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Part I: From Operads to Grothendieck-Teichmüller Groups

by

Benoit Fresse

This document is the first part of a research monograph in preparation on the
homotopy of operads and Grothendieck-Teichmüller groups. The ultimate objective
of this work is to prove that the Grothendieck-Teichmüller group is the group of
homotopy automorphisms of a rational completion of the little 2-discs operad.

The full monograph will include two volumes. This first volume includes a
comprehensive introduction to the fundamental concepts of operad theory, a survey
chapter on little discs and En-operads, a detailed study of the connections between
little 2-discs and braids, an introduction to the theory of Hopf algebras and the
Malcev completion of groups, and a report on the definition of the Grothendieck-
Teichmüller group from the viewpoint of the theory of algebraic operads. Most
concepts are carefully reviewed in order to make this account accessible to a broad
readership, which should include graduate students as well as researchers coming
from various fields of mathematics related to our main topics. We conclude this
part with the definition of a map from the pro-unipotent Grothendieck-Teichmüller
group towards the group of homotopy automorphism classes of the rationalization
of the little 2-disc operad. The proof that this map defines an isomorphism is the
subject of the second volume.

This volume covers the content of a master degree course “Operads 2012”, given
by the author at université Lille 1, from January until April 2012. See:

http://math.univ-lille1.fr/~operads/2012courses.html#Lille

This work has in part been written during stays at the École Normale Supérieure
de Paris, at Northwestern University, and at the Max-Planck-Institut für Mathe-
matik in Bonn. The author is grateful to these institutions for outstanding working
conditions, and to numerous colleagues for their warm welcome which has greatly
eased this writing task. I thank Christine Vespa for many accurate observations on
this work. I am also grateful to the participants of the course “Operads 2012” for
invaluable feedbacks on the matter of this volume.

Lille, 31 December 2012
Benoit Fresse
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General Introduction

The first purpose of this work is to give an overall reference, starting from
scratch, on applications of algebraic topology methods to the study of operads in
topological spaces. Most definitions, notably fundamental concepts of operad and
homotopy theory, are carefully reviewed in order to make our account accessible to
a broad readership, including graduate students, and researchers coming from the
various fields of mathematics related to our subject.

Then our ultimate objective is to give a homotopical interpretation of a deep
relationship between operads and Grothendieck-Teichmüller groups. This connec-
tion, which has emerged from research on the deformation quantization process in
mathematical physics, gives a new approach to understanding internal symmetries
of structures occurring in various constructions of algebra and topology.

We review the formal definition of an operad in the first part of this volume.
Simply recall for the moment that an operad is a structure, formed by collections
of abstract operations, which is used to define a category of algebras. In our study,
we mainly consider the example of En-operads, n = 1, 2, . . . ,∞, used to model a
hierarchy of homotopy commutative structures, from fully homotopy associative
but not commutative (n = 1), up to fully homotopy associative and commutative
(n = ∞). For the reader, we should mention that the notion of an E1-operad is
synonymous to that of an A∞-operad, used in the literature when one only deals
with purely homotopy associative structures.

The notion of an En-operad formally refers to a class of operads, rather than
to a singled out object. This class consists, in the initial definition, of topological
operads which are homotopically equivalent to a reference model, the Boardman-
Vogt operad of little n-discs Dn. The operad of little n-cubes, which is a simple
variant of the little n-discs operad, is also used in the literature to provide an
equivalent definition of the class of En-operads. We provide detailed recollections
on these notions in the second part of this volume. Nevertheless, as we explain
soon, our main purpose is not to study En-operads themselves, but homotopy
automorphisms groups attached to these structures.

Before explaining this goal, we survey some motivating applications of En-
operads, which are not our main subject matter (we only give short introductions
to these topics), but illustrate our approach of the subject.

The operads of little n-discs Dn were initially introduced to collect operations
acting on iterated loop spaces. The first main application, which has motivated the
definition of these operads, was the Boardman-Vogt and May recognition theorems
asserting, in the most basic outcome, that any connected space equipped with an
action of Dn is homotopy equivalent to an n-fold loop space ΩnX (see [25, 26]
and [134]).

vii



viii GENERAL INTRODUCTION

Recall that the set of connected components of an n-fold loop space ΩnX is
identified with the nth homotopy group πn(X) of the space X, a group which is
abelian as soon as n > 1. The action of Dn on ΩnX includes a product operation
µ : ΩnX × ΩnX → ΩnX which, at the level of connected components, gives the
composition operation of the group πn(X) for any n > 0. The operad Dn carries
the homotopies making this product associative (and commutative for n > 1), and
includes further operations, representing fine homotopy constraints, which we need
to form a faithful picture of the structure of the n-fold loop space ΩnX.

This outline gives the initial topological interpretation of En-operads. But this
topological picture has also served as a guiding idea for a study of En-operads in
other domains. Indeed, new applications of En-operads, which have initiated a
complete renewal of the subject, have been discovered in the fields of algebra and
mathematical physics, mostly after the proof of the Deligne conjecture asserting
that the Hochschild cochain complex C∗(A,A) of an associative algebra A inherits
an action of an E2-operad. In this context, we deal with a chain version of the
previously considered topological little 2-discs operad D2.

The cohomology of the Hochschild cochain complex C∗(A,A) is identified in de-
gree 0 with the center Z(A) of the associative algebra A. In a sense, the Hochschild
cochain complex represents a derived version of this ordinary center Z(A). From
this point of view, the construction of an E2-structure on C∗(A,A) determines, as
in the study of iterated loop spaces, a fine level of homotopical commutativity of
the derived center, beyond an apparent commutativity occurring at the cohomology
level. The first proofs of the Deligne conjecture have been given by Kontsevich-
Soibelman [106] and McClure-Smith [135]. The interpretation in terms of derived
centers has been emphasized by Kontsevich [104] in order to formulate a natural
extension of the conjecture for algebras over En-operads, where we now consider
any n ≥ 1.

The verification of the Deligne conjecture has yielded a second generation of
proofs, promoted by Tamarkin [169] and Kontsevich [104], of the Kontsevich for-
mality theorem giving the existence of deformation quantizations. These new ap-
proaches also involve the application of Drinfeld’s associators, which are used to
transport the E2-structure yielded by the Deligne conjecture on the Hochschild
cochain complex to the cohomology. In the final outcome, one obtains that each
associator gives rise to a deformation quantization functor. This result has hinted
the existence of a deep connection between the deformation quantization problem
and the program, initiated in Grothendieck’s famous “esquisse” [82], which aims to
understand Galois groups through geometric actions on curves. The Grothendieck-
Teichmüller groups are devices, introduced in this program, encoding the infor-
mation which can be captured through the actions considered by Grothendieck.
The correspondence between associators and deformation quantizations imply that
a rational pro-unipotent version of the Grothendieck-Teichmüller group GT 1(Q)
acts on the moduli space of deformation quantizations. The initial motivation of
our work was the desire to understand this connection from a homotopical view-
point, in terms of homotopical structures associated to E2-operads. The homotopy
automorphisms of operads come into play at this point.

Recall again that an operad is a structure encoding a category of algebras. The
homotopy automorphisms of an operad P are transformations, defined at the operad
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level, encoding natural homotopy equivalences on the category of algebras associ-
ated to P. In this interpretation, the group of homotopy automorphism classes
of E2-operads, which we actually aim to determine, represents the internal sym-
metries of the first level of homotopy commutative structures which E2-operads
encode. In the rational setting, we establish that this group is isomorphic to the
pro-unipotent Grothendieck-Teichmüller group GT 1(Q). This result is new and
represents the main outcome of our work. In a more general context, we formulate
a conjecture relating the group of homotopy automorphism classes of E2-operads
to a Lie algebra, defined over Z, underlying a graded version of the Grothendieck-
Teichmüller group.

Let us focus on the rational case. In this context, we naturally have to consider
a rational version of E2-operads. Thus, to reach our result, we have beforehand to
set up a new rational homotopy theory for topological operads and to give a sense
to the rationalization of topological operads. We actually define an analogue of
the Sullivan model of the rational homotopy of spaces [166] for operads. We sim-
ply deal with cosimplicial commutative algebras (instead of Sullivan’s differential
graded algebras) in order to work out general difficulties occuring with the model
of multiplicative structures in Sullivan’s theory. We also consider cooperads, the
dual structures of operads, when we form our model. We precisely show that the
rational homotopy of an operad in topological spaces is determined by an associated
cooperad in cosimplicial commutative algebras (a cosimplicial Hopf cooperad). We
have a small model of the cooperad associated to little 2-discs given by the cochain
complex of certain Lie algebras, the Drinfeld-Kohno Lie algebras, which were ini-
tially introduced for the study of configuration spaces and pure braid groups from
an infinitesimal viewpoint.

The other main topics considered in our study include the application of Koszul
duality techniques, operadic deformation complexes and spectral sequences for the
computation of mapping spaces attached to operads. We aim to give a detailed
and comprehensive introduction to the applications of these methods for the study
of operads from the point of view of homotopy theory.





Mathematical Goals

The ultimate goal of this work, as we explain in the general introduction, is to
prove that the Grothendieck-Teichmüller group represents, at least in the rational
setting, the group of homotopy automorphism classes of E2-operads. This objective
can be taken as a motivation to read this book or as a guiding example of application
of our methods.

The definition of an operad is recalled with full details in the first part of this
volume. In this introductory section, we only aim to give an idea of our main results.
Let us simply recall that an operad P basically consists of a collection P(r) (r ∈ N),
where each object P(r) parameterizes operations with r inputs p = p(x1, . . . , xr),
together with a multiplicative structure, which models the composition of such
operations. We can define operads in any category equipped with a symmetric
monoidal structure M. We then assume P(r) ∈M, and we use the tensor product
operation, given with this category M, to define the composition structure attached
to our operad. The operads in a base symmetric monoidal category form a category,
which we denote by MOp, or more simply, by Op = MOp, when this ambient
category M is fixed by the context. An operad morphism f : P → Q naturally
consists of a collection of morphisms in the base category f(r) : P(r) → Q(r)
(r ∈ N) preserving the structures attached to operads.

For technical reasons, we have to consider operads P+ equipped with a distin-
guished element ∗ ∈ P+(0) (whenever the notion of an element makes sense), which
represents an operation with zero input (a unitary operation in our terminology).
In the set-theoretic context, we moreover assume that P+(0) is a one-point set
reduced to this element. In the module context, we assume that P+(0) is a one
dimensional module over the ground ring. In a general setting, we assume that
P+(0) is the unit object given with the tensor structure of our base category. We
then say that P+ forms a unitary operad. We use the notation Op∗ to refer to the
category of unitary operads. The lower-script ∗ indicates the fixed arity zero com-
ponent assigned to this category of operads. We usually consider together both a
non-unitary operad P, which has no term in arity 0, and an associated non-unitary
operad P+, where the arity zero term, spanned by the distinguished operation
∗ ∈ P+(0), is added. We therefore follow the convention to use a lower-script +,
marking the addition of this term, for the notation of the unitary operad P+. We
often perform constructions on the non-unitary operad P first, and on the unitary
operad P+ afterwards, by assuming that the additional distinguished element (or
unit term) of P+ is preserved by the operations involved in our construction. We
use the expression of unitary extension to refer to this process.

In topology, an E2-operad usually refers to an operad in the category of spaces
which is equivalent to Boardman-Vogt’ operad of little 2-discs D2 in the homotopy

xi
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category of operads. The spaces D2(r) underlying this operad have a trivial homo-
topy in dimension ∗ 6= 1, and for ∗ = 1, we have π1 D2(r) = Pr, where Pr denotes
the pure braid group on r strands. Thus, the space D2(r) is an Eilenberg-MacLane
space K(Pr, 1) associated to the pure braid group Pr. For our purpose, we consider

a rational pro-nilpotent completion of the little 2-discs operad D̂2, for which we

have π1D̂2(r) = P̂r, where P̂r denotes to the Malcev completion of the group Pr.

The precise construction of such an operad D̂2 is given in a general context in
the second volume of this work, where we define an operadic version of the Sul-
livan rationalization functor on topological spaces. We also have a simple model

of this operad D̂2 which is defined by elaborating on the Eilenberg-MacLane space
interpretation of the little 2-discs spaces. We give a brief outline of this approach
soon.

Homotopy automorphisms can be defined in the general setting of model cate-
gories, which provide a suitable axiomatic framework for the application of homo-
topy theory concepts to operads. In order to introduce our subject, we first explain
a basic interpretation of the general definition of a homotopy automorphism in the
context of topological operads.

We have a natural homotopy relation ' for morphisms of operads in topolog-
ical spaces. We proceed as follows to define this concept. To a topological operad

Q, we associate the collection of path spaces Q∆1

(r) = MapTop([0, 1],Q(r)), which
inherits an operad structure from Q and defines a path-object associated to Q in
the category of topological operads. Then we explicitly define a homotopy between

operad morphisms f, g : P → Q as an operad morphism h : P → Q∆1

satisfying

d0h = f , d1h = g, where d0, d1 : Q∆1 → Q are the natural structure morphisms

(evaluation at the origin and at the end point) associated with our path-object Q∆1

.
This homotopy h is intuitively equivalent to a continuous family of operad mor-
phisms ht : P → Q going from h0 = f to h1 = g.

In a first approximation, we take the sets of homotopy classes of operad mor-
phisms as the morphism sets of a homotopy category Ho(TopOp) associated with
the category of topological operads TopOp. In principle, we have to deal with a
suitable notion of cofibrant object in the category of operads, and to replace any
operad by a cofibrant resolution, in order to use this definition of morphism set.
The homotopy category, more properly defined after this replacement of each object
by a cofibrant resolution, is identified with a localization with respect to a class of
weak-equivalences in the category of operads. But we will explain this issue later
on. We focus on the basic definition of the morphism sets of the homotopy category
for the moment.

The groups of homotopy automorphism classes, which we aim to determine, are
the groups of automorphisms in the homotopy category Ho(TopOp). The automor-
phism group AutHo(TopOp)(P) associated to a given operad P ∈ TopOp accordingly
consists of homotopy classes of morphisms f : P → P, which have a homotopy
inverse g : P → P satisfying fg ' id and gf ' id , where we consider, at each level,
the operadic homotopy relation.

Note that a topological operad P gives rise to an operad object in the homotopy
category of topological spaces Ho(Top), and we could also study the automorphism
group AutHo(Top)Op(P) formed in this category of homotopical operads. But these
naive automorphism groups differ from our groups of homotopy automorphisms
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and do not give the appropriate structure for the homotopy version of usual con-
structions of group theory (like homotopy fixed points). Indeed, an automorphism
of the operad P in the homotopy category of spaces Ho(Top) is just a collection of
homotopy classes of maps f(r) ∈ [P(r),P(r)], invertible in the homotopy category
of spaces, and preserving the operadic structures up to homotopy, unlike our ho-
motopy automorphisms which preserve the operadic structures strictly. Moreover,
actual operad morphisms f, g : P → Q define the same morphism of operads in the
homotopy category of spaces Ho(Top) as soon as we have a homotopy of maps (re-
gardless of operad structures) between f(r) and g(r), for each r ∈ N. Thus, operad
morphisms which are homotopic in the strong operadic sense determine the same
morphism of operads in the homotopy category of spaces Ho(Top), but the con-
verse implication does not hold. By associating the collection of homotopy classes
of maps f(r) : P(r) → P(r) to a homotopy automorphism f ∈ AutHo(TopOp)(P),
we obtain a mapping AutHo(TopOp)(P) → AutHo(Top)Op(P), from the group of ho-
motopy classes of homotopy automorphisms towards the group of automorphisms
of the operad in the homotopy category of spaces, but this mapping is neither an
injection nor a surjection in general.

To apply methods of algebraic topology, we associate to any operad P a whole
simplicial set of homotopy automorphisms hAutTopOp(P) rather than a single group
of homotopy automorphism classes. This group AutHo(TopOp)(P), which we primar-
ily aim to determine, is identified with the set of connected components of this
space π0(hAutTopOp(P)). In the second volume of this work, we explain the defini-
tion of these homotopy automorphism spaces in the general context of cofibrantly
generated model categories. For the moment, we simply give a short outline of the
definition for topological operads.

First, we extend the definition of our path object, and we consider, for each

n ∈ N, an operad P∆n

defined by the collection of function spaces P∆n

(r) =

MapTop(∆n,P(r)) on the n-simplex ∆n. This operad sequence P∆n

inherits a sim-
plicial structure from the topological simplices ∆n. In particular, since we obviously

have P = P∆0

, we have a morphism v∗ : P∆n → P associated to each vertex v of
the n-simplex ∆n. The simplicial set hAutTopOp(P) is given in dimension n by the

morphisms of topological operads f : P → P∆n

so that the composites v∗f form ho-

motopy equivalences of the operad P = P∆0

, for all vertices v ∈ ∆n. From this def-
inition, we immediately see that the 0-simplices of the simplicial set hAutTopOp(P)
are the homotopy equivalences of the operad P, the 1-simplices are the operadic

homotopies h : P → P∆1

between homotopy equivalences, and therefore, we have
a formal identity AutHo(TopOp)(P) = π0 hAutTopOp(P), between our group of homo-
topy automorphism classes AutHo(TopOp)(P) and the set of connected components
of hAutTopOp(P).

In what follows, we adopt a common usage of homotopy theory to call space
any simplicial set regarded as a combinatorial model of a topological space. We
accordingly say homotopy automorphism space for the simplicial set hAutTopOp(P)
which we associate to an operad P.

Besides homotopy equivalences, we consider a class of morphisms, called weak-
equivalences, which are included in the definition of a model structure on the cate-
gory of operads. We adopt the standard notation of the theory of model categories
∼−→ to refer to this class of distinguished morphisms. The notion of a model cate-
gory also includes the definition of a class of cofibrant objects, generalizing the cell
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complexes of topology, and which are well suited for the homotopy constructions
we aim to address.

To be more specific, recall that a map of topological spaces f : X → Y is
a weak-equivalence when this map induces a bijection on connected components

f∗ : π0(X)
'−→ π0(Y ) and an isomorphism on homotopy groups f∗ : π∗(X,x)

'−→
π∗(Y, f(x)), for all ∗ > 0, and any choice of base point x ∈ X. We define a weak-
equivalence of operads as an operad morphism f : P → Q of which underlying
maps f(r) : P(r)→ Q(r) are weak-equivalences of topological spaces.

In the context of topological spaces, a classical result asserts that any weak-
equivalence between cell complexes is homotopically invertible as a map of topologi-
cal spaces. In the context of operads, we similarly obtain that any weak-equivalence
between cofibrant operads f : P

∼−→ Q is homotopically invertible as an operad mor-
phism: we have an operad morphism in the converse direction g : Q → P as our
weak-equivalence f : P

∼−→ Q such that fg ' id and gf ' id , where we now consider
the operadic homotopy relation (as in the definition of a homotopy automorphism
for operads).

The proof of the model category axioms for operads includes the construction
of a cofibrant replacement functor, which assigns a cofibrant operad Q equipped
with a weak-equivalence Q

∼−→ P to any given operad P. The definition of the
homotopy category of topological operads in terms of homotopy class sets of mor-
phisms is actually the right one when we replace each operad P by such a cofibrant
model Q

∼−→ P. In particular, when we form the group of homotopy automorphism
classes of an operad AutHo(TopOp)(P), we have to assume that P is cofibrant as an
operad, otherwise we tacitely assume that we apply our construction to a cofibrant
replacement of P. The general theory of model categories ensures that the obtained
group AutHo(TopOp)(P) does not depend, up to isomorphism, on the choice of this
cofibrant replacement. We have similar results and we apply similar conventions
for the homotopy automorphism spaces hAutTopOp(P).

We go back to the little 2-discs operad. We aim to determine the homotopy

groups of the homotopy automorphism space hAutTopOp(D̂2+) associated to the
rationalization of D2, and in the unitary operad context, which we mark by the
addition of the lower-script + in our notation. Recall that the connected com-

ponents of this space hAutTopOp(D̂2+) correspond to homotopy classes of operad

homotopy equivalences f : Q̂2+
∼−→ Q̂2+, where Q̂2 denotes a cofibrant model of the

rationalized little 2-discs operad D̂2. In our study, we just focus on the subspace

hAut1
TopOp(D̂2+) formed by the connected components of hAutTopOp(D̂2+) which

are associated to morphisms f inducing the identity on homology groups. The whole

group π0 hAutTopOp(D̂2+) is actually a semi-direct product of π0 hAut
1
TopOp(D̂2+)

with a copy of the multiplicative group Q×. Our result reads:

Theorem A. The automorphism space of the rational pro-nilpotent completion

of the little 2-discs operad D̂2+ satisfies

π∗ hAut
1
TopOp(D̂2+) =

{
GT 1(Q), for ∗ = 0,

0, otherwise,

where GT 1(Q) denotes the rational pro-unipotent version of the Grothendieck-Tei-
chmüller group, as defined by V. Drinfeld in [48].

Benoit Fresse
Autocollant
For *>1. The action of SO(2) on little 2-discs still gives a non-trivial homotopy group (Q,+) in dimension 1.
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The identity established in this theorem is a new result. The ultimate goal of
this work precisely consists in proving this statement.

The superscript in the notation GT 1(Q) refers, as in the expression of the

homotopy automorphism space hAut1
TopOp(D̂2+), to a version of the Grothendieck-

Teichmüller group where a multiplicative group factor Q× is removed (see [48]).

At the beginning of this survey, we explained that the operad of little 2-discs
D2 consists of Eilenberg-MacLane spaces K(Pr, 1), where Pr denotes the pure braid

group on r strands, and the associated rationalized operad D̂2 consists of Eilenberg-
MacLane spaces K(P̂r, 1), where we now consider the Malcev completion of the
group Pr. We have a standard model of the Eilenberg-MacLane spaces K(Pr, 1),
given by the classifying spaces of the groups Pr. But these spaces do not form an
operad. Nevertheless, we can adapt this classifying space approach to give a simple
model of E2-operad. Instead of the pure braid group Pr, we consider the classifying
space of a groupoid of parenthesized braids PaB(r). The morphisms of this groupoid
are braids on r strands indexed by elements of the set {1, . . . , r}. The parenthesiza-
tion refers to an extra structure, added to the contact points of the braids, which
define the object sets of our groupoid. Unlike the pure braid groups Pr, the col-
lection of groupoids PaB(r) forms an operad in the category of groupoids, and the
associated collection of classifying spaces B(PaB)(r) = B(PaB(r)) forms an operad
in topological spaces. We check, by relying on an argument of Z. Fiedorowicz, that
this operad B(PaB) is a model of E2-operad.

