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A overing problem

Setting: Consider a Poisson point proess Φ in R
d × (0,+∞)with intensity measure dxµ(dr)

dx: Lebesgue measure on R
d

µ(dr): a σ-�nite non-negative measure on (0,+∞)Consider the open random subset of R
d

Σ = ∪
(x,r)∈Φ

B(x, r)

Question 1: Σ = R
d a.s.? if the ase, say �overage ours�Question 2: if not the ase, how �big� is R

d \ Σ?
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1 Basi fats
• P(Σ = R

d) = 0 or 1 (due to ergodiity)
• P(B(0, 1) ⊂ Σ) > 0 ⇒ P(Σ = R

d) = 1 (due to stationarity)

• P(0 6∈ Σ) = P ({(x, r) ∈ Φ ; 0 ∈ B(x, r)} = ∅)

= exp
(

−vd

∫ +∞

0
rdµ(dr)

) (due to Poisson property)Csq 1 : Σ = R
d a.s. ⇒

∫ +∞

0
rdµ(dr) = +∞Csq 2 : ∫ +∞

0
rdµ(dr) = +∞ ⇒ Leb

(

R
d \ Σ

)

= 0 a.s.
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ase where µ is �nite (�germ-grain� or Boolean model)orase where supp(µ) ⊂ [a,+∞) for some a > 0 (only �large�balls)

Σ = R
d a.s. ⇔

∫ +∞

0

rd µ(dr) = +∞Rmk: overage never ours with balls of equal radius
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one-dimensional ase (Mandelbrot '72, Shepp '72)

Σ = R a.s.

⇔
∫ 1

0

exp

(

2

∫ +∞

u

(r − u)µ(dr)

)

du = +∞

⇒: still valid for d > 1 (needs to be adapted, see later)
⇐: based on stopping time argument, not valid anymore for d > 1
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2 High and low frequeny overageNotations:
µ

H
(dr) = 1(0,1](r)µ(dr) and Σ

H
= ∪

(x,r)∈Φ ; r≤1
B(x, r)

µ
L
(dr) = 1(1,+∞)(r)µ(dr) and Σ

L
= ∪

(x,r)∈Φ ; r>1
B(x, r)

then Σ = Σ
L
∪ Σ

H

(disjoint and independent sets)Theorem:

Σ = R
d a.s. ⇔ Σ

L
= R

d a.s. or Σ
H

= R
d a.s.
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Low frequeny overageLet Σ
(>n)

= ∪
(x,r)∈Φ ; r>n

B(x, r) and Σδ
L

= ∪
(x,r)∈Φ ; r>1

B(x, δr)

P
(

Σ
L

= R
d
)

= 1 ⇔

∫ +∞

1

rd µ(dr) = +∞

⇔ ∀n ≥ 1 ,

∫ +∞

n

rd µ(dr) = +∞

⇔ P
(

∩n≥1Σ(>n)
= R

d
)

= 1and also

P
(

Σ
L

= R
d
)

= 1 ⇔ ∀δ > 0 , P
(

Σδ
L

= R
d
)

= 1So, if low overage ours, then a.s. any point of R
d is overed byan in�nite number of arbitrarily large balls.



2 HIGH AND LOW FREQUENCY COVERAGE 8

Proof of: Σ = R
d a.s. ⇔ Σ

L
= R

d a.s. or Σ
H

= R
d a.s.To prove: overage but not LF overage ⇒ HF overage

• Σ = R
d a.s.⇒ B(0, 1) ⊂ Σ a.s.

• P(Σ
L

= R
d) = 0 ⇒ P(B(0, 1) ∩ Σ

L
= ∅) > 0Then

p := P(B(0, 1) ∩ Σ
L

= ∅)

= P(B(0, 1) ∩ Σ
L

= ∅ and B(0, 1) ⊂ Σ)

= P(B(0, 1) ∩ Σ
L

= ∅ and B(0, 1) ⊂ Σ
H

)

= P(B(0, 1) ∩ Σ
L

= ∅) × P(B(0, 1) ⊂ Σ
H

)

= p × P(B(0, 1) ⊂ Σ
H

)hene P(B(0, 1) ⊂ Σ
H

) = 1 and so P(Σ
H

= R
d) = 1
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High frequeny overageTheorem:
lim sup

u→0
ud exp

(

vd

∫ 1

u

(r − u)dµ(dr)

)

= +∞

⇒

Σ
H

= R
d a.s.

