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Abstract

Moduli spaces of holomorphic vector bundles on a Riemann surface
were extensively studied by A. Tyurin [Tyu08]. Such a moduli
space carries, beyond its projective variety structure, a certain real
Poisson structure that is symplectic when there are no (real)
singularities, the real singularity structure actually being finer than
the standard complex analytical one. A special case is the degree
zero rank two moduli space with trivial determinant over a
Riemann surface of genus two. I had discussed that particular case
with A. Tyurin. I will explain how, in the general case, the real
structure arises by finite-dimensional ordinary symplectic reduction
from an extended moduli space. Thereafter I will explain a general
lattice gauge theory construction of which the extended moduli
space construction is a special case. This includes a finite-
dimensional construction of the Chern-Simons function on a
3-manifold and answers a question raised by Atiyah. Prompted by
Atiyah’s question, A. Tyurin had studied theta functions in a
lattice gauge theory framework [Tyu02].



Abstract continued

I also plan to explain how, for the moduli space situation, the
complex analytic and Poisson structures fit together to form a
stratified Kähler space. In the presence of classical phase space
singularities, the standard methods are insufficient to attack the
problem of quantization. In certain situations, these difficulties can
be overcome by means of stratified Kähler spaces [Hue04],
[Hue06], [Hue11]. Related quantization issues were among A.
Tyurin’s central research themes, see, e. g., [Tyu03b].



We start with a picture of a situation that was extensively explored
by A. Tyurin. The Kummer surface shows up in his first paper

[Tju64] as well as in his last paper [Tyu03a].



Kummer’s surface 1

 

This is a picture of Kummer’s surface, an algebraic surface defined by a polynomial equation of degree
four. It has sixteen double points, the maximum possible for a surface of degree four in
three-dimensional space. All sixteen points appear in this picture, as singularities at the vertices of the
five tetrahedra. 

The picture was produced by ray-tracing, a technique based on following the paths of light rays through
the scene. 



The Kummer surface again



The Kummer surface in Hudson’s book



Realization in real algebraic geometry in terms of classical Kummer
166-configuration worked out by Hudson [Hud90]:
k a field of characteristic 6= 2, 3:

x4 + y4 + z4 + t4 − x2y2 − x2z2 − x2t2 − y2t2 − y2z2 − z2t2 = 0

16 singular points (±1,±1,±1, 0), (±1,±1, 0,±1),
(±1, 0,±1,±1),(0,±1,±1,±1)
modern treatment [GD94]
166-configuration in [Tyu03a] as variant of Delzant polyhedron
The moduli space of semi-stable holomorphic vector bundles of
rank 2 and degree zero with trivial determinant on a Riemann
surface of genus 2 is ordinary complex projective 3-space. The
points that come from semi-stable vector bundles that are not
stable constitute a Kummer surface.
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Starting question

The moduli space of semi-stable holomorphic vector bundles of
rank 2 and degree zero with trivial determinant on a Riemann
surface of genus 2 is ordinary complex projective 3-space even
though the complement of the stable points is a Kummer surface.
Endowed with its ordinary smooth structure, complex projective
3-space carries its standard Kähler structure. However, as a moduli
space, this is not the naturally arising Kähler structure. What is
puzzling for an algebraic geometer is the fact that the non-stable
points do not form the singular locus of a projective variety.
Can we put a different smooth, perhaps even Kähler structure—an
exotic Kähler structure—, on that moduli space such that the
Kummer surface is the singular locus of that smooth structure and
hence of the exotic Kähler structure?



Starting question, continued

Nearly 20 years ago, I presented such a non-standard structure in a
talk where A. Tyurin was among the audience. At the end of the
talk, A. Tyurin seemed rather puzzled. Next time I saw him, he
approached me rather enthousiastically and would say: “You were
right”. For me, having a master in the field telling me that I was
doing the right thing was of course very gratifying.



