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Abstract. — We solve a number of questions pertaining to the dynamics of linear oper-
ators on Hilbert spaces, sometimes by using Baire category arguments and sometimes by
constructing explicit examples. Among other results, we prove the following statements:

(i) A typical hypercyclic operator is not topologically mixing, has no eigenvalues and
admits no non-trivial invariant measure, but is densely distributionally chaotic;

(ii) A typical upper-triangular operator is ergodic in the Gaussian sense, whereas a typical
operator of the form “diagonal plus backward unilateral weighted shift” is ergodic but has
only countably many unimodular eigenvalues; in particular, it is ergodic but not ergodic in
the Gaussian sense;

(iii) There exist Hilbert space operators which are chaotic and U-frequently hypercyclic
but not frequently hypercyclic, Hilbert space operators which are chaotic and frequently
hypercyclic but not ergodic, and Hilbert space operators which are chaotic and topologically
mixing but not U-frequently hypercyclic.

1. Introduction

1.1. General overview. — This paper is a contribution to the study of linear dynamical
systems on Hilbert spaces. In other words, we are interested in the behavior of orbits of
bounded linear operators defined on a Hilbert space. The symbol H will always designate a
complex separable infinite-dimensional Hilbert space, and we denote by B(#) the algebra
of all bounded linear operators on H.

We refer to the books [7] or [31] for background on linear dynamics, and to the papers
[25] or [28] for a glimpse at the richness of the class of linear dynamical systems and its
potential usefulness in general ergodic theory. A quick review of a number of definitions
will be given in the next subsection. Let us just recall here that an operator T' € B(H)
is said to be hypercyclic if it admits at least one dense orbit (and hence a dense Gs set
of such orbits). The class of all hypercyclic operators on H will be denoted by HC(H).
Recall also that an operator T € B(H) is said to be chaotic if it is hypercyclic and admits
a dense set of periodic vectors, and frequently hypercyclic (resp. U-frequently hypercyclic)
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if there exists at least one vector € H whose orbit visits frequently every non-empty
open set V' C H, in the sense that the set of integers ¢ € N such that T*x belongs to V'
has positive lower (resp. upper) density.

Obviously, the dynamical properties of linear operators can be studied (and have been
studied extensively) in a very general setting — arbitrary Banach spaces, or even arbitrary
topological vector spaces. However, there are good reasons for focusing on Hilbert spaces.
The first that may come to mind is perhaps that “this is the natural setting for doing
operator theory” — which is of course a highly questionable statement. Less subjectively,
the richness of the Hilbert space structure allows for the construction of many interesting
examples. Also, in some parts of linear dynamics, especially all that concerns ergodic-
theoretic properties of linear operators, the general picture is neater on Hilbert spaces
than on arbitrary Banach spaces. Finally, some natural questions in the area have been
solved recently for operators on general Banach space but not in the Hilbertian case. This
should not seem paradoxical, if one compares for example with the current state of affairs
regarding the famous Invariant Subspace Problem.

The questions we are considering in this paper are quite basic. In very general terms,
they are of the following type: given two interesting dynamical properties, do there exist
linear operators on H satisfying one of them but not the other?

Perhaps the most famous question of this type is Herrero’s “I' @ T problem”, stated
in [35] and asking whether there exist hypercyclic operators which are not topologically
weakly mixing. As should be expected since this is trivially true for dynamical systems on
compact spaces, the answer is “Yes”: this was shown by De La Rosa and Read in [18], and
then in [6] for operators on ¢, spaces, in particular for Hilbert space operators. However,
the proof is surprisingly non-trivial. To give just one more example, the third named
author was recently able to solve another well-known problem in the area by constructing
in [39] operators on /¢, spaces which are chaotic but not frequently hypercyclic — actually,
not even U-frequently hypercyclic. In the present paper, we will be especially interested
in the following questions:

- are there operators which are frequently hypercyclic but not ergodic, i.e. do not admit
an ergodic measure with full support?

- are there operators which are U-frequently hypercyclic but not frequently hyper-
cyclic?

- are there operators which are ergodic but do not admit a Gaussian ergodic measure
with full support?

Note that the answer to the first two questions is known to be “Yes” for operators on
the Banach space ¢y (see [9] and [29], as well as [14] for further developments); but the
Hilbertian case had not been settled. As for the third question, we are not aware of any
previous answer, on any Banach space.

One can attack questions of this type from two complementary points of view (of course,
there are other strategies as well).

- “Collective” point of view: among the properties one is interested in, one may try to
determine which ones are generic and which ones are not, in a Baire category sense.
Once this is done, one may be able to distinguish two properties because one of them
is generic and the other one is not.
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- “Individual” point of view: when it is unclear how a Baire category approach could
work, one may still try to construct explicit examples of operators satisfying (or not)
such or such a property.

Note that it is quite natural to present the two viewpoints in this order, because the
indirect, Baire category approach is in some sense simpler. Indeed, it is usually not too
difficult to guess when it should work, and in this case the technical details are likely to
be rather soft. On the other hand, one may reasonably expect to face technical difficulties
when attempting a direct construction (and perhaps quite serious ones if Baire category
is unefficient).

To give meaning to the “collective” viewpoint, one has to fix an appropriate topological
setting. We will in fact consider two natural topologies on B(H): the Strong Operator
Topology (denoted by SOT), and the Strong* Operator Topology (denoted by SOT*). Re-
stricted to any closed ball B/ (H) :={T € B(H); ||T|| < M}, these topologies are Polish
(separable and completely metrizable). Moreover, HC(#) is easily seen to be SOT-G; in
B(H), so that for any M > 1, the family HCp(H) := {T € HC(H); ||T|| < M} is itself a
Polish space in its own right with respect to both SOT and SOT*. This opens the way to
Baire category arguments in B/ (#H) or HCps(H). Of course, there is nothing new in this
observation: Baire category methods have already proved as useful in operator theory as
anywhere else; see in particular [21].

Recall that a subset of a Polish space X is said to be meager in X if it can be covered
by countably many closed sets with empty interior, and comeager if its complement is
meager (equivalently, if it contains a dense G5 subset of X ). Following a well-established
terminology, we will say that a property of elements of X is typical if the set of all x € X
satisfying it is comeager in X, and that a property is atypical if its negation is typical. In
this paper, we obtain among other things the following results, for any M > 1.

- An S0T*-typical T € B/(H) is (topologically) weakly mixing but not mixing.

- An S0T*-typical T' € B,(H) is densely distributionally chaotic.

- An SOT*-typical T' € HCy/(#) has no eigenvalues and admits no non-trivial invari-
ant measure. In particular, chaoticity and U-frequent hypercyclicity are atypical
properties of hypercyclic operators (in the SOT* sense).

Admittedly, there results are not that surprising (except, perhaps, the one concerning
U-frequent hypercyclicity). Still, they do sketch the landscape, and they explain in some
sense why some results in the area turn out to be (or are likely to be) harder to prove than
some others. For example, the fact that topological weak mixing is a typical property
seems to prevent the use of “soft” arguments for establishing the existence of hypercyclic
operators which are not weakly mixing; and indeed, the proofs in [18] and [6] rely on
rather technical arguments.

On the other hand, something more unexpected happens if one restricts oneself to the
class of operators of the form 7' = D + B, where D is a diagonal operator and B is a
weighted unilateral backward shift (with respect to some fixed orthonormal basis of H):

- in the SOT sense, most “diagonal plus shift” hypercyclic operators are ergodic and
yet have only countably many unimodular eigenvalues. In particular, there exist
operators on H which are ergodic but admit no Gaussian ergodic measure with full
support.

This solves a rather intriguing question, which seems to go back to Flytzanis’ paper [22]
and has been very much in the air in the last few years.
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the main result of [39] is the existence of chaotic operators on ¢, spaces which are not
U-frequently hypercyclic. In the present paper, we describe a general scheme allowing to
produce, among other things,

- operators on ‘H which are chaotic and frequently hypercyclic but not ergodic;
- operators on H which are chaotic and U-frequently hypercyclic but not frequently
hypercyclic.

These are the first examples of such kinds of operators living on a Hilbert space —
even if one dispenses with the chaoticity assumption, which comes here as a bonus: no
examples of frequently hypercyclic non-ergodic operators, nor of U-frequently hypercyclic
non frequently hypercyclic operators living on a Hilbert space were known before. As
already mentioned, up to now the only available examples were operators acting on cg.

Moreover, our constructions will also enable us to improve the main result of [39] by
showing that there exist

- operators on H which are chaotic and topologically miring but not U-frequently
hypercyclic.

In this part of the paper, our constructions and arguments are rather technical, and it is
not at all clear that they could be by-passed by suitable Baire category arguments. In fact,
as already suggested above, there are reasons to believe that technicalities are unavoidable
here: since U-frequent hypercyclicity, frequent hypercyclicity and ergodicity are atypical
properties, it seems difficult to distinguish them using simply the Baire category theorem;
unless one restricts oneself to some cleverly chosen special class of operators, which has
yet to be found.

We finish this section by pointing out that the difficulty of the existence results presented
in this paper is specifically connected with the linear setting, and that the corresponding
results are essentially trivial if one moves over to the broader setting of Polish dynamical
systems (i.e. dynamical systems of the form (X,T), where T is a continuous self-map
of a Polish space X; see for instance the book [24], as well as [17] for more on linear
systems as special cases of Polish systems). Indeed, extending the definitions of frequent
and U-frequent hypercyclicity to the Polish setting in the obvious way, it is not difficult to
see that frequently hypercyclic non-ergodic Polish dynamical systems do exist, as well as
U-frequently hypercyclic Polish dynamical systems which are not frequently hypercyclic.
Here are two simple examples.

First, consider an irrational rotation R of the unit circle T, and denote by m the
normalized Lebesgue measure on T. Then (T, B, m; R) is an ergodic dynamical system for
which all points are frequently hypercyclic. Let C' be a compact subset of T which has
empty interior and is such that m(C) > 0, and consider the set X := T\ [J,cn B7"(C).
Then X is a dense G subset of T which is R-invariant, and (X, R) is thus a frequently
hypercyclic Polish dynamical system. But, as m(X) = 0 (by ergodicity) and R is uniquely
ergodic, (X, R) admits no invariant measure at all. This shows in particular the existence
of frequently hypercyclic Polish dynamical systems which are not ergodic. This example
is due to B. Weiss ([29]).

Now, consider a frequently hypercyclic operator 7" on H. Then, the set UFHC(T) of all
U-frequently hypercyclic vectors for T'is comeager in H ([9], see also [14]), whereas the set
FHC(T') of frequently hypercyclic vectors for T is meager ([40], [9]). Hence UFHC(T) \
FHC(T') is comeager in H. Let G be a dense G subset of H contained in UFHC(T) \
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FHC(T), and set X :=(),>o7 "(G). Then X is a dense Gj subset of H which is T-
invariant, so that (X,7T) is a Polish dynamical system. Since X is still contained in
UFHC(T) \ FHC(T), all points of X are U-frequently hypercyclic for T' but none of them
is frequently hypercyclic. In particular, the Polish dynamical system (X, T') is U-frequently
hypercyclic but not frequently hypercyclic.

1.2. Background and notations. — In this subsection, we recall some well-known
definitions, referring to [7] or [31] for more details. We also fix some notations that will
be used throughout the paper.

1.2.1. Transitivity, mizing and weak mizing. — If T € B(H), we set, for any subsets A, B
of H,

N7(A,B) := {i € N; T"(A) N B # 0}.

It is well-known that T is hypercyclic if and only if it is topologically transitive, i.e.
Nr(U, V) # @ for all open sets U,V # ). A stronger property is topological mizing: T is
topologically mixing if all sets N (U, V') are cofinite rather than just non-empty; that is,
for any pair (U, V) of non-empty open sets in H, one has T*(U) NV # () for all but finitely
many ¢ € N. In between transitivity and mixing is topological weak mizing: an operator
T € B(H) is topologically weakly mixing if 7' x T is hypercyclic on H x H; in other words,
if Np(Up, Vi) N Np(Us, V) # (0 for all non-empty open sets Uy, Vi, Us, Vo C H. We set

TWMIX(H) := {topologically weakly mixing operators on H},
TMIX(#H) := {topologically mixing operators on #};

so that
TMIX(H) € TWMIX(H) C HC(H).

It is easy to see (for example by considering weighted backward shifts) that the inclusion
TMIX(H) € TWMIX(H) is proper. As already mentioned, the inclusion TWMIX C HC
is also proper: this was first proved by De La Rosa and Read in [18] for operators living
on a suitably manufactured Banach space, and then in [6] for Hilbert space operators.
Recall also that, according to a nice result of Bés and Peris [11], the topologically weakly
mixing operators are exactly those satisfying the so-called Hypercyclicity Criterion.

1.2.2. Chaos. — An operator T € B(H) is said to be chaotic in the sense of Devaney if it
is hypercyclic and its periodic points are dense in H (in the linear setting, hypercyclicity
automatically implies sensitive dependence on the initial conditions). We set

CH(#H) := {chaotic operators on H}.

It is not completely obvious, but nonetheless true, that chaotic operators are topologi-
cally weakly mixing (see e.g. [7, Ch. 4]). In other words,

CH(H) € TWMIX(H).
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1.2.3. Ergodic-theoretic properties. — In this paper, the word “measure” will always mean
“Borel probability measure”. A measure p on H is invariant for some operator T' € B(H)
if o T~! = p; and an invariant measure p for T is non-trivial if u # Jo (note that the
point mass &g is invariant for any 7' € B(H) since 7(0) = 0). Also, a measure p on H is
said to have full support if u(V') > 0 for every non-empty open set V. This means exactly
that the topological support of i is equal to the whole space H.

An operator T' € B(H) is said to be ergodic if it admits an invariant measure p with
full support with respect to which it is ergodic, i.e. such that for every Borel subset B
of H satisfying T-'B = B, we have p(B) = 0 or 1. If the measure p can be taken to be
Gaussian, we say that T is ergodic in the Gaussian sense, or G-ergodic. The operator T is
said to be mizing if it admits an invariant measure p with full support with respect to which
it is strongly mixing, i.e. such that for every Borel subset A, B of H, u(ANT~"(B)) tends
to u(A)u(B). Mixing in the Gaussian sense is defined as expected. The corresponding
notations are the following:

ERG(H) := {ergodic operators on H };

G-ERG(H) := {operators on H which are ergodic in the Gaussian sense };
MIX(H) := {mixing operators on 7—[};

G-MIX(H) := {operators on ‘H which are mixing in the Gaussian sense}.

Since the measures involved are required to have full support, it is obvious by definition
that ergodic operators are hypercyclic and that mixing operators are topologically mixing.
That is,

ERG(H) C HC(H) and MIX(#H) C TMIX(H).

These inclusions are proper: for example, if B is any compact weighted backward shift
on the Hilbert space ¢2(N), the operator T' = I + B is topologically mixing (see [7] or [31])
but not ergodic: its spectrum is reduced to the point {1}, so that it is by [48] not even
U-frequently hypercyclic. We also set

INV(#) := {T € B(H) admitting a non-trivial invariant measure };
INV;(H) == {T € B(H) admitting an invariant measure with full support};
G-INV(H) := {T € B(H) admitting a Gaussian invariant measure with full support }.

Thus, for example, any operator admitting a non-zero periodic point belongs to INV(#),
and any chaotic operator lies in INV (). So we have

CH(H) C INV () NHC(H).

This inclusion cannot be reversed: there exist even G-ergodic operators on H which are
not chaotic (see [3] or [7, Sec. 6.5]).

At this point, we would like to stress that in the present paper, we will mostly focus on
invariant measures which are not required to be Gaussian. This is a true change of point of
view compared with earlier works on the ergodic theory of linear dynamical systems (see
for instance, among other works, [22], [4], [5], [7] ...), where Gaussian measures play a
central role. But in retrospect, this is in fact quite natural: as we shall see in Section 4,
it turns out that within a certain natural class of upper-triangular operators on H, the
ergodic operators which are not ergodic in the Gaussian sense are typical. Note also that
non-Gaussian measures already played an essential role in such works as [41], [25] or [28]
for instance.
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1.2.4. Frequent hypercyclicity and U-frequent hypercyclicity. — Let T € B(H). For any
x € H and B C H, set

Nr(z,B) :={i € N; T'z € B}.

The operator T is said to be frequently hypercyclic if there exists some x € H such that,
for any open set V' # (), the set Np(x, V) has positive lower density; and T' is U-frequently
hypercyclic if there is some z € H such that all sets N7(x, V) has positive upper density.

Frequent hypercyclicity was introduced in [4] and rather extensively studied since then
(for instance in [9], [13], [27], [29], [39], [48] ...). The study of upper-frequent hyper-
cyclicity is more recent. This notion was introduced by Shkarin in [48]. Until the last
few years, it has perhaps been unfairly considered as somehow “less interesting”, proba-
bly because of a lack of examples or results exhibiting truly different behaviors between
frequently and U-frequently hypercyclic operators. However, despite a formal similarity
in the definitions, there are some important differences between frequent and U-frequent
hypercyclicity. For example, the set of frequently hypercyclic vectors for a frequently hy-
percyclic operator T on H is always meager in H ([40], [9]) whereas if T' is a U-frequently
hypercyclic operator on H, the set of all U-frequently hypercyclic vectors for 1" is comea-
ger in H ([9]; see also [14] for more along these lines). This may lead to believe that
U-frequent hypercyclicity is a typical property while frequent hypercyclicity is not; which
is in fact a wrong intuition: as we shall see, both properties are atypical. Yet, these
properties are not equivalent: Bayart and Rusza exhibited in [9] examples of U-frequently
hypercyclic operators on ¢y which are not frequently hypercyclic. The notion of U-frequent
hypercyclicity was further studied by Bonilla and Grosse-Erdmann in [14], and it plays
an important role in the present paper.

One can go one step further and study F-hypercyclic operators, for a given family F of
subsets of N (see in particular [12] and [14]); but we will not follow this quite interesting
route here. As for the notations, we set

FHC(H) := {frequently hypercyclic operators on H},
UFHC(H) := {U-frequently hypercyclic operators on H}.

Although the definitions of frequent hypercyclicity and U-frequent hypercyclicity make
no explicit reference to measures, they have a partly “metrical” flavour; and indeed, in-
variant measures are quite relevant here. First, it follows easily from the pointwise ergodic
theorem that ergodic operators are frequently hypercyclic. Moreover, it is shown in [29]
that U-frequently hypercyclic operators on H admit invariant measures with full support
(this is in fact true for operators living on any reflexive Banach space). So we have

ERG () C FHC(H) C UFHC(H) C HC(H) NINV ().

The inclusion UFHC(#H) € HC(H) N INV(H) is proper: as already mentioned, it is
proved in [39] that there exist even chaotic operators on H which are not U-frequently
hypercyclic. As we shall see in Section 6 (Theorems 6.22 and 6.29), the other two inclusions
are also proper.

1.2.5. Properties related to eigenvalues. — If T € B(H), we denote by £(T") the set of all
unimodular eigenvectors of T', i.e. eigenvectors x of T whose associated eigenvalue \(z) has
modulus 1. We say that T has a spanning set of unimodular eigenvectors if span E(T') = H;
and that T has a perfectly spanning set of unimodular eigenvectors if for any countable
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set D C T, where T denotes the unit circle in C, we have span{z € £(T); \(z) € D} = H.
The notations are as follows:
SPAN(H) := {T € B(H) with spanning unimodular eigenvectors };
PSPAN(H) := {T € B(H) with perfectly spanning unimodular eigenvectors}.

We also define

NEV(H) := {T € B(H) with no eigenvalues};

CEV(H) := {T € B(H) with only countably many eigenvalues}.
Properties of unimodular eigenvectors of an operator T' € B(H) are closely related to
those of invariant Gaussian measures for T' (see for instance [4], [5], [7]): indeed, it turns
out that in fact

SPAN(H) = G-INVf(H) and PSPAN(H) = G-ERG(H);

so that there was in fact no need for introducing new notations. However, things are not
that neat on arbitrary Banach spaces: see [5], [7] or [8]. This is one of the advantages of
working on Hilbert spaces, or at least on “nice” Banach spaces.

1.2.6. Distributional chaos. — Distributional chaos was first defined by Schweitzer and
Smital in [49], under the name strong chaos, for self-maps of a compact interval, and
several definitions have been proposed afterwards in the context of general metric spaces.
There is no need to recall these definitions here, because things simplify greatly in the
linear setting: as shown in [10], an operator T' € B(H) is distributionally chaotic if and
only if it admits a distributionally irreqular vector, i.e. a vector x € H for which there
exist two sets A and B of integers, both of upper density 1 in N, such that

lim |T%z||=0 and lim ||T"2| = cc.
i—00 100
i€A i€B

The corresponding notation is the following one:

DCH(H) := {distributionally chaotic operators on H }.

A related class is that of densely distributionally chaotic operators, i.e. of operators
which admit a dense set of distributionally irregular vectors. We use the following notation
for this set:

DDCH(H) := {densely distributionally chaotic operators on ’H}
Obviously, DDCH(H) C DCH(#H).

1.2.7. The parameter ¢(T). — Ergodicity and distributional chaos are closely related to
a natural parameter introduced in [29]. This quantity ¢(T') € [0,1] is associated to any
hypercyclic operator T', and essentially represents the maximal frequency with which the
orbit of a hypercyclic vector for T' can visit a ball in H centered at 0. The precise definition
is as follows: for any a > 0, we have
o(T)= sup densNp(z, B(0,a)).
x€HC(T)

It is shown in [29] that in fact dens N (z, B(0, a)) = ¢(T') for a comeager set of vectors

x € HC(T'); so we have in particular (for any o > 0)

c(T) = sup {c > 0; M<NT(x,B(O,a))) > ¢ for a comeager set of x € HC(T)} )



LINEAR DYNAMICAL SYSTEMS ON HILBERT SPACES 9

Note also that ¢(T") > 0 if the operator T is U-frequently hypercyclic.

The last class of operators which we introduce is that of operators T' € HC(H) such
that ¢(7) is maximal:

cMAX(H) :={T € HC(H); ¢(T) = 1}.

Since, as proved in [10], the set of all distributionally irregular vectors for a given
operator I € DDCH(#H) is comeager in H, it is clear that DDCH(H)NHC(#H) € cMAX(H).
Moreover, it is shown in [29] (more accurately, half in [9] and half in [29]) that ergodic
operators are densely distributionally chaotic: ERG(H) € DDCH(H). So we have

ERG(H) € DDCH(H) N HC(H) € eMAX(H).

It is left as an open question in [29] to determine whether HC(H) N INV(H) C
c¢MAX(H), or whether at least FHC(H) C ¢MAX(H). It follows from the proof of the
main result of [39] that the first inclusion does not hold true: the chaotic operator T
constructed there belongs to HC(H) NINV () (as does any chaotic operator on #) but
satisfies ¢(T') = 0. However this operator is not frequently hypercyclic, and so the exam-
ples of [39] do not disprove the second inclusion. We will nonetheless show in the present
paper that this inclusion does not hold true either (Theorem 6.22).

1.2.8. A last notation. — If I'(H) is a class of operators on H, then, for any M > 0, we
set

Py(H) :={T e T(H); || T|| < M}.

1.3. Organization of the paper. — In Section 2, we recall a few basic facts concern-
ing the topologies SOT and SOT*, and then prove some “typicality” results in the spaces
By (H) and HCyf(H), M > 1 with respect to the Strong* Operator Topology SOT*. These
results can be summarized as follows: for any M > 1, an SOT*-typical T' € HCy/(H) is
topologically weakly mixing but not mixing (Propositions 2.16 and 2.17), has no eigen-
values (Corollary 2.23), admits no non-trivial invariant measure (Theorem 2.29), but is
densely distributionally chaotic (Proposition 2.37).

Section 3 is a digression, in which we discuss the descriptive complexity of some of the
families of operators introduced above. We show that for any M > 1, TMIX/(H) and
CH s (H) are Borel subsets of (B/(H), SOT*) of class exactly I13, aka F,,5 (Propositions 3.2
and 3.4), whereas UFHCy,(#H) is Borel of class at most I}, and neither II nor X9
(Corollary 3.12). We also show that some rather natural classes of operators defined by
dynamical properties are non-Borel in 9B ,;(H); for example, the family of all operators
T € By(H) admitting a hypercyclic restriction to an invariant subspace is non-Borel
(Proposition 3.23), as well as the family of distributionally chaotic operators T € By, (H)
(Proposition 3.28). In contrast, the class of densely distributionally chaotic operators
T € By (H) is Gy (Proposition 2.37).

In Section 4, we consider ergodicity properties of upper triangular operators, this time
with respect to the Strong Operator Topology SOT. We show first that for any M > 1,
an SOT-typical upper triangular operator T' € B;(H) is ergodic in the Gaussian sense
(Proposition 4.4). On the other hand, we essentially show in Theorem 4.9 that an SOT-
typical operator T' € B;(H) of the form “diagonal + backward shift” is ergodic but
admits only countably many eigenvalues (and hence is ergodic but not ergodic in the
Gaussian sense).
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In Section 5, we prove several criteria for an operator T’ to be U-frequently hypercyclic
or frequently hypercyclic. These criteria are rather different in spirit from the by now
classical Frequent Hypercyclicity Criterion ([13]) or from the more recent criteria which
can be found in [12] or [14], since they rely explicitly on the existence of many periodic
(or almost periodic) vectors for the operator T'. However, our criterion for frequent hyper-
cyclicity turns out to be stronger than the classical one: indeed, any operator satisfying
the so-called Operator Specification Property also satisfies the assumptions of our criterion,
whereas it is known [2] that operators satisfying the assumptions of the classical Frequent
Hypercyclicity Criterion have the Operator Specification Property (but not conversely,
see [2]). In the present paper, these criteria for U-frequent hypercyclicity and frequent
hypercyclicity are instrumental: we use them in order to simplify the proofs of several
later results (more precisely, Corollary 5.11, Theorem 5.14 and Theorem 5.31 will be used
in the proofs of the main results of Section 6). However, we believe that these criteria
might be useful in other situations as well; and for this reason we have stated them in the
setting of general Banach spaces.

In Section 6, which is by far the the most technical part of the paper, we develop
a general machinery for producing hypercyclic operators with special properties. This
machinery is very much inspired from the construction of [39], but things are done here
in greater generality. Again, we hope that this approach could be useful to solve other
questions as well. The operators we construct depend on a number of parameters, and we
are able to determine in a rather precise way how the parameters influence on U-frequent
or frequent hypercyclicity, ergodicity or topological mixing. This allows us to produce the
examples we are looking for. The main results we obtain are the existence of chaotic and
frequently hypercyclic operators which are not in ctMAX(#H) and hence are not ergodic
(Theorem 6.22), the existence of chaotic and U-frequently hypercyclic operators which are
not frequently hypercyclic (Theorem 6.29), and the existence of chaotic and topologically
mixing operators which are not U-frequently hypercyclic (Theorem 6.34).

We conclude the paper (Section 7) with a short list of possibly interesting questions.

Acknowledgements: We are grateful to Alfred Peris for interesting discussions, and
also for kindly allowing us to reproduce here his proof of Theorem 5.36.

2. Typical properties of hypercyclic operators

2.1. The strong and strong* topologies. — The Strong Operator Topology (SOT) on
B(H) is defined as follows: any T € B(H) has a neighborhood basis consisting of sets of
the form

Upszr,mse =T € B(H); (T — To)z]| <e fori=1,...,s}
where z1,...,2s € H and € > 0. Thus, a net (T;) C B(H) tends to Ty € B(H) with
respect to SOT if and only if T;x — Tz in norm for every x € H.

The second (and perhaps a little less well-known) topology we will use is the Strong*
Operator Topology (SOT*), which is the “self-adjoint” version of SOT. A basis of SOT*-
neighborhoods of T € B(#H) is provided by the sets of the form

VTyizr,.mee = {T €B(H); (T —To)xi|| <eand (T —To)*zi|| <e fori=1,... ,s}

where z1,...,2; € H and € > 0. In other words, a net (7;) tends to Tp € B(H) with

respect to SOT* if and only if T; RN o and T LN o- Obviously, SOT is coarser than
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SOT*, which is in turn coarser than the norm topology. The topologies induced by SOT and
SOT* on any closed ball B,(#H) are easily seen to be Polish, i.e. separable and completely
metrizable (see e.g. [43, Sec. 4.6.2]). This will be of primary importance for us.

The following simple fact will be used repeatedly, sometimes without explicit mention.

Fact 2.1. — Let M > 0. If B(H) is endowed with either SOT or SOT*, then the map
(T,S) — TS is continuous from By (H) x By (H) into B(H). Consequently, for any fixed
integer n > 1, the map T+~ T™ is (SOT, SOT)-continuous and (SOT*, SOT*)-continuous from
B (H) into B(H).

Proof. — Tt is enough to check the statement involving the SOT topology; so we have to
show that for any fixed vector z € H, the map (7',.5) — T'Sxz is continuous from By (H) x
B (H) into H. Since the map (7, .5) — (T, Sx) is continuous from B (H) x B (H) into
Br(H) x H, it suffices to check that the map (T, u) — T'u is continuous from By, (H) x H
into H. Now, for any operators T, Ty € B/(H) and any vectors u, ug € H, we have

1 Tu — Touol| = [|T'(u = uo) + (T' = To)uoll < M|ju —uol| + |[(T" = To)uol|.
The result follows immediately. O

It is easy to deduce from this fact that HCp;(H) is SOT-Gg in By (H) for any M > 1.
Indeed, it follows from Fact 2.1 that if A and V are two non-empty subsets of H with V'
open, then, for any fixed n > 1, the set

Onay ={T € By (H); T"(A)NV # 0}

is S0T-open in By, (H). Now, fix a countable basis of non-empty open sets (V})p>1 of H,
and observe that

HCy(H) = [ U{TeBu); V)V, £0 = () U Onvpre
p,q21n=1 p,q=1n=>1
This proves that HC/(H) is G5 in B,(H) with respect to SOT. Since the topology SOT*
is finer than the topology SOT, HCj/(H) is also G in B/ (#H) with respect to SOT*. Thus,
we may state:

Fact 2.2. — For any M > 1, HCy/(H) is SOT-Gs and SOT*-Gy in B(H). Hence
(HCpr(H),80T) and (HCps(H),SOT*) are Polish spaces.

We now state a less immediate fact, which will be proved in Corollary 2.12 below.
The corresponding (weaker) SOT statement can be found in [16], and its SOT* analogue
undoubtedly would have been proved there if there had been any need to do so.

Fact 2.3. — For any M > 1, HCps(H) is dense in (B (H),S0T*). Hence, HCys(H) is
comeager in B7(H), both for the SOT and the SOT* topology.

Note that this result is indeed not completely trivial. For example, since the map
T — T* is a homeomorphism of (B/(#H),S0T*), it immediately implies that a typical
operator T" € B(H) is hypercyclic and has a hypercyclic adjoint. In particular, this
argument proves that there exist hypercyclic operators whose adjoint is also hypercyclic;
which is a classical result of Salas obtained via an explicit construction in [44].

We deduce immediately from Fact 2.3 that the word “typical” has the same meaning
in the whole of B/(#H) or in the subclass HCys(H) of hypercyclic operators in B/ (H).
This will be used repeatedly below, sometimes without explicit mention.
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Fact 2.4. — Let I'(H) be a class of operators on #, and let M > 1. If I'y/(#) is a dense
G5 subset of (B (H),T), where 7 is either SOT or SOT*, then I'j;(H) NHC(H) is a dense
Gy subset of (HCps(H), 7)). Conversely, if I'(H) C HC(H) and if T'ps(H) is dense G (resp.
comeager) in (HCys(#H),7), then I'as(H) is dense G (resp. comeager) in (B (H), 7).

Proof. — This is obvious: if I'y/(H) is dense Gs in (Bas(H), 7) then, by Fact 2.2, Fact 2.3
and the Baire category theorem, I'y/(H) N HC(H) is dense Gs in By(H), and hence in
HCj/(H); and likewise for the converse. The “comeager” case follows from the “Gj”
case. O

Here is a last fact concerning the topology SOT* that will be quite useful for us. Note
that the corresponding statement for SOT is false. This is an important difference between
the two topologies, which explains in particular why we will encounter some subsets of
B s (H) which are G5 with respect to SOT* and not with respect to SOT.

Fact 2.5. — Let us denote by w the weak topology of ‘H. If B is a bounded subset of H,
then the map (7, z) — Tz is continuous from (B (H), SOT*) x (B, w) into (H, w).

Proof. — We have to show that for any fixed vector e € H, the map (T, z) — (T'x,e) is
continuous on (B (H),S0T*) x (B, w). The key point is that one can separate T" from x
by writing (T'z,e) = (x,T*e) (this trick would be useless, of course, if we were working
with the SOT topology).

Let (T3, x;) be a net in B(H) x B converging to some element (7', z) € B(H) x B; that
is, T; ﬂ T and z; = z. Then
[(Tyxi,e) — (Tw,e)| = [(w;, T'e) — (x, T"e)|
}xl,T*e—T* ‘—I—‘ —$,T*€>‘.

Since the net (z;) is bounded in norm and x; — z, this shows that (Tjz;,e) — (Tz,e). [

2.1.1. Why SOT and SOT*?— There are other natural topologies on B(#), most notably
the operator norm topology, of course, and the Weak Operator Topology (WOT). The norm
topology is not very well-suited for Baire category arguments, mainly because it is much
too strong; in particular, the lack of separability seems unacceptable. The topology WOT
is better behaved in this respect, being Polish on any closed ball B ,,(#). However, since
we are interested in typical properties of hypercyclic operators, it seems better to consider
topologies with respect to which HCy(#H) is comeager in By (H) for any M > 1. This
is definitely not the case for WOT. Indeed, it is proved in [19] that a typical element of
(B1(H),W0T) is unitary. It follows that a WOT-typical T € B (H) is a multiple of a
unitary operator and hence not hypercyclic. Incidentally, the operator norm topology has
the same “drawback”, in an even stronger way: the hypercyclic operators (actually, even
the cyclic operators) are in fact nowhere dense in B(H); see [7, Sec. 2.5].

So we will consider neither the operator norm topology nor the Weak Operator Topology
in this paper. Actually, when working in the whole of By;(H) or HCp(H), M > 1,
we will always use SOT* rather than SOT. Indeed, with respect to SOT, a result from
[21] gives a rather complete picture as far as typical properties are concerned: a typical
element of (B1(H), SOT) is unitarily equivalent to the operator B(™), the countable direct
ly-sum of the unilateral backward shift B on ¢3(N). It follows that for every M > 1, the
class of operators T € HCj;(#) which are unitarily equivalent to M B(>®) is comeager
in (HCj/(H),S0T). Now, the dynamical properties of the operators MB(>®), M > 1 are
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quite strong and very well understood: these operators are mixing in the Gaussian sense
(and hence ergodic and topologically mixing), densely distributionally chaotic, and they
have nearly any other strong dynamical property one might think of. This explains why,
when trying to determine which properties are typical within the class of all hypercyclic
operators, we will use SOT* rather than SOT. The situation in this setting is more involved,
and thus leads to more interesting results.

On the other hand, we will see that within specific subclasses of HC(#) consisting of

upper triangular operators, the topology SOT becomes much more useful. This is not really
surprising, since triangularity is not exactly a self-adjoint property.

2.2. How to prove density results. — For future reference, we state here a simple
criterion for a class of operators to be dense in (B /(#), SOT) or (B (H),S0T*), M > 0.
We will use it repeatedly in the rest of the paper.

Lemma 2.6. — Let I'(H) be a class of operators on H, and let M > 0. Let also (e)r>1
be an orthonormal basis of H, and for each v > 1, denote by H, the finite-dimensional
subspace span[er; 1 < k <] of H. Suppose that the following property holds true:

for every r > 1, every operator A € B(H,) with ||Al| < M and every € > 0, there exists
an operator T € T'pr(H) such that

(T — Aer|| < e fork=1,...r. (%)
Then T p(H) is dense in (Bar(H),SOT). If (x) is replaced by its self-adjoint version
(T — A)eg|]| <e and ||(T— A)ex]| <e fork=1,...r, (xx)

then Tar(H) is dense in (Bpr(H), SOT*).

Note that there is a slight abuse of notation in the statement of Lemma 2.6: we consider
the operator A € B(#H,) as an operator on ‘H by identifying it with P*AP,, where P, :
‘H — H, is the orthogonal projection of H onto H,.

Proof. — We will prove the assertion concerning the SOT*-topology, the proof of the SOT
statement being exactly the same. Fix Ty € B (H), € > 0, and x1,...,x5 € H. Without
loss of generality, we can suppose that || Tp|| < M. We are looking for an operator T' €
I'pr(H) such that
T —Ty)x; T—T)"z; . 1
e max((T = To)a . (T = To)as ) < o 1)
Since ||| < M for every T' € I'ps(H), and since every vector z; can be approximated by
a finite linear combination of the basis vectors ey, there exists an integer 7o > 1 sufficiently
large such that (1) above holds true as soon as

3
— _— * -
 max max ([[(T — To)ex|, (T — To)*ex|) < 5

For each r > rg, consider the operator A, = P,To P, Observe that ||A,| < ||To|| < M. By
our assumption, there exists T' € T'(H) such that

9
T_Ar y T_AT* 5
e mas (T = Ad)eal, (7~ A, enl) < 5

Now

13
1T = ToJenll < (T = Apexll + (B ToP: — Todexl] < 5 + (P = D) Toex|
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and
1T = To)*exll < 5 + (P = DTgex
for every 1 < k < r. Since lim;,_,, P- = I for the SOT topology, one can choose r so large
that
max max (||(P, — I)Toexl|, ||[(Pr — DTgex|) <e,

1<k<ro
from which the conclusion of Lemma 2.6 follows. ]
Remark 2.7. — It is sometimes more convenient to endow H with an orthonormal basis

(fx)kez indexed by Z rather than by N. In this case, the corresponding version of Lemma
2.6 reads as follows.

For each r > 0, denote by H, the finite-dimensional subspace span|fi; —r < k <r] of H.
Suppose that the following property holds true:

for every r > 0, every operator A € B(H,) with ||A|| < M and every € > 0, there exists
an operator T € I'pf(H) such that

(T —A)fill <e fork=—r ... r. (%)
Then Ty (H) is dense in (B (H),SOT). If () is replaced by its self-adjoint version
(T —A)fe]l <e and |(T—A)"fill <e fork=—r,... r, (xx)

then I'pr(H) is dense in (B (H), SOT*).

2.3. Construction of mixing operators, and density of G-MIX(#). — In order
to show that a property is typical, we first need to prove the density of the set of op-
erators satisfying it. We show in this subsection that the class G-MIX/(H) is dense in
(HCpr(H),80T*) for any M > 1. This will be achieved by considering some perturbations
of weighted unilateral or bilateral weighted shifts with respect to some orthonormal basis
of H. We show that these operators admit spanning eigenvector fields which are analytic
in a neighborhood of the unit circle, and hence are mixing in the Gaussian sense. The
precise statement we will use is the following.

Fact 2.8. — Let T € B(H). Assume that there exists a connected open set  C C
with QN T # @ and a family (F;);e; of holomorphic maps, E; : Q — H, such that
TE;(\) = AE;(X) for every i € I and every A € Q, and span{E;(\); i € I, A € Q} = H.
Then T is mixing in the Gaussian sense.

Proof. — Recall that we denote by £(T) the set of all unimodular eigenvectors of T'; and
by A(z) the eigenvalue associated to x € £(T'). By [4, Th. 3.29], it is enough to show that
for any Borel set D C T of Lebesgue measure 0, we have span {z € £(T); \(«z) &€ D} = H.
Let y € H be orthogonal to the set {z € £(T); A(z) € D}. Then (y, E;(\)) = 0 for every
i €I and every A € (2NT)\ D. Since the functions (y, E;(-)) are holomorphic on €,
and since (2N T) \ D certainly has an accumulation point in 2 (because D has Lebesgue
measure 0), it follows that y is orthogonal to all vectors F;(\), ¢ € I, A € Q, and hence
that y = 0. This concludes the proof. O

Remark 2.9. — The assumptions of Fact 2.8 imply that the operator 7' is also chaotic:
since the roots of unity contained in 2 have an accumulation point in €2, this follows as
above from the identity principle for holomorphic functions.
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Let us first consider perturbations of unilateral weighted shifts. Let (ex)r>1 be an
orthonormal basis of the Hilbert space H, and let w = (wg)r>1 be a unilateral weight
sequence, i.e. a bounded sequence of positive real numbers. Let r > 1 be an integer, and
let A be an operator acting on the finite-dimensional space H, = spanfei; 1 < k <r]. We
define a bounded operator B4, on ‘H by setting

Aey, forevery 1 <k <r
Bawer =
Wg_rep_pr for every k > 7.

