (mod p®*!)  for each i € I.

(e}

By definition, p;"* divides d,, or dp,, so p;* divides all integers P;(n1), ..., Ps(n1), or divides
all integers Pi(n2),..., Ps(n2), so that pf divides all Pi(m;),..., Ps(m;). As for each
j=1,...,s, Pj(n) = Pj(m;) (mod p;*), we obtain that p; also divides Pi(n),..., Ps(n).
Whence pi* divides d,, for each i € 1.

On the other hand p?iﬂ does not divide d,, nor d,,. In particular pio‘iJrl does not divide
dpm,. Hence there exists jo € {1,...,s} such that p®™" does not divide Pj,(m;). As
Pj,(n) = Pj,(m;) (mod pt), then p®™* does not divide Pj,(n). Hence p¥*! does not
divide d,,.

We have proved that pJ is the greatest power of p; dividing d,,, for every i € I. As d,
divides §, each prime factor of d,, is one of the p; with i € I. Conclude that m(ny,ng) = d,.

2.3. Ekedahl-Poonen density formula in one variable. One main question is to
decide if d,, = 1 for some value n € Z. In Section [1.3] we discussed the Ekedahl-Poonen
density formula for any number r of variables. For r = 1, it is an exact formula.

Proposition 2.3. Let Pi(z),..., Ps(x) € Z[z] be nonzero coprime polynomials. Let § € Z
be a positive period of (dp)nez. The number of n € Z with 0 < n < § such that d,, = 1 is

(-

plo
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where ¢, is the number of n € Z/pZ such that P;y(n) =0 (mod p) for eachi=1,...,s.

Note that, in the one variable case, ¢, = 0 for all sufficiently large primes p. Namely
let § be a nonzero element of the ideal (Py,...,Ps) NZ C Z[z]. Thus § is of the form
0 = Bi(z)Pi(x) + -+ + Bs(z)Ps(x) for some Bjy,...,Bs € Z[z]. Clearly, if p does not
divide ¢, then p does not divide gcd(Pi(n),..., Ps(n)) for any n € Z, hence ¢, = 0.

The proof of Proposition assuming Theorem easily follows. For r = 1, the density
formula from Theorem is a finite product: p(R) = [, (1 — %) As the sequence
(dn)nez is periodic of period § (Theorem [2.1]), the claimed exact formula follows, for &

equal to the specific element of Z introduced above, or equal to any positive period.

Ezample 2.4. For two polynomials we recover a formula of [5|: If P(z),Q(x) € Z[x] are
two monic coprime polynomials with a square-free resultant R, then

4nel0,R—1]]dy=1}=[[-1).

pIR

In fact, for two polynomials, the integer § can be chosen to be R. And if R is square-free,
then ¢, = 1 for all p|R (see [5, proof of Theorem 6]).

3. A BERTINI-NOETHER—OSTROWSKI PROPERTY FOR COPRIMALITY

3.1. Coprimality and reduction. The Bertini-Noether—Ostrowski theorem is concerned
with irreducibility of polynomials. The following statement is an analog for coprimality.
Given an integral domain Z and an ideal p C Z, we denote by Z* the coset of an element
z € Z modulo p; we use the same notation for the induced reduction morphisms, e.g. on
polynomial rings over Z. If p C Z is a prime ideal, we write kP for the fraction field of the
integral domain Z/p.

Proposition 3.1. Let Z be a Unique Factorization Domain (UFD) with fraction field Q,
let x = (x1,...,2,) be r = 1 variables and let Py (z),...,Ps(x) € Z[z] be s > 2 nonzero
polynomials. Then the following four conditions are equivalent:

(i) The ged in Z[z] of Pi(x),...,Ps(z) is in Z.
(ii) Pi(x),...,Ps(z) are coprime in Q|x].
(iii) There is a nonzero element Ry € Z with this property: for every prime ideal p C Z
such that Ry # 0, the polynomials P (z), ..., Py () are coprime in kP[z].
(iv) For every nonzero element R € Z, there exists a mazimal ideal p C Z such that

R 0 and the polynomials Py’ (z), ..., Py (z) are coprime in kP[z].

Remark 3.2.

