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ABSTRACT. A method of choice for realizing finite groups as regular Galois groups over Q(T") is to find Q-
rational points on Hurwitz moduli spaces of covers. In another direction, the use of the so-called patching
techniques has led to the realization of all finite groups over Qp(7"). Our main result shows that, under
some conditions, these p-adic realizations lie on some special irreducible components of Hurwitz spaces
(the so-called Harbater-Mumford components), thus connecting the two main branches of the area. As an
application, we construct, for every projective system (G ) >0 of finite groups, a tower of corresponding
Hurwitz spaces (H@,, )n>0, geometrically irreducible and defined over some cyclotomic extension of Q,
which admits projective systems of Q) -rational points for all primes p not dividing the orders |G|
(n>0).
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Introduction

Let (G, )n>0 be a projective system of finite groups, given with surjective morphisms
Sn + Gy — Gp—1 (n > 0). In [DeDes2] was investigated the problem, given a field k, of
realizing the projective system (G, ), by a regular tower Ko C -+ C K,, C K41 C -+ of
extensions K, /k(T): that is, Gal(K, /k(T)) ~ G,,, compatibly with the s, and K, /k is
regular (n > 0). Constructions of such towers were then notably performed in the case that
k is a henselian field containing all roots of 1 of order prime to the residue characteristic
p > 0 of k, under the only assumption that each group G,, is of order prime to p, i.e., is
a p/-group (n > 0). As an application, the free profinite group F, with countably many
generators can be regularly realized as the Galois group of an extension of Q*((z))(7);
and similarly, its prime-to-p quotient " ) over Q' (7)) (see [DeDes2| for more examples).

Using moduli spaces of covers, these problems and results interpret as those of existence

of projective systems of k-rational points on certain towers (Hy),>0 of algebraic varieties
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(given with maps H, 11 — H,). However the varieties H,, of [DeDes2] — some Hurwitz
spaces — are reducible in general. Our motivation in the current paper was to obtain a
similar result but with the H,, independent of p, geometrically irreducible and defined over
Q or some controlled cyclotomic extension of Q (n > 0).

The key is to use the Harbater-Mumford components of Hurwitz spaces, which have
been introduced by Fried [Fr1]. Their definition, of topological nature, is recalled in section
1. We prove the following fact, which is a main ingredient of our final construction: the
p-adic covers constructed by Harbater’s patching methods [Ha] or by its rigid variants
[Li] [Pol] lie on HM-components (under some assumptions). How we pass from p-adic to
complex objects, is of course a crucial point. A main idea, already present in [Frl], is
that HM-components can be characterized by the way the covers they carry degenerate;
our theorem 1.4 is a precise form of this. A consequence is that HM-components are
permuted by Gal(Q/Q), which was proved in [Fr1] under some conditions. We use Wewers’
compactification of Hurwitz spaces [Wel|, [We2] to handle degeneration of covers. The key
part of our approach (how components can be recovered from their boundary) consists in
some deformation argument. We offer two versions. One (from C to C{{t}}) is based on
a general “comparison theorem” (proved in [Em2]) expressing the fundamental group of a
semi-stable curve in terms of those of the components of the special fiber. The second one
is ad hoc and purely topological (over C).

Our original goal is reached in the final section. To any system (G,,),>0 can be attached
a tower (H,, ), >0 of algebraic varieties H,,, geometrically irreducible and defined over some
controlled cyclotomic extension of @, and which has the following properties (see theorem
4.1 for a full statement):

- each H,, is a component of some moduli space of Galois covers of group G, (n > 0).

- there exist projective systems of Q-points, for every p such that all G,, are p’-groups,
- there exist projective systems of Q*((z))-points,

- there exist projective systems of R-points.

The paper is organized as follows. Section 1 presents the main results. Section 2
provides the main tools. Section 3 gives the proofs of the main results. Section 4 is

devoted to the motivating application: we show the above result, improving on [DeDes2].
We wish to thank Q. Liu and the referee for some helpful comments.

Throughout this paper, we assume a copy of the complex number field C has been

fixed, along with an embedding Q < C of the field of algebraic numbers.
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1. Main results

1.1. HM-components of Hurwitz spaces. For every integer » > 2, denote as
usual the configuration space for finite subsets of P! of cardinality r by U,.. It is a scheme
over Z. Given a subset t € U,.(C), define a topological bouquet for P* \ t to be a r-tuple
= (Ty,...,T,) of homotopy classes of paths 71, ...,7, based at some point ¢, ¢ t of the
form v; = 19152-191-_1 where, for i,j =1,...,r,

(i) d; clockwise bounds a disc A; containing a unique point ¢; € t,

(ii) ¥, starts at t, and ends at some point on d;,

(iii) excluding their beginning and end points, the paths «; and ~; never meet if i # j,

(iv) the first intersection points of 71,...,7, with a small circle centered at t, are
clockwise ordered according to their subscript numbering.

Following Fried [Fr2] we call the v;s sample loops around the ¢;s. It follows from these
conditions that T'y,..., T, generate the topological fundamental group ;" (P'(C) \ t,to)
with the unique relation I'y - - - T, = 1 ([Fr2] chapter 4 theorem 1.8).

Given t € U,.(C) and a topological bouquet I for P!\ t, the map sending every complex
branched cover f: X — IP% with branch point set t to the r-tuple whose entries are the
monodromy permutations of () associated with 'y, ..., 'y, will be denoted by BCDr
(where BCD stands for “branch cycle description”). We recall the notion of Harbater-
Mumford type for covers of P!, which was introduced by M. Fried [Fr1].

Definition 1.1 — A cover f with branch point set t is said to be of Harbater-Mumford
type (a HM-cover for short) if r = 2s is even and there exists a topological bouquet T for
P!\ t such that BCDrp(f) is of the form (91,9 .-+, 9s, 95 ")

Fried was interested in the connected components of HM-covers in the associated Hur-
witz spaces. Generally speaking, Hurwitz spaces are moduli spaces of covers of P! with
fixed monodromy group GG and with a fixed number r > 3 of branch points. The basic
notation for it is H, ¢ and a point representing a cover f, or more exactly its equivalence
class, is denoted by [f].

There are two variants of Hurwitz spaces, depending on whether one is interested
- in mere covers, in which case, the covers are not necessarily Galois and G is the mon-
odromy group, given as a subgroup of the symmetric group Sy (with d the degree of the
covers) and isomorphisms between two covers f : X — P! and g : Y — P! are isomor-
phisms x : X — Y of algebraic curves such that g o y = f, or,

- in G-cowvers, in which case, the covers are Galois covers given with an isomorphism between

their automorphism group and the group G and isomorphisms between two G-covers are
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those isomorphisms between the associated mere covers which in addition are compatible
with the action of G.

For simplicity, we will not distinguish the notation in these different situations, which,

unless otherwise specified, are both covered in this paper.