For the rationalized operad of little 2-discs D̂2, we also have a simple classifying

space model B(P̂aB), where we consider an operad P̂aB formed by applying a Mal-
cev completion construction to the groupoids PaB(r) underlying the parenthesized
braid operad.

The Grothendieck-Teichmüller group GT 1(Q) can actually be identified with
an automorphism group associated with (a unitary extension of) this operad in

groupoids P̂aB, and an automorphism of topological operad Bφ : B(P̂aB)+
'−→

B(P̂aB)+ can be associated to any element in this group φ ∈ GT 1(Q) by functori-
ality of the classifying space construction. This automorphism lifts to a homotopy

automorphism B̃φ : Q̂2
∼−→ Q̂2 on any chosen cofibrant model Q̂2 of the rationalized

operad of little 2-discs D̂2, so that we have a well-defined rational homotopy auto-
morphism of E2-operad associated to our element φ ∈ GT 1(Q). Our main theorem
precisely asserts that this construction gives exactly all homotopy automorphism
classes of E2-operads over the rationals.

We know, when we forget about operad structures, that the group of homotopy
automorphism classes of the classifying space BG of a discrete group G is identified
with the outer automorphism group Out(G). But we are not able to follow this

approach in our setting, though our operad has a model of this form B(P̂aB) where

we just consider the discrete groupoids P̂aB(r) instead of discrete groups. Let us
insist that we need a cofibrant model of E2-operad in order to define our group
of homotopy automorphism classes. If we apply standard cofibrant replacement

constructions to the operad B(P̂aB), then we still get a rational cofibrant model of

E2-operad consisting of classifying spaces B(Res• P̂aB(r)), for a certain operad in

groupoids Res• P̂aB, but the groupoids underlying this operad Res• P̂aB(r) are no
longer discrete, and we have no insight that a model, which would be both cofibrant
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and formed by classifying spaces of discrete groupoids, exists for the operad of
little 2-discs (over the rationals). Most of this work is therefore devoted to the
development of new methods from which we establish the result of Theorem A.

We actually gain our result at the level of a category of cosimplicial Hopf
cooperads c Hopf Opc∗, which we introduce as a suitable analogue of Sullivan’s model
for the rational homotopy of operads. The theorem which we obtain in this context
is also worth recording in view towards algebraic applications of E2-operads.

The superscript c in the notation of this category c Hopf Opc∗ refers to cooper-
ads. The subscript ∗ refers to an adaptation of the definition of unitary structures
in the cooperad context. The prefix c marks cosimplicial structures. Just say, for
the moment, that a cooperad is a structure C , dual to an operad, which essentially
consists of a collection of objects of the base category C (r) ∈ M together with
a comultiplicative structure of a form opposite to the composition operations of
an operad. The cosimplicial Hopf cooperads C , which we consider in our study,
are cooperads in the category of cosimplicial unitary commutative algebras over Q,
and the collection C (r) underlying such a cooperad consists of objects in this cat-
egory M = c Com+.

In the usual Sullivan model for the rational homotopy of topological spaces, we
deal with differential graded commutative algebras rather than cosimplicial com-
mutative algebras. In the operadic context, we delay the application of differential
graded constructions in order to work out difficulties arising from the Eilenberg-
Zilber equivalence and the general problem of constructing the model of multiplica-
tive structures on spaces.

To an operad in topological spaces P, we can associate the collection of sin-
gular complexes Sing•(P(r)) of the topological spaces underlying P, which forms
an operad in simplicial cocommutative coalgebras Sing•(P) (a simplicial Hopf op-
erad for short). To define our model for the rational completion of P, we take
k = Q as coefficient ring for the singular complexes, and we form a dual construc-
tion assigning a cosimplicial Hopf cooperad Sing•] (P) to P. The obvious dual of
the singular complex does not work, because this functor from spaces to cosim-
plicial modules preserves multiplicative structures up to homotopy only, and we
need more rigidity in our construction. The idea is to define a contravariant func-
tor Sing•] (−) : TopOpop∗ → c Hopf Opc∗ by adjunction from the singular complex

functor Sing•(−) : P 7→ Sing•(P), where we regard the Hopf operad Sing•(P)
associated to any P ∈ TopOp∗ as a whole. The mark ] in our notation refers to
this operadic upgrade of the dual singular complex construction.

We define a functor from cosimplicial Hopf cooperads to topological operads
G(−) : c Hopf Opc∗ → TopOpop∗ , and we prove that, under mild finiteness assump-
tions, the image of the cosimplicial Hopf cooperad Sing•] (P) under a left derived

functor of G(−) returns a topological operad P̂ = L G(Sing•] (P)) connected to P

by a morphism (in the homotopy category of operads) inducing the rationalization

on homotopy groups. Thus, the composite construction P̂ = L G(Sing•] (P)) gives a
suitable model for the rationalization process in the category of topological operads.

From this result, we essentially retain that the rational completion of a topolog-
ical operad is naturally built on its Hopf cooperad counterpart, and this gives our
actual reason to address rational homotopy problems about operads in the Hopf
cooperad context.
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The category c Hopf Opc∗ inherits a model structure, like the category of topo-
logical operads, so that we can apply the general theory of model categories to define
groups of homotopy automorphism classes AutHo(cHopfOpc∗)(A), as well as homotopy
automorphisms spaces hAutcHopfOpc∗(A), for any object A ∈ c Hopf Opc∗. In the
case of topological operads, we already mentioned that homotopy automorphisms
spaces are well defined for cofibrant objects only. In the case of cosimplicial Hopf
cooperads, we have to consider both cofibrant and fibrant replacements before ap-
plying the homotopy automorphism construction.

The results obtained in our study of the rational homotopy of operads imply
that the group of homotopy automorphisms attached to the model Sing•] (P) of
an operad in spaces P is isomorphic to the group of homotopy automorphisms at-

tached to the rational completion of this operad P̂. We actually have a homotopy
equivalence, defined at the level of homotopy automorphism spaces, and underlying
this isomorphism of groups of homotopy automorphism classes. Thus, homotopy
automorphisms of rationalized operads are computable at the level of Hopf coop-
erads.

For the little 2-discs operad P = D2, the object Sing•] (D2) gives a reference
model of E2-cooperad in cosimplicial commutative algebras. For our study, we
may consider another model. Indeed, we can use the already considered groupoids

of parenthesized braids PaB(r) to form a cosimplicial Hopf E2-cooperad C•(P̂aB)
on which the Grothendieck-Teichmüller group acts (contravariantly). In short, this
cooperad is formed by taking continuous duals of the simplicial complexes naturally
associated to the groupoids PaB(r). In the general introduction of this work, we
mention that we have another small model of the little 2-discs operad D2 formed
by the cochain complex of certain Lie algebras, the Drinfeld-Kohno Lie algebras.
These Lie algebras actually represent an infinitesimal counterpart of the structures
defined by the pure braid groups. We also use this model to define appropriate
approximations of the parenthesized braid operad.

We obtain:

Theorem B. Let Q2 be a cofibrant and fibrant replacement of the cosimpli-
cial Hopf cooperad Sing•] (D2) (or of any model of cosimplicial Hopf E2-cooperad).
The homotopy automorphism space associated to this cooperad has trivial homotopy
groups

π∗(hAut
1
cHopfOpc∗

(Q2)) = 0

in dimension ∗ > 0, and the action of the Grothendieck-Teichmüller group GT 1(Q)
on parenthesized braids lifts to an isomorphism

GT 1(Q)op
'−→ π0(hAut1

cHopfOpc∗
(Q2))

in dimension ∗ = 0.

The assertions of this theorem have been foreseen by M. Kontsevich in [104].
First results in the direction of Theorem B also occur in articles of D. Tamarkin [170]
and T. Willwacher [179]. But these authors deal with operads within the category
of differential graded modules, forgetting about Hopf structures, and their result
actually give a stable version (in the sense of homotopy theory) of our statements.
The definition of a setting, where we can combine a model for operadic structures
and a commutative algebra model for the topology underlying our objects, is a
new contribution of this monograph. The proof of Theorem B in this context is

Benoit Fresse
Barrer

Benoit Fresse
Autocollant
In dimension *>1. The action of SO(2) on little 2-discs still gives a non-trivial homotopy group (Q,+) in dimension 1 (as in the topological setting).
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also a new outcome of our work, like the result of Theorem A. In fact, we deduce
Theorem A from the statement of Theorem B, by using our rational homotopy
theory of operads.

Recall that E2-operads only give the second layer of a full sequence of homotopy
structures, ranging from E1, fully homotopy associative but non-commutative, up
to E∞, fully homotopy associative and commutative. The group of homotopy
automorphism classes of E1-operads can easily be determined, but the result is
trivial in this case. The group of homotopy automorphisms of an E∞-operad is
trivial too (and so does the group of homotopy automorphisms of an E∞-cooperad).
The open question is to define analogues of the Grothendieck-Teichmüller group for
En-operads when 2 < n <∞.

To prove our theorem, we adapt constructions of [33, 35] in order to form a
spectral sequence E2

s = Hs(HopfDfmcOp(H∗(A), H∗(B))•) ⇒ π∗(MapcHopfOpc∗
(A,B))

computing the homotopy of mapping spaces in the category of cosimplicial Hopf
cooperads MapcHopfOpc∗

(A,B) from the cohomology of a deformation complex of

graded Hopf cooperads. For the cohomology of the little 2-discs operad H∗(D2),
the cohomology of this Hopf deformation complex vanishes in degree ∗ > 0 and
is identified with a graded version of the Grothendieck-Teichmüller Lie algebra
grt in degree ∗ = 0. We check that all classes of degree ∗ = 0 in the E2-term
of our spectral sequence are hit by an actual homotopy automorphism, coming
from the Grothendieck-Teichmüller group, to conclude that the spectral sequence
degenerates at E2-stage and to obtain the result of our theorem.

As the reader sees, the proof of our result requires the complete setting up of
new theories, like the definition of a model for the rational homotopy of topological
operads. This issue was our first motivation to write a full monograph. Besides,
for mathematicians coming from other domains and graduate students, we have
wished to give a comprehensive introduction to our subject, heading to our main
theorems as straight as possible and with minimal background.

We heavily use the formalism of Quillen’s model categories [143] which we ap-
ply to operads in order to form our model for the rational homotopy of topological
operads. For background material on Quillen’s model categories, we rely on the
modern references: Hirschhorn [88] and Hovey [89]. For rational homotopy the-
ory, we refer to Bousfield-Gugenheim’ memoir [34] which involves a model category
approach close to our needs, and to the book [54] for a more comprehensive in-
troduction of the subject. We also refer to Sullivan’s seminal article [166] for the
applications of rational homotopy theory to the study of homotopy automorphisms
of spaces.

We give a comprehensive introduction to these subjects before tackling our
own constructions. We first explain the connections between little 2-discs oper-
ads, braided operads, and Grothendieck-Teichmüller theory, as they arise from the
works of Fiedorowicz [56], Tamarkin [170, 171], and Kontsevich [104]. We give a
comprehensive account of these topics in the first volume of this monograph, after
an introduction to the general theory of operads. We address the applications of
deformation complexes to operads in the second volume, after a comprehensive in-
troduction to the methods of homotopical algebra, the rational homotopy theory,
and the definition of our model for the rational homotopy of operads. We com-
plete the proof of our main results afterwards, in the concluding part of the second
volume.



Contents

I. From operads to Grothendieck-Teichmüller groups. The first volume
of this work includes a comprehensive introduction to the fundamental concepts of
operad theory, a survey chapter on little discs and En-operads, a detailed study of
the connections between little 2-discs and braids, an introduction to the theory of
Hopf algebras and the Malcev completion of groups, and a report on the definition
of the Grothendieck-Teichmüller group from the viewpoint of the theory of algebraic
operads. We conclude this part with the definition of a map from the pro-unipotent
Grothendieck-Teichmüller group towards the group of homotopy automorphism
classes of the rationalization of the little 2-disc operad. The proof that this map
defines an isomorphism gives the subject matter of the second volume.

Part 0. The general theory of operads. We first give an account on the
general theory of operads. We devote this preliminary part of the volume to this
purpose.

Chapter 1. The basic concepts of the theory of operads. In this chapter, we
explain the definition of the notion of an operad (§1.1), we examine the application
of usual categorical constructions to operads (§1.2), and we study the categories
of algebras associated to operads (§1.3). In an appendix section (§1.4), we also
recall the definition of particular instances of colimits (filtered colimits and reflexive
coequalizers) which we heavily use in the operad context.

Chapter 2. Operads in symmetric monoidal categories. The second chapter
of the part is devoted to recollections on symmetric monoidal category concepts
and their applications to operads. We examine the definition of operads in general
symmetric monoidal categories first (§2.1). We address the definition of operads in
counitary cocommutative coalgebras as instances of the general notion of an operad
in a symmetric monoidal category afterwards (§2.2).

We use the expression of a Hopf operad to refer to this category of operads
in counitary cocommutative coalgebras. The Hopf cooperads, considered in the
summary of our mathematical objectives, are the dual structures of these objects.

We heavily use the notion of an algebra and of a coalgebra in a symmet-
ric monoidal category throughout this chapter, and we devote a preliminary sec-
tion (§2.0) to an introduction of this subject. We also devote an appendix (§2.3)
to recollections on various notions of functors associated to symmetric monoidal
categories.

Chapter 3. The definition of operadic composition structures revisited. We ac-
tually have several equivalent definitions for the notion of an operad. In §1, we just
recalled May’s definition, which is perfectly well suited for an introduction of the
subject and for the study of algebras associated to operads, but to work with op-
erads themselves, we need another definition, giving more insights into the internal

xix
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structures of our objects, and we devote this third chapter to this matter. Recall
that an operad intuitively consists of a full collection of operations associated with a
category of algebras. In a first step (§3.1), we examine the multiplicative structure
which models the composition of operations in an operad, and we check that this
multiplicative structure is, according to an observation of M. Markl, fully deter-
mined by composition operations on two factors, usually called partial composition
products in the operad literature. In a second part (§§3.2-3.4), we explain a reduced
definition of operads that govern algebra structures equipped with a prescribed unit
operation (the unitary operads).

In general, we assume that an operad consists of a sequence of terms P(r),
indexed by non-negative integers r ∈ N, and whose elements intuitively represent
operations with r inputs indexed by the ordinal r = {1 < · · · < r}. To complete
the account of this third chapter, we explain an extension of the definition of an
operad where terms P(r) indexed by arbitrary finite sets r = {i1, . . . , ir} are con-

sidered (§3.5). In general, we can use bijections {1 < · · · < r} '−→ {i1, . . . , ir} to
make the indexing by an arbitrary finite set {i1, . . . , ir} equivalent to an indexing
by an ordinal {1 < · · · < r}. Nevertheless, certain constructions on operads pro-
duce operations with no canonical input numbering, and the extension of the input
indexing to arbitrary finite sets becomes useful in this case. (The construction of
the free operad in §II.A gives a motivating application of this concept.)

Part 1. Braids and E2-operads. The main purpose of this part is to explain
the general definition of an En-operad, starting with the model of the little n-discs,
and in the case n = 2, to study the connection between Artin’s braid groups
and E2-operads.

Chapter 4. The little discs model of En -operads. This chapter includes: an in-
troductory section on the definition of little n-discs operads and En-operads (§4.1);
a survey section on the computation of the cohomology and homology of the little
n-discs operads (§4.2); an outlook section, where we give an overview of several
variants of the little discs operads (§4.3); and an appendix section (§4.4), where we
fix some conventions on graded modules.

Chapter 5. Braids and the recognition of E2 -operads. This chapter includes:
an introductory section on basic concepts of Artin’s braid theory (§5.0); an account
on Fiedorowicz’s definition of models of E2-operads from contractible operads en-
dowed with an action of braid groups (§5.1); the definition of the colored braid
operad, an operad in groupoids whose classifying spaces give a working model of
an E2-operad (§5.2); a section on the fundamental groupoid of topological operads,
where we reinterpret the definition of the colored braid operad from a topologi-
cal viewpoint (§5.3); and an outlook section on the recognition of En-operads for
n > 2 (§5.4).

Chapter 6. The magma and parenthesized braid operad. In our introductory
chapter, we recall a general correspondence between operads and categories of al-
gebras. In the case of an operad in small categories (or groupoids), like the operad
of colored braids considered in §5, the algebras are objects of the category of small
categories, and our operad therefore governs a class of monoidal structures which
can be associated to a category. The operad of colored braids of §5 encodes the
structure defining a strict braided monoidal category, where we have a tensor prod-
uct which is associative in the strict sense. The main purpose of this chapter is
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to explain the definition of a variant of the colored braid operad, the operad of
parenthesized braids, associated to general braided monoidal category structures.

We first give a definition of an operad governing general monoidal categories
(where the tensor product is associative up to isomorphism) by elaborating on
the classical Mac Lane Coherence Theorem, of which we give an operadic inter-
pretation (§6.1). We address the definition of the operad of parenthesized braids
afterwards (§6.2).

Part 2. Completions and Grothendieck-Teichmüller groups. The main
goal of this part is to explain the definition of the pro-unipotent Grothendieck-
Teichmüller group as a group of automorphisms associated to a Malcev completion
of the parenthesized braid operad of §6. We first give a comprehensive survey of the
theory of Hopf algebras, on which we rely for the definition of the Malcev completion
process for groups. We then explain an extension of this Malcev completion to
groupoids and operads, and we devote the concluding chapter of the part to the
study of the Grothendieck-Teichmüller groups themselves.

Chapter 7. Hopf algebras. This first chapter of the part includes: an intro-
ductory section, where we recall the general definition of a Hopf algebra (§7.1);
comprehensive recollections on the classical structure theorems of the theory of
Hopf algebras, namely the Poincaré-Birkhoff-Witt and the Milnor-Moore Theo-
rem (§7.2); and an in-depth study of the structure of Hopf algebras in complete
filtered modules (§7.3).

Chapter 8. The Malcev completion for groups. This chapter includes: a gen-
eral definition of a category of Malcev complete groups, which makes sense for an
arbitrary coefficient field of characteristic zero (§§8.1-8.2); a study of the Malcev
completion of free groups and of groups defined by generators and relations (§8.3),
and a proof of the identity between our category of Malcev complete groups and
the category of uniquely divisible pro-nilpotent groups in the rational coefficient
case (8.4).

Chapter 9. The Malcev completion for groupoids and operads. The Hopf al-
gebras of §7 can be identified with group objects in the category of counitary
cocommutative algebras. In this chapter, we introduce a generalization of this
notion (§9.1) in order to extend the Malcev completion process of the previous
chapter from groups to groupoids (§9.2). Then we check that this Malcev comple-
tion functor on groupoids preserves symmetric monoidal category structures, and
as a consequence, gives rise to a Malcev completion functor on the category of
operads in groupoids (§9.3).

Chapter 10. The definition of the Grothendieck-Teichmüller group. We give an
operadic definition of the Grothendieck-Teichmüller group in this chapter. In the
first instance (§10.1), we review the definition of the pro-unipotent group GT 1(Q),
considered in the statement of our main theorem in the foreword. We precisely
prove that this group, as defined by V. Drinfeld, can be identified with a group
of operad automorphisms associated to the Malcev completion of the operad of
parenthesized braids of §6. In a second step (§10.2), we revisit the definition of
the torsor of Drinfeld’s associators, which we regard as a set of operad isomor-
phisms connecting the operad of parenthesized braids to an infinitesimal version
of this operad, the operad of chord diagram, of which we also give the detailed
definition. The expression of chord diagram, in this context, refers to a graphical
representation of monomials occurring in the universal enveloping algebras of the
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Drinfeld-Kohno Lie algebras. To complete our account, we revisit the definition of
a graded version of the Grothendieck-Teichmüller group GRT 1(Q) also introduced
by V. Drinfeld in addition to the pro-unipotent group GT 1(Q). We precisely check
that this group GRT 1(Q) is nothing but the group of automorphisms of the chord
diagram operad (§10.3).

We conclude the chapter with an overview of the definition of the Knizhnik-
Zmolodchikov associator, the first instance of an associator effectively constructed
in the literature, which was also introduced by V. Drinfeld in his study of the
Grothendieck-Teichmüller group (§10.4).

Recapitulation and outlook. The main purpose of this short part is to recap
the statements established in this volume in view towards the achievement of our
main mathematical objective, the setting up of a homotopy interpretation of the
Grothendieck-Teichmüller group.

The homotopy interpretation of the Grothendieck-Teichmüller group. We mainly
make explicit the map from the pro-unipotent Grothendieck-Teichmüller group to-
wards the group of homotopy automorphisms associated to a rational model of
E2-operad. The definition of the Grothendieck-Teichmüller group in §10 is purely
algebraic. We just apply the usual classifying space construction and the interpre-
tation of the little 2-discs spaces as Eilenberg-Mac Lane spaces associated to the
pure braid groups in order to go back to the topological setting. We need more
background on the homotopy of operads in order to prove that our mapping gives
all homotopy classes of homotopy automorphisms associated to the rationalization
of E2-operads. This subject matter is the purpose of the second volume.

The Grothendieck program. To conclude volume I, we also provide a brief in-
troduction to the Grothendieck program in Galois theory, and an overview of the
literature about the connections between Grothendieck-Teichmüller groups, motivic
Galois groups, and polyzetas.

II. Homotopy of operads and deformation complexes. In this second
volume, we set up general methods for the study of the (rational) homotopy of
operads in spaces, and we give the proof of our main result: the pro-unipotent
Grothendieck-Teichmüller group is isomorphic to the group of homotopy automor-
phism classes of the rationalization of the little 2-disc operad.

Part 0. Homotopical algebra methods. We first provide an introduction
to fundamental concepts of the theory of model categories, the formalism introduced
by Quillen to give a sense to the notion of a homotopy and of a homotopy category
in a general setting.

Chapter 1. Model categories and homotopy categories. The first chapter of this
part includes: an introductory section about the problem of defining homotopy cat-
egories (§1.0); a comprehensive account on the axioms of model categories (§1.1);
the definition of the homotopy category of a model category (§1.2); a study of map-
ping spaces and homotopy automorphism spaces in the setting of model categories
(§1.3); and an introduction to the application of model categories in the operadic
context (§1.4).