Proposition 2.10. — Let w be a unilateral weight sequence, r > 1, and A € B(H,).
Suppose that for every 1 <1 <r,

= limi . 1/p
R, := hprgg}f(wprﬂ wrpwy) Y > max(1, || Af).

Then the operator By, is mizing in the Gaussian sense. Besides, Bag, s also chaotic.

Proof. — Solving formally the equation Bz = Az, where A € C and x = (x)5>1 € cN,
one gets the following identities:

(AN—A)Px = Zwl$l+r€l and WipTp+r = Axg  for every k > 7.
=1

From this (setting y := P,x) we infer that the eigenvectors of By, associated to the
eigenvalue A must be given by the formula

=y+ (A= Ay, e) <e + e ) 2
=Y Z y l r+l1 Z Dy tyrid - Dr i1 pr+l ()

p>2

where y is a non-zero vector of H,. Conversely, if y belongs to #, \ {0} is such that the
above formula makes sense, then E, () is an eigenvector of B4, with associated eigenvalue
A. It follows that the complex number A is an eigenvalue of B4, as soon as

>

p>2

2

P
< 0 forall1 <<,

W(p—1)r4l - - - Wi

which holds true whenever |A\| < R := min;<j<, R;. In this case, the eigenvector field E,
is well-defined and holomorphic on the open disk D(0, R) for every y € H,. Note that our
assumption implies that R > 1, so that the disk D(0, R) contains T.

By Fact 2.8 and Remark 2.9, in order to show that B4 belongs to G-MIX(#) and is
chaotic, it suffices to check that the eigenvectors E,(\), y € H,, |\| < R, span a dense
subspace of H. So let u € H be such that (E,()\),u) = 0 for every y € H, and every

|A| < R. Writing v as w = ) ugeg, this means that
k>1

-1
b5 Hth 4 o Do)
T

p>2 w(P Dr+l -

for every y € H,. It follows that each vector
~p—1

1 AP
wt Y (e St
=1

p>2 Wip—1)r4l -+ - Wr+l

> (A= A)e;, N <R
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is orthogonal to H,, i.e. belongs to the closed linear span of the vectors ey, &k > r. In
other words,
~p—1

1 A"
Pru + Z (ATl <ur+l + Z Upr41
=1

p>2 Wp—1)r+l - - - Wr+l

) o-aya=o.

Consider now the open subset 2 = D(0, R) \ 0(A) of C, where o(A) denotes the spectrum
of A. Applying the operator (A — A)*~! to the previous equation, we obtain that for every
Ae

. T 1 Xp—l
A=A Py =— Z o (Ur+l + Z Upr+1 > ej. (3)

=1 p>2 Wp—D)r+i - Wrl

Since the expression on the right hand side of (3) defines an antiholomorphic map on
D(0, R) and since the disk D(0, R) contains o(A) (recall that R > ||A|| by assumption),
it follows that the map A — (A — A)*~!P.u extends antiholomorphically to the whole
complex plane. But (A — A)*~!P.u — 0 as |A\| = oo, so the function A — (A — A)* 1P
must vanish identically on 2 by Liouville’s Theorem, which is possible only if P,u = 0.
Going back to (3), the fact that P.u = 0 yields that up,4; = 0 for every 1 <1 <r and
every p > 2, and that u,4; = 0 for every 1 <[ < r. Thus u = 0, and this concludes the

proof of Proposition 2.10. 0
Remark 2.11. — The definition of the operator B4, shows that every eigenvalue of A is
also an eigenvalue of B4 . This explains why the conditions R; > 1 for every [ =1,...,r

are not sufficient to ensure that B4, be mixing in the Gaussian sense. Indeed, if A € o(A)
is such that |A\| > max;<;<, R;, then X is an isolated eigenvalue of B4, with |A| > 1, and
this prevents B4, from being hypercyclic. This is to be compared with Remark 2.15
below.

From Proposition 2.10 we easily deduce a basic density result, which gives in particular
the promised proof of Fact 2.3 above.

Corollary 2.12. — For every M > 1, the class G-MIXp/(H) N CHps(H) is dense in
(HCp(H),S0T*).

Proof. — We are going to apply Lemma 2.6. So, let (ej)r>1 be an orthonormal basis of H,
and let us fix 7 > 1, an operator A € B(H,) with ||A|| < M and € > 0. Let also § > 0 be
a small positive number to be specified below. We define a weight sequence w = (wy)x>1
as follows:

0 forevery 1< k<r
w =
F M for every k > r;

and we consider the associated operator Ba, acting on H. Identifying A with P*AP,
B(H), we have for every 1 < k < r:

B wer, = Aey, and B per = A'ep, + depyy
so that |[(Baw — A)%eg|| = 6. It follows that if § < e, then

11;1]?% max (|| (BAyw — Aer||, [(Baw — A) ekH) <e.

The assumption of Proposition 2.10 is clearly satisfied, so that B4, belongs to the class
G-MIX(H) N CH(H).
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To estimate the norm of By, note that for every x = ) z;e; € H, we have
i>1

.
BA,wl' = AP,.x + Z Thtr O€L + Z Thtr Meg
k=1 k>r

so that

r 2
| Bawz||* = HAPTH&Z:E,W% + MY o .
k=1 k>r
Since [|A]| < M, it follows that |[Baw| = M if 6 > 0 is sufficiently small. So Ba,
belongs to G-MIX(H) N CHps(H), and Lemma 2.6 now allows us to conclude the proof
of Corollary 2.12. O

Remark 2.13. — Corollary 2.12 does not state that G-MIX(H)NCHjps(H) is comeager
in (HCps(#),S0T*). Indeed, we will prove below that G-MIXy/(H) and CHps(H) are
actually meager in (HCp/(#H), SOT*).

Let us now turn to a bilateral analogue of Proposition 2.10, which we state as Proposi-
tion 2.14 below. Let (fx)kez be an orthonormal basis of the space H, and let w = (wg)rez
be a bilateral weight sequence, i.e. a bounded sequence of positive real numbers indexed
by Z. For any integer r > 0, we write H, = spanleg; |[k| < r], and let A € B(H,) be a
bounded operator on H,. We define a bounded operator S, on H by setting

~ JAfe t wr—@r1) fr—(2r41)  forevery k| <7
Sawfe =
Wr—(2r+1) fk—(2r+1) for every [k| > r.

Proposition 2.14. — Let w be a bilateral weight sequence, r > 1 and A € B(H,). Sup-
pose that for every —r <1 <,

e 1
Ry :=1lim lnf(wp(2T+1)+l e w(2r+1)+l) /p >1

p—00
and 1y
rp = lim Sup(wl_p(gr+1) .. .wl_(2T+1)) P <.
p—00
Then Sa is mizing in the Gaussian sense and chaotic.
Proof. — The proof is so similar to that of Proposition 2.10 that we will not give it in
detail. A complex number A is an eigenvalue of S4, as soon as the series

P ?

W(p—1)(2r+1)+ - - - W(2r4-1)+1

Wi—p(2r41) - - - Wi—(2r+1) |2
and Z‘ IV

p>2 p>1

are convergent for all —r <[ < r. If we define R := min_, <<, R; and r := max_,<;<, 77,
our assumption implies that » < 1 < R. Any complex number A belonging to the annulus
{r < |A\] < R} is an eigenvalue of S4,, and the eigenvectors of Sy, associated to A have
the form

pUa

1
E,(\) = — (A =A)y, e | e + Ep(2r
v lz_:r wi \ J l>< (rab+ ]%:2 Wip—1)(2r+1)+1 - - - W(2r+1)+l p2ri)+t

Wi—p(2r+1) - - - Wi—(2r41
+ Z al ))\p ( )e—p(27’+1)+l> (4)

p>1
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where y € H,. Since r < 1 < R, the annulus {r < |A\| < R} contains T, and an
argument similar to the one given in the proof of Proposition 2.10 show that S4 ., belongs
to G-MIX(H) N CHp(H). Indeed, if u € H is such that (Ey,(\),u) = 0 for every y € H,
and every r < |A| < R, then

r *p—l

1
Z ( @r+1)+1 T Z Up(2r+1)+

f— =2 W(p—1)(2r+1)+l - - - W(2r+1)+

Wi—p(2r+1) - - - Wi—(2r+1 "
L3 Cn HX’” ( “up(zmm)(k—fl) e =0
p>1

for every r < |A\| < R and every | = —r,...,r, from which it follows that

T 1 prl
— | u@r1)+1 + Up(2r+1)+1
z;r < e p; W)@ty Warygr O
Wi—p(2 +1 Wi—(2r+1
+ Z e G )up(2r+1)+l> =0
p>1
for every r < |A] < R and every | = —r,...,r. Hence u = 0, and Proposition 2.14 is
proved. O
Remark 2.15. — The description of the eigenvectors of S4 . given in (4) above shows

that if the two series

Z (wp(2r+1)+l e w(2r+1)+l) and Z (wlfp(2r+1) e w17(2r+1)) -
p>1 p>1

-2

are divergent for every |I| < r, then the operator Sa, has no eigenvalue, whatever the
choice of A € B(H,). This observation will be useful for the proof of Proposition 2.22
below. It is also interesting to observe that the assumptions on R; and r; in Proposition
2.14 do not involve the operator A, contrary to what happens in Proposition 2.10. This is
coherent with the fact that the eigenvalues of A do not necessarily appear as eigenvalues
of S4w, while they do appear as eigenvalues of Byg,.

2.4. Topological weak mixing and topological mixing. — In this subsection, we
show that topological weak mixing is a typical property, whereas topological mixing is
atypical. In view of the corresponding well-known analogues in ergodic theory due to
Halmos and Rohlin (see e.g. [33, pp. 77-80], and [20] for a more general result), this
should not be surprising at all.

Proposition 2.16. — For every M > 1, the class TWMIX(H) is a dense Gs (and
hence comeager) subset of (HCpr(H),SOT*).

Proof. — That TWMIX )/ (H) is Gs follows from the fact that HCp/(H x H) is Gs in
B s (H xH), and the SOT*-continuity of the map 7'+ T'xT'. Since operators in G-MIX(H)
are topologically mixing, density follows from Corollary 2.12. ]

Proposition 2.17. — For every M > 1, the class TMIXy;(H) is meager in the space
(HCps(#H), SOT*).
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The proof of Proposition 2.17 relies on Lemmas 2.30 and 2.31, which belong to the
forthcoming Section 2.6. We nonetheless prefer to present things in this order, because
the purposes of Lemmas 2.30 and 2.31 will appear more clearly in our proof of the typicality
of operators without non-trivial invariant measures.

Proof. — By Fact 2.4, it is enough to show that the class TMIX,/(H) is meager in
(B (H),S0T*). Let B be a non-trivial closed ball in H. We certainly have

TMIXu (M) € | $w,
N>1

where
FN = ﬂ {TeBuH); T"(B)NB #0} for every N > 1.
n>N

Each set §n is closed in (Bs(H), S0T*). Indeed, we may write
TeFny &< Vn>N3IzcB : T'z € B.

Since B is weakly closed in #H, the condition “I™x € B” defines a closed subset of
(Brr(H),S0T*) x (B,w) by Facts 2.1 and 2.5; and since B is weakly compact, this
shows that §n is closed in (B (H),S0T*). To conclude the proof, it is enough to show
that for some suitable choice of the ball B, the closed sets §x have empty interior in
(B (H),SOT*); or, equivalently, that the open sets

On:={T €By(H); In>N : T"(B)Nn B =0}

are dense in (Bp(H),S0T*). We choose for B the ball B(e,1/2), where e € H satisfies
lle]| = 1. Then Oy contains the set Ony1,p of Lemma 2.30 below, so it is dense in
(B (H),S0T*) by Lemma 2.31. O

Remark 2.18. — The same proofs would show that topological weak mixing is typical
and topological mixing is atypical for operators on ¢, spaces. It would be interesting to
know if this is still true on every Banach space with separable dual. In this respect, it is
worth mentioning that there exist on any separable Banach space hypercyclic operators
which are not topologically mixing ([30]).

2.4.1. Some illustrations. — We present in this subsection some consequences of Propo-
sitions 2.16 and 2.17.

First, we have the following amusing fact: a typical operator T € HCy/(H), M > 1,
satisfies the Hypercyclicity Criterion but not Kitai’s criterion.

In the same spirit, it follows from Proposition 2.16 and the Baire Category Theorem
that a typical T' € B/(H) is such that T" and T™ are both topologically weakly mixing;
but no operator with this property can be topologically mixing since otherwise T x T™*
would be hypercyclic on ‘H x H, which can never happen.

Here is now a less immediate consequence of the comeagerness of TWMIX y/(H), which

is a partial strengthening of the main theorem of [53]. This result could also be easily
deduced from [26, Th. 4.1], the proof of which is, however, quite different.

Proposition 2.19. — Let Z be a linear subspace of H with countable algebraic dimen-
sion. For any M > 1, the set of all T € Bp(H) such that every vector z € Z \ {0} is
hypercyclic for T is comeager in (B (H), SOT*).
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Proof. — Let us first recall that any topologically weakly mixing operator T" on H is in
fact totally hypercyclic, which means that for any N > 1, the N-fold product operator
Tn :=T x --- x T is hypercyclic on H" :=H x --- x H. This is a classical result, which
has nothing to do with linearity; see e.g [24], or [7, Th. 4.6].

For any finite sequence f = (f1,..., fn) of vectors of H, we will denote by Gram(f) the
associated Gram matriz,

Gram(f) := (<fu f]>) 1<i,j<N

and we define H := {x = (z1,...,2zn) € H"; Gram(x) = Gram(f) }. Note that Hs is a
closed subset of #, and hence a Polish space. The key point in the proof of Proposition
2.19 is the following fact.

Fact 2.20. — Let f = (f1,..., fn) be a finite sequence of linearly independent vectors
in H. For any operator ' € TWMIX(H), the set Hf "NHC(T) is dense in Hg.

Proof of Fact 2.20. — Let (u1,...,un) € Hg be arbitrary. We are looking for some N-
tuple (z1,...,2n) € Hf such that (z1,...,2y) lies in HC(Tw) and (x1,...,zy) is very
close to (ug,...,uy). Since HC(Ty) is dense in H™V, one can first choose (z1,...,2N) €
HC(Ty) very close to (ug,...,un).

Note that the N-tuple u = (uq,...,uy) consists of linearly independent vectors since
the Gram matrix Gram(u) = Gram(f) is invertible; and (z1,...,zy) is linearly indepen-
dent as well since (z1,...,2n) belongs to HC(Ty). Let us denote by (ui,...,uy) and
(z1,...,2n) the sequences obtained by applying the Gram-Schmidt orthonormalization
process to (ug,...,uy) and (z1,...,2zy) respectively. Then (uy,...,uy) and (z1,...,2nN)
are very close to each other, provided (uq,...,uy) and (z1,...,2zy) are sufficiently close.
Now, define (z1,...,zy) € HY as follows:

N

xi::Z<ui,ﬂl>EZ fori=1,...,N.
=1

We have by definition
N
<JI@,$J> = Z <Ui,ﬂl> <u]7ﬂl> = <u17u]> = <fl7f]> for Za] = 1> s 7N7
=1

so that (x1,...,2xN) belongs to H¢. Moreover, each vector x;, 1 <i < N, is very close to
Zfil (ug, up) up = g, so that (x1,...,zyN) is very close to (ug,...,uy). It remains to show
that (z1,...,2zn) belongs to HC(Tn).

Since the vectors x; are linearly independent (because (z1,...,zy) belongs to Hs) and
belong to span [z1,...,2N] = span |z, ..., 25|, they form a basis of span [z1,...,2zx]. So
we may write each vector x; as

N
5= gz,
=1

where the matrix (¢;;)i<ij<n is invertible. Now, let Vi,...,Vy be non-empty open sets
in ‘H, and define

N
V= {(yl,...,yN) c 1Y, ZCi,jZ/j eV fOfi:l,---aN}-
j=1



LINEAR DYNAMICAL SYSTEMS ON HILBERT SPACES 21

Since the matrix (c;j)1<sj<n is invertible, this is a non-empty open subset of HN. As
(21,...,2n) € HC(Tn), one can find an integer n such that (T"z1,...,T"zy) € V, which
means that (T"x1,...,T"xy) € Vi x -+ X Viy by the definition of V. This shows that
(x1,...,zN) belongs to HC(Tw). O

From Fact 2.20, we now deduce:

Fact 2.21. — Let M > 1. For any finite family f = (f1,..., fy) of linearly independent
vectors in H, the set of all T € By, (H) such that (f1,..., fn) belongs to HC(Ty) is
comeager in (B (H), SOT*).

Proof of Fact 2.21. — Let us consider the set
G = {(xl,...,xN,T) € He x B (H); (z1,...,25) € HC(TN)}.

This is a G5 subset of Hg x (Bps(H),S0T*). Moreover, Fact 2.20 asserts that for any
T € TWMIX/(H), the T-section of G is dense in Hg, and hence comeager in Hy since
this is a G5 set. Since TWMIX/(#H) is comeager in (B (H),SOT), it follows, by the
Kuratowski-Ulam Theorem (see for instance [37, Sec. 8.K]), that there exists at least one
(in fact, comeager many) x = (x1,...,2xN) € Hg such that the set

By = {T € Byr(H); (x1,...,2x5) € HO(Ty)}

is comeager in (B (), SOT).

Now, since (z1,...,xn) belongs to He, i.e. (x;,x;) = (fi, f;) for every i,5 =1..., N,
one can find a unitary operator U : H — H such that U f; = x; for every i = 1,..., N.
Then the map T+ U~'TU maps B;(H) bijectively onto itself because U is unitary, and
is a homeomorphism with respect to the topology SOT*. Therefore, the set B¢ := U~ 1&,U
is comeager in (By7(H),SO0T*). Since by definition (f,..., fa) belongs to HC(Ty) if T
belongs to &g, this concludes the proof of Fact 2.21. O

We are now ready to conclude the proof of Proposition 2.19. Let (f;);>1 be an algebraic
basis of Z. By Fact 2.21, the set

G :={T eBy(H); VN>1: (f1,...,fn) € HC(In)}

is comeager in (Bys(H),SOT*). So it is enough to show that that if 7" belongs to &, every
non-zero vector z € Z is a hypercyclic vector for T'. Let V be a non-empty open set in H.
Write z as z = Zfil zifi, and consider the set

V, = {(xl,...,xN) e 1Y, izimi € V}.
i=1

Since z # 0, this is a non-empty open set in . As T belongs to &, it follows that there
exists n > 1 such that (T™f1,...,T"fn) belongs to V., which means exactly that T"z
belongs to V. Hence z is indeed a hypercyclic vector for T. O
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2.5. Hypercyclic operators without eigenvalues. — The following result shows
that operators without eigenvalues are typical.

Proposition 2.22. — For any M > 1, the class NEVy(H) is a dense G subset of
(B (H),SOTY).

From this and Fact 2.4, we obtain

Corollary 2.23. — For any M > 1, a typical operator T € (HCp;(H),S0T*) has no
ergenvalues.

As a matter of fact, Proposition 2.22 is already proved in [21], where typical properties
of contraction operators are studied for various topologies (see also [19]). However, since
the proof is not that complicated, and in order to keep the paper as self-contained as
possible, we outline it below.

Proof of Proposition 2.22. — We divide the proof into two steps. In what follows, we fix
M > 0.

Fact 2.24. — The set NEV/(#H) is a Gs subset of (B (#H), SOT*).

Proof of Fact 2.24. — To any closed ball B C H, we associate the following subset of
Bar(H):

Mp = {T €By(H); INeC, Jx € B with Tx = )\1:}.
Let us show that this set Mp is F, in (B (H), SOT*). To this aim, we endow B with the
weak topology, and introduce the set

Fp={(T,\z) € By(H) x Cx B; Tz = \z}.
Then M p is the projection of Fp on the first coordinate. Moreover, the set Fp is closed
in (B (H),80T*) x C x (B,w) by Fact 2.5. Since the space C x (B,w) is K, (because
(B,w) is compact), it follows that Mp is F,.
Let now (Bg)g>1 be a sequence of closed balls of H not containing the point 0, such
that U,>; By = H \ {0}. Then By (H) \ NEVy(H) = U5, Mp, is an F, set, so that
NEVy(H) is a Gy set in (B (H), SOT*). O

Fact 2.25. — The set NEV () is dense in (B (), SOT*).

Proof of Fact 2.25. — Let (fx)rez be an orthonormal basis of H. For each r > 0, we set
H, := span[fy, ; |k| < r] and we denote by P, the orthogonal projection of H onto H,.
By Lemma 2.6 and Remark 2.7, it suffices to show that for every r > 0, every A € B(H,),
with ||A|| < M, and every € > 0, there exists an operator T' € NEV ,(#) such that

(T —A)fell <e and |[(T—A)"fx]l <e for every k= —r,..., 7.

Let w = (wg)rez be a bilateral weight sequence with 0 < wy, < M for every k € Z and
wr = ¢ for every index k with |k + r| < 2r + 1. As in the proof of Corollary 2.12; one
easily checks that if 6 > 0 is sufficiently small, the bilateral weighted shift operator S,
(defined with respect to the basis (fx)rez) satisfies

|(Saw—A)frll <e and ||[(Saw—A) frll <e for every k = —r, ... r.

Moreover, if the weight sequence w is chosen in such a way that the series

Z (wp(2r+1)+l .- ‘W(2r+1)+l)_2 and Z (Wlfp(2r+l) . -sz(2r+1))_2
p>1 p>1
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are divergent for every |l| < r, then S, has no eigenvalue by Remark 2.15. So T := Sy,
satisfies the required assumptions for a suitable choice of the weight w. O

The two facts above complete the proof of Proposition 2.22. O

Remark 2.26. — The fact that we are using the topology SOT* is crucial in the proof of
Fact 2.24 in order to obtain that the sets Fp above are closed in (Bys(H),S0T*) x C x
(B,w). The situation turns out to be completely different if one considers the topology
SOT instead of SOT*. Indeed, it is proved in [21] that an SOT-typical T' € B;(#) has the
property that every A € C with |\| < 1 is an eigenvalue of T. More precisely, a typical
T € B1(H) is unitarily equivalent to the infinite-dimensional backward unilateral shift
operator. So a typical T' € (Bys(H), SOT) has the whole disk D(0, M) within the set of its
eigenvalues.

Remark 2.27. — The proof of Corollary 2.23 is a good example of the usefulness of
Fact 2.4 for simplifying arguments of this kind: although it is easy to construct the
weight sequence w above in such a way that the operator Sy, is SOT*-close to A and
has no eigenvalue, it is technically much less obvious to ensure that Sa, is additionally
hypercyclic. In other words, it would be less easy to prove Corollary 2.23 directly, without
using Fact 2.4.

One of the main consequences of Corollary 2.23 is the following result concerning chaotic
operators.

Corollary 2.28. — For every M > 1, CHp (M) is meager in (HCps(H),S0T*). In other
words, a typical hypercyclic operator on H is not chaotic.

This is indeed obvious since chaotic operators have plenty of eigenvalues. Note that we
are using here the fact that H is a complex Hilbert space, so that periodic points are linear
combinations of eigenvectors whose associated eigenvalues are roots of unity. Nonetheless,
Corollary 2.28 holds true on real Hilbert spaces as well; see Remark 2.34 below.

2.6. Hypercyclic operators without invariant measures. — It follows easily from
Proposition 2.22 that for any M > 1, the operators in HCj;(H) admitting a non-trivial
invariant measure with a second-order moment form a meager class in (HCy;(H), SOT*).
Indeed, if T € HC);(H) admits an invariant measure p # &g such that [, ||z[|* du(z) < oo,
then the Gaussian measure m whose covariance operator is given by the formula

(R, y) = /H (,2) D) duz), wyeH

is T-invariant. Its support is the closed linear span of the support of u, and hence is
non-trivial. This closed subspace is spanned by unimodular eigenvectors of T (see [4] or
[7] for details), from which it follows that 7" does not belong to NEV 3/ (H).

The main result of this subsection is that the SOT*-typical operator T € HCjp;(H)
actually admits no non-trivial invariant measure at all.

Theorem 2.29. — For every M > 1, the set HCp;(H)\INV(H) is comeager in the space
(HCps(#H), SOT*).

The proof of Theorem 2.29 relies on the next two lemmas.
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Lemma 2.30. — Let B be a closed ball of H not containing the point 0. For any integer
n > 1, the set
On,5 = {T € Br(H); there exist n distinct integers p1,. .., pn such that
TP (B)NTP (B) =0 for every i # j, 1 <1i,j <n}

is open in (B (H), S0T*). Consequently, the set

&p = {T € B (H); for every n > 1, there exist n iterates of B

under the action of T which are pairwise disjoint}
is Gs in (B (H),S0T").

Proof of Lemma 2.30. — The second part of the lemma follows immediately from the
first, since & = (,,>1 On,B. To derive the first part, it is enough to show that if we fix
p,q > 1, then the set

O :={T € By(H); TP(B)NnTYB) =0}
is S0T*-open in By (H). If T € By (H), we may write
TeY < Ve,ye B : TPz #TY.

Since the map (T, u) — T"u is continuous on (B (H),S0T*) x (B, w) for any n > 1 by
Facts 2.1 and 2.5, the condition “TPx # T9y” defines an open subset of (B (H), SOT*) X
(B,w) x (B,w). Since B is weakly compact, it follows that © is indeed SOT*-open in
B (H), its complement being the projection of a closed subset of By, (H) x B x B along
the compact factor B x B. O

Lemma 2.31. — Let e € H with ||e|]| =1, and let 0 < p < 1. Denote by B the closed ball
Bl(e,p). Let also M > 1. For any n > 1, the open set O, p is dense in (B (H), SOT*).

Proof of Lemma 2.31. — Let us fix an orthonormal basis (e)r>1 of H with e; = e. Our
aim being to apply Lemma 2.6, we fix 7 > 1, an operator A € B(H,) such that |A|| < M,
and € > 0. We are looking for an operator T € ©,, p such that

|(T'— Aerl]| <e and |(T'—A)%ex| <e fork=1,...,r

We will define a sequence (Cn)ns2r of operators, with Cy € B(Hy) for every N > 2r,
and show that if NV is sufficiently large, the operator PyCnPy € B(#H) belongs to O, p
and satisfies the above estimates. Here Py denotes as usual the canonical projection of H
onto Hy.

Let 0 > 0 and v > 1, to be fixed later on in the proof. For each N > 2r, consider the
operator Cy € B(Hy) defined in the following way:

Aej, + ey, forevery 1 <k <r
Cner = § Yegir forevery r <k < N —r
0 for every N —r < k < N.

Thus, in matrix form,
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A

Cn

0 | .0

v

We note that if ||A|| < v < M and if ¢ is sufficiently small, then |Cn| = v < M.
Moreover, if ¢ is sufficiently small, then

I(Cny —A)ex|| <e and |(Cn—A)%er|| <e for every k=1,...,r (5)

whatever the choice of the integer N > 2r. The key of the proof lies in the following
simple computation.

Fact 2.32. — For every N > 2r, every p > 1 such that pr +1 < N, and every x € H,
<C]P<[x’ epr+1> = ,yp—15<x, €1>-

Proof of Fact 2.32. — Clearly (Cnz,er41) = 0(x,e1); so we may write Cyx as
N
Cnzx = 6(z,e1)erq1 + Z (Cnz,ex)eg.

k=1
Hence k41
N

Oty = 5y N, exdepran + S (Crvier)C8 e
k=1
k#r+1

Now C%_lek belongs to the closed linear span of the vectors e;, 1 < j < N, j # pr + 1,
for every 1 < k < N with k # r + 1. Indeed,

- if 1 <k <7, a straightforward induction shows that Cﬁ,ﬁlek € spanlej; 1 < j < pr;
-ifr+1<k<N-—(p—1)r, then C’ﬁflek = vp_lekﬂp_l)r;
-if N—(p—1)r <k <N, we have Cﬁ,_lek =0.
Thus (C’%_lx, epri1) = 64P~H(x, e1), which is the claim of Fact 2.32. O
From Fact 2.32, it is not hard to deduce
Fact 2.33. — Let 1 < p,q < N be such that pr +1 < N. If 4P7971§ > %z, then
CR(PNB)NC}(PyB) = 0.
Proof of Fact 2.33. — If x,y € Py B, then by Fact 2.32
ICRy — Chall = [{CRa — CRy, eprs1)] = 4P|z, )] — |ICR I Iyll-

Moreover, since z and y belong to PyB C B, we have |[(z,e1)| > 1 —p and [|y| <1+ p.
Hence

|CRy — Cla| > 4*716(1 = p) —79(1 + p).
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Thus C%(PyB) N Ck(Py(B)) is empty as soon as v~ 16(1 — p) — v4(1 + p) > 0, which
proves our claim. O

We now choose the various parameters in this construction in the following order: first
we choose v such that max(1, ||A]|) < v < M. Then we choose § > 0 so small that (5)
holds true for every N > 1. Lastly, we choose N > 2r so large that there exist n distinct
integers 1 < p; < po < -+ < pp < N with p,r +1 < N, such that the gaps between two
consecutive integers p; are so large that ¥7~Pi=1§ > (1—p)/(1+p) for every 1 < i < j < n.
The operator Cy then satisfies C} (PyB) N CR{(PyB) = ) for every 1 <i < j < n. So
the operator T' := P{CnPn € By (H) is such that TP(B) N TP (B) = () for every
1 <i < j<n,that is, T belongs to O, p; and by (5) we also have ||(T"— A)ex|| < e and
(T — A)*ex|| < e for every k=1,...,r. O

Proof of Theorem 2.29. — Combining Lemmas 2.30 and 2.31, we obtain that &p is a
dense G5 subset of (B,(H), SOT*) for every ball B = B(e, p), where |e|| = 1and 0 < p < 1.
By Fact 2.4, it follows that &z N HCy/(H) is a dense Gs subset of (HCys(#),SOT*) for
each such ball B. Let (B;),>1 be a countable family of such balls with the property that

U B, = B(0,2)\ {0}.

g>1

Then & := (qul ®p,) NHCp () is a dense G subset of (HCpz (), SOT*).

Every element T of & enjoys the property that for any ¢ > 1 and any n > 1, there
exist n distinct iterates T7(B,) of B, which are pairwise distinct. It follows that if m is
any invariant (probability) measure for T', then m(B;) = 0 for every ¢ > 1 and hence
m(B(0,2)\ {0}) = 0.

Suppose now that T' € & admits an invariant measure m # &g. Then one can find a
closed ball B’ not containing 0 such that m(B’) > 0. Consider for any R > 0 the measure
mp on H defined by mg(C) = m(RC) for any Borel subset C' of H. Each such measure
mp is an invariant probability measure on H. Moreover, if R is sufficiently large then
R™'B’ C B(0,2) \ {0}, so that mgr(B(0,2) \ {0}) > 0, which is a contradiction. We have
thus proved that any operator T' € & admits no invariant measure except dp, and hence
that HCps(H) \ INV(H) is comeager in (HCps(H), SOT). O

Remark 2.34. — The above proof does not use the fact that H is a complex Hilbert
space; so Theorem 2.29 holds true as well for real Hilbert spaces. This shows in particular
that in the real setting also, the chaotic operators form a meager subset of 8 ,(H); more
precisely, a typical operator T' € B,;(H) has no periodic point except 0. Indeed, any
periodic point x # 0 for an operator T gives rise to a “canonical” invariant measure
supported on the orbit of x, namely m := % Zf\!ol Opiy, where N > 1 is a period of z.

Remark 2.35. — Theorem 2.29 implies a weak form of Proposition 2.22, namely that
operators without any eigenvalue of modulus 1 are typical. Indeed, if T" admits a unimod-
ular eigenvalue and if = is an associated eigenvector, then there is a canonical invariant
measure m # &g supported on T -z, namely the image of the Lebesgue measure on T under
the map A — Az.

Regarding the eigenvalues, one may also note that if m is any non-trivial invariant
measure for an operator T € B(#), then m(ker(T — X)) = 0 for every complex number X

such that |A| # 1. Indeed, if m # &y is a measure such that m(ker(T' — X)) > 0, one can
find a ball B not containing 0 such that m(B)) # 0, where By = B Nker(T — \). Since
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|A| # 1, it is easily checked that B) has infinitely many pairwise disjoint iterates under 7',
which is not possible since the measure m is T-invariant.

Since U-frequently hypercyclic operators on a Hilbert space always admit an invariant
measure with full support by [29], Theorem 2.29 immediately implies:

Corollary 2.36. — For every M > 1, UFHCy(H) is meager in (HCpr(H),S0T*). In
other words, a typical hypercyclic operator on H is not U-frequently hypercyclic.

2.7. Densely distributionally chaotic operators. — Our aim in this section is to
show that, for any M > 1, the class DDCH,;(H) of densely distributionally chaotic
operators in By (H) is a dense G5 subset of (B (H), SO0T*), from which it follows that
the class DCHy,(#H) of distributionally chaotic operators in B ,,(#) is a comeager subset
of (Bar(H),S0T*).

Proposition 2.37. — For any M > 1, the set DDCH;(H) of densely distributionally
chaotic operators in By (H) is a dense G5 subset of (Bar(H),SOT*).

Proof. — Recall that an operator T' € B(H) is densely distributionally chaotic if and only
if it admits a dense set of distributionally irregular vectors, i.e. of vectors x € H for which
there exist two sets of integers A, B C N with upper density 1 such that 7%z — 0 as i — oo
along A and ||T%z| — oo as i — oo along B. Since the set of distributionally irregular
vectors for T' can be written as

GT: ﬂ m GT,E,N

eeQt* N>1
where

Gren={zeM;Imn2 N : #{l<i<m: |Ta] <} =m(l—2)
and #{1 <i <n; |T'a] > 1/e} = n(1 - )},

it follows that G is a dense G subset of H whenever T is densely distributionally chaotic.
Denoting by (V})p>1 a countable basis of non-empty open subsets of #, we infer from this
observation that an operator T' € B, (#H) belongs to DDCH;(H) if and only if

Vec Q™" YN>1Vp>1 3Fx eV, Inm>N#{1<i<m; [Tz <e}>m(l—¢)
and #{1 <i <n; ||Tz| > 1/} > n(l —¢).
Using this, we can now prove
Fact 2.38. — The set DDCH ), (#H) is a G5 subset of (B /(#), SOT).

Proof. — Tt suffices to show that for every e € Q™ N >1,p>1, m,n > N and z € H,
the set

{T € Bar(H); #{1 <i <m: |Tiz| < e} > m(l —e)
and #{1 < i <n; |Tz| > 1/e} > n(1 - 5)}

is SOT-open. So let Ty € By (H) belong to this set, and let r > m(1 — ¢) be an integer
such that there exist 7 indices 1 < iy < --- < i, < m such that [|[T%z| < ¢ for every
1 <j<r. T € By(H) is sufficiently close to Ty for the SOT-topology, we still have
|T%z|| < e for every 1 < j < r. Hence #{1 < i < m; |[T%z| < e} > m(1 —¢). In the



28 S. GRIVAUX, E. MATHERON & Q. MENET

same way, the set of operators T such that #{1 < i < n; ||[T'z| > 1/e} > n(1 —¢) is
SOT-open in By (H). This proves Fact 2.38. O

The last step of the proof of Proposition 2.37 is the following fact.
Fact 2.39. — The set DDCH/(H) is dense in (B (H), SOT*).

Proof. — By a result of [29], every ergodic operator on H is densely distributionally
chaotic. Since G-MIX(#) is dense in (B(#H),S0T*) by Corollary 2.12, it immediately
follows that DDCH /() is dense in (B/(H), SOT*). O

By Facts 2.38 and 2.39, the proof of Proposition 2.37 is now complete. ]

Since DDCH(H) € DCH(H), and since any operator 7' € DDCH(#H) N HC(#H) satisfies
¢(T) = 1, Proposition 2.37 has the following immediate consequences:

Corollary 2.40. — For any M > 1, the set DCHy;(H) of distributionally chaotic oper-
ators in B (H) is comeager in (B (H), SOT*).

Corollary 2.41. — For any M > 1, the set cMAX s (H) of operators T € HC s (H) with
¢(T) =1 is comeager in (HCy(H),SOT*).

There is an alternative approach for proving the comeagerness of DDCH;(H), which
relies on the next proposition, combined with the Kuratowski-Ulam Theorem.

Proposition 2.42. — Let M > 1. For every vector x € H \ {0}, the set
&% = {T € By (H); @ is a distributionally irregular vector for T}
is comeager in (HCps(H), SOT*).

By the Kuratowski-Ulam Theorem, Proposition 2.42 implies that the set
& := {(T,z) € By(H) x H; z is a distributionally irregular vector for T'}
is comeager in (B7(H), S0T*) x H; and this, in turn, implies that the set
{T € By (H); Yz € H is distributionally irregular for 7'}

is comeager in (B /(#H),S0T*). Here, “V*z € H” means “for quasi-all z € H in the Baire
category sense”. This shows that DDCHj,(#H) is comeager in By (H).

For the proof of Proposition 2.42, we will need the following lemma.

Lemma 2.43. — Let T be an ergodic operator on H, and let m be a T-invariant ergodic
measure with full support for T'. For every e, R > 0, one can find two other ergodic mea-
sures 1 and v for T, both with full support, such that n(B(0, R)) > 1—¢ and v(B(0, R)) < €
respectively.

Proof. — The proof relies on a dilation argument already used several times in [29]. This
argument has been essentially given at the end of the proof of Theorem 2.29, but we repeat
it anyway. For any p > 0, let m, be the measure on H defined by m,(C) = m(pC) for
any Borel subset C of H. We have m,(B(0, R)) = m(B(0, pR)). All these measures m,
are ergodic for T' and have full support. Moreover, m(B(0, pR)) — m(H) = 1 as p — oo
and m(B(0, pR)) — m({0}) = 0 as p — 0 (that m({0}) is necessarily equal to 0 follows
from the ergodicity of m with respect to 7" and the fact that m # dp). So there exist pi,

p2 > 0 such that p = m,, and v = m,, satisfy u(B(0,R)) > 1—¢c and v(B(0,R)) <e. O
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Proof of Proposition 2.42. — Let us consider the following two subsets of B ;(H):
&% = {T € By(H); VR>0 :dens Np(z, B(0,R)) =0}, and
6 ={TeByH);Vr>0 : dens Np(z,H \ B(0,r)) =0}.
It is not difficult to see that
B NG C &,

Indeed, if T € 2, then one can find a set A C N with dens(A) = 1 such that || T%z| — oo
as i — oo along A; whereas if ' € &f, one can find a set B C N with dens(B) = 1 such
that ||T"z|| — 0 as ¢ — oo along B. So it is enough to show that &% and &f are both

comeager in (B (H),S0T*). We will actually concentrate on &% only, the proof for &
being completely similar.

For any €, R > 0, we introduce the set

tn= ) U {TeBu00; #1 <i <ni T < B} < ne}.
k>1 n>k
Reasoning as in the proof of Fact 2.38, we observe that each set Npisa G5 subset of
(B (H),S0T). We also have:

Fact 2.44. — Each set 9 p is dense in (B (H), S0T*).

Proof of Fact 2.44. — We will use the density of G-MIX/(H) in (B (#H), SOT*), proved
in Corollary 2.12 above.

Let 4 be a non-empty open subset of (B (H), SOT*). By Corollary 2.12, we know that
G-MIXp(H) is dense in (B (H), SOT*) for every 1 < M’ < M. Since Uy s Barr(H)
is obviously dense in B, (H), it follows that il contains an operator 7' which is mixing in
the Gaussian sense and satisfies || T'|| < M. The operator T is in particular ergodic. By
Lemma 2.43, T admits an ergodic measure with full support v such that v(B(0,2R)) < «.
Birkhoft’s ergodic theorem then implies that the set

& = {y € H; limsup l#{1 <i<n; Tl <2R} < 6}
n—oo TN

is dense in H.

Let now § > 0 be a small positive number, to be fixed later on in the proof. Since
x # 0, the density of £ in H implies the existence of an isomorphism L of H with the
following properties: Lz € £, ||[I—L|| < 6, and || — L™!|| < 6. Consider now the operator
S = L7'TL. Since ||T|| < M, we have ||S|| < M if § is sufficiently small. Also, S belongs
to 4l as soon as 9 is sufficiently small. We thus fix § > 0 such that these two conditions are
satisfied. It now remains to prove that S belongs to 97 g, which will conclude our proof
that H? 5, is dense in (Br(H), SOT*).