At this beginning stage, covers are considered over the complex field C. The correspond-

ing moduli space is then a complex smooth quasi-projective variety, which we denote by

ng- We will freely use the Hurwitz space theory in this context; we refer to [Fr2], [Vol,
see also [Del, [Em1].

Due to smoothness of H>;, its connected components also are its irreducible com-
ponents (in the sequel, we just say components). Given an (unordered) r-tuple C =
(C1,...,C) of conjugacy classes of G, we let H>;(C) be the union of those components
of He whose points correspond to covers with inertia canonical invariant C: recall that
this invariant is the collection (Cy); of conjugacy classes Cy of distinguished generators of

inertia groups! above t as t ranges over the branch points of the cover.

For each 7 € Aut(C), the conjugate space H:%;(C)7 is still a Hurwitz space, which
only depends on the restriction 7|gs € Gal(Q®/Q); namely it is ’Hff’G(CX(T)) (where x is
the cyclotomic character and CX(™ = (CX™) .. cX™))). Thus the (generally reducible)
varieties H% and H2%;(C) can be defined over Q and Q™ respectively, in the sense that
their (geometric) components are permuted transitively by Gal(Q/Q) and Gal(Q/Q)
respectively. Furthermore, the Hurwitz space H>%;(C) is itself defined over Q if C is a
rational union of conjugacy classes of G, i.e., if for every integer m prime to |G|, there
exists 0 € S, such that C]" = Cy(;). More generally, given a field k C Q*, we say C
is a k-rational union of conjugacy classes of G if the same property holds for all integers
m = x(7) modulo |G| with 7 € Gal(Q*/k). Under this condition, the Hurwitz space

ff’G(C) is defined over k. For example, the field generated by all roots of unity of order
|G| is a rationality field for C.

We denote by V.. : HX; — U, @z C the étale cover mapping each point [f] € Hp%(C)
to the branch point set t € U,.(C) of the isomorphism class of the cover f. For any choice
of a topological bouquet T for P!\ (t} (with base point to ¢ t), the map BCDy provides

a one-one correspondence between the fiber U1 (t) and the set

We assume throughout the paper we have fixed a coherent system ((n )n >0 of roots of unity; the distinguished generator of some
inertia group I, say of order e, is the generator that corresponds to (e in the natural isomorphism between I and the group pe
of e-th roots of 1.
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g1--gr=1
ni(C)* =< (91,--,9-) EG | <g1,-.-,9- >=G / ~
9i € Cyiy,i=1,...,r for some o € S,
where, by “/ ~” we mean that the tuples (g1, ..., ¢,) are regarded up to componentwise

conjugation by elements of G for G-covers, and, by elements of the normalizer Norg, (G) for
mere covers (in which case ni(C)® is usually denoted by ni(C)™ or ni(C)*® respectively).
There is a classical outer action of the Hurwitz braid group =\ (U, t) on 7 (P'(C) \
t,t9), which induces an action on the fiber ¥ !(t), and on ni(C)® wvia maps BCDr.
This induced action on ¥, !(t) is the monodromy action corresponding to the topolog-
ical cover ¥, : HX%(C) — U,.(C). It can be explicitly determined: 71 (U, t) has generators
Q1,...,Q, 1 whose action on ¥ !(t), when computed relative to some suitable topological

bouquet ', corresponds to the following action on ni(C)®:

(gla .- '7QT)L(917 s agi—lagigi—l—lgi_lvgi7gi+27 .- '797‘)7 1= 17 ceey = 1.

Components of Hﬁf’G(C) correspond to orbits of the Hurwitz braid group action. More
precisely, fix to € U,.(C) and a topological bouquet Iy for P! \ t. Then, via BCDr,, each
component X C Hp%(C) corresponds to some orbit O C ni(C)*, and we have:

(*) X is the set of those points [f] which have this property: for any g € O, there exists
a topological bouquet T for PL\ t where t = W,.([f]) such that the branch cycle description
BCDr(f) of the cover f isg; and O is then the set of all BCDr(g) with [g] € X N U 1(t).

(**) Given any t € U,.(C) and any topological bouquet T for P\ t, the orbit O is exactly
the set of all branch cycle descriptions BCDr(f) with [f] € X N W71 (¢).

Assertion (*) is part of general theory of topological covers; (**) uses in addition the fact
that the Hurwitz braid group acts transitively on topological bouquets up to conjugation?.

Suppose r = 2s and C consists of s pairs (Cj, C’Z-_l), i=1,...,s. Let HM(C) be the
set of all r-tuples in ni(C)*® of the form g = (g1,97 ", .., 9s,95 ). These tuples are called
H(arbater-)M(umford) representatives of ni(C)® in [Frl].

In fact, the Hurwitz braid action comes from the natural outer action of the mapping class group Mg , of the r-marked
sphere (a canonical quotient of w‘l("’(ur,t) by its center) on th()l)(IPl(C)\t,to). Given a topological bouquet I'j, Mg , has

the following description [MclHar]: My, »>~Aut* (7" (P*(C)\t,t0)) / Inn(7(P*(C)\t,t0)) where Aut* (7\""(P'(C)\t,t0))
top

is the subgroup of Aut(m ;" (P*(C)\t,t0)) of those automorphisms ¢ for which there exists o€ S, such that (I';) is conjugate

to Ty (4y, #=1,...,7, and Inn(x{® (P* (C)\t,to) denotes the group of inner automorphisms of (P (C)\t,to).
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Definition 1.2 — A H(arbater-)M(umford) component of the Hurwitz space H%;(C) is
the component of some HM-cover. Equivalently, it is a component that corresponds to the

orbit of some HM-representative under the action of the Hurwitz braid group.

All points in a HM-component correspond to HM-covers but in general there may
be several HM-components. However, Fried proved the following [Frl]| theorem 3.21. He
defines first the notion of g-complete and HM-g-complete tuples C. A tuple C is g-complete
if it satisfies “g; € C;, i = 1,...,7 = < ¢1,...,9- >= G”. A tuple C with the shape
(Cr,CTt, ..., Cs,CTY) is HM-g-complete if it has this property: if any pair C’i,C’i_1 is
removed then what remains is g-complete. He then proves that if C is HM-g-complete, then
all HM-representatives are in the same orbit of the Hurwitz braid group. Consequently,
there is then a unique HM-component. Furthermore, if Z(G) = {1} and if C is a rational
union of conjugacy classes, then this HM-component is defined over Q. We will re-establish

this fact, as a consequence of theorem 1.4, without assuming Z(G) = {1} (corollary 1.5).