(a) The equivalence (i) < (ii) has this close variant: Pj(z),...,Ps(z) are coprime
polynomials in Z[z] if and only if the equivalent conditions above hold and the
coefficients of Py(z),...,Ps(x) are coprime in Z. Indeed, if Pi(x),..., Ps(z) are
coprime in Z|z], they are coprime in Q[z] (by (i) = (ii)), and obviously, the coef-
ficients of Pi(z),..., Ps(z) must be coprime in Z. Conversely, if Pi(z),..., Ps(z)
are coprime in @[z] and their coefficients are coprime in Z, then their ged in Zz]
is in Z (by (ii) = (i)), so must necessarily be 1.
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(b) In the proof of Proposition , condition (iv) will be more generally replaced by
the following condition (iv),: given a Zariski-dense subset P C Spec Z E|,

(iv)p for every nmonzero element R € Z, there exists a prime ideal p € P such that
R’ # 0 and the polynomials Pr’ (z),. .., Py (z) are coprime in kP[z].

Condition (iv) is condition (iv), with P the set of all maximal ideals of Z. This P

is indeed Zariski-dense: as Z is an integral domain, the nilradical nil(Z) (consisting

of all nilpotent elements of Z) is {0}. But nil(Z) is classically the intersection of

all maximal ideals of Z. Thus if R € Z, R # 0, there is a prime ideal p € P such
that R" # 0 (which is the definition of P being Zariski-dense in Spec Z).

3.2. Two special cases. We will mostly consider contexts (a) and (b) below.

(a) Ostrowski context. For Z = 7, Proposition yields that the following assertions are
equivalent for nonzero polynomials P;(z),..., Ps(z) € Zz]:
(i) The ged of the polynomials Py(x), ..., Ps(z) is in Z.
(ii) The polynomials Pi(x),. .., Ps(x) € Z[z] are coprime in Q[z].
(iit) For all but finitely many primes p € Z, Pi*(z),..., Ps (z) are coprime in Z/pZ|z].
(iv) For infinitely many primes p € Z, Py’ (z),..., Py (x) are coprime in Z/pZ[z].

Ezample 3.3. How big should a prime number p be to guarantee that two polynomials
in Z[z] that are coprime in Q[z] remain coprime modulo p? In the one variable case, it
suffices that the prime p does not divide the resultant of the two polynomials (which can
be quite large). Here is an example in two variables. Let P(x,y) = 23y — 323 — 22+ 3y + 2
and Q(z,y) = y(2x — 11). These polynomials are coprime in Z[z,y]. For p = 5, the ged
of P and @ modulo 5 is « + 2. For p = 271, the ged of P and @ modulo 271 is « + 130.
Experimentation shows that for other values of p, P and @ are coprime modulo p.

(b) Bertini-Noether context. For Z = k[a] a polynomial ring in variables a = (a1, ..., am)
(m > 1) over a field k, Propositionyields that the following two assertions are equivalent
for polynomials Pl (Q) 2)’ sy PS (Q) g) € k[@v g]

(i) The gcd of the polynomials Pi(a,x),..., Ps(a,z) € kla, z] is in k[a].

(ii) The polynomials Pi(a,x),...,Ps(a,z) € k[a,z] are coprime in k(a)[z].
Furthermore, if k£ is infinite, these conditions are equivalent to each of the following ones.

(iii)p There is a nonzero polynomial Rola] € k[a] with the property that for every a* € k™
such that Ro(a*) # 0, the polynomials Py (a*,x), ..., Ps(a*,z) are coprime in k[z].
(iv)p For every nonzero polynomial Rla] € kla], there exists a* € k™ such that R(a*) # 0
and the polynomials Py (a*,x), ..., Ps(a*,x) are coprime in k[z].
The last condition corresponds to condition (iv), from Remark (b) above with P the set of
maximal ideals of the form (a —a*) = (a1 — a7, ...,a, —a}) with ¢* € k™. Assumption “k
infinite” guarantees that P = A" (k) is Zariski-dense, and then all conditions (i), (ii), (iii),
(iv), (iv)p are equivalent (as shown in the proof below in Section [3.1)). Condition (iii), is
an equivalent variant of (iii) (note that (iii) = (iii), = (iv)p). The equivalence between
(i), (ii), (iil)p, (iv)p is Proposition of Section (1] (under the assumption “k infinite”).

1 The subset P C Spec Z being Zariski-dense means that for every nonzero element R € Z, there is a
prime ideal p € P such that R # 0. This is clearly necessary for (iv), to hold. In fact (iv), reformulates
as saying that, with C = {p € Spec Z | Pr" (z), ..., Ps' (z) coprime in k"[z]}, the set C NP is Zariski-dense
in SpecZ. In the same vein, condition (iii) means that C contains a nonempty Zariski-open subset of
Spec Z.
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3.3. Proof of Proposition 3.1

(i) = (i). Assume on the contrary that the ged, say D(z) € Z[z], of Pi(z),..., Ps(x)
is not in Z. Then D(z) is of degree > 1 (so not a unit of Q[z]) and is a common divisor
of Pi(z),...,Ps(z) in Q[z]. This contradicts (ii).