Chapter 2. Cofibrantly generated model categories. This chapter is devoted to
the notion of a cofibrantly generated model category, an abstract setting where
we have an analogue of the cell approximations of topology. The chapter in-
cludes: a section about the abstract notion of a cell complex in general model
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categories (§2.1); a section about the idea of cofibrant generation, which elaborates
on the model category axioms and gives an effective approach for the definition of
model category structures (§2.2); an account on the application of cofibrantly gen-
erated model structures for the definition of model structures by adjunction from
a reference model category (§2.3).

Part 1. The rational homotopy of operads. The aim of this part is to give
a detailed proof of the definition of a model structure on the category of operads in
simplicial sets, and to explain the definition of a model for the rational homotopy
of operads. For our purpose, we also revisit the definition of the classical Sullivan
model for the rational homotopy of spaces.

Chapter 3. Models for the homotopy of operads in simplicial sets. To start
with, we address the definition of a suitable model structure for the category of
operads in simplicial sets. We actually consider two model structures. The first
model structure, the one usually given in the literature, will be used in the context
of non-unitary operads (operads governing non-unitary algebra structures). The
second one, which we introduce in this monograph and call the Reedy model struc-
ture, is more appropriate for unitary operads (operads governing algebras with
unit), and will be used in this context. We define the model structure on non-
unitary operads first (§§3.1-3.2) and the Reedy model structure on unitary operads
afterwards (§§3.3-3.4). In each case, we use a general adjunction process (recalled
in §2.3) to deduce the definition of our model structure on operads from the defi-
nition of a model structure on a category of collections underlying our operads.

To complete the account of this chapter, we explain the application of a general
construction of simplicial resolutions, the cotriple resolution, for the definition of
cofibrant replacements in the category of operads in simplicial sets (§3.5).

Chapter 4. Models for the rational homotopy of spaces. Before studying the
rational homotopy operads, we revisit the definition of the usual Sullivan model
for the rational homotopy of spaces. The model of a space consists of a differential
graded commutative algebra, yielded by a version with rational coefficients of the
classical de Rham cochain complex of differential forms. In order to extend the
rational homotopy of spaces to operads, we need a cosimplicial analogue of the
Sullivan model, and we therefore study in detail a cosimplicial version of Sullivans’s
theory.

The plan of this chapter accordingly includes: a preliminary section about the
definition of a cofibrantly generated model structure on the category of differential
graded modules (§4.1); comprehensive recollections on (a cosimplicial version of)
the Dold-Kan equivalence, between cosimplicial and differential graded modules,
and the correlative definition of a cofibrantly generated model structure on the
category of cosimplicial modules (§4.2); an account on the Eilenberg-Zilber equiv-
alence, which formalizes the correspondence of symmetric monoidal structures be-
tween the category of cosimplicial modules and the category of differential graded
modules (§4.3); the definition of a model structure on commutative algebras in
differential graded (respectively, cosimplicial) modules by adjunction from the un-
derlying category of differential graded (respectively, cosimplicial) modules (§4.4);
and at last, the application of the model category of cosimplicial commutative al-
gebras to the definition of our model for the rational homotopy of spaces (§4.5).
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Chapter 5. Models for the rational homotopy of operads. The purpose of this
chapter is to define our model for the rational homotopy of operads. Our construc-
tion elaborates on (our cosimplicial version of) the Sullivan model of spaces. To be
explicit, recall that our model of an operad in simplicial sets consists, as we explain
in the description of our mathematical objectives, of a cooperad in the category
of unitary commutative cosimplicial algebras (a cosimplicial Hopf cooperad in our
terminology).

We devote a first section of the chapter to the definition of the notion of a
cooperad in the general setting of symmetric monoidal categories (§5.1). We then
explain the definition of a model structure on the category of cooperads in cosim-
plicial modules (§5.2), on the category of cooperads in unitary commutative cosim-
plicial algebras (§5.3), and we address the definition of an operadic version of the
Sullivan model functor afterwards (§5.4).

The functor from spaces to unitary commutative cosimplicial algebras which
gives our model for the rational homotopy of spaces in §4.5 does not preserve mul-
tiplicative structures and, as a consequence, does not carry operads to cooperads.
This functor preserves multiplicative structures up to homotopy only. The main
purpose of §5.4 is to explain the definition of an operadic upgrade of this cosimpli-
cial algebra functor, a functor which fixes the multiplicativity defects, and which
associates a cooperad in unitary commutative cosimplicial algebras to any operad
in simplicial sets.

We conclude this chapter with an account on the definition of operadic mapping
spaces at the level of our cosimplicial Hopf cooperad model of operads (§5.5).

Chapter 6. Models for the rational homotopy of unitary operads. In §5, we
focus on the study of the rational homotopy of non-unitary operads. The goal
of this sixth chapter is extend our model to unitary operads. For this aim, we
use the Reedy model structure of §3. We address the definition of an analogue of
this Reedy model structure for cooperads first, and we check afterwards that the
functor, which gives our model of non-unitary operads in §5, extends to a homotopy
preserving functor from the Reedy model category of unitary operads in simplicial
sets towards the Reedy model category of unitary Hopf cooperads.

Chapter 7. The rational model of En -operads. To conclude the study of this
part, we make explicit a cosimplicial Hopf cooperad model of the little 2-discs
operad. We precisely prove that the cochain complexes of the Drinfeld-Kohno
Lie algebras, of which we recalled the idea in the description of our mathematical
objectives, form such a model. We will also explain, by elaborating on ideas of
D. Tamarkin, that this result can be interpreted as a formality statement for our
Sullivan model of the little 2-discs operad. The proof of this formality result relies
on the existence of Drinfeld’s associators. We actually get a mapping from the
set of Drinfeld’s associators to the set of formality weak-equivalences between our
cosimplicial Hopf cooperad model of the little 2-discs operad and the cohomology
of little 2-discs.

We conclude this chapter with a survey of similar formality results, holding
for the higher little discs operads, and which arise from works of Kontsevich and
Lambrechts-Turchin-Volic. We precisely check that the formality weak-equivalences
defined by these authors in the chain complex setting can be upgraded to formality
weak-equivalences for our cosimplicial Hopf cooperad models of operads.
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Part 2. Operadic deformation complexes. This part of the volume is
devoted to a study of deformation complexes. These objects give an approximation
of the operadic mapping spaces which we aim to understand. To begin with, we ex-
plain the definition of cosimplicial operadic deformation complexes, which naturally
occur in cosimplicial decompositions of mapping spaces. Then we explain a general
reduction process with the aim of computing the homology of these complexes.

For the rational homotopy theory of operads, we are naturally lead to study
deformation complexes of Hopf cooperads. But we will study more basic instances
of deformation complexes before tackling this case: in each chapter, we examine
the deformation complex of associative algebras and commutative algebras first,
we address the case of cooperads afterwards, and we only examining the case of
Hopf cooperads, where a commutative algebra and a cooperad structure are mixed
together, at the end of our study.

Chapter 8. Cosimplicial deformation complexes. In this chapter, we address
the definition of cosimplicial deformation complexes: for associative algebras and
commutative algebras; for cooperads; and, at last, for Hopf cooperads. The defor-
mation complex of Hopf cooperads is obtained by putting together the commutative
algebra and cooperad constructions.

Chapter 9. Differential graded reductions. In this chapter, we address the def-
inition of deformation complexes in the differential graded setting. We adopt the
same plan as in the previous chapter: we introduce differential graded deformation
complexes for associative algebras and commutative algebras first, for cooperads af-
terwards, and for Hopf cooperads at last. In each case, associative algebras, commu-
tative algebras, cooperads, and Hopf cooperads, we define a comparison morphism
between the cosimplicial and the differential graded versions of our deformation
complexes. In each case, we prove that our comparison morphism induces an iso
at the cohomology level, and we interpret this result a reduction of the cosimplicial
deformation complexes, which we aim to compute, to differential graded objects.

Chapter 10. Koszul reductions and applications to En -operads. The deforma-
tion complexes of the Hopf cooperads considered in this book inherit extra weight
decompositions because the commutative algebras defining our Hopf cooperads are
naturally graded, with homogeneous generators in degree 1, and we have an analo-
gous homogeneous structure when we regard the cooperad as a whole. The purpose
of this chapter is to explain that, in good cases, the homology of the deformation
complexes is located in certain top homogeneous components with respect to the
extra weight grading. In this situation, the computation of the homology of our de-
formation complex reduces to the computation of the homology of a small complex,
which is precisely formed from the top components of our weight decomposition.
We explain this process in the context of commutative algebras, operads and co-
operads first, and again, we get the case of Hopf cooperads afterwards, by putting
together the commutative algebra and cooperad constructions.

The reduction to the small homogeneous complex does not give the right result
in all cases. The class of good algebras (respectively, operads, cooperads) for which
this reduction can be applied are called Koszul algebras (respectively, operads,
cooperads) in the literature. Therefore, we coin the term of Koszul reduction to refer
to this second step of our reduction process, occurring after the differential graded
reduction examined in the previous chapter. The cohomology of an En-operad
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gives an instance of a Hopf cooperad formed by a sequence of Koszul commutative
algebras, and which is also Koszul as a cooperad.

In the concluding section of the chapter, we prove, by applying the Koszul
reduction, that the deformation complex of the cohomology of little 2-discs, viewed
as a Hopf cooperad, completely collapses in degree > 0. In the next part, we will use
intermediate results on deformation complexes of E2-operads rather than this latter
outcome, because we need some finer computation to complete the determination
of the homotopy automorphism space of the little 2-discs operad. On the other
hand, the result obtained in the next part implies that all degree 0 classes in the
deformation complex correspond to actual homotopy automorphisms of the little
2-discs operad over the rationals, and this observation is worth recording.

Part 3. Spectral Sequences for operadic mapping spaces. In general,
the deformation complexes studied in the previous part only give, as previously
mentioned, approximations of the mapping and automorphism spaces that one
would like to determine. In this third part of the volume, we explain processes,
encoded by spectral sequences, to determine the homotopy of an automorphism
space from the computation of an associated deformation complex. The general
background of these constructions is not new, but this book is the first work ex-
plicitly dealing with the application of these obstruction spectral sequences to Hopf
cooperads.

Chapter 8. General obstruction theory for operads in spaces. To begin with,
we review a general theory, due to Bousfield and Kan, for the construction of set-
theoretic spectral sequences from cosimplicial spaces. By applying this general
construction in the operad context, we obtain a spectral sequence computing the
homotopy of an operadic mapping space from the cohomology of the operadic de-
formation complexes considered in the previous part. Recall that our homotopy
automorphism spaces consist of invertible connected components of such mapping
spaces.

In the case of an E2-operad, this spectral sequence collapses at the second stage,
because the cohomology of the operadic deformation complex vanishes in degree
> 0 when we take the full Hopf cooperad structure into account, and we can check
that all classes of degree 0 correspond to actual morphisms. This latter verification
requires a technical analysis of the correspondence between classes on the E1-page
of the spectral sequence and morphisms on the abutment. For this aim, we need
another spectral sequence construction which returns, from the second page, the
same outcome as our general spectral sequence. This construction gives the subject
matter of the next chapter.

Chapter 9. The Drinfeld-Kohno tower and the associated spectral sequence.
In §I.5, we explain the definition of models of an E2-operad from categories of
colored braids. In the rational context, we can use a rationalized version of the
lower central series of braid groups to form a tower of operads with the Malcev
completion of the little 2-discs operad as limit term. This tower of operads gives
rise to a new spectral sequence, which we analyze completely in order to complete
the proof of our result on the homotopy of the space of homotopy automorphisms
of E2-operads.

Outlook. The initial motivation for the study of connections between Gro-
thendieck-Teichmüller groups and E2-operads has been provided by works of D.
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Tamarkin and M. Kontsevich on the deformation quantization problem. To con-
clude the book, we will give a short survey of applications of E2-operads in de-
formation quantization, following the work of these authors, and we will revisit
Tamarkin’s and Kontsevich’s approaches, based on the theory of Drinfeld associ-
ators, for the construction of an action of the Grothendieck-Teichmüller group on
the moduli space of deformation quantizations. To be more specific, we will give
a homotopy theoretic interpretation of this group action by using our result on
the homotopy automorphisms of E2-operads, and parallel results obtained by T.
Willwacher [179] in the chain complex setting. Then we will give new motivations,
arising from our own works on the cohomology of iterated loop spaces, for further
research on the homotopy automorphisms of En-operads, where we now consider
any n ≥ 2.

Appendices. The appendices are devoted to the study of the structure of
free operads and cofree cooperads. We crucially use the constructions of these
appendices in our analysis of deformation complexes.

Appendix A. The construction of free operads. This appendix includes: a com-
prehensive account on the formalism of trees (§A.1), which is heavily used in operad
theory; the definition of treewise tensor objects associated to operads (§A.2); the
construction of free operads, in the general case first (§A.3), in the case of connected
operad structures and unitary operads afterwards (§§A.4-A.5).

Appendix B. The connected free operad monad. In this appendix, we study
composition structures associated with the free operad functor. To simplify, we
restrict our analysis to connected operads. In §B.1, we introduce a notion of tree
morphism, which we use afterwards, in §§B.2-B.3, to give a description of the
two-fold composite of the free operad functor. The free operad functor inherits a
monad structure, which, in abstract terms, consists of an associative monoid object
structure in the composition category of functors. In §B.4, we give a description
of this monadic multiplication, by using the result of the previous section, and
we prove that the notion of an operad can be defined in terms of the free operad
monad. In the language of category theory, this result asserts that the category
of operads is monadic. To complete the account of this appendix, we also explain
the definition of a simplicial resolution of operads, the cotriple resolution, from the
monad structure of the free operad functor (§B.5).

Appendix C. The construction of cofree cooperads. In this appendix, we exam-
ine a dualization of the constructions of §§A-B with the aim of giving an explicit
definition of cofree objects in the category of cooperads. In categorical terms, the
dualization process implies the replacement of colimits by limits. This process cre-
ates difficulties since the tensor product, involved in all structure definitions, does
not commute with all limits, and this problem can hardly be overcome in general.
But, under our general connectedness assumption, we still have a simple construc-
tion of the cofree cooperad. In short, we observe that the categorical dualization
can be performed incompletely when we deal with connected structures: we con-
struct our cofree cooperad with the same underlying functor as the free operad, and
with colimits yet, but we provide the obtained object with a cooperad coproduct
structure instead of an operadic composition structure. The crux of our argument
line lies in the observation that the colimits occurring in our construction reduce
to finite coproducts. To be precise, this statement implies that our construction
of the cofree cooperad returns the obvious cofree object when the ground category
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is additive. In general, we still get a structure, which can serve to define cofree
objects, but we do not get a cooperad in the obvious sense of the term.

In order to achieve our construction, we devote a preliminary section to a
thorough analysis of operadic decomposition of trees, which we use in a second
section to define the coproduct structure of the cofree cooperad. Then, to complete
our results, we study a natural comonad structure on the cofree cooperad, dual to
the monad structure considered in §B for the free operad, and we establish the dual
of the result of §B.4 (the category of cooperads is comonadic).

Appendix D. The construction of cooperad pullbacks. In §§A-C, we study free
operads and cofree cooperads in an absolute setting. The purpose of this short
technical appendix is to give an effective construction of pushouts along morphisms
of free objects in the category of operads, and an effective construction of pullbacks
along morphisms cofree objects in the category of cooperads. We use these con-
structions in the verification of the model category axioms for operads in §3 and
for cooperads in §§5-6.



Foundations and Conventions

The reader is assumed to be familiar with the language of category theory and
to have basic knowledge about fundamental concepts (like adjoint and representable
functors, colimits and limits, categorical duality), which we freely use throughout
this work. The reader is also assumed to be aware on the applications of colim-
its and limits in basic examples of categories (including sets, topological spaces,
and modules). Nonetheless, we will review some specialized topics, like reflexive
coequalizers and filtered colimits, which are considered in applications of category
theory to operads.

We use single script letters (like C, M, . . . ) as general notation for abstract cat-
egories. We use script expressions (like Mod , As, Op, . . . ) for particular instances
of categories (like modules, associative algebras, operads, . . . ). We soon explain
that the formal definition of the higher structures remains the same in any instance
of base category M and essentially depends on a symmetric monoidal structure
given with M. We generally assume that the category M, to which we assign the
role of a base category, is equipped with enriched hom-bifunctors HomM(−,−). We
give more detail recollections on this notion in §§0.12-0.13.

In practice, we take our base category M among the category of sets Set , the
category of simplicial sets Simp, the category of topological spaces Top, a category
of k-modules Mod (where k refers to a fixed ground ring), or a variant of these
categories. To be precise, besides plain k-modules, we have to consider categories
formed by differential graded modules dg Mod (we usually say dg-modules for short),
graded modules g Mod , simplicial modules s Mod , and cosimplicial modules c Mod .
The first purpose of this preliminary chapter is to quickly recall the definition of
these categories (at least, in order to fix our conventions). By the way, we also recall
the definition of the category of simplicial sets Simp, which we use along with the
familiar category of topological spaces Top.

To complete our account, we will recall the general definition of a symmetric
mononoidal category, and we explain some general constructions attached to this
structure. The explicit definition of the monoidal category structure on dg-modules,
simplicial modules, cosimplicial modules, is put off until we tackle the applications
of these categories.

In the module context, we assume that a ground ring k is given and fixed once
and for all. In certain constructions, we have to assume that this ground ring k is
a field of characteristic 0.

0.1. Graded and differential graded modules. The category of differential graded
modules dg Mod (dg-modules for short) consists of k-modules equipped with a
decomposition K =

⊕
n∈Z Kn, running over Z, and with a morphism δ : K → K,

the differential of K, such that δ2 = 0 and δ(Kn) ⊂ Kn−1, for all n ∈ Z. Naturally,

xxix
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a morphism of dg-modules is a morphism of k-modules f : K → L which commutes
with differentials and satisfies f(Kn) ⊂ Ln, for all n ∈ Z.

In textbooks of homological algebra (like [176]), authors mostly deal with the
equivalent notion of chain complex, of which components are split off into sequences
of k-modules Kn connected by the differentials δ : Kn → Kn−1 rather than being
put together in a single object. The idea of a dg-module (used for instance in [121])
is more natural for our purpose and is also more widely used in homotopy the-
ory. Our convention is to keep the terminology of chain complex for specific con-
structions, like the normalized chain complex of simplicial sets, or the deformation
complex attached an algebraic structure.

The category of graded modules g Mod consists of k-modules equipped with a
decomposition K =

⊕
n∈Z Kn, running over Z, but no differential. A morphism of

graded modules is a morphism of k-modules f : K → L such that f(Kn) ⊂ Ln, for
all n ∈ Z.

We have an obvious functor (−)[ : dg Mod → g Mod defined by retaining the
single graded structure of dg-modules and forgetting about the differential. We
consider the underlying graded module of dg-modules, which this forgetful process
formalizes, when we address the definition of quasi-free objects. The other way
round, we can embed the category of graded modules g Mod into the category of
dg-modules dg Mod , by viewing a graded module as a dg-modules equipped with a
trivial differential δ = 0. We use this identification at various places.

Recall that the homology of a dg-module K is defined by the quotient k-module
H∗(K) = ker δ/ im δ which inherits a natural grading from K. The homology defines
a functor H∗(−) : dg Mod → g Mod . The morphisms of dg-modules which induce an
isomorphism in homology are the weak-equivalences of the category of dg-modules.
The expression of weak-equivalence actually refers to the general formalism of model
categories. In most references of homological algebra, authors use the terminology
of quasi-isomorphism rather than this expression of weak-equivalence.

We generally use the mark
∼−→ to refer to the class of weak-equivalences in

a model category (see §II.1) and we will naturally use the same notation in the
dg-module context.

0.2. Degrees and signs of dg-algebra. The component Kn of a dg-module (re-
spectively, graded module) K defines the homogeneous component of degree n
of K. To specify the degree of a homogeneous element x ∈ Kn, we use the expres-
sion deg(x) = n. We adopt the standard convention of dg-algebra to associate a
sign (−1)deg(x) deg(y) to each transposition of homogeneous elements (x, y). We do
not specify such a sign in general and we simply use the notation ± to refer to it.
We explain soon that the introduction of these signs is forced by the definition of
the symmetry isomorphism of the tensor product of dg-modules.

We usually consider lower graded dg-modules, but we also have a standard
notion of dg-module equipped with a decomposition in upper graded components
K =

⊕
n∈Z K

n so that the differential satisfies δ(Kn) ⊂ Kn+1. Certain construc-
tions (like the duality of k-modules and the conormalized complex of cosimplicial
spaces) naturally produce upper graded dg-modules. In what follows, we apply the
relation K−n = Kn to identify an upper graded with a lower graded dg-module.

0.3. Simplicial and cosimplicial objects, simplicial and cosimplicial modules.
The simplicial category ∆, which models the structure of simplicial and cosimplicial
objects, is defined by the collection of finite ordinals n = {0 < · · · < n}, n ∈ N, as
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objects together with the non-decreasing maps u : {0 < · · · < m} → {0 < · · · < n}
as morphisms. In short, a simplicial object X in a category C is a contravariant
functor X : ∆op → C that assigns an object Xn ∈ C to each n ∈ N and a morphism
u∗ : Xn → Xm to each non-decreasing map u. Dually, a cosimplicial object in C is
a covariant functor X : ∆→ C which assigns an object Xn ∈ C to each n ∈ N and
a morphism u∗ : Xn → Xm to each non-decreasing map u. Naturally, we define a
morphism of simplicial objects f : X → Y (and a morphism of cosimplicial object
similarly) as a sequence of morphisms f : Xn → Yn in the ambient category C

commuting with the action of simplicial operators u∗ on X and Y .
We generally use the expression s C to denote the category of simplicial objects

in a given ambient category C and the expression c C for the category of cosimplicial
objects in C. We only use a specific notation Simp for the category of simplicial
sets, which formally consists of the simplicial objects in the category of sets.

The simplices ∆n, n ∈ N, are the fundamental examples of simplicial sets,
defined, as simplicial objects, by the representable functors Mor∆(−, n), where we
use the notation Mor∆(m,n) to refer to the morphism sets of the simplicial cate-
gory ∆. The collection of n-simplices ∆n, n ∈ N, forms itself a cosimplicial object
in the category of simplicial sets, with the covariant action of non-decreasing maps
u∗ : ∆m → ∆n defined by the composition on the target in the morphism set
representation of ∆n.