1.2. The Wewers’ compactification. Fix a finite group GG and an integer r > 3.
In his thesis [Wel| which is our main reference for this paragraph, S. Wewers gives a more
general construction of Hurwitz spaces, which leads to a definition of H, ¢ and of some
compactification H,. g as schemes over Spec(Z[1/|G|]) (see also [We2]). For each prime
p not dividing |G|, we denote the corresponding fibers above p by Hf’G and m. This
includes the case of the prime at infinity for which one recovers the space H%; of §1.1.

There is good reduction of H,. ¢ at those primes p f|G|: the fiber H}  is a (reducible)
smooth variety defined over Fp and its components correspond to those of H;%; through
the reduction process. Furthermore, each Hf’G is a moduli space, for covers of P! with r
branch points and monodromy group G, over algebraically closed fields of characteristic p.

Consider next the compactification H,. . Locally H, ¢ is the quotient of a smooth
variety by a finite group and two distinct components of H, ¢ have disjoint boundaries
in H, g; so components in H,. g are closures of components in H,. . The natural étale
morphism ¥, : H, ¢ — U, extends to a ramified cover m — U,. Points on the boundary
U, \U, represent stable marked curves of genus 0 with a root, i.e. trees of curves of genus 0
with a distinguished component T, — the root — equipped with an isomorphism P! ~ Tj
and at least three marked points (including the double points) on any component but the
root. Typical examples are the combs defined below. Points on the boundary H,.¢ \ H,.c
represent admissible covers of stable marked curves B of genus 0 with root; see [Wel],

[We2|. A key notion in this paper will be that of HM-admissible cover.
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Definition 1.3 — Given an algebraically closed field k, a comb over k is a k-stable
curve of genus 0 marked by r = 2s points consisting of a genus 0 root Ty attached to s
other k-genus 0-curves Ty, ..., Ty, called the end components, each of them marked by two
points. A HM-admissible cover is an admissible cover of a comb that is unramified at the

singular points (which are the intersection points of Ty, ..., Ts with Tj).

We summarize some properties of admissible covers we will use in the rest of this paper.
Let O be a henselian discrete valuation ring, k its quotient field and « its residue field. Let
P be a O-curve of genus 0 marked by r sections z1,...,Z, with smooth generic fiber and
a r-marked stable special fiber P.

(1) given an admissible cover X — P tamely ramified at the marked points and possibly
at the singular points, there are deformations X — P to covers of P ramified along the
sections 1, ..., T,.

(2) in the case where the special fiber P is a comb, and X — P is an HM-admissible
cover, the deformation is unique.

(3) in the other direction, if X — P, is a p’-cover of the generic fiber ramified at the
marked points, after a possible finite extension of k, it extends uniquely to a cover X — ﬁo
ramified along the sections 71, ..., z,, with special fiber an admissible cover of the special

fiber P of Pp ramified at Z1,...,%, and possibly at the singular points of P.

1.3. Characterization of HM-components. Fix an even integer r = 2s, a finite
group G and an r-tuple C = (C1,C; ', ..., Cs,Co 1) of conjugacy classes of G. The

following statement is one goal of this paper: it will be established in §3.

Theorem 1.4 — The HM-components of Hf?G(C) are those components whose in-
duced component in H, c contains points representing HM-admissible covers over some

algebraically closed field (possibly of positive characteristic).
As a first consequence of theorem 1.4, we obtain:

Corollary 1.5 — Fach 7 € Gal(Q/Q) maps the HM-components of H%(C) on those
of HS?G(C)T. In particular, given a field k C Q*, if C is a k-rational union of conjugacy
classes of G, then action of Gal(k/k) permutes the HM-components of HXG(C). If in
addition, there is a unique HM-component H C H;?’OG(C), it is defined over k.

Proof. Let H be some HM-component of H>;(C). Denote its closure in H, ¢ by H.

From the direct part of theorem 1.4 the boundary of H contains a point representing a
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HM-admissible cover f defined over some algebraically closed field x, which, as the proof
will show, may be assumed to be of characteristic 0.

As recalled in §1.2, the cover f extends to some cover f of Pi((m)) over the field k((x))
of Laurent series with coefficients in k. The representative point [f] still lies in H.

Let 7 € Gal(Q/Q). Then H™ is a component of the Hurwitz space H%(C)7; further-
more H™ = H . Extend 7 to a Q-automorphism of x((x)) fixing 2. Then []77] = [f]T eH’
and the reduction of f ™~ modulo the maximal ideal of x[[z]] is £, which is a HM-admissible
cover. Conclude from theorem 1.4 that H™ is a HM-component of H2%;(C)7.

The rest of corollary 1.5 is straightforward. [

Remark 1.6. Classically constructing a Hurwitz space H, ¢(C) for a given group G
with some component defined over QQ can alternatively be done as follows: choose for C
a rational union of conjugacy classes of G of the form C = (Cf, C’l_l, .o, O, 071 and
use patching methods to construct a Galois cover over Q((¢)) with group G and inertia
canonical invariant C; the component of the representative point in H, ¢ (C) is then defined
over Q((t)) N Q = Q. Furthermore, this component has p-adic points for each prime p
(including p = 00) (e.g. [DeDesl]| §4.2).

There is however some advantage in working with the somewhat more intrinsic (when
unique) HM-components of corollary 1.5. In the final section, given a projective system
(Gr)n>0 of finite groups, we will construct a tower of such components carrying, for each
prime p not dividing the orders |G,|, projective systems of rational points over some
appropriate p-adic field. The alternate argument recalled above also provides towers of
components but it is unclear to us that projective systems of points over p-adic fields that

can be constructed all belong to the same tower when p varies.

2. Tools

2.1. Comparison theorem of fundamental groups. A main tool in the proof of
theorem 1.4 is a comparison theorem between the fundamental groups of the generic fiber
and of the components of the special fiber of a stable marked curve. We only state the
topological version. The general version and the proof are given in [Em2] (see also [Sa]).

The situation is the following. We are given a stable marked curve Z over the ring
C{{e}} of convergent power series with coefficients in C. We only consider here the special
case where Z is of genus 0 and its special fiber is a comb. We denote its root by Tp, its
end components by 17, ...,Ts, the intersection point of Ty with 7T; by a; and the marked
points on T; by Z;, §;, i = 1,...,s. We also denote by {1, y1,...2s,ys} the marked points
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on the generic fiber Z,, which extend to sections {Z1,¥1,...,Zs,ys} on Z specializing in
{1,915+, s, Us )

Choose a base point &; in T; \ {Z;, 7;,a@;} and a base point &; in the geometric generic
fiber Z5 \ {x1,y1,...,%s,ys} which specializes in &,i=1,...,s. The natural restriction
functors from the category of covers of the geometric generic fiber Z5 to the category of

covers of T; induce morphisms of fundamental groups®

5’& : ﬂ—;op(iri \ {jhyh al}7§_Z) - ﬂ-iop(Zﬁ \ {1'1, Yiy.. 0y Ts, ys}7 §Z) (l = 17 ey S)
50 : ﬂfiop(TO \ {dla ey as}aEO) - Wiop(Zﬁ \ {xla Y1,y Ts, ys}ag())

The base points &g, &1, . .. & in the right-hand side terms can be changed to a common base
point £ € Zy \{z1,91,..., s, ys} but then the morphisms, which we denote by 6y, 61, ...6,
(i.e., we remove the tilde), are only defined up to conjugation depending on the choice of
a path §; from & to &, i = 1,...,s. Clearly the images of sample loops based at &; by 51
(resp. 0;) are sample loops based at & (resp. £),i=0,1,...,s.

