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1 Introduction

1.1 Points, space, functions

An introductory course in calculus starts with the real line, more precisely with an ax-
iomatic characterization of the real numbers. Thereafter one introduces functions on the
real line and explores their properties. A standard operation consists in evaluation of a
function at a real number. More generally, one explores real functions of several variables,
and evaluation of a function at a point is a standard operation.

Likewise an introductory course in linear algebra deals with the axiomatic characteri-
zation of vector spaces. Associated to a vector space is an affine space, and the members
of an affine space are points. We can then evaluate a linear form at a vector.

However, we can change the point of view and treat points and functions on equal
footing. Classically this is the approach in thermodynamics: For example, evaluating
temperature or pressure at a point of space yields a value, and we can view a point of
space as a functional acting on the observables. We can even push further and define a
point to be an algebra map from the algebra of observables to the real line.

Abstracting from this idea is nowadays the standard approach in algebraic geometry to
introduce points. Modern algebraic geometry starts with a finitely generated commutative
algebra A over a field k and defines space (“variety”) in terms of that algebra, e.g., as the
space of maximal ideals of A or, equivalently, as the space of algebra maps from A to k.

In topology and analysis, the very same idea leads to the notion of Gelfand spectrum:
Given a locally compact Hausdorff space X, the algebra C0(X) of continuous complex
functions that vanish at infinity acquires a commutative C∗-algebra structure in the stan-
dard manner:

• The algebra structure is defined pointwise.

• The involution is pointwise complex conjugation.
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• The norm is the uniform norm.

This algebra has a unit if and only if X is compact.

Theorem (Commutative Gelfand-Naimark theorem). The functor which assigns to a
compact Hausdorff space X its C∗-algebra of continuous complex functions C0(X) is an
equivalence of categories. The inverse functor assigns to a commutative C∗-algebra A its
spectrum, that is, the space of continuous non-zero algebra homomorphisms from A to C
or, equivalently, that of proper maximal ideals in A.

See e. g. [Neg71] for an interesting account and extension of this result.

1.2 Pappus’ and Pascal’s theorems

Theorem 1.1 (Pappus). Given two distinct lines `1 and `2 in the plane and six pairwise
distinct points P1, . . . , P6 such that P1, P3, P5 are on `1, P2, P4, P6 on `2, and such that
none of the points P1, . . . , P6 belongs to the intersection `1 ∩ `2, the three points

P7 = P1P2 ∩ P4P5, P8 = P2P3 ∩ P5P6, Q = P3P4 ∩ P6P1

are collinear.

Five pairwise distinct point in the plane determine a conic, see Proposition 1.1 below.
However:

Theorem 1.2 (Pascal). Suppose that a hexagon in the plane can be inscribed in a conic;
then the three intersection points of the pairs of opposite sides are collinear.

Remarks
1) Here one supposes implicitly that the three points of intersection exist, that is, that
opposite sides of the hexagone are not parallel.
2) The most natural setting for Pascal’s theorem is in a projective plane since all lines meet
and no exceptions need be made for parallel lines. However, with the correct interpretation
of what happens when some opposite sides of the hexagon are parallel, the theorem
remains valid in the Euclidean plane.
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3) If exactly one pair of opposite sides of the hexagon are parallel, then the conclusion
of the theorem is that the “Pascal line” determined by the two points of intersection is
parallel to the parallel sides of the hexagon. If two pairs of opposite sides are parallel,
then all three pairs of opposite sides form pairs of parallel lines and there is no Pascal line
in the Euclidean plane (in this case, the line at infinity of the extended Euclidean plane
is the Pascal line of the hexagon).

Theorem 1.3 (Braikenridge-Maclaurin). The converse of Pascal’s theorem also holds: If
the three intersection points of the pairs of opposite sides are collinear, the hexagon can
be inscribed in a conic.

There is a dual result:

Theorem 1.4 (Brianchon). Given a hexagon in the plane, a conic can be inscribed in it
if and only if the three lines connecting the three pairs of opposing vertices pass through
the same point.

See e. g. [GD94] p. 29.

1.3 Preparations for the proof of Pascal’s theorem

Let K denote a field of characteristic zero, e.g., K = R or K = C. A plane algebraic curve
is given by an equation of the kind f(x, y) = 0 where f is a member of the polynomial
ring K[x, y]. Plainly, given f ∈ K[x, y] and 0 6= λ ∈ K, the two polynomials f and
λf determine the same curve. For ` > 0, let K[x, y]` denote the homogeneous degree `
constituent of K[x, y] and let

K[x, y]≤d = ⊕0≤j≤dK[x, y]j.