(i) = (ii). Assume on the contrary that P;(z),..., Ps(z) are not coprime in Q[z], i.e., a
non-constant polynomial D(z) € Q[z] divides all P;(z) in Q[z]. Write P;(z) = D(z)P}(x)
with D, P! € Qlz], i = 1,...,s. Clearing the denominators, one obtains polynomial
equalities in Z[z]: qPi(z) = pD(z)P!(z), with P/ € Z[z], i = 1,...,s, D € Z[z] of degree
> 1,and p,q € Z, g # 0. We may assume that D is irreducible in Z [z]. Tt straightforwardly
follows that D is a common divisor in Z[z] of all the P;(z). This contradicts (i).

(ili) = (iv)p. For a given nonzero element R € Z, let p € P be a prime ideal such
that mp # 0, where Ry € Z is the nonzero element given by (iii); such a p exists as P is
assumed to be Zariski-dense. Then R' # 0 and Rg # 0, and by (iii), the latter gives that
P’ (z),..., P, () are coprime in kP[z].

(iv)p = (i). Assume that the gcd, say D(z) € Z[z], of Pi(z), ..., Ps(z) is a polynomial
of degree > 1. Let R € Z be a nonzero coefficient of a monomial of degree > 1 of D(z).
Then for every prime ideal p € P such that R # 0, the reduced polynomial D* (z) is of
degree > 1 and is a common divisor of ;" (z), ..., Ps (z) in k*[z]. This contradicts (iv)p.

(ii) = (iii). We proceed by induction on the number of variables r > 1.

Ist case: r =1, i.e. z is a single variable . The assumption (ii) that the polynomials
Py(x),...,Ps(z) are coprime in the Principal Ideal Domain (PID) Q[x] provides a Bézout
identity, which after clearing the denominators, is of this form:

> " Ai(x)Pi(x) = Ry
=1

with Ay,...,As € Z[z] and Ry € Z, Ry # 0.
Clearly then, for every prime ideal p C Z such that ES =% 0, the reduced polynomials
P (z),..., P, () satisfy a Bézout identity in the PID k*[z], hence are coprime in kP[z].

2nd case: r > 2. Let z = (x1,...,2,—1,2,) and assume that (ii) = (iii) is true for
polynomials in the r — 1 variables (z1,...,2,—1). We will apply the induction hypothesis
to the set of all coefficients P; j(x1,...,2,—1) of the polynomials P;(z1,...,z,) viewed as
polynomials in x,.

The polynomials P;(z),..., Ps(x) are supposed to be coprime in Q[z1,...,z,]. Thus, by
the already proven implication (i) = (ii) (applied with Z being Q[z1,...,2,_1]), they
are coprime in Q(z1,...,zy—1)[z,], and their coefficients P; ;(z1,...,2,—1) are coprime in
Q[z1,...,2,—1]. The former condition provides a Bézout identity, which after clearing the
denominators, is of this form:

> Ai(@)Pi(z) = Aley, ... z1)
=1

with Ay,...,A; € Z[z] and A € Z[xy,...,2,-1], A # 0. Let Ry € Z be a nonzero
coefficient of a monomial of A. For every prime ideal p C I such that ﬁi # 0, the
polynomial A (z) is nonzero in kP[z1, ..., x,_1], and so, the polynomials P (z),... Py (z)
are coprime in kP(xq,...,z,—1)[z,].
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Furthermore, as the coefficients P; j(z1,...,z,-1) are coprime in Q[z1,...,2,_1], the in-
duction hypothesis provides a nonzero element Ry € Z such that for every prime ideal p C [
such that Eg # 0, the polynomials mp(xl, ..., Tp_1) are coprime in kP[z1,...,x,_1].
Using the already proven implication (ii) = (i), it straightforwardly follows that the ele-
ment Ry = R; Ry satisfies the requested conclusion (iii).

4. FURTHER TOOLS

We prove some more tools needed to establish the stability result in the next section.

Lemma 4.1. Let Pi(z),...,Ps(x) € Z[z] be nonzero coprime polynomials in r > 2 vari-
ables. Suppose that P;(0) # 0 for at least one i € {1,...,s}. Then the polynomials
Pi(ta),...,Ps(ta) are coprime in Q|a,t]. Consequently there is a proper Zariski-closed
subset Z C 7" such that, for all a* € Z" \ Z, the polynomials Py (ta*),...,Ps(ta*) are
coprime in Q[t].