Theorem 2.1 — There exist
- a topological bouquet I'*) = {Fgo), e, I‘go)} for Ty \ {ay,...,as} based at &,
- a topological bouquet TV = {I‘(()i), ng)’ ng)} for T; \ {a;, %;,7;} based at &, i =1,...,s,
and
- elements o; € T (Zg \ {21, Y1, -+, T, Ys 1, &), i = 1,..., 8,
such that % (Zp \ {x1, Y1, - - -, Ts,Ys}, €) is generated by the elements

- 0o(T),. .., 00T, and

- 0,05, 0,18),0,(05), i =1, s
with the only relations GO(FZ(-O)) . Qi(F(()i))‘” = 1,4 =1,...,8. Moreover the o; can be
chosen in such a way that 6, (Fgl))‘71 , 91(F§1))‘71, ce GS(FgS))"S , 05 (ng))as form a topological
bouquet for Zz \ {x1,y1,...,%s,Ys} 4

For >0 small enough the fiber of Z—SpecC{{e}} over {0<|e|<r} is an analytic variety and the topological fundamental
group WROP(ZE“\{mi,yf,...,wg,yg}) is constant for € real in ]0,7[. This fundamental group is by definition the topological

fundamental group of the geometric generic fiber, and is denoted by TrIiOD(Z,—,\{xl JYlse-sTs,Ys })-

In order to get this last conclusion from theorem 4.3 of [Em2|, note that for ¢=1,...,s, one can always choose a path §; from &
to &; in such a way that J1,...,05 do not intersect and that their intersection with a small circle around & are clockwise ordered
according to their subscript numbering. Then the two loops representing Oi(ng))ai ,Gi(Féi))ai can be separated into two
sample loops wgi), wéi) around x; and y;, t=1,...,7, in such a way that wgl),wél),...,wgs) ,wés) satisfy all conditions (i)-(iv)

from §1.1 and so that their homotopy classes 6 (Fgl))gl ,01(F§1))‘71 ,...,HS(ng))GS ,GS(F;S))‘TS form a topological bouquet.
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2.2. HM-covers degenerating to HM-admissible covers. The general construc-
tion below, which shows some HM-covers degenerate to HM-admissible covers (over C),
will be used in the proof of theorem 1.4.

Let S? C R3 be the unit sphere (identified with P!(C)) and let t = {21, 91, ..., 2, ys} C
S? be a subset of r = 2s distinct points. Suppose also given s open disks Uy, ..., U,
such that U; N U; = 0 and z;,y; € U;, and pick a point a; on the line segment [z;,y;],
(i,j=1,...,s and i # j).

Consider the continuous deformation t¢ = {z¢,49,... 2% ¢?

S

} parametrized by 6 € [0, 1]
of the marking t = ty given by

2 = (1 —0)z; + ba;
y, = (1= 0)y; + ba;

This deformation induces a continuous path between the representing points on the moduli
space U,. In Wewers’ modular compactification of U,., the limit point (for # = 1) represents
a comb. This comb is obtained by blowing up the deformation space t? (6 € [0, 1]) at each
double point z; = y}, i = 1,...,s (see figures for a topological representation of this
process). Denote the resulting comb by C, which is the union of the sphere S? with
s “small” spheres ¥1,...,%,, pairwise disjoint, attached to S? at the points ar,...,a,
respectively and marked by two distinct points (distinct from ay, ..., ay).
Foreachi=1,...,s,let ;1,72 be closed paths based at a;, revolving around the seg-
ment line [z;,a;] and [a;,y;]; for each 6§ € [0,1], their homotopy classes I'; 1,T'; o freely
generate 7, (U; \ {2%,y¢},a;). Fix a point ag € S? \ U,<,<,U; and a set of paths
d1,...,0s, pairwise disjoint and connecting ag to ai,...,as ;e;pectively, in such a way

that, setting 7; ; = (51-%-73-(5;1 (i=1,...,s,j =1,2), the corresponding homotopy classes
f1,1, fl’g, cee fs,l, f‘572 constitute a topological bouquet f for each base space S? \t9 based
at ag (0 € [0, 1])°.

Next let d > 1 be an integer and G C Sy be a subgroup of S; given with a generating
system {gi,...,gs}. For every 0 € [0,1], let ¢g : m*(S%\ t?,a9) — G C Sy be the
epimorphism mapping fi,l to g; and flg to g{l, t =1,...,s. Denote the associated C-
cover by fg and the corresponding representing point on H:%; by hg. By construction, the
covers fg are those obtained from f, by the deformation t (8 € [0, 1[). The first part of

the lemma below also follows by construction.

As above in footnote 4, the paths :;1,1,"\)71,2,...,:;3,1,7)7532 themselves do not satisfy conditions (i)-(iv) of §1.1 but they are
homotopic to paths which do.
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Lemma 2.2 — The covers fy are HM-covers (6 € [0,1]). Furthermore, the collection
of points hg = [fg| converges in H, c(C) as 8 — 1 and the limit point hy corresponds to
the isomorphism class of a HM-admissible cover fi of the comb C with cyclic restriction

of inertia canonical invariant {g;, g{l} C S4 above each sphere ¥;, i1 =1,...,s.

Proof. For the second part, let (6,,),~0 be a sequence of elements in [0, 1] such that 6,, — 1
and (hg, )n~0 converges in H,. ¢ (C) as n — oo. Due to the continuity of H,.¢(C) — U, (C),
the limit point h; corresponds to the isomorphism class of a cover f; of the comb C.

Set B = 82\ Ui, U, and f; = 51’“15;1 where 0; is the part of §; from a, to the first
intersection point, say b;, with the disk U; and u; is the loop based at b; that clockwise
bounds the disk U;, i = 1,...,s; the homotopy classes [31],...,[0s] generate '°*(B’, o)
with the single relation [3;] - - - [85] = 1. For every 0 € [0, 1], denote by ¢} the representation
m°P(B', ag) — Sy associated with the restriction f) to B’ of the cover fy (6 € [0,1]).

For 6 € [0, 1], ¢} is the restriction of ¢g to m\*(B’,ag). As in m\P(S?\ ¢, ag) we have
[Bi] = [Vi.1][7i.2], the definition of ¢p yields ¢g([3i]) = 1,7 =1,...,s, for all § € [0,1[. It
follows that ¢ ([3;]) = 1 in 7\°®(B,ap), i =1,...,s, and so, ¢}, = 1, for all f € [0, 1].