Then
dimK[x, y]d = d+ 1, dimK[x, y]≤d = (d+2)(d+1)

2
.

The space of curves of degree d is the space of lines in K[x, y]≤d that pass through the
origin, that is, the projective space P(K[x, y]≤d) associated to K[x, y]≤d.

Let P ∈ K2 and f ∈ K[x, y]≤d. The curve defined by f passes through P if and only
if f(P ) = 0. This condition is linear in f . Given P1, . . . , Pk ∈ K2, let

V d
P1,...,Pk

= {f ∈ K[x, y]≤d; f(P1) = . . . = f(Pk) = 0};

this is the vector space of polynomials that define curves of degree d which pass through
P1, . . . , Pk. This space is the linear subspace of K[x, y]≤d defined by the k equations

f(P1) = . . . = f(Pk) = 0.

We can therefore expect that, perhaps under suitable additional conditions,

dim(V d
P1,...,Pk

) = (d+2)(d+1)
2

− k. (1)
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Proposition 1.1. Let P1, . . . , P5 ∈ K2 be pairwise distinct and suppose that any four
of these points are not collinear. Then these points pass through a uniquely determined
conic, that is, the formula (1), suitably interpreted, holds.

Proof. The vector space K[x, y]≤2 has dimension
(
2+2
2

)
= 6; it therefore suffices to prove

that the vector spaces displayed in the subsequent descending sequence are related by
strict inclusions as indicated:

K[x, y]≤2 ) V 2
P1

) V 2
P1,P2

) V 2
P1,P2,P3

) V 2
P1,P2,P3,P4

) V 2
P1,P2,P3,P4,P5

We will show that in this descending sequence each space arises from its predecessor by
a linear equation in such a way that the inclusion is strict; then V 2

P1,P2,P3,P4,P5
necessarily

has dimension 1, and a basis f of V 2
P1,P2,P3,P4,P5

defines the conic we seek.
We note first that K[x, y]≤2 also contains degree 1 polynomials. Plainly,

K[x, y]≤2 ) V 2
P1

since there is a line that does not meet P1. We will exhibit a sequence q2, q3, q4, q5 of
polynomials such that P1, . . . , Pj−1 lie on the curve defined by qj whereas Pj does not lie
on that curve.

To this end, let q2 define a line that contains P1 but not P2, let ϕ3 define a line that
contains P2 but not P3, and let q3 = q2ϕ3.

Suppose now that, among the points P1, . . . , P5, three are aligned and, without loss
of generality, suppose that P1, P2, P3 are these points. Let ϕ4 define the line on which
P1, P2, P3 lie; then neither P4 nor P5 are on that line, and we take q4 = ϕ4. Thereafter
we pick a linear polynomial ϕ5 that defines a line that contains P4 but not P5 and take
q5 = ϕ4ϕ5; then the points P1, . . . , P4 lie on the curve defined by q5 but this is not the
case of the point P5.

In the remaining case, neither P1, P2, P3 nor P2, P3, P4 are aligned. Let ψ4 define the
line determined by P1 and P2, let θ4 define a line that contain P3 but not P4, and let
q4 = ψ4ϑ4. Finally, let ϑ5 define a line that contains P3 and P4 and let q5 = ψ4ϑ5.

Proposition 1.2. Let P1, . . . , P8 ∈ K2 be pairwise distinct and suppose that P1, . . . , P6

lie on a non-degenerate conic which does neither contain P7 nor P8. Then

dim(V 3
P1,...,P8

) = 5·4
2
− 8 = 2

that is, the formula (1), suitably interpreted, holds.

Proof. The vector space K[x, y]≤3 has dimension (3+2)(3+1)
2

= 10; it therefore suffices to
prove that the vector spaces displayed in the subsequent descending sequence are related
by strict inclusions as indicated:

K[x, y]≤3 ) V 3
P1

) . . . ) V 3
P1,P2,P3,P4,P5,P6,P7,P8

The reasoning is analoguous to that for Proposition 1.1. The first inclusion is strict
since there is a line which does not pass through P1. To show that the other inclusions
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are strict, we exhibit a sequence c2, . . . , c8 of polynomials in V 3
P1

having the property that
cj defines a curve on which P1, . . . , Pj−1 lie whereas Pj does not lies on that curve.