For every n > 1, we have LS"x = T" Lx. Since Lx belongs to &, it follows that

lim sup l#{1 <i<mn;|LSz| < 2R} <e.
n—oo N

Observe now that if ||S¢x|| < R, then ||LS'z| < ||L|||Sz|| < 2R (as soon as § < 2, of
course). It follows that

#{1<i<n;||S'2| <R} < #{1 <i<n;||LS|| < 2R} <ne

for all sufficiently large n. Hence S belongs to N7 gy which concludes the proof of Fact 2.44.
O
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The two facts above imply that all the sets 97 p are comeager (in fact, dense Gs) in

(Bar(H),S0T*). Since
&L, = m ﬂ 5?,1%’
c€Q} ReQ”.
it follows that &% is comeager as well. The case of &{ being exactly similar, the proof of
Proposition 2.42 is now complete. O

2.8. Summary. — Let us summarize the results obtained so far: for any M > 1, an
SOT*-typical hypercyclic operator T'
- is topologically weakly mixing but not topologically mixing;
- has empty point spectrum, and hence is not chaotic;
- has no non-trivial invariant measure, hence is not U-frequently hypercyclic, and a
fortiori not ergodic;
- but is densely distributionally chaotic and hence satisfies ¢(T") = 1.

We shall see in Section 4 below that the picture changes drastically when we consider
SOT-typical elements of some natural classes of upper-triangular operators with respect to
a given orthonormal basis of H.

3. A descriptive set-theoretic digression

In what follows, we fix M > 1. We have seen in the previous section that CHps(H),
TMIX s (H) and UFHC)/(#H) are meager in (87(?), SOT*). In this section, we are going
to show that these classes of operators are also Borel in B,(#H) with respect to SOT and
S0T*, and we will discuss their exact descriptive complexity in some details. Moreover,
we will show that some natural classes of operators defined by dynamical properties are
non-Borel in By (H).

Recall the standard notations for Borel classes: XY = open, ITY = closed, 9 = F,

ITY = G5 and so on. We refer the reader to [37, Sec. 11] for more information on the
Borel hierarchy.

3.1. Complexity of the families TMIX,(H), CH)/(H), UFHCy,(H) N CHp(H)
and UFHC),(#H). — The following fact will allow us to concentrate mainly on the
topology SOT*.

Lemma 3.1. — The identity map id : (B (H),S0T) — (Bas(H),S0T*) is Baire 1; in
other words, any SOT*-open subset of By (H) is SOT-XY. Therefore, for every countable

ordinal &, any SOT*—E? subset of Bar(H) is SOT‘E(g)H and any SOT* —Hg set is SOT—Hg_H.

Proof. — Since (By(H), SOT*) is second-countable, it is enough to show that any basic
SOT*-open set is SOT-X9. Therefore, we just have to check that if z,a € H and € > 0, then
the set U :={T € By (H); |T*x — al| < e} is SOT-F,. But this is clear since
1
Te < FkeN (VhE’H, Rl <1 : [{x, Th) — {(a,h)] Se—k>

and the condition under brackets is SOT-closed. O
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3.1.1. Complezity of TMIXp;(H). — The complexity of TMIXy,(#H) is given by the
following proposition:

Proposition 3.2. — The set TMIX;(H) is a TI9 subset of (B (H),S0T), and a “true”
19 subset of (Bar(H),S0T*), ie. a II3 set which is not .

Proof. — Let us first show that TMIX /() is IIJ with respect to SOT*, and hence (by
Lemma 3.1) TI{ with respect to SOT. Let (B,)p>1 be a countable family of closed balls
of H whose interiors form a basis of open sets for H. Then an operator 7' € B/ (H) is
topologically mixing if and only if

Vp,g>13IN eNVn>N : T"(B,) N B, # 0.

For each fixed data (p,¢,n), the condition “T"(By,) N By # (" is SOT*-closed, by weak
compactness of B, weak closedness of B, and continuity of the map (T, z) — T"x from
(Bar(H),S0T*) x (By, w) into (H,w). This shows that TMIX 37 (H) is I3 in (B (H), SOT*).
In order to show that TMIX,,(#H) is a true IIJ subset of (B(H),S0T*), we assume

that H = ¢?(N) and we use weighted backward shifts on H. It is well-known that a
weighted backward shift B, on H is topologically mixing if and only if the weight sequence
w = (wg)k>1 satisfies

lim |w; - wy| = 0.

n—oo
Let us denote by S the set of all sequences of positive integers s = (sx)x>1 such that
Spr1 < Msy, for all k> 1. This is a closed subset of the Polish space NN, and hence a
Polish space as well. We need the following fact.

Fact 3.3. — The set S := {s € S; s — 0o as k — oo} is a true ITY set in S.

Proof of Fact 3.3. — Tt is known (see e.g. [37, Sec. 23.A]) that Ny := {a € NN; oy, —
oo} is a true I3 set in NN. So we just need to find a continuous map ® : NN — S such
that ®71(S.) = Nw. In other words, our goal is to associate to each @ € NN another
sequence s € NN in such a way that s, — oo exactly when o) — oo and, additionally,
Sgr1 < Msy, for all £ > 1; and this needs to be done in a continuous fashion. For any
a € NN, we define s = s(a) as follows: s; = o and, for every k > 1,

o = Jam+ if agp1 < Msy,
k1= Msy  if gy > Msg.
It is obvious that sp11 < Msy for all k£ > 1 and that the map a — s(«) is continuous.

Moreover, since M > 1, it is straightforward to check that ap — oo if and only if s —
0. O

Going back to the proof of Proposition 3.2, we associate to each s € S a weight sequence
w(s) defined as follows:

Sk+1
Sk
Since s € S, we have 0 < wi(s) < M for all k& > 1, so that the weighted shift B,
on H satisfies || B, )| < M. Moreover, the map s +— w(s) is clearly continuous from
S into RN, and hence the map s — By is continuous from S into (Bas(#),S0T*).
Finally, since wi(s) - wk(s) = sg/s1 for all k > 1, the shift B, is topologically mixing
if and only if s;; — oo. We have thus constructed a continuous map ® : S — By(H)
such that ®~1(TMIX s (H)) = Seo, which proves that TMIXj;(H) is a true ITI$ subset of
(B (H),S0T*) by Fact 3.3. O

wi(s) =1 and wrt1(s) = for every k > 1.
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3.1.2. Complezity of CHps(H). — We now consider the class of chaotic operators on H.

Proposition 3.4. — The set CHy(H) is a TIY subset of (B (H),S0T), and a true I3
subset of (Bpr(H),SOT*).

Proof. — Let us first show that CHy,(#) is II3 with respect to SOT*, and hence I1 with
respect to SOT. Let (B,),>1 be a countable family of closed balls whose interiors form a
basis of open sets for . By definition, an operator T' € B ,;(H) is chaotic if and only if
it is hypercyclic and each ball B, contains a periodic point for 7. In other words:

T € CHy(H) < T eHCy(H) and YpeNINeN : <E|x€Bp : TN:U:x).

For each fixed pair (p, N), the condition under brackets is SOT*-closed by continuity of
the map (T,z) — TVNz and weak compactness of the ball B,. Therefore, the second half
of the condition on the right hand side of the above display defines a Hg set; and since
HCp(H) is Gs, it follows that CHpy(H) is II in (B (H), SOT*).

The proof that CHys(H) is a true IT set is a little bit more involved. We will use
the so-called Kalisch operators, introduced by Kalisch in [36], which display interesting
dynamical properties (see for instance [7, Sec. 5.5.3]). They are defined as follows. Let
T : L?(0,27m) — L?(0,27) be the operator defined for every f € L%(0,27) by

. 0 .
TFO) = ¢ f(0) /0 it f(8) dt, 0 € (0,2n).

A simple computation shows that for any A = e'® € T\ {1}, the function fy := 1(a2m) is
an eigenvector of T' associated to the eigenvalue A, and that ker(T" — \) = span [f)]. Note
also that the map A ~ fy is continuous from T\ {1} into L?(0,27). In particular, if A # 0
is any compact subset of T\ {1}, the closed subspace H, of L?(0,27) spanned by the
functions fy, A € A, is T-invariant. The Kalisch operator associated to A is the operator
Th : Hao — Ha induced by T on Hp. These operators Ty have the following properties.

e The spectrum of T is exactly equal to A.
e The operator T} is hypercyclic if and only if A is a perfect set, in which case Ty is
actually ergodic in the Gaussian sense.

Recall that a perfect set is a non-empty compact set without isolated points.

It is easy to deduce from these properties the following characterization of compact
subsets A of T\ {1} such that Ty is chaotic. We denote by 2 the subset of T consisting of
all roots of unity.

Fact 3.5. — Let A be a perfect subset of T\ {1}. Then the operator T} is chaotic if and
only if QN A is dense in A.

Proof of Fact 3.5. — Since the map A — f) is continuous and f) is a periodic point of
Ty if A€ QN A, it is clear that Per(7)) is dense in Hy if 2N A is dense in A. Since A is
assumed to be perfect, T} is hypercyclic, and hence chaotic. Conversely, assume that QNA
is not dense in A and choose A € A\ Ag, where Ag = QN A. Then f) is not an eigenvector
of Ty, since o(Tr,) = Ao. Since however f) is an eigenvector of 7', this means that fy does
not belong to Ha, = span [fe; & € Agl, i.e. that fy does not belong to span [fe; £ € QNA].
But since o(Th) = A and ker(T' — §) = span [f¢] for every £ € T\ {1}, we have

span [fe; £ € QN A] = span [ U ker(Th — 5)] = Per(T}).
€eQNA
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So Per(Ty) is not dense in H, and Ty is not chaotic. O

Here is now a purely descriptive set-theoretic fact, which is certainly well-known but for
which we were unable to locate a reference. Here and afterwards, given a compact metric
space E, we denote by K(E) the space of all non-empty compact subsets of E endowed
with its usual topology, and by Kperr(E) the set of all perfect subsets of E. Recall that
IC(E) is compact metrizable, and that Kperf(E) is a G5 subset of IC(E). So Kpert(E) is a
Polish space. See [37] or [51] for more details.

Fact 3.6. — Let E C T be a perfect set such that Q N E is dense in E. Then the set
W= {A € Kpert(E); QN A is dense in A} is a true IT set in Kpert(E).

Proof of Fact 3.6. — Since Kpert(E) is Gs in IC(F), it is in fact enough to show that W
is a true 1Y set in K(E). That W is I3 is easy to check. In order to show that it is a
true Hg set, we proceed as follows.

Let us denote by C the Cantor space {0,1}N, and by Q the set of all “rationals” of C,
i.e. Q ={a = (a(i))i>1 € C; a(i) is eventually 0}. It is known (see [37, Sec. 23.A]) that
the set

We={a= ()1 €CN;Vn>1: a, € Q}

is a true IIJ set in CN. So it is enough to find a continuous map ® : CN — K(E) such
that @~ t(W) = W.

We first note that if M C E is a perfect set such that QN M is dense in M, then
WNK(M) is not Gs in K(M). Indeed, on the one hand W N KC(M) is easily seen to be
dense in (M) because M is perfect and 2 N M is dense in M; and on the other hand
W N K(M) is meager in JC(M) because it is disjoint from the G5 set IC(M \ ), which is
dense in (M) because M is perfect and € is countable. Hence W N IC(M) cannot be
G5 in (M) by the Baire Category Theorem. By Wadge’s Lemma (see [37, Th. 21.14])
applied to the two Borel sets WN (M) and C\ Q, it follows that for any perfect set M
as above, W N K(M) is “X9-hard”, i.e. one can find a continuous map ¢ : C — K(M)
such that o~ '(WNK(M)) = Q.

Now let us choose a sequence (M,,),>1 of pairwise disjoint perfect subsets of E such
that N M, is dense in M, for every n > 1 and the sets M,, accumulate to some point
a € E, which means that every neighborhood of a contains all but finitely many of the
sets M,,. This is possible because F is perfect and 2 N E is dense in E. For each n > 1,
let ¢, : C — K(M,) be a continuous map such that ¢, (W N K(M,)) = Q. One can
then define a map ® : CN — IC(E) by setting

®(a) :={a} U U on(an) for every & = (a;,) € CN.
n=1

Since the sets M,, accumulate to a, it is clear that each ®(a@) is indeed a compact subset
of T and that the map ® is continuous. Moreover, it is equally clear that ®(a&) is perfect
if and only if all the sets ¢, (ay,) are perfect, and that Q N ®(@) is dense in ®(@) if and
only if QN ¢y (ay) is dense in ¢, () for every n > 1. Hence ®(a) belongs to W if and
only if ay, belongs to ¢, ' (W NK(M,)) = Q for all n > 1. We have thus proved that

(W) ={a;Vn>1:a,€Q} =W,
which concludes the proof of Fact 3.6. 0
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We need yet one more fact, which is a simple and certainly well-known consequence of
the Michael Selection Theorem. The version of this theorem which we use here runs as
follows (see [51, Sec. I11.19)).

Let X be a zero-dimensional compact space, and let Y be a complete metric space.
Let @ : X — F(Y) be a lower semi-continuous map, where F(Y) denotes the set of all
non-empty closed subsets of Y. Then ® admits a continuous selection, i.e. there exists a
continuous map f: X —'Y such that f(x) belongs to ®(x) for every x € X.

Fact 3.7. — Let E be a zero-dimensional compact metric space. There exists a sequence
(&n)n>1 of continuous maps from Kperf(E) into E such that for each A € Kperf(E), the
points &,(A), n > 1, belong to A, are pairwise distinct, and the countable set {&,(A); n >
1} is dense in A.

Proof of Fact 3.7. — Since E is zero-dimensional, one can choose a countable basis (V;);>1
for the topology of E consisting of (non-empty) clopen sets. For each A € Kpere(E), let us
denote by i1 (A) < i2(A) < ... the integers i such that ANV; # () (since A is perfect, there
are infinitely many such integers 7). As the V; are clopen sets, it is not hard to see that
the functions i,, n > 1, are locally constant. In particular, the map ® : A — ANV, (4
from Kperf(E) into IC(E) is continuous. Since E is zero-dimensional, Kpef(E) is zero-
dimensional as well, and one can apply the version of Michael’s Selection Theorem quoted
above to the map ®. This yields a continuous map A — & (A) from Kperf(E) into E
such that £1(A) belongs to A NV (yy for every A € Kperr(E). Now, any perfect set
A € Kpert(E) satisfies AN (Viya) \ {€1(A)}) # 0; so there exists an integer j such that
£1(A) € Vj and Vi, 5) \ V; # 0. Moreover, if we denote by ja(A) the smallest such integer
j with these two properties, the map A — ja(A) is locally constant, and hence the map
A— AN (V;Q(A) \ Vj,(a)) is continuous from Kpert(E) into K(£). Applying Michael’s
Selection Theorem a second time, we obtain a continuous map & : Kperf(E) — E such
that &(A) € AN (ViQ(A)\V}-Z(A)) for every A € Kperf(F); in particular, £(A) € ANV, (x) and
&2(A) # &1 (A). Continuing in this fashion, we obtain the required sequence (£,)p>1. O

We are now in position to prove that CHys(H) is a true II3 set in (B (H),SOT*). Let
us first choose a compact set £ C T\ {1} with the following properties: E is perfect and
zero-dimensional, QN F is dense in E and, moreover, | Tg|| < M. Such a compact set does
exist. Indeed, the definition of the operator T" shows that the norm of the restriction of T’
to the subspace L?(u,2r) C L?(0,27) tends to 1 as u — 2. Therefore, if Ag C T\ {1} is
a non-trivial closed arc sufficiently close to 1 then ||Ty,|| < M; so it is enough to take as
E any perfect set with empty interior contained in Ay and such that 2N E is dense in E.

Having fixed E in this way, let (§,),>1 be a sequence of continuous maps given by
Fact 3.7, selecting a dense sequence of pairwise distinct points in each perfect set A C F.
Note that if A € Kperf(E), the points &,(A) are pairwise distinct and form a dense subset
of A, so that the functions f¢, () are linearly independent and span a dense subspace of
Ha. Applying the Gram-Schmidt orthonormalization process to the sequence ( Jen A))n>15
we obtain an orthonormal basis (e, (A))n>1 of H which depends continuously on A, that
is, each map A — e, (A) is continuous from Kpef(E) into L2(0,27).

Let us now fix an orthonormal basis (e5)n>1 of H. For each A € Kyert(E), denote by
Up : Hpa — H the unitary operator defined by setting Upe,(A) = e, for every n > 1.
Since ||Tg|| < M, one can define a map ® : Kpeps(E) — B (H) by setting

®(A) := UpTAU; ! for every A € Kpert(E).
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Since ®(A) and T are unitarily isomorphic, ®(A) is chaotic if and only if T} is, which
holds true exactly when 2 N A is dense in A. Thus, we have

O~ HCHy (H)) = W.

Fact 3.6 will allow us to conclude the proof, provided that we are able to show that
the map & is continuous from Kyere(E) into (Bas(H), SOT*). This relies on the following
observation. For every A € Kperf(E), let us denote by Py : L?(0,27) — H, the orthogonal
projection of L2(0,27) onto Ha, and by Jx : Ha — L?(0,27) the canonical embedding of
Ha into L?(0,27). In other words, Jy = Pf.

Claim 3.8. — For any f € L?(0,2n), the map A — UpPy f is continuous from Kpet(E)
into H; and for every z € H, the map A — JAUgla: is continuous from Kperf(E) into
L?(0,27).

Proof of Claim 3.8. — Fix f € L?(0,2m). Since Pyf = f (f,en(A)) en(A), we have
n=1

UrPpf = Z (f,en(A)) en.
n=1

The maps A — e, (A), n > 1, being continuous, it suffices to show that the convergence
of the above series is uniform (with respect to A) on compact subsets of Kpep¢(E) in order
to derive the continuity of the map A +— Up Py f. Now, we have for any N > 1

Bx(A) = || 3 (frea(h) en

n>N

S e =] - 3 el eat)]
n>N

n=1

In particular, the maps A — Ry (A) are continuous. Since the sequence (Ry)n>1 is non-
increasing, it converges uniformly to 0 on compact subsets of Kpyerf(£) by Dini’s Theorem.
This proves the first part of Claim 3.8. The proof of the second part is exactly similar. [

Let us now prove that ® is continuous from Kpe(E) into (Bar(H),S0T*), which
amounts to showing that for any x € H, the maps A — ®(A)z and A — P(A)*x are
continuous. Since Ty = Py\T'Jy, we have

O(A)x =UrPAT JAUy'z and  ®(A)*z = UpPy T* JpU; ta.

By Claim 3.8, the map A — fj := TJAUgla: is continuous from Kperf(E) into L?(0,27).
By Claim 3.8 again, and since the map A +— UpP, takes values in a bounded subset
of B(L?(0,27),H), the map A + ®(A)xz = UpPpfa is continuous. Likewise, the map
A — ®(A)*z is continuous. The equality ®~1(CHy(H)) = W, the continuity of ® and
Fact 3.6 now imply that CHj;(H)) is a true I3 set in (B (H), SOT*). O

3.1.83. Complexity of UFHCy;(H) and UFHCp(H) NCHp(H). — We study in this sec-
tion the complexity of the sets UFHC y;(H) and UFHC(H)NCHs (H) in (B (H), SOT),
for any M > 1. Although we have been unable to determine the exact complexity of these
sets, we obtain some simple upper bounds and some rather non-trivial lower bounds. Our
first result reads as follows.

Proposition 3.9. — For any M > 1, the set UFHC;(H) is T1I$ in (B (H), SOT), hence
also in (Bar(H),SOTY).
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Proof. — The proof of Proposition 3.9 relies on the following observation, first made in
[9] and then developed in [14].

Fact 3.10. — Let (V;)4>1 be a countable basis of (non-empty) open subsets of H, and
let T' be a bounded operator on H.

(1) Assume that 7" belongs to UFHC(#), and let 29 € H be a U-frequently hypercyclic
vector for T'. For each ¢ > 1, denote by 24, the upper density of the set Np(zo, V).
For any integers ¢, N > 1, define

Gq7N::{x€H; dn >N : #{1§z’§n;T%€VZI}Zn5q}.

Then
G:=()[) Gan
g1 N>1
is a dense G subset of H which consists entirely of U-frequently hypercyclic vectors
for T

(2) Conversely, assume that there exists a sequence of positive numbers (d4)4>1 such
that for any ¢, N > 1, the open set G, n defined by the formula above is dense in
‘H. Then T is U-frequently hypercyclic and admits a dense Gy set of U-frequently
hypercyclic vectors x which satisfy

dens Np(z,Vy) > 9, for every ¢ > 1.

Let us denote by Q% the set of all positive rational numbers. It follows immediately
from Fact 3.10 that an operator T' € B ;(H) belongs to UFHCy,(#) if and only if

Vg>136€Q VN>1Vp>1dzeV,In> N : #{1§i§n;Tix€Vq}2n5.

In order to prove that UFHC;(#H) is I3 in (B s (H), SOT), it is enough to check that each
set

{TE‘BM(H);#{1§i§n;Tix€‘/(1}2n5}

is SOT-open in Br(H). This is easy: if Tp belong to this set, one can find k& > nd
distinct integers 1 < 41,...4; < n such that Tésx belongs to V; for every s =1, .. I
T € B (H) is sufficiently close to Tp for the SOT-topology, it still satisfies Tz € V, for
every 1 < s < k, and thus belongs to our set. Hence UFHC);(#) is II$ in (2B ,,(#), SOT),
and thus in (B, (H), SOT*) as well. O

>

—

Our next result deals with the complexity of the class UFHC;(H) N CHps (H).

Proposition 8.11. — The set UFHCy(H) N CHy(H) is a difference of XY sets in
(B (H),SOT*), i.e. it can be written as A\ B, where A and B are both SOT*-XY sets.
Besides, UFHC s (H) N CHp (H) is neither SOT*-X9, nor SOT*-II3 in B (H). More pre-
cisely, there is no SOT*-X9 set A such that G-MIX(H)NCHp(H) € A C UFHCy (H)U
CHyps(H), and no SOT*-II3 set B such that FHC (1) N CHy (H) € B € UFHCy (H).

As a straightforward consequence of Proposition 3.11, we obtain:
Corollary 3.12. — The set UFHCy (H) is neither X9, nor IIS in (B (H), SOT*).

Proof. — By Proposition 3.11, UFHC y;(H) is not X9, and it is not IIJ because CHys(H)
is T19 and UFHC )y, (H) N CHyy(H) is not. O

Another immediate consequence is
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Corollary 3.13. — The set TMIX (1) N CHps(H) is a true IIS set in (Bpr(H), SOT*).

Proof. — By Propositions 3.2 and 3.4, TMIX;(H) N CHy(H) is II9; and by Proposi-
tion 3.11, it is not 9. O

Proof of Proposition 8.11. — The proof of Proposition 3.11 relies on the following fact,
which characterizes in a rather surprising way the U-frequently hypercyclic operators
within the class of chaotic operators. (We will come back to this at the end of Section 5).

Fact 3.14. — Let T be a chaotic operator on H. Then, T is U-frequently hypercyclic if
and only if ¢(T") > 0.

Proof of Fact 8.14. — This follows from Theorem 5.23, to be proved below. O

We now start the proof of Proposition 3.11, which we divide into three parts.

Part 1. UFCH(H) N CHp (M) is a difference of SOT*-X9 subsets of Bas(H).
By Fact 3.14, we have UFCH;(H) N CHyy (1) = CH,(H) N CHpy (M), where

CH(H) = {T € HC(H) ; ¢(T) > 0).

Hence, since CHps () is SOT*-II3 by Proposition 3.4, it suffices to show that C,(H) is
s0T*-39. Let (V,)4>1 be a countable basis of non-empty open subsets of H, and observe
that, by the definition of ¢(T'), an operator T' € HC;(#) belongs to C*(#) if and only if

35€Q+*Vq21VN213x€Van2N: #{1§i§n;|\Tix||<1}2n5.

This condition is easily seen to define an SOT*-X9 subset of B (H); and since HC s (H)
is G5 in B (H), it follows that C},(H) is SOT*-XY.

Part 2. There is no SOT*-X9 subset A of By (H) such that G-MIXy(H) N CHy (H) C
A CUFHC(H) UCHpy (H).

In order to prove this, we need some preliminary facts. Let us choose a sequence
(Hrn)n>1 of infinite-dimensional closed subspaces of H such that H can be decomposed as
the orthogonal direct sum of the spaces H,, i.e. H = @n21 Ho.

Fact 3.15. — Let T' € B(H) have the form 7' = P, >, T, with respect to the decompo-
sition H = @nzl Hp, where T;, € B(H,,) for each n > 1.

(i) If all operators T,, are chaotic and mixing in the Gaussian sense, then so is 7.
(ii) If T is U-frequently hypercyclic or chaotic, then so are all operators T,.

Proof of Fact 3.15. — (i) Assume that all operators T,, are chaotic and mixing in the
Gaussian sense, and fix for each n > 1 a mixing Gaussian measure with full support u, for
T,,. Each second-order moment an |zn]|?dp((25)) is finite; and by rescaling (i.e. replacing
each measure j,, by a measure fi,, defined by setting ji,,(B) = un (e, ' B) for every Borel
subset B of H,, for a suitably small &, > 0), we may assume without loss of generality
that the series 5, [5, |zn||?dpin (2,) is convergent.

Let us denote by p the infinite product measure ), - ftn on the product space [[,,~; Hn.

Then
/]'[ <Z =l )d“ Zn)) Z/ @ |2 dpn (20) < o0,

n>1 77 n=1
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from which it follows that g is in fact concentrated on the set

H = {(@)nz1 € [] Hos f: Jeall? < oo}.

n>1 n=1

We may therefore define a probability measure u on H as follows: for any Borel subset C

of H,
w(C) = y({(:cn)nzl €H; Y € c})
n=1

This measure p is obviously Gaussian, and it is T-invariant because each measure p, is
T,-invariant. Indeed, for any bounded Borel function f : H — R, we have

| eman= | f(glenxn) e = [ 1(3 )tz = [ fin

The measure p has full support. Let indeed V' be a non-empty open set in H. Choose
a point a € V, and € > 0 such that B(a,2¢) C V. We may assume that a belongs to
H1D - ® Hy for some N > 1, where N is so large that

Lo S ol () < )

n>N

where HY := {($n)n2N € [usn Hus 20ty |znll? < oo} and p” := @, - v ftn- Then the
set {(7n)n>1 € H; 32,51 2n € V'} contains

A= { @zt € H; a1+ b € Blae) and Yl <2}
n>N

Moreover, if we set AN = {(zn)n>n; Yo |2all < €2}, then pV(AN) > 0 by (6).
Also, setting py = Q),,«n tn and Ay = {(z1,...,2n); 1+ -+ + 2Ny € B(a,¢)}, the
fact that the measures ui,...,uy have full support implies that px(Ay) > 0. Hence
p(V) > w(A) = pn(An) pV (AY) > 0.

Finally, T' is mixing with respect to p because each operator T;,, n > 1, is mixing with
respect to pun: this can be shown easily by checking that u(ANT*(B)) — u(A)u(B) as
k — oo for any Borel sets A, B C ‘H whose definition depends on finitely many coordinates
only with respect to the decomposition H = @,,~; Hn.

Thus, we have shown that 7' is mixing in the Gaussian sense. Finally, since all operators
T, are chaotic, it is easily checked that the periodic points of T" are dense in H; hence T
is chaotic.

(ii) Fix n > 1. If we denote by m, : H — H, the canonical projection of H onto
Hy, then T, m, = m,T. Since m, is continuous and onto (that it has dense range would
suffice for our argument), (ii) follows easily: if = € H is a U-frequently hypercyclic vector

for T, then z, := m,x is a U-frequently hypercyclic vector for T,,; and if T is chaotic,
then 7, (HC(T)) C HC(T,) and m,(Per(T")) is a dense subset of H,, consisting of periodic
vectors for T5,. ]

Recall that we denote by Q the set of all “rationals” of the Cantor space C,
Q = {a = (a(i))i>1 € C; a(i) = 0 for all but finitely many 7}.
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Fact 3.16. — There exists a continuous map « +— T, from C into (B;(H),SOT*) such
that the following holds true:

- if @ € Q, then T, is chaotic and mixing in the Gaussian sense, and hence chaotic
and U-frequently hypercyclic;

- if @ € Q, then the spectrum of Ty, is reduced to the point {1}, and hence T, is not
chaotic and not U-frequently hypercyclic.

Proof of Fact 3.16. — The very last part of the second assertion follows from the fact
that the spectrum of a chaotic or U-frequently hypercyclic operator has no isolated points
([48]).

We assume that H = £2(N), endowed with its canonical basis. For any unilateral weight
sequence w = (w;)j>1, let us denote as usual by B, the associated weighted shift acting
on H. If inf;>; |w;| > 0, the operator Ty, = I + By, is chaotic and mixing in the Gaussian
sense since it admits a spanning holomorphic eigenvector field defined in a neighborhood
of the point 1 (see Fact 2.8). On the other hand, if w; — 0 as j — oo, then o(B,) = {0},
so that o(Ty,) = {1}. So, setting ¢ := M — 1 > 0, it is enough to find a continuous map
a — w(a) from C into (0,¢]N such that inf;>1 wj(a) > 0 if o € Q while w;(a) — 0 as
J — ooifa g Q. Once this is done, the map a — Ty, := T, () Will enjoy the two properties
stated in Fact 3.16. Now, it is quite easy to define such a map a — w(a): just set, for
every j > 1,

c

1+ nj(a)

Fact 3.16 is thus proved. O

wj(a) : ,  where nj(a) =#{i <j; a(i) =1}

It is now easy to deduce from Facts 3.15 and 3.16 that no subset A of B/(H) with the
property that G-MIX () N CHy (H) € A € UFHC(H) U CHpy(H) can be SOT*-X9.
Let us fix such a set A. Decompose H as H = €,,~; Hn, where the spaces Hy, n > 1,
are infinite-dimensional. Let us define a map ® : CN — B,,(H) as follows: for every

a = (an>n21 S CN,
o(a) = @Tan,
n>1
where the operators Ty, € By (Hy,), n > 1, are given by Fact 3.16. Then & is continuous,
and Facts 3.15 and 3.16 imply that
A =W={a=()p>1 €CN;Vn>1: o, € Q}.
This concludes the proof since W is a true Hg subset of CN, hence not a Eg set.

Part 3. There is no SOT*-II3 set B such that FHCy (H) NCHy (H) € B € UFHC(H).

In order to prove this, we will make use of the machinery developed in Section 6 below.
The reader may therefore prefer to skip the proof below and to return it after reading
Section 6.

In what follows, we assume that H = ¢5(N), endowed with its canonical basis. Let M
be such that 1 < My < M, and choose an even integer C' > 3 large enough to have
e 1k o 1k
Mo+ 2802 <M and Y 2Ry O R <1 (7)

k=1 k=1

Now, let us denote by D the set of all infinite sequence of integers § = (5(k))k20 with
50 = 1 such that C < 6% < 0% and 6% > € §*-1 for every k > 1. This is a closed
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subset of NN and hence a Polish space. For any element § of D, we denote by Tj the
operator of C-type on H defined as follows: for any k > 1

k) [My if  1<i< 6B,
L1 i W << AB,

Note that in the terminology of Section 6, Ts looks exactly like an operator of C 1-

type with 7(F) = %5(’“), except that in the definition of the weights v(*) and wgk) the
constant 2 has been replaced by My. (See Subsection 6.2 for the definition of C,-type
operators, and Subsection 6.5 for the definition of C; ;-type operators.) Observe that if
§ = (0%)4>0 belongs to D, then §*) > C* for all k > 1. By (7), it follows that ||Ts| < M
for every § € D. Moreover, it is clear that the map § — Ty is continuous from D into
(Brr(H),SOT*).

The key point of the proof that UFHC/(H) N CH s (H) is not SOT*-II is the following
fact, which is actually nothing but a reformulation of Theorem 6.18 in a slightly different
setting.

AR = otk (k) = Mo—%aoc)

and w

Fact 3.17. — Let 6 = (5(k))k20 belong to D. Then the operator Ty is always chaotic,
and Tj is U-frequently hypercyclic if and only if §) /C* does not tend to 0 as k — oo;
in which case Ty is in fact frequently hypercyclic.

Proof of Fact 3.17. — We apply a modified version of Theorem 6.18, with p = 2. Accord-
ingly, we set for every k > 1

(k—1) _ 1 5(k) (k=1) _ 1 5(k)
Vi 1= Mg 2 VAF = Mg 2 c?k,

Since 6 < €716 < L5+ we have 6 — 25D < —15(k) < s(k=1) — 15 from
which it follows easily that the sequence (7)g>1 is non-increasing. Moreover, we have

1ok
T < M, s 02 for all k > 1. Hence condition (7) above yields that

o0

S ok <1

k=1
The analogues of the “additional assumptions” in Theorem 6.18 are thus satisfied, and it
follows that Tj is U-frequently hypercyclic on # if and only if 6() /C* does not tend to
0 as k — oo. O

Now, let B C 9B ;(H) have the property that FHC ;(H)NCHy, (H) € B C UFHCy(H).
Consider the map ® : D — B, (H) defined by setting ®(§) := Ty for every § € D. As
already mentioned, the map & is continuous from D into (B(#H),S0T*). By Fact 3.17
we have

®Y(B)=D\ Dy, where Dy={deD; C %5k - 0ask — oo}

Now, a proof quite similar to that of Fact 3.3 shows that Dy is a true Hg set in D, so that
D\ Dy is a true XY set in D. Hence B cannot be IIJ in (B (H), SOT*). O

Remark 3.18. — Propositions 3.4 and 3.11 together formally yield the statement that,
since UFHC/(H) N CHpy(H) is not TIY while CHpy(H) is TS in (Bpr(H),SOT*), the
class CHy (H) \ UFHC);(H) is not void, i.e. there exist chaotic operators in By (H)
which are not U-frequently hypercyclic. However, there is no magic here: the proof of
Proposition 3.11 relies heavily on a construction, carried out in Section 6, of explicit
chaotic operators which are not U-frequently hypercyclic.
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Remark 3.19. — The proof of Proposition 3.11 has established that the set C},(H) =
{T € HCp;(H); ¢(T) > 0} is a true SOT*-X9 subset of B s (H).

Remark 3.20. — An “alternative” proof of the Borelness of UFHC;(#H) could run as
follows. According to Fact 3.10, an operator T" belongs to UFHC(H) if and only if quasi-all
vectors € H (in the Baire category sense) are U-frequently hypercyclic for 7. So, for
T € By (H), we may write

T € UFHCy(H) <= Yz € H (= is U-frequently hypercyclic for T).

Since the relation B(T,x) «— (= is U-frequently hypercyclic for T') is Borel in the pro-
duct space (By7(H),S0T) x H, and since the category quantifier V* preserves Borelness
(see for instance [37, Sec. 16.A]), it follows that UFHCj;(H) is Borel in (B (H), SOT).

Remark 3.21. — It is likely that TMIX y;(H) and CH s (#H) are both true IT{ subsets of
(Brs(H),S0T), d.e. I but not XY, that UFHC y;(H) is a true TIY set in (B (H), SOT*),
and that UFHC ;(H)NCH s (H) is a true difference of 9 sets in (B ,(H), SOT*). However,
we have been unable to prove any of these facts.

Remark 3.22. — In view of Proposition 3.9, it is natural to wonder whether the class of
frequently hypercyclic operators FHC;(#) is also Borel in (HCy/(#), SOT). Let (Vg)g>1
be a countable basis of open sets for H. An operator T' € B, (H) is frequently hypercyclic
if and only if

aer(quHéeQ:aNzwnzN : #{lgign;T%EY/}]}>n6);

and since the relation R(T,z) defined by the expression between brackets is Borel in
B (H) x H, we deduce that FHC;(H) is a 31 (aka analytic) subset of (2B (#), SOT).
It is quite tempting to conjecture that it is in fact non-Borel in (B7(#), SOT).

3.2. Some non-Borel sets in B;;(H). — We conclude this section by showing that
some natural classes of operators defined by dynamical properties are non-Borel in the
space (B (H),S0T*), for any M > 1.

If T' is any class of Hilbert space operators, we will say that an operator T has a
restriction in I' if there is a closed T-invariant (infinite-dimensional) subspace £ of ‘H such
that the operator Tj¢ induced by T" on & belongs to I'(£). We denote by f(?—[) the class of
all operators T € B(H) admitting a restriction in I'.

Proposition 3.23. — Let T'(H) be a class of operators on H such that G-ERG(H) C
I'(H) CHC(H). For any M > 1, the set I'pr(H) is non-Borel in (B (H), SOT*).

Proof. — Recall that for every compact subset A of T\ {1}, Ty : Hn — Ha denotes
the Kalisch operator associated to A (this notation has been introduced in the proof of
Proposition 3.4). For any compact subset E of T\ {1}, we denote by Ko (E) the set of all
infinite compact subsets of E.

Fact 3.24. — Let E be a compact subset of T\ {1}. There exists a sequence (e, )n>1 of
Borel maps from Ko (E) into L?(0,27) such that (e,(A))n>1 is an orthonormal basis of
Ha for every A € Koo(E).
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Proof of Fact 3.24. — By the Kuratowski-Ryll-Nardzewski Selection Theorem (see [37,
Sec. 12.C]), there exists a sequence (§,)n>1 of Borel maps &, : K(E) — E such that
{&.(A); n > 1} is a dense subset of A for every A € IC(E). If A belongs to Koo (E), there
exists a sequence ((,(A))p>1 of distinct elements of A such that {(,(A); n > 1} is dense
in A. Indeed, it suffices to set (1(A) = &1(A) and, for every n > 1, (,(A) = &, (A) where
kyp :==min{j >n; forall 1 <i<j, &(A) #E&i(A)}. Then the maps A — (,(A), n > 1,
are Borel on K (E), and by construction the elements ¢,(A), n > 1, are pairwise distinct
and form a dense subset of A. Applying the Gram-Schmidt orthonormalization process to
the sequence (f¢,(r))n>1, which is linearly independent, we get the required orthonormal
basis (e, (A))p>1 of Ha. O

The key step in the proof of Proposition 3.23 is the following result of Waterman [52].

Fact 3.25. — If A is a compact subset of T\{1}, the operator T admits spectral synthesis,
which means that every closed T-invariant subspace of H is spanned by the eigenvectors
belonging to it. In other words, any invariant subspace & C Hp for T has the form
& = Hg for some compact set K C A.

We are now ready to prove Proposition 3.23. Let us fix a non-trivial arc £ C T\ {1}
such that |Tg| < M. As in the proof of Proposition 3.4, let (e,)n>1 be an orthonormal
basis of H, and for any A € Ky (F), denote by Uy : Hpy — H the unitary operator
sending e, (A) to e, for all n > 1, where e, (A) is given by Fact 3.24. Then define a map
D : Koo(E) = Bar(H) by setting

O(A) = U\TAU, ' for every A € Koo(E).

Proceeding as in the proof of Proposition 3.4, and using the fact that the maps A —
en(A), n > 1, are Borel on Ko (E), we deduce that the map ® is Borel from K (E) into
(Brr(H),SOT*).

If A € K (F) is uncountable, it admits a perfect subset K, so the restriction of Ty to
the invariant subspace Hy (which is nothing else but T ) is ergodic in the Gaussian sense.

Thus ®(A) belongs to G-ERG(H) C T(H). On the other hand, if A is countable then,
by Fact 3.25, T has no hypercyclic restriction. Hence ®(A) belongs to B(H)\ HC(H) C
B(H) \T'(H). So we have proved that

o (fM(H)> = Koo(E)\ Ko (E).

Since K, (F) is notoriously non-Borel in K(E) (see [37, Sec. 27.B]) and hence also in
Koo (E) because the latter is Borel in K(E), this concludes the proof. O

Remark 3.26. — The same proof shows that mXM(H), the family of all operators
T € B (H) admitting a restriction which is mixing in the Gaussian sense, is non-Borel in
(Brr(H),SOT*). Instead of working with the class IC,(E) of countable subsets of E, one
has to consider the class Uy N K(E) of compact subsets of E which are sets of extended
uniqueness, also called Up-sets. By definition, a compact set A C T is a Up-set if it
is negligible for every probability measure ¢ on T whose Fourier coeflicients vanish at
infinity. It follows from the main result of [8] that if A C T\ {1} is not a Up-set, then the
Kalisch operator Ty has a restriction which is mixing in the Gaussian sense, whereas if A is
a Up-set, T is not mixing in the Gaussian sense. Moreover, it is well-known that the class
Up N K(E) is non-Borel in K(E) for any non-trivial arc £ C T (see [38, Th. VIIL.2.6]).
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Using these facts, one can prove the aforementioned result in exactly the same way as
above: the key identity

@4<fM{H»::KmuD\K@
at the end of the proof of Proposition 3.23 is replaced by

@*@Mmﬁznﬂm\%.