In the case of a simplicial set X, an element σ ∈ Xn is called an n-dimensional
simplex (or more simply, an n-simplex) in X. The definition of the n-simplex ∆n as
a morphism set ∆n = Mor∆(−, n) implies that we have the relation MorSimp(∆n, X) =
Xn, for any simplicial set X ∈ Simp, where we use the notation MorSimp(−,−) for
the morphism set of the category Simp. To make this correspondence explicit, we
consider the n-simplex, denoted by ∆n ∈ (∆n)n, which corresponds to the iden-
tity of the object n in the simplicial category ∆. The morphism σ∗ : ∆n → X,
associated to any n-simplex σ ∈ Xn, is precisely characterized by the relation
σ∗(∆n) = σ.

The topological n-simplices ∆n
top = {(t0, . . . , tn)|0 ≤ ti ≤ 1, t0 + · · ·+ tn = 1}

form another fundamental instance of a cosimplicial object, defined in the category
of topological spaces. The cosimplicial structure map u∗ : ∆m

top → ∆n
top associ-

ated to any u ∈ Mor∆(m,n) assigns an element (s0, . . . , sm) ∈ ∆m
top to the point

(t0, . . . , tn) ∈ ∆n
top such that ti =

∑
u(k)=i sk.

0.4. Faces and degeneracies in a simplicial object. The maps di : {0 < · · · <
n− 1} → {0 < · · · < n}, i = 0, . . . , n, such that

(a) di(x) =

{
x, for x < i,

x+ 1, for x ≥ i,

and the maps sj : {0 < · · · < n} → {0 < · · · < n+ 1}, j = 0, . . . , n, such that

(b) sj(x) =

{
x, for x ≤ j,
x− 1, for x > j,

generate the simplicial category in the sense that any non-decreasing map u : {0 <
· · · < m} → {0 < · · · < n} can be written as a composite of maps of that form.
Moreover, any relation between these generating morphisms can be deduced from
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generating relations

(c)

djdi = didj−1, for i < j,

sjdi =


disj−1, for i < j,

id , for i = j, j + 1,

di−1sj , for i > j,

sjsi = sisj+1, for i ≤ j.
The structure of a cosimplicial object is, as a consequence, fully determined by
a sequence of objects Xn ∈ C together with morphisms di : Xn−1 → Xn, i =
0, . . . , n, and sj : Xn+1 → Xn, j = 0, . . . , n, for which these relations (c) hold.
The morphisms di : Xn−1 → Xn, i = 0, . . . , n, which represent the image of the
maps di under the functor defined by X, are the coface operators of the cosimplicial
object X (in general, we simply say the cofaces of X). The morphisms sj : Xn+1 →
Xn, j = 0, . . . , n, which represent the image of the maps sj are the codegeneracy
operators of X (or, more simply, the codegeneracies of X).

Dually, the structure of a simplicial object is fully determined by a sequence
of objects Xn ∈ C together with morphisms di : Xn → Xn−1, i = 0, . . . , n, and
sj : Xn → Xn+1, j = 0, . . . , n, for which relations

(d)

didj = dj−1di, for i < j,

disj =


sj−1di, for i < j,

id , for i = j, j + 1,

sjdi−1, for i > j,

sisj = sj+1si, for i ≤ j.
opposite to (c) hold. The morphisms di : Xn → Xn−1, i = 0, . . . , n, which represent
the image of the maps di under the contravariant functor defined by X, are the
face operators of the simplicial object X, and the morphisms sj : Xn → Xn+1,
j = 0, . . . , n, which represent the image of the maps sj , are the degeneracy operators
of X.

0.5. Topological realization of simplicial sets and singular complex of topolog-
ical spaces. Recall that a topological space |K|, traditionally called the geometric
realization of K, is naturally associated to each simplicial set K ∈ Simp. This
space is defined by the coend

|K| =
∫ n∈∆

Kn ×∆n
top.

where each set Kn is viewed as a discrete space and we consider the topological n-
simplices ∆n

top (of which definition is recalled in §0.3). The coend process amounts

to performing a quotient of the coproduct
∐
nKn×∆n

top =
∐
n

{∐
σ∈Kn{σ}×∆n

top}
under relations of the form

(u∗(σ), (t0, . . . , tm)) ≡ (σ, u∗(t0, . . . , tm)),

for u ∈ Mor∆(m,n), σ ∈ Kn, and (t0, . . . , tm) ∈ ∆m
top. The definition of the

map u∗ : ∆m
top → ∆n

top associated to each u ∈ Mor∆(m,n) involves the cosimplicial
structure of the topological n-simplices ∆m

top. One easily checks that the realization
of the n-simplex ∆n = Mor∆(−, n) is identified with the topological n-simplex ∆n

top.
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In the converse direction, we can use the singular complex construction to
associate a simplicial set Sing•(X) to any topological space X. This simplicial set
Sing•(X) consists in dimension n of the set of continuous maps σ : ∆n

top → X
going from the topological n-simplex ∆n

top to X. The composition of simplices
σ : ∆n

top → X with the cosimplicial operator u∗ : ∆m
top → ∆n

top associated to any
u ∈ Mor∆(m,n) yields a map u∗ : Singn(X)→ Singm(X) so that the collection of
sets Singn(X) = MorTop(∆n

top, X), n ∈ N, inherits a natural simplicial structure.
The geometric realization | − | : K 7→ |K| obviously gives a functor | − | :

Simp → Top. The singular complex construction gives a functor in the converse
direction Sing• : Top → Simp, which is actually a right adjoint of the geometric
realization functor | − | : Simp → Top (see [78, §I.2]).

0.6. Simplicial modules, cosimplicial modules, and homology. The category of
simplicial modules s Mod is the category of simplicial objects in the category of k-
modules Mod . Thus, a simplicial module K can be defined either as contravariant
functors from the simplicial category ∆ to the category of k-modules Mod , or,
equivalently, as collections of k-modules Kn, n ∈ N equipped with faces di : Kn →
Kn−1, i = 0, . . . , n, and degeneracies sj : Kn → Kn+1, j = 0, . . . , n, satisfying the
simplicial relations.

The category of cosimplicial modules c Mod similarly consists of the cosimpli-
cial objects in k-modules.

To any simplicial module K, we associate a dg-module N∗(K), called the nor-
malized complex of K, and defined by the quotient Nn(K) = Kn/s0Kn−1 + · · · +
sn−1Kn−1 in degree n, together with the differential δ : Nn(K) → Nn−1(K) such
that δ =

∑n
i=0(−1)idi. This normalized chain complex construction naturally gives

a functor N∗ : s Mod → dg Mod . The homology of a simplicial module K is de-
fined as the homology of the associated normalized complex N∗(K). For simplicity,
we use the same notation for the homology functor on simplicial modules and on
dg-modules. Hence, we may write H∗(K) = H∗(N∗(K)), for any K ∈ s Mod .

0.7. Normalized complex and homology of simplicial sets. We will consider the
functor k[−] : Simp → s Mod which maps a simplicial setX to the simplicial module
k[X] generated by the set Xn in dimension n, for any n ∈ N, and which inherits an
obvious simplicial structure. We also have a contravariant functor A• : Simpop →
c Mod which maps a simplicial set X to the cosimplicial module A•(X) = kX ,
dual to k[X], and defined in dimension n by the collection of set-theoretic maps
u : Xn → k.

We use the notation N∗(X) for the normalized complex of the simplicial k-
module k[X] associated to a simplicial set X. We retrieve the classical homology
of simplicial sets by considering the homology of these simplicial modules. We also
use the notation H∗(−) for the homology functor on simplicial sets, and we may
write H∗(X) = H∗(N∗(X)), for any X ∈ Simp.

The normalized complexes of the simplices ∆n, n ∈ N, naturally form a simpli-
cial object in the category of dg-modules N∗(∆•). For a given simplicial module K,
we have a coend formula

N∗(K) =

∫ n∈∆

Kn ⊗ N∗(∆
n),

and the normalized complex construction of §0.6 can be regarded as a dg-module
version of the topological realization of simplicial sets.
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0.8. Symmetric monoidal categories and the structure of base categories. In the
introduction of this chapter, we mention that our base categories M = Set ,Top,Mod , . . .
are all instances of a symmetric monoidal categories.

By definition, a symmetric monoidal category is a category M equipped with a
tensor product ⊗ : M×M→M satisfying natural unit, associativity and symmetry
relations. These relations are expressed by structure isomorphisms which have to
be given along with the category:

(a) The unit is given by an object 1 ∈M together with a natural isomorphism
X ⊗ 1 ' X ' 1⊗X, associated to each X ∈M.

(b) The associativity relation is given by a natural isomorphism (X⊗Y )⊗Z '
X ⊗ (Y ⊗ Z), associated to every triple of objects X,Y, Z ∈M, satisfying
a pentagonal coherence relation (Mac Lane’s pentagon relation) and two
additional triangular coherence relations with respect to the unit isomor-
phism (we refer to [122, §XI.1] for the expression of these constraints).

(c) The symmetry relation is given by a symmetry isomorphism X ⊗ Y '
Y ⊗ X, associated to every pair of objects X,Y ∈ M, satisfying hexag-
onal coherence relations (Drinfeld’s hexagon relation) and two additional
triangular coherence relations with respect to the unit isomorphism (see
again [122, §XI.1] for details).

In the case of k-modules Mod , the monoidal structure is given by the usual ten-
sor product of k-modules, taken over the ground ring, together with the ground ring
itself as unit object. The definition of the tensor product of dg-modules, simplicial
modules, cosimplicial modules is reviewed later on, when we tackle applications of
these ground categories. In the category of sets Set (respectively, topological spaces
Top, simplicial sets Simp), the tensor product is simply given by the cartesian prod-
uct ⊗ = × together with the one-point set 1 = pt as unit object. In what follows,
we also use the general notation ∗ for the terminal object of a category, and we may
write pt = ∗ when we want to stress that the one point-set actually represents the
terminal object of the category of sets (respectively, topological spaces, or simplicial
sets).

The unit object and the isomorphisms that come with the unit, associativity
and commutativity relations of a symmetric monoidal category are part of the
structure. Therefore, these morphisms have, in principle, to be given with the
definition. But, in our examples, we can assume that the unit and associativity
relations are identities, and usually, we just make explicit the definition of the

symmetry isomorphism c = c(A,B) : A⊗B '−→ B ⊗A.
0.9. Tensor products and colimits. In many constructions, we consider sym-

metric monoidal categories M equipped with colimits and limits and so that the
tensor product of M preserves colimits on each side. To be explicit, we use:

(a) The canonical morphism colimα∈I(Xα ⊗ Y )→ (colimα∈IXα)⊗ Y associ-
ated to a diagram Xα ∈M, α ∈ I, is an iso for all Y ∈M, and similarly as
regards the canonical morphism colimβ∈J(X ⊗ Yβ) → X ⊗ (colimβ∈J Yβ)
associated to a diagram Yβ ∈ M, β ∈ J, where X is now a fixed object
of M.

This requirement is fulfilled by all categories which we take as base categories M =
Set ,Top,Mod , . . . and is required for the application of categorical constructions to
operads and algebras over operads. The category of coalgebras, of which we recall
the definition soon, satisfies (a) whenever the base category does, because colimits



FOUNDATIONS AND CONVENTIONS xxxv

of coalgebras are created in the underlying base category (see §I.2.0.3). On the
other hand, we will also consider instances of categories which do not satisfy this
colimit condition (a).

0.10. Symmetric groups and tensor permutations. We use the notation Σr for
the group of permutations of {1, . . . , r}. Depending on the context, we regard a
permutation s ∈ Σr as a bijection s : {1, . . . , r} → {1, . . . , r}, or as a sequence
s = (s(1), . . . , s(r)), equivalent to an ordering on the set {1, . . . , r}. In any case,
we will use the notation id = idr for the identity permutation in Σr. We drop the
lower-script r, indicating the permutation cardinal, when we do not need to specify
this information.

In a symmetric monoidal category equipped with a strictly associative tensor
product, we can form r-fold tensor products T = X1 ⊗ · · · ⊗Xr without care, and
drop unnecessary bracketings. Then we also have a natural isomorphism

X1 ⊗ · · · ⊗Xr
s∗−→ Xs(1) ⊗ · · · ⊗Xs(r),

associated to each permutation s ∈ Σr, and so that the standard unit and associa-
tivity relations id∗ = id and t∗s∗ = (st)∗ hold. To construct this action, we use
the classical presentation of Σr, with the transpositions ti = (i i+ 1) as generating
elements, and the identities

t2i = id , for i = 1, . . . , n− 1,(a)

titj = tjti, for i, j = 1, . . . , n− 1, with |i− j| ≥ 2,(b)

titi+1ti = ti+1titi+1, for i = 1, . . . , n− 2,(c)

as generating relations. To begin with, we assign the morphism

X1 ⊗ · · · ⊗Xi ⊗Xi+1 ⊗ · · · ⊗Xr
'−→ X1 ⊗ · · · ⊗Xi+1 ⊗Xi ⊗ · · · ⊗Xr,

induced by the symmetry isomorphism c(Xi, Xi+1) : Xi ⊗ Xi+1
'−→ Xi+1 ⊗ Xi,

to the transposition ti = (i i + 1). The axioms of symmetric monoidal categories
imply that these morphisms satisfy the relations (a-c) attached to the elementary
transpositions in Σr. Hence, we can use the presentation of Σr to coherently extend
the action of the transpositions ti ∈ Σr on tensor powers to the whole symmetric
group.

0.11. Tensor products over arbitrary finite sets. In our constructions, we often
deal with tensor products

⊗
ik∈r Xik , running over an arbitrary set r = {i1, . . . , ir}

(not necessarily equipped with a canonical ordering). In fact, we effectively realize
such a tensor product

⊗
ik∈r Xik as an ordered tensor product Xu(1) ⊗ · · · ⊗Xu(r),

which we associate to the choice of a bijection u : {1, . . . , r} '−→ r. The tensor

products associated to different bijection choices u, v : {1, . . . , r} '−→ r differ by a

canonical isomorphism s∗ : Xu(1) ⊗ · · · ⊗ Xu(r)
'−→ Xv(1) ⊗ · · · ⊗ Xv(r) which we

determine from the permutation s ∈ Σr such that v = u·s, by using the just defined
action of symmetric groups on tensors.

In principle, the tensor product
⊗

ik∈r Xik is only defined up to these canonical

isomorphisms. However, we can adapt the general Kan extension process to make
this construction more rigid, at least, when we work in a symmetric monoidal cat-
egory M equipped with fixed colimit functors. Formally, we define the unordered
tensor product as the colimit

⊗
ik∈r Xik = colim

u:{1,...,r} '−→r
Xu(1) ⊗ · · · ⊗ Xu(r)

running over the category formed by the bijections u : {1, . . . , r} '−→ r as objects,
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and the permutations s ∈ Σr such that v = u · s as morphisms. The colimit pro-
cess automatically performs the identification of the tensors associated to different
bijection choices.

This construction can be regarded as an instance of a Kan extension process
which we will apply to structures, called symmetric sequences, underlying operads
(see §I.3.5).

0.12. Enriched category structures of base categories. The morphism sets of a
category C will always be denoted by MorC(X,Y ). But many categories that we
consider C, including the base categories themselves M = Set ,Top,Mod , . . . , come
equipped with a hom-bifunctor HomC(−,−) : Cop×C→M, with values in one of our
base symmetric monoidal categories M = Set ,Top,Mod , . . . , and which provides C

with an enriched category structure.
The structure of an enriched category includes operations that extend the clas-

sical composition structure attached to the morphism sets of plain categories. In
the usual setting, the units of the composition are given by identity morphisms
idX ∈ MorC(X,X) associated to all objects X ∈ C. In the case of an enriched
category, the units of the composition are morphisms

(a) idX : 1→ HomC(X,X),

given for all objects X ∈ C, and defined on the tensor unit of the base category 1.
The composition products are morphisms

(b) ◦ : HomC(Y, Z)⊗ HomC(X,Y )→ HomC(X,Y ),

given for all X,Y, Z ∈ C, and where we consider the tensor product of hom-objects
in the base category instead of the cartesian product of morphims sets. These com-
position products are assumed to satisfy obvious analogues, now expressed in terms
of commutative diagrams, of the unit and associativity relations of the composition
in plain categories. Each of our base categories M = Set ,Top,Mod , . . . is enriched
over itself. In the case of sets Set , we trivially take HomSet(−,−) = MorSet(−,−).
In the case of topological spaces Top, the hom-objects HomTop(X,Y ) are given by
the morphism sets MorTop(X,Y ) equipped with the usual compact-open topology.
In the case of modules Mod , the hom-objects HomMod(A,B) are similarly given by
the morphism sets of the category MorMod(A,B), which come naturally equipped
with a module structure (the usual one). In our remaining fundamental examples
M = Simp, dg Mod , . . . , the hom-objects HomM(A,B) consist of maps satisfying
some mild requirements, extending the definition of a morphism in these cate-
gories. We give the explicit definition of these hom-objects later on, when we begin
to use these categories.

In all these examples, we actually take hom-objects which fit a adjunction re-
lation with respect to the symmetric monoidal structure (authors say that our base
categories are instances of closed monoidal categories). We review this connection
in a next paragraph.

0.13. The general notion of an enriched category, morphisms and homomor-
phisms. In general, an enriched category structure is given as an extra structure as-
sociated with a plain category C, and we deal with both morphism sets MorC(−,−),
from which the category C is basically defined, and hom-objects HomC(−,−), with
values in a given symmetric monoidal category M (not necessarily a base cate-
gory). We use an expression like category enriched over M when we need to specify
this category where our hom-objects are defined. We assume that the hom-objects
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are equipped with unit and composition morphisms §0.12(a-b) formed within our
symmetric monoidal category M.

In our setting, where enriched categories arise as extra-structures associated
with an underlying plain category C, we also naturally assume that the hom-objects
form a bifunctor HomC(−,−) : Cop×C→M so that we have morphisms

(a) f∗ : HomC(−, X)→ HomC(−, Y ) and f∗ : HomC(Y,−)→ HomC(X,−),

associated to any f ∈ MorC(X,Y ). The unit morphisms and the composition op-
erations §0.12(a-b) have to be left invariant under these actions of morphisms on
hom-objects.

In our basic examples, where hom-objects are made from point-sets, we can
identify the actual morphisms of the category f ∈ MorC(X,Y ) with particular el-
ements of the hom-objects HomC(X,Y ). The general elements u ∈ HomC(X,Y ) are
conversely identified with maps u : X → Y satisfying some mild requirements,
generally extending the definition of a morphism of the category (as alluded to in
the previous paragraph in the case of our base categories of simplicial sets, graded
modules, dg-modules, . . . ). In this setting, we use the noun of homomorphism to
refer to the general elements of the hom-objects HomC(X,Y ) as opposed to the mor-
phisms, which refer to the elements of the morphism sets MorC(X,Y ). But we may
use the arrow notation u : X → Y when we want to regard such a homomorphism
u ∈ HomC(X,Y ) as a map. In this case, the belonging category of the arrow u is
specified by the context. The composition on hom-objects also usually extends the
composition on morphisms, and the morphisms (a), making the hom-objects into
a bifunctor, are generally identified with the left (respectively, right) composition
with the homomorphism associated to f ∈ MorC(X,Y ).

In a general setting, a correspondence between morphisms and homomorphisms
can be formalized in terms of morphisms

(b) ι] : 1[MorC(X,Y )]→ HomC(X,Y ),

where the expression 1[MorC(X,Y )] denotes the coproduct, running over the set of
morphisms f ∈ MorC(X,Y ), of copies of the unit object 1. We develop this formal-
ism in the case of Hopf categories (categories enriched in counitary cocommutative
coalgebras) in §I.9.

0.14. Closed symmetric monoidal categories. In the case of our base categories
M = Set ,Top,Mod , . . . , we actually take hom-bifunctors that fit in an adjunction
relation MorM(X ⊗ Y,Z) ' MorM(X, HomM(Y,Z)) with respect to the symmet-
ric monoidal structure of the category. The bijection which gives this adjunction
relation is also assumed to be natural in X,Y, Z ∈M.

In general, a symmetric monoidal category M is said to be closed when the
tensor product ⊗ : M×M → M has a right adjoint HomM(−,−) : Mop×M → M

fitting in an adjunction relation of this form

(a) MorM(X ⊗ Y, Z) ' MorM(X, HomM(Y,Z)),

for X,Y, Z ∈ M. Note that the existence of this adjoint forces the colimit preser-
vation requirement of §0.8.

The hom-objects HomM(X,Y ) defined by an internal hom-functor naturally
inherit an evaluation morphism

(b) HomM(X,Y )⊗X ε−→ Y,
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representing the augmentation of the adjunction (a), and which generalizes the
usual evaluation of maps in the category of sets. In addition to the evaluation
morphism, we have a morphism

(c) X
ι−→ HomM(Y,X ⊗ Y )

giving the unit of the adjunction.
The hom-objects of a closed symmetric monoidal category automatically inherit

composition units idX : 1 → HomC(X,X), given by the right adjoint of the unit

isomorphisms 1⊗X '−→ X of the symmetric monoidal structure, as well as compo-
sition operations ◦ : HomC(Y,Z) ⊗ HomC(X,Y ) → HomC(X,Y ), given by the right

adjoint of the composite evaluation morphisms HomM(Y, Z)⊗HomM(X,Y )⊗X id ⊗ε−−−→
HomM(Y,Z)⊗ Y ε−→ Z. Thus, any closed symmetric monoidal category is automat-
ically enriched in the sense of §0.12.

Besides, we have tensor product operations HomM(A,B) ⊗ HomM(X,Y )
⊗−→

HomM(A ⊗X,B ⊗ Y ), given by the right adjoint of the composites HomM(A,B) ⊗
HomM(X,Y ) ⊗ A ⊗ X ' HomM(A,B) ⊗ A ⊗ HomM(X,Y ) ⊗ X ε⊗ε−−→ B ⊗ Y , where
we apply the symmetry operator of M and we form the tensor product of the eval-
uation morphisms associated to the hom-objects. This tensor product operation
gives an extension, at the level of enriched hom-objects, of the tensor product of
morphisms and satisfies the same unit, associativity, and symmetry relations.

0.15. The notation of colimits, limits and universal objects. We adopt the fol-
lowing conventions for the notation of colimits, limits, and universal objects in
categories. We generally use the unbased set notation ∅ for the initial object of a
ground category, the notation q for coproducts, and the notation ∗ for the terminal
object. We use additive category notation when we deal with additive structures,
or when our ground category consists of modules. We then write 0 for the initial
object of the category (the zero object). We also use ⊕ as a generic notation for
the coproduct in the additive case.