This is false if Pp,..., Ps vanish simultaneously at 0. For instance, with P(z,y) = x and
Q(z,y) =y, then P(at,bt) = at and Q(at,bt) = bt are not coprime, for any (a,b) € Z2.

Corollary 4.2. Let Pi(z),...,Ps(z) be s > 2 nonzero coprime polynomials. If d,, =1
for some ng € Z", then d, =1 for every n in a Zariski-dense subset of Z".

Proof of Corollary[{.2. With no loss of generality, assume that ng = 0. By Lemma [4.1] for
all directions a* in a Zariski-open set of Q", the one variable polynomials P (ta*), ..., Ps(ta*)
are coprime. From Theorem[2.1] for each of these a*, we have ged; P;(ka*) = ged; P;(0) = 1
for all k in some nonzero ideal 0Z C Z. The set of all such ka* € Z", with varying k and
a*, form a Zariski-dense subset of Z". O

Proof of Lemma[{.1. We prove the first part; the second part easily follows by combining
it with Proposition On the contrary, suppose that Pj(ta) = D(a,t) - P/(a,t), (i =
1,...,s) with degD > 0. If deg,(D) = 0, then setting t = 1 leads to a factorization
P;(a) = D(a,1) - P/(a,1) where deg D(a,1) > 0; changing the variable a to z proves that
the polynomials P;(z) are not coprime.

Suppose next that deg, D(a,t) > 0. One may assume that deg, D(aj,az,...,a,,t) > 0
for some a] € k. For simplicity take aj = 1 (the general case only introduces some
technicalities). Set ' = (1,as,...,a,) and write the decomposition in Q[d’, ¢]:

Pi(td') = D(d,t)- Pl(d,t) (i=1,...,s)

with deg D(d/,t) > 0.
Set x = td/, that is, ; = a;t (and z1 = t); hence a; = x;/x1 (and a1 = 1), i =1,...,7.
Using the change of variables (a/,t) — x, we obtain:

Pi(z) =D (;xl) - Py (;m) (i=1,...,s).

By hypothesis we have P;;(0) # 0 for some ig € {1,...,s}. This is equivalent to ¢ /P;,(ta’)
and implies t fD(d/,t) in Q[d/, t].
Write

D(d',t) = Z ai,jg’?tj in Qlag,...,a,t].
;1j
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As a1 = 1, the multi-index i stands for (0,42,...,%,) and |i| =iy + - -+ +4,. Then
. AN .
Y <xml> =20y (ll) = gzt
! i Ty ij

1 ; j—li+d 1 =
= gzaz,jfﬁ i = ?D(g)

where d € Z, and D(z) € Q[z] is not divisible by #;. A similar computation yields
P! <f—1,x1) = x%fipi’(g) with d; € Z, and P/(z) € Q[z] not divisible by z;. This gives:

)

i p(z) = D(@)Bl(z) (i=1,...,s).

2

By definition D(z) is not a monomial in x;. Moreover D(z) is a non-constant polynomial.
Assume on the contrary that D(z) is constant. Then a;; = 0 for (i,5) # (0,d). This
implies D(d/,t) = agqt?, in contradiction with ¢ /D(a’,t) and deg D(a’,t) > 0. Conclusion:
D(z) is anon trivial factor of each of the P;(x), hence Py(z), ..., Ps(z) are not coprime. [

We end by a generalization of Lemma Let Pi(z),...,Ps(z) € Z|z] be a family of
coprime polynomials in two or more variables (r > 2).

Lemma 4.3. Let Pi(z),...,Ps(x) € Z[z] be nonzero coprime polynomials in r > 2 vari-
ables. Letn € 7 such that P;(n) # 0 for at least one i € {1,...,s}. Then the polynomials
Py (un+ta), ..., Ps(untta) are coprime in Q[a, u,t]. Consequently there is a proper Zariski-
closed set Z C 7" such that for all a* € Z"\Z, the polynomials Py (un+ta*), ..., Ps(un+ta*)
are coprime in Qlu, t].