The exotic plane with one vertex
In R3 with coordinates x , y , r , semicone

N : x2 + y2 = r2, r ≥ 0

consider the algebra C∞N of smooth functions in the variables
x , y , r subject to the relation x2 + y2 = r2. Define the Poisson
bracket { · , · } on this algebra by

{x , y} = 2r , {x , r} = 2y , {y , r} = −2x ,

complex structure on N: z = x + iy holomorphic coordinate
Poisson bracket defined at the vertex as well
away from the vertex Poisson structure symplectic
complex structure does not “see” the singularity at the vertex
radius function r is not a smooth function of x and y
N the classical reduced phase space of a single particle in affine
space of dimension ≥ 2 with angular momentum zero
N a nilpotent orbit in sp(1,R)
general theory: same kind of structure on closure of any
holomorphic nilpotent orbit [Hue04]



Moduli spaces

My dispute with Tyurin, what was it about?
[Tyu02] , [Tyu03a] , [Tyu91] (p. 259), [Tyu00] (pp. 1049, 1050,
1053) [Tyu] (p. 56: “defines a symplectic orbifold”)
Fix rank r and degree d , compact Riemann surface (non-singular
projective curve) Σ

Theorem ([NS65], [Ses67])

The moduli space Mr ,d of semi-stable holomorphic vector bundles
on Σ acquires the structure of a normal projective variety.

See also [Nar87] and the references there. Some old papers of A.
Tyurin are quoted in [Nar87]: [Tju69], [Tju70], [Tju74].
Proof makes heavy use of Grothendieck quot scheme and ingenious
extension of a theory of representations of the fundamental group
that goes back to A. Weil.



Moduli spaces, continued

Additional structure: (r , d) = 1: Mr ,d Kähler manifold
(r , d) 6= 1: Kähler only on top stratum
infinitesimal structure:
d = 0, G = U(r), π = π1(Σ), g = u(r),
· : g× g→ R invariant inner product
Rep(π,G ) = Hom(π,G )

/
G , at a smooth point [ϕ] of Rep(π,G )

H1(π, gϕ)×H1(π, gϕ)
∪·−−−−→ H2(π,R)

∩[π]−−−−→ H0(π,R)

arbitrary degree d : twisted version via universal central extension

0 −→ Z −→ Γ −→ π −→ 1

Atiyah and Bott: Symplectic structure via Yang-Mills theory,
infinite-dimensional reduction [AB82]



Stratified symplectic spaces

A stratified symplectic space [SL91] is a stratified space X whose
strata are ordinary smooth symplectic manifolds together with an
algebra C∞(X ) of continuous functions and a Poisson bracket
{ · , · } : C∞(X )× C∞(X )→ C∞(X ) such that

I on each stratum, the restriction of any member of C∞(X ) is
an ordinary smooth functions

I for any stratum Y , relative to the ordinary smooth symplectic
Poisson bracket on that stratum, the restriction map
C∞(X )→ C∞(Y ) is a Poisson mapping.

Theorem ([SL91])

The reduced space relative to a hamiltonian action of a compact
Lie group acquires a stratified symplectic structure.



Extended moduli spaces

Finite-dimensional reduction [HJ94], [Hue95]

Theorem
A ms ss holomorphic vector bundles on a curve acquires a stratified
symplectic structure; ordinary symplectic structure in coprime case

Idea: presentation of π (` the genus)

P = 〈x1, y1, . . . , x`, y`; r〉, r =
∏

[xj , yj ]

Lie group G , F free group on x1, y1, . . . , x`, y`
View evaluation via r as a momentum mapping

εr : Hom(F ,G ) ∼= G 2` −→ G , a1, b1, . . . , a`, b` 7−→
∏

[aj , bj ].