When we deal with a category of objects equipped with a multiplicative struc-
ture (algebras, operads, . . . ), we generally adopt the base set notation ∨, for the
coproduct ∨, but we do not follow any general convention for the notation of the
initial object in this setting. In each instance of multiplicative structure, we can
actually identify the initial object of our category with a particular object of the
base category, of which we therefore take the notation up. We use a similar conven-
tion for coproducts, and other universal constructions, which we can deduce from
a structure operation given with our base category. We then take up the notation
of the underlying operation of the base base category for our universal objects. For
instance, we generally use the tensor product notation to refer to coproducts in
categories of unitary commutative algebras, because we observe in §I.2.0.2 that the
coproduct is realized by the tensor product in this case.
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CHAPTER 1

The Basic Concepts of the Theory of Operads

The purpose of this chapter is to explain the definition of an operad and some
basic concepts associated with this notion.

We give the formal definition of an operad in the first section of the chap-
ter (§1.1). We also explain the definition of an algebra over an operad in this sec-
tion and we give some basic examples in sets to illustrate the fundamental concepts
of the theory. We examine the application of standard constructions of category
theory (like free objects, colimits, limits) to operads and to algebras over operads
in the second and third sections (§1.2-§1.3), We check by the way that the usual
categories of algebras (associative algebras, commutative algebras, Lie algebras)
are identified with categories of algebras associated to operads. We also devote an
appendix section (§1.4) to a short survey of the definition of particular colimits
(reflexive coequalizers and filtered colimits), which we use in our constructions on
operads.

The basic definition of an operad, given in the next section, makes sense in the
general setting of a symmetric monoidal category M, where we only assume the
existence of a tensor product ⊗ : M×M→M satisfying the unit, associativity and
symmetry axioms of §0.8. In many applications however, we need the additional
requirement that the tensor product preserves colimits on each side (see §0.8). In
certain cases, we also need the existence of an internal-hom bifunctor HomM(−,−) :
Mop×M → M providing the base category M with a closed symmetric monoidal
category structure (see §§0.8-0.14). To simplify, we assume for the moment that
we deal with a base category M which fulfils all these assumptions. We take our
examples among the category of sets M = Set , simplicial sets M = Simp, topological
spaces M = Top, modules over the ground ring M = Mod , or among a variant of
these categories. We will just devote a few remarks to technical issues arising from
the non-preservation of colimits by the tensor product.

The preservation of colimits by the tensor product is explicitly used in §§1.2-
1.3, when we examine the application of categorical constructions to operads and
to algebras over operads. The preservation of colimits is also a necessary condition
for the existence of an internal-hom (see §0.14). Therefore, as soon as we deal with
internal hom-objects (in §§1.1.11-1.1.15) we also implicitly assume that our colimit
requirement is fulfilled.

Recall that we generically use the unbased set notation ∅ for the initial object
of our base category, the notation ∗ for the terminal object, and the notation q for
coproducts. We just move to additive category notation when we deal with additive
structures, or when the ground category consists of modules. We then write 0 for
the zero object (giving the initial object of the category), and ⊕ for the coproduct.

In §§1.2-1.3, we explain that the category of operads and the categories of
algebras associated to an operad have all limits and colimits. The limits of operads

5
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and algebras are created in the underlying ground category in general, as well as
some particular colimits, but not coproducts (see §§1.2-1.3). Therefore, we keep
the notation of the ground category for limits in the category of operads and in
categories of algebras over operads, but we will adopt another style of notation (the
base set notation ∨) for coproducts.

The definition of an operad recalled in this chapter is borrowed from May’s
monograph [134]. Besides this reference, we should cite Boardman-Vogt’ work [26]
for another approach of the notion of an operad, and Ginzburg-Kapranov’ arti-
cle [75], from which we borrow the definition free operads and the definition of
operads by generators and relations. Reference books on operads, emphasizing
various aspects of the theory, include [60] about modules and algebra categories
associated to operads, [112] about operads and higher categories, [120] focusing
on algebraic operads and the Koszul duality theory, and [131] providing an overall
introduction to operads and to the Koszul duality of operads. Most definitions and
statements of this introductory chapter are covered by these reference, and we do
not make any claim of originality at this stage of our work.

1.1. The notion of an operad and of an algebra over an operad

The purpose of this section, as we just explained, is to introduce the defini-
tion of an operad and of an algebra over an operad. We have several approaches
available. In this introductory chapter, we mostly deal with May’s definitions [134],
which has the advantage of giving a direct and simple interpretation of operadic
structures in terms of operations acting on algebras. In §3, we explain the equiv-
alence between May’s approach and a more combinatorial definition of operads,
involving an interpretation of operadic composition structures in terms of trees.
To prepare this subsequent revision of the definition, we give a first introduction
to the tree representation of operads in this section. We will also heavily use the
formalism of trees in our study of deformation complexes of operads.

Intuitively, an operad P consists of a collection of objects P(r) collecting ab-
stract operations of r variables p = p(x1, . . . , xr) with a variable number r running
over N. The notion of an operad is formally defined as a structure given by such a
collection together with composition products modeling the composition of opera-
tions. From this viewpoint, an operad can be regarded as a particular instance of
analyzer, a notion introduced by Lazard in [109] in order to generalize the power
series operations used in the theory of formal Lie groups.

In the literature, the number of variables r in an operation p = p(x1, . . . , xr)
(not necessarily related to an operad) is sometimes referred to as the arity of p. In
the operadic context, we use the term of arity to refer to the number r indexing
the terms of an operad and of any related structure. For the moment, we focus on
operad terms P(r) indexed by non-negative integers r ∈ N, but in §3.5, we consider
an extension of the definition of an operad where terms P(r) indexed by all finite
sets r = {i1, . . . , ir} are considered. In this setting, we use the term of arity to refer
to the cardinal of the set r = {i1, . . . , ir} (either regarded as a non-negative integer,
or as a class of finite sets in bijection to each other).

The explicit definition of an operad, beyond the intuitive approach, is quite
intricate. In fact, this definition is recursive in nature, because it implicitly relies
on a primitive operad structure on permutations. In the logical order, we should
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P(r)⊗P(n1)⊗···⊗P(nr)
id ⊗(t1⊗···⊗tr) //

µ

��

P(r)⊗P(n1)⊗···⊗P(nr)

µ

��
P(n1+···+nr)

t1⊕···⊕tr
// P(n1+···+nr)

P(r)⊗P(n1)⊗···⊗P(nr)
s⊗(id ⊗···⊗id) //

'id ⊗s∗
��

P(r)⊗P(n1)⊗···⊗P(nr)

µ

��
P(r)⊗P(ns(1))⊗···⊗P(ns(r))

µ
**

P(n1+···+nr)

P(ns(1)+···+ns(r))
s∗(n1,...,nr)

44

Figure 1.1. The equivariance axioms of operads, required to hold
for all arities r ≥ 0, n1, . . . , nr ≥ 0, and all permutations s ∈ Σr
and t1 ∈ Σn1

, . . . , tr ∈ Σnr .

explicitly define the operations underlying the composition structure of the permu-
tation operad first, and introduce the general definition of an operad afterwards.
But, we will proceed differently in order to bring out the ideas underlying the def-
inition. In a first stage, we only define the shape of the structure of an operad.
This incomplete account is enough to fully explain the intuitive interpretation of
the operad formalism, which we do next. Then we give the missing part of our defi-
nition, which amounts to the definition of the alluded-to primitive operad structure
on permutation groups.

1.1.1. The structure of an operad. Formally, an operad in a base category M

consists of a sequence of objects P(r) ∈M, r ∈ N, where P(r) is equipped with an
action of the symmetric group on r letters Σr, together with

(a) a unit morphism η : 1→ P(1),
(b) and a composition structure, defined by morphisms

P(r)⊗ P(n1)⊗ · · · ⊗ P(nr)
µ−→ P(n1 + · · ·+ nr),

for r ≥ 0 and n1, . . . , nr ≥ 0,

so that natural equivariance, unit and associativity relations, expressed by the
commutativity of the diagrams of Figure 1.1, 1.2, and 1.3, hold. The definition
of the permutations t1 ⊕ · · · ⊕ tr and s∗(n1, . . . , nr), occurring in the equivariance
relations of Figure 1.1, is put off until §1.1.7.

In principle, we assume that the action of the symmetric group on the compo-
nents of an operad is given on the left, and our equivariance axioms are formulated
accordingly. This convention is used by most authors.

The morphism η in the above definition is referred to as the unit morphism of
the operad, and the morphisms µ as the composition products. In what follows, we
also use the terminology of full composition product to distinguish these morphisms
µ from partial composition operations which we introduce later on. In general,
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1⊗P(n)
η⊗id //

'
**

P(1)⊗P(n)

µ

��
P(n)

P(r)⊗1⊗r
id ⊗η⊗r //

'
**

P(r)⊗P(1)⊗r

µ

��
P(r)

Figure 1.2. The unit axioms of operads, required to hold for
all r ≥ 0 and all n ≥ 0.

{P(r) ⊗ P(s1)⊗···⊗P(sr)} ⊗ {P(n1
1)⊗···⊗P(n

s1
1 )}

⊗ ···
⊗ {P(n1

r)⊗···⊗P(nsrr )}
' //

µ⊗id ⊗···⊗id
��

P(r) ⊗ {P(s1)⊗P(n1
1)⊗···⊗P(n

s1
1 )}

⊗ ···
⊗ {P(sr)⊗P(n1

r)⊗···⊗P(nsrr )}

id ⊗µ⊗···⊗µ
��

P(s1+···+sr) ⊗ P(n1
1)⊗···⊗P(n

s1
1 )

⊗ ···
⊗ P(n1

r)⊗···⊗P(nsrr )

µ
&&

P(r) ⊗ P(n1
1+···+ns11 )

⊗ ···
⊗ P(n1

r+···+nsrr )

µ
xx

P(n1
1+···+ns11 +···+n1

r+···+nsrr )

Figure 1.3. The associativity axiom of operads, required to hold
for all arities r ≥ 0, s1, . . . , sr ≥ 0, and all nji ≥ 0.

we specify an operad by the notation of the underlying collection P, and we use
the letters η and µ as generic notation for the corresponding unit and product
morphisms. We simply add a lower-script η = ηP (respectively, µ = µP) specifying
the operad to which this unit (respectively, product) morphism is attached when
necessary.

1.1.2. The category of operads. We naturally define an operad morphism φ :
P → Q as a sequence of morphisms in the base category φ : P(r) → Q(r), r ∈ N,
commuting with the action of symmetric groups and preserving the unit and the
composition structure of the operads. When we work within a fixed base category
M, we use the notation Op to refer to the category formed by operads in M and this
natural class of morphisms. When we need to specify the base category in which
our operads are defined, we simply add this category as a prefix to our notation,
and we write Op = BaseOp. To give an example, we may use the notation TopOp
to refer to the category of topological operads (corresponding to the case of operads
in topological spaces).

In §3.2, we introduce a variant of the category operads, where the symmetric
group action is replaced by another internal structures, encoded by an action of a
certain category Λ. Our general convention is to add the notation of this category
Λ as a prefix to the expression Op in order to get the notation of this variant of
the category of operads. Under this convention, we may use the expression ΣOp
(rather than Op) to refer to the operad category of §1.1.1, because we adopt the
notation Σ for the category, formed by the disjoint union of the symmetric groups,
which models the internal symmetric structure of these operads.
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P(r)⊗P(n1)⊗···⊗P(nr)
s⊗(t1⊗···⊗tr) //

'id ⊗s∗
��

P(r)⊗P(n1)⊗···⊗P(nr)

µ

��
P(r)⊗P(ns(1))⊗···⊗P(ns(r))

µ
**

P(n1+···+nr)

P(ns(1)+···+ns(r))
s(t1,...,tr)

44

Figure 1.4. The equivariance axioms of operads, put in a single
diagram, where s(t1, . . . , tr) ∈ Σn1+···+nr is actually an operadic
composite of the given permutations s ∈ Σr and t1 ∈ Σn1

, . . . , tr ∈
Σnr .

The category of non-symmetric operads, considered in the literature, is an-
other variant of the category of operads defined by forgetting about the action of
symmetric groups and the equivariance axioms in §1.1.1. The expression of sym-
metric operads, referring to the symmetric group actions, is used by some authors
to specify the operad structures which we precisely define §1.1.1. But we do not
use non-symmetric operads in this book. The category of symmetric operads is our
category of plain operads, and therefore, the adoption of the short notation Op for
that category Op = ΣOp is natural for us too.

We may also consider variants of the category of operads where we drop the
term of arity zero from the definition. We use the expression of non-unitary operad
to refer to this category of operads. When the tensor product preserves colimits,
we can identify a non-unitary operad with an operad, in the sense of the defini-
tion §1.1.1, where the arity zero term is the initial object of the base category. We
then regard the category of non-unitary operads as a subcategory of our category
of operads §1.1.1. We heavily use the concept of non-unitary operad, and we shall
devote subsequent paragraphs of this section to this notion.

1.1.3. Miscellaneous remarks on the definition of an operad. We may note that,
in the case r = 0, the composition product of §1.1.1(b) involves an empty set of
factors P(ni). This product therefore reduces to an endomorphism of P(0). The
(right) unit axiom of Figure 1.2 actually forces this endomorphism to be the identity
of P(0). Thus, the consideration of a composition product for r = 0 in §1.1.1 does
not add anything to the structure of an operad. Nevertheless, the formulation of
the associativity axiom in full generality in Figure 1.3, requires to integrate this
degenerate case in our definition.

The equivariance axioms of Figure 1.1 can also be put together in a sin-
gle equivalent commutative diagram, displayed in Figure 1.4. The permutation
s(t1, . . . , tr) occurring in this diagram is given by the composite s(t1, . . . , tr) =
t1⊕ · · · ⊕ tr · s∗(n1, . . . , nr) of the permutations t1⊕ · · · ⊕ tr and s∗(n1, . . . , nr), oc-
curring in our initial equivariance axioms. Soon (in Proposition 1.1.9), we identify
this composite permutation s(t1, . . . , tr) as the outcome of an operadic composition
product on permutations.

Intuitively, the object P(r) in the definition of an operad collects abstract op-
erations p = p(x1, . . . , xr) in a given arity r ∈ N (as we explain in the introduction
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of this section). The composition structure of §1.1.1(a-b) reflects a natural com-
position structure attached to operations of this form, and the definition of our
operations t1 ⊕ · · · ⊕ tr and s∗(n1, . . . , nr) on permutations reflects this interpreta-
tion of the composition structure. Thus, we explain this interpretation first, from
the shape of our axioms, and we explicitly define the permutations t1⊕· · ·⊕ tr and
s∗(n1, . . . , nr) afterwards.

1.1.4. The interpretation of an operad structure. In a point set context, we may
use the notation p(q1, . . . , qr) ∈ P(n1, . . . , nr) for the image of a tensor p⊗(q1⊗· · ·⊗
qr) ∈ P(r)⊗P(n1)⊗· · ·⊗P(nr) under the composition product §1.1.1(b). The unit
morphism of §1.1.1(a) is also equivalent to the definition of a distinguished element
1 ∈ P(1), referred to as the unit of the operad. In many constructions, we consider
partial composition operations ◦i : P(m)⊗ P(n)→ P(m+ n− 1) determined from
the composition product by the formula p ◦i q = p(1, . . . , 1, q, 1, . . . , 1) where the
operation q ∈ P(n) is plugged in the ith input of p ∈ P(m). Operad units are
assigned to the remaining inputs of p.

In the intuitive interpretation of elements p ∈ P(r) in terms of abstract op-
erations p = p(x1, . . . , xr), the action of permutations s ∈ Σr on P(r) models a
permutation of inputs

sp = p(xs(1), . . . , xs(r)),

and the operadic composition process models the definition of composite operations
of the form

p(q1, . . . , qr) = p(q1(xk1+1, . . . , xk1+n1
),

q2(xk2+1, . . . , xk2+n2
),

...

qr(xkr+1, . . . , xkr+nr )),

where we set ki = n1 + · · · + ni−1. (We have by convention k1 = 0 when i =
1.) Thus, in the expression of the composite p(q1, . . . , qr), the variables are split
into groupings attached to each plugged operation qi. Similarly, the operadic unit
represents an identity operation (of one variable) 1 = id(x1) and a partial composite
p ◦i q = p(1, . . . , 1, q, 1, . . . , 1) can be identified with a composite operation of the
form

p ◦i q = p(x1, . . . , xi−1, q(xi, . . . , xi+n−1), xi+n, . . . , xm+n−1).

In these point set representations, the unit axioms read 1(p) = p, p(1, . . . , 1) = p,
and the associativity axiom reads

p(q1, . . . , qr)(θ
1
1, . . . , θ

s1
1 , . . . , θ

1
r , . . . , θ

sr
r ) = p(q1(θ1

1, . . . , θ
s1
1 ), . . . , qr(θ

1
r , . . . , θ

sr
r )),

where we assume p ∈ P(r), q1 ∈ P(s1), . . . , qr ∈ P(sr) and θji ∈ P(nji ). The
equivariance axioms come from the identities

p(t1q1, . . . , trqr)

= p(q1(xk1+t1(1), . . . , xk1+t1(n1)), . . . , qr(xkr+tr(1), . . . , xkr+tr(nr))),

sp(q1, . . . , qr)

= p(qs(1)(xks(1)+1, . . . , xks(1)+ns(1)
), . . . , qs(r)(xks(r)+1, . . . , xks(r)+ns(r))).

The permutations t1⊕· · ·⊕tr and s∗(n1, . . . , nr), which we formally define in §1.1.7,
correspond to the input permutations occurring in these formulas.
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Note that the composition product can be written in terms of partial compos-
ites. Indeed, the unit and associativity axioms imply that the composition product
satisfies p(q1, . . . , qr) = (· · · (p ◦k1+1 q1) ◦k2+1 · · · ) ◦kr+1 qr, for any p ∈ P(r) and all
q1 ∈ P(n1), . . . , qr ∈ P(nr), where we set ki = n1 + · · ·+ ni−1 for i = 1, . . . , r. This
observation is fully developed in §3.1, where we give another definition, in terms of
the partial composition operations, of the composition structure of an operad.

1.1.5. The graphical representation of operad elements. To gain intuition, we
may also use a box picture

i1
��

· · · · · ·
· · ·

ir
��

p

��
0

,

to represent operations of the form collected by an operad p ∈ P(r). The ingoing
edges of the box represent the inputs of the operation and the outgoing edge is used
to symbolize the output.

In this picture, the composition products of an operad model composition pat-
terns of the following form

j1
1

��
· · · · · ·
· · ·

j1
n1

��
· · · jr1

��
· · · · · ·
· · ·

jrnr
��

q1

''

· · · qr

wwp

��
0

,

where we plug the outputs of the upper level operations q1 ∈ P(n1), . . . , qr ∈ P(nr)
in the inputs of the lower level operation p ∈ P(r) to obtain a composite operation
p(q1, . . . , qr) ∈ P(n1 + · · ·+ nr) with as much inputs as the upper level operations
together and one final output. In the sequel, we use the above picture to represent
the tensor p⊗ (q1 ⊗ · · · ⊗ qr) ∈ P(r)⊗ P(n1)⊗ · · · ⊗ P(nr), to which the operadic
composition product is applied, instead of the outcome of the process.

For the moment, as long as we assume that operad terms are indexed by finite
ordinals r = {1 < · · · < r}, we can assume that the ingoing edges of a box in
such a figure are arranged in the plane according to the input ordering of the
corresponding operation p ∈ P(r). However, we can make a convenient use of
indices attached to ingoing edges of boxes in our figures. Namely, we can use the
indices of ingoing edges to mark operations on the inputs of operations. For this
purpose, we take the convention that edges represent a bijection, not necessarily
the identity one, between an indexing set and the input set of an operation. In
the picture of composite operations for instance, we associate the indices jik =
n1 + · · · + ni−1 + k, k = 1, . . . , ni, corresponding to the input indexing of the
composite operation p(q1, . . . , qr), with the ingoing edges of the box qi, i = 1, . . . , r.

To identify equivalent indexings, we simply apply the relation

i1
��
· · · · · ·
· · ·

ir
��

sp

��
0

≡

is(1)

��

· · · · · ·
· · ·

is(r)
��

p

��
0

,
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when we apply a permutation s ∈ Σr to the inner operation p ∈ P(r). This formal-
ism is fully explained in §3.5, where we consider operad components associated to
all finite sets.

1.1.6. The graphical representation of an operad structure. The representation
of the previous paragraphs can be applied to operad components (instead of ele-
ments), and under our conventions, the composition products of an operad can be
depicted as morphisms

j1
1

��
· · · · · ·
· · ·

j1
n1

��
· · · jr1

��
· · · · · ·
· · ·

jrnr
��

P(n1)

''

· · · P(nr)

ww
P(r)

��
0

µ∗−→

j1
1

**
· · · · · · j1

n1

��
· · · jr1
��

· · · · · · jrnr
tt

P(n1 + · · ·+ nr)

��
0

,

where the tree-wise arrangement of operad components formally represents the
tensor product of these objects.

The unit and associativity relations of operads correspond in the tree-wise rep-
resentation to the composition schemes of Figure 1.5-1.6. In these representations,
we identify the application of operadic units and operadic composition products
with internal operations on factors forming our tree-wise tensor product. In gen-
eral, we use the notation η∗ and µ∗, symbolizing the performance of internal oper-
ations on tree-wise tensors, for these mappings. The factors to which we apply the
operation can in principle be determined from the internal structure of the source
and target tree of our mapping.

1.1.7. Fundamental operations on permutations. We now define the permuta-
tions t1 ⊕ · · · ⊕ tr and s∗(n1, . . . , nr) occurring in the equivariance relations of
Figure 1.1. We use the notation ki = n1 + · · · + ni−1 introduced in the previ-
ous paragraphs. To make our definition more explicit, we use that a permutation
of (1, . . . , r) is equivalent to an ordered sequence w = (w(1), . . . , w(n)) in which
each value k = 1, . . . , r occurs once and only once. In some cases, we can also use
the standard table representation

w =

(
1 · · · n

w(1) · · · w(n)

)
.