Proof. For every u* € Q, the polynomials ]Sl(g) = Pj(u'n+z),1=1,...,s, are coprime
in Q[z] (they are deduced from the P;(z) by a mere translation on the variables). As
Pi(n) # 0 for some i, then P;(0) = P;j(u*n) # 0 for all but finitely many v* € Q. By
Lemma for such u*, the polynomials P (ta), ..., Ps(ta) are coprime in Q[a, t], hence so
are the polynomials P (u*n + ta), ..., Ps(u*n + ta). It follows from Proposition that
the polynomials Pj(un + ta), ..., Ps(un + ta) are coprime in Q(u)la, t].

Assume next that their ged in Q[u, a, t] is a non-constant polynomial D(u) € Q[u]. Thus we
have P;(un+ta) = D(u)P/(a, u,t) for some P! € Q[u,a,t],i=1,...,s. Choose t* =1 and
a*(u) = —un + ¢, where ¢ is a constant such that P;(c) # 0, for at least one ¢ € {1,...,s}.
For this choice, we have P;(un + t*a*(u)) = P;(c) = D(u)P!(a*(u),u,t*). As Pi(c) is a
non-zero constant, D(u) is a constant polynomial.

By Remark [3.2f(a), the polynomials Pi(un + ta), ..., Ps(un + ta) are coprime in Q[u][a, t.
This proves the first assertion of Lemma the second one follows by combining it with
Proposition [I.10] O

5. PROOF OF THE STABILITY

This section is devoted to the proof of Theorem

Idea of the proof. Consider two coprime polynomials P(z,y) and Q(z,y) and the special
case of two pairs (m,n1) and (m,ng) (with the same z-coordinate). We will find ng such
that ged(dmns dmng) = dmons- As P(x,y) and Q(z,y) are coprime and by Bézout, there
exist A(z), B(x), R(z) € Z[z] such that:

A(z)P(z,y) + B(2)Q(z,y) = R(z).



12 ARNAUD BODIN AND PIERRE DEBES

For all m € Z but finitely many, we have R(m) # 0. For such m, P(m,y) and Q(m,y) are
coprime (in Q[y]). By the gecd stability result in one variable (Theorem , there exists
ng such that ged(dmn,, dmny) = dm ns-

The proof extends this idea: we need (a) to deal with the case where P(m,y) and Q(m,y)

are no longer coprime; (b) also consider pairs (mi,n1) and (mg, ng) with m; # mao.

Step 1. Let m € Z" and n € Z". For simplicity, and with no loss of generality, we assume
m = 0. We may also assume that P;(0) # 0 for each i = 1,...,s: otherwise dy = 0 so that
we can directly conclude ged(dp, dy) = d,,. We may also assume that Pj(n) # 0 for each
1=1,...,s. We reduce from several to one variables by restricting the polynomials on the
line passing through 0 and n. That is, we set:

Pio(t):B(tﬂ), i=1,...,s.
Then P?(0) = P;(0) and P2(1) = P;(n). However the polynomials PP(t),..., P2(t) are not

necessarily coprime. The following picture helps visualize the next steps of the proof.

Picture of the proof.

Step 2. P2(t)
coprime

same ge

I3
|

Step 2. Pl (t)
coprime

Step 3. P3(u)
coprime and stable by gcd

)

Step 1. PY(t)

maybe not coprime
and not stable by ged

Step 2. By Lemma for all @* € Z" but in a proper Zariski-closed set, the polynomials
Py(ta*),..., Ps(ta*) are coprime in Q[t]. Moreover, again by Lemma |4.1| centered at n, for
all a* € Z" but in a proper Zariski-closed set, the polynomials P;(n+ta*), ..., Ps(n+ta*)
are coprime in Q[t]. Finally by Lemma for all @* € Z" but in a proper Zariski-closed
set, the polynomials Pj(un + ta*), ..., Ps(un + ta*) are coprime in Qlu, t].
Pick a* € Z" such that the following conditions are satisfied:

— Pt) := Py(ta*), i=1,...,s, are coprime in Q[t],

~ P%(t) := Pi(n+ta*),i=1,...,s, are coprime in Q[t],

— Pi(un+ta*),i=1,...,s, are coprime in Q[u, t|.
In the computations below, all gcds are computed with respect to the indices i =1,...,s.
By the one variable case for P} (t), ..., P1(t), the corresponding sequence of ged is periodic,

for some (nonzero) period ¢; € Z (Theorem [2.1)). This yields that for any k € Z, we have
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ged PH(0) = ged PH(0 + kdy), and so
dp = ged Pi(0) = ged Pi(kdr1a™).