Now the assumption lim hy, = hy implies that ¢ = ¢y, = 1 (for alln > 0). Therefore
the restriction of f; to STQL \:01 is unramified at the points aq,...,as: f; restricts to a trivial
cover above the root S? of the comb. This also shows that the restriction of f; to each
sphere ¥; (each end component) is unramified at a;, hence is a cyclic cover branched at
two points, i = 1,...,s. More precisely, this cover is determined by the monodromy action
along the paths ~; ; and 7,2 (based at a;) viewed on the comb C; as f; is trivial above the
root S?, it is the same as the monodromy action along the paths 7i.1 and 7; 2 (based at

ag); by construction it is given by g; and gi_l, 1=1,...,s. O

Addendum to lemma 2.2. In the proof of lemma 3.2, we will have to use that
(*) the construction above can be achieved with the extra constraint that the comb C and

the HM-admissible cover fi are prescribed in advance.

That is, the following will be given: the comb C given as a root sphere ¥, attached

to s spheres Yi,...,X, at given points a,...,as respectively, the group G C Sy, and,

for i = 1,...,s, the (not necessarily transitive) representation m°*(X; \ {2 pts}, a;) — Sq
corresponding to the restriction of f; to X;, where {1,...,d} is the fiber of some fixed
point aqg € Yo in the cover f;, which the fibers of aq,...,as are identified to as the

restriction of the cover to Xy is trivial. This last part of the data readily provides an
r-tuple (gl,gl_l, ey 0s, 95 1): take for gi,gi_1 the images of two standard generators of

(2 \ {2 pts}, a;), i = 1,...,s. From this, one easily forms an r-tuple t, a deformation
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t? and a cover f; as above such that the corresponding specialization of f, for = 1 is the

prescribed cover fi.

2.3. Construction of HM-covers from patching methods. This paragraph is
aimed at reinterpreting the notion of HM-covers in the rigid viewpoint and will be used in
84 to show that the rigid covers that are used in [DeDes2] can be constructed to be HM-
covers. In §4.3, we will provide an alternate formal approach to the result of [DeDes2],
which does not use this paragraph.

Fix an even integer r = 2s and a discrete valuation ring O, assumed to be complete,
with fraction field k£ and algebraically closed residue field s of characteristic p > 0. Let
t ={z1,y1,...,Ts,ys} €U.(k) with t C P1(k). Assume further that, modulo the maximal
ideal P of O,

(*) x; and y; are in the same coset, i = 1,...,r, and,

ri,...,Ts lie in pairwise distinct cosets.

(For points a, b in k identified with P! (k) \ {co}, being in the same coset modulo P more
explicitly means that either |a| <1, |b| < 1 and |a —b| < 1, or, |a| > 1 and |b] > 1).

Classically ]P’,lf marked by the r-points x1, y1, ..., xs, ys has a unique stable model JSt over
O such that the points x1, y1, ..., s, ys extends to sections x1,¥; ..., Ts, ys specializing at
distinct points Z1,71,. .., Zs, Js of the special fiber. The special fiber P is a comb over
k with root Ty attached to s end components Ti,...,Ts. Denote its singular points by
ai,...,as. The model P, induces an O-model of the rigid analytic space P rig, which is
the maximal spectrum of the generic fiber of the formal completion of P, along the special
fiber (e.g. [Gal]).

For each i =1,...,r, pick a point w; such that |x; —w;| = |y; — w;| = |z; — y;| = r; and
denote by D; the open disk of center w; and radius 1 and by 90D; the subset of D; of all
points = such that 1 > | —w;| > r;. Points z verifying |z — w;| = r; specialize on T}; those
for which | —w;| =1for all j =1,...,s, specialize on Tj; and points of JD; specialize at
aj,1=1,...,s.

Fix a finite group G of prime-to-p order and an r-tuple C = (C1,C;',...,Cs, C;1)
of conjugacy classes of G. Suppose given a k-cover f : X — P; of group G, with branch
point set t and inertia canonical invariant C. After some finite extension of k, the cover
f: X — P} uniquely extends to a cover f:X— P (§1.2).

Denote also by f;, i =1,...,s, the restricted rigid cover f above the disk D;.
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Proposition 2.3 — The following conditions are equivalent.

(i) each restricted cover f; is trivial above 0D;, i =1,...,s,

(ii) each restricted cover f; extends to a cover g; : Y; — IP’rlig with only two branch points®
(x; andy;) ,i=1,...,s,

(iii) the special fiber f of ]7 is unramified at the singular points @i, ...,as of the comb P,

that is, f is a HM-admissible cover.

Proof. Fix some index i € {1,...,s}.

(i)=(iii). The restriction f; of the admissible cover f to T; can be viewed as the
reduction modulo an uniformizing parameter of f;. The restriction of f; to dD; is supposed
to be trivial, and the fiber of a; in the restriction of fto T; corresponds to the fiber of 9D;
in f;. This shows that this restriction is unramified at a,.

(iii)=(ii). We suppose the restriction f; of f to T} is unramified at a;. So f; extends to
a cover of P, unramified outside two points z;, y;. The generic fiber of this cover induces
a rigid analytic cover g; : Y; — Py,
be identified to f;.

(ii) =(i). Suppose that f; extends to a cover g; : Y; — ]P’rlig
The restriction of g; to any disk containing neither x; nor y; is trivial. Then the restriction

unramified outside {z;, y; }, whose restriction to D; can
unramified outside {z;, y; }.

of f; to any closed annulus contained in 0D; is trivial. So the same is true for the restriction
of f; to 0D;. O

Assume further that k is of characteristic 0. Let Q(t) C k be the subfield generated by
the branch point set t = {x1,¥1,..., s, ys} of the cover f and m C k be its algebraic
closure inside k. It classically follows (from Riemann’s existence theorem or Grothendieck’s
specialization theorem) that f ®j k has a model f@ over @ Next fix an embedding
i : Q(t) — C. Via this embedding, the cover f@ induces a C-cover f': X' — P{ of
group G, with branch point set t? and with inertia canonical invariant CX(¥), Denote the
corresponding complex point in HS?G(CX(i)) by [f]’. It is the image via i of the k-point
[f] € H(C). As a consequence of corollary 1.5 we obtain

Corollary 2.4 — If the cover f satisfies the equivalent conditions of proposition 2.3,
then the point [f]* lies in a HM-component of Hﬁf’G(CX(i)).

g; is then necessarily a cyclic cover of P! by a curve Y; of genus 0.
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3. Proof of theorem 1.4

3.1. Direct part. Fix s open disks Uy, ..., U, in P!(C), pairwise disjoint, and pick
distinct points z;,y; in U;, ¢ = 1,...,s. Set t = {x1,y1...,%s,ys} and fix a topological
bouquet ' for P! \ ¢t as in §2.2. From assertion (**) of §1.1, if H is any HM-component
of H%(C), there exists an isomorphism class of cover [f,] € H with branch point set
t and with branch cycle description relative to I' of the form (gl,gl_l, ey 05,935 %). The
construction given in §2.2 applies to show that H has HM-admissible covers in its boundary.