The direct sum of permutations t1 ∈ Σn1
, . . . , tr ∈ Σnr is the permutation

of {1, . . . , n1+· · ·+nr} given by the action of ti on the interval {ki+1, . . . , ki+ni} ⊂
{1, . . . , n1 + · · · + nr} through the canonical bijection of ordered sets {1 < · · · <
ni} '−→ {ki + 1 < · · · < ki + ni}. This permutation is represented by the sequence

t1 ⊕ · · · ⊕ tr = (k1 + t1(1), . . . , k1 + t1(n1), . . . , kr + tr(1), . . . , kr + tr(nr))

formed by the concatenation of the sequences ti = (ti(1), . . . , ti(ni)) associated to
the permutations ti, i = 1, . . . , r, together with the index shifts ki. For instance, in
the case of a pair of permutations s ∈ Σm and t ∈ Σn, we obtain the identity:

(s(1), . . . , s(m))︸ ︷︷ ︸
s

⊕ (t(1), . . . , t(n))︸ ︷︷ ︸
t

=

(
1 · · · m m+ 1 · · · m+ n
s(1) · · · s(m) m+ t(1) · · · m+ t(n)

)
.
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i1

��
········· in
��

i1

��
········· in
��

P(n)

��
P(n)

��
1

��
P(1)

��
0 0

i1

��
········· in
��

P(n)

��
0

η∗ //

'

$$

µ∗
��

i1

��
········· ir

��
i1

��
········· ir

��
1

��
······ 1

��
P(1)

��
··· P(1)

��
P(r)

��
P(r)

��
0 0

i1

��
········· ir
��

P(r)

��
0

η∗ //

'

$$

µ∗
��

Figure 1.5. The tree-wise representation of the unit relations of operads

i∗
��
··· i∗
��

··· i∗
��
··· i∗
��

··· i∗
��
··· i∗
��

··· i∗
��
··· i∗
��

P(n1
1)

##
··· P(n

s1
1 )

{{
··· P(n1

r)

##
··· P(nsrr )

{{
P(s1)

))
··· P(sr)

uu
P(r)

��
0 i∗ ··· ··· ··· i∗ ··· i∗ ··· ··· ··· i∗

P(n1)

''

## {{
··· P(nr)

ww

## {{

P(r)

��
0

i∗
��
··· i∗
��

··· i∗
��
··· i∗
��

··· i∗
��
··· i∗
��

··· i∗
��
··· i∗
��

P(n1
1)

++

··· P(n
s1
1 )

##
··· P(n1

r)

{{
··· P(nsrr )

ss
P(s)

��
0

i∗ ··· ··· ··· i∗ ··· i∗ ··· ··· ··· i∗

P(n)

��

** �� �� tt

0

µ∗

��

µ∗

$$

µ∗ //

µ∗

��

Figure 1.6. The tree-wise representation of the associativity re-
lations of operads, where, to shorten notation, we set ni = n1

i +
· · ·+ nsii for i = 1, . . . , r, and s = s1 + · · ·+ sr, n = n1 + · · ·+ nr.
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The block permutation s∗(n1, . . . , nr) associated to a permutation s ∈ Σr,
where n1, . . . , nr ≥ 0 is any collection of natural numbers, is given by the permu-
tation, under s, of the intervals

ni = (ki + 1, ki + 2, . . . , ki + ni)

in the ambient set {1, . . . , n1 + · · ·+nr}. In the sequence representation, the block
permutation s∗(n1, . . . , nr) is defined by the sequence

s∗(n1, . . . , nr) = (ns(1), . . . , ns(r))

formed by the concatenation of the blocks ni ordered according to the permuta-
tion s. For instance, the block permutation t∗(m,n) associated to a transposition
t = (1 2) ∈ Σ2 has the form:

(m+ 1, . . . ,m+ n, 1, . . . ,m)︸ ︷︷ ︸
t∗(m,n)

=

(
1 · · · n n+ 1 · · · n+m

m+ 1 · · · m+ n 1 · · · m

)
.

The following proposition follows from easy verifications:

Proposition 1.1.8. Let n1, . . . , nr ≥ 0. In the symmetric group Σn1+···+nr ,
we have the relation

s1 ⊕ · · · ⊕ sr · t1 ⊕ · · · ⊕ tr = (s1t1)⊕ · · · ⊕ (srtr)

for all r-tuples of permutations (s1, . . . , sr), (t1, . . . , tr) ∈ Σn1
× · · · ×Σnr , the rela-

tion

s∗(n1, . . . , nr) · t∗(ns(1), . . . , ns(r)) = (st)∗(n1, . . . , nr).

for every s, t ∈ Σr, and the relation

t1 ⊕ · · · ⊕ tr · s∗(n1, . . . , nr) = s∗(n1, . . . , nr) · ts(1) ⊕ · · · ⊕ ts(r)
for every s ∈ Σr and all (t1, . . . , tr) ∈ Σn1

× · · · × Σnr . �

Then we obtain:

Proposition 1.1.9. The collection of symmetric groups Σn, n ∈ N, forms an
operad in sets so that:

(a) the action of the symmetric group on each Σn is given by left translations;
(b) and the composition product µ : Σr × (Σn1

× · · · × Σnr ) → Σn1+···+nr
maps a collection s ∈ Σr, (t1, . . . , tr) ∈ Σn1 × · · · × Σnr , to the product
permutation s(t1, . . . , tr) = t1 ⊕ · · · ⊕ tr · s∗(n1, . . . , nr).

Proof. Easy verification from the relations of Proposition 1.1.8. �

This proposition explains our remark that the operations t1 ⊕ · · · ⊕ tr and
s∗(n1, . . . , nr), which occur in the general definition of an operad, come themselves
from a primitive operadic composition on the collection of symmetric groups. The
definition of the composite s(t1, . . . , tr) in Proposition 1.1.9 is forced by the equiv-
ariance axioms of operads and the requirement idr(idn1 , . . . , idnr ) = idn1+···+nr ,
where we use the notation idn for the identity permutation of the set {1, . . . , n}
(see §0.10). In this sense, the result of Proposition 1.1.9 expresses the internal
coherence of the definition of an operad.

To give another (more) simple example, we can readily see that:
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Proposition 1.1.10. The collection of one-point sets pt(r) = pt form an op-
erad in sets. The symmetric group action is trivial in each arity, and we take
identities of one-point sets to define the composition unit and the composition prod-
ucts of the operad. �

In §2, we define a generalization of this one-point set operad in the context of
symmetric monoidal categories.

Soon (see §§1.1.16-1.1.18), we explain that the permutation operad, as defined
in Proposition 1.1.9, is identified with the operad of associative monoids, and the
one-point set operad is identified with the operad of commutative monoids. But
before studying operads associated to basic algebraic structures, we explain the
definition of universal operads EndA associated to the objects A of the base category
M.

1.1.11. Endomorphism operads. The operad EndA associated to an object A ∈
M is called the endomorphism operad of A. The definition of this endomorphism
operad involves the internal hom-bifunctor of the base category HomM(−,−) :
Mop×M→M. For short, we may also use the notation Hom(−,−) = HomM(−,−)
for this hom-bifunctor.

Basically, the endomorphism operad of A ∈ M is defined by the collection of
hom-objects

EndA(r) = Hom(A⊗r, A),

where we form the tensor powers of A in the base category M. By functoriality,
the hom-objects EndA(r) = Hom(A⊗r, A) inherit an action of symmetric groups from
the tensor powers A⊗r and this gives the symmetric structure of the endomorphism
operad.

By adjunction, the composite evaluation morphisms

Hom(A⊗r, A)⊗
( r⊗
i=1

Hom(A⊗ni , A)
)
⊗A⊗n

'−→ Hom(A⊗r, A)⊗
( r⊗
i=1

Hom(A⊗ni , A)⊗A⊗ni
)

ε−→ Hom(A⊗r, A)⊗A⊗r ε−→ A

yield operadic composition operations

Hom(A⊗r, A)⊗
( r⊗
i=1

Hom(A⊗ni , A)
)
µ−→ Hom(A⊗n, A),

for all r ≥ 0, n1, . . . , nr ≥ 0, and where we write n = n1+· · ·+nr. These operations
define the composition structure of the endomorphism operad. By adjunction too,
the symmetric monoidal unit 1⊗A ' A gives a morphism

1
η−→ Hom(A,A)

providing the collection EndA with an operadic unit.
The reader can easily check that the axioms of §1.1.1 are fully satisfied in EndA,

and hence we have a well defined operad structure on EndA.
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1.1.12. Endomorphism operads in basic ground categories. In the basic example
of sets M = Set , the endomorphism operad of an object X ∈ Set consists of the
map sets EndX(r) = {f : X×r → X}, we have the pointwise formula

sf(x1, . . . , xn) = f(xs(1), . . . , xs(n))

for the action of permutations, where the variables xk now refer to actual elements
of X, and the pointwise formula

f(g1, . . . , gr)(x1, . . . , xn1+···+nr ) = f(g1(xk1+1, . . . , xk1+n1
),

g2(xk2+1, . . . , xk2+n2
),

...

gr(xkr+1, . . . , xkr+nr ))

for the composition (where we still set ki = n1 + · · ·+ ni−1). The operadic unit is
the identity of X.

In the context of topological spaces M = Top, we have the same identification of
the endomorphism operad EndX since the map sets EndX(r) = {f : X×r → X} are
also equipped with a topology which identify them with the internal hom-objects
of the category of spaces Top.

In the module context M = Mod , the terms of the endomorphism operad
EndK , K ∈ Mod , consist of morphisms f : K⊗r → K by construction of hom-
objects in Mod . Such morphisms f : K⊗r → K are equivalent to r-linear maps
f : (x1, . . . , xr) 7→ f(x1, . . . , xr), and the action of permutations and operadic
composition structures on such maps are given by the same pointwise formulas as
in the context of sets.

1.1.13. The structure of an algebra over an operad. An algebra over an op-
erad P (a P-algebra for short) is an object of the ground category A ∈M together
with morphisms

(a) P(r)⊗A⊗r λ−→ A,

given for all r ≥ 0, and such that equivariance, associativity and unit relations,
formalized by the commutative diagrams of Figure 1.7-1.9, hold. In applications
of this definition, we usually say that the morphisms (a) define the action of the
operad P on the object A ∈ M. We also say that these morphisms (a) are the
evaluation morphisms attached to the P-algebra A when we consider an object A
equipped with a fixed P-action.

In general, we refer to a P-algebra by the expression of the underlying object
A and we use the letter λ as a generic notation for the morphisms (a) defining the
action of the operad on A. As in the operad case (see §1.1.1), we simply add the
expression of the algebra as a lower-script to this notation λ = λA when we need
to specify it.

The P-algebras form a category with, as morphisms, the morphisms of the
ground category f : A → B which preserve the P-actions on A and B. In what
follows, we usually convert the notation of the operad P into calligraphic letters P

in order to get the notation of the category of algebras associated to P. If necessary,
then we write P = MP to specify the base category M.
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P(r)⊗A⊗r
s⊗id //

id ⊗s∗ '
��

P(r)⊗A⊗r

λ

��
P(r)⊗A⊗r

λ
// A

Figure 1.7. The equiv-
ariance axiom for operad
actions, required to hold
for all r ≥ 0, and all per-
mutations s ∈ Σr.

1⊗A
η⊗id //

'
**

P(1)⊗A

λ

��
A

Figure 1.8. The unit axiom
for operad actions.

{P(r) ⊗ P(n1)⊗···⊗P(nr)} ⊗ A⊗n
' //

µ⊗id⊗n
��

P(r) ⊗ {P(n1)⊗A⊗n1}⊗···⊗{P(nr)⊗A⊗nr}

id ⊗λ⊗···⊗λ
��

P(n1+···+nr) ⊗ A⊗n

λ
((

P(r) ⊗ A⊗r

λ
vv

A

Figure 1.9. The associativity axiom for operad actions, required
to hold for all r ≥ 0, n1, . . . , nr ≥ 0, and where we set n = n1 +
· · ·+ nr.

1.1.14. The interpretation of the structure of an algebra over an operad in the
point set context. In the point set context, we use the notation p(a1, . . . , ar) ∈ A
for the image of a tensor p ⊗ (a1 ⊗ · · · ⊗ ar) ∈ P(r) ⊗ A⊗r under the evalua-
tion morphism §1.1.13(a). In the interpretation of operads given in §1.1.4, this
evaluation morphism §1.1.13(a) amounts to the evaluation of abstract operations
p = p(x1, . . . , xr) on actual elements a1, . . . , ar ∈ A.

In the point-set representation, the unit axiom reads 1(a) = a for a ∈ A, the
associativity axiom reads

p(q1, . . . , qr)(a
1
1, . . . , a

n1
1 , . . . , a1

r, . . . , a
nr
r ) = p(q1(a1

1, . . . , a
s1
1 ), . . . , qr(a

1
r, . . . , a

sr
r ))

for p ∈ P(r), q1 ∈ P(n1), . . . , qr ∈ P(nr) and aji ∈ A, and the equivariance axiom
reads

sp(a1, . . . , ar) = p(as(1), . . . , as(r))

for p ∈ P(r) and a1, . . . , ar ∈ A.
The graphical representation of §1.1.5 can also be applied to depict the action

of operads on algebras. In short, we mark the ingoing edges of our black-boxes
with algebra elements a1, . . . , ar ∈ A, which we take as inputs for the operation
represented by the black-box, and we mark the outgoing edge with the result of the
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operation b = p(a1, . . . , ar). Thus, we get the following picture:

a1

��

· · ·
· · ·

ar

��
p

��
b

.

In the context of a closed monoidal category, the morphisms §1.1.13(a), defining
the action of an operad P on an object A ∈ M are, by adjunction, equivalent to
morphisms

φ : P(r)→ HomM(A⊗r, A)

defined for all r ≥ 0. The equivariance, unit and associativity axioms of operad
actions in §1.1.13 are actually equivalent to the observation that these morphisms
define an operad morphism from P towards the endomorphism operad associated
to A. Hence, we obtain the following result:

Proposition 1.1.15. The action of an operad P on an object A ∈M is equiva-
lent to an operad morphism φ : P → EndA, where EndA is the endomorphism operad
of A. �

The evaluation morphisms ε : HomM(A⊗r, A)⊗A⊗r → A actually give an action
of the endomorphism operad EndA on A. In the equivalence of Proposition 1.1.15,
this action corresponds to the identity morphism of EndA. The assertion of the
proposition can be interpreted as the claim that the endomorphism operad EndA
represents the universal operad acting on A in M.

In a point-set context, the morphism φ : P → EndA associates a map p :
A⊗r → A to any operation p ∈ P(r). In the formalism of §1.1.14, we are simply
considering the map p : (a1, . . . , ar) 7→ p(a1, . . . , ar) associated to a fixed element
p ∈ P(r). The mapping φ is usually omitted in the notation of that map since
the expression p : A⊗r → A already specifies that we consider a map associated to
p ∈ P(r) and not the abstract operation itself p = p(x1, . . . , xr).

1.1.16. Examples of operads associated to basic algebraic structures in sets.
In §1.2, we prove that many usual algebraic structures, including associative al-
gebras and commutative algebras, are governed by operads. Our constructions
work in any base category, including sets and k-modules as most basic examples.
The associative operad, the one which we associate to associative algebras, will be
denoted by As. The commutative operad, the one which we associate to (associative
and) commutative algebras, will be denoted by Com. In general, we do not assume
that an algebra is equipped with a unit (unless we explicitly assert the contrary),
and we accordingly use this notation As (respectively Com) for the version of the
associative (respectively, commutative) operad governing the category associative
(respectively, commutative) algebras without unit. To refer to the operads govern-
ing algebras with unit, we add a lower-script + to the notation and we say that
we deal with a unitary version of the operad. The connection between the oper-
ads governing the unitary and the non-unitary version of a structure is outlined
in §§1.1.19-1.1.20, as a preparation for a more detailed study, which we address
in §3.2. Simply mention for the moment that the operads As and As+ agree in
arity r > 0, but differ in arity r = 0, where we have As(0) = ∅ (the initial object of
the base category) in the non-unitary case, and As+(0) = 1 (the tensor unit) in the
unitary case. In the case of the commutative operad, we obtain the same relation.
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We soon give a general and conceptual definition, by generators and relations,
of such operads (see §1.2.6, §1.2.8). Nevertheless, we prefer to give a first direct
construction of the operad associated to associative (respectively, commutative)
algebras in order to complete this introductory account with simple examples. For
the moment, we focus on the set-theoretical context, and then we rather use the
terminology of associative (respectively, commutative) monoid for the associative
(respectively, commutative) algebras. The case of k-modules, which provides our
second basic examples of symmetric monoidal categories (after the category of sets)
will be addressed in the next sections.

Previously, we have observed that the collection of symmetric groups Σr, r ∈
N, forms an operad in sets, as well as the collection of one-point sets pt(r) =
pt . In the next propositions, we precisely prove that the permutation operad has
the associative monoids as associated algebras, and the one-point set operad is
associated to commutative monoids. In each case, we get structures with or without
unit, depending on our choice as regards the term of arity 0 of the operad.

Proposition 1.1.17. The category of associative monoids with unit is iso-
morphic to the category of algebras over the permutation operad. The category of
associative monoids without unit is isomorphic to the category of algebras over the
operad formed by dropping the term of arity 0 in the permutation operad.

By dropping the term of arity 0, we mean that we consider a sub-operad of
the permutation operad such that As(0) = ∅ and As(r) = Σr for r > 0. Thus, this
proposition gives the difference, announced in §1.1.16, between the unitary case,
where we take an operad satisfying As+(0) = pt , and the non-unitary case, where
we take As(0) = ∅.

Proof. Let A be an associative monoid with unit. To a permutation w ∈ Σr,
we can associate the operation w : A×r → A such that w(a1, . . . , ar) = aw(1) · . . . ·
aw(r). In plain terms, this operation is formed by the r-fold product of the sequence
of elements aw(1), . . . , aw(r) in the monoid A. In the case r = 0, we use the unit
morphism η : pt → A (equivalent to an empty product) to define the operation
assigned to the degenerate permutation id0 ∈ Σ0. The verification of the axioms
of §1.1.13 is the matter of an easy understanding exercise. This process obviously
gives a functor between the category of associative monoids with units and the
category of algebras over the permutation operad.

In the converse direction, when A is an algebra over the permutation operad,
we consider the unit operation η : pt → A associated to the degenerate permutation
id0 ∈ Σ0 and the binary operation µ : A×A→ A associated to the identity permu-
tation id2 ∈ Σ2 in arity r = 2. The identity permutation in arity one 1 = id1 ∈ Σ1

defines the unit of the permutation operad and, as such, is supposed to act as the
identity operation on A. The unit operation η : pt → A is naturally equivalent to
an element e ∈ A which represents the image of the point pt under η. The identities
id2(id0, id1) = id1 = id2(id1, id0) and id2(id2, id1) = id3 = id2(id1, id2) in the
permutation operation are respectively equivalent to the unit µ(e, a) = a = µ(a, e)
and associativity relation µ(µ(a1, a2), a3) = µ(a1, µ(a2, a3)) in A. Hence, we have
a monoid with unit naturally associated to each algebra over the permutation op-
erad. This correspondence obviously gives a functor which is strictly inverse to the
previously considered functor, from associative monoids with units to algebras over
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the permutation operad. This assertion finishes the proof of the first assertion of
the proposition.

The second assertion follows from the same verification (simply drop the con-
sideration of the degenerate permutation id0 corresponding to the unit operation
η : pt → A from our line of arguments). �

Proposition 1.1.18. The category of commutative monoids with unit is iso-
morphic to the category of algebras over the one-point set operad. The category of
commutative monoids without unit is isomorphic to the category of algebras over
the operad formed by dropping the term of arity 0 in the one-point set operad.

By dropping the term of arity 0, we mean again that we consider a sub-operad
of the one-point set operad such that Com(0) = ∅ and Com(r) = pt for r > 0.
Thus, we retrieve the same difference as in Proposition 1.1.17 between the unitary
case of our structure, where we take an operad satisfying Com+(0) = pt , and the
non-unitary case, where we take Com(0) = ∅.

In the next chapter, we establish a generalization of this proposition in the
context of symmetric monoidal categories.

Proof. The arguments are the same as in the case of algebras over the per-
mutation operad (Proposition 1.1.17). The only difference is the following: the
identity (1 2) · pt = pt in the one-point set operad implies, according the equivari-
ance axiom of operad actions (diagram of Figure 1.7), that the element pt ∈ pt(2)
represents a symmetric operation µ : A×A→ A, for any algebra over the one-point
set operad. This explains that the structures associated to the one-point set operad
are commutative. �

1.1.19. Unitary and non-unitary operads. In general, we say that an operad
P+ is unitary when we have P+(0) = 1, the unit object of the ambient symmetric
monoidal category. In the context of sets, this requirement reads P+(0) = pt . In
contrast, we say that an operad P is non-unitary when we have P(0) = ∅, the initial
object of the base category. To be precise, when we use this definition, we assume
that the base category has an initial object so that X ⊗ ∅ = ∅ ⊗ X = ∅. (These
identities are particular cases of our colimit preservation requirement.) In a more
general setting, we just define non-unitary operads by dropping the arity zero term
from the definition of an operad in §1.1.1.

The operad of unitary associative monoids As+ and the operad of unitary
commutative monoids Com+, defined in §1.1.16 in the set-theoretic context, are
basic examples of unitary operads in sets. The operads As and Com, formed by
dropping the arity 0 terms of these unitary operads As+ and Com+, are basic
instances of non-unitary operads.

The terminology of a unitary operad refers to the observation that the evalu-
ation morphism of a P+-algebra gives a morphism λ : P+(0) → A in arity r = 0,
and if we assume P+(0) = pt (in the point set context), then this morphism is
equivalent to a the definition of a distinguished element in A, which in usual exam-
ples (like associative or commutative monoids) represents a unit of the structure.
Because of this interpretation, we also use the expression of unitary operation to
refer to the elements of the arity zero term of an operad. The non-unitary operads
are operads which have no unitary operation.

In principle, our operads are supposed to be unital in the sense that they are
equipped with a unit morphism η : 1 → P(1) (corresponding to a unit element
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1 ∈ P(1) in the point-set context), and this has not to be confused with the re-
quirement that an operad P+ is unitary P+(0) = 1. The notion of a non-unitary
operad, similarly, has not to be confused with the complement of the class of unitary
operads. In the point-set context, the unitary operations p ∈ P+(0) have not to be
confused with the unit element 1 ∈ P+(1) too. In general, we reserve the term of
unital for references to operadic units, as opposed to the term unitary, which we use
as a reference to unitary operations acting on algebras and for related structures.
But there is no fixed convention in the literature. In particular, the expression of a
unital operad is used in [134] for what we call a unitary operad.