Remark 3.27. — Let Tg(H) be a class of operators of H with the following two proper-
ties:
(i) G-ERG(H) C T'o(H);
(ii) if A is any countable compact subset of T \ {1}, the Kalisch operator T\ does not
belong to T'o(H).

Exactly the same proof as that of Proposition 3.23 shows that the following statement
holds true: if I'(H) is a class of operators on H such that G-ERG(H) C T'(H) C T'o(H)
then, for any M > 1, the set I'p(H) is non-Borel in (Bar(H), SOT*).

Our aim is now to prove the following result:

Proposition 3.28. — For any M > 1, the class DCHy (H) of distributionally chaotic
operators in By (H) is non-Borel in (Bpr(H), SOT*).

The proof of Proposition 3.28 relies on the following observation:

Fact 3.29. — An operator T' € B(H) is distributionally chaotic if and only if it has a
restriction which is densely distributionally chaotic.

Proof of Fact 3.29. — 1f there exists a closed subspace £ of H such that T'|¢ is densely
distributionally chaotic, T" admits in particular a distributionally irregular vector belonging
to £, and hence T is distributionally chaotic. Conversely, assume that 7" is distributionally
chaotic, and let * € H be a distributionally irregular vector. Let £ be the closed T-
invariant subspace spanned by the orbit of z, and denote by S the operator induced by T
on €. As the vector x € £ has a distributionally unbounded orbit under the action of .S
(i.e. ||S™x| — oo as n — oo along a subset B of N, with dens(B) = 1), S admits by [10,
Prop. 8] a comeager set of vectors with distributionally unbounded orbit. Also, the orbit
of x under the action of S is distributionally near to 0 (i.e. ||S™z| — 0 as n — oo along
a subset A of N, with dens(A4) = 1). It follows that ||S™y| — 0 as n — oo along A for
every vector y belonging to the linear span of the vectors SPz, p > 0. Hence S admits a
dense set of vectors whose orbit is distributionally near to 0. By [10, Prop. 9], it follows
that the set of vectors whose orbit under the action of S is distributionally near to 0 is
comeager in £. By the Baire Category Theorem, we conclude that S admits a comeager
set of distributionally irregular vectors, i.e. S is densely distributionally chaotic. O

We will also need the following characterizations of (densely) distributionally chaotic
Kalisch operators:

Fact 3.30. — Let A be a compact subset of T\ {1}, and let Ty be the associated Kalisch
operator on Hjy.

(1) The operator T} is densely distributionally chaotic if and only if A is a perfect set.
(2) The operator T} is distributionally chaotic if and only if A is uncountable.
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Proof of Fact 3.80. — Let us start by proving assertion (1). If A is a perfect set then T
is an ergodic operator, so that it is in particular densely distributionally chaotic by [29].
Conversely, suppose that A is not a perfect set, and let A\g be an isolated point of A. Then
the eigenfunction f), does not belong to Hx\ (.}, and H, can be written as a topological
direct sum Ha = span[fy,] © Ha\(r,}- Hence, there exists a non-zero vector go of H, with
(90, fxo) = 1 and g L Hp\(5e}, and a bounded projection @ of H, onto Ha\ g}, such that
[ =190, f)fro + Qf for every f € H. It follows that T f = (go, /)G fro + TRQS for
every n > 1, so that (go, T3.f) = (g0, f)A3. Hence T3 £]| > [{go. f)I/]lgo| for every n > 1.
Thus, we see that the orbit under Ty of any vector f € Hy with (go, f) # 0 is bounded
away from 0, and hence that no such vector can be distributionally irregular. So T} is not
densely distributionally chaotic.

The proof of assertion (2) relies on Facts 3.25 and 3.29 above. By Fact 3.29, T is dis-
tributionally chaotic if and only if it admits a restriction which is densely distributionally
chaotic. Since, by Fact 3.25, any such restriction is of the form Tk € B(Hg ), where K is
a compact subset of A, it follows from assertion (1) that 7 is distributionally chaotic if
and only if A contains a perfect set, which happens exactly when A is uncountable. This
proves (2). O

We are now ready for the proof of Proposition 3.28.

Proof of Proposition 3.28. — Consider the class I'(H) = T'o(H) := DDCH(#H). This class
[o(H) satisfies the assumptions of Remark 3.27: G-ERG(#) is contained in I'g(H) by
a result of [29], and it follows from Fact 3.30 that whenever A is a countable sub-
set of T\ {1}, the Kalisch operator Ty is not (densely) distributionally chaotic. Since
G-ERG(H) C T(H) C I'y(H), we conclude that for any M > 1, T'p;(H) is non-Borel in
(Bas(H),80T*). But 'y (H) = DCHy (H) by Fact 3.29, and hence DCHy(H) is non-
Borel in (Bpr(H), SOT*). O

Corollary 3.831. — For any M > 1, the set DCHy(H) \ DDCH;(H) of operators in
B (H) which are distributionally chaotic but not densely distributionally chaotic is non-
Borel in (Bpr(H), SOT*).

Proof. — Since DDCH,(H) is a G subset of (HCy;(H), SOT*) by Proposition 2.37, it is
in particular Borel. So one immediately deduces from Proposition 3.28 that DCH s (H) \
DDCH s (H) is non-Borel in (B,(H), SOT*). O

Remark 3.32. — Corollary 3.31 formally yields the existence of distributionally chaotic
operators which are not densely distributionally chaotic. But the existence of such op-
erators can of course be deduced directly from Proposition 3.30: a Kalisch operator Ty
is distributionally chaotic but not densely distributionally chaotic if and only if A is un-
countable but not perfect.

4. Ergodicity for upper-triangular operators

4.1. Definitions and setting. — Let us fix an orthonormal basis (ej)x>1 of the complex
separable infinite-dimensional Hilbert space H. We will denote by Hgo the linear subspace
of H consisting of finitely supported vectors with respect to the basis (e)g>1.

In this section, we concentrate ourselves on the study of the typical properties of op-
erators on ‘H which are upper-triangular with respect to the basis (ex)r>1, with diagonal
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coefficients of modulus 1 and pairwise distinct. This class of operators will be denoted by
fo (7‘[)

To(H) :={T € B(H); Vk>1 : Te; € spanley,...,e;) and [(Tey, e)| = 1}.
For each T' € Tp(H) and k > 1, we write A (T) := (Te, ex). We also define
T(H) = {T € To(H); Vi, k > 1 with j # k, Xj(T) # M(T)}
and
Tind(H) := {T € T(H); the diagonal coefficients Ax(T') are rationally independent}.

Recall that if (A\z)ger is a finite or infinite family of elements of T with A\, = e27% for
every k € I, it is said to be rationally independent if for any finite subset F' of I, the
family (0x)rer consists of Q-independent numbers.

For any M > 0, we denote by Tp v (H), Tar(H), and Ting ar(H) the set of operators
in By (H) which belong to Tp(H), T(H), and Tina(H) respectively. It is not difficult to
check that these sets are G5 in (®B/(#H), SOT). So we may state:

Fact 4.1. — For any M > 0, the sets To pr(H), Tar(H), and Ting ar(#H) are Polish spaces
when endowed with the topology SOT.

Note that (by the Gram-Schmidt orthonormalization process) any bounded operator
on H with spanning unimodular eigenvectors associated to distinct eigenvalues is upper
triangular with respect to some orthonormal basis (ex)x>1, and belongs to the associated
class T(H). Hence, given the importance in linear dynamics of unimodular eigenvectors,
it is quite natural to investigate typical properties of elements of the spaces (T s (), SOT),
M > 1. Some interesting and unexpected phenomena occur in this setting, which we will
describe shortly. Meanwhile, we state for future reference two elementary facts concerning
the SOT-continuity of certain maps naturally associated to operators in T(H).

When T belongs to T(H), there exists for each £ > 1 a unique vector u € spanfey, ..., eg]
with (u, ex) = 1 such that Tu = A\ (T )u. We denote this vector by uy(7T'), so that Tug(T') =
Aie(T)uk(T). We also denote by uy(7") the normalized eigenvector ug (1) = ui(T)/||uk(T)||
of T'. Here is a useful fact concerning the functions A\ and wug:

Fact 4.2. — For each k > 1, the functions T +— A (T') and T +— ug(T) are continuous
from (T(H),SO0T) into T and H respectively.

Proof. — The continuity of the function T' — Ai(T) is obvious from the definition of
Me(T'). As to the function T' — uy(T), the fact that (ug(7T),ex) = 1 implies that
1 k
T),e) = —m——— Tej, e; T),e;
<uk( )7 el) )\k-(T) o )\1(T) _Z < e.]? el) <uk( )7 e])
Jj=t+1

for every 1 < i < k — 1. A straightforward induction then shows that the scalar functions
T — (up(T),e;), 1 <i<k—1, are SOT-continuous on ¥(H), from which Fact 4.2 follows.
O

Fact 4.3. — Let u € Hoo, and choose r > 1 such that u € span|ey,...,e;]. For any
T € T(H), u can be written as u = Y ;_; ar(T)ur(T), where the functions T — ax(T),
1 <k < r, are continuous from (T(H), SOT) into C.
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Proof. — This follows directly from Cramer’s formulas and the continuity of the maps
T up(T), k> 1. O
4.2. Perfect spanning is typical. — The following result shows that within any class

Ty (H), M > 1, the perfect spanning property (aka ergodicity in the Gaussian sense) is a
typical property with respect to the topology SOT.

Proposition 4.4. — For every M > 1, the set PSPAN/(H) = G-ERG/(H) is comea-
ger in (Tpr(H),S0T). Consequently, ERGy(H), FHCy(H) and UFHCy(H) are all
comeager in (Tpr(H),S0OT).

Proof. — We first recall the following key fact, which goes back to [27, Th. 4.1] (see also
[29, Prop. 6.1]).

Fact 4.5. — An operator T' € T(H) has a perfectly spanning set of unimodular eigenvec-
tors as soon as the following property is satisfied: for every € > 0 and every k > 1, there
exists | > 1 with | # k and « € C such that ||ug(T) — aw(T)]| < e.

From Fact 4.5, we deduce that the set

o= U U {Texu®); Ju(T) - au(T)| <27}
i>1 k>1 l#k acC
is contained in PSPAN,(H). Moreover, it follows from Fact 4.2 that & is also a G5 subset
of (¥p(H),S0T). So we just have to prove that & is dense in Tp;(H); and for this, it is
enough to show that each open set

Our=J U {T € Tu(); llur(T) — aw(T)|| <27}, 4, k>1
l#k acC
is dense in (Tps(H), SOT).

Let us fix i,k > 1 and A € Tys(H). We have to show that for any r» > 1, there exists an
operator 1" € 9, j, such that T'e; is arbitrarily close to Ae; for every j =1...,7. Without
loss of generality, we assume that » > k. Without loss of generality, we can suppose also
that ||A]] < M. Indeed, if ||A|| = M, consider the function f : ¢t — ||D + t(A — D)||
defined on the compact set [0, 1], where D is the diagonal operator given by the diagonal
coefficients of A. The function f is convex on [0, 1], so that its maximum is attained at
either 0 or 1. Since f(0) =1 < M = f(1), f(t) < M for every t € [0,1). If t € [0,1) is
sufficiently close to 1, the operator A’ := D + ¢t(A — D) is upper-triangular with respect
to (ex)r>1, has the same diagonal coefficients as A, satisfies [|A’|| < M, and is as close as
we wish to A for the SOT topology. We thus suppose to begin with that ||A|| < M.

We set, for every r > 1, H, := span|ey,...,e,], and denote by P, the orthogonal
projection of H onto H,,.

For every 1 < j < r, we denote by A; the j-th diagonal coefficient of A: \; = (Aej, e;).
We recall that |A\;| = 1. Let us denote by A, the set of all sequences A = (};);>, with
|A\j| = 1 such that all the elements A;, j > r, are pairwise distinct and distinct from
L,A1,..., A, and \j; = 1 as j — oo. For any element X of A, and any unilateral weight
sequence w = (wj);>1, we consider the operator Ay, on H defined by

A Ae; forevery 1 < j <r
e; =
A wj—rej—r + Aje; for every j > r.
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Note that since [|Al| < M, [[Axu| < M for every A € A, provided ||lw||oo := sup;>q |wj| is
small enough. Hence in this case Ay ,, belongs to T/ (H). Moreover, we have A)\,ng = Aej
for every j = 1,...,r. Let us now fix a weight sequence w such that w; — 0 as j — oo
and |[w/o is small enough. We are going to show that Ay, belongs to O;; provided the
sequence A is well-chosen. This will prove the density of O, in (Tps(#H), SOT).

We first note the following fact concerning the eigenvalues of the operator Ay .

Fact 4.6. — For any A € A,, the only eigenvalues of Ay, are A1,..., A, the terms of the
sequence A, and possibly the point 1. Moreover, for any i > 1, the eigenspace associated
to \; is spanned by the vector u;(Ay ).

Proof of Fact 4.6. — If X is any complex number, solving formally the equation Ay ,z =
Ar with z = ijl xjej, yields that

,
(A= NPz = ijijrrej and Tjqr = x; for every j > r.

j=1
Since w; — 0 and A\; — 1 as j — oo, we infer from these equations that there is no solution
x € H \ {0} to these equations if A does not belong to the set {\;; 7 > 1} U {1}. This
proves the first part of Fact 4.6.

For the same reasons combined with the fact that the )\; are pairwise distinct and
distinct from 1, we also observe that if a vector x € H satisfies Ay, 2 = Az for some
i > 1, then z; = 0 for all j > . Hence ker(Ay,, — A;) is contained in H; for every i > 1,
which proves the second part of Fact 4.6 since Ay, belongs to T(H) and the eigenvalues
Aj of Ay, are all distinct. O

The key point is now the following observation. Recall that Ai,..., )\, are fixed, that
1 < k < r, and that we are especially interested in A;. Recall also that H;HT(AAM) =

Up 1 (Anw) /| urgr (Arw) |-

Fact 4.7 — There exists a positive constant v such that for any A = ()\;)>r € A,
Ner = Ar| >y dist (Ui (An ) spanfug (Ax w)])-

Proof. — For any A = (A;)j>r € A,, the restriction of the operator Ay, to H, is equal
to P.AP,, which does not depend on A. Also, ker(Ay,, — A\x) = spanfuy(Ay,)] € H,, and
the r eigenvalues \i,...,\. of P.AP, are distinct. These observations imply that there
exist two positive constants § and C such that the following two properties hold true:

VAe A, Ve e H, @ [[(Arw — Ax)x|| > 0 dist(z, spanfuy(Ay)]) (8)

and
C

-1
ey A ol — > — .
AECA DA A Ve € He (v~ N7l 2 s el (9)

Now, a simple computation yields that
UV + Cftr
1/2
(Ihoell +1)"

where v, € H, satisfies the equation (Ayu — Apr )k + wrer = 0. Since Ay, does not
belong to the set {A1,..., A}, we may write vy, = —wp (A — Metr) ter, and (9) implies

ﬂk—i—r (A)\,w) =
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that

. |wi| > C wr|
dlSt()\k+r, {)\1, . 7)\7‘}) |)\k:+1“ — Ak|
On the other hand, (Ay, — Ar)vk = (Akgr — Ak)Ur — wiex, so that by (8)

|/\k+r — )\k| Hka + \wk\ > 5dist(vk,span[uk(A,\’w)]).

[or]l > C

Hence

—_

dist (vg + extr, spanfug(Ay,)]) < < (\)\kH — X ||l + |wl) +

and

dist (Uptr (Axw), spanfug(Ax,)])
1 ox | 1

= [Aer — i >+
5< (o2 + D) (o2 + 02 (oelz + 1)

1 w 1
5(!)\k+r Akl + | k‘)—i-‘

IN

lorll /- Nl
1 1 1
< |Aggr — M| =+ = by (10).
< s =3 (54 5+ 7] y (10)
Setting 1/y:=1/6+1/C +1/(C 1I<n'i£l |w;j|) yields the desired inequality. O
<j<r

We now come back to our main proof: recall that our aim is to show that Ay ,, belongs
to O, , for some suitable choice of A € A,. By Fact 4.7, we have

‘)‘kJrr - )\k’
Y

We now choose A € A, such that A\gi, is so close to \; that the quantity on the right
hand side of the inequality (11) is less that 27 n, where nr = min(1, (2|lug(Axe)[) ).
Note that 7, does not depend on A since the restriction of Ay, to H, does not. With
this choice of A, there exists a scalar 8 € C such that ||, (Axw) — Buk(Axw)|| < 27"
Since ||Uk4r(Arw)| = 1 and 27, < 1/2, we have ||Bug(Ary)|| > 1/2, so that |B] > .
It follows that ||qug,(Axw) — uk(Axw)|| < 27¢, where a := 1/(B||ug+r(Arw)|), and this
shows that Ay, belongs to O; .

Thus we have proved that 9; j is indeed dense in (Tys(#), SOT) for every 4,k > 1, which
concludes the proof of Proposition 4.4. O

dist (Ug4r (Ax ), spanfug(Ay o)]) < for every XA € A,. (11)

Remark 4.8. — It is natural to wonder whether the class of chaotic operators is also
comeager in ¥y/(H). This does not look quite clear from the above proof.

4.3. Ergodicity vs ergodicity in the Gaussian sense. — Let (ey)r>1 be as usual
a fixed orthonormal basis of H. In this section, we focus on special operators of the
associated class T(H) of upper-triangular operators with respect to (ej)r>1, which are the
sum of a diagonal operator with respect to the basis (eg)r>1 and a backward weighted
shift operator with respect to this same basis. More precisely, we introduce the following
notation: we denote by A the set of sequences A = (A\g)r>1 of pairwise distinct complex
numbers of modulus 1 such that (A\;)g>1 tends to 1 as k tends to infinity, and for every
M > 0, by Qs the set of all weight sequences w = (w)r>1 such that 0 < wp < M for
every k > 1. We also set Q := ;502
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We endow the set A with the topology induced by ¢>°(N). Since A is contained in the
separable closed subspace ¢(N) of £°°(N) consisting of all convergent sequences, and since
A is easily seen to be a Gs subset of £°°(N), it follows that A is a Polish space. As for
the spaces Qy7, M > 0, we endow them with the product topology. Each ;s being a Gs
subset of RN, it is thus a Polish space as well.

To each pair (A\,w) € A x €, we associate the operator T} ,, defined by T} , = Dy + B,
where D) is the diagonal operator with diagonal coefficients Ag, k > 1, associated to the
basis (e)r>1, and B, is the backward shift operator with respect to (ej)r>1 with weights
wg, k > 1. Each operator T} ,, belongs to T(H).

Our aim in this section is to investigate the properties of the operator T}, for a typical
choice of parameters (A,w) € A x Q. For every M > 0, we consider the following two sets
of parameters:

Ev = {(A\w) € AxQy; Ty, is ergodic}
and
Dy = {()\,w) eAXQy; O'p(T)\,w) - {)\k, k> 1} U {1}},
where 0,(T") denotes the point spectrum (i.e. the set of eigenvalues) of an operator T' €
B(H). The operators belonging to Dy, are those which have the smallest possible set of
eigenvalues among the operators T} ,,, (A,w) € A xQ);. In particular, they have countable
unimodular point spectrum.

Our main result can now be stated as follows:
Theorem 4.9. — For any M > 2, the two sets €p; and Dyy are comeager in A X Q.
As an immediate consequence, we obtain

Corollary 4.10. — There exist ergodic operators on H, of the form Ty o, (A,w) € Ax €,
which have countable unimodular point spectrum. In particular, these operators are ergodic
but not ergodic in the Gaussian sense.

Remark 4.11. — Corollary 4.10 provides examples of hypercyclic operators on a Hilbert
space with a spanning set of unimodular eigenvectors but only countably many unimodular
eigenvalues. The question of the existence of such operators was first raised by Flytzanis
in [22], and answered recently in [39]. Indeed, the chaotic non-frequently hypercyclic
operators constructed there have only countably many eigenvalues, which are all roots
of unity, and the associated eigenvectors span the space. Corollary 4.10 strengthens this
result by showing that ergodic counterexamples to Flytzanis’ conjecture exist, and that
such counterexamples are in some sense much less exotic than suggested by the rather
technical construction of [39].

Remark 4.12. — Since all the operators we are considering here have infinitely many
eigenvalues, Corollary 4.10 leaves open the question of the existence of ergodic operators
on H without any eigenvalue at all. Such operators are known to exist on the Banach
space Co([0,27]) of continuous functions on [0, 27] vanishing at the point 0. Indeed, the
Kalisch operator T' defined by

0
T50) = ¢ 10) — [ et pie) .

when considered as acting on Cy([0,27]), is ergodic in the Gaussian sense but does not
admit any unimodular eigenvalue; see [5] or [7, Sec. 5.5.4] for details. On the other hand,
an operator on a Hilbert space which is ergodic in the Gaussian sense definitely has a lot
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of unimodular eigenvalues (recall that G-ERG(H) = PSPAN(#)); but a general ergodic
operator might possibly have no eigenvalue at all.

We now turn to the proof of Theorem 4.9. We first state a simple fact, in which a
complete description of the unimodular eigenvectors of the operators T} ,, is given.

Fact 4.13. — Fix (A,w) € AxQ, and A € C. Then A is an eigenvalue of T} ,, if and only

if the vector
n—1 N — s
Exw(N) =€ + Z ( H "y J)en
n>2 =1 J

is a well-defined vector of H. In this case, ker(T} o, — A) =span [E) ,())].
Proof. — 1t suffices to solve formally the equation T} ,x = Az in cN. O

For every k > 1,

k n—1 )\k Y
Brol) =1+ 3 ([T )en
n=2 j=1 J

is thus an eigenvector of T} ,, associated to the eigenvalue )\, and hence is proportional
to ug (TA,w)'
The next lemma provides necessary conditions for the point spectrum of T} , to be

either “maximal” or “minimal”. For any element w of €2, we denote by R,, the radius of
convergence of the series
P

Jj=1

Lemma 4.14. — Let (A\,w) be an element of A x Q.

(1) If R, > 2, the map X\ — Ej () is well-defined and analytic on a neighborhood of
the unit circle T. Consequently, span [Ey ,,(A\i) ; k > ko] = H for every ko > 1.
(2) If R, = 0, the eigenvalues of T ,, are contained in the set {\ ; k> 1} U {1}.

Proof. — The first part of assertion (1) is a direct consequence of Fact 4.13: since Ry, > 2,
the series defining Ej () is convergent in H for every X\ belonging to the open disk
D(0,R, — 1), and the map A\ — Ej ,,(\) is analytic there. In particular, this map is
analytic in a neighborhood of T. Since the sequence (Ag)r>k, has an accumulation point
in D(0, Ry — 1) for every ko > 1, it follows from the analyticity of Ej, that the closed
linear span of the vectors Ej ,(Ax), k > ko, coincides with the closed linear span of all
the eigenvectors Ej (), A € T. Since Ej ,(\;) is proportional to ui(T),) and since
the vectors uy(Ty ), k > 1, span a dense subspace of H, this proves the second part of
assertion (1).

As to assertion (2), suppose that R, = 0. Let us show that the series defining Ej ,,())
does not converge when A\ € C does not belong to {\r; k£ > 1} U{1}. So let fix such a
complex number \. Since )\; tends to 1 as k tends to infinity, there exists a number § > 0
such that |\ — A\g| > ¢ for every k > 1. Hence

LeLpRpY
1=~

j=1 7

2 52(n—1)

for every n > 2.

2

(w1 e wnfl)
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Since R, = 0, it follows that

n—1 2

Py
> | II=—7| =
n>2 | j=1 “ij
and hence Ej () is not defined as a vector of H. O

After these preliminary facts, we now state a proposition which will be the key step to
prove that ergodic elements are typical in A x Q,; for any M > 2. We postpone the proof
of Proposition 4.15 to the end of this section, and explain first how Theorem 4.9 may be
deduced from it. In what follows, we fix M > 2. For any w € Q);, any open set U # () in
‘H and any « > 0, we set

O‘[}”a::{)\GA;Er213(@1,...,aT)€CT :
> arur(Thw) €U and g |2l (Th )% < a}.
k=1 k=1

Note that Oﬁ’a is an open subset of A: this follows from the continuity of the map
(A, w) = Ty o from A x Qs into (Tas41(H), SOT), combined with Fact 4.2.

Proposition 4.15. — Let U be a non-empty open set in H, and let o > 0. Ifw € Qpy is
such that R, > 2, then the open set (9(‘}’706 is dense in A.

Proposition 4.15 will allow us to apply the following ergodicity criterion proved in [29,
Cor. 5.5].

Lemma 4.16. — Let X be a separable Banach space, and let T € B(X). Assume that
for any open set Q # 0 of X with T~1(Q) C Q, any neighborhood W of 0, and any € > 0,
there exists a T-invariant probability measure p on X with compact support such that
w(Q) =1 and u(W) >1—¢. Then T is ergodic.

The link with Proposition 4.15 is perhaps not quite obvious at first sight. It is provided
by the following fact.

Fact 4.17 — Let T € T(H), let U be a non-empty open set in H, let € > 0, and let W be
a neighborhood of 0 in H. Let also 7 > 1, and assume that the eigenvalues A1 (1), ..., A\ (T)
of T are rationally independent. Finally, let aq,...,a, be r complex numbers and assume
that the vector > ;_, axuy(T) belongs to U. If the quantity > p_; |ak|?||ur(T)||? is small
enough, there exists a compactly supported T-invariant measure @ on A such that

e () =1, where Qu =, 7T "(U), and
o u(W)>1-e.

Proof. — We only sketch the proof, since the argument is already essentially given in
[29]. Let (xx)r_, be a sequence of independent random Steinhaus variables defined on
some standard probability space (€2, F,P), and let x be the measure on H given by the
distribution of the H-valued random variable >, _; xxarux(T). This measure p, which
may be called the Steinhaus measure associated with the vector v = Y ;_; apu(T), is
T-invariant and has compact support. As observed in [29, Fact 5.16], the independence
of the unimodular numbers A;(T), ..., A\(T) and the condition ), _; arux(T) € U imply
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that p(Qy) = 1. Also, we have by orthogonality of the Steinhaus variables xx, 1 < k <r,

that
T T
[ ValPdnte) = € (3 viman(1) ) = 3 laal? (D]
H k=1 k=1
It then follows from Markov’s inequality that u(W) > 1 — e provided that the quantity
> ke lak)? |Juk(T)|? is sufficiently small. O

Proof of Theorem 4.9. — The proofs of the two parts of Theorem 4.9 are completely in-
dependent of each other. Recall that the sets £;; and D) are defined at the beginning of
Section 4.3, and that we assume that M > 2.
Part 1. The set £y is comeager in A x Q.

Let (Up)p>1 be a countable basis of non-empty open subsets for H. For each w € Q,/,

define the G subset of A
Gw = ﬂ m 0;})727(17
p=21 ¢21

and

G .= {(/\,w)EAXQ;AGGw}.
Claim 4.18. — The set G is a dense G5 subset of A x Q.

Proof of Claim 4.18. — The fact that G is G5 in A x ) is immediate. As to its density,
we first observe that since M > 2, Proposition 4.15 implies that G, is dense in A as soon
as w; = M for j sufficiently large. It follows that the set {w € Qp/; Gy, is dense in A}
is dense in Qp;. Since this set is also clearly Gg in Qy, it is thus comeager in Q;. The

Kuratowski-Ulam theorem then implies that the G5 set G is comeager and hence dense in
AxQ M- ]

It is now easy to show that the set £, is comeager in A x ). Indeed, it follows from
Lemma 4.16 and Fact 4.17 that T} , is ergodic as soon as A belongs to Gy, and the terms
Ak, k > 1, of the sequence A are rationally independent. Hence the set

Gina = {(/\, w) € G; the unimodular numbers g, k > 1, are rationally independent}

is contained in £;;. Since the conditions that the numbers \; should be rationally inde-
pendent is easily seen to define a dense G subset of A, Claim 4.18 implies that Gj,q is a
dense Gy subset of A x Q,;. Hence £ is comeager in A x ;.

Part 2. The set Dys is comeager in A X Q.

The argument here is much simpler, and relies solely on part (2) of Lemma 4.14. Observe
that the set of all w € @,/ such that R, = liminf; ;o (w; .. .wj)l/j =01is Gs in Qp, and
that this set is dense in €7 because it contains all sequences w € ;7 such that w; tends
to 0 as j tends to infinity. Hence the set {(X, w) € A x Q75 R, = 0} is G5 and dense in
A x Qy/, and the claim follows. O

We now turn to the proof of Proposition 4.15. Again, it relies on some arguments used
in [29], more precisely in the proof of [29, Th.5.12].

Proof of Proposition 4.15. — Let us fix § € A and € > 0. We are looking for an element
A of O , such that [[A — 0] <e.

Writing 6 as @ = (0)>1, we fix kg > 1 such that |0, — 1| < /3 for every k > ky. By
assertion (1) of Lemma 4.14, the linear span of the vectors Fg ,,(0s), s > ko, is dense in
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H, so there exists an index ) > 1 and complex numbers by,41, ..., bk 44 such that the
vector
ko+@Q
Z bs Eg ., (05) belongs to U.
s=ko+1

We now proceed as in [27] or [29], and replace each coefficient bs by a certain sum of
scalars of the form Z;V: 61 CstjQ With Zj\; 51 |cs1+jo|? sufficiently small. More precisely, we
define )

CsjQ = bs and vy = Eg,u(0s)

for every ko+1 < s < ko+Q and every 0 < j < N — 1, where N > 1 is an integer so large
that

ko+NQ 1 ko+Q
> lewlllosl® = N Y b (1 Egw(05)] < o (12)
k=ko+1 s=ko+1
ko+NQ
Observe that ) cgvr = 2z by construction, so that we have
k=ko+1
ko+NQ
Z cpvg € U. (13)
k=ko+1

The next step in the proof is to define A € A with ||A — 0| < €, in such a way that
each vector vy, ko +1 < k < ko + NQ, can be approximated by the eigenvector Ey ,,(Ax)
of Ty , associated to the eigenvalue A, and the g, ko+1 < k < ko + NQ, are all distinct.
The sequence A is defined as follows: we keep Ay = 0 for every 1 < k < ko + Q and
every k > kg + NQ, so that in particular Ay, — 1 as k — oo. For kg +1 < s < kg + Q
and 1 < j < N — 1, we choose A\gyjg extremely close to 0, in such a way that these new
coefficients A\ are all distinct and distinct from all the 0. Since we already know that
A — 1 as k — oo, the sequence X defined in this way belongs to A. We can certainly
ensure that [\ 11— 65| <eforall kg+1<s<ky+Qand 1< j <N -1, and thus that

[AstjQ — Osvjol <e/3+[0s4j0 — 1] +10s — 1] <e
since s > kg. All the remaining coefficients of A and € coincide, and hence |A — 0| < €.
Let us now show that the quantities

1Ex w(Xst5Q) = vstiQll = 1Ex w(Astiq) — Eo,w(0s)l,
where kg +1 < s<kog+Q and 0 < 7 < N — 1, can be made as small as we wish, provided
each coefficient Ay, ;g is close enough to 6. We consider separately two cases.
- Assume that kg +1 < s < kg + @ and j = 0. In this case Ay = 05 by definition, so
that E)\,w()‘s) = Eo,w(es)'
- Assume now that kg +1 < s < kg+ @ and 1 < j < N — 1. In this case, we use the
explicit expression of the eigenvectors provided by Fact 4.13 and write

ExwAstj) — Eo,w(fs) = Zs: [ ﬁ(W) B ﬁ<95wi eiﬂen

n=2 i=1 =1

s+jQ n—1 i — )\
£ 3 TI(MeN)e

n=s+1 i=1
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Fix an arbitrarily small number § > 0. The integers s and j being fixed, and the numbers
A; and #; being by definition equal for every 1 <1 < kg 4+ @, the norm of the first sum in
the above expression can be made less that §/2, provided that the difference |A\s1 o —0s] is
sufficiently small. As for the second term, observe that s belongs to the set {1,...,n—1}
for every s +1 < n < s+ jQ, so that the term A\gy ;o — A\s = A\s1jg — 05 always appears in
the product H?;II(ASJFJ-Q —\i)/wi. Thus if | A4 g —0s| is sufficiently small, the norm of the
second term is less than §/2 too. Hence one can ensure that ||Ey ,(As+jQ) —Eg,w(0s)|| < 0
forall kg +1<s<ky+Qand1<j<N-—-1.

So we have proved that for any 6 > 0, one can construct A € A such that ||A — 8| <¢
and ||Ey o(Ak) —vil| < 0 for every ko+1 < k < ko+NQ. If § is now chosen small enough,
the two conditions

ko+NQ ko+NQ
Y aBExoM) €U and > ol |Bxu ()]’ <o
k=ko+1 k=ko+1

simultaneously hold true, by (13) and (12) respectively. Remembering that each vec-
tor ug(Ty, ) is proportional to Ej ,(Ax), we eventually obtain that there exist complex
coefficients ay, ko + 1 < k < kg + NQ, such that

ko+NQ ko+NQ
> arur(Diw) €U and Y ag) lup(Thw)l® < o
k=ko+1 k=ko+1
Hence A belongs to 0“7 o» and this concludes the proof of Proposition 4.15. O
Remark 4.19. — In order to show that the ergodic operators are comeager in A x )y,

we have used in a crucial way the fact that the terms Ag, k > 1, of the sequences A € A
involved in the proof are rationally independent. This is not so surprising in view, for
instance, of [29, Fact5.16]. Yet the role of independence in these issues remains rather
mysterious. We develop this a little bit in the next subsection.

4.4. Additional remarks. — In this subsection, we present a short discussion of some
questions motivated by the results obtained above, as well as some further results con-
cerning dynamical properties of the “diagonal plus shift” operators T} .

4.4.1. Some natural questions. — Two such questions concerning the existence of opera-
tors on a Hilbert space with particular ergodic-theoretic-like properties remain unanswered
at this stage of our work. The first one is

Question 4.20. — Do there exist U-frequently hypercyclic operators on ‘H which are not
frequently hypercyclic?

It was proved by Bayart and Rusza in [9] that such operators do exist on the space
co, but the question was left open for Hilbert (or even reflexive) spaces. In the light
of the discussion carried out in Section 3 of this paper, it seems natural to conjecture
that the two classes UFHC(H) and FHC(H) should have different descriptive complexity,
and hence should be distinct; but we have been unable to solve the question using this
approach. The second question runs as follows:

Question 4.21. — Do there exist frequently hypercyclic operators on H which are not
ergodic?
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This question comes from [29], where it is proved that frequently hypercyclic non-
ergodic operators do exist on the space cg. The proof of this result again relies on a
construction of [9]: it is proved in [29] that the frequently hypercyclic bilateral weighted
shifts 7" on cp(Z) defined in [9] satisfy ¢(T") < 1, and thus cannot be ergodic.

We do solve Questions 4.20 and 4.21 in Section 6 below, but using widely different
methods. The operators we will use are generalizations of those introduced by the third
named author in [39] in order to solve the question of the existence of a chaotic non-
frequently hypercyclic operator. The two main results we will obtain are that indeed,
there exist U-frequently hypercyclic operators on H which are not frequently hypercyclic,
as well as frequently hypercyclic operators which are not ergodic. All our examples turn
out to be chaotic; and we will complement these results by showing that there also exist on
‘H operators which are chaotic and topologically mixing but not U-frequently hypercyclic.

In another direction, the role of rational independence in all that concerns the links be-
tween unimodular eigenvalues and ergodicity properties of operators needs to be clarified.
To be a little more specific, let us consider the class Tinq(H) of operators in T(H) whose
diagonal coefficients are rationally independent. Rather surprisingly, it seems that very
little is known concerning such operators. For example, to our knowledge the following
question is open:

Question 4.22. — Let T be a hypercyclic operator belonging to Tinq(H). Is T necessari-
ly ergodic? frequently hypercyclic? U-frequently hypercyclic?

The only currently known examples of hypercyclic operators with spanning unimodular
eigenvectors which are not frequently hypercyclic or not ergodic are those constructed
in [39] and the ones that will be considered in Section 6. As already mentioned, all
these operators are chaotic. Moreover, for many of these operators, the only unimodular
eigenvalues are roots of unity and for some of those, each eigenvalue has multiplicity one.
So these operators belong to T(#) for some suitably chosen orthonormal basis (ex)g>1,
but not to Ting(H) for any basis (ex)r>1. A positive answer to Question 4.22 would show
that this is not accidental, i.e. that there must be a strong amount of dependence between
the eigenvalues of any of the operators constructed in [39] or in Section 6 of the present
paper.

As a matter of fact, Question 4.22 seems to be open even for the operators T} , =
Dy + B, considered in Subsection 4.3. Even more prosaically, it seems quite desirable
(and perhaps not too difficult) to determine when exactly an operator of the form T, is
hypercyclic.

4.4.2. More on the operators Ty . — We finish this section by collecting some simple facts
that we do know concerning operators of the form T),. Let us introduce the following
notations.

e If w is a unilateral weight sequence, we set a;(w) := 1 and

1
aj(w) == ———— for every j > 2.
w]_ .. w]—l
Also, using the same notation as in Section 4.3 above, we denote by R, the radius of
convergence of the series ) a;(w)z’:

R, = liminf |wy - -wj,1|1/j.
j—>OO
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e To each A € TN, we associate polynomials P, j, j > 1, defined as follows: Py ;(\) =1

and
j—1

Py;(A) = H()\ Ar) for every j > 2.
k=1
Proposition 4.23. — Let w be a unilateral weight sequence, and let X € TN. Then the
following facts hold true.
(0) A complex number X is an eigenvalue of Ty, if and only if

Z!% w)? [P (V) < <.

In this case, ker(T' — \) = span [E) ,,(\)] where

Brw(N) =D ajw)Py (N e;.
=1
(1) If R, =0, then 0,(Txy) € { s k> 1}.

(2) If o(By) = {0} (e.g. if wj = 0 as j — o0), then o(Ty,) € {M; k>1}. More
generally, o(Ty,,) is contained in the set {\ € C; dist (A, {M\}) < r(Bw)}, where
r(By) denotes the spectral radius of Bi,.

Assume now that X belongs to A, i.e. that the elements A\g, k > 1, are pairwise distinct
and that A\, — 1 as k — oo.
(3) If Ry, > 0, then o,(Ta,) contains {A\g; k > 1} U D(1,R,) and is contained in
{A\k; K> 1}UD(1, Ry).
(4) If Ry > supgsq |Ax — 1], then Ty, is ergodic in the Gaussian sense. Moreover, the
map A — Ej ,(\) is analytic on the open disk D(0, R, — 1).
(5) If Ry < supg>y [A\r — 1|, then Ty, is not hypercyclic.
(6) If Ry = supg>y |Ax — 1], let ko be the largest integer k > 1 such that |A\x — 1| > Ry,.

If
wl PEEEEY w . 1 2
-
< 00
j>§+l (Akg = Akg+1) =+ (Akg — A7) 7
then T, is not ergodic in the Gaussian sense.
Proof. — (0) This is a simple computation which has already been carried out in the proof

of Fact 4.13.

(1) If A € C does not belong to the closure of {\g; k > 1}, then infy>; [A—Xg| =0 > 0,
and thus |Pj(\)] > 677! for all j > 1. If R, = 0, assertion (0) implies that A is not an
eigenvalue of T} ,,.

(2) Let A € C. We have Ty, — Al = D¢+ By, where £ = (& )x>1 is defined by { = Ap— A
for every k > 1. If ¢ := dist (A, {\x}) > 0, then D; is invertible and Ty, — AI can be
written as

Thw — M = De(I + Dg ' By) = De(I + Bg-1,,),

where £ lw = (&, 'wy)k>1. Moreover, since SUPg>1 ¢ ' =1/4, the spectral radius of Bg-1,,
is at most r(B,)/d. It follows that Ty, — Al is invertible as soon as § > r(B,).
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(3) We already know by assertion (0) that o,(T),,) contains {\; ; £ > 1}. Now, let A
belong to the open disk D(1, R,,), and choose r such that |\ — 1| < r < R,,. Since A\, — 1,
there exists kg > 1 such that |\ — A\g| < r for all & > ko. It follows that there exists a
constant C' > 0 such that |Pj(\)| < C'r7 for every j > 1, so that Ejy,()) is well-defined
and analytic on D(1, Ry,).