Put flesh on the bones of this idea: g = Lie(G )
· : g× g→ R invariant non-degenerate symmetric bilinear form
existence thereof a hypothesis
in particular: G compact, may require · positive definite



Extended moduli spaces, continued

de Rham-bar bicomplex (C ·,·(G ); d , δ): Cp,q(G ) = Aq(Gp),
de Rham differential d : A∗(G ∗)→ A∗+1(G ∗)
bar complex operator δ : A∗(G ∗)→ A∗(G ∗+1)
discrete group Π: chain complex (C̃ ·,·; d , δ)
C̃p,q = Cp(Π)⊗Aq(Hom(Π,G ))
evaluation maps E : Πp ×Hom(Π,G )→ Gp induce
morphism of bicomplexes C̃ ∗,∗ → C ∗,∗

Ω ∈ A2(G 2) a certain 2-form arising from Maurer-Cartan forms
E ∗(Ω) ∈ C 2(Π)⊗A2(Hom(Π,G ))
any 2-chain c in C2(Π): 2-form ωc = (c ,E ∗Ω) ∈ A2(Hom(Π,G )),
H2(π) 3 [c] representative c ∈ C2(F ) having boundary
∂c = ar ∈ C1(F ) integral multiple ar of r
construction with Π = F yields 2-form ωc on Hom(F ,G )
λ = 1

12ρ · [ρ, ρ] ∈ A3(G ), closed invariant 3-form

Lemma
dωc = aε∗rλ ∈ A3(Hom(F ,G ))



Extended moduli spaces, continued
O ⊆ g open G -invariant where exp : g→ G regular
H(P,G ) smooth G -manifold so that pull back

H(P,G )
ε̂r−−−−→ O

η

y yexp

Hom(F ,G ) −−−−→
εr

G

h : A(g)→ A(g) contraction operator, β = hexp∗(λ)

Theorem
ωc,P = η∗ωc − ε̂∗r (β) is a closed G -invariant 2-form on H(P,G ).
Further, the composite µ : H(P,G )→ O → g→ g∗ is a
momentum mapping for ωc,P in the sense that, for Y ∈ g,

iYH(P,G)
ωc,P = d(Y ◦ µ).

(H(P,G ), ωc,P , µ) extended moduli space; reduction Rep(π,G )
and each space Mr ,d as stratified symplectic space



Lattice gauge theory

[Tyu02]: theta functions explored by A. Turin in a lattice gauge
framework
Extended moduli space construction special case of lattice gauge
theory.
Given a connected, reduced CW complex Y and a Lie group G :
Combinatorial model for Mapo(Y ,BG ) or space of based gauge
equivalence classes of G -connections on Y :
K Kan group of Y [Kan59]: a free simplicial group K = KY , free
on the cells (with a shift in degrees) together with a twisting
function t from S1Y (first Eilenberg subcomplex of the singular
complex) to K , such that K is equivalent to the based loop space
ΩY of Y in a very precise sense
H = Hom(K ,G ) = {H0,H1, . . .} a cosimplicial manifold
geometric realization |H| ∼= Hom(|K |,G )



Lattice gauge theory continued

|H| ⊆ H0 ×Map(∆1,H1)× · · · ×Map(∆q,Hq)× . . .

consists of all sequences (φ0, φ1, . . . , φq, . . . ) having the property
that, for each monotone map θ : [i ]→ [j ], the diagram

∆i
θ∗−−−−→ ∆j

φi

y φj

y
Hi

θ∗−−−−→ Hj

commutes.



Lattice gauge theory continued

Pick homotopy inverse ω : Y → |S1Y | of counit ε : |S1Y | → Y of
adjointness between realization and singular complex functors
twisting function t : S1Y → K determines morphism
t : S1Y →W K of simplicial sets
realization |t| : |S1Y | → |W K |, combined with ω : Y → |S1Y |,

ρ = |t| ◦ ω : Y −→ S1Y −→ |W K |

[BH98]: canonical homeomorphism between |W K | and B|K |,
natural in K , identifies |W K | and B|K |

Theorem ([Hue99])

The G -equivariant map

Φ: |Hom(K ,G )| ∼= Hom(|K |,G ) −→ Mapo(Y ,BG )

φ 7−→ (Bφ)ρ : Y → |W K | ∼= B|K | → BG

is a weak homotopy equivalence.