1.1.20. Unitary extensions of operads. We consider the category formed by the
unitary operads as objects and the operad morphisms φ : P → Q which are the
identity of the unit object 1 in arity 0 as morphisms. We adopt the convention to
mark the consideration of fixed terms in operad categories by adding lower-scripts
to our notation. We therefore use the expression Op1 for the category of unitary
operads. In the case where the base category is equipped with the cartesian product
as tensor structure, so that the unit object 1 is the final object of the category ∗,
we may also use the notation Op∗ (as in the foreword) instead of Op1.

We similarly adopt the notation Op0 for the category formed by the non-unitary
operads of §1.1.19. Recall that a non-unitary operad P is defined by assuming
P(0) = ∅ when the base category satisfies the colimit requirement of §0.8 (as we
assume all through this chapter). In this case, we regard the category of non-unitary
operads with a subcategory of the whole category of operads. Note that a morphism
φ(0) : P(0)→ Q(0) is automatically the identity when we have P(0) = Q(0) = ∅. In
general, we just define the category of non-unitary operads by dropping arity-zero
terms from all definitions.

We say that a non-unitary operad P admits a unitary extension when we have
a unitary operad P+ agreeing with P in arity n > 0, and of which composition
operations extend the composition operations of P. When the base category satisfies
the colimit requirement of §0.8, the extension condition implies that the canonical
embedding i+ : P → P+ defines a morphism in the category of operads. We often
use an expression of the form Q = P+ to assert that a given operad Q forms a
unitary extension of another given (non-unitary) operad P.

We examine the definition of unitary extensions of operads more thoroughly
in §3.2, after a comprehensive review of the definition of operadic composition
structures addressed in §3.1. We immediately see that the underlying collection
of a unitary extension P+ is determined from the associated non-unitary operad
P by the addition of the unit term P+(0) = 1 in arity 0. We precisely explain
in §3.2 that the composition structure of the unitary operad P+ can be determined
from the internal composition structure of the non-unitary operad P and extra
operations which reflect composition products with the additional arity zero term
of the unitary extension, but which can still be defined in terms of the non-unitary
part of the operad P+.

1.1.21. Connected operads. In subsequent constructions, we have to consider
non-unitary operads P, satisfying P(0) = ∅ (when we assume that the tensor prod-
uct satisfies our colimit preservation requirement, as usual), and so that P(1) = 1.
We say that the operad P is connected when these conditions are satisfied. We
adopt the notation Op01 (with the lower-scripts hinting the operad first terms) for
the category of connected operads, regarded as a full subcategory of the category
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of operads Op (observe that the preservation of operadic unit implies that any
morphism of connected operads is the identity of the unit object in arity 1).

We will similarly consider operads P+, which are unitary in the sense of §1.1.19,
and satisfy P+(1) = 1 as an extra requirement. We then say that the operad P+ is
connected as a unitary operad. We adopt the notation Op11 for the full subcategory
of the category of unitary operads Op1 generated by the connected unitary operads.

To give basic examples, we immediately see that the non-unitary associative
operad As and the non-unitary commutative operad Com are instances of connected
operads, while the unitary version of these operads As+ and Com+ are connected
as unitary operads.

We go back to the definition of connected operads at the end of the next section.

1.2. Categorical constructions on operads

In this section, we explain the definition of free objects in the category of
operads and the definition of operads by generators and relations. We also examine
the definition of usual categorical constructions, like colimits and limits, in the
context of operads.

For these purposes, we naturally have to consider the structure, underlying an
operad, formed by a sequence M = {M(r)}r∈N such that each M(r), r ∈ N, is an
object of the base category equipped with an action of the symmetric group Σr.
We generally use the expression of symmetric sequence to refer to these objects and
the notation Seq to refer to the associated category, whose morphisms f : M → N
obviously consist of sequences of morphisms in the base category f : M(r)→ N(r),
r ∈ N, commuting with the action of symmetric groups.

We may also use the noun of Σ-sequence (rather than the expression in plain
words) to refer to these symmetric sequences. We adopt the notation Σ (with no
decoration) to refer the category which has the finite ordinals n = {1 < · · · < n},
n ∈ N, as objects and of which morphism sets are defined by MorΣ(m, n) = Σn if
m = n, and MorΣ(m, n) = ∅ otherwise. The symmetric sequences are then identified
with diagrams over this category Σ. In our expression, the word ‘sequence’ refers
to the sequence of finite ordinals n = {1 < · · · < n}, n ∈ N, giving the shape of the
collections underlying these diagrams. The notation Σ refers to the small category,
encoding the internal structures associated with our diagrams, and in which we put
our indexing objects. We adopt similar conventions for variants of these diagram
structures, which we introduce later on.

We have an obvious forgetful functor ω : Op → Seq mapping an operad P to
the underlying sequence P = {P(r)}r∈N, where we only retain the actions of the
symmetric groups. The definition of free operads arises from the following theorem:

Theorem 1.2.1. The forgetful functor ω : Op → Seq, from the category of
operads to the category of symmetric sequences, has a left adjoint O : Seq → Op
mapping any symmetric sequence M ∈ Seq to an associated free operad O(M).

This theorem is formally established in §II.A.3.
Intuitively, the free operad is the structure formed by all formal operadic com-

posites of generating elements ξ ∈ M(n) with no relation between them apart from
the universal relations which can be deduced from the axioms of operads. In §II.A.3,
we use an extension of the tree representation of §§1.1.5-1.1.6 to give an explicit
construction of such structures.
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To obtain our result, we also use a new definition of the composition structure
of an operad, in terms of the partial composition operations of §1.1.4. In the ap-
proach of §II.A.3, we explicitly deal with a tree-wise representation which reflects
the relations associated with these composition operations. The idea is that the
level structures, underlying the representation of the full composition products of
operads, can be forgotten when we depict elements of the free operad, because the
unit and associativity relations of Figure 1.5-1.6 imply that the multi-fold compo-
sition products associated to different choices of level structure determine the same
element in the free operad.

To give a simple example, the multiple partial composite p = (1 5) · (((x◦1 y)◦4
z) ◦3 t), such that x ∈ M(2), y ∈ M(3), z ∈ M(2), t ∈ M(2), and where we also
consider an action of the transposition (1 5) ∈ Σ6, defines an element of the free
operad O(M), which we will represent by the following picture:
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''
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This tree-wise picture elaborates on a representation of partial composites which
we introduce in §3.1.

For the moment, we can justify this picture by considering the formula p =
(1 5) ·x(y, 1)(1, 1, 1, z)(1, 1, t, 1, 1) arising from the definition of partial composition
operations in §1.1.4. The element p can also be determined by a 3-fold composition
product p = (1 5) ·x(y, z)(1, 1, t, 1, 1), or equivalently, by p = (1 5) ·x(y, 1)(1, 1, t, z).
Each formula actually arises from the choice of a particular level structure on our
tree representation. For instance, we have:

p = (1 5) · x(y, 1)(1, 1, 1, z)(1, 1, t, 1, 1) =
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=(1 5) · x(y, z)(1, 1, t, 1, 1) =
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=(1 5) · x(y, 1)(1, 1, t, z) =
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= . . . ,

where the factors 1 represent operadic units. The identity between these representa-
tions follow (non trivially) from repeated applications of the unit and associativity
relations of Figure 1.5-1.6.

By definition of an adjunction, the free operad is characterized by the existence
of a functorial bijection

(*) MorOp(O(M),P) ' MorSeq(M,P),

given for any pair (M,P) such that M ∈ Seq and P ∈ Op. Together with the
adjunction relation, we have:

– a morphism of symmetric sequences ι : M → O(M), the unit of the ad-
junction, naturally associated to any M ∈ Seq , which corresponds to the
identity of the free operad id : O(M)→ O(M) under (*);

– an operad morphism λ : O(P) → P, called the adjunction augmentation,
naturally associated to any operad P ∈ Op, and which, under (*), corre-
sponds to the identity of the operad P, viewed as an object of the category
of symmetric sequences.

Intuitively, the adjunction augmentation λ is the morphism which applies the formal
operadic composites of the free operad O(P) to their evaluation in P.

In §II.A.3, we address the explicit construction of the free operad O(M) and of
the morphism ι : M → O(M) before establishing the adjunction relation. Indeed,
our correspondence (a) is defined by associating the composite φ · ι ∈ MorSeq(M,P)
with any operad morphism φ ∈ MorOp(O(M),P), and the proof that this mapping
defines a bijection amounts to the following result:

Proposition 1.2.2. Any morphism of symmetric sequences f : M → P, where
P is an operad, admits a unique factorization

M
f //

ι ""

P

O(M)

∃!φf

==

such that φf is an operad morphism.

This proposition, proved in §II.A.3, expresses the adjunction relation of The-
orem 1.2.1 in terms of an equivalent universal property, which is usually given in
the literature as the definition of a free object (we refer to [122, §IV.1] for the
relationship between adjunctions and universals).
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1.2.3. The unit operad. The purpose of the next paragraphs is to examine the
definition of colimits and limits in the context of operads.

To start with, we consider the symmetric sequence

I (r) =

{
1, if r = 1,

∅, otherwise,

which reduces to a unit object in arity r = 1. This symmetric sequence inherits an

obvious operad structure: the unit morphism 1
η−→ 1 = I (1) is the identity morphism

of 1; the composition products are forced by the unit axiom of Figure 1.2.
For a given operad P, we have one and only one operad morphism from I to

P, which is simply given by the operadic unit I (1) = 1 → P(1) in arity 1. (The
preservation of operad unit forces the definition of such a morphism.) Thus, the
object I , which we call the unit operad in what follows, defines the initial object
of Op. In general, we adopt the notation of the operadic unit η for the initial
morphism η : I → P attached to this object because this initial morphism has only
one component, in arity one, which represents the unit morphism §1.1.1(a) of the
operad P.

The category of operads has a terminal object too, given by the terminal object
of M in each arity.

The category of symmetric sequences, like any category of diagrams, has col-
imits and limits of any kind, which are formed termwise in the ground category. In
the context of operads, we obtain the following general proposition:

Proposition 1.2.4.

(a) The forgetful functor from operads to symmetric sequences creates all lim-
its, the filtered colimits, and the coequalizers which are reflexive in the
category of symmetric sequences.

(b) The category of operads admits coproducts too and, as a consequence, all
small colimits, though the forgetful functor from operads to symmetric se-
quences does not preserve colimits in general.

We refer to the appendix section §1.4 for recollections on filtered colimits and
reflexive coequalizers.

Proof. Let {Pα}α∈I be any diagram in the category of operads. The collection

(lim
α∈I

Pα)(r) = lim
α∈I

(Pα(r)),

defined by the termwise limits of the diagrams {Pα(r)}α∈I in the ground category,
inherit a natural operadic composition product

{lim
α∈I

Pα(r)} ⊗ {lim
α∈I

Pα(n1)} ⊗ · · · ⊗ {lim
α∈I

Pα(nr)} → lim
α∈I
{Pα(n1 + · · ·+ nr)},

for any r ≥ 0 and n1, . . . , nr ≥ 0, which is given by the composite of the morphism

lim
α∈I
{Pα(r)⊗ Pα(n1)⊗ · · · ⊗ Pα(nr)} → lim

α∈I
{Pα(n1 + · · ·+ nr)},

induced by the composition products of the operads Pα, with the natural morphism

{lim
α∈I

Pα(r)} ⊗ {lim
α∈I

Pα(n1)} ⊗ · · · ⊗ {lim
α∈I

Pα(nr)}

→ lim
α∈I
{Pα(r)⊗ Pα(n1)⊗ · · · ⊗ Pα(nr)}



26 1. THE BASIC CONCEPTS OF THE THEORY OF OPERADS

deduced from the universal property of limits. The operad units η : 1 → Pα(1)
yield a unit morphism on the limit too. We readily deduce from the uniqueness
requirement in the universal property of limits that the axioms of operads are ful-
filled in limα∈I Pα, and we also easily check that this operad, formed by a termwise
limit, represents the limit of the diagram {Pα}α∈I in the category of operads. The
requirement that the morphisms P → Pα preserve operad structures clearly forces
this definition of the structure of our operad P. Therefore, we say that the forgetful
functor creates limits.

In the case of colimits, we can not adapt the above construction to provide the
termwise colimit

(colim
α∈I

Pα)(r) = colim
α∈I

(Pα(r))

with an operadic composition structure, at least in general, because we have a
morphism in the wrong direction:

{colim
α∈I

Pα(r)} ⊗ {colim
α∈I

Pα(n1)} ⊗ · · · ⊗ {colim
α∈I

Pα(nr)}

← colim
α∈I
{Pα(r)⊗ Pα(n1)⊗ · · · ⊗ Pα(nr)}.

Nevertheless, the results of Proposition 1.4.2 and Proposition 1.4.4 imply that this
morphism is iso when the diagrams {Pα(n)}α∈I are shaped on a filtered category
or form reflexive coequalizers in the ground category. Hence, in these situations,
we can form natural composition products

{colim
α∈I

Pα(r)}⊗{colim
α∈I

Pα(n1)}⊗ · · ·⊗{colim
α∈I

Pα(nr)} → colim
α∈I
{Pα(n1 + · · ·+nr)}

by composition of the morphisms

colim
α∈I
{Pα(r)⊗ Pα(n1)⊗ · · · ⊗ Pα(nr)} → colim

α∈I
{Pα(n1 + · · ·+ nr)}

induced by the composition products of the operads Pα with colimit isomorphism.
The unit morphisms η : 1 → Pα(1), composed with the canonical morphisms
Pα(1)→ colimα∈I Pα(1), also give a canonical unit towards the colimit colimα∈I Pα(1).
We easily check, again, that the axioms of operad are fulfilled in colimα∈I Pα and
that this operad, formed by a termwise colimit, represents the colimit of the dia-
gram {Pα}α∈I in the category of operads.

To realize a coproduct of a collection of operads Pα, α ∈ I, we form a reflexive
coequalizer of the form

O(
∐
α∈I O(Pα))

d0 //
d1

// O(
∐
α∈I Pα) //

s0

xx
Q

where the morphisms (d0, d1) are determined on each generating summand O(Pα)
of the free operad Q1 = O(

∐
α∈I O(Pα)) by:

– the morphism O(ια) : O(Pα) → ∐
α∈I O(Pα) induced by the canonical

embedding ια : Pα →
∐
α∈I Pα as regards d0;

– the composite of the adjunction augmentation λ : O(Pα) → Pα with the
canonical embedding ια : Pα →

∐
α∈I Pα and the adjunction unit of the

free operad ι :
∐
α∈I Pα → O(

∐
α∈I Pα) as regards d1.

The reflection s0 is given by the adjunction unit of the free operad ι : Pα → O(Pα)
on each generating summand of Q0 = O(

∐
α∈I Pα). By the result established in the

Benoit Fresse
Crayon

Benoit Fresse
Crayon
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first part of the proposition, the existence of this reflection s0 implies the existence
of the coequalizer coker(d0, d1) in the category of operads.

By the universal property of sums and free operads, any morphism φf : Q0 → R
towards an operad R is fully determined by a collection of symmetric sequence
morphisms fα : Pα → R. Moreover, we have φfd0 = φfd1 if and only if the
diagram

O(Pα)
λ //

φfα ##

Pα

fα

��
R

commutes for every α, where we consider the operad morphism φfα associated to
fα. We readily see that this assertion amounts to the requirement that fα preserves
operadic composites and operad units, because λ is given by the evaluation of formal
operad composites of the free operad in Pα and maps the unit of the free operad
to the unit of Pα. Hence we have φfd0 = φfd1 if and only if each fα : Pα → R is
an operad morphism, and this implies that the definition of an operad morphism
φ̄f : coker(d0, d1)→ R is equivalent to giving operad morphisms fα : Pα → R. We
conclude that our coequalizer Q = coker(d0, d1) represents the coproduct of the
operads Pα (in the category of operads), which therefore exists, as claimed in the
proposition.

The last assertion of the proposition is an application of the result of Proposi-
tion 1.4.5, in the appendix section 1.4. �

1.2.5. Operads defined by generators and relations. The existence of free objects
and coequalizers enables us to define operads by generators and relations. To start
with, we explain this process in the case where the base category is the category of
sets M = Set .

We start with a symmetric sequence M ∈ Seq , whose elements ξ ∈ M(r) rep-
resents generating operations, and a collection of pairs (wα0 , w

α
1 ) ∈ O(M)(nα)×2,

α ∈ I, in order to define generating relations wα0 ≡ wα1 within the free operad
O(M).

We first form the free Σn-set R(n) = Σn⊗
{
eα, α ∈ I |nα = n

}
, where each eα

denotes an abstract generating element associated to the indexing variable α ∈ I.
The expression G⊗K is a general notation for the free G-object associated to any
K in a base category M. In other contexts, we use the notation K[G] for this tensor
product. In the case of sets, we can identify this object K[G] = K ⊗ G with the
cartesian product of G and K.

We consider the symmetric sequence R formed by the collection R(n), n ∈ N.
We have symmetric sequence morphisms ρ0, ρ1 : R ⇒ O(M) such that ρ0(eα) = wα0
and ρ1(eα) = wα1 respectively. We form the morphisms of symmetric sequences
δ0, δ1 : M qR → O(M) induced by ρ0, ρ1 : R ⇒ O(M) on R and by the universal
morphism ι : M → O(M) on M. We consider the morphisms of free operads
d0, d1 : O(M qR) ⇒ O(M) induced by these morphisms δ0 and δ1. We have an
operad morphism in the converse direction s0 : O(M) → O(M qR), yielded by the

composite M ↪→ M qR
ι−→ O(M qR), and such that d0s0 = d1s0 = id . The reflexive

coequalizer P = coker{O(M qR)
x
⇒O(M)}, created in the category of sets, defines

the operad

P = O(M : wα0 = wα1 , α ∈ I)
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associated to the generating symmetric sequence M together with the generating
relations wα0 ≡ wα1 , α ∈ I,.

Intuitively, the formation of the reflexive coequalizer coker{O(M qR)
x
⇒O(M)}

in the underlying category of sets amounts to identifying any formal composites
involving a subfactor of the form wα0 with the same formal composite but where
wα0 is replaced by wα1 .

For an operad morphism φf : O(M)→ Q, we have:

φf · d0 = φf · d1

⇔ φf · ρ0 = φf · ρ1

⇔ φf (wα0 ) = φf (wα1 ), ∀α ∈ I .

Hence, the definition of a morphism φ̄f : P → Q on P = O(M : wα0 = wα1 , α ∈ I)
amounts to giving a morphism of symmetric collections f : M → Q so that the
extension of this morphism to the free operad φf : O(M) → Q maps the relations
wα0 ≡ wα1 , α ∈ I, to actual identities in the target operad Q.

1.2.6. Basic examples of operads in sets. The most classical examples of op-
erads are actually defined by a presentation by generators and relations. To give
first examples of application of this process in the context of sets, we explain the
presentation of the associative operad As, and of the commutative operad Com, the
first instances of operad considered in the introductory sections §1.1. We focus on
the non-unitary version of these operads for the moment. As we explain in §1.2.8,
we will devote a subsequent chapter §3 to the definition of unitary operads in a
general context, and therefore, we only give short indications on the presentation
of the unitary associative (commutative) operad for the moment.

To give a more intuitive interpretation of our construction, we define the gener-
ating symmetric sequence of our operads M by giving operations p = p(x1, . . . , xn)
which generate the terms of this sequence M(n) as Σn-sets. We use explicit variables
to specify the arity of generating operations, unless this information has already
been specified by the context. We may also use variable permutations to denote
operations which correspond under the action of symmetric groups, but this indica-
tion may not be sufficient to determine the symmetric structure of our generating
collection. Hence, we may have to add this precision.

The associative operad admits a presentation of the form

As = O( µ(x1, x2), µ(x2, x1) : µ(µ(x1, x2), x3) ≡ µ(x1, µ(x2, x3)) ),

with a single generating operation µ = µ(x1, x2) in arity 2, on which the group Σ2

operates freely, together with the associativity relation, expressed by the composite
identity µ(µ, 1) ≡ µ(1, µ), as single generating relation. The commutative operad
admits a presentation of the form

Com = O( µ(x1, x2) : µ(µ(x1, x2), x3) ≡ µ(x1, µ(x2, x3)) ),

with a single generating operation µ = µ(x1, x2) in arity 2, on which the group
Σ2 operates trivially, together with the associativity relation µ(µ, 1) ≡ µ(1, µ) as
generating relation again.

In §1.1, we observed that we can use the permutation operad (respectively,
the one-point set operad) to give a direct construction of an operad governing
associative (respectively, commutative) algebras. The next proposition establishes
the identity between this approach and the definition by generators and relations,
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and gives, in a sense, an operadic counterpart of the result of Proposition 1.1.17-
1.1.18.

Proposition 1.2.7.

(a) The set-theoretic operad As, as defined in §1.2.6, satisfies

As(r) =

{
∅, if r = 0,

Σr, otherwise,

and is identified with the (non-unitary version of the) permutation operad
of Proposition 1.1.9.

(b) The set-theoretic operad Com, as defined in §1.2.6, satisfies

Com(r) =

{
∅, if r = 0,

pt , otherwise,

and is identified with the (non-unitary version of the) one-point set operad
of Proposition 1.1.10.

Proof. We focus on the example of the associative operad (a) as the case of
the commutative operad (b) follows from similar arguments. We use the temporary
notation Π for the permutation operad. We consider, to be precise, the non-unitary
version of this operad with the term in arity 0 withdrawn (as specified in the
proposition).

To start with, we observe (as in the proof of Proposition 1.1.17) that the per-
mutation µ = id ∈ Σ2 satisfies the generating relations of the associative operad
As in the permutation operad. Hence, we have a well-defined operad morphism
φ : As → Π mapping the generating operation of As to this permutation. To prove
that this morphism is iso, we form a morphism in the converse direction by assign-
ing the composite operation ψ(w) = w ·µ(· · · (µ(µ, 1), 1), . . . , 1) to any w ∈ Σr. We
immediately see that φψ = id and we easily obtain that id ≡ ψφ from the relations
of As. The conclusion follows. �

1.2.8. The presentation of unitary operads. To define unitary versions of the
commutative operad and of the associative operad, we may simply add a generating
operation e in arity 0 and relations of the form µ(e, 1) = 1 = µ(1, e), expressing the
neutral element identities, to our presentations. Thus, we may set

As+ = O( e, µ(x1, x2), µ(x2, x1) : µ(µ, 1) ≡ µ(1, µ) , µ(e, 1) ≡ 1 ≡ µ(1, e) ),

Com+ = O( e, µ(x1, x2) : µ(µ, 1) ≡ µ(1, µ) , µ(e, 1) ≡ 1 ≡ µ(1, e) ),

to define these operads. The result of Proposition 1.2.7 also extends to the unitary
version of our operads, so that we have As+(r) = Σr (respectively, Com+(r) = pt),
for all r (including r = 0), and similarly in the k-module setting.