We do the same for P?(t). For some period 2 € Z, for any k € Z, we have ged P?(0) =
ged P2(0 + kd2), and so

dy, = ged Pi(n) = ged Pi(n + kdga™).
We also have Py (un+ta*),..., Ps(un+ta*) coprime in Q[u,t]. Thus, by Propos.itionm7
for all but finitely many t* € Q, the polynomials P;(un + t*a*),..., Ps(un + t*a*) are

coprime in Qlu].
Step 3. Set t* = kd192 with k € Z and Pi?’(u) = Pj(un+t*a*), i =1,...,s. Pick k large
enough to guarantee that P(u),..., P3(u) are coprime in Q[u] (Proposition [1.10)).
Note that
ged PP(0) = ged Pi(t*a*) = ged P;(k6162a*) = ged P;(0) = do

and

ged P2 (1) = ged Py(n + t*a*) = ged Pi(n + k6102a%) = ged Py(n) = dy,.
Now by the ged stability (resp. lem stability) assertion from Theorem applied to the
one variable coprime polynomials P (u), ..., P3(u), there exists £ € Z such that

ged (ged P(0), ged PY(1)) = ged PY(()
(resp. lem (ged P2(0), ged PP (1)) = ged P2(€)). Setting m = ¢n + t*a*, so P}({) = Pi(m),

we obtain

gcd (dg, dﬁ) =dm
(resp. lem (dg , dﬂ) = d,, ), which proves the stability of D by gcd (resp. lem).

6. PROOF OF THE EKEDAHL-POONEN FORMULA

This section is mainly devoted to the proof of the Ekedahl-Poonen formula as stated in
Theorem While [8, Theorem 3.1] is valid over the rings Z and F[t], here we state
and prove Theorem over Z only, which enables simplifications. Another simplification
is that our density is defined by squared boxes, while [§] allows rectangular ones. Another
difference (minor for the proof, but important for the applications) is that we allow any
s > 2 polynomials (instead of 2). Finally in Section we generalize the formula to the
situation of several families of coprime polynomials (Proposition , and then use this
generalization to extend the proof of Theorem [1.6] given in Section [1.4] for one polynomial
to several polynomials.

6.1. Sets. As usual, fix s > 2 nonzero polynomials Pj(z),..., Ps(z) € Z[z]. In the follow-
ing, p is a prime number, and P the set of prime numbers.
For p € P, consider the set:

Ry ={n € Z" | p does not divide all Pi(n),..., Ps(n)}.

Then, with R the set (introduced in Section of all n € Z" such that Pi(n),..., Ps(n)
are coprime, we have:

R=(\Rp={necZ |ged(Pi(n),...,Psn)=1}.
peEP
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We will approximate R by sets R<as defined by:

Rem = ﬂ R, = {Q € Z" | for every p < M,p does not divide all P;(n),... ,PS(@)}.

p<M

We will also work with:

Q,=CR, ={neZ |pdivides Pi(n),...,Ps(n)} = {n € Z" | p divides ged P;(n)}.

1<i<s
and
Oon = U Q) = {Q € Z" | there exists p > M, p divides P;(n),.. .,PS(@)}
p>M
={n €Z" | there exists p > M such that p divides gcd P;(n)}.

1<i<s
Here are the main steps of the proof:

— Compute the density of Q, (and R,) in terms of c,,.
— Prove that this density is in O(I%).
— Compute the density of R<ys from R, using the Chinese Remainder Theorem.
— Prove that u(R<y) — u(R).
M—+o00

For r = 1, the last step is not necessary since, following notation of Section for M > 9,

we have R<yr = R.

6.2. Density of Q, and R,. By definition, n € Q, if and only if Pi(n) = 0 (mod p) for
eacht=1,...,s. Hence

(1) #(QpN0,p—1]") = ¢

In fact, p divides P;(n1,...,n,) if and only if p divides P;(n1 + kip, ..., n, + kyp) for any
kj € Z. Hence Q,, is invariant by any translation of vector (kip,...,k.p) (with k; € Z).
Hence, as a function of B, the cardinality #(Q, NB) (with B = [0, B — 1]") is asymptotic

to ¢p (%)T as B — oo (this formula is exact if p divides B).
Then:
o #(9Q, NB) _ %
2) H(Qy) = tim FEE
As R, = EQp we also get:
c
3) H(Ry) =122

6.3. Bound for Q,. We need to bound the number ¢, of solutions in (Z/pZ)" of the set
of equations Pj(n) =0 (mod p) (i =1,...,s). If r =1, we explained in Section that
cp = 0 for all suitably large primes p. For r» > 2, one can bound ¢, using the Bézout
theorem over Z/pZ. For r = 2, one can use for instance [11, Theorem 4.1]. For r > 2, we
have this general version, by Lachaud-Rolland [7, Corollary 2.2]:

General Bézout theorem. Let r > 2. We have ¢, < d° - p™, where m is the dimension
of the zero-set of the polynomials Pi(x), ..., Ps(z), assumed to be of degree < d.

r

Corollary 6.1. For all sufficiently large p, we have ¢, < d*-p —2. Consequently, we obtain

Q) =0 ().
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Proof of Corollary[6.1. The polynomials P;(z), ..., Ps(z) are coprime in Z[z]. By the Os-
trowski case of Proposition (Section [3.2(a)), they are coprime in Q[z] and the poly-
nomials P"(z),..., Ps (z) (reduced modulo p) are nonzero and coprime in Fy[z] for all
suitably large primes p. It follows that they are coprime in Fp[z] for the same primes p
(this is explained for example in [3, §2.1]).

Fix such a prime p and consider the ideal Z = (P,",..., Py") C Fplz]. We estimate below
the dimension of the zero-set Z(Z) C Er of 7 and then we will apply the general Bézout
theorem. Classically this dimension is also the Krull dimension dim F,[z]/Z of the quotient
ring F,[z]/Z (e.g. [6, Proposition 1.7]).

By definition, dim Fp[z]/Z is the supremum of the heights of minimal prime ideals of F,[z]
containing Z. We may assume that degﬁlp > 1; otherwise ¢, = 0. Then ﬁp has at
least one irreducible factor A € F,[z]. Furthermore the prime ideal (A) C Fp[z] is not
maximal (by Nullstellensatz and r > 2), but is contained in a maximal ideal. We deduce
that height((A)) > 1, and, by [0, Theorem 1.8 A], that

dim Fp[z]/Z < dimFy[z]/(P") <7 — 1.
Assume that dimF,[z]/Z = r — 1. Let p C Fp[z] be a minimal prime ideal containing Z;
thus dimF,[z]/p = r — 1, or, equivalently p is of height 1. By Krull's Hauptidealsatz [6],
Theorem 1.11 A & Proposition 1.13|, the variety Z(p) is a hypersurface Z(f), for some
irreducible polynomial f € F,[z]. But then it follows from (f) = p D Z that f divides each
polynomial P;” in Fp[z], i = 1,...,s, a contradiction. Conclude that dimF,[z]/Z < r — 2.
The first assertion of Corollary [6.1] then readily follows from the General Bézout theorem,
and the second one from this easy estimate:
cp ds - pr—2 d® 1
ﬂ(Qp):]?gT:ﬁ:O ]? .
O

6.4. The set R<p. Let M > 0, let {p1,...,pe} be the set of primes < M and N be the
product of these primes.
The Chinese Remainder Theorem gives an isomorphism from Z/NZ to Z/p1Z % - - - X L] peZ,
which we extend to the dimension r by

n€ (Z/NZ)" — (n1,...,ng) € (Z/p1Z)" % -+ x (Z/peZ)",
where n; is n modulo p;. We have a 1-1 correspondence between the sets R<ps and

Rp, X -+ x Rp,. Namely:

n € Ry N[O, N —1]"

Vied{l,....0} Jie{l,...,s} Pi(n) # 0 (mod p;)
Vie{l,....0} Jie{l,...,s} Pi(nj) #0 (mod pj)
vie{l,....¢} n; € Ry, N[0, p; —1]".

111

Recall that R, = EQp. Thus, with , we obtain:

#(RpN[0,p—1]") =p" —#(QpN[0,p—1]") = p" — ¢,.

Whence:
V4

#Rar N[0, N —1]") = [T = c,)-

Jj=1
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This provides the density of R<as:

6.5. Limit of R<j;. By definition Qs = Up>M Qp, so that with Corollary

wQsa)=pn| U Q| <D n(Q)< dez

p>M p>M p>M p
i L 1 .
The series > p -z converges, hence > psM 2 m 0, so that:
(5) M(Q>M) —0
M—+o00

Note that R<pr \ R = Qs in fact R<pr \ R is the set of n for which there exists p > M
such that p divides all of the Pj(n), which is exactly the union of all Q,, for p > M.
Consider the decomposition:

'R,gM =RU (RgM \R) =RUQ-nm.
It yields the inequalities:

1(R) < p(Rem) < p(R) + p(Qsm)-
AS, by 7 M(Q>M) m 0, we obtain

(6) 1(R<nr) o w(R)

As p(Rem) = [pens ( - ;—’,’i) by (), then

w110 5)

peEP
This infinite product is non-zero if no prime p divides all the values of P;(n),. .., Ps(n) for

alln € Z7, i.e., if ¢, # p" for all primes p.