Lattice gauge theory continued: Illustration

presentation P = 〈x1, y1, . . . , x`, y`; r〉, r =
∏

[xj , yj ] of π = π1(Σ)
models standard cell decomposition of Σ with a single 0-cell, 2`
1-cells, and a single 2-cell.

|Hom(K(S2),G )|
∼=−−−−→ ΩGy y

|Hom(KΣ,G )| −−−−→ Mapo(B1,G )y y
G 2` r−−−−→ G

Previous extended moduli space H(P,G ) lies in |Hom(KΣ,G )| as
an equivariant plot in the sense of Chen [Che77], [Che82] or
equivariant plaque in the sense of Souriau [Sou80], [Sou84]



Chern-Simons function

Atiyah question [Ati90]: Combinatorial Chern-Simons function on
3-manifold
possible solution in theorem below
Y 3-complex with a single 0-cell, e.g. a cell decomposition of a
3-manifold; spine for Y

S = 〈x1, . . . , xm; r1, . . . , rn; i1, . . . , i`〉

i1, . . . , i` identities among the relators r1, . . . , rn that correspond to
the attaching maps of the 3-cells
an identity among relators in the sense of Reidemeister-Peiffer is a
formal expression

i = z1r ε1j1 z−11 . . . ztr
εt
jt

z−1t , zj ∈ F



Chern-Simons function continued
spine arising from closed orientable 3-manifold Y with single 3-cell

S = 〈x1, . . . , xm; r1, . . . , rm;σ〉

K = KY , H = Hom(K ,G ), Q bilinear form on g, 3-cycle c of
|NK | which represents generator of H3(Y ), determine class in
H1(Map0(Y ,BG )), Chern-Simons function representative thereof

Theorem (Chern-Simons function [Hue99] )

Bilinear form Q and choice of cycle c determine an assignment to
every G -equivariant plot F : W → |H| of a smooth G -invariant
1-form ψ on W with integral periods and hence, after a choice of
base point o of W has been made, of a smooth G-invariant map
Ψ from W to the circle S1 with Ψ(o) = 1; furthermore, these
assignments are natural in G -equivariant plots and represent the
first cohomology class of Mapo(Y ,BG ) arising from c and Q, cf.
(10.1). Moreover, the 1-form ψ vanishes at every point of W
which is mapped under F to an element of Hom(π1(Y ),G ),
viewed as an element of |H| in the obvious way.



Chern-Simons path integral

Given a plot F : W → |Hom(K ,G )|, together with a function Ψ
from W to S1 corresponding to the Chern-Simons function, the
integral ∫

W
ΨdmW

makes perfect sense, dmW a suitable measure on smooth finite
dimensional manifold W . To incorporate Wilson lines in this
“path” integral: rework the above lattice gauge theory for cell
decompositions (of the 3-manifold Y ) with more than a single
vertex; vertices correspond to certain free generators of the
corresponding Kan groupoid , requisite machinery is available. This
kind of “path integral” is entirely rigorous but depends on the
choices of equivariant plot and measure on the domain of the plot.
Can this procedure be made independent of the choices?



Stratified Kähler spaces

A stratified Kähler space [Hue04] consists of a complex analytic
space N, together with
(i) a complex analytic stratification
(ii) a stratified symplectic structure (C∞N, { · , · }).
The two structures are required to be compatible:
(i) For each point q of N and each holomorphic function f defined
on an open neighborhood U of q, there is an open neighborhood
V of q with V ⊂ U such that, on V , f is the restriction of a
function in C∞(N);
(ii) on each stratum, the symplectic structure determined by the
symplectic Poisson structure (on that stratum) combines with the
complex analytic structure to a Kähler structure.