Conversely, assume that A does not belong to the set {\; ; k > 1} U D(1, R,,). Since
Ar — 1, one can find 7 > R, such that [\ — Ag| > r for k sufficiently large; and since
A # X\, for all k > 1, it follows that there exists a constant ¢ > 0 such that |P;(\)| > ¢/
for every j > 1. Hence E) () is not well-defined.

(4) By assertion (3), the map A — Ej,(\) is analytic on the disk D(1, R,); so it
is enough to show that the vectors Ejy,()\), A € D(1,Ry,), span a dense subspace of
H. Let y = ijl yje; be a vector of H which is orthogonal to all the vectors Ejy,, (),
A € D(1, Ry,). We thus have

Zyjaj(w)P,\J()\) =0 for every A € D(1, Ry).
j=1

The series above is convergent on the disk D(1, R,,), which contains all the points Ay by
assumption. So

Zgjaj(w) Py (M) =0 for every k > 1.
j=1

Since Py j(Ax) = 0 whenever j > k and P ;(\x) # 0, it follows that g;a;(w) = 0 for every
J > 1, so that y = 0.
(5) Let kg > 1 be such that |[Ay, — 1| > R,. Then Ay, is an isolated eigenvalue of T},

by assertion (3), which is easily seen not to belong to the essential spectrum of T) . It
then follows from [34] that T}, cannot be hypercyclic.

(6) By assertion (1), we can assume that R, > 0, since otherwise the point spectrum
0p(Taw) of Th is countable, and T}, is certainly not ergodic in the Gaussian sense in
this case. It suffices to show that the unimodular eigenvectors of T}, are not perfectly
spanning. Since (0,(7)) NT) \ D(1, R,,) is a finite set by assertion (3), it is in turn enough
to show that the vectors Ej,(A), A € D(1, Ry,), do not span a dense subspace of H. So
we have to find coefficients c;, j > 1, with the property that

oo

ZC]‘PAJ()\) =0 for every A € D(1, Ry,),
j=1

with the additional requirement that
(o]
j=1

We define the coefficients c¢; by setting ¢; = 0 for every 1 < j < ko, ¢;, = 1 and

2
< 00, i.e. that Z lcjwr -+ wj—1]* < oo, (14)
Jj=2

aj(w)

J
cj = H (Aky — )\i)fl for every j > ko.
i=ko+1
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Then condition (14) is satisfied by assumption. Moreover, the coefficients ¢; have been
defined in such a way that

N N N — )\

> PN =P,V - [T (S for all N > ko + 1.
‘ ) ) )\ko _ )\k

7j=1 k=ko+1

Since |Ak, — 1| > Ry and Ay — 1 as k — oo, it follows that 3772, ¢; Py j(A) = 0 for every
A such that |\ — 1| < R,,. This completes the proof of assertion (6). O

5. Periodic points at the service of hypercyclicity

In this section, we depart from our standing assumption and work in the general context
of Banach spaces over K = R or C, not restricting ourselves to the Hilbertian setting.
Actually, most of our results hold in the framework of arbitrary Polish topological vector
spaces, as should be clear from the proofs.

Let thus X be a real or complex separable Banach space. Our aim is to obtain general
sufficient conditions for an operator T' € B(X) to be frequently hypercyclic or U-frequently
hypercyclic. These criteria are rather different from the classical ones, since they involve
the periodic points of the operator T'. They will greatly contribute to simplify some proofs
in the next section, and they might hopefully be useful elsewhere also. For any bounded
operator 7' on X, we denote by Per(T") the set of its periodic points, and by pery(z), or
simply per(z), the period of a periodic point x of T'.

5.1. Precompact orbits and topological mixing. — We start by giving a very
simple criterion for an operator T' € B(X) to be topologically mixing, which involves
the points of X with precompact orbit under the action of T. We denote by Prec(T") the
set of points with precompact orbit.

Proposition 5.1. — Let T € B(X). Assume that Prec(T) is dense in X and that
for every neighborhood W of 0 in X and every non-empty open subset V of X, the set
Nr(W, V) is cofinite. Then T is topologically mixing.

Proof. — Tt suffices to show that for any vectors y € Prec(T), x € X, and any £ > 0,
the set Np (B(y,e), B(x,s)) is cofinite. Since y is a vector with precompact orbit, there
exists a finite subset {y1,...,yq} of X such that any point of Orb(7T',y) lies within distance
less than €/2 of the set {y1,...,yq}. In other words, there exists for any n > 1 an index
in € {1,...,d} such that |T"y — y;, || < &/2.

By assumption, each set N (B(O, e), B(x — y;, 5/2)) is cofinite. Hence, one can find an
integer N such that for every n > N and every 1 < i < d, there exists z,; € X such that

lznill <& and [ T"2n; — (2 —yi)|| <e/2.
For every n > N, we then have
1T (y + 2nin) — 2l < (T"Y = i | + 1T 20, — (2 — v | <&

Hence y + 25, belongs to B(y, ) and T"(y + 2., ) belongs to B(x, ), which shows that
every integer n > N lies in the set N7 ((B(y,¢), B(,¢)). O

Since periodic points have a finite orbit, Proposition 5.1 immediately implies the fol-
lowing result.
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Corollary 5.2. — Let T € B(X). If Per(T) is dense in X and if for every neighborhood
W of 0 in X and every non-empty open subset V of X, the set Np(W, V') is cofinite, then
T is chaotic and topologically mizing.

We also obtain in a similar fashion.

Corollary 5.3. — LetT € B(X). If there exists a dense set of points x € X such that
T'z — 0 as i — oo and if for every neighborhood W of 0 in X and every non-empty open
subset V of X, the set Np(W, V) is cofinite, then T is topologically mixing.

Finally, the linearity assumption on the system (X, T) implies the following strengthened
version of Proposition 5.1.

Corollary 5.4. — Let T € B(X). Assume that Prec(T) is dense in X and that there
exists a subset Xg of X with dense linear span such that the following property holds true:
for every xg € Xg and every € > 0, there exists N > 1 such that for every n > N, one can
find z € X such that ||z|| <& and ||T"z — xo|| < e. Then T is topologically mixing.

Proof. — Let V C X be a non-empty open set. Since X spans a dense subspace of X,
there exist ¢ > 0 and z = 25:1 apxy € V with xx € Xo and ai # 0 for every 1 < k< K
such that B(x,¢) is contained in V. Moreover, by assumption, there exists N > 1 such
that for every 1 < k < K, every n > N, one can find z,j € X such that

Hzn,kH < and HTnZn,k - $k|| <

€ €
K|ag] K|ag]

The vector z := Y1 | apz,x then satisfies ||z]| < & and ||T"z — z|| < ¢, and the desired
result follows from Proposition 5.1. O

Remark 5.5. — Unlike in Corollary 5.8 below, it is not possible, in Proposition 5.1, to
replace the assumption that all the sets N (W, V) are cofinite (W and V non-empty open
subsets of X with 0 € W) by the assumption that all the sets N (U, W) are cofinite (W
and U non-empty open subsets of X with 0 € W), even if one assumes additionally that T
is hypercyclic. Indeed, every unilateral weighted backward shift has a dense set of points
with finite orbit and is such that N (U, W) is cofinite for every neighborhood W of 0 and
every non-empty open set U; but there exist hypercyclic weighted shifts which are not
topologically mixing.

5.2. Uniform recurrence and topological weak mixing. — In this subsection, we
give a simple criterion for an operator 7' € B(X) to be weakly topologically mixing. It
involves the uniformly recurrent points of 1. Recall that a point x € X is said to be
recurrent for T if, for any neighborhood O of z, the set Np(z,0) = {i € N; T'x € O}
is non-empty (or, equivalently, infinite). A point z € X is said to be uniformly recurrent
for T if, for any neighborhood O of x, the set N7 (x,0) has bounded gaps. For example,
every periodic point is obviously uniformly recurrent. The following more general fact will
be useful. Recall first that a compact, T-invariant subset K of X is said to be minimal
if it has no proper (non-empty) closed T-invariant subset. For example, if = is a periodic
point of T with period N, then K := {z, Tx,..., TN "'z} is minimal. Recall also that we
denote by £(T') the set of all unimodular eigenvectors of T'.
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Fact 5.6. — Let T € B(X). If K is a compact minimal T-invariant subset of X, then
every point of K is uniformly recurrent for 7. In particular, every point z € span&(T) is
uniformly recurrent for 7.

Proof. — The first part of the statement is well-known (and has nothing to do with
linearity; see e.g. [23, Sec. 1.7]). As for the second part, it is enough to show that if z
belongs to span £(T'), then its closed T-orbit K = {T™z; n > 0} is a compact minimal
T-invariant set.

Write z as z = Zj\;l
Let T' be the closed subgroup of TV generated by the N-tuple v := (y1,...,7n). Then

K = {Zjvzl wiuj; w = (wi,...,wn) € I'}, so that K is compact (and, of course, T-

uj, where for every 1 < j < N, Tu; = v;u; for some v; € T.

invariant). So we just have to check that K is minimal for the action of 7. Let a € K be
arbitrary. We have to show that any point y € K can be approximated as close as we wish
by points of the form T"a, n > 0. Write a and y as a = Zé\;l wju; and y = Z;VZI 7;Uj
respectively, where w = (wy,...,wy) and n = (n1,...,nn) belong to I'. For any integer
n > 0, we have T"a = Z;vzl Yjwju;. Since the N-tuples " = (V-5 %), > 0, are
dense in T' (this follows from the fact that since the group T is compact, the closed
semigroup generated by « is in fact a group), there exists an integer n > 0 such that "
is as close as we wish to w™ln = (wl_lm, e ,w;,lnN). Then T™a is as close as we wish to
1y, as required. ]

We can now state our criterion for topological weak mixing.

Proposition 5.7. — Let T € B(X), and let Z be a T-invariant subset of X consisting
of uniformly recurrent points. Assume that for every non-empty open subset V of X and
every neighborhood W of 0 in X, one can find a vector z € Z and an integer n > 0 such
that z € W and T"z € V.. Then T 1is topologically weakly mixing and Z is dense in X.

Proof. — That Z is dense in X is clear from the assumption since Z is T-invariant. In
order to prove that T is topologically weakly mixing, we are going to show that Np(U, W)N
Nrp(W, V) is non-empty for any non-empty open subsets U, V' of X and any neighborhood
W of 0in X. The so-called three open sets condition (see for example [7, Ch. 4]) will then
imply that T is topologically weakly mixing.

Let us first show that for any neighborhood W of 0 and any open set V # (), the set
Nr(W, V) has bounded gaps. Choose a vector z € Z and an integer n > 1 such that
z belongs to W and T"z belongs to V, and then an open neighborhood O of z such
that O C W and T™(0O) C V. Since z is uniformly recurrent, the set Np(z,0) has
bounded gaps. Then n + N (z,0) has bounded gaps as well, and the result follows since
n +NT(Z, 0) C NT(Z, V) C NT(W, V).

We show next that N7 (U, W) is non-empty for any non-empty open subset U of X and
any neighborhood W of 0 in X. By assumption, one can find a point x € W and an integer
n > 1 such that x is a (uniformly) recurrent point of 7" and w := Tz lies in U. Since z
is recurrent, one can find an integer p > n such that TPx lies in W. Then TP™"u = TPx
belongs to W, and hence Np(U, W) is non-empty.

It is now easy to conclude the proof: all the sets Nip(W, V') have bounded gaps, and all
the sets N7 (U, W) contain arbitrarily large intervals, because they are all non-empty and
the sets W are neighborhoods of the fixed point 0. Hence any set of the form Np(W, V)
meets any other set of the form N (U, W). O
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As a first consequence of Proposition 5.7, we show that for operators having a dense
set of uniformly recurrent points, topological weak mixing is equivalent to some formally
much weaker “transitivity-like” properties.

Corollary 5.8. — Let T € B(X), and assume that uniformly recurrent points of T are
dense in X. The following assertions are then equivalent:

(a) T is topologically weakly mixing;

(b) for every non-empty open subset V- of X and every neighborhood W of 0 in X, the
set Np(W, V') is non-empty;

(c) for every non-empty open subset U of X and every neighborhood W of 0 in X, the
set Np(U, W) is non-empty.

Proof. — Obviously, (a) implies both (b) and (c). Moreover, since the uniformly recurrent
points of T" are assumed to be dense in X, it follows at once from Proposition 5.7 (taking
as Z the set of all uniformly recurrent points for 7') that (b) implies (a). So it remains to
show that (c) implies (b).

Suppose that (c) holds true, and let U and W be two non-empty open subsets of X
with 0 € W. By (c) and since uniformly recurrent points of 7" are dense in X, one can
find a uniformly recurrent point u € U and an integer n > 0 such that z := T™u belongs
to W. Since w is in particular recurrent, one can find p > n such that TPu belongs to U.
Then TP~ "z = TPu lies in U, so that Np(W,U) is non-empty. O

As another consequence of Proposition 5.7, we now state a criterion for topological weak
mixing which formally resembles the ergodicity criterion stated as Lemma 4.16 above.

Corollary 5.9. — Let T € B(X). Assume that for each non-empty open subset Q@ of X
such that T~Y(Q) C Q and each neighborhood W of 0, one can find a minimal T-invariant
compact set K such that KNQNW is non-empty. Then T is topologically weakly mizing.

Proof. — By Fact 5.6, every point z in the above compact set K is uniformly recurrent
for T. We apply Proposition 5.7, taking as Z the set of all uniformly recurrent points
for T. Let V be a non-empty open subset of X. Applying the assumption of Corollary
5.9 to Q := >0 T ™"(V), we immediately see that the assumption of Proposition 5.7 is
satisfied, and hence that T is topologically weakly mixing. O

Corollary 5.10. — Let T € B(X), where X is a complex Banach space. Assume that
for every x € X and ¢ > 0, there exist z € span&(T) and n > 0 such that ||z|| < € and
|IT"z — x|| < e. Then T is topologically weakly mizing and span&(T') is dense in X.

Proof. — This follows from Fact 5.6 and Proposition 5.7 applied with Z := span £(T"). [

Our last corollary is the result on which we will elaborate to state our U-frequent
hypercyclicity and frequent hypercyclicity criteria.

Corollary 5.11. — Let T € B(X). Assume that for every x € X and € > 0, there exist
z € Per(T) and n > 1 such that ||z|| < € and ||[T"z — z|| < e. Then T is chaotic.

Proof. — Since periodic points are uniformly recurrent, exactly the same proof as that of
the previous corollary shows that T is topologically weakly mixing and has a dense set of
periodic points. O
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Corollary 5.11 can also be proved by a more constructive argument. Since the flexibility
of this alternative proof will prove extremely important below for the proofs of some (U-)
frequent hypercyclicity criteria, we present it here.

Direct proof of Corollary 5.11. — Before starting the proof, we note that the assumption
of Corollary 5.11 obviously implies that |7’ > 1 and that Per(T’) is dense in X. The first
step of the proof is to observe that the assumption of Corollary 5.11 can be reinforced as
follows:

Fact 5.12. — Under the assumption of Corollary 5.11, the following property holds true:
for any = € X, any € > 0, and any integers N, M > 1, there exist z € Per(T) and n > 1
with n = M (mod N) such that ||z]| < e and ||T"z — x| < e.

Proof of Fact 5.12. — Assuming (as we may) that z is non-zero, choose 2’ € Per(T) and
n’ > 1 such that ||2/|| < ¢’ and || T™ 2’ — z|| < &, where ¢’ > 0 has to be specified. Then
171112’ > ||z — €, so that ||T||"" > ”x!%el It follows that if £’ is small enough, then
n’ > N. Let then 0 < r < N be an integer such that n :=n’ —r is equal to M (mod N),
and set z = T"2'. Then ||z|| < ||T||"e" < |T||Ve', so ||z|| < € if ¢ is small enough. Also,
Thz=T"""T"2 =T" % so that |[T"z — x| < &' <e. O

Let now (z;);>1 be a dense sequence of vectors of X belonging to Per(T). A straight-
forward induction shows that there exists a sequence (z;);>1 of elements of Per(T'), as well
as a strictly increasing sequence (n;);>1 of integers such that, for every j > 1,

() [zl <277 |7~ ,

(i) T 25 — (25 = >y 2i) | <2775
(iii) n; is a multiple of the period of the vector }_,_; z;.
Now, set

o0
Z = E Zi,
i=1

which is well-defined by (i). Let us now show that z is a hypercyclic vector for T. For
every j > 1, we have T ( Z zi) = Z z; by (iii), so that

1<J 1<j
Tz —xj = g 2 + 1" 25 + E T" z; — x;.
i<j i>j

It follows that
1752 = gl < |72 = (5= 30 ) | + 2o 0TI el
i<j i>j

<2 4 ST 2 e <2707 by () and (i),
1>7
This terminates our direct proof of Corollary 5.11. O

To conclude this subsection, we prove a slightly stronger version of Corollary 5.11.

Corollary 5.13. — Let Xg be a subset of X with dense linear span. Suppose that for
every xo € Xo and every € > 0, there exist z € Per(T) and n > 1 such that ||z|| < £ and
IT"z — x0|| < e. Then T is chaotic.
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Proof. — 1t is suffices to show that the assumption of Corollary 5.13 can be extended from
vectors zg of Xy to arbitrary vectors x of X: once this is done, Corollary 5.11 applies.

Since the linear span of X is dense in X, it suffices to consider vectors x of the form
T =) _, agzk, where z; € Xo and a € K\ {0} for every 1 < k < r. An induction on
k, 1 <k <r, allows us to construct, using (an obvious modification of) Fact 5.12, vectors
z € Per(T') and integers I, 1 < k < r, with the following properties:

(i) flzll < ——:;

rlag|’ .
(ii) |70tz — op || < ——;
7 [axl
k—1
(iii) Iy is a multiple of d_1 = H pery(z;).
i=1

Now, set z := >, _; apzx: this z is clearly a periodic vector for T', with ||z|| < ¢ by (i).
Set alson:=1; +---+1.. We have

T T
TV z = ZakT”zk = Zale1+"'+lkzk by (iii),
k=1

k=1
so that
T
77 — ol < 3 fa [Tzl <& by ().
k=1
This concludes the proof of Corollary 5.13. O

In the next two subsections, we will give two “variations” of Corollary 5.11, where we
show that if the assumption ||T"z —z|| < ¢ is replaced by the requirement that the orbit of
z approximates that of 2 during a sufficiently large time, i.e. ||T"t*2z—T*z|| < ¢ for a large
number of indices k, then T is U-frequently hypercyclic, and even sometimes frequently
hypercyclic.

5.3. A criterion for U-frequent hypercyclicity. — Here is the version of our crite-
rion for U-frequent hypercyclicity that we will use in Section 6.

Theorem 5.14. — Let T € B(X). Assume that there exist a dense linear subspace X
of X with T'(Xo) C Xo and Xo C Per(T), and a constant o € (0,1) such that the following
property holds true: for every x € Xy and every € > 0, there exist z € Xy and n > 1 such
that

(1) Izl <e;

(2) |T™F2 — TFz|| < e for every 0 < k < na.
Then T is chaotic and U-frequently hypercyclic.

Proof. — Since X is dense in X, the periodic points of 1" are dense in X. So we only
have to show that T is U-frequently hypercyclic.

As in the direct proof of Corollary 5.11 given above, we first show that given N > 1, the
integer n appearing in the assumption of Theorem 5.14 can be supposed to be a multiple
of N. Given x € Xy and ¢ > 0, there exist 2’ € Xy and n’ > 1 such that [|2/|] < ¢ and
| T +k2" — Thg|| < & for every 0 < k < an’, where ¢’ > 0 has to be specified. Taking &
small enough, we can assume (see the proof of Fact 5.12) that n’ > N. Let then 0 <r < N
be such that n := n’ — r is a multiple of N, and set z = T"z. Then z belongs to X
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because T(Xo) C Xo. Also ||z|| < ||T||Ne’ < ¢ if ¢ is small enough; and Tk z = T/ +k 5/
so that |77z — T*x|| < ¢ for every 0 < k < an’. Since n < n/, the inequality holds true
a fortiori for every 0 < k < an.
Let now (z;);>1 be a dense sequence of vectors of Xy, and let (I;);>1 be a partition of
N into infinite sets. We define a sequence (yj)j>1 of vectors of X by setting y; = x; for
every j € I;. In other words, the sequence (y;);>1 enumerates infinitely many times each
point of the dense sequence (z;);>1, and I; denotes the set of all indices j > 1 such that
Y; = 2.
By induction on j > 1, we construct a sequence (z;);>1 of vectors of Xy and a strictly
increasing sequence (n;);>1 of integers such that
(i) [|T%z;]| < 277 for every 0 < k < (1 + a)nj_1;
(ii) |7tk — TH(y; — i )l < 277 for every 0 < k < an;;
(iii) n; is a multiple of the period of the vector >, z;.
We set z := ) .., 2z, which is well-defined by (i), and prove that z is a U-frequently
hypercyclic vector for T. Fix [ > 1. For every j € I; and every k > 0, we have by (iii)

Ttk — gy =Tk (Z Zz> F TRy 4 ZT"ijzi.
i<j i>j
Moreover, if k is a multiple of per(z;) = per(y;), say k = m per(z;), we can write
pm per(a) (Z Z) — gy = Tmper(a) (Z 2 — yj.).
i<j i<j
Hence we obtain that for any m > 0,
HTnj+mper(:tl)Z - le < HTanrmper(:pl)Zj - Tmper(zl) (yj . Z Zi)
1<j
3 oty
i>]

|

By (i) and (ii), it follows that for every j > 1 and every 0 < m < anj/per(x;), we have

||Tnj+mper(zl)z o $l|| < 2—j + Z 2—i — 2—(j—1).
1>7

We deduce from this inequality that for any € > 0,

dens N (z, B(xy,€)) > limsup #in; +mper(x;); 0 <m < anj/per(x;

(21 Bla,) 2 limonp (1= (1) s/per(an)}
> Y sy
— (1 +a)per(z)

Hence z is a U-frequently hypercyclic vector for T', and Theorem 5.14 follows. 0

Remark 5.15. — The proof of Theorem 5.14 shows that T" admits U-frequently hyper-
cyclic vectors z € X with the property that for every [ > 1, there exists §; > 0 such that
dens N7 (z, B(z1,€)) > & for every ¢ > 0 (the point being that & does not depend on
e). Hence there exists, for every [ > 1, a sequence (nj;)r>1 of integers of positive upper
density such that 177!z tends to x; as k tends to infinity. As x; is a periodic point for T,
there is no contradiction in this (see [29, Rem. 4.8]).
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5.8.1. Uniform recurrence, almost periodic points and U-frequent hypercyclicity. — Even
if this is not quite clear at first sight, the following result generalizes Theorem 5.14 (see
Corollary 5.19 below).

Theorem 5.16. — Let T € B(X). Assume that the uniformly recurrent points of T are
dense in X, and that there exists a > 0 such that the following property holds true: for
any € > 0 and any non-empty open subset O of X, one can find x € O and an arbitrarily
large integer n such that ||[T" *x|| < e for every 0 < k < an. Then T is U-frequently
hypercyclic.

Proof. — 1t is enough to show that for any non-empty open subset V of X, there exists
a constant oy > 0 such that, for every N > 1, the open set

Gyn = {ueX; dm >N : #{i <m; TquV}Zavm}

is dense in X. Indeed, if (V;)4>1 is a countable basis of open subsets of X, the density of
each of the sets Gy, v implies that G := N Nyg Gy, n is a dense G subset of X consisting
of U-frequently hypercyclic vectors for T'.

So let V' be a non-empty open subset of X. Choose a uniformly recurrent point v € V,
and € > 0 such that B(v,e) C V. Since v is uniformly recurrent, the set

Dy :={k>1; |[T"v —v| < g/2}

has bounded gaps. Observe that we may call this set Dy since € depends on v and V,
and v depends on V. So there exist a constant ¢y > 0 and an integer My > 1 such that
#(Dy NJ) > cy #J for all intervals J of N of length at least My . We set

L Cy«
W
and we show that with this choice of oy, all the open sets Gy, N > 1, are dense in X.
Let us fix N > 1, and a non-empty open subset U of X. We have to show that Gy,x N U
is non-empty. Set O := U — v, which is a non-empty open subset of X. By assumption,
one can find z € O and an integer n > N such that an > My and ||[T""*z| < /2 for
every 0 < k < an. Then u := x + v belongs to U and our aim is to show that u belongs
to Gy,y. For any 0 < k < an, we have

||Tn+ku _ UH < HTnJrka + HTn+kU _ UH < 5/2 + ”Tn+k1; — UH ;

in other words,

Vi€ [n,(1+a)n] : |Tu—v|| <e/2+ T —v].
Moreover, since the interval J = [n, (1 + a)n] has length at least My, we know that
#(JNDy)>cy#dJ, ie.
#{i€n (1+a)n]; [T —v| <e/2} > cyan.
It follows that .
#{1<i<(A4+a)n; |[Tu—v| <e}>cyan,
and hence that u belongs to Gy . O]
We now state and prove a few consequences of Theorem 5.16. For the first one, we need

a definition: if 7" is a bounded operator on X, a point x € X is said to be almost periodic
for T if, for every € > 0, the set

Dyci={n>1Vk>1: |T" "z —Trz| <&}
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has bounded gaps. Thus, periodic points are almost periodic and almost periodic points
are uniformly recurrent. The following fact is more interesting.

Fact 5.17. — Let T € B(X). Then any vector x belonging to span&(T") is almost
periodic for T

Proof. — We first recall that since x belongs to span (T, it is uniformly recurrent for T
(Fact 5.6); so for any n > 0, the set D7 := {n > 1; ||T"z — z|| < n} has bounded
gaps. Now, assuming that = is non-zero, we write z as = > _;_; u;, where uy,...,u,
belong to £(T) and are linearly independent. Then the restriction of 7' to the finite-
dimensional subspace E := span (u1,...,u,) is power-bounded, being diagonalizable with
only unimodular eigenvalues. Since F contains the T-orbit of x, it follows that there exists
a finite constant C' such that, for every k£ > 0,

[T e — Thz|| = |THT e — 2)|| < C||T"x — 2.
So the set D" with n :=¢/C is contained in D, ., which concludes the proof. ]

From Theorem 5.16, we now deduce

Corollary 5.18. — Let T € B(X). Assume that there exists o > 0 such that the fol-
lowing property holds true: for every non-empty open subset O of X and every € > 0,
there exists an almost periodic point x € O such that: for any n > 0, one can find z € X
and n > 1 such that ||z|| < n and |T"**2 — T*z|| < € for all 0 < k < an. Then T is
U-frequently hypercyclic.

Proof. — By assumption, the uniformly recurrent points are certainly dense in X. In
order to check the second assumption in Theorem 5.16, let us fix a non-empty open subset
O of X and € > 0. Let us choose a non-zero almost periodic point g € O satisfying the
assumption of Corollary 5.18, and then an integer M > 1 such that any interval of N of
length M contains a point of the set

D = {n >, VeE>1 HTnJ'_kxo — Tkx()H < 6/2}.

Now, choose 2’ € X with ||2/| arbitrarily small and an arbitrarily large integer n’ > M
such that ||[T7 %2 — Thxg|| < /2 for every 0 < k < an’ (since zq is non-zero, one can
ensure that n’ be arbitrarily large by taking ||z’|| small enough.) Having fixed 2z’ and n’
in this way, we can pick 0 < p < M such that n := n’ — p belongs to D. Then z := T?2/
has arbitrarily small norm, so z := zy — 2z belongs to O. Moreover, since n < n/ and
Tz = T”,z’, we have for every 0 < k < an:

||| < | T Fag — TFxo|| 4 | TFzo — TV T2 || < /2 + /2 = €.
The assumptions of Theorem 5.16 are thus satisfied. O

Here is an immediate consequence of Corollary 5.18, whose statement is a bit less
convoluted. This result shows in particular that in Theorem 5.14, one can replace the
assumption that the vectors of X are periodic by the assumption that they are almost
periodic. Moreover, it also shows that it was in fact unnecessary to assume that Xy was
a linear subspace of X.

Corollary 5.19. — Let T € B(X). Assume that there exist a dense subset Xo of X
consisting of almost periodic points for T, and a constant a € (0,1) such that the following
property holds true: for every x € Xo and every € > 0, there exist z € Xg and n > 1 such
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that ||z|| < e and |T" 2 — T*z|| < € for all 0 < k < an. Then T is U-frequently
hypercyclic.

Since Corollary 5.19 is so similar to Theorem 5.14, it is natural to ask whether one can
provide a “constructive” proof of it resembling that of Theorem 5.14. We do so now, with
the additional assumption that the above dense set X is a linear subspace of X.

Constructive proof of Corollary 5.19. — Define sequences (z7);>1, (I;);>1 and (y;);>1 as
in the beginning of the proof of Theorem 5.14. By induction, we construct a sequence
(zj);>1 of vectors of X and an increasing sequence of integers (n;);>1 such that

(i) [|T%z;|| < 277 for every 0 < k < (1 + a)nj—1;

(ii) || Ttk — TH(y; — i)l < 277 for every 0 < k < an;;
(if') ||+ (i 5) = TH (i 2) | < 279 for all & > 0.
Let j > 1. Assume that the construction has been carried out up to the step j — 1, and
let us construct n; and z;. Since the vector ), <jZi lies in Xy, it is almost periodic; so

one can find an integer M > 1 such that every interval of N of length M contains a point
of the set

’<2‘j

D=<{n>1;Vk>1_: HT"“(Z%) —Tk<z Zi)
i<j <Jj

By assumption on T, there exists n’ € N with n’ > n;_; + M and 2’ € X such that

- | T* || < 277 for every 0 < k < (14 a)nj_q + M;

|| TR — TRy — i)l < 277 for every 0 < k < an'.
Choose now 0 < p < M such that nj := n’ — p belongs to the set D, and let z; := TPz’
Then (iii’) holds true by the choice of nj, (i) clearly holds true, and (ii) holds true as

well because T +Fz; = T+ for every k > 0 and every n/ > nj. This concludes the
inductive step.

Let us prove that the vector z := ., 2 is a U-frequently hypercyclic vector for T'.
This time, we write for every [ > 1, j € I; and k£ > 0:

Ttk — 2y = Ttk (Z zz) — Tk (Z zl) + itk Tk (yj - Z zz>

i<j 1<j 1<j
+TF 2 — o + ZT”j+kzi.
i>j
Since n; belongs to D, we deduce that if 0 < k < an;j, then
||T”j+kz —xl| <277 +277 4 ||Tk:zl —x||+277 =327 + HTkxl — x|
Now, since x; is uniformly recurrent for 7', the set
Dy = {k>1; |T%z; — 2] < £/2}

has bounded gaps. So one can find a constant ¢; . > 0 such that #(D;.NJ) > ¢ #J for
all sufficiently large intervals J C N. From this, it follows that if j is large enough, then

#{n; <i<(1+a)ny; Tz —z|| <e} > qeany,
and hence that

. an; Cle
dens N (z, B(xy,€)) > ¢ limsu ) = .
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Finally, here is a somewhat unexpected consequence of Theorem 5.16.

Corollary 5.20. — Let T € B(X). Assume that the uniformly recurrent points of T' are
dense in X, and that there also exists a dense set of points x € X such that T'x — 0 as
1 — 00. Then T is U-frequently hypercyclic.

Proof. — This follows immediately from Theorem 5.16. 0

Remark 5.21. — Corollary 5.20 shows in particular that if a unilateral weighted back-
ward shift on /?(N) or ¢o(N) has a dense set of uniformly recurrent points, then it is
U-frequently hypercyclic. However, a much stronger result is true: if a weighted backward
shift has just a single non-zero uniformly recurrent point, then it is in fact chaotic and
frequently hypercyclic.

Proof. — Let B, be a weighted backward shift on X = ¢y(N) or £,(N), 1 < p < oo,
associated to the weight sequence w = (wg)r>1, and assume that B, has a non-zero
uniformly recurrent point x € X. By the classical Frequent Hypercyclicity /Chaoticity
Criterion (see [7] or [31]), it is enough to show that the sequence (szl w?) belongs to
the space X. We check this in the case where X = ¢o(N), the ¢, case being similar. So
we have to show that szl Wi — 00 as n — 00. Since x = Zk21 Tpep is non-zero, there
exists kg > 1 such that |zy,| > 0. Let 0 < € < |zg,|/2. Since x is uniformly recurrent for
B,,, there exists a strictly increasing sequence of integers (n;);>1 and a positive integer M
such that nj11 —n; < M and ||By’x — x| < ¢ for every j > 1. In particular, we have

k:()-f—nj

H Wk | Tho+n; — Tho <e
k=ko+1

and hence
ko +7“Lj

H |wk\ >

Since = belongs to c¢y(N), we deduce that
k0+nj
H |wi| = 00 as j — oo.
k=ko+1
Moreover, if n is a sufficiently large integer, there exists an integer 7 > 1 such that
ko +mnj_1 <n < ko+mnj. Since nj 1 —n; < M, this implies that

ko+n;
ﬂ lwg| > k=ho +1 k|
= e
k=ko+1 ©
and this concludes the proof. O
Remark 5.22. — A natural question that comes to mind in view of Corollary 5.20 is

whether any chaotic and topologically mizring operator has to be U-frequently hypercyclic.
We will prove in Section 6.8 that it is not the case.
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5.8.2. More about U-frequent hypercyclicity and ¢(T). — Corollary 5.20 says in essence
that lots of uniformly recurrent points plus lots of orbits tending to 0 imply U-frequent
hypercyclicity. In the same spirit, we now prove the following result, which again may
look rather surprising at first sight.

Theorem 5.28. — Let T € B(X) be hypercyclic, and assume that T has a dense set of
uniformly recurrent points. Then T is U-frequently hypercyclic if and only if ¢(T) > 0.

Proof. — One implication is clear: if T is U-frequently hypercyclic, then ¢(T") > 0 by the
very definition of ¢(T").

Conversely, assume that ¢(7') > 0. Then there is a comeager set G C X such that, for
every x € G, one can find a subset D, of N with dens D, > ¢(T) such that | T"z| — 0
as n — oo along D, (see [29, Prop. 4.7]). The key step of the proof lies in the next
fact, where we use for convenience the following notation: if V' is an open subset of X
and B = B(u,¢) is an open ball of X, we write B < V if there exists ¢’ > & such that
B(u,e’) C V.

Fact 5.2/. — Let xg € X be a uniformly recurrent point for T, and let V be an open
neighbourhood of xy. Let also B be an open ball with center xy such that B < V', and
choose an integer N such that every interval I C N of cardinality at least IV intersects
Nr(xg, B). Then, for every y € xog + G, we have dens Np(y, V) > ¢(T)/N.

Proof of Fact 5.24. — Write y = x¢ + x, with # € G. Since densD, > ¢(T) and
Ufg’;(f (Nr(zo, B) — k) = N by the choice of N, one can find k € {0,..., N — 1} such
that dens (D, N (N7 (2o, B) —k)) > ¢(T')/N; equivalently, dens ((Dy + k) N Ny (2o, B)) >
¢(T)/N. Now, we have T"y = T"xo + T"x for all n € N, and 7"z — 0 as n — oo along
D,+k. Since B <V, it follows that all but finitely many integers n € (D, +k)NNr(zo, B)
belong to Nr(y, V), and hence that Np(y, V) > ¢(T)/N. O

It is now easy to conclude the proof of Theorem 5.23. Let (V},),>1 be a countable basis
of (non-empty) open sets for X. Choosing for each p > 1 a uniformly recurrent point
xp € V,, and an open ball B, with center z, such that B, <V}, we see that the following
holds true: for each p > 1, there is an integer NV, and a comeager set G, C X (namely,
G, = zp + G) such that dens Np(z,V},) > ¢(T)/N, for every z € G,. Then every vector z
in the comeager set G, := ﬂp>1 G, is a U-frequently hypercyclic vector for T O

Remark 5.25. — In Theorem 5.23, one cannot replace the assumption of U-frequent
hypercyclicity with that of frequent hypercyclicity. Indeed, as we shall see in Theorem 6.29,
there exist operators which are chaotic and U-frequently hypercyclic (hence, hypercyclic
with a dense set of uniformly recurrent points and such that ¢(7") > 0) but not frequently
hypercyclic.

When the operator T' is chaotic, the proof of Theorem 5.23 gives a more precise state-
ment, which says that if ¢(7") > 0, then T is “U-frequently hypercyclic with estimates”.

Corollary 5.26. — Let T be a chaotic operator on X with ¢(T) > 0. For any open
set V.2 0 in X, let us denote by N(V) the smallest period of all periodic vectors of T
belonging to V. Then there is a comeager set of vectors z € X such that

1
N(V)

densNr(z,V) > o(T) for every open set V # ().
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Proof. — Note that if the point ¢ in Fact 5.24 is a periodic point of T, then one can take
as N the period of xy. Then follow the proof of Theorem 5.23. O

From Corollary 5.26, we immediately deduce

Corollary 5.27. — If T € B(X) is chaotic and ergodic, then there is a comeager set of
vectors z € X such that densNp(z,V) > 1/N(V) for every non-empty open subset V of
X.

Proof. — This is clear since ¢(T") = 1 for any ergodic operator T O

Remark 5.28. — All vectors z € X satisfying the conclusion of Corollary 5.27 are U-
frequently hypercyclic for T', but none of them is frequently hypercyclic. Indeed, if Vj is
any open ball centered at 0, then N (V) = 1, so that dens N7 (z,Vp) = 1. Hence, one must
have dens N7 (2, V) = 0 for any open set V disjoint from V.

To conclude this section, we now proceed to prove a generalization of Corollary 5.27 to
ergodic operators T' € 9B(X) which are not necessarily chaotic: we require that 7" belongs
to SPAN(X), i.e. that the unimodular eigenvectors of T' span a dense subspace of X.

We first need to introduce some notation. To every A € T, we associate the rotation-
invariant measure v, on T defined as follows:

N-1

1
— Sy if AN =1 for some N > 1,

the normalized Lebesgue measure on T otherwise.

Suppose now that 7' € B(X), and that u = (u1,us,...) is a finite or infinite sequence
of linearly independent eigenvectors associated to unimodular eigenvalues A1, Ao, .... Let
us denote by &% the linear span of the vectors uj;, j > 1. Any vector u € £" may be
written in a unique way as

T
u= Z ap (u)ug,
k=1

where the coeflicients aj}(u), 1 < k < r, are complex scalars. To any such vector u, we
associate the T-invariant measure v} on X defined by

ver(A) = TLone({(n ) € 775 D af (e € A})
k=1 k=1

for every Borel subset A of X. Note that if the unimodular numbers A\; are not roots
of unity (and X is a Hilbert space H), then v}'; is nothing but the Steinhaus measure
associated to u considered in the proof of Fact 4.17.

Finally, for any open set V # (), we define

6pp i=sup {vyp(B(u,e)); € >0, ue&® Blu,e) <V}

As in Fact 5.24, the notation B(u,e) < V means that B(u,e’) C V for some &’ > «.

We may now state
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Proposition 5.29. — Let T be an ergodic operator on X belonging to SPAN(X), and
let u = (ug)k>1 be an infinite linearly independent sequence of unimodular eigenvectors
whose linear span EY is dense in X. Then, there exists a comeager subset G of X such
that every vector z € G satisfies

dens N7 (z,V) > oy for every open set V # .

The key step in the proof of Proposition 5.29 is Lemma 5.30 below.

Lemma 5.30. — Let T be an ergodic operator on X, and let u = (uy,...,u,) be a finite
sequence of linearly independent unimodular eigenvectors for T'. Let also u be a vector
belonging to Y. Given any €, v > 0, there exists a T-invariant measure m on X, ergodic
for T and with full support, such that

m(B(u.£)) > (1 —7) vitr(Blu, (1 - 7)e).

Since the sequence u is fixed, we will remove any reference to it in the proofs of Propo-
sition 5.29 and Lemma 5.30; so we will write for instance aj(u) instead of aj(u), and so
on.