Alternatively theorem 2.1 can be used to prove this direct part.

3.2. Converse. Suppose given a component H of H7%(C) whose boundary HinH,q
contains a point representing a HM-admissible cover ¢ defined over some algebraically
closed field k. We will describe “a path in the closure H” from the point representing ¢
to a complex point representing a HM-cover. If  is of characteristic 0, the first stage can

be skipped.

3.2.1. First stage. Suppose the field x is of characteristic p > 0. Let k be a henselian
field of characteristic 0 and of residue field k. Call O the ring of integers of k.

Lemma 3.1 — The k-cover ¢ lifts to a k-HM-admissible cover f of a comb with s end
components Ty, ..., Ts, each of them being a copy of IF’%, and satisfying the following:

e the restricted cover f above T; is a (not necessarily connected) cyclic cover branched at
two points and unramified at the intersection of T; and the root Tj; its inertia canonical
movariant is {gi,gi_l} for some g; € C;, i =1,...,s,

e the restricted cover f above the root Ty is trivial,

® g1,...,9, generate the group G,

e the point [f] lies on H.

Proof. The base space of the cover ¢ is a comb 7 defined over k, which consists in a
root 79 ~ P! with s marked distinct points aq, ..., as, and s end components 7, ..., s
attached to the root at aq, .. ., as respectively, each of them marked by two points. Choose
a deformation 7y of the marked curve 75 over O: P, marked by @y, ..., &,. At each section
a; of 7y attach a copy 7; of ]P’%Q marked by two points (i = 1,...,s). Denote the resulting
space over O by T.

The restriction of ¢ to each component of 7; is a cyclic cover branched at two points,
1 =1,...,s. For every given integer d > 1, there is, up to isomorphism, a unique connected
cyclic cover of P! of degree d branched at two points. Thus each component of ¢|,, has a

unique deformation to a O-cover of 7; branched at two sections. The trivial cover given by
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the restriction of ¢ to 7y obviously extends to a trivial O-cover of 75. The patching datas
above «; between the restrictions of ¢ to 7y and 7; uniquely extend to patching datas over
O (i=1,...,s). This follows from the fact that the points of the fiber of &; are defined
over O. As a result we obtain a cover ¢ of 7. Denote its geometric generic fiber by f; it is
a k-HM-admissible cover. From Wewers’ work, the representative point is on m As it
reduces to [¢] modulo the maximal ideal of O, it has to be on H. The rest of lemma 3.1

readily follows. O

3.2.2. Second stage. If k is of characteristic p > 0, retain the notation of §3.2.1. If
is of characteristic 0, set k = x and f = ¢. In both cases, f is a HM-admissible cover of
a comb over k. In fact f can be defined over the algebraic closure ko C k of the field of
definition kg of the branch points. Its representing point [f] on the moduli space H,. ¢ is a
ko-point on H. This in particular provides an embedding F — ko of the field of definition
F of Hg into ko; F is a number field contained in C. Extend the inclusion F C C to
an embedding ¢ : kg < C. The C-cover f* obtained via this embedding corresponds to a
complex point in H.

By construction, f* is a complex HM-admissible cover of a comb 7" it is trivial above
the root Ty ~ }P’(%:, has s end components T7%,...,Ts isomorphic to IP’}C, and each of the
restrictions of f* to some connected component above T; is a C-cyclic cover of group
with inertia canonical invariant {g;, g, 1 for some g; € C; and with group < ¢; > C G,

t=1,...,s. Furthermore, the elements g1, ..., gs generate the group G.

Lemma 3.2 — The C-cover f* is in the topological closure of some HM-component of
the Hurwitz space H¢(C).

Theorem 1.4 will then follow immediately. Indeed the representing points of the covers
¢ and f* are in the same component H of H,. ¢ (C); hence they are in the boundary of the

same component H of H2%(C), which from lemma 3.2 is a HM-component.

We give two proofs of lemma 3.2. The first one uses §2.1 and the second one §2.2.

1st proof. The complex comb T can be deformed over the ring C{{t}} of Taylor se-
ries of positive radius of convergence to a stable curve P; of genus 0 with 2s sections
Z1,91,...,Ts, Js and whose generic fiber is a P! marked by t = {z1,y1,...,7,,ys}. Using
§1.2 again, extend the HM-admissible cover f* to a C{{t}}-cover f with generic fiber a
smooth cover of P! branched at z1,y1,...,%s, ys. As all the varieties we consider are of
finite type over C{{t}}, there exists a real number p > 0 such that f induces an analytic
family of covers f@ (0 < 0 < p) of P! defined over C ramified at 2s points z¢,v{,..., 2%, 1¢

(the specializations of T1,91,...,ZTs, ys at t = 0).
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We now apply theorem 2.1. The topological fundamental group of the fiber at 6 of
P, which we denote below by (P')?, is constant. With the notation of theorem 2.1, we
have homotopy classes 01(1“51))"1, 01(Fgl))"1, RN (ng))US,HS(FgS))”S which constitute a
topological bouquet of (P1)?\ {29, 49, ... 29, 4%}.

As the cover f*is unramified at each point @;, i = 1,...,s ( ftis HM-admissible), the
Branch Cycle Description of the cover ]79 with respect to this topological bouquet is of the
form gt (g7")", ..., g", (g7 1) The cover fy is the unique deformation of f* along the
path {z9,49,...,2% 4%} (0 €]0,1[) and hence is a connected cover of monodromy group G.
Thus the cover ]?é is a complex HM-cover corresponding to some point in Hf"’G(C), which

proves lemma 3.2. L]

2nd proof. §2.2 explains how to construct a family of HM-covers degenerating to a
complex HM-admissible cover fi. From the addendum to lemma 2.2, there is no restriction
on the degenerate cover f;; we can take it to be f*. The HM-covers fp (0 < 6 < 1) provided
by the construction have then 2s branch points, their group is the group G generated by
gi,...,9s and the inertia canonical invariant is the tuple C consisting of the s pairs of
conjugacy classes Cj, C’Z-_1 of g; and gi_l, i=1,...,s. This shows indeed that f* is in the

topological closure of some HM-component of H>%(C). O

4. Application to Hurwitz towers

This section is devoted to our application to inverse Galois theory; the previous sections

are used in the special context of G-covers.