Examples of stratified Kähler spaces [Hue04], [HRS09]

Example 1: The exotic plane
more generally: closure of a holomorphic nilpotent orbit
Projectivization of the closure of a holomorphic nilpotent orbit
yields an exotic projective variety
includes complex quadrics, Severi and Scorza varieties
in physics, reduced classical phase spaces for systems of harmonic
oscillators with zero angular momentum and constant energy
Example 2: Moduli spaces of semistable holomorphic vector
bundles or, more generally, moduli spaces of semistable principal
bundles on a non-singular complex projective curve
in conformal field theory: spaces of conformal blocks
special case moduli space of semistable rank 2 degree zero vector
bundles with trivial determinant on a curve of genus 2:
as a space, ordinary complex projective 3-space
stratified symplectic structure involves more functions than just
ordinary smooth functions
complement of space of stable v’ bundles a Kummer surface



Examples of stratified Kähler spaces

Example 3:

Theorem
Let N be a Kähler manifold, acted upon holomorphically by a
reductive complex Lie group G such that the action, restricted to a
compact real form K of G , preserves the Kähler structure and is
hamiltonian, with momentum mapping µ : N → k∗. Then the
reduced space N0 = µ−1(0)

/
K inherits a stratified Kähler

structure.

Example 4: Lattice gauge theory
particular case: K a compact Lie group, T∗K ∼= KC viewed as a
Kähler manifold
reduced space (Kähler quotient)

T∗K
//

K ∼= KC//KC

special case thereof: canoe, details below



The canoe or plane with two vertices [HRS09]

The entire holomorphic function w 7−→ cosh(w), written out in
terms of the ordinary real coordinates s and t in the plane that are
related with the holomorphic coordinate w via w = s + i t, takes
the form

s + i t 7−→ cosh(s) cos(t) + i sinh(s) sin(t).

For s = a, the image curve is an ellipse whereas for t = b, the
image curve is a hyperbola. The two resulting families of curves are
the two orthogonal families that show up in the subsequent picture.



The canoe or plane with two vertices, continued



The canoe via hyperbolic cosine

On C, with holomorphic coordinate w , consider the holomorphic
function

Z = 2 cosh(w) = z + z−1, z = ew .

Z the composite of the exponential function

C −→ C∗, w 7→ z = ew

with the function

Z : C∗ −→ C, z 7−→ z + z−1.

The group C2 with two elements acts on C∗ in the obvious manner
and the function Z induces a holomorphic isomorphism
C∗/C2 −→ C from the orbit space C∗/C2 onto the complex line C;
this identifies the orbit space, as a complex analytic space, with a
copy of C.



Singularities at the quantum level

Is there a quantum structure that has classical phase space
singularities as its shadow?
ordinary Schrödinger quantization does not see singularities:
Hilbert space of L2-functions or of L2-sections
hard to talk about singularities in terms of L2-functions
holomorphic quantization: quantum Hilbert space a Hilbert space
of holomorphic functions or, more generally, holomorphic sections
on a line bundle
can understand singularities in terms of holomorphic functions
one of the results: new quantum effect: tunneling among strata
[HRS09]



Costratified Hilbert spaces

N a stratified space
costratified Hilbert space relative to N [Hue06]:
a Hilbert space CY for each stratum Y
a bounded linear map CY2 → CY1 for each inclusion Y1 ⊆ Y2

whenever Y1 ⊆ Y2 and Y2 ⊆ Y3, the composite of CY3 → CY2 with
CY2 → CY1 coincides with the bounded linear map CY3 → CY1

associated to the inclusion Y1 ⊆ Y3

Surprise: Identities (3.42) and (3.43) in [Tyu00] (on p. 1053 of the
English translation) can be seen as a rudimentary version of such a
costratified Hilbert space structure.