Proof of Lemma 5.30. — Let mg be an ergodic measure with full support for 7'. For each
R > 0, consider the probability measure mg defined on X by setting

mp(A) = / mo(R(A — z)) dvy,r(z) for every Borel subset A of X,
where K, := {2221 ap(u)prug, pr €T, 1 <k < 'r}. Note that K, is a compact subset
of X and contains the support of the measure v, 7. It clearly satisfies T'(K,) = K,. The
measure mpg thus defined is T-invariant. Indeed, we have for every Borel subset A of X

mp(T~1A) :/

mo(RT A=) (@) = [ mo(R(TH(A = T2)) v ()
Ky

Ky
= / mo(R(A — z)) dvy,r(x) = mg(A).
T(Ku)
The next step of the proof is to show that mr(HC(T)) = 1. Since

mp(HC(T)) = / mo(R(HC(T) — ) duy ()

and mo(HC(T')) = 1, it suffices to show that HC(T') C HC(T') — x for every vector x € K,
i.e. that HC(T') + « € HC(T) for every such x. Write x as = Y, agppuy, where
ar = ap(u) and py belongs to T for every 1 < k < r, and fix a vector z € HC(T). In
order to show that z 4+ x belongs to HC(T'), we need to show that for every y € X and
every § > 0, there exists an integer n > 1 such that [|[T"(z + z) — y|| < . Now, a result
of Shkarin [47] states the following: given a hypercyclic operator S on a Banach space Z,
and a compact topological group G generated by an element g € G, the set

{(S"z,g”), n > 1}

is dense in Z x G for every vector z € Z which is hypercyclic for S. We apply this result to
the operator T and to the subgroup G of T" generated by g := (A1,..., ;). Since the r-
tuple (1,...,1) belongs to G, and z € X is a hypercyclic vector for T, there exists for every
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d > 0 an integer n > 1 such that |77z —(y—x)|| < 6/2 and max;<p<, |ag| . |ug| . [N} —1] <
0/(2r). It follows that

. J
Tz — | = Hzak b= Dui || < 5,
so that [|[T"(z + z) — y|| < 0. This proves our claim, and shows that mr(HC(T)) = 1 for
every R > 0.

Let us now estimate from below the quantities mgr(B(u,¢€)). By the definition of mp,
we have

ma(B(u,e)) > / mo(R(B(u, ) — @) dvar(x).
Ky N B(u,(1—7)e)

Now, observe that for every x € B(u, (1 — 7)e), the set B(u,e) — x contains the ball
B(0,v¢). Indeed, every y € X with ||y|| < ye can be written as y =u+ (y —u+z) — x
with ||y — u + z| < ve + (1 — v)e = . Tt follows that

ma(Bu,e)) > / mo(B(0, Rye)) dv.r(x)

K, NB(0,(1—v)e)
=mo(B(0, Rye)) - vur(B(u, (1 =7)e)).
Since mo(B(0, Rve)) tends to 1 as R tends to infinity, there exists Ry > 0 such that
mp,(HC(T) N B(u, ) = mpy(B(u,¢)) > (1 = 7) vur(B(u, (1 = 7)e)).

Applying the Ergodic Decomposition Theorem (see e.g. [45, Th. 2.5]) to the measure mpg,,
we obtain that there exists an ergodic measure m for 1" such that

m(HC(T) N B(u,€)) > (1 =) vur(B(u, (1 = 7)e)).
Since m(HC(T')) > 0, the measure m has full support, and this concludes the proof of
Lemma 5.30. [

Proof of Proposition 5.29. — Let (V},)p>1 be a countable basis of (non-empty) open sets
for X with the following property: for any open set V and any open ball B such that
B <V, one can find p > 1 such that B <V}, C V. This additional property implies that
for any open set V # (), we have

5V,T = sup {5VP7T; VI'D g V} (15)

For each p > 1, one may choose a sequence (upj)r>1 of vectors of £, a sequence of
positive numbers (g, 1 )r>1 and a sequence of positive numbers (7, x)r>1 tending to 0 as k
tends to infinity such that

B(up i, epk) = Vp forevery k> 1and oy = V’u,p’k,T(B(up,kja (1 —Ypk)epk )) kjo dv,.T-

By Lemma 5.30 and the pointwise ergodic theorem, we see that for each fixed pair (p, k)
of integers, the set of all vectors z € X such that

denSNT(z, B(up,k,ank)) > (1= k) k

is dense in X. In particular, the set

Gpk = ﬂ U {z €X; #{1<i<n;T2€ Blupg,epr)} > (1 —Ypk) api }
N>1 n>N
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is a dense G subset of X. Hence G := ﬂp’@l Gk is a dense G5 subset of X too, and by
the definition of G, every vector z € G satisfies

dens N7 (z,V}) > v, 1 for every p > 1.
Property (15) then allows us to conclude the proof of Proposition 5.29. O

5.4. A criterion for frequent hypercyclicity. — We now move over to a criterion
of the same kind as Theorem 5.14 for frequent hypercyclicity. Instead of requiring in the
assumption that ||77"*z — T*z|| be small for indices k less than a fraction of n, we have to
require that these quantities should be small for indices k less than a fraction of a certain
multiple d of the period of z. The criterion reads as follows:

Theorem 5.31. — Let T € B(X). Assume that there exist a dense linear subspace Xo
of X with T'(Xo) C Xo and Xo C Per(T'), and a constant o € (0,1) such that the following
property holds true: for every x € Xg, every € > 0 and every integer dg > 1 which is the
period of some vector y of X, there exist z € Xg and integers n, d > 1 such that

(0) d is a multiple of dy and of per(z);

(1) |T*z|| < € for every 0 < k < ad;

(2) |T"*2 — TFz|| < e for every 0 < k < ad.
Then T is chaotic and frequently hypercyclic.

Remark 5.32. — The restriction that the integer dy above should be the period of some
vector y € Xg may seem rather artificial. The reason for stating Theorem 5.31 as we did
is to be found in the proof of Theorem 6.9 below: we will use Theorem 5.31 as stated to
prove the frequent hypercyclicity of the operators involved there without having to impose
certain divisibility conditions on the numbers A®) k> 1.

Remark 5.33. — The constant « involved in the statement of Theorem 5.31 cannot be
greater than 1/2. Indeed, otherwise one could find a periodic vector z such that more
than half of the points in the orbit of z are close to 0 and more than half of these points
are close to some periodic orbit far away from 0. So at least one point in the orbit of z
would have to be both close to 0 and far away from 0, which is impossible.

Proof of Theorem 5.31. — We first note that upon substracting some multiple of d to n
(where d and n are given by the assumptions of Theorem 5.31), we can always assume
that d > n. The assumption of Theorem 5.31 is thus seen to be stronger than that
of Theorem 5.14. Also, we can require that n > ad and the same argument as in the
beginning of the proof of Theorem 5.14 (taking e very small) shows that, given N > 1,
we can always add to the assumption of Theorem 5.31 the additional hypothesis that the
integer n is a multiple of N.

Let now (x7);>1 be a dense sequence of vectors of X contained in Xy, and let (1;);>1 be
a partition of N such that each set I; is infinite and has bounded gaps. We denote by r;
the maximum size of a gap between two successive elements of I;. As usual, we define the
vectors y;, j > 1, by setting y; = x; for every j € I;. By induction on j > 1, we construct a
sequence (z;);>1 of vectors of Xy and two strictly increasing sequences of integers (d;);>1
and (n;);>1 such that

(i) dj is a multiple of per (Zi;ll z;) and of per(z;);
(ii) ||T*z;| < 277 for every 0 < k < adj;
(i) || Tz — T*(y; — 2;11 z)|| < 277 for every 0 < k < adj;
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(iv) n; is a multiple of per(Z{;ll z;) and adj < nj < dj;
(V) Oédj > 4dj,1.
We set x = ) z;, and show that z is a frequently hypercyclic vector for T
i>1
Let us fix [ > 1, and write I; as I; = {jn, ; m > 1}, where (jm,)m>1 is strictly increasing
and jm+1 — Jm < 17 for every m > 1. For each m > 1, we define a family of sets
(Am,j>0Sj<jm+1—jm as fOHOWSI

d; ad; 11
A ;:{ . kd.: 14 . <]€/<M <k<37m+_2}
,0 n]m + Jm + per(ﬂjl) ’ 0 = = per(xl)’ O = = djm )

and, for 1 < j < Jma1 — Jms

Amj = U (w1 + kdyas).

1<k SGmatil g
Jm+J
Before doing anything with these sets, we note that
max AmJ‘ S adjm—i-j—‘rl' (16)

Indeed, for j = 0 we have max A,, o < nj,, + adj,,+1 — 2d;,, + ad;,, < adj,,+1 because
nj,. < dj,.; and the result then follows by a straightforward induction on j < jy41 — Jm-

Fact 5.34. — For every m > 1 and every n € Ay, 5, 0 < j < jm41 — Jm, we have
|77 — | < 2-GmD),

Proof of Fact 5.34. — For any n € A, ;, we have

Jm~+J
1Tz — o < HT”( 3 z) e H + 3 Tl (17)
s=1 8>jm~+]

Since n < adj,,+j+1 < ad, for every s > j,, + j by (16), the second term in (17) is easy

to control:
T < ) 27

$>jm+] $>jm+]
Jm+J
We now have to estimate the term HT"( Z zs) —x H The index m being fixed, we

show by induction on 0 < j < jm+41 — Jm that
Jm+]

HT”( 3 zs) _ H < zjjr(jm“‘). (18)
u=0

- Suppose first that n belongs to A, o, so that

d; d;
n =mn,,, + kdj, + k" per(z;) with O§k§w—2 and ogk’gu-
Jm perx;
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Then
Jm Jm
" (Z zs) — qy = T MmTH'per (21) (Z Zs) - by (i)
s=1 s=1
Jm—1
_ Tnjm-l-k’per(acz) 2, — Tk’per(xz) (5171 _ Z Zs) by (iV).
s=1

Jm
Since k'per(z;) < adj;,,, we deduce from (iii) that HT"(Z zs) — 1y H < 27Im,
s=

- Suppose now that (18) has been proved up to the index j—1 for some 1 < j < jimt1—Jm,
and that n belongs to A,, ;. Write

d, .
n=kdj ;+i with i€ Ay, 1 and 0<k<2mtitl g

Jm+J

Then

Gm+i | mti  mti

T (Y w) —a = THme (3 ) —a =T (Y w) —m by ()
s=1 s=1 s=1
) jm+j_1 .
=T ( Z zs) —x+ T2, +j-

Thus o=

Jm+]

j—1
HT”( > Zs) — fczH< > 27 Umt) LTy
s=1 u=0

by the induction hypothesis. Now, i < ad,,,+; by (16) since i belongs to Ay, j_1, and thus
| T%2,,+i]l < 27Um*9) by (i). Hence

Jmti i
(8 ) -l <
s=1 u=0

which concludes our induction. The inequality (18) being proved, we deduce that
HTTLZ o $l|| < 22_(]m+u) — 2_(jm_1)
u>0
for every m > 1 and every n € Ay, 5, 0 < 5 < Jma1 — Jm- O

It follows from Fact 5.34 that given € > 0, there exists mg > 1 such that Np(z, B(z,¢))

contains the set
jm+1*jm*1
U U A
m>mg 7=0
So in order to show that z is a frequently hypercyclic vector for T, it suffices to prove
the following fact.

jm+1_jm_1
Fact 5.35. — Theset A:= |J U Ay, j has positive lower density.
m>1  j=0
Proof of Fact 5.35. — We start with a series of elementary remarks on the structure of

the sets Ay, ;.
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(@) Amo C [nj,,ad;, 1] and Ay, C [dj,, 45, adj,, +41] for 1 < § < jmg1 — jm, so that
the sets A, ; are contained in successive (disjoint) subintervals of N.

b) Inside each set A,, ;, j > 1, the translates A,, ;_1 + kd;_ .. are pairwise disjoint.
NI ) J Jm+] p ]
(C) If we Set Am = ;zél_Jm_l Amvj’ then Am g [n.]m7 adjm+1]' Since adjm+1 < nj'rn+17
the sets A,,, m > 1, are thus contained in successive subintervals of N;
(d) There is no redundancy in the definition of A, o: if

n;,, + kd;, + k' per(xz;) =n;j, + Edjm + K per(z;)

for some
Ozdj

m

adjnL"Fl _ 27 0 S k/,];;/ S ,
d; per(z;)
then k = k and ¥ = k. Indeed, we have (k — %)djm = (K — K)per(x;), so that
|k — k|d;,, < ad;,,, and hence k = k because a < 1.
(e) Tt follows from (v) that

0<k k<

Ao > Oédjm) (adjm“l‘l - ) ad;,, . adj, +1 anjm+1.

per(z; d; ~ per(x) 2d;,  2per(z;)
(f) By (a) and (v), we have for every 1 < j < jm+1 — Jm:
Ol +j+1 adj, +j+1
#Am; > (7 - 1) #Amj-1 > YA H#Amj-1-
Im—+J Jm=+J

Iterating this inequality yields that

NI dj,+j41 adt? dj i
A S>> (7) JmT] A > _ . ImT) .
Fmi= 5 Aj+1 #Amo 2 o per(z;)
Since jm+t1 — Jm < 71, this eventually gives
B Ay i > o i 1<j<j ‘
; . or ever — Jm-
m,) — or+1 per(xl) yl=)J Jm+1 Jm

In order to prove that A has positive lower density, we will show the existence of some
positive number § such that

%#([l,n] NA)>9§ for every n € A. (19)

This will be enough to ensure that A has positive lower density. Indeed, if we enumerate
the set A as A = {aq; ¢ > 1} where (aq)4>1 is strictly increasing, this inequality can be
rewritten as q/aq > § for every g > 1, i.e. ay < ¢/d; and this is easily seen to imply that
A has positive lower density.
We fix m > 1 and n € A,,, and consider separately two cases.
- Suppose that n € A, o, and write
ad,;
n=n;, +kd;, +kper(z;), where0<k<—22F _2and0<k < )
i per\r;

Note that the set A,,_1 of (c) is contained in [1,7n]| because n > n;, > ad;, , and A,,_1 is
disjoint from A,, 9. So we have in particular

# (1,0 NA) > # Am 1 jpm—jm—1 T # ([Ln] N App).

Moreover, the set [1,n] N A, o contains all integers of the form n;,, + sd;,, + s'per(z;),

adj,
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where 0 < s < kand 0 < s < poéfg;’;) (since all of them are in Ap0 and the largest is not

greater than nj,, + (k — 1)d;,, + ad;,, < nj,, +kd;,, <n). Hence,

ad;
i ([ ,n] ,0) = per(z;)
By (f), it follows that
a"*2d;, ad; a"t? (k4 1)d,

# ([1,n] N A) > 2’“l+1per(azl) per(ml) — on+l1 : per(ﬂfl)

Since n < nj,, + (k + a)d;,, < 2(k+1)d;,,, we conclude that
a?‘l-l—Q

#([Ln]n4) 2 2+ 2per(xy)

- Suppose now that n € A,, ; for some 1 < j < jyq1 — Jm, so that

di L.
n=kdj,+;+i, withl<k< =8 andie Aoy
Jm+J

Then max Ay, j—1 <n < (k+1)d;,,+; by (16). In particular,

+# ([1,71] N A) > #Am,j—l + # ([1, n] N Am,j)-
Moreover, since n > kd;,,+; > (k — 1)d;, +; + max A, j—1 and the translates A, ;_1 +
ld;, +j, | < k are pairwise disjoint (and contained in A,, ;), we also have

# ([1, n] N AmJ‘) > (k‘ - 1) #Am,j—l-
By (f), it follows that , )
alttid; Lo 1 altt 1
1 NAY> bk — “Im®) 5 = 2
#([Ln] N 4)> 2nitlper(x;) — 2 2ntl per(x)

where we have used the inequality n < (k 4+ 1)d;,,+;.

.n’

We have thus proved that
arl+2

#([1,”]014)2 Wer(xl)n for everynEA,

which concludes the proof of Fact 5.35. O

The proof of Theorem 5.31 is now complete. O

5.4.1. Link with the Operator Specification Property. — We conclude this section by a
result which shows that many operators which are known to be frequently hypercyclic
satisfy the assumption of Theorem 5.31. This is the case for all operators which satisfy
the Frequent Hypercyclicity Criterion and, more generally, for operators with the so-called
Operator Specification Property.

This last property, which has been recently introduced and studied by Bartoll, Martinez-
Giménez, and Peris ([1], [2]), is the linear version of the classical Specification Property for
compact dynamical systems introduced by Bowen in [15]. The definition reads as follows:
an operator 7' € B(X) has the Operator Specification Property (OSP) if there exists an
increasing sequence (K, )m>1 of T-invariant subsets of X with 0 € K, the union of which
is dense in X, such that for each m > 1, the restriction of T to K,, has the Specification
Property in the sense of [15], which means that the following holds true:
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(x) for every ¢ > 0, there exists an integer Ns,, > 1 such that for every finite family
Y1,---,Ys of points of K,,, and any integers 0 = j; < k1 < jo < ko < -+ < js < ks with
Jr41 — kr > Nsp for every 1 < r < s —1, there is a point € K, such that for every
1<r<s,

sup ||T'z — Tly.|| <& while TNomThsg — g
Jr<i<kr

Stated in an informal way, (*) means that arbitrary large pieces of the orbits of finitely
many points of K, can be approximated by the orbits of a single periodic point of K,,,
provided that the gaps between the different sets of indices where we require this approx-
imation are sufficiently large.

It is proved in [2] that operators with the OSP are chaotic, topologically mixing, and fre-
quently hypercyclic. Moreover, any operator satisfying the general version of the Frequent
Hypercyclicity Criterion given in [13] has the OSP. We prove in Theorem 5.36 below that
operators with the OSP satisfy the assumption of Theorem 5.31. This was pointed out to
us by Alfred Peris, who kindly allowed us to reproduce his proof here. This improves on
a previous observation (proved in a preliminary version of this paper) according to which
operators satisfying the Frequent Hypercyclicity Criterion also satisfy the assumptions of
Theorem 5.31.

Theorem 5.36. — Let T € B(X) be an operator with the OSP. There exists a dense
subspace Xy of X with T'(Xo) C Xo and Xog C Per(T), such that, for every a € (0,1/2),
every x € X, every € > 0, and every integer dy > 1, there exist z € Xg and integers n,
d > 1 such that properties (0), (1), and (2) of Theorem 5.31 hold true.

Proof. — Let (K;,)m>1 be an increasing sequence of T-invariant subsets of X with 0 € K,
the union of which is dense in X, such that (%) above holds true for every m > 1. We
define Xg := span[{J,,~; Km N Per(T)], which is clearly T-invariant and dense in X.

Let us fix x € X, e >0 and do > 1. The vector x can be written as x = 20:1 AT
where a,, is a scalar and z,, is a vector belonging to K,, for every 1 < m < mg. By
[2, Prop. 10], the map induced by T on the set K = Y °, a,, K, has the Specification
Property. So we can assume without loss of generality that x belongs to K,, for some
m > 1. Let now N, ,, be such that property (%) above holds true, and let d > 1 be a
multiple of dy so large that ad + N¢,, < d/2. We then define d’ to be the integer part of
ad, n = Nem +d, y1 =0, and yo = T "z, where [ is any multiple of per(z) such that
I >n. Wealsoset j1 =0, k1 =d, jo=n,and ko =d— Ne . As jo—k1 =n—d = Ngp,
the Specification Property on K, implies that there exists a point z € K, such that

|T*z — T y || = |T*2|| <& for every 0 < k < d';
|T*z — T ys|| < for every n < k < ky;

T Nemth2, — Tdy — 2.
In other words,
|IT*z|| <& forevery 0 <k < ad;
| Tk —Tkz|| <& forevery 0 <k <ky—n

since T"Hkyy = Tntktl=ny — Tky and d is a multiple of the period of z. Since ky —n =
d — 2N, —d > ad, this shows that assumptions (0), (1), and (2) of Theorem 5.31 are
satisfied. O
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Remark 5.37 — The converse of Theorem 5.36 is not true; that is, operators satisfying
the assumptions of Theorem 5.31 need not have the OSP. Indeed, we will construct in
Section 6 (more precisely, in Example 6.23) some operators which satisfy the assumptions
of Theorem 5.31 and yet are not topologically mixing.

To conclude this section, we essentially show that the OSP implies ergodicity. This is
coherent with what happens in the non-linear setting: it is proved in [50] that compact dy-
namical systems with the Specification Property are ergodic. They actually enjoy a much
stronger property: given such a system (X, T"), the ergodic measures with full support for
(X,T) are comeager in the set Pr(X) of T-invariant probability measures endowed with
its natural Polish topology. On the other hand, we do not know whether operators with
the OSP are mixing (i.e. admit mixing measures with full support), whereas it is known
that the Frequent Hypercyclicity Criterion does imply mixing, and in fact mixing in the
Gaussian sense (see [41] and [8]).

Proposition 5.38. — If T' € B(X) satisfies the OSP, and if the sequence (Kp)m>1 of
T-invariant subsets of X appearing in the definition of the OSP consists of compact sets,
then T 1is ergodic.

The assumption of Proposition 5.38 that the sets K,,, m > 1, be compact seems to be
no real restriction. As mentioned in [2], all known examples of operators with the OSP
do satisfy the OSP with respect to a sequence of T-invariant compact subsets (K,)m>1

of X.

Proof. — Let us denote by P(X) the space of all Borel probability measures on X endowed
with its natural Polish topology (a sequence (fi)n>1 of elements of P(X) converges to
u € P(X) if and only if fX fdpy tends to [y fdu as n tends to infinity for every bounded
continuous function f from X into R), and by Pr(X) C P(X) the set of all T-invariant
measures. Then Pr(X) is a Polish space, being a closed subset of P(X). We denote by
Er(X) C Pr(X) the set of all ergodic measures for T'. For any family of measures M C
P(X), we denote by M* the family of all measures y € M with full support. Finally, for
any subset M of P(X) and any Borel subset A of X, we set M(A) := {u € M; u(A) =1}.

Let (Kpm)m>1 be an increasing sequence of compact T-invariant subsets of X with
U1 Km = X such that Tjg,, has the Specification Property for every m > 1. By a

result of [50], we know that for each m > 1, the set £}.(K,,) of all measures p € Ep(X)
with support equal to K, is dense in Pr(K,,). Let us now denote by M the closure of

Fact 5.39. — The set Er(X) N M is a dense G subset of M.

Proof of Fact 5.839. — It is known that Ep(X) is a Gs subset of Pr(X) (see [42] for a
detailed proof), so that Er(X) N M is G5 in M. Moreover, since Er(K,,) is dense in
Pr(Ky,) for each m by [50], it is clear that Er(X) N M is dense in M. O

Fact 5.40. — The set M* is a dense G5 subset of M.

Proof of Fact 5.40. — Let (Op)p>1 be a countable basis of non-empty open subsets of X.
Set, for each p > 1, Op, := {p € P(X); u(Op) > 0}. Then each set O, is open in P(X),

and moreover
M =m0 (N 0y).

p=>1
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So we just have to show that each set MNQO), is dense in M. Let us fix p > 1, and let U be
a non-empty open subset of M. Since the sequence (Kp,)mn>1 is increasing, the definition
of M implies that U N Pp(K,,) is non-empty for all m sufficiently large. Moreover, since
U>1 Km is dense in X and (K, )m>1 is increasing, Ky, N O, is non-empty too for all m
sufficiently large. So there exists m > 1 such that K, N O, and U N Pr(K,,) are both
non-empty. Since £(K,y,) is dense in Pr(K,,) and U N Pr(Ky,) is open in Pr(Ky,), it
follows that there exists a measure pu € Ep(X) with support equal to K,, such that pu
belongs to U and p(Op) > 0. Hence, we have shown that & N O, is non-empty. O

The two facts above combined with the Baire Category Theorem applied in M imply
that Er(X) N M* is non-empty. In particular E7(X)* is non-empty, i.e. T is ergodic. [

Remark 5.41. — We will see in Section 6 that the assumptions of Theorem 5.31 (which
are sufficient for frequent hypercyclicity) do not imply ergodicity. So Proposition 5.38
makes the difference between the OSP and our criterion for frequent hypercyclicity all the
more tangible.

6. Special examples of hypercyclic operators

In this section, we introduce some particular classes of operators, which are defined
on any space ¢,(N), 1 < p < co. We do not restrict ourselves to the Hilbertian case
p = 2, because the general case adds no extra complication. It is within these classes that
we will exhibit operators which are chaotic and frequently hypercyclic but not ergodic,
operators which are chaotic and U-frequently hypercyclic but not frequently hypercyclic
and operators which are chaotic and topologically mixing but not U-frequently hypercyclic.

A word of caution: for technical reasons, we have decided in this section that N starts
at 0; that is, N = {0, 1,2, ...}. Accordingly, the canonical basis of £,(N) will be denoted by
(er)k>0. Also, we denote by cqp the linear span of the vectors ey, k > 0, i.e. the subspace
of £,(N) consisting of all finitely supported vectors.

6.1. Operators of C-type: basic facts. — In view of our criteria for U-frequent
hypercyclicity and frequent hypercyclicity relying on the existence of periodic points, we
would like to find a rich family of operators for which we can easily find a large supply of
periodic points. For example, we could consider operators T),; defined by

T Wk4+1€k+1 . if k S [bn, bn+1 — 1)
wbCh = <H§’:gi;11 wj) €p, if k="bpy1 —1withn >0

where w = (wj);>1 is a weight sequence and b = (by)n>1 is a strictly increasing sequence
of integers with by = 0. Indeed, with this definition it is clear that (whatever the choice
of w and b) every basis vector e;, and hence every vector x € cqg is periodic for T, .

However, none of these operators is hypercyclic since they are direct sums of finite-
dimensional operators, and there exist no hypercyclic operators in finite dimension. It
is thus necessary to perturb the operators T}, ; in order to obtain an interesting family
of hypercyclic operators in which finite sequences are still periodic. For reasons that will
be explained below, the operators in this family will be called operators of C-type. Any
operator of C-type will be associated to four parameters v, w, ¢, and b, where

- v = (vp)n>1 is a sequence of non-zero complex numbers such that 3 - [v,| < o0;
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- w = (wj);>1 is a sequence of complex numbers which is both bounded and bounded
below, i.e. 0 < infi>1 |wi| < suppsq |wg| < oo;

- ¢ is a map from N into itself, such that (0) = 0, ¢(n) < n for every n > 1, and the
set (1) = {n > 0; ¢(n) = [} is infinite for every [ > 0;

- b= (bp)n>0 is a strictly increasing sequence of positive integers such that by = 0 and
bn+1 — by is a multiple of 2(by()41 — by(n)) for every n > 1.

Definition 6.1. — The operator of C-type T, w,,,5 on £,(N) associated to the data v,
w, @, and b given as above is defined by

(Wit 1 €1 if k€ [bp,bpg1 — 1), n >0,
bn+171
—1 .
Un €by,,y — H wj) ey, ifk=bpt1—1, n>1,
Ty, w,0,b €k = j=bn+1
b1 .,
—(H wj> €0 ifk‘:bl—l.
\ j=b0+1

Note that by convention, an empty product is declared to be be equal to 1; that is,

H?’jbi;ll w; = 1 when b,41 = b, + 1 (which can happen only for n = 0).

Without any additional assumption on the parameters, these formulas define a linear
map on cgo only. The first issue is of course the boundedness of T, v o b -

Fact 6.2. — The operator Ty, . 5 is well-defined and bounded on £,(N) as soon as that
the following condition holds true:

inf  J[ |wl>o0. (20)

n>0 '
bn<j<bp+1

Proof. — This is rather clear. Indeed, it appears that T, ., o, can be written as

Tv,w,gp,b = @ Cw,b,n + Rv,ba
n>0

where R, is the operator defined by

R%bx = Z UnTh,  1—1 ebw(n)’ T € gp(N)

n>1

which is clearly bounded (and even compact) because >, -, |v,| < 0o, and, for each n > 1,
Cuw,b,n s a finite-dimensional cyclic operator acting on E,, := span[ey; b, < k < bpy1 —1].
Condition (20) implies that sup,,>; ||Cuw, s, is finite, and T}, , 4,5 is thus bounded. [

From now on, we will always assume that Condition (20) is satisfied. Also, when no
confusion arises, we will write simply 7" instead of T, v, 5 -

Remark 6.3. — We call such operators operators of C-type for two different reasons. On
the one hand, “C” stands for “cyclic”: as we have just explained, each operator T}, . ,,5
is a compact perturbation of an infinite direct sum of cyclic finite-dimensional operators
D,,~0 Cw, b n, where Cy, p p, is defined on E, = span[ey; b, < k < byy1 —1]. On the other
hand, we will see in a moment that, as a consequence of their particular structure, the
operators T}, 4, o, happen to be chaotic under a very mild restriction on the parameters;
so, “C” stands for “chaotic” as well.
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The following identity will be used repeatedly: if T' =T, ., . 1 is an operator of C-type
on £,(N), then

bpi1—1

Tbn+1—bn €p, = Up, ( H wj) 6b<p(n) — €p,, for every n > 1. (21)
j=bn+1

This allows to show that operators of C-type always have plenty of periodic points:

Fact 6.4. — If T' =T, ., is an operator of C-type on £,(N), then every basis vector
ey, is periodic for T, ., o »; more precisely,

Tz(bn+1_b")€k = ef if ke [bn, bn+1), n > 0.

Consequently, every vector x € cqp is periodic for 15, 4, 4,5, and hence T}, , o » has a dense
set of periodic points.

Proof. — Since ey, is a non-zero multiple of Tk’_b”ebn for every b, < k < by1, it suffices
to prove that 7' 2(bn+1-bn) e, = ep, for every n > 0. We prove this by induction on n.

—If n =0, then Thi=bo gy = —¢q by definition of T'ep, _;, and thus T2(b1=b0) o) = ¢.

— Let n > 1, and assume that the result has been proved for all m < n. We know that
bn+1 — by is @ multiple of 2(by ()41 — by(n)) and since (n) < n, it follows by (21) and the
induction hypothesis that

T 2(bnt1=bn) €y, = Un < H u@»)ebmn) — Ton+1=0n €p,, = €b,, -

G=bn+1 0

Using the above fact and Corollary 5.13, we can now obtain the following sufficient
condition for an operator of C-type to be chaotic.

Proposition 6.5. — Suppose that

bN+1—1
limsup |uy]| H lwj| =00 for every n > 0.
N—oo .
NepTi(m)  IT0VH

Then the operator of C-type T =T, v, 4 on £y(N) is chaotic.

Proof. — We apply Corollary 5.13 with Xy := {ex; k > 0}. Fix & > 0 and ¢ > 0.
We are looking for a vector z € Per(T') and an integer m > 1 such that [[z]| < ¢ and
|IT™z — e|| < e. Let n > 0 be such that k belongs to [by,bp+1). By the assumption of
Proposition 6.5, there exists N € ¢~!(n) such that

byy1—1 1 k 1
ol TI ft> S TT usl) " ma( ) 22)
j=by+1 j=bn+1

The vector
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is periodic by Fact 6.4, and satisfies ||z|| < € by (22). Moreover, since ¢(N) = n, we have
by (21):

bn1—1
TONt1=byth—bn o ( H wj) Th=bn g, — Th=bug,
Jj=bn+1
byp1—1 k by +k—bn
= UN ( H w3)< H ZU]') €L — ( H ’LUj) Ebn+k—by-
j=bn+1 J=bn+1 J=bn+1

By definition of z, this implies that

by-+k—bn by1—1 .,k _1
rivetti b — oo (T wi)ont (CTT wi) ((TT i) eowsnos
j=bn+1 j=bn+1 j=bn+1
and by (22), it follows that ||ToN+170n+k=bn o ¢, || < . The assumptions of Corollary 5.13
are thus satisfied, and 7' is chaotic. ]

Recall that every chaotic operator is topologically weakly mixing [7, Ch. 4] and reit-
eratively hypercyclic [12]. In the following subsections, we will be interested in frequent
hypercyclicity, U-frequent hypercyclicity and topological mixing for operators of C-type.

6.2. Operators of C -type: how to be FHC or UFHC. — For the construction
of our counterexamples, we will work with operators of C-type for which the data v, w, ¢
and b have a special structure. For every integer k > 1, we require that:

- p(n) = n — 2471 for every n € [2671,9%), so that ([2¢~,2)) = [0,21);
- the blocks [by, byy1), n € [2F71,2F), all have the same size, which we denote by AF).

bpi1 — by = AR for every n € [2F1 2F);

the sequence v is constant on the interval [25=1, 2%): there exists v(*) such that

vy = v for every n € [2F71, 2F);

the sequences of weights (wbn+i)1gi<A(k) are independent of n € [2k_1,2k): there

exists a sequence (’U)(k))1<i<A(k) such that

%

W, +i = wgk) for every 1 <i < A(®) and every n € [2+-1,2F).

If these conditions are met, we say that T, 4, o is an operator of Cy-type.

Remark 6.6. — By definition, the map ¢ is the same for all operators of C-type, so it
is no longer a “parameter”. However, we will continue using the notation T, 4 x5

Our first result concerning these operators gives a sufficient set of conditions for a C-
type operator to be U-frequently hypercyclic. This will be deduced from Theorem 5.14.

Theorem 6.7. — Let T = T, y, , be an operator of Ci-type on £y(N). Suppose that
there exists a constant o > 0 such that the following property holds true : for every C > 1
and every integer ko > 1, there exist two integers k > ko and 1 < m < A®) such that

AR _1 AR 1
(k)] H |w2(k)| >C and (k)] H |w§k)| > C  for every 0 < m’ < am.
i=AKF) —m i=m/+1

Then T is chaotic and U-frequently hypercyclic.
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Proof. — The following fact will be useful.
Fact 6.8. — Let k > 1. For any [ < 2k-land 1< s< A("“'), we have
AR AF) g -1
_ (K (k) (k)
Tseb2k71+l+178 = ’U( ) < H wi > ebz — ( H wl- ) 6521971”'
i=AK) —s41 =1

Proof of Fact 6.8. — Since | < 271, we have ¢(2¥"141) = I. So the formula follows
directly from the definition of 7. O

We are going to show that the assumption of Theorem 5.14 is satisfied with Xy =
span[eg; k > 0]. So let us fix x € Xy and £ > 0. We choose ky > 1 such that z may be
written as

bl+1_1
xr = E E xjej.
1<2k0 j=b

Let C > 0 be a very large number, to be specified later on in the proof. By assumption,
there exist k > ko and 1 < m < A®) such that

AR _1
T | I PYe (23)
i=AK) —m
and
AR 1
]v(k)| H ]wl(k)] > for every 0 < m' < am. (24)
i=m’/+1

Note that since the sequences v and w are bounded, it follows from (23) that the integer
m can be chosen as large as we please, provided that C is large enough. So we may assume
from the beginning that m > 2A%0) We will also assume that a < 1, which will be useful
below.

We set
-1
biy1—1 A1 j—b ,
=3 Y ay [o® I1 w® I wori) e :
: J i b+ bok—1, 4y —m+i—br
1<2ko  g=b i=AK) —mtj—b+1 =1

Our aim is to prove that if C' has been suitably chosen, then
2|l < e and |T™™ 2 —T™ || <& for every 0 < m/ < am/2.

Theorem 5.14 will then conclude the proof.

The first of these two claims is the easiest one to prove. Indeed, since the weight
sequence w is bounded and bounded from below, it follows from (23) that

— (ko)
21l < Jlal| . C1 ASTY

where A is an absolute constant. So ||z|| < ¢ if C is large enough.

Let us now estimate the norm of the vector 7™ z — T™ 1 for every 0 <m’ < am/2.
Note that if 0 < 1 < 250 —1 and b; < j < bj4q, then m— (j—b;) > 1 since 0 < j—b; < Alko)
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and m > A0)_ Applying Fact 6.8 with s :=m — (j — b;), we get

AR _1

(k) (k)
k144 —mHj—b = U w; b,
=AW —m+j—b+1

A(k)fm+j7bl -1
(I w)
i bok—1,;
i=1
and hence

AR 1 Jj—bi
m R (k) (k) N e
T Cbyp—1 g —mti—b = v H w; W +i | €5
=1

i=AF) —mj—b+1

AF) _mtj—b, -1
()
i byr—1,,+i—bi

i:j—bl-i-l

Tm—(j—bz)eb

j—b _ Jj—by . . j—b, _ j—by , (k) .
because T ey, = ( | wbm) ej and TV ey, = (ILich' wi™” ) evr i rjtre
Moreover, if 0 < m’ < am/2, then

j*bl+m/

m’ ) _ (k)
T Cbyp—1 Hi—bi = < H w; Cbyp—1 Hi—bi+m

i=j—b+1

because j — by +m/ < by — b +am/2 < AF) 1 m/2 <m < AP So we get

A(k)_l ( j_bl
— R 0 k) AP
T Ebok—1 g —mti—br = |V H w; Hwbl+’ T ¢;
=1

=A%) —m4j—b+1

AW —mtj—b L/ bt/
SO S I G § Q)
i i bor—1 4, +i—bi+m’-

1=j—b+1 i=j—b;+1

By definition of z, it follows that for any 0 < m’ < am/2, we have

bpy1—1 AR) _1 -1
pmtm’ Z Z (U(k) H wl(k)> .

1<2k0  j=b i=j—b+m’/+1
Jj—b

-1
( H wb’+i> LjCok 1y +i—bitm’
i=1
By (24) and since the weight sequence w is bounded and bounded below, this implies that
T s — T || < || . O AR,

where (as above) A is an absolute constant. So we have || 7™ z — T™ z|| < & for every
0 <m' <am/2if C is large enough.

The assumptions of Theorem 5.14 are thus satisfied, and this concludes the proof of
Theorem 6.7. O

Using Theorem 5.31 instead of Theorem 5.14, we can obtain sufficient conditions of the
same kind as above for operators of C-type to be frequently hypercyclic.
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Theorem 6.9. — Let T = T, ., 5 be an operator of Cy-type on £,(N). Suppose that
there exists a constant a > 0 such that the following property holds true: for every C > 1
and every kg > 1, there exist two integers k > kg and 1 <m < A®) such that

A1
W T ez -
d =A%) —m
an
AR _1
’U(k)| H ’wj(-k)| >C  for every 0<m' <aA®. (26)
j=m’'+1

Then T is chaotic and frequently hypercyclic.

Proof. — The proof of Theorem 6.9 is so similar to that of Theorem 6.7 that we only
sketch it very briefly. The role of the integer d in the assumption of Theorem 5.31 is
played by the integer 2A®*) | which is a period of z. If k is chosen sufficiently large at the
beginning of the proof, A®) can be supposed to be a multiple of the period of any fixed
vector y € Xo: indeed, such a vector always has a period of the form A1) for some integer
k1 > 1, and 2A%D) divides A®) as soon as k > k; since A%) = bok—1 4 9k1—1 1 — bgk—1 ok 1,
AR = b 1 — ok, 1 and (281 4 2k171) = 2ki—L, O

Now that we have obtained sufficient conditions for the frequent and U-frequent hyper-
cyclicity of operators of C,-type, we need to find necessary conditions as well. This we
do in the next subsection.

6.3. Operators of C-type: how not to be FHC or UFHC. — Since U-frequent
hypercyclicity and frequent hypercyclicity are strong notions of hypercyclicity, one might
think that it is easier to prove that an operator T' € B(H) does not have one of these
properties, than to prove that an operator has it. However, instead of exhibiting a single
U-frequent or frequent hypercyclic vector, we now need to prove that no vector of H
whatsoever can be U-frequent or frequent hypercyclic; and put in this way, this no longer
looks that easy.

In this subsection, we are going to single out some conditions ensuring that an operator
of C-type T is not U-frequently hypercyclic or not frequently hypercyclic. As suggested
in the few lines above, the arguments will be rather more technical than in the previous
subsection. However, we can give the basic idea immediately: if for every hypercyclic
vector x for T', we are able to find some € > 0 such that the set N (x, B(0,¢)) has upper
density (resp. lower density) equal to 0, then T will not be U-frequently hypercyclic (resp.
frequently hypercyclic).

6.3.1. The main criterion, in abstract form. — The following notation will be used
throughout this subsection: given an operator of C-type T = T, 4 , 1, we denote for
each n > 0 by P, the canonical projection of ¢,(N) onto E,, = spanleg, by, <k < byy1]: if
x =Y, wger € {p(N), then
k>0
n+1—1

b
P,x = Z Trep.

k=bn
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The following theorem provides sufficient conditions for an operator of C-type to be
non-U-frequently hypercyclic or non-frequently hypercyclic. These conditions are stated
in terms of the projections P,.

Theorem 6.10. — Let T be an operator of C-type on (,(N). Suppose that for every
hypercyclic vector x € £,(N) for T, there exist

- a positive constant C,
- a non-increasing sequence (5;);>1 of positive real numbers with Y~ /B < 1,
- a sequence (X;);>o of non-negative real numbers,
- a non-decreasing sequence (Nj);>1 of integers tending to infinity,
such that the following conditions are satisfied:
(1) [Pz < X for every n > 0;
(2) sup || P, TP, z|| < CBX; for every 1 > 1 and every 0 < n < [;
>0

(3) ;up |P. T7 P x| < CB||Pz|| for every I > 1 and every 0 <n < I;

0<j<N; '
(C) liminf inf #HO<j<ki AT Rz > 20X}
oo k>N, k+1

Then T is not U-frequently hypercyclic.
If Condition (C) is replaced by
#{0 <j <k; |RT/Pz| > 20X}

(C’) liminf inf =1,
100 k=N o100 k+1

then T is not frequently hypercyclic.