4.1. Statement of the main result.

Theorem 4.1 — Suppose given a projective system G = (Gy)n>0 of finite groups with
surjective morphisms sy, : Gp, — G, 1 (n > 0). Consider the field generated over Q by all
roots of unity of order |G,| (n > 0) and denote its maximal real subfield by Q(pug)¢. Then
one can construct a projective system (a tower) (Hy)n>0 of varieties H,, geometrically
irreducible, with algebraic morphisms 1y, : Hy — Hp—1, defined over Q(ua)® and with the

following properties:

(i) For each n > 0, the variety H,, is the unique HM-component of some Hurwitz space

HYX o (Cyp) (for some integer rn, > 0 and some r,,-tuple of conjugacy classes of Gy,).

T™n,Gn

(ii) As a consequence of (i), recall that if k is any field containing Q(ug)®, existence of

k-rational points on H, implies the group G, can be realized as the automorphism group
of a k-G-cover of P* of field of moduli k.
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(iii) If k be a henselian field of characteristic 0, of residue characteristic either p = 0 or
p > 0 not dividing any of the orders |G, | (n > 0), and containing all roots of 1 of prime-
to-p order, there exist projective systems of k-points on the tower (H,)n>0. For example,
there exist projective systems of Q*((z))-rational points and there exist projective systems
of Q' -rational points, for each prime p such that all Gy, (n > 0) are of prime-to-p order”.

Furthermore, there also exist projective systems of real points.

(iv) In (iii), the projective systems of rational points have the extra property that at each
level n > 0, the point lies in the no-obstruction locus of H,, that is, where the field of
moduli is a field of definition. Consequently, the projective systems of k-rational points in
question in (iii) correspond to projective systems of k-G-covers X,, — P, or equivalently,

to towers of k-regular extensions K, /k(T), realizing the system (Gy)n>0-

Remarks 4.2. (a) In general, Hurwitz spaces are coarse moduli spaces and so k-rationality
of their points [f] only corresponds to f being of field of moduli k& but not necessarily defined
over k. We do have conclusions about fields of definition. So some information is lost in
stating the results in terms of rational points on moduli spaces as in (iii). Assertion (iv)
compensates this loss. We could have instead stated the result in terms of stacks rather
than moduli spaces. However in this refined version, the stack-theoretic H,, counterpart of

‘H,, would not be an algebraic variety anymore.

(b) Recall that presence of roots of 1 in the base field k£ in (iii) is not just a technical
assumption due to the method employed. The result would be false otherwise: for example,

the group Z, = imZ/p"Z is not a regular Galois group over Q¢(7') [Se].

4.2. Proof of theorem 4.1. The first stage consists in constructing a sequence
(rn)n>0 of integers r, > 3 and a sequence (C,,),>0 of r,-tuples C,, of conjugacy classes of
G, with the following property: if k is a henselian field as in (iii) or if £ = R, then there
exists a projective system (fp)n>0 of G-covers f,, defined over k with group G,,, with r,
branch points and with inertia canonical invariant C,,. Such a construction is the main
result of [DeDes2] (see théoreme 4.1). Over henselian fields it was performed using rigid
patching techniques; formal techniques can be used alternatively; we explain how in §4.3.

This construction thus yields a tower (H;° o (Cpn))n>o satisfying the desired assertions
(iii) and (iv) of theorem 4.1 (with Hp° , (C,) replacing H,). However the varieties

H 5, (Cn) are not geometrically irreducible as the H,, are claimed to be in theorem 4.1.

Tn,

The fields Q™ ((z)) and Qj, can even be replaced by the smaller henselian subfields Q™ ((z))™ and (Q‘;)“lg of all elements
algebraic over Q(z) and Q respectively.
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In order to get the full statement of theorem 4.1, we will use theorem 1.4 to show that the
realizing covers f, can be taken to be HM-covers.

In the formal setting, we refer to theorem 4.4 for this point. In the rigid setting this
can be justified as follows. The first stage of the method of [DeDes2] is to construct, at
each level n > 0, some cover f,, as required, over the completion of k first, thanks to the
Serre-Liu-Pop rigid patching method (n > 0) [Se; §8.4.4], [Li], [Pol]. By construction, this
[ satisfies condition (i) from proposition 2.3 and the following condition on the branch
point set t = {z1,y1 ..., 7, ys} C PL(k):

(%) | — ] < |ws — @] |p|7 T, j#ii=1,...,s (with|p|7 T =1if p=0).

If one picks the points z1,y; ..., 7s,ys € PH(k) satisfying both conditions (*) from §2.3
and (**) above (e.g. |z;| =1, |z; —zj| =1 and |z; —y;| < |p|ﬁ (i,7 €{1,...,8},i# 7)),
then the construction leads to a cover f,, satisfying the conclusions of proposition 2.3, that
is, thanks to theorem 1.4, to a HM-cover. Follow then [DeDes2] (§3.1 and théoreme 3.4)
to show that there exists a projective system of such HM-covers, and that their field of
definition can be descended to k (from its completion) as the branch points are in P! (k).

Finally, as explained in [DeDes2], the sequences (7y)n,>0 and (C;)n>0 can be initially
chosen in such a way that C,, is HM-g-complete and so there is a single HM-component on
HZ .. (C,), and it is defined over Q(ug)® (n > 0)3. Define H,, to be this HM-component

nsTn

(n > 0). The projective system (Hy,),>o fulfills all conclusions of theorem 4.1. [

Remark 4.3. The tower (H,)n>0 constructed above can more precisely be defined over
any field k C Q® over which C,, is k-rational for all » > 0. In many interesting cases, it
is possible to construct tuples C,, as above with the extra property that they are all Q-
rational: that is the case for example it G = lim G, is generated by finitely many elements
of finite order, and in particular in the situation of modular towers (see §4.4). However
this is not possible in general. Indeed assume that elements of finite order together with
elements with trivial image in Gy do not generate the group G = lim G, (think of G = Z,,)
and suppose given a projective system (C,,),>0 as above. Then one may assume that C, 1
is of order v, (n > 0) with v, — oo and Cp1 # {1}. For each n > 0, Q-rationality of
C,, implies it must contain ¢(v,,) distinct prime-to-v,, powers C,’j’l of Cp,1 (where ¢ is the
Euler function). Now these classes map to non trivial classes of Gy to provide as many

entries in Cy (vith possible repetitions): a contradiction as ¢(v,,) tends to oo.

We point out that there is a mistake in the second part of statement (a) of théoréme 4.1 of [DeDes2], which can be rectified as
follows: the field of definition of the component H5° in question is not Q as asserted but is equal to the field of definition of the
whole Hurwitz space Ha,, ,r,, (Cn) (it is Q if it is assumed further C,, is a rational union of conjugacy classes).
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4.3. Formal approach. We give here the alternate proof of théoréme 4.1 of [DeDes2]

using formal geometry, thus providing a complete formal approach to theorem 4.1.