Costratified Hilbert spaces
Typically, a costratified Hilbert space arises as follows [Hue06],
[HRS09] :
ζ : E → M prequantum bundle on stratified Kähler space
closure O of a stratum O in M is likewise a stratified Kähler space
ζ restricts to line bundle ζO : EO → O
restriction linear map of complex vector spaces

res0 : Γhol(ζ) −→ Γhol(ζO)

suppose Γhol(ζ) endowed with inner product: Hilbert space H
NO ⊆ H closure of ker(resO)
HO orthogonal complement of NO in H, so that

H = NO ⊕HO

p0 : H → HO orthogonal projection
as O ranges over the strata: costratified Hilbert space

[H,HO , pO ]



The canoe revisited
K compact connected Lie group, KC complexification
choice of inner product and polar map induce diffeomorphism

T∗K −→ KC

yields Kähler structure on KC

denote the Kähler reduced space by P; combines
symplectic quotient T∗K//K and complex analytic quotient
KC//KC

special case K = SU(2), KC = SL(2,C)
maximal torus T in SU(2) copy of circle group S1

T∗T ∼= TC a copy of the space C∗ of non-zero complex numbers
the W -invariant holomorphic map

f : C∗ −→ C, f (z) = z + z−1 (16.1)

induces complex analytic iso P −→ C from the reduced space

P = T∗K
//

K ∼= T∗T
/

W ∼= C∗
/

W

onto C



Stratified Kähler structure of the canoe [Hue07]

as a space, P real semi-algebraic set in R3 given by

Y 2 = (X 2 + Y 2 + 4(τ − 1))τ, τ ≥ 0,

P homeomorphic to the canoe
algebra C∞(P): Whitney-smooth functions, i.e., continuous
functions that are restrictions of smooth functions on ambient R3

two functions are identified whenever they coincide on P
Poisson bracket on C∞(P) determined by

{X ,Y } = X 2 + Y 2 + 4(2τ − 1),

{X , τ} = 2(1− τ)Y ,

{Y , τ} = 2τX



Stratified Kähler structure of the canoe

on the subalgebra of C∞(P) which consists of real polynomial
functions in the variables X , Y , τ , the relation

Y 2 = (X 2 + Y 2 + 4(τ − 1))τ

is defining. The resulting stratified Kähler structure on P ∼= C is
singular at −2 ∈ C and 2 ∈ C, that is, the Poisson structure
vanishes at either of these two points. Further, at −2 ∈ C and
2 ∈ C, the function τ is not an ordinary smooth function of the
variables X and Y , viz.

τ =
1

2

√
Y 2 +

(X 2 + Y 2 − 4)2

16
− X 2 + Y 2 − 4

8
,

whereas away from −2 ∈ C and 2 ∈ C, the Poisson structure is an
ordinary symplectic Poisson structure. This makes explicit, in the
case at hand, the singular character of the reduced space P as a
stratified Kähler space which, as a complex analytic space, is just C



The canoe costratified Hilbert space [HRS09]

H = HL2(KC, e−κ/~ηε)K ∼= HL2(TC, e−κ/~γεT )W ,

we single out subspaces associated to the strata
special case canoe

K = SU(2), P = T∗K
//

K ∼= C,

elements of H ordinary K -invariant holomorphic functions on KC

W -invariant holomorphic functions on TC,
determined by the holomorphic functions on

P = KC//KC ∼= TC/W ∼= C

in terms of realization of P as C, stratification C = P+ ∪ P− ∪ P1

P+ = {2} ⊆ C, P− = {−2} ⊆ C, P1 = C \ P0 = C \ {2,−2}



The canoe costratified Hilbert space

closed subspaces

V+ = {f ∈ H; f
∣∣
P+

= 0} ⊆ H

V− = {f ∈ H; f
∣∣
P− = 0} ⊆ H

define the Hilbert spaces H+ and H− by

H = V+ ⊕H+ = V− ⊕H−;

take H1 to be the entire space H

{H; H1, H+, H−},

together with the corresponding orthogonal projections, is the
costratified Hilbert space associated to the stratification of P
By construction, this costratified Hilbert space structure is a
quantum analogue of the orbit type stratification of P.



Tunneling [HRS09]

dimH+ = dimH− = 1
bases ψ+ and ψ−, respectively
inner product 〈ψ+, ψ−〉 non-zero, can be calculated
tunneling probability between the strata P+ and P−, i. e., the
probability for state prepared at P+ to be measured at P−, and
vice versa.
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