We note first that it cannot happen that three points among P1, . . . , P6 are aligned.
Otherwise the conic would intersect such a line in at least three distinct points but this
contradicts the non-degeneracy hypothesis. We now pick c2, . . . , c8 in such a way that:

• c2 defines a line that contains P1 but not P2;

• c3 defines a line that contains P1 and P2;

• c4 is the product of c3 with a linear polynomial defining a line that passes through
P2 but not through P3;

• c5 is the product of a linear polynomial defining the line passing through P1 and P2

with a linear polynomial defining the line passing through P3 and P4;

• c6 is the product of c5 with a linear polynomial defining a line passing through P5

but not through P6;

• c7 is a quadratic polynomial defining the given conic;

• c8 is the product of c7 with a linear polynomial defining a line passing through P7

but not through P8.

1.4 Proof of Pascal’s theorem for the case of a non-degenerate
conic

Let P1, P2, P3, P4, P5, P6 denote the vertices of the hexagon, numbered in order along
the conic. Let

P7 = P1P2 ∩ P4P5, P8 = P2P3 ∩ P5P6, Q = P3P4 ∩ P6P1.

We must show that P7, P8 and Q are collinear.
We introduce the following notation:

• f : a degree 3 polynomial defining the cubic

V (f) = P1P2 ∪ P3P4 ∪ P5P6 (union of the three lines)

• g: a degree 3 polynomial defining the cubic

V (g) = P2P3 ∪ P4P5 ∪ P6P1 (union of the three lines)

• h: a degree 3 polynomial defining the cubic V (h) which is the union of the conic
and the line P7P8.
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Then
V (f) ∩ V (g) = {P1, P2, P3, P4, P5, P6, P7, P8, Q}

and there is no relation of the kind g = λf with λ ∈ K since V (f) 6= V (g). By Proposition
1.2,

dim(V 3
P1,P2,P3,P4,P5,P6,P7,P8

) = 2,

whence f and g constitute a basis of this vector space. However, h(Pj) = 0 for 1 ≤ j ≤ 8
whence h ∈ V 3

P1,P2,P3,P4,P5,P6,P7,P8
, and thence we can write h as

h = λf + µg, λ, µ ∈ K.

Consequently
h(Q) = λf(Q) + µg(Q) = 0,

which means that Q lies on the line P7P8 since it cannot be a point of the conic.
Indeed, if Q were a point of the conic, it would have to coincide with one of the points

P1, P3, P4, P6, and this would mean that, among these four points, two coincide, being
the intersection of the two lines. However this would contradict the hypothesis that the
six points P1, P2, P3, P4, P5, P6 constitute a hexagon.

1.5 Proof of Pappus’ theorem

This is the special case of Pascal’s theorem where the conic is the union of the two lines
`1 and `2.

1.6 The conchoid of Nicomedes and angle trisection

Let ` be a line and Q a point of the plane. The conchoid is the locus of points P such
that any line δ joining Q and P meets ` at a point S such that the distance between P
and S is constant; it is determined by two parameters, the distance a between P and S
and the distance b between ` and Q.

To derive an equation, we introduce coordinates at Q as origin and X-axis parallel to
`. The line that passes through P and is parallel to the y-axis meets ` at a point (say)
T . Then the distance z between S and T satisfies the equation

z2 + (y − b)2 = a2.

From the identity
y − b
z

=
y

x

we deduce the degree 4 equation

(y − b)2(x2 + y2)− a2y2 = 0 (2)

of the conchoid parametrized by a and b. Thus the conchoid is an algebraic curve of
degree 4.
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1.7 Optics, algebraic geometry, and beyond

The theory of polarization of light led Fresnel to discover the real surface which is nowa-
days referred to as a Fresnel surface [KSSS86] (Knörrer’s article), see also the URL

http://www.thp.uni-koeln.de/gravitation/mitarbeiter/favaro/favaro hehl.pdf.

Trying to parametrize the Fresnel surface, Kummer discovered what has come to be known
as a Kummer surface [GD94], [Hud90]. This is an example of a situation where a physics
problem led to a deep mathematical theory. Nowadays the algebro-geometric notion of
moduli space plays a crucial role in conformal field theory.
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