⇒
∫ 1

0

ud−1 exp

(

vd

∫ 1

u

rd−1(r − u)µ(dr)

)

du = +∞

Remark: The neessary ondition is the same as- Shepp's (d = 1)- Kahane's (onvex sets with a ��at� boundary instead of balls)
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Sketh of proofSu�ient ondition: disretize [0, 1]d in order to prove that thesu�. ondition implies P([0, 1]d ⊂ Σ
H

) > 0Neessary ondition: for ε > 0, let
mε = Leb

(

[0, 1]d ∩ Σc
H,≥ε

)

=

∫

[0,1]d
1y/∈Σ

H,≥ε
dy

Then E(mε) = e−κε with κε = vd

∫ 1

ε
rdµ(dr)

E(m2
ε) ≤ ... ≤ I e−2κε with I ∈ (0,+∞) if neessary ond. not trueBy Cauhy-Shwartz,

P(mε > 0) ≥
E(mε)

2

E(m2
ε)

≥ I−1

Hene, P([0, 1]d 6⊂ Σ
H,≥ε

) ≥ I−1 and so P([0, 1]d 6⊂ Σ
H

) > 0
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3 Critial intensitynotation: ψ(µ) = P
(

Σ = R
d
) (reall that Σ depends on µ)lear:

• ψ(µ) = 0 or 1

• for �xed µ, λ 7→ ψ(λµ) is non dereasing
• ψ(µ) = max (ψ(µ

L
), ψ(µ

H
))

• ψ(µ
L
) = 1 ⇔

∫ +∞

1
rd µ(dr) = +∞

• ψ(µ
L
) = ψ(λµ

L
) , ∀λ > 0
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Exat value of the ritial intensityTheorem: let ψ(µ
H

) = P
(

Σ
H

= R
d
)There exists λc(µ) ∈ [0,+∞] s.t.

• ∀λ < λc(µ) , ψ(λµ
H

) = 0

• ∀λ > λc(µ) , ψ(λµ
H

) = 1Moreover λc(µ) = d/ℓ(µ) where
ℓ(µ) = lim sup

u→0

(

| lnu|−1 vd

∫ 1

u

rd µ(dr)

)

∈ [0,+∞]
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Hausdor� dimensions (same ideas as El Helou's '78)Theorem: Let A be a ompat subset of [0, 1]d.

• If dimH(A) > ℓ(µ) then P(A 6= Σ
H

) > 0

• If 0 < dimH(A) < ℓ(µ) then A = Σ
H
a.s.

• If ℓ(µ) ∈ (0, d] then

P
(dimH([0, 1]d ∩ Σc) = d− ℓ(µ)

)

> 0and dimH([0, 1]d ∩ Σc) ≤ d− ℓ(µ) a.s.
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Link with ontinuum perolation

• Oupany perolationquestion: is the onneted omponent of Σ ontaining 0unbounded?ritial intensityλoccup(µ) ≤ λc(µ) = d/ℓ(µ)

• Vaany perolationquestion: is there a onneted omponent of Σc larger than onepoint? ritial intensityλvac(µ) ≤ (d− 1)/ℓ(µ)
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4 Examples and disussionPower law measure: µα(dr) := r−α dr

• low frequeny
Σα

L
= R

d a.s. ⇔ α ≤ d+ 1

• high frequeny� α > d+ 1 ⇒ P(Σα
H

= R
d) = 1� α < d+ 1 ⇒ P(Σα

H
= R

d) = 0� for α = d+ 1, P(Σd+1
H

= R
d) = 1 ⇔ d ≤ 5(µd+1

H

is sale invariant and λc(µ
d+1
H

) = d/vd)
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Critial �power law� measuresLet us onsider the high frequeny measures

µ+(dr) = r−(d+1) d/vd (1 + 2| ln(r)|−1) 1(0,a)(r)dr

µ−(dr) = r−(d+1) d/vd (1 − 2| ln(r)|−1) 1(0,a)(r)drwhere a > 0 is s.t. 1 − 2| ln(a)|−1 >0Some alulus... ℓ(µ+) = ℓ(µ−) = d, so that λc(µ+) = λc(µ−) = 1Applying the su�ient and the neessar onditions, we get that
Σ+ = R

d a.s. and Σ− 6= R
d a.s.
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Multisale measure: µρ(dr) =
∑

n ρndδρ−n(dr) (ρ > 0)(The intensity measure is sale invariant)
• ase ρ < 1 (low frequeny):

Σ = R
d a.s. sine ∫ ∞

1

rdµρ(dr) = +∞

• ase ρ > 1 (high frequeny): ℓ(µρ) = vd/ ln(ρ), thenif ln(ρ) < vd/d then Σ = R
d a.s.if ln(ρ) > vd/d then Σ 6= R

d a.s.
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