6.6. Generalization to several families of polynomials. Consider ¢ > 1 families
Pj = {Pj(x),...,Pjs;(z)} of nonzero coprime polynomials in Z[z], j = 1,...,£. For
each j =1,...,¢, consider the set
R(Pj) = {n € Z" | ged(Pj1(n), . .., Prs,(n)) = 1} .

Our goal is to evaluate the set R = ﬂle R(P;).
Proposition 6.2. Let IT = Py --- Py C Zlz| be the set of all possible products Aj--- Ay
with A; € Pj for j =1,...,4. Then we have the following:

(a) The elements of II are nonzero coprime polynomials (in Q[z]).

(b) R = R(IL).
(c) W(R) = H <1 - ;I;> where ¢, = #{n € (Z/pZ)" | Q(n) =0 (mod p),vQ € II}.

peEP



COPRIME VALUES OF POLYNOMIALS IN SEVERAL VARIABLES 17

(d) For every p € P, we have ¢, = p" if and only if for every n € Z", there exists
j €{1,..., 4} such that the prime p divides all values Pji(n),. .., Pjs;(n).

Notice that ¢, can also be computed with the following formula:

¢
cp=# |J{n€(Z/pZ)" | Pjr(n) =0 (mod p), ..., Pjs,(n) =0 (mod p)} .
j=1
This equality follows from the relation V(I-J) = V(I)UV (J) for ideals and their varieties,
applied to II =Py - - - Py.

Proof. (a) Assume that some irreducible polynomial D € Q[z] divides all elements of II.
Then the product of all ideals (P;) C Q[z] (j = 1,...,£), which is generated by the set
II, is contained in the ideal (D) C Q[z]. As (D) is a prime ideal, we have (P;) C (D) for
some j € {1,...,¢}. This contradicts Pj1(z), ..., Pjs;(x

(b) R(II) € R: If n ¢ R, ie., n & R(P;) for some j € {1,...,¢}, then some prime p
divides Pji(n),..., Pjs,(n). Clearly then, p divides all Q(n) with @ € II, i.e., n ¢ R(II).
R(II) D R: Let n ¢ R(II), i.e., some prime p divides all Q(n) with @ € II. Observe that
the ideal generated by all these Q(n) is the product of the ideals (Pj1(n), ..., Pjs;(n)) C Z
with j ranging over {1,...,s}. So this product is contained in pZ. But then pZ must
contain some ideal (Pj1(n),..., Pjs;(n)); hence n ¢ R(P;) and so n ¢ R.

(c) follows from (b) and the Ekedahl-Poonen formula, for the case ¢ = 1, with the poly-
nomials in IT (Theorem [1.5).

(d) We have ¢, = p" if and only if p divides all Q(n) with @ € II for every n € Z".
Arguing as in (b) above for each fixed n € Z", we obtain that, for each n, p divides

x) being coprime.

Pj1(n), ..., Pjs;(n) for some j € {1,..., £}, which is the claimed condition. The converse
is clear. O

Finally we can give the proof of Theorem in the general case ¢ > 1.

Proof of Theorem[1.6 (¢ > 1). Let Pi(z,y),...,Pi(z,y) be as in the statement. The first
point is based on the same result of Cohen used in the case ¢ = 1. Specifically let
H(Py,...,P) be the subset of Z" of all n such that Pi(n,y),..., P/(n,y) are irreducible
in Q[y]. From Theorem 1 of [10, §13|, u(H(P1,...,Pp)) = 1.

For each j = 1,...,¢, denote by P; C Qz] the set of coefficients Pji(z),..., Pjs;(x) of
Pj, viewed as a polynomial in y; these polynomials are coprime. Using then the nota-
tion of Proposition [6.2] the set R C Z" is the subset of all n such that the polynomials
Pi(n,y),...,Py(n,y) are primitive. Thus, for every n € H = H(P1,...,FP;) N R, the
polyn(;mials Pi(n, @, ..., Py(n,y) are irreducible in Z[y].

Observe that the assumption that there is no prime p such that Hle Pj(n,y) =0 (mod p)
for every n € Z" forbids the equivalent conditions from Proposition (d) to happen. Thus,
by Proposition (c¢), we have p(R) > 0. Conclude that u(H) > 0 as well. O
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