The usefulness of this result lies in the fact that the lower bounds for the densities are
given in terms of norms || P, T7 P,x|| which are easily computable. Moreover, since P,z is
periodic, we can determine the cardinality of the sets {0 < j < k; ||P,T7 P,z| > 2CX,,}
by examining only a fixed finite number of iterates (independent of k).

Theorem 6.10 will follow very easily from the next lemma, which provides, under condi-
tions (1), (2), and (3) above on the projections P,,, lower bounds for the upper and lower
density of some sets Nr(z, B(0,¢)¢), where = is any non-zero vector of ¢,(N) and ¢ is a
positive number depending on x. Here, of course, B(0,¢)¢ denotes the complement of the
the ball B(0,¢) in £,(N).

Lemma 6.11. — Let T be an operator of C-type on £,(N). Fiz z € {,(N) \ {0} and
suppose that there exist

- a positive constant C,
- a non-increasing sequence (31);>1 of positive real numbers with Y~ /B < 1,
- a sequence (X;);>o of non-negative real numbers,
- a non-decreasing sequence (N;);>1 of integers tending to infinity,
such that the following conditions are satisfied:
(1) [ Paall < X, for cvery n > 0;
(2) sup [|P, TP z|| < CBX; for every I > 1 and every 0 < n <;
3>0

(3) sup |[P.TiP x| < CB|Pa| for everyl>1 and every 0 < n < I;
<IN
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(4) sup X || P, T7 Pix|| > CX,, for every n > 0.
J=01>n

Then there exists € > 0 such that

0<j<k:;|PTIPz|>20X
dens N (z, B(0,)¢) > liminf inf #{0<j<k; |[RT Pal| > 20X}
l—oo  k>N; k+1

and

. 0<j<k;|PRT/'Pzx|>2CX
dens NT(x,B(O,e)C) > liminf inf #{ =J = 7 iz 2 l}-
=00 k2N, -1y E+1

Let us show how this lemma implies Theorem 6.10.

Proof of Theorem 6.10. — For every n > 0 and every x € £,(N), the vector > ., Pz
is a periodic vector for T'. Hence, if x is hypercyclic for T' then -
sup Y || P T7 P z|| = oc. (27)
320 >n

Indeed, otherwise we would have

sup ||P,T7 x| < sup ‘Tj< Z Pmc) H + sup Z | P, T? Py || < oo,
Jj=0 720 0<i<n 320 [>n

a contradiction with the hypercyclicity of x.

By (27), condition (4) of Lemma 6.11 is satisfied for any choice of the sequence (X,,)n>0.
It follows that if condition (C) in Theorem 6.10 is satisfied, then, for any x € HC(T'), one
can find € > 0 such that dens (N7 (z, B(0,¢)) = 0; whereas if (C’) is satisfied, then, for

any « € HC(T), one can find € > 0 such that dens (M7 (z, B(0,¢)) = 0. This concludes
the proof. 0

Before giving the proof of Lemma 6.11, let us explain the general idea. The starting
point is given by the inequalities

[T 2 | PaTia] > | PT Pasl| - 3 | AT P
I>n
In other words, we get a lower bound for ||T7z|| as soon as we have a lower bound for
some quantity ||P,T7P,z| and an upper bound for |P,T?Piz|, I > n. The role of the
lower bound for ||P,T7 P,x|| will be played by 2CX,,, which will be bigger than 2. As-
sumption (3) will provide us with an upper bound for || P, 77 Px|| when j is smaller than
N;. However, condition (4) tells us that || P,T7 Pz|| will be large for some j > 0 and some
I > n. Assumption (2) will then be used to deduce that X; > X,,, which will allow us to
deduce that 2C' X; > 2¢ and to repeat the above arguments for || P77 z||, and so on.

Proof of Lemma 6.11. — If x is a non-zero periodic vector for T', one can obviously choose
€ > 0 such that

@ NT(xu B(()?E)C) =1

and the conclusion of Lemma 6.11 is satisfied. So we henceforward suppose that = is not
a periodic vector for T'.

We first note that there exists an integer lg > 1 such that

1P 2l = v/ By [l = Po |-
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Indeed, since »7;5; /B < 1 it is impossible to have [Py z|| < /B ||x — Py x| for every
[ > 1. Since z is not periodic, x — Py « is non-zero. Assumption (1) of Lemma 6.11 implies
thus that Xj, is non-zero and we set ¢ = C'Xj,.

We now construct, by induction on n > 1, a strictly increasing sequence of integers
(In)n>1 such that if we set

%]::mm{jzo;E:HHWJWBxH>CXMJ}

1>lh—1
then

Jn—1> Ny, for every n > 1.

1
and Xln > - Xln,1
VB,

Observe that this does make sense: the set involved in the definition of j,_1 is non-empty
by assumption (4).

Suppose that the integers Iy, ...,l,_1 have already been constructed. Then there exists
an integer l,, > l,,_1 with the property that
||Pln—lTjn71Plnx|| > CV /BlnXln—l' (28)

Indeed, if we had ||P, ,T7"-'Pz| < Cv/BX,, , for every | > l,_1, this would imply
that 3,0,  [|P,_, TP z| < CX,,_,, violating the definition of j, 1.

By assumption (2), we have

1 ; 1
Xln > 7HPI7L—1T‘7n_1Plan Z 7Xln—1'

- OB, NER

In order to show that j,_; > NN, , we observe that for every 0 < j < N ,
Cp, Cp,

VB VB
by assumption (3) and the definition of ly. Since the sequence (3;);>0 is decreasing, this
yields that [P, TP, z| < C\/Bi, Xi,. Also, the induction hypothesis implies that
X, <X, <--- <Xy, s0 that |P, TP, z|| < C\/Bi, Xi, , for every 0 < j < N,.
Inequality (28) thus implies that j,—1 > N;, and this finishes the induction. Note that
the sequence (jp)n>0 tends to infinity as n tends to infinity.

1P, T7 Py, x| < OBy, || P, zll < CB, |2 — Poz|| < 1P 2l < Xl

For any integer s > 1, let us denote by ns be the smallest integer such that s belongs
t0 [Jn.—1,Jn.). Then ng tends to infinity as s tends to infinity. Since

T @l| > ||P T || > | P T/ Pyl = > | Pa T/ P
for every 7 > 0 and n > 0, we have t>n
|Tz|| > | P, TP, x| — CX;, forevery 0<j < jp.
It follows from this inequality and the fact that j < j,, for every j < s that
{0<j<s;|IP, TP, =] 220X, } C{0<j<s;|T/z| > CX,, }
C{o<i<s;|T7z)>CXy}
Hence, since € = C'Xj,, we have

0<j<s:|P, TP > 20X
dens N (z, B(0,€)¢) > lim inf #0<5 <55 1P, by 2 2 l”s}-
S S—00 s+1
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Now N;, < jn.—1 < s, so that s belongs to the interval [N;,, c0) for each s > 1. Thus
#0<j<si |, TR, =] >20X,,}
s+ 1 -
e #0<j<ki IR, TR, @ 220X, }
klZI}VlS k+1

and

0<j<k;:;|P, TP > 20X
dens Np (:c, B(O,e)c) > liminf inf #{ =J = H Ins fns zl = Z"S}
[ — s—00  k>Np, kE+1

0<j<k;|PRT'Pz|>20X
> liminf inf #{0<j <k;|RT/Pz| >2CX}
l—o0 k>N k+1

since I, — 0o as s — co. This proves the first part of Lemma 6.11.

As for the second part, we proceed in the same way, starting from the inequality

- 0<j<s:||P. TIP > 20X,
3o N (z, B(0,6)%) > limsup A0 =9 £ 35 1P, TOF, 2l 220X, )
5—00 s+1

Our first observation is that min(o~'(1,,)) < l,,41 for every n > 1. This follows, in a slightly
roundabout way, from the fact that P, T7/" P, is non-zero. Indeed, the definition of T
implies that there exists an integer i > 1 such that ¢*(l,,+1) = l,. Then ¢'~1(l,11) belongs
to ¢~ 1(1,), and since ¢ (l,41) < lnt1, it follows that min(¢=1(1,)) < Iyt

We now claim that there exists a strictly increasing sequence of integers (s;);>1 such
that s; > Nyin(p-1(,, )) for every ¢ > 1. Recall that Nip i1 < Jn, for all 4 > 1. Thus there
exists s; € [jni_l,jni)lsuch that s; > Ni,. i1 As s; belongs to the interval [jn,—1,jn,), We
have ns; < n;, and thus s; > Nlnsiﬂ > Nmin(wl(lnsi)). Extracting if necessary in order to
make the sequence (s;);>1 strictly increasing, we obtain the sequence we are looking for.

We now have

Joms #{0<j<sis P, TR, | 220X,
dens N (l‘,B(O, 5)0) > liminf { ' i i ; }

i—00 s; +1
0<ji<k;|P, TP > 20X,
> liminf nf #{0<j <k;|R, || > I}
n—=00 k>N, o-10,) k+1
0<j<k;||PRT'Px|>20X
it wp | HOSiSEIATIRG) > 20}
=00 k2N, —10y) k+1
This concludes the proof of Lemma 6.11. O

6.3.2. How to check the assumptions. — The assumptions of Theorem 6.10 are partly of
an “abstract” nature, since they involve the projections P, and not explicitly the parame-
ters v, w, ¢, and b defining T'. We now provide concrete conditions on v, w, ¢, and b which
imply that the operator of C-type T, ., 5 satisfies the assumptions of Theorem 6.10.

As a rule, conditions (1), (2), and (3) will be obtained by requiring that the products
of weights
J
|vn - sup H |ws|

TEB(n) Do) +1) s=p () +1
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decrease sufficiently rapidly and by setting, given a hypercyclic vector x for T, 4 4 b,

biy1—1 biy1—1

S (11 ) e

k=b, s=k+1

X,::’ 1>

More precisely, we have the following fact, which generalizes Claims 5 and 6 in [39].

Fact 6.12. — Let T' =T, 4, 4,1 be an operator of C-type on £,(N), and let (Cy),>0 be
a sequence of positive numbers with 0 < C,, < 1. Assume that
J
|| - sup ( H |ws\) <, for every n > 0.
TEPe(m) Dpmy+1) “s=p () +1

Then, for any = € £,(N), we have for every [ > 1 and every 0 < n <,
biy1—1 by1—1

Wy im0 |5 (] )l

k=b, s=k+1
and
bl+1—1
4 p=1
@ swpl|PT R < G-t (s T )Rl
N b —N<k<bipr 70

for every 1 < N < b1 — by

Proof. — Fix [ > 1 and 0 < n < [. We first remark that if n # oM (1) for all M > 1, the
definition of 7" implies that P, T7 P,z = 0 for every j > 0 (this argument was already used
at the end of the proof of Lemma 6.11). So the required inequalities are obvious in this
case.

Suppose now that n = ¢ (1) for some integer M > 1. In this case, we claim that

bl+1—1
sup [P eyl < ful ( TT lwsl) sup [P Tes | (29)
=0 s=k+1 720

for every k € [bj,b;+1). This inequality will allow us to run an induction procedure in
order to estimate the quantity sup ||P,T7P, z||.
j=0

In order to prove (29), we fix jo > 0 and we consider separately several cases.
- Suppose first that 0 < jo < bj;; — k. Then T70 ¢ is a scalar multiple of €k+jo, and
P, T e, =0.
- Now, suppose that b1 — k < jo < byy1 — k+ b1 — b;. Then

bl+171

PnTJO €L = PnTjO_(bl+1_k) <Ul < H U]5> eb@(l))’
=k+1
so that i
bl+1—1
P05 < ful ( TT ol ) sup 1227 et
>0 ’

- Finally, suppose that bj11 — k 4+ b1 — b < jo < 2(bj41 — by). In this case, we write
k -1
The), = < H ws) Tj0+k_blebl.
S:bl+1
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By assumption, we have 2(bj1 — b)) < jo+ k — by < 2(bjp1 — by) + (b1 — by); that is,

Jo+k—b=i+2(bj1—by) with 0 <4 < b1 — by
Since T 2(b1+1-b1) ep, = €p,, it follows that

' k o k L,

T7¢), = ( H ws> Tzebl = ( H ws) ( H ws) €b;+i
s=b;+1 s=b;+1 s=b;+1
and hence that P,T7° ¢, = 0.
We have thus proved the required inequality for every 0 < jo < 2(bj41 — b;). Since

T2be1-b1) ¢ = ¢ it holds true in fact for every j > 0, and this proves (29).

Let now My be the minimum of the integers M > 1 such that ¢ (I) = n. We start
from the straightforward estimate

bl+1_1
wp [PTIP ] < 3 Jagl sup | BT e
j20 = j20
and apply (29). This gives
' biy1—1 bi1—1 ‘
sup [P Pl < 37 Jagl -l (T lwl) sup [1PaT e, |
=0 ke=b, s=k+1 720

biy1—1 bp1—1

=l s 121 e - | 3 (T1 e

k=b, s—k+1
where ||z||; denotes the £ norm of a vector z € cqp.
By induction, we obtain
Mo—1 bory+1-1
swp [P Pl < ol - IT (logrpl - TT lwsl) -
=20 r=1 s=byrqy+1

biy1—1 bp1—1

> (IT )],

sup ||PnTj ep, || - ‘
>0

k=b, s—k+1
Mo—1 bcp'”(l)+1_1

=11 (gl TT sl ) - lopuergy)
r=1 s=b,r)+1

biy1—1 biy1—1

sup (| P es, |- || 3 (T ws) e
JZ

k=b; s=k+1

1

Applying the assumption of Fact 6.12, it follows that
Mo—1

sup ||[PaT? P || < ( I1 cw_l(l)) oo - sup [PaT e, |-
>0 st >0

biy1—1 by1—1

5" (T w)a,

k=b, s=k+1
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Now, the definition of 7" and the fact that T2<bn+1_b")]ebn = ep, show that

sup ||PnTj ep, || < sup H |ws|.
]ZO je[bnyanﬁl) s=bn,+1

Since n = ¢™o(1), it follows (by the assumption of Fact 6.12), that

biy1—1 by—1

3" (1 )]

k=b, s=k+1

Mp—1
sup 27l < ([ Coy) -+ Comongy - |
Jj=0 r=1

bp1—1 bpq—1

5 (1 )

k=b, s=k+1

)

SCl“
1

because all the constants C,, are supposed to belong to (0,1) and ¢°(I) = I. By Holder’s
inequality, we conclude that

biy1—1 bpq1—1

> (I we)anar].

k=b, s=k+1

S

sup | PTIRal| < Ci - (biyn —b)' 7 - |
j=0

which proves assertion (1) of Fact 6.12.

The proof of assertion (2) is now straightforward. Indeed, we have for every 1 < N <
bi+1 — by and every 0 < j < N: bipa—N—1 broi—1

TjPlx:Tj( Z :):kek)—i-Tj( Z xkek).

k=b, k=by41—N
Since the first term belongs to the linear span of the vectors e;, by < i < bj41, it follows
that bry1—1
P.TiPz = PTY ( 3 e )
k=b1—N

and so, by the already proved assertion (1) of Fact 6.12,

biy1—1 b1

. _1
1B Pl < Co- b =0 |30 (T ) onei
kZbl+1—N S=k)+1

1 bl+1_1
1—1
<C- (b —b)'F - sup [T lwl) - IRl
bipr=N<k<biy1 g1y
This concludes the proof of Fact 6.12. O

The next fact provides conditions on the parameters of an operator of C-type ensuring
that assumption (C) or (C’) of Theorem 6.10 is satisfied. This generalizes Claim 7 of [39].

Fact 6.13. — Let T' = T, 4, ,,» be an operator of C-type on £,(N), and let x € £,(N).
Fix [ > 0, and define

biy1—1 bp1—1
2 PQIRBET
k=b, s=k+1
Suppose that there exist two integers 0 < kg < k1 < bj41 — b; such that
b1 —1
|wp, 41| =1 for every k € (ko, k1) and H |ws| = 1.
s=b;+ko+1
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Then we have for every J >0

1 .
—— #{0<j < IRTIR 2| > X,/2}

J+1
>1—2(bl+1—bl—(k‘1_k0))_ ( 1 T 1 )
o J+1 b1 — b
Proof. — Fix j >0 and k € [by,by41), and set n:=j+k — b mod (bj41 — b;). Then
A bip1—1 bi+n bii1—1 .
PTI) e, =+ ( H ws> ( ws) ( H ws) €h+n
s=k+1 s=b;+1 s=b;+1
byy1—1 biy1—1 1
=4 ( H ws) < H ws) €b4n

s=k+1 s=by+n+1

(the plus or minus sign appearing in these equalities depends on the parity of the unique
integer s > 0 such that n belongs to the interval [s(bj1 — b;), (s + 1)(bi11 — br))).

If we suppose that n belongs to [ko, k1), we have

bi41—1 biy1—1
H lws| = H lws| =1,
s=b;+n+1 s=b;+ko+1

and thus there exists (;, € T such that

bl+1_1

PT7 ey = (i - ( H ’ws> €by+n-
s=k+1

Setting, for every j > 0,
I = {k € [br,bir1); j+k — b mod (b1 — by) does not belong to [ko, kl)},

we obtain that

biy1—1
FT'Pe= ) axPT7er= ) — axPT7ex+ ) axPT e
k=b, k€ (b1 )\ kel
satisfies
bip1—1
|PT? P x| > H Z x BTV ey, H = H Z Tk Gk ( H ws) ek H
k€ [br,biy1)\ I k€ [br,biy1)\; s=k+1
biy1—1 biy1—1
s el x| (T el
k€ [by,bir1)\I; s=k+1 kel s=k+1
We now consider separately two cases:
bi1—1
- Suppose first that H Z Ty ( H ws) ek H < X;/2 for every j > 0. Then we have
kel s=k+1

|PT7P x| > X;/2 for every j > 0, and thus

1 .
T #{0<j<J;||PT’Pz| > X;/2} =1 for every J > 0.
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- Now, suppose that there exists jo > 0 such that
1+1—1

|2 (] w)al>3

k € IjO S:k+1
Then we have for every integer j > 0 such that I; N [}, is empty:

bl+171

prnaz] Y (11 wne] = | S (T

X
“’s)xkek H Z 5
k€ [brbip)\l; s=k+1 kelj, s=k+1

It follows that, for every J > 0,

1 .
g #lo<i< T IRT R 2 X2

1 ~ . . .
21— #{0<i< T LNL £0) (30)

Now, we remark that if we set i; := j mod (b1 — b;) for every j > 0, we have

[bl—i-k‘l—ij,bl+1)U[bl,k0—ij) ingij < kg
Ij= ¢ [br+ ki —ij, biyr + ko —i5) if ko <ij < ky
b1, bi1 + ko —ij) U [brpn + k1 — g, 1) ik <y <bigpr — by

and #I1; = b1 — by — (k1 — ko) for every j > 0. This particular structure of the sets I;
implies that

J

Plugging this into (30) yields that

1 , 1 1
— wlo<j<J|PTiPz|>X 2}>1—2b by — (k1 —k ( )
T #0 ST ST IR R 2 X2 ) 2 120 —b- (o)) (7 5+,
which is the inequality we were looking for. O

Facts 6.12 and 6.13 will be repeatedly used in Subsections 6.5, 6.7 and 6.8 in order to
exhibit the desired counterexamples.

6.4. Operators of C-type: mixing or not mixing. — In this subsection, we give
some conditions ensuring that an operator of C-type is or is not topologically mixing. This
will allow us to show in particular in Section 6.5.2 that the assumptions of our criterion for
frequent hypercyclicity (Theorem 5.31) do not imply the Operator Specification Property.

Proposition 6.14. — LetT =T, , o5 be an operator of C-type on €,(N). Suppose that
for every n > 0 and every n > 0, the set

bm+1—1
1 : :
Sy 1= U {8 € [Lbm+1 —bm) : |vm] H lw;| > f} is cofinite,
meNy n i=bm+1—58 N

where Ny = {m € = 1(n) : |vp| Hf’:”g:iﬁ |w;| > %} Then T is topologically mizing.
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Proof. — Since T has a dense set of periodic points, Corollary 5.4 implies that it suffices
to show that for every k > 0 and every € > 0, there exists an integer M > 1 such that for
every m > M, there exists a vector z € £,(N) such that ||z|| < e and [Tz — e < e.

Fix thus & > 0 and € > 0. Let also n > 0 be such that k belongs to [b,,b,+1), and
let n > 0 be a sufficiently small positive number, to be fixed later on in the proof. By
assumption, the set S, is cofinite. So it suffices to show that if 7 is small enough, then,
for every s € S, 5, one can find a vector z, € £,(N) such that

HTs+1+kfbn 2s

|zs]] <e and — el <e.

Fix s € Sy 5, so that s belongs to [1, by4+1 — by,) for some integer m of Nn,n and

bm+1—1
1
oal T il >+
i=bm41—5 n
We define a vector zs by setting
1
Zg 1= - T ebm+1—s—1'
Um Hg bn+1 JH m+ﬂ11+1 —sW
Then
1 7
Izl =

<
m 1 k ?
|| H] but1 Wi H] Z;H s lwil Hj:anrl |wj]
so that ||zs]| < € for every s € S, ,, if n is small enough. Moreover, since p(m) = n we also

have

wj
pstlth—bo, o HJ 1bm+1 i S
Um H] =bm+1 .] Hj:bn+1 w.]
and hence (since m belongs to NV, ;)
b +h—b b +h—bn |,
||Ts+l+k—bnzs _ ek;” _ H]mbm+1n W szbm+1n "IU]|
m 1 k
Um H +jl+1 wj Hj:bn-i—l wj Hj:bn+1 |w|

Since the sequence of weights (w;);>1 is bounded by a positive constant M,

Mbn+1 bn
||r11s+1+l~cfbn ekH <
H] =b,+1 ‘w3|
and the quantity on the right hand side does not depend on s € S, ,,. So we also have
|TsTHR=bn 2o — eg|| < € for every s € S, provided 7 is small enough. O

For operators of C-type, the statement of Proposition 6.14 can be slightly simplified.

Corollary 6.15. — Let T =T, , 4 be an operator of Cy-type on €,(N). Suppose that
for every € > 0, the set

AR 1
= U {n e [1,AB[; [ H \wz(k)\ > 1} is cofinite,
keke i=AK) —n c

where e ={k >1 : |vg| HA( -1 |w Z(k)| > 1}, Then T is topologically mizing.

Proof. — This follows immediately from the special structure of C,-type operators and
the definition of the map ¢ in this case. O
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We now use Fact 6.12 in order to formulate sufficient conditions for an operator of
C-type to be not topologically mixing.

Proposition 6.16. — Let T =T, , 4 be a C-type operator on £,(N). Let (Cp)n>0 be
a sequence of positive numbers with 0 < Cp, < 1 for every n > 0. Assume that

J
ol s (D1 hel) <G for ey,
TEPe(n) bom)+1) s=b (41

and that there exists a positive constant K such that for infinitely many integers n > 0,
we have

bl+1_1
_1
g Cy by — by)' P( sup | | |ws|) < K. (31)
Ion bi41=2(bn41—bn)<i<bip1 4=

Then T is not topologically mizing.

Proof. — Recall that we denote for each { > 0 by P, the canonical projection of £,(N)
onto the finite-dimensional space span[ej; b < j < bj11]. It is enough to show that if
n > 0 satisfies the assumption (31), then

PyT2bnt1i=bo) gl <1 f B(0, ——).

Hg xH_ or every xr € (’1—|—K)

Indeed, this will imply that 2(b,,+1 — by,) does not belong to Ny (B(O, ﬁ), B(3eo, 1)) for
every such n, and hence that 7" is not topologically mixing.

Let us fix a vector z € B(O, ﬁ) and an integer n > 0 satisfying (31). Recalling that
T2(b"+1*bn)ek = ey, for every 0 < k < by41, we have

n
PoTQ(bn+1_bn)x — PO Z Plilf + PO Z Tz(bn+l_bn)BZU — P()x + Z POTQ(er—l—bn)F)lx_
=0 I>n I>n

Moreover, if [ > n, it follows from Fact 6.12 that

biy1—1

| PoT2en1=0) B < G (brga — )" sup [T lwdl) IPel.

bl+172(bn+1fbn)§i<bl+1 s=i+1
So we get that
[ P2 Orei=b) || < || Pox|| + Y (IR Tt =00) Prar]| < ]| + K Jao]| < 1,
I>n

which proves Proposition 6.16. 0

After these technical preliminaries, we are now going to consider special classes of opera-
tors of C-type, for which the general conditions for frequent hypercyclicity, U-frequent hy-
percyclicity and topological mixing obtained previously become rather transparent. This
will allow us to derive easily the promised counterexamples.
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6.5. Operators of C_ i-type: FHC does not imply ergodic. — In this subsection,
we restrict ourselves to operators of C-type for which the parameters v, w, and b satisfy
the following conditions: for every k£ > 1,

. < i< sk
and w(k):{Q if 1<:<$6

‘ 1 if 60 << Ak

where (7("));>; and (§%))g>; are two strictly increasing sequences of integers with (%) <
A% for every k > 1. We call such operators operators of C4 1-type.

If, in order to simplify matters, we assume that §%) = 27(*) for every k > 1, then
the key parameter of our counterexamples will be the quantity %, 1.e. the proportion

of weights equal to 2 in each block [b,,b,+1). For instance, if we consider the vector
(k) .

T = 27676(,2,671, we remark that T2 z is close to eg, and that the orbit of x follows the

orbit of ey during an interval of time proportional to ). Since the period of z is equal

to 2A%) it seems plausible in view of Theorem 5.31 that T will be frequently hypercyclic

6k 5(k)

as soon as limsupy_,, 1y > 0. On the other hand, we will show that if lim sup,_, . A7

is too small, T' cannot be ergodic.

6.5.1. How to be FHC or UFHC. — Our first result gives a readable sufficient condition
for an operator of C i-type to be chaotic and frequently hypercyclic.

Theorem 6.17. — Let T =T, 4 be an operator of Cy 1-type on €,(N).
(1) If limsup (6*) — 7)) = oo, then T is chaotic.
k—o0

§k) _ (k)
(2) If limsup EANEEANEN 0, then T is chaotic and frequently hypercyclic.
Proof. — The first statement is a direct consequence of Proposition 6.5: for every n > 0,

the expressions of v(¥) and (w](-k))1§j<A(k) combined with the fact that o([2¥,2F1)) =
[0,2%=1) for every k > 1 yield that

e (k) (k)
. . k) _(k
limsup |vn| - H lw;| = limsup 2°° 7 = 0o
N—o0 b1 k—o0
Nep~1(n) I

As to the second statement, it is a consequence of Theorem 6.9. Let us fix a real number
a with

1 . 5 _ (k)
O<a< 3 lgLSng'

Fix also C' > 1 and kg > 1. By our assumption and the fact that A®) tends to infinity as
k tends to infinity, there exists an integer k > kg such that

5k _ (k)
e (k)
A® >2a and oA"Y > log, C.
We apply Theorem 6.9 with m = A®) — 1. We have
A 1

B T [w®) =207 5 92080 > ¢
=1
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which gives condition (25) of Theorem 6.9. As for condition (26), we have for every
0<m <aAk):;

AR _1
|U(k)| ) H ‘wl(k)| > 9 6(F) —m/ —(%) > 9 6M) —aA®) (M) -~
i=m’+1
It thus follows from Theorem 6.9 that 7' is frequently hypercyclic. O

The next result gives, under some additional assumptions, necessary and sufficient
conditions for an operator of C4 j-type to be U-frequently hypercyclic or frequently hy-
percyclic (which turn out to be same under the additional assumptions).

Theorem 6.18. — Let T = T, y, 4 be an operator of Cy i-type on £,(N). We addi-

_ _1
tionally assume that the sequence (yi)k>1 defined by vy = 98k —r® (A(k))1 » for every
k > 1 is a non-increasing sequence, and that the following two conditions hold true:

1 T(k) k_1/2
im sup 5 <1 and ZZ 7T <1

k—o0 k>1

Then the following assertions are equivalent:

(1) T is U-frequently hypercyclic;
(2) T is frequently hypercyclic;
(3) limsup 6 /AR > 0.

k—o0

Proof. — Since li}:l sup % < 1, Condition (3) is equivalent to limsup

00 k—o0
follows from this observation and Theorem 6.17 that (3) implies (2), which of course implies

§(K) (k)

(1). It remains to prove that if lim sup % =0, T is not U-frequently hypercyclic. Given
k—o00
a hypercyclic vector x for T', we need to show that x cannot be a U-frequently hypercyclic

vector for T', and for this it suffices to find C, (5);>1, (X;)i>1, and (N;);>1 satisfying
assumptions (1), (2), (3) and (C) of Theorem 6.10. This is done thanks to Facts 6.12
and 6.13. We first fix the sequence (/3;);>1 by setting

By =4~ forevery | e [Zk_1,2k), k>1.

Since the sequence (7yx)x>1 is non-increasing, the sequence (f3;);>1 is non-increasing. Also

D VA=) 2 A<

1>1 k>1
by assumption. We have for every k > 1 and every n € [2F~1, 2F)

J
|vn] - sup H lws| < 9ot =7t

7€ lbo(n) bem)+1) s=b, (41



100 S. GRIVAUX, E. MATHERON & Q. MENET
If we set C, = 98D —r®) g every n € [2871 2F) Fact 6.12 implies that for every k > 0,
every [ € [2671 2F) and every 0 < n < [,

biy1—1 b1

sup || P < 277 (a®) T LSS (T ) e
720 s
i=by; s=i+1

biy1—1 b1

<1 E (II w)we

i=b,  s=i+l

and, for every 1 < N < A®),

3 AR 1

l k

sw PTRa| < (T ) - IRl
0<j<N i=AR) N1

We now set N := AK®) — §(5) for every I € [2F-1,2F) and every k > 1. Remembering that
wz(k) =1if 6% <i < A®), we obtain that

sup ||P.T/P x| < @HPZ x| for every [ > 1.
0<j<N; 4
Finally, we set for every k > 1 and every [ € [2F1, 2F)

bip1—1 b1

Z ( H ws>xiei.

i=b;  s=i+l

XZZ:‘

Obviously, || P, z|| < X;, and we have proved that for every 0 < n <,
sup BT3Pl < 2 xp and  sup | BIRa] < T,
>0 4 0<j<N,
It remains to check that condition (C) of Theorem 6.10 holds true, and for this we use
Fact 6.13.
We have fwgk) =1 for every i € (6", A®)) and HA(;E,C)L = 1. The assumptions of
Fact 6.13 are thus satisfied for kg = 0 and k; = A®) if | ¢ [Zk 1.2k) and we get

(k)

1 . 1
—_— <j< J > >1— 26 -
J+1 #{0 J =I5 BT Pall = Xl/z} 1-2 <J+ 1 A(k))
for every J > 0, every k > 1, and every [ € [2F~1, 2F). Therefore,
1 . 1 1
i <j< J > >1—250k
P #10 < < T3 IRT P 2 X1/2) > 1 - 269 (S5 17 o)

for every k > 1 and every [ € [2871,2%) and it follows that

1 .
liminf inf —— #{o <j<J;[|IPT Pz| 2 Xl/2}

lsoo J>N; J+1
1 1
e (1 9 -
2 lim inf <1 20 (A(k)—é(k)+1+A(’“)>) "

since lim sup A(k) = 0 by assumption. Theorem 6.10 eventually yields that 7' is not U-fre-
k—o0

quently hypercyclic, and this concludes the proof. O
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Remark 6.19. — Theorem 6.18 implies the main result of [39], i.e. that there exist
chaotic operators on £,(N) which are not U-frequently hypercyclic.

6.5.2. A word about the OSP. — In this short subsection, we show that there exist C ;-
type operators on f2(N) which satisfy the assumptions of the criterion for frequent hyper-
cyclicity stated in Theorem 5.31, and yet do not have the Operator Specification Property
(recall that we have proved in Section 5.4.1 that operators with the OSP do satisfy the
assumptions of Theorem 5.31). The following corollary is a simple consequence of Propo-
sition 6.16 applied to C 1-type operators.

Corollary 6.20. — Let T =T, 4 be an operator of Cy 1-type on £,(N) and let v, =

_ _1
g dtt=—rt) (A(’“))1 v for every k > 1. Assume that 7®) > §=1) for every k > 1 and that
there exists a positive constant K such that, for every ko > 1,

3 2y < KAk
k>ko

Then T is not topologically mizing.

Proof. — Let n > 1 be an integer, and let k,, be the unique integer such that 2*»~1 < n <
2kn . Then v, = v®n) = 277" and (n) < 2¥~1, and setting
J
Cr, = |y sup ( H \ws|>,

TEPe(m) bo(m)+1) “s=b,, +1

we have 0 < C,, < 277" 28*""Y" 1 Moreover, if n is an integer of the form n = 2% — 1
for some integer k > 1, then b,,1 — b, = A® and moreover k; > k for every | > n. It
follows that

L bl+1—l
177
E Cy (b1 —by) ”( sup H |ws\>
I>n b1 =2(bn1—bn)<i<bip1 4=

is less than

<3 o1 VT (AT 9220 < g
r>k

Hence Proposition 6.16 applies, and 7" is not topologically mixing. O

Since the condition appearing in Corollary 6.20 is compatible with those of Theorem 6.18
above (see Example 6.23), and since operators with the OSP are topologically mixing, we
immediately deduce:

Corollary 6.21. — There exist operators on £,(N) which satisfy the assumptions of The-
orem 6.18 and yet do not have the Operator Specification Property.

Since the assumptions of Theorem 6.18 imply those of Theorem 5.31, it follows that
there exist operators on £,(N) which satisfy the criterion for frequent hypercyclicity stated
in Theorem 5.31 without having the OSP. In particular, this criterion for frequent hyper-
cyclicity is strictly stronger than the “classical” one.
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6.5.3. FHC but not ergodic. — We are now ready to give examples of operators of C 1-
type which are frequently hypercyclic but not ergodic.

Theorem 6.22. — Let T be an operator of Cy 1-type on £,(N), and set, for every k > 1,

_ _1
Vg = g dtt V) —rl) (A(k))l . Suppose that the sequence (V;)k>1 s non-increasing, and that
the following three conditions hold true:
(k) §(k) 1

k12 - T i <.
;2 v <1, hkm—:ip 5 <1 and 0<11}I€ILS£p NCEE:

Then T is frequently hypercyclic but ¢(T) < 1, so that T is not ergodic.

Proof. — The frequent hypercyclicity of T follows from Theorem 6.18. Let us show that
¢(T') < 1. Recall that ¢(T) is characterized by the following property (see [29, Rem. 4.6]):
for quasi-all hypercyclic vectors x for T in the Baire category sense, we have

¢(T) = dens (z, B(0,£))  for every £ > 0. (32)
Let us fix a hypercyclic vector x for T such that (32) holds true. By Lemma 6.11 combined
with the end of the proof of Theorem 6.18, we know that there exists an € > 0 such that

c C 1 . ;
dens Ny (z, B(0,¢)%)) > hlrgg)lf Jlél]f\}l T #{0<j<J;||PT'P x| > X;/2}

(recall that we proved above that under the assumption (3) of Theorem 6.18, the as-
sumptions of Theorem 6.10 are satisfied with C' = 1/4, so that 2CX; = X;/2). Using an
inequality obtained at the end of the proof of Theorem 6.18, we get

1 1
@J\/’T(:L‘,B(O,s) )2 hkrggéf (1 20 (A(k) 5P 11 + A(k))>
so that
_ | 25(4) 25(4)
dens Ny (z, B(0,¢)) < hkm_>S£p <A(k) 5 1 + A(’f)>
, 25(k) 1 25(k)
ERUNCIND
It follows that
, 26(k) 1 26(F)
o(T) < lliis;p (A(k) : ;G ! + A(k)>' (33)
EVXORNG)
Our assumption thus implies that
2/5 2 1 2
< |
Nsig5+tz=z2t5<t
which proves that T is not ergodic. O

Example 6.23. — Let C be a positive integer, and consider the operator of C, i-type T'
on £,(N) associated to the parameters

k) =9Ck k) =9 . 20k and AW =10.2°F k>1.
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If C is sufficiently large, T is frequently hypercyclic but not ergodic. Besides, it is also not
topologically mixing.

Proof. — With this choice of parameters, and assuming that C > 2, we have
= 22200208 gl 9CR1-0) < 10 93 27%  9Ck

for every k > 1. So it is not hard to check that if C is sufficiently large, the sequence (v )x>1
is non-increasing and satisfies Zk21 2]“7;/ 2 < 1. The other assumptions of Theorem 6.22

are clearly satisfied, and hence T is frequently hypercyclic but not ergodic.

In order to show that T is also not topologically mixing if C' is large enough, we use
Proposition 6.16. If n is any integer of the form n = 2% — 1, where kg > 1 is any integer,
then

bl+171
1-1 ke1a§k—1) _ (k) k)\1—1
>l ) ( sup [T lwl) = - 2kt = aty=,
I>n biy1=2(bnt1—bn)<k<bigr (g1 k>ko
k-1
= ) ¢y,
k>ko

If C is sufficiently large, then > 72, 2F=14, < 1; so we deduce from Proposition 6.16 (by
considering K := 1 and n := 2% — 1 for every ko > 1) that T is not topologically mixing.
Notice that T also satisfied the assumptions of Corollary 6.20. O

Since the conditions of Theorem 6.18 make no difference between U-frequent and fre-
quent hypercyclicity, we will need to introduce another family of operators of C,-type in
order to construct examples of U-frequent hypercyclic operators on ¢,(N) which are not
frequently hypercyclic. But before moving over to the presentation of this new class of
operators, we give in the next subsection a corollary of Theorem 6.22 concerning infinite
direct sums of frequently hypercyclic operators.

6.6. Infinite direct sums of frequently hypercyclic operators. — A well-known
open question, dating back to [5], asks whether the direct sum T @ T of a frequently
hypercyclic operator T' with itself has to be frequently hypercyclic. (This is the analogue
of Herreros “T' @ T problem” for frequent hypercyclicity.) By [32], T@® T is hypercyclic as
soon as T is U-frequently hypercyclic. This result of [32] also implies that the direct sum
of two (and hence, of infinitely many) U-frequently hypercyclic operators is hypercyclic.
Indeed, let T1 and 75 be two bounded operators acting respectively on the Banach spaces
X1 and Xo, and let Uy, V4 and Us, V5 be non-empty open subsets of X7 and X5 respectively.
By [32], the set N, (U1, V1) has bounded gaps. Also, since Tb is topologically weakly
mixing, the set N, (Us, Va) contains arbitrarily long intervals. It follows that T} @ Tb is
hypercyclic.

Apart from this result of [32], nothing seems to be known concerning this question
of [5]. More generally, it seems to be unknown whether the direct sum 77 @ T, of two
frequently hypercyclic operators is necessarily frequently hypercyclic, or even U-frequently
hypercyclic. To the best of our knowledge, this question is open even for infinite direct
sums of frequently hypercyclic operators. Our aim in this subsection is to use operators
of Cy1-type on £,(N) to prove the following result.
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Theorem 6.24. — Let p > 1. There ezists a sequence (T),)n>1 of frequently hypercyclic
operators on £,(N) such that the £,-sum operator T'= €, Ty, acting on X = P,,51 £p(N)
1s not U-frequently hypercyclic.

The proof of Theorem 6.24 relies on Theorem 6.22, combined with an elementary lemma
providing an upper bound for the parameter ¢(7") of a direct sum operator:

Lemma 6.25. — Let T1 and T be two bounded operators acting respectively on the Ba-
nach spaces Xy and Xo. Fixp > 1, and let T' = Ty @y, To be the Ly-sum operator of
Ty and Ty, acting on X = Xy @y, Xo. Moreover, assume that T is hypercyclic. Then
c(T) < min(e1(T), c2(T)).