Theorem 4.4 — Let (s, : Gy, — Gn_1)n>0 be a projective system of finite groups.
There ezxists a sequence of even integers r, = 2q, (n > 0) and for each n > 0 a r,-tuple
C,. of conjugacy classes Cp1, C;ll ooy Chgns C;qln in Gy, for which the following holds:

For any henselian field k of residue characteristic p > 0 not dividing any of the orders
of Gy, and containing all roots of 1 of prime-to-p order, there exists a projective system

(fa)n>o0 of HM-Galois covers of P* defined over k and with Galois groups (Gp)n>0-

Proof. Choose a non-decreasing sequence (¢, )n>0 of positive integers and for each n > 0

a generating system g(™) = (g%n), s gé:)) of G,, such that

{sn+<<“> g™ =1,

supr(g") =1 forall j>q,

W (j=1,...,¢0, n > 0).

On the other hand one can construct an infinite set of points {z1, y1, 2, y2, ...} of P1(k)

We denote by C),; the conjugacy class in G,, of g

and a projective system (T(n))nZO of stable marked curves 7™ over the valuation ring O
of k, whose generic fiber is P* marked by the set t,, = {21, y1,--.,Zq,,Yq, } and the special
fiber is a comb with roots Tén) and end components Tj(n) (j=1,...,qn), z;,y; specializing
on Tj("), 1 < j < gn, with morphisms ¢, : T™*D — T (n > 0) inducing the identity

map Id on the generic fiber and inducing the following map on the special fiber:

Id 75" — 1
d:7" -1 j=1,...,q,

Tj(nH) — a;, forall j > g,

where @; denotes the intersection point of Tj(nﬂ) with TO(nH).

For every n > 0 the restriction functors from the generic fiber to the components of
the special fiber induce morphisms of fundamental groups 9§-n) My (Tj(n) \ {a;,z;,y;}) —
1 (T, én) \ t,,) (defined up to conjugation), and similarly with j = 0, making the following

diagrams commutative (up to conjugation)

7T1(Tj(”+1) \ {&jvjj;gj}) _ 7_‘_1(T7§n—¥—1) \tn+1)

| |-

m(T\ fag, 25,51 — w8\ t)
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(similarly with j = 0).

Given t € U,, we call product-one distinguished generating system for the algebraic
fundamental group 7 (P! \ t) every generating system (I'y,...,T,.) of w1 (P! \ t) such that
I'y---T', = 1 and I'; is an inertia distinguished generator at some point t; € t, i =1,...,r.

For every n > 0, the algebraic comparison theorem from [Em2] provides a product-one
distinguished generating system (G}, Gy',...,G}%, Gy") for 7T1(T7—§n) \ t,) with

where T (resp. T}) is the generator attached to Z; (resp. to ;) in a product-one distin-
guished generating system for 7 (Tj(n) \{@;,%;,7;}), and 7' € my (T,%n) \tn), i=1,...,¢qn.
For each n > 0 there exist elements w,, € m; (T,%n) \ t,,) such that

Un(GTTH) = (GTT)m, j=1,....40
Un(GETH) = (G, j=1,...,40
Y (GITY =1, forall j > g, i=1,2

Consider an integer n > 0. Starting from the (non connected) cyclic covers of the end
components corresponding to the morphisms 7 (Tj(n) \ {a;,z;,y;}) — G, mapping Fji to
ggn) and T to (g§n))*1, j=1,...,qn, and from a trivial cover of the root Tén), build
a HM-admissible cover of the special fiber of T(™). The generic fiber of a deformation
of this HM-admissible cover gives a p’-cover f, : Z, — Tén) of the geometric generic
fiber T,Sn) of group G, branched at the r, = 2¢, marked points, corresponding to a
morphism 7 (7, %n) \ t,,) — G, mapping G7’ to some conjugate hg-") of gj(.n) and G2 to
(hg-n))_l, j=1,...,q,. From theorem 1.4 the representing point [f,] belongs to some HM-
component of the Hurwitz space HY G (C,). Moreover one can require that this cover,
which is defined over k, has a totally rational fiber (i.e. consisting of k-rational points)
over some fixed k-rational point of the basis; this follows for instance from the fact that
the special fiber of the cover is trivial over the root, and so has many totally k-rational
fibers, which extend to totally k-rational fibers. A consequence of this property is that
two such covers which are isomorphic over k already are over k.

Let S,, be the set of k-isomorphism classes of such HM-covers of 7, én) (n > 0). It is

TénH) is a representative of an element of

a non-empty finite set. Moreover, if Z,,11 —
Sn+1, the cover 7,11 /Ker(s,) — Ténﬂ) is unramified at the 2¢,4+1 — 2¢, marked points
which specialize on Tj(n), Gn < j < qn+1, and it induces a Gy,-cover Z,,1/Ker(s,) — T,§”)

ramified at the 2¢, points from t,. The isomorphism class of this cover belongs to S,,.
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We have constructed a map from S, 11 to S, (n > 0), and the projective limit of the
non-empty finite sets S,, is non-empty. An element of this projective limit is a coherent

system of HM-covers of groups (G,,)n>0. O

4.4. Application to modular towers. Suppose given a finite group G and a
prime number ¢ dividing |G| and assume G has a set of generators of order p prime to
¢. Denote the f-universal Frattini cover of G by gé; it is naturally the inverse limit of
some projective system (?é — G)p>0 of finite Frattini covers (of groups) (see [BaFr],
[Fr1]). A typical example is this: G is the dihedral group D, of order 2/, p = 2 and the
projective system (?é)nzo is the sequence of dihedral groups (Dgn+1)n>0, which converges
to Dy = Zy x* Z/2. Suppose now given a henselian field k of characteristic 0; it is not
assumed here that k contains roots of 1. Then the general construction of [DeDes2] applies
to yield a realization of G by a tower of regular Galois extensions of k(7"); furthermore the
inertia canonical invariant C,, of the realizing cover at level n consists of a fixed number,
say r, of conjugacy classes of order p (n > 0). Again this interprets as the existence
of a projective system of k-rational points on a certain tower of Hurwitz spaces, namely

the tower (Hoona(cn))nzo- This tower is a modular tower, as constructed by M. Fried

14
[Fr1] [BaFr]. As before, the results of this paper show the covers used to realize all finite
levels ?é (n > 0) can be taken to be of Harbater-Mumford type. If in addition, Cy is
HM-g-complete and is a rational union of conjugacy classes of GG, then so are all C,, —

a consequence of the Frattini property of ?é — (G — and so each space Hoona(Cn) has

)

a unique HM-component, defined over Q (n > 0). Conclude as before that the projective
system of k-rational points mentioned above can be found on a tower of algebraic varieties,
geometrically irreducible and defined over QQ; furthermore these varieties are here all of the

same dimension, namely 7.
Acknowledgments.
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