Proof of Lemma 6.25. — Let ¢ € [0, 1] be such that dens N7 (z, Bx (0,1)) > ¢ for a comea-
ger set of vectors z of X. For any such vector x = x1 @ x9, with 1 € X7 and x9 € Xo,
there exists a subset D, of N with dens D, > ¢ such that (|| T]'a1||P + ||T5'22|P) P 1 for

every n € D,. Thus dens N, (1, Bx, (0,1)) > ¢ for a comeager subset of vectors z; € X,
so that ¢(71) > ¢; and likewise, ¢(T3) > ¢. Hence min(c1(T'), c2(T")) > ¢ for any c as above,
which proves the lemma. ]

As an easy consequence of Lemma 6.25, we obtain

Lemma 6.26. — For each n > 1, let T}, be a bounded operator on a Banach space X,,.
Fixp>1, and let T = 695,7 T, be the £,-sum of the operators Ty, n > 1, acting on the

space X = @Zp X,. Moreover, assume that T is hypercyclic. Then
— i < i )
e(T) ;Lgf; (@@, < Tllgfl c(Ty)

Proof of Lemma 6.26. — 1t follows directly from Lemma 6.25 that
o(T) < Tlfﬁfl c(h® T, < égfl o(Ty),

so we only have to prove that

o(T) > inf o(Ty & & T,).

If the infimum inf,,>; ¢(T1 & - - - ®T),) is equal to 0, there is nothing to prove. Suppose that
inf,,>1 ¢(T1®- - -&T;,) > 0 and consider a number ¢ such that 0 < ¢ < inf,>1 ¢(T1®- - -®BT),).
Let U be a non-empty open subset of X. There exist an integer n > 1 and, for every 1 <
1 < n, anon-empty open subset U; of X;, such that U contains the set U1 ®- - - U, B0D- - -.
Since ¢ < infp>1¢(T1 & --- & T),), there exist a vector c =21 @ - Bz, € U1 & --- B U,
and a subset D of N with dens D > ¢ such that (37", Hfoin)l/p < 1 for every k € D.
Setting z =21 ® - Bz, ®0OD -+, we deduce that x is a vector of U which satisfies
dens N (z, Bx(0,1)) > ¢. The set of vectors € X such that dens Ny (x, Bx(0,1)) > ¢
is thus dense in X, and the usual argument shows that this set is in fact comeager in X.
It follows that ¢(T) > ¢, from which we deduce that ¢(T") > inf,>1 ¢(Th1 & --- & T},). This
concludes the proof of Lemma 6.25. 0

Proof of Theorem 6.24. — Let (T},)n>1 be a sequence of operators satisfying the assump-

tions of Theorem 6.22. Denoting for each n > 1 by (T,ﬁ’“))kzl, (6§Lk))k21, and (Aglk))kzl the
sequences of parameters associated to the operator T;,, we suppose that
(k)

0< limsuka <2™"
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for every n > 1. By Theorem 6.22, all the operators T, are frequently hypercyclic. On
the other hand, it follows from (33) that

5\ 1 5y
o(T,) < hin—ilip <2A£Lk) . 5 h + 2A$Lk)>

AP AP

422" <6-27" for every n > 1,

<2-27".
1—-2-n

so that ¢(T},) tends to 0 as n tends to infinity. By Lemma 6.26, the operator T' = @Zp T,
(which is hypercyclic) satisfies ¢(T') = 0. Hence T is not U-frequently hypercyclic. ]
6.7. Operators of C >-type: UFHC does not imply FHC. — In this section, we

impose the following restrictions on the parameters v, w, and b of a C-type operator
Ty w,p,b: for every k > 1,

2 if 1<i<db®
1 if 60 <i< Ak 350k

o® =27 and w® ={1/2 i AW 350 << A _ 25k
2 it AW —25(k) < < Ak) — 5(k)
1 it AW — ) <j < AK)

where (’T(k))k21 and (6(k))k21 are two strictly increasing sequences of integers, satisfying
46% < A®) for every k > 1. We call operators satisfying these conditions operators of
(5 2-type. Observe that we still have with this definition

Ak 1
H wgk) =29 for every k > 1.
=1

This choice of weights is motivated by the differences between the assumptions of The-

orem 5.14 and those of Theorem 5.31. If we assume for simplicity that 6(%) = 27(*) for
. . _sk)
every k > 1 and if we consider the vector x := 27 2 €hp_y +AK) —5(k) s We observe that

72% 2 is close to ep and that the orbit of = follows the orbit of ¢y during an interval of

time proportional to 6*¥). In view of Theorem 5.14, it thus seems likely that T will be
U-frequently hypercyclic. However, if limg_, o % = 0, it also seems plausible that T will
not satisfy the assumptions of Theorem 5.31, and hence will possibly not be frequently

hypercyclic.

6.7.1. How to be FHC or UFHC. — In this subsection, we present some sufficient con-
ditions for an operator of Cy o-type to be U-frequently hypercyclic.

Theorem 6.27. — Let T =T, 4 be an operator of Cy o-type on €,(N).
(1) If limsup (5(k) - T(k)) = 00, then T is chaotic.
k—o00

(k)
(2) If limsup % < 1, then T is chaotic and U-frequently hypercyclic.
k—o00
(k) _ (k)
(3) If limsup 0 T

—————— > 0, then T is chaotic and frequently hypercyclic.
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Proof. — The proofs of assertions (1) and (3) are completely similar to the ones given in
the proof of Theorem 6.17. As for (2), it is a consequence of Theorem 6.7. Let us fix
LR ()
0<a<§—§ 1km_>sotip%-

Fix also C' > 1, and an integer kg > 1. There exists an integer k > kg such that

7 (k) .
S& <1-3a and adé® >log,C.

We then have
AR 1

lw®| H ‘wz(k:)‘ _ 90®—r®) 93050 o
i=Ak) _25(k)
and, for every 0 < m/ < 2a6®):
Ak 1
lw®)| H ’wl(,k)‘ > 9 (1=20)6® —r®) _ 5as® _
i=m/+1

Applying Theorem 6.7 with m = 26®) | it follows that T is U-frequently hypercyclic. O

We see from this proof that the new structure of the weights (W§k))1<j<A(k), E>1,
compared with the case of operators of C, i-type, allows us to provide different condi-
tions for U-frequent hypercyclicity and frequent hypercyclicity of operators of Cy o-type.
Our next result gives, under some additional assumptions, a necessary and sufficient con-
dition for frequent hypercyclicity of operators of C o-type which, combined with (2) of
Theorem 6.27, will ultimately allow us to construct U-frequently hypercyclic operators of
C4 2-type which are not frequently hypercyclic.

Theorem 6.28. — Let T =T, 4 be an operator of Cy a-type on £,(N), and for ev-

_ _1
ery k > 1, set v, := 987k (A(k))l ». Suppose that the sequence (Yg)k>1 @S non-
increasing and that it satisfies the following three conditions:
k) §)

(
k_1/2 . T : _
kg>12 o<1, hl?ligp% <1, and klgr;om =0

Then T is frequently hypercyclic if and only if lim sup (5(’“)/A(k) > 0.

k—ro0
Proof. — Since lim sup;,_, % < 1, the condition limsup;,_, ., % > 0 is equivalent to
. 5k — (k) 0
msup ——~— > U;
k—>oop Ak

and by assertion (3) of Theorem 6.27, this condition implies that T" is frequently hyper-
cyclic.

The proof of the converse assertion proceeds exactly as in the proof of the implication
(1) = (3) in Theorem 6.18. Suppose that limsup,,_, % =0, and let = € ¢,(N) be a
hypercyclic vector for T. Our aim is to prove that = cannot be a frequently hypercyclic

vector for T', using Theorem 6.10. We set
By =4~ foreveryl e [Qk_l,Qk), k>1.
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This sequence (3;);>1 is non-increasing and satisfies > ;~; v/ < 1. Setting

bip1—1 by —1

X = H > ( 11 ws) i€

’i=bl s=i+1

for e 28128, k>1,

we have || P, z|| < X.

Also, by Fact 6.12, we have for every [ > 0, every 0 < n < [, and every 1 < N < A®),
where [ € [2F71 2F), that

. 1
sup |P, TP x| < Zﬁle
j=0

and
1 AR _1
i k
swp P TRal <3 T Wl - Rl
O<j<N i=AK) —N+1

At this point, we diverge from the proof of Theorem 6.18, and set N; := 6 for every

: 1
I € [28-1,2%) and every k > 1. We then have sup |P,T/P x| < ZBZ | P || for every
0<j<N;

[ >0 and every 0 <n <. In order to check that assumption (C’) of Theorem 6.10 holds
true, we use again Fact 6.13. We have w® =1 for every i € (6%), A(®) — 35, and

i
AR _q
H wgk) =1.

i=6(k) 1
It follows from Fact 6.13 that
1

j 1 1
i< J; ||PT _ g5h)
57 OIS T IRT Tl > Xi/2) > 1 - 85 (5 + %)

J+1 A
for every J > 0, every k > 1, and every [ € [2¥=1 2%). Now, we have min(¢~1(1)) = 2¥ for
every | € [2571,2%), so that Nyyin(,-101)) = slk+1).
For every k > 1, we have
85k)  g5k)

1 .
: - ; . J > S

Hence
1 ,
liminf inf ——— {0< < JIPTIT ]| > X 2}
imin le(sr(lkﬂ) T #0<j< TP zll = Xi/
8k g5k)
T _ 8o 80N
2 lim inf (1 5D A(k)) 1
since limy_, 5(6’57?1) = 0 and limsup;,_,, % = 0. Theorem 6.10 thus implies that T is

not frequently hypercyclic O
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6.7.2. UFHC but not FHC. — As a direct consequence of Theorems 6.27 and 6.28, we
now obtain

Theorem 6.29. — LetT =T, ., o be an operator of Cy o-type on £y(N). For every k >

_ _1
1, set v = 98 —r(®) (A(k))l . Suppose that the sequence (yi)k>1 1S non-increasing,
and that the following conditions are satisfied:

(k) (k) (k)
Z 2’“7;/2 <1, hm sup <1 lim 0 =0 and hm 0 =0.
E>1

(5(k) T koo o(RHL) ko0 AK)
Then T is U-frequently hypercyclic but not frequently hypercyclic.
Here is a concrete example, the proof of which is left to the reader.

Example 6.30. — If we consider the operator of C o-type associated to the parameters
T(k) — 2Ck‘27 5(k‘) — 20k‘2+1 and A(k’) — 220k‘2+4’ k' 2 17

where C' is a sufficiently large integer, then T is U-frequently hypercyclic but not frequently
hypercyclic.

6.8. Operators of Cy-type: chaos plus mixing do not imply UFHC. — In this
subsection, we introduce yet another class of C-type operators T =T}, 4, ., on £,(N).
We consider increasing sequences (ag)r>1, (fi)rz1, (0F)is1, (7)1 and (AR5,
of integers such that 0 < ap < fr < A% —45(*) for every k > 1, and we denote by
(Jr)k>0 the partition of N into consecutive finite intervals defined as follows: Jy = {0}
and #Ji = (fr — ak)(z #J;) for every k > 1.
We then require that:

n—min Jg

- p(n) = {WJ for every n € Jy;
- the blocks [by, bpy1), n € Ji, all have the same size A®);
the sequence v is given by

g—7(®)

Up = for every n € Jg;

If j belongs to the interval [by, bp+1) with n € Ji and (n—min J;) mod (fr—ax) =1,
then the weight w; is given by

(2 if by <j<b,+6F

1 if b+ 0% < j <bupr —ap—1—260
wj=141/2  if by —ap —1—20%) <j<bpg —ap—1—6®

2 if bpytr —ap—1—06%) <j<byy—ap—1

1 if byt —ap —1<j<bpyr.

If these conditions are met, we call T' =T, , , » an operator of Ca-type.

Note that the family of Ca-type operators contain that of C, o-type operators. Indeed,
if we consider the sequences (ay)r>1 and (fx)r>1 given by ar = 6" and fi, = ap + 1 for
every k > 1, we get back the definition of C4 o-type operators. The specificity of these
new operators lies in the fact that for every & > 1 and every n € ., Ji, the set Jj
contains f, — ay integers m for which ¢(m) = n, and, for each of these integers, the central
block of weights (1/2,...,1/2,2,---,2) is translated in a similar way.
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6.8.1. How to be topologically mixing. — By using Proposition 6.14, we can show that
under suitable assumptions on the sequences (ax)r>1 and (fx)r>1, an operator of Co-type
can be topologically mixing.

Proposition 6.31. — Let T be an operator of Ca-type on €,(N). Suppose that the fol-
lowing two conditions hold true: limy_,oo (6 — 7M)) = 00, and the set

U lax + 6%, fi +6@)

k>1

is cofinite. Then T is topologically mizing.

Proof. — With the notations of Proposition 6.14, we have to show that the set S ,
is cofinite. First of all, observe that the set A, contains, for every k& > 1 such that

9o -7 1/n, the set ¢~ *(n) N Ji. Since §*) — 7(F) tends to infinity as k tends to
infinity, there exists an integer ky > 1 such that N, , contains the set

U ') n ).

k>ko
Recalling that
bng1—1 1
Sin="J {s€Wbmir b loml  J] il > -},
mE/\/n,n 1=bm41—5 N
we deduce that S, ;, contains the set
bmt1—1
k k
U U  {selbma—bw)ifoml J[ fwil=2"7"}
k>ko mep=1(n)NJy 1=bmy1—s
which in its turn contains the set
bim41—1
k
U U {5 € [Lbmpr —bm); [ lwil = 2 )}
k>ko mep—1(n)NJg i=bpm41—S$

(recall that v, = 2= for every integer m belonging to Ji). Fix an integer k > ko, and
let m be an integer of the form m = min Jy + n(fx — ax) + [, where 0 < [ < fi — ag.

bm+1—1 §5(k)
i=bp 1 —ag—1—5F) . It follows that S, ,

contains every integer of the form ay, + [ + 6%, where 0 < [ < f;, — ag, i.c. that

Then m belongs to Jk, ¢(m) = n and [] lw;| =2

U [ak + 6(k)u fk + 6(k)) c Smn‘
k>kg

Since the set on the left hand side is cofinite by assumption, the desired result follows from
Proposition 6.14. 0
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6.8.2. How not to be UFHC. — We now give some conditions ensuring that a Co-type
operator fails to be U-frequently hypercyclic. This will rely on the following more general
version of Fact 6.13.

Fact 6.32. — Let T be an operator of C-type on £,(N), and let € ¢,(N). Fix [ > 0,
and define

bip1—1 by —1

X; = ’ Z ( H ws> :):kekH.
k=b, s=k+1
Suppose that there exist three integers 0 < kg < ky < k2 < b1 — by such that
bip1—1
wy k| =1 for every k € (ko,k1) U (ka,bisa — b)) and [ |wsl=1
s=bj+ko+1

Then we have for every J > 0

1 ,
o #{0<i < I IRTIRa) = X,/2)

1 1
> 1 4(ky — Fy + ko) - (J+1+bl+1ibl)'

Proof. — The proof is similar to the proof of Fact 6.13 except that the sets I;, j > 0,
have to be defined as follows:

I = {k € [br,bis1); j+k—b mod (bip1—br) does not belong to [ko, kl)U[k‘g,blH—bl)}.

We can then deduce that there exists an integer jg such that for every J > O:

1 .
7 #Ho<i< i IRTIRe) 2 Xl/2}

1

Now, we remark that if we set i; := j mod (b1 — b;) for every j > 0, we have
[bl,bl—l—k()—zj) [bl"’k’l—ij,bl‘i'k?_ij)u[bl-i-l_ijabl-‘rl) ifogij < ko
[by + k1 —ij, by + k2 — i) U lbipr — i, b1 + ko —i5)  if ko < iy < kg
[b by + ko — ij) [bl+1 — 14, b1+ ko — ij) U [bl+1 + k1 — 15, bl+1) if k1 < 15 < ko
(D141 — 45, b1 + ko — i) U [bq + k1 — i, b + ko — i) if ko < iy < b — by
This particular structure of the sets I; implies that
. J
#{0<i<T5 LN L, #0} < dlke — b+ ko) - ({J +1>,
bi+1 — by

and this yields the desired result. O
Proposition 6.33. — Let T be an operator of Cay-type on £,(N), and define as usual a

_ 1
sequence (Yg)k>1 by setting vy, = 98k —r®) (A(k’))1 » for every k > 1. Suppose that the
sequence (Vi )k>1 15 non-increasing, and that the following two conditions are satisfied:

2 Z #Ji 71/2 and lim — = 0.
E>1

Then T is not U-frequently hypercyclic.
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Proof. — Let x € £,(N) be a hypercyclic vector for 7. Our aim is to prove that x cannot
be a U-frequently hypercyclic vector for T', using Theorem 6.10. We set

By =4~ for every | € J; and every k > 1.
This sequence (5;);>1 is non-increasing and satisfies >~ v/f < 1. Setting

biy1—1 by1—1

X = H Z ( H wj) xkekH for every [ € I, and every k > 1,
k=b, j=k+1

we have || P, z|| < X; and, by Fact 6.12,
; 1
sup || TV Bl < 7 X
Jj=0

for every 0 < n < [, and

bl+171

. 1
swp BT Rl < qo( s T fel) IR
0<j<N i1 —N<k<bj41 s=k+1

for every 1 < N < A® and 0 < n < [ with [ belonging to J;. Setting N; := ay, for every
l € J; and every k > 1, we deduce that

. 1
sup |PATI P < 1 | Pual
0<i<N

for every [ > 0 and every 0 < n < [. In order to check that assumption (C) of Theorem 6.10
holds true, we use Fact 6.32. Let n belong to Ji, and define r = (n—min J;) mod (fr—ax).
We have wy, ; = 1 for every j € (6, A®) —q; —r — 260 U (A®) — g5, — 7, A®)) and

bn+1_1
H ’u)j:1.
J=bn+6k)+1
It follows from Fact 6.32 that
1
<J= J > >1— (M(i )
T #0SI < T IRTI T > X2} 2 11200 (g + 5

for every J > 0, every k > 1, and every [ € Ji. For every k > 1, we thus have

126(k) 1250

i <i<J: J > >1- = - = _.
#10<i < J5 IRTTial > Xof2} 21 - =2 — =

inf
J>a;C J—l—l

Since limy,_, oo % < limp o0 % =0, it follows that

- < i< J: J >
liminf inf JH #{0<i < J;IRTIT o) = X/2)
126K)  125%)
ey 1280 1260y
> liminf (1~ =2~ )

By Theorem 6.10, T is not U-frequently hypercyclic. O
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6.8.3. Chaotic and mixing operators which are not UFHC. — From Proposition 6.31
and 6.33, we immediately deduce

Theorem 6.34. — Let T' be an operator of Cy-type on £y(N), and for every k > 1, set

_ _1
Ve = 9ot —r(® A(k))l . Suppose that the sequence (y)g>1 is non-increasing and that
the following three conditions are met:

(k)
2 Z #Jy 7,1/2 <1, lim o =0 and lim ((5(k) — T(k)) = 0.

k—oo Qp k—oo
k>1

If the set

is cofinite, then T is chaotic and topologically mixing but not U-frequently hypercyclic.

Here is a concrete example of such a chaotic and topologically mixing operator which
is not U-frequently hypercyclic.

Ezxample 6.35. — Let C be a positive integer. Consider the operator of Ca-type T on
£,(N) associated to the parameters

AW = 20K45 k) — 9Ok 1 () = 9O g — k6™ and  fi = %A(’“), k>1.

If C is sufficiently large, then T is chaotic and topologically mixing but not U-frequently
hypercyclic.
Proof. — The operator T is well-defined since
AF) _ g5k — 220k2+5 _ 20k2+3 > 22Ck2+4 =f. and fi = 220k2+4 > k20k2+1 — a
for every k > 1. Moreover, the set
Ulax + 6@, fi, +6*))
E>1
is cofinite since fi, + 6% > ap 1 + 6 if k is large enough. Indeed,
Fo + O — a1 — §k+1) > fo — 241 = 92Ck*+4 _ k2C(k+1)2+2’

and the quantity on the right hand side tends to infinity as & tends to infinity. Finally,
since #J, < AWE #J,_1 and #Jy = 1, we have #J; < H§:1 FAU) < 28CK for every
k > 1. It follows that the remaining assumptions of Theorem 6.34 are also satisfied if C
is sufficiently large. O

Remark 6.36. — The operators constructed in [39] (which are chaotic and not U-fre-
quently hypercyclic) are never topologically mixing. Indeed, the parameters in this con-
struction satisfy the following three conditions:

- the quantity 6, /(b1 — by) tends to 0 as n tends to infinity;

- for every n > 1, by11 — by, is a multiple of 2(b,, — b,—1);

- for every n > 1, 201" (b, 1 — by,) < 2-2(n+1)
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Therefore, for any such operator T, there exists an integer ng such that

1
On < i(bn_l,_l —b,) for every n > ny.

It follows that for every integer n > ng such that 1 does not belong to the set >0 ©l(n),
bn+1 — by, does not belong to Np(B(0,1), B(3ep,, 1)). Indeed, we have for any k > 0

- Thnti=bng, — ¢ if k < by
- P TP+17 e = 0 if k belongs to [by,, byt 1] since 1 does not belong to Uj>o @ (n);
- | P T e P || < 272D | P if 1 > m, by Fact 6.12.

Hence, if 2 is any vector of the unit ball B(0,1), the vector y := TP»+1 70y satisfies

1
bn _bn
| o+ NPT Fiall < 1+ 3 gy <2
n n

Thus y does not belong to the ball B(3ep,,1). Since there are infinitely many integers n >
no such that (J >0 ¥ (n) does not contain 1, this shows that 7" is indeed not topologically
mixing. -

6.9. C-type operators with few eigenvalues. — In this subsection, we exhibit a class
of C-type operators having only countably many unimodular eigenvalues. This provides
further examples of hypercyclic operators on £,(N) with only countably many unimodular
eigenvalues, and such that the associated unimodular eigenvectors span the space (as men-
tioned previously, the question of the existence of such operators was raised by Flytzanis
in [22]).

The general idea of the forthcoming construction is the following: if T' = T}, 4 45 is
an operator of C-type on £,(N) and if the sequence v = (vy,),>1 decreases extremely fast,
then the unimodular eigenvalues of 1" must be roots of unity. This is not such a surprising
statement if one considers what happens in the “degenerate” case where the sequence v is
identically equal to 0: indeed, in this case the operator T" has the form T' = @, -, C;, where

the operators Cj,, n > 0, are finite dimensional cyclic operators satisfying C’,%(b"“fbn) =1

Thus any eigenvalue A of 7' must satisfy A2(bn+1=02) = 1 for some integer n > 0.

Before starting our construction, we determine the spectrum of the operators of C-type
on £,(N) which we consider here:
Fact 6.37. — Let T be a hypercyclic C-type operator on ¢,(N) such that
bn+1—1
lim lwj| = oo.
n—oo

j=bn+1

Then the spectrum of T is the closed disk D(0, R), where

1N
R := limsup sup sup (W1 Wht2 - Wy N)
N—oo n>0 bn<k<bp41—N
bn+1 —bp >N

If T is either a C4 1-type or a C o-type operator on ¢,(N), the spectrum of 7" is thus the
closed disk D(0,2).
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Proof. — Using the notation employed in the proof of Fact 6.2, we observe that T is a
compact perturbation of the direct sum operator C := @, < Cuw,p,n o0 £,(N). Also, the
assumption of Fact 6.37 implies that C is itself a compact perturbation of the forward
weighted shift S on £,(N) defined by

Ser — Wiyl €pr1 if k€ [bp,bpr1—1), n>0
"o ifhk=b,—1, n>1.

So T™ is a compact perturbation of S*, and it then follows from the Fredholm alternative
that if A\ € C is any element of o(7T*) \ ¢(S*), then A is an eigenvalue of 7. But as
T is hypercyclic, its adjoint has no eigenvalue, and it follows that o(7™) is contained in
o(S*). Hence, o(T') is contained in o(S). Conversely, the same argument shows that any
A€ o(S)\o(T) is an eigenvalue of S. But the only eigenvalue of S is 0, so that o(S) is
contained in o(T) U {0}. Now, it is well-known that the o(S) is the closed disk D(0, R)
(see for instance [46]), so that o(T) € D(0,R) C o(T) U {0}. Since o(T) is closed, it
follows that o(T") = D(0, R), and this concludes the proof of Fact 6.37. O

We now come back to our construction of C-type operators with few unimodular eigen-
values. In order to simplify the expressions involved in the results which we are about to
state, we adopt the following notation: if T'=T, ., & is an operator of C-type, we set

Aby = b1 — by for every n > 0.

Also, we will say that an increasing sequence of positive integers (n(m)).,>o is a @-sequence
if
n(m) = ¢(n(m+1)) for all m > 0.

Theorem 6.38. — Let T =T, ,p be an operator of C-type on €,(N). Assume that for
every p-sequence (n(m))m>0, we have

N br(j)+1-1
lim sup [vy, (| - 2"(m)(Abn(m))m —nG) H lwy| | < oo. (35)
m—o0 j=1 n(j) V=by(j)+1

Then each unimodular eigenvalue of T is a root of unity. More precisely, any such eigen-
value X\ must satisfy N2 =1 for some integer n > 0.

The condition appearing in Theorem 6.38 may look a bit strange since it involves all
p-sequences (n(m))m>o (but it will show up naturally in the proof of Theorem 6.38).
However, its general meaning is clear: v, should go to 0 quite fast as n goes to infinity.
Here is a consequence of Theorem 6.38 that makes it rather transparent. Recall that if T
is a C4 1-type or a C4 »-type operator on £,(N), then v,, = 2= for every n € [2F1, 2F)
and every k > 1.

Corollary 6.39. — Let T be a Cy 1-type or a Cy o-type operator on €,(N). Assume that
A(k)/A(k_l) tends to infinity and klog A = O(A(k_l)) as k tends to infinity. If

(k)

lim 277" MAYTY = for every M > 0, (36)

k—00

then all the unimodular eigenvalues of T must be roots of unity.
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Proof of Corollary 6.39. — Let (n(m))m>0 be a y-sequence, and for each m > 0, let us
denote by a,, the quantity appearing in (35), namely

m-1 ) bn)+1—1
Qm = Un(m) - 2nm) (Abn(m))m 7j H Wy
j=1 Abnj) v=b,(j)+1

For any m > 0, let us denote by k;, the unique positive integer such that n(m) belongs to
the interval [2Fm~1 2Fm) Then m < k,, because (n(m)) is a p-sequence.

Observe first that the partial products
m—1
H ) m>1
j=0 Abn(j)

remain bounded (in fact, they tend quickly to 0). Also, since the sequence w is bounded,
there exists a constant A > 1 such that

m—1 bn(j)+1—1 mil Ak kmz_l A
H H |w,| < A=t < A =0 for every m > 1.
j:1 l/:bn(])—l-l

Since A®)/AF=1 tends to infinity as k tends to infinity, it follows that there exists a
positive constant B such that

m—1 bn(j)+1-1

(k',IL_]‘)
H H lw,| < B2 for every m > 1.
7j=1 I/:bn(j)-i-l

Moreover, there also exists a positive constant C' such that 27(m) < 22" < A=Y o,
every m > 1 (again because AK*) /A1 tends to infinity). Lastly, we have

(Abn(m))m = (A(km))m < (A(k’"))km for every m > 1,

and since klog A®) = O(A(kfl)) the quantity (A(km))km is dominated by DA™Y for
some positive constant D. Putting things together, and remembering that v,,,,) = 27 m
for every m > 1, we obtain that there exists a positive constant M such that

7(km) A(km—1)

ay, <27 M for every m > 1.

By (36), this concludes the proof of Corollary 6.39. O]

Remark 6.40. — Condition (36) is compatible with those appearing for example in The-
orems 6.18, 6.22 or 6.29.

Proof of Theorem 6.38. — We start the proof with the following fact.

Fact 6.41. — Fix A € T, and let (p;,)m>1 be a sequence of positive integers tending to
infinity such that p,,41 is a multiple of p,, for every m > 1. Assume that AP # +1 for
every m > 1. Then there exist infinitely many integers m > 1 such that

_bi

|APi £ 1| >
Pm+1

for every 1 < j < m.
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Proof of Fact 6.41. — Writing \ as A = ¢* with # € R\ 7Z, we have for every j > 1
2 2p;
‘)\pf + 1‘ > |sin(p;6)| = sin (dist (p;0,7Z)) > = dist (p;0,7Z) = L3 st (9, 12).
T T

bj
Since py, is a multiple of p; for every j < m and every m > 1, it follows that

!)\pﬂ + l! pj dist (9 —Z) for every m > 1 and every 1 < j < m.

So it suffices to show that there exist infinitely many integers m > 1 such that
7r
dist (0, Z) >
Pm 2pm+1
Towards a contradiction assume that there exists an integer mg and, for every m > my,
an integer k,, such that

‘ kT

™

2Pm41

g — —m-
Pm

<

for every m > my.

We then have

kmm  kpam s T T

Pm Pm+1 20m+1 2Pmi2 " Pmil
and since p,,11 is a multiple of p,,, it follows that

kmm  kpoam
mmE = IR for every mo> my.

Pm Pm+1
Since p,, tends to infinity as m tends to infinity, we conclude that 8 = kmow, so that
0
APmo = £1, which stands in contradiction with our initial assumption. O

Let us now show that every unimodular eigenvalue \ of T' satisfies A®b» = 1 for some
integer n > 0. Let A € T be a unimodular eigenvalue of T', and towards a contradiction,
assume that \2%» £ 1 for every n > 0. Note that since Ab, 41 is an even multiple of Ab,,,
we also have A2 £ —1 for every n > 0.

Let z € £,(N) \ {0} be an eigenvector of T associated to the eigenvalue A. The equation
Tx = Az yields that for every n > 0 and every k € [by, by41), we have

k
Hu:bn+1 Wy

e (37)
and
1
)\:'Ubn = 7an+171 w "rbn+1_1 + Z /Ul‘rbl_',l—l
v=b,+1 Wv leg—1(n)
bl+1 1
Hl/ bl+1 wV
= )\Abn ORI DR Nab—1 Por (38)
lep=1(n)
Since ) /-, 27l = 1, we deduce from the last identity that for every n > 0, there exists
I > n with (1) = n such that
bl+171
-1 —1)\Aby,
ol I lwollas,| =277 A+ Bb T |zp, | = 2" A" + 1 [p,, |-
v=b;+1

Thus, if we set
0= |14 A3,
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the following property holds true: for every n > 0, there exists [ > n with ¢(I) = n such
that
2n—l€n
bip1—1
|Ul‘ Hyl;rél-i-l ‘wu|
Let us choose an integer n(0) such that Tb, o 7 0 (since z is non-zero, such an integer

does exist by (37)). The argument given just above allows us to construct a ¢-sequence
(n(m))m>0 such that

26| 2 |z,

2n(m) —n(m—i—l)En

(m)
n(m+1) | = bn(m+1)+1—1 |:Ebn(m) |
‘Un(m-‘rl | v=by(mi1)+1 | |

|y for every m > 0.

We then have
n(0)—n(m m—1
9n(0)—n( )(H - 5n(j))
b,y | 2 m (+1-1
(T3 ton ) (T T2 o)

and hence (by (37) again)

T for every m > 1,
n(0)

| | PO o)
xbn('rn)+1_1 = by, —1 :Eb"(o) ’
(H;nzl ’Un(j)|> (H v= (iiijl)ﬂ |w V’)

If we now set )
n() 1
(T2 lon ) (TS TLE S o
_ 1
200-nm) (TT7' en)
it suffices to prove that «,, does not tend to infinity as m tends to infinity in order to

obtain a contradiction, since this would imply that x does not belong to ¢g(N). In view
of our assumption (35), this will be verified if we are able to show that

Q1= ,

H En(j) = (Abpmy) ™™ H Ab,jy for infinitely many m > 1. (39)
7=0

At this point, we apply Fact 6.41, con81der1ng the sequence (p,)m>1 defined by setting
Pm = Aby(p_1) for every m > 1. The conclusion is that there exist infinitely many
integers m > 1 such that

Aby, ;i
;= ‘1+)\Abn<a‘)‘ ZAin(]) for every 0 < j <m —1,

n(m)

which gives (39). Theorem 6.38 is proved. O

Remark 6.42. — Assume that by = 1. If n = (n(m))m>0 is a p-sequence such that
n(0) = 0, the proof of Theorem 6.38 shows that if A € T and if we set
bty a1 —1 A
—eor LR TS S,
-1 n 1 by, -1 70
(Hl 1 Yn(l )( i HV (ZH(;H U’V) T w

]:bn(m) V:j+1 v
then xy ) is an eigenvector of T' =T, , ,,» associated to the eigenvalue A, provided that
the series defining xy, ) is convergent. This has the following two interesting consequences.
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(1) An operator of C-type T may quite well have a unimodular eigenvalue A such that the
associated eigenspace ker(7"— \) is not one-dimensional. This happens in particular
if A2%» = —1 for some integer n and if there exists m # n such that Ab,, = Ab,,.

bp—1)+1-1 -1 . . .
(2) If we assume that v, = (HV":(Z 8:1) 41 wl,> , we obtain the following expression

for xp x:

b —1 .
) n(m)+1 Abn(my+1—1-7

$ (142200

xn,)\ = €0 + b 1

— Un(1) . H n(m)+1 w
m=1 ]:bn(m) V:j+1 v

This vector is well-defined for some unimodular numbers A which are not roots of
unity, provided that the sequence (Abn(l—n)lzl is suitably chosen. Therefore, oper-
ators of C-type can have unimodular eigenvalues which are not roots of unity.

6.10. C, ;-type operators can be ergodic. — To conclude this section, we show that
C4 1-type operators can also have lots of eigenvalues, to the point of being even mixing in
the Gaussian sense.

Theorem 6.43. — Let T = T, y o be a Cy1-type operator on L2(N). Suppose that
b1 =1, and that the series

O e 30 (51 _p(h))
doao= A (40)

m=1

is convergent. Then T is mizing in the Gaussian sense.

Proof. — Since T is a C4-type operator, we know that the map ¢ is given by ¢(n) =
n —2F1if 28=1 < p < 28 k > 1. From this it follows that a sequence n = (n(m))m>o0
with n(0) = 0 is a p-sequence if and only if there exists an increasing sequence of positive
integers (K, )m>1 such that

n(m) = ofi=l .y okm—l g every m > 1.

More precisely, k,, is for each m > 1 the unique positive integer such that 2¥»~1 < n(m) <
2Fm In this case, we say that n is the p-sequence associated to the sequence (km)m>1-

With these notations, the formula of Remark 6.42 defining xy, ) for a p-sequence n and
an element A of T can be rewritten as follows:

$ I 103

m m—1 5(km)7(j7b )
k K . n(m)
=1 2_127( l)+z§1 sk =Bt maX(1,2 )

b —1 .
) n(m)+1 Abn(m)-!—l_l_]

Tn) = €0+ €j

k by(m)+1—1 .
I, (1 + ARy ey Abn(m)+1-1-]

m=1 T(k1>+ f: (5(’“171)77(16[)) j_b max(l’ 25<km)7(37bn(m)))
) =5 =On(m

=eo + €;.

(m)
We will say that a ¢-sequence n with n(0) = 0 is a good ¢-sequence if z, » is well-defined

for every A € T and if the map A — xy ) is continuous from T into fo(N).

Fact 6.44. — For any integer n > 1, there exists a good ¢-sequence n passing through
n, i.e. such that n(r) = n for some integer r > 1.
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Proof of Fact 6.44. — Write n asn = 2"~1 4 ... 4 20—1 with 1 < ky < --- < k,, and
set kyyi := ky, + i for every ¢ > 1. Then the p-sequence n associated to (kn,)m>1 passes
through n. Moreover, since k,4; := k, + i for every ¢ > 1, it follows from the assumption
that the series (40) is convergent that the series

-1
NG

m—

>

m>1

m

is convergent as well. Since ‘H;’il(l + )\Nkl))’ < 2™ for every m > 1 and every A € T, this

implies that n is a good y-sequence. O

Fact 6.45. — Let n be a good p-sequence. If y =3 .~ y;e; is a vector of £5(N) which
is orthogonal to xy ) for every A € T, then

=0 and Yy = 0 for every j € U [bn(m)’ bn(m)+1).
m>1

Proof of Fact 6.45. — Let (km)m>1 be the increasing sequence of integers associated to
n, and set ko := 0. By assumption and in view of the definition of x, ), we have

o m
Yo + Z H(l + )\A(kl_l>) Z cm,jAbn<m)+1—1—jyj =0 (41)

m=1 I=1 b (m) <J<bp(m)+1

for every A € T, where the ¢, ; are non-zero scalars which do not depend on .

Equality (41) applied to A := —1 yields that yo = 0. Indeed, since Ak0) = b — by =
1, we have (1 + )\A(ko)) = 0, and the factor (1 4+ /\A(kO)) appears in each of the terms
[T, (1+ )\A(kl_l)). Now, take A such that AA2*" = —1. Then I (1 + )\A(kl_l)) =0

for every m > 2. Moreover, (1 + )\Nkm) is non-zero because A*1) is an even multiple of
Ako) So we get

> agAen Ty = (42)

b (1)<Ji<bp(1)+1

for every A such that A Denoting by A; the set of all such elements A, and

recalling that n(1) = 2171, we can rewrite (42) as

A1) 1
Z zsA° =0 for every A € Aq,
s=0

where z, = ¢y for every 0 < s < A1) Since Ay has cardinality

n(1)+1—1—sybn<1)+1—1—5
A it follows that z, = 0 for every 0 < s < A1) and hence that y; = 0 for every
bn(l) <Jj< bn(l)—i—l'

Continuing in this way, we obtain that for every m > 1, y; = 0 for every j belonging to
the interval [by,(m), by (m)+1), Which proves our claim. O

It is now easy to conclude the proof of Theorem 6.43. Let us denote by G the set of all
good g-sequences, and set By () := xq ) for every n € G and every A € T. Then the maps
E, : T — ¢3(N), n € G, are continuous eigenvector fields for T' defined on T. Facts 6.44
and 6.45 then imply that span { Eq(\); n € G, A € T} = £3(N). By [8], it follows that T
is strongly mixing in the Gaussian sense. O
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Exzample 6.46. — If we consider the C j-type operator T' on ¢3(N) associated to the
data 6*) = 2k, 7() = %6(’“) and A*) = 25+ k> 1 then T is mixing in the Gaussian
sense.

Remark 6.47 — Condition (40) is incompatible with the “additional assumptions” of
Theorem 6.18. Indeed, the latter imply that v; tends to zero as k tends to infinity, and
hence that 7(*) — §(*=1) tends to infinity.

7. A few questions

We conclude the paper with a short list of questions. Most of them have already been
stated in the paper, at least implicitly. Some of them will perhaps be found interesting
and not hopelessly intractable.

Question 7.1. — For which Banach spaces X with separable dual do the “typicality”
results proved here for Hilbert spaces hold true?

Question 7.2. — Do there exist ergodic operators on ‘H without eigenvalues?

Question 7.3. — Do there exist at least Hilbert space operators admitting non-trivial
invariant measures but no eigenvalues?

Question 7.4. — Let M > 1. What is the descriptive complexity of ERG/(H) and
INV s (H), with respect to SOT and/or SOT*? In particular, are these sets Borel in By, (H)?

Question 7.5. — Let M > 1. Is UFHC)/(#H) a true II} set in (B (H),S0T*)? Is
UFHC s (H) N CHyy(H) a true difference of 39 sets?

Question 7.6. — Let M > 1. Is FHC);(H) Borel in B, (H)?

Question 7.7. — Let T € B(H). Assume that T is hypercyclic, and that there exists
a sequence (u;);>1 of unimodular eigenvectors with rationally independent eigenvalues
spanning a dense linear subspace of ‘H . Is T ergodic, or at least frequently hypercyclic?
U-frequently hypercyclic?

Question 7.8. — Let X be a sequence of distinct unimodular complex numbers tending
to 1, and let w be a bounded sequence of positive numbers. If the operator Ty, = Dy + B,
acting on ¢5(N) is hypercyclic, is it necessarily ergodic, or at least frequently hypercyclic?
U-frequently hypercyclic?

Question 7.9. — When exactly is an operator of the form T} ,, = Dy + B, hypercyclic?

Question 7.10. — Let M > 1. Is the class of chaotic operators belonging to T/(H)
comeager in Ty (H)?
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Question 7.11. — Let T be a Banach space operator. Assume that 7" has a dense set
of uniformly recurrent points. Does it follow that T has a non-zero periodic point?

Question 7.12. — Let T be a hypercyclic operator. Assume that ¢(7') > 0 and that
T admits an invariant measure with full support. Does it follow that T is U-frequently
hypercyclic?

Question 7.13. — Let X be a Banach space, and let T' € B(X) have the OSP. Are the
ergodic measures for 1" dense in the space of all T-invariant measures?

Question 7.14. — On which Banach spaces is it possible to construct frequently hyper-
cyclic operators which are not ergodic and/or U-frequently hypercyclic operators which
are not frequently hypercyclic?
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