But we may also consider that the generating unitary operation e is special
(at least in our examples). Indeed, in the outcome of the presentation process, the
terms of arity r > 0 of the operad As+ (respectively, Com+) agrees with the terms
of the non-unitary operad As, formed by dropping the unitary operation e from the
presentation.

We need to put arity 0 terms apart in certain constructions. We therefore do
not use the general approach of operads defined by generators and relations in the
unitary case, and we put off further studies of unitary operads until §3.
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1.2.9. Operad ideals and presentations of operads in module categories. The
construction of §1.2.5 has an analogue in the context of modules over a ground
ring: we simply have to replace the set {eα, α ∈ I |nα = n} by the associated
free k-module k[eα, α ∈ I |nα = n], and we replace all set-theoretic constructions
by their analogue in k-modules. The purpose of this paragraph is to explain that,
in the setting of module categories, we can use an operadic version of the notion
of an ideal in order to obtain another approach to the construction of operads by
generators and relations. In the next part of the book, we apply an extension of
this construction in the graded context. For the moment, we focus on the case of
plain modules.

In brief, an ideal of an operad in k-modules P is a collection of submodules
S(n) ⊂ P(n), each of which preserved by the action of the symmetric group on P(n),
and so that any composite p(q1, . . . , qr) ∈ P(n1 + · · · + nr) involving at least one
factor in S remains in S . Equivalently, the collection S forms a sub-object of P in
the category of symmetric sequences, and we have:

p(q1, . . . , qr) ∈ S(n1 + · · ·+ nr),

for all p ∈ P(r), and q1 ∈ P(n1), . . . , qr ∈ P(nr),

as soon as p ∈ S(r) or qi ∈ S(ni) for some i.

We immediately see that the collection P / S(n) = P(n)/S(n) obtained by forming
the quotient of an operad P over an ideal S inherits an operad structure from P.

To a collection of elements zα ∈ P(nα), α ∈ I, in an operad P, we associate
the symmetric sequence < zα, α ∈ I >⊂ P generated by the composites of the
form p(1, . . . , zα(q1, . . . , qnα), . . . , 1), where the factors p and q1, . . . , qnα run over
the whole operad P. We easily check, by using the axioms of operads, that this
symmetric sequence S =< zα, α ∈ I > forms an ideal in P and is actually the
smallest ideal including the elements zα (α ∈ I). We can also easily check that an
operad morphism φ : P → Q factors through the quotient P / < zα, α ∈ I > if
and only if we have φ(zα) = 0 in Q, for all α ∈ I. Accordingly, in the case of a
free operad P = O(M), any operad morphism φ̄f : O(M) / < zα, α ∈ I >→ Q is
uniquely determined by a morphism of symmetric collections f : M → Q so that
the extension of this morphism to the free operad φf : O(M) → Q cancels the
generating elements of the ideal zα, α ∈ I. From this observation, we conclude
that, in the module context, we can define operads by generators and relations as
quotients

O(M : wα0 = wα1 , α ∈ I) = O(M) / < wα0 − wα1 , α ∈ I >,

where we replace our relations by equivalent differences before forming our ideal
S =< wα0 − wα1 , α ∈ I >.

1.2.10. Basic examples of operads in module categories. We can adapt the con-
struction of §1.2.6 to define the module version of the associative (respectively,
commutative) operad. We simply replace the generating sets of §1.2.6 by associ-
ated free modules (as explained in §1.2.9). We have

As = O( kµ(x1, x2)⊕ kµ(x2, x1) : µ(µ(x1, x2), x3) ≡ µ(x1, µ(x2, x3)) ),

Com = O( kµ(x1, x2) : µ(µ(x1, x2), x3) ≡ µ(x1, µ(x2, x3)) ),

with, regarding the notation of generating operations, the same conventions as in
the set-theoretic context.
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Formally, the generating symmetric sequence of the associative operad is de-
fined by MAs(2) = k[µ(x1, x2), µ(x2, x1)] = k[Σ2] and MAs(n) = 0 for n 6= 2.
The generating symmetric sequence of the commutative operad in k-modules is
defined by MCom(2) = k[µ(x1, x2)] = k and MCom(n) = 0 for n 6= 2. According
to §1.2.9, we can identify the associative operad and the commutative operad with
quotients As = O(MAs) / < µ(µ, 1) − µ(1, µ) > and Com = O(MCom) / < µ(µ, 1) −
µ(1, µ) >, where we consider the ideal generated by the difference µ(µ(x1, x2), x3)−
µ(x1, µ(x2, x3)) to implement the associativity relation.

The next classical example of an operad which we consider is the Lie operad,
defined by the presentation

Lie = O( kλ(x1, x2) : λ(λ(x1, x2), x3) + λ(λ(x2, x3), x1) + λ(λ(x3, x1), x2) ≡ 0 ),

where we have a single generating operation λ = λ(x1, x2) in arity 2 together with
the symmetric group action such that (1 2) · λ = −λ. The generating symmet-
ric sequence of the Lie operad is accordingly defined by MLie(n) = 0 for n 6= 2
and MLie(2) = k[λ(x1, x2)] = k±, where ± refers to a twist of the action of per-
mutations by the signature. We can also realize this operad as a quotient of the
free operad O(MLie) under the ideal generated by the element λ(λ(x1, x2), x3) +
λ(λ(x2, x3), x1) + λ(λ(x3, x1), x2). This expression corresponds to the classical Ja-
cobi identity of Lie algebras and the quotient by the associated operadic ideal
implements this relation in the Lie operad.

In Proposition 1.2.7, we have established that the non-unitary associative (re-
spectively, commutative) operad in sets is identified with the non-unitary version of
the permutation (respectively, one-point set) operad. In §2.1, we will explain that
the free k-module functor k[−] : Set → Mod induces a functor on operads, and
we can use this process to associate an operad in k-modules to any operad in sets.
We can adapt the arguments of Proposition 1.2.7 to identify the operad As (re-
spectively, Com), defined by generators and relations, with an operad in k-modules
associated with the non-unitary permutation (respectively, one-point set) operad.
Consequently, we have

As(r) =

{
0, if r = 0,

k[Σr], otherwise,

for the k-module version of the associative operad and

Com(r) =

{
0, if r = 0,

k, otherwise,

for the k-module version of the commutative operad. In the next paragraph, we
give another interpretation of these relations by going back to the representation
of operad elements p ∈ P(r) as abstract operations p = p(x1, . . . , xr).

1.2.11. The underlying symmetric sequence of classical operads. The purpose
of this paragraph is to review the interpretation of operad elements as abstract
operations in the case of the usual operads As,Com, Lie. To simplify, we still focus
on the non-unitary version of the associative and commutative operads. The gen-
erating operations of these operads lie in arity r > 0, and similarly in the case of
the Lie operad. This implies Com(0) = As(0) = Lie(0) = 0. Thus we focus on the
terms of arity r > 0.
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In the case of the associative operad As, an element p(x1, . . . , xr) ∈ As(r) is
obtained by a multiple composition of an associative product µ(x1, x2) = x1 · x2

together with an appropriate variable shift ensuring that each variable xi occurs
once in the expression of p(x1, . . . , xr). Consequently, the arity r term of the
associative operad As(r) is identified with the module spanned by all monomials
p(x1, . . . , xr) of non-commutative variables (x1, . . . , xr) which have degree one with
respect to each variable. In standard mathematical notation, such a monomial is
written p(x1, . . . , xr) = xi1 · . . . · xir , and the degree requirement amounts to the
assumption that the sequence (i1, . . . , ir) forms a permutation of (1, . . . , r). Hence,
we obtain

As(r) =
⊕
s∈Σr

k(xs(1) · . . . · xs(r)) = k[Σr], for all r > 0,

and we retrieve the observation that As(r) is the regular representation of the
symmetric group Σr.

Similarly, the arity r term of the commutative operad Com(r) is identified with
the module spanned by all monomials p(x1, . . . , xr) formed from a formal com-
posite of products of commutative variables (x1, . . . , xr) so that each variable xi
occurs once and only once in p(x1, . . . , xr). In standard algebraic language, this re-
quirement amounts to assuming that p(x1, . . . , xr) is a monomial of r commutative
variables (x1, . . . , xr) which has degree one with respect to each variable. In stan-
dard mathematical notation, such a monomial is written p(x1, . . . , xr) = x1 · . . . ·xr.
Hence, we immediately obtain

Com(r) = k(x1 · . . . · xr) = k, for all r > 0,

from which we retrieve the identity between Com(r) and the free k-module of rank
one equipped with the trivial action of the symmetric group.

In the case of the Lie operad Lie, we consider the module spanned by all
Lie monomials p(x1, . . . , xr) which have degree one with respect to each variable
xi. The determination of the module structure of Lie(r) is more intricate than in
the case of the commutative and associative operads. Nevertheless one can prove
(see [147, §5.6.2] for instance) that Lie(r) has a basis of the form

Lie(r) =
⊕
s∈Σr
s(1)=1

k[· · · [[xs(1), xs(2)], xs(3)], . . . , xs(r)], for all r > 0,

where we use the Lie bracket notation [−,−] for the generating operation of the
operad Lie. Hence, the k-module Lie(r) is free of rank (r−1)!. In the case Q[e2iπ/r] ⊂
k, we also have an identity between Lie(r) and the induced representation Lie(r) =

IndΣr
Cr
χ where Cr denotes the cyclic group generated by the r-cycle (1 2 · · · r) ∈ Σr

and χ denotes the one-dimensional representation of Cr associated to the character
χ(1 2 · · · r) = e2iπ/r (see [147, §8.2] for a general reference on this subject).
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1.2.12. The example of the Poisson operad. To complete our examples, we ex-
amine the definition of the Poisson operad, of which a graded version plays a sig-
nificant role in the study of En-operads. This operad is defined by the presentation

Pois = O( kµ(x1, x2)⊕ kλ(x1, x2) :

µ(µ(x1, x2), x3) = µ(x1, µ(x2, x3)),

λ(λ(x1, x2), x3) + λ(λ(x2, x3), x1) + λ(λ(x3, x1), x2) = 0,

λ(µ(x1, x2), x3) = µ(λ(x1, x3), x2) + µ(x1, λ(x2, x3)) ),

where µ = µ(x1, x2) is a symmetric generating operation, fixed by the action of
the transposition (1 2) · µ = µ, and λ = λ(x1, x2) is an antisymmetric generating
operation, which the transposition carries to its opposite (1 2) · λ = −λ. From this
construction, we see that the Poisson operad is a combination of the commutative
operad Com = O( kµ(x1, x2) : µ(µ(x1, x2), x3) ≡ µ(x1, µ(x2, x3)) ) and of the Lie
operad Lie = O( kλ(x1, x2) : λ(λ(x1, x2), x3)+λ(λ(x2, x3), x1)+λ(λ(x3, x1), x2) ≡
0 ), together with an additional distribution relation

λ(µ(x1, x2), x3) = µ(λ(x1, x3), x2) + µ(x1, λ(x2, x3)),

called the Poisson relation, mixing both operads.
The commutative operad (respectively, the Lie operad) can be identified with

the suboperad of the Poisson operad generated by the element µ ∈ Pois(2) (re-
spectively, λ ∈ Pois(2)). The Poisson relation implies that each composite of a
Lie operation with commutative operations (in that order) can be rewritten as a
composite of a commutative operation with Lie operations. One can prove by elab-
orating on this remark that Pois(r) is identified with the k-module spanned by
formal products

p(x1, . . . , xr) = p1(x11, . . . , x1r1) · . . . · pm(xm1, . . . , xmrm),

of which factors pi(xi1, . . . , xiri) run over Lie monomials on ri variables xik, each
variable xik occurring once and only once in pi(xi1, . . . , xiri) (in other word, this Lie
monomial has degree one with respect to each variable), and so that the variable
subsets {xi1, . . . , xiri} form a partition of the total set {x1, . . . , xr}. (Thus, each
variable xi also occurs once and only once in the complete expression p(x1, . . . , xr).)

1.2.13. Connected operads. Recall that a connected operad in a base cate-
gory M is an operad P such that P(0) = ∅ and P(1) = 1.

If the base category is pointed, in the sense that initial and terminal ob-
jects coincide in M, then any connected operad P inherits a natural augmentation
ε : P → I , given by the identity in arity 1 and the terminal morphism otherwise.
This augmentation obviously defines a morphism in the category of operads, and
accordingly, the unit operad I gives a terminal object in the category of connected
operads, in addition to form the initial object. Thus, the category of connected op-
erads is pointed (unlike the whole category of operads) whenever the base category
is so.

To a connected operad P, we associate the symmetric sequence P such that

P(r) =

{
∅, if r = 0, 1,

P(r), otherwise.

We call this symmetric sequence the augmentation ideal of P, because we can
identify it with the kernel of the augmentation morphism ε : P → I when the
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base category is pointed. We have to mention, however, that we may consider
this symmetric sequence P outside the pointed category context, where the above
definition makes sense but not the augmentation ideal interpretation.

The category of connected operads is denoted by Op01, with added lower-
scripts to mark the operad first terms P(0) = ∅, P(1) = 1. We similarly use the
expression Seq00 to denote the category formed by symmetric sequences such that
M(0) = M(1) = ∅. We say that a symmetric sequence satisfying these conditions
is connected (as a symmetric sequence). The mapping ω : P 7→ P gives a functor,
denoted by ω : Op01 → Seq00, from the category of connected operads Op01 towards
the category of connected symmetric sequences Seq00. In the connected context,
we will use the following interpretation of the free operad construction:

Theorem 1.2.14. The free operad O(M) associated to a connected sequence
M ∈ Seq00 is connected as an operad and the map O : M 7→ O(M) defines a left
adjoint of the functor ω : Op01 → Seq00 mapping a connected operads P ∈ Op01 to
its augmentation ideal P ∈ Seq00.

This theorem, which is essentially a follow-up of Theorem 1.2.1, is formally es-
tablished in §II.A.4 (by using the category of symmetric collections Coll , equivalent
to the category of symmetric sequences Seq , as in the case of Theorem 1.2.1).

In general, an operad defined by generators and relations P = O(M : wα0 =
wα1 , α ∈ I) is connected (in our sense) if and only if the generating sequence M
vanishes in arity r = 0, 1, essentially because this result holds for free operads. We
retrieve (for instance) that the (non-unitary) associative operad As is connected,
like the (non-unitary) commutative operad Com, and the Lie operad Lie.

1.2.15. The adjunctions between connected, non-unitary operads, and the com-
plete category of operads. We have an obvious embedding ι : Op01 ↪→ Op0 from
the category of connected operads Op01, characterized by P(0) = ∅ and P(1) = 1,
to the category of non-unitary operads Op0, which are characterized by the single
condition P(0) = ∅.

We can readily check that the category embedding ι : Op01 ↪→ Op0 has a
right adjoint τ : Op0 → Op01, which maps any non-unitary operad P ∈ Op0 to a
connected operad τ P defined by τ P(0) = ∅, τ P(1) = 1, and τ P(r) = P(r) for
r > 1. We just use the unit morphism η : 1 → P(1) to define a restriction of
the composition products of the operad P when we deal with the factor of arity
1, so that this truncated symmetric sequence τ P inherits an operadic composition
structure. The proof of the adjunction relation is immediate.

We also have an obvious truncation functor τ : Op → Op0 which is right adjoint
to the category embedding ι : Op0 → Op.

From our construction of limits and colimits of operads, we can readily check
that:

Proposition 1.2.16. The category embeddings Op01 ↪→ Op0 ↪→ Op create
limits and colimits. �

1.3. Categorical constructions on algebras over operads

In the previous section, we focused on the application of categorical construc-
tions to operads. We now study the applications of such constructions at the level
of algebra categories associated to operads. We first explain, in the next paragraph,
that the construction of operads by generators and relations reflects the definition
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Reminder: we assume all through this section that the tensor product distributes over colimits (see §0.9).
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Benoit Fresse
Crayon

Benoit Fresse
Crayon



1.3. CATEGORICAL CONSTRUCTIONS ON ALGEBRAS OVER OPERADS 35

of usual algebra categories in terms of generating operations ξ : A⊗r → A satisfying
given relations.

We also give a version of the categorical constructions of §1.2 (free objects,
colimits and limits) in categories of algebras associated to operads. We will observe
(following [134]) that the categories of algebras associated to operads can be char-
acterized as categories of algebras equipped which free objects of a particular form.
One can use this observation to retrieve results of the previous section concerning
the terms of the usual operads. By the way, we establish that any operad mor-
phism give rise to adjoint extension and restriction functors at the level of algebra
categories. Examples include the standard functors connecting the categories of
associative, commutative, and Lie algebras.

1.3.1. Basic examples of algebra categories associated to operads. Recall (see
Proposition 1.1.15) that defining an action of an operad P on an object A ∈ M

amounts to giving an operad morphism φ : P → EndA, where EndA denotes the
endomorphism operad of A. In the case of an operad defined by generators and
relations

P = O(M : wα0 = wα1 , α ∈ I),

we deduce, from the observations of §1.2.5, that such a morphism φf : P → EndA
amounts to giving a morphism of symmetric sequences f : M → EndA, mapping
the abstract generating operations ξ ∈ M(r) to actual maps ξ : A⊗r → A, and so
that the identities wα0 ≡ wα1 hold in EndA.

For our basic examples of (non-unitary) operads in the category of k-modules
P = Com,As, Lie, we obtain:

(a) an algebra over the commutative operad Com is a module A equipped with
a product µ : A⊗A→ A which satisfies the symmetry relation

µ(a1, a2) = µ(a2, a1),

for all a1, a2 ∈ A, and the associativity relation

µ(µ(a1, a2), a3) = µ(a1, µ(a2, a3)),

for all a1, a2, a3 ∈ A;
(b) an algebra over the associative operad As is a module A equipped with a

product µ : A⊗A→ A which satisfies the associativity relation

µ(µ(a1, a2), a3) = µ(a1, µ(a2, a3))

for all a1, a2, a3 ∈ A (but no symmetry requirement);
(c) an algebra over the Lie operad Lie is a module g equipped with an opera-

tion λ : g⊗ g→ g which satisfies the antisymmetry relation

λ(x1, x2) = −λ(x2, x1),

for all x1, x2 ∈ g, and the Jacobi identity

λ(λ(x1, x2), x3) + λ(λ(x2, x3), x1) + λ(λ(x3, x1), x2) = 0,

for all x1, x2, x3 ∈ g.

We can similarly identify the category of algebras associated to the Poisson operad
from the presentation of §1.2.12.

In characteristic 2, we do not necessarily assume that the generating operation
of a Lie-algebra g satisfies the relation λ(x, x) = 0 in contrast to the usual definition
of a Lie algebra. To associate a category of algebras satisfying this condition to
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the Lie operad Lie, we have to modify the definition of an algebra over an operad
following a process explained in [59, §§1.2.12-1.2.16].

The result of Proposition 1.1.17-1.1.18 (in the non-unitary context) is equivalent
to the combination of the assertions of (a-b) with Proposition 1.2.7.

1.3.2. The category of algebras associated to an operad and free algebras. Re-
call that the algebras associated to a given operad P form a category P with, as
morphisms, the morphisms of the ground category f : A → B which preserve the
P-actions on A and B. We have an obvious forgetful functor ω : P → M from the
category of P-algebras P towards the base category M.

We can form a functor in the converse direction by considering a generalized
symmetric tensor object

S(P, X) =

∞∐
n=0

(P(n)⊗X⊗n)Σn ,

associated to any X ∈M, where the notation (−)Σn refers to a coinvariant quotient,
identifying the natural Σn-action on the tensor power X⊗n with the internal Σn-
structure of P(n). Let p ∈ P(n) and x1⊗· · ·⊗xn ∈ X⊗n. In the point-wise context,
we formally set

p⊗ (xs(1) ⊗ · · · ⊗ xs(n)) ≡ s · p⊗ (x1 ⊗ · · · ⊗ xn),

and (P(n)⊗X⊗n)Σn is the quotient under these relations, where we assume that s
runs over the symmetric group Σn.

We have natural evaluation morphisms

P(r)⊗ S(P, X)⊗r
λ−→ S(P, X)

given termwise by morphisms

P(r)⊗ (P(n1)⊗X⊗n1)Σn1
⊗ · · · ⊗ (P(nr)⊗X⊗nr )Σnr

→ (P(n1 + · · ·+ nr)⊗X⊗n1+···+nr )Σn1+···+nr

induced by the composition products of the operad. We easily check that the axioms
of operads imply that these morphisms satisfy the equivariance, associativity and
unit axioms of operad actions. We therefore obtain that the object S(P, X) ∈ M

forms a P-algebra, naturally associated to X ∈ M, so that the mapping S(P) :
X 7→ S(P, X) defines a functor S(P) : M→ P.

For a P-algebra A, the evaluation morphisms of A induce morphisms λ : (P(n)⊗
A⊗n)Σn → A for all n ≥ 0 by equivariance. These morphisms can be patched into a
single natural morphism λ : S(P, A)→ A by the universal property of the coproduct
S(P, A) =

∐∞
n=0(P(n)⊗ A⊗n)Σn . From the associativity axiom of operad actions,

we easily check that λ : S(P, A) → A preserves P-algebra structures and hence,
defines a morphism in the category of P-algebras. In the converse direction, for
any X ∈M, we have a natural morphism ι : X → S(P, X) given by the composite

X
'−→ 1⊗X η⊗X−−−→ P(1)⊗X = (P(1)⊗X)Σ1 ↪→

∞∐
n=0

(P(n)⊗X⊗n)Σn ,

where η refers to the unit morphism of the operad P.
One checks that:
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Proposition 1.3.3. The functor S(P) : M → P is left adjoint to the forgetful
functor ω : P→M. The morphism ι : X → S(P, X) (respectively, λ : S(P, A)→ A)
defines the unit (respectively, the augmentation) of this adjunction relation.

Explicitly, this proposition asserts the existence of a bijection

MorP(S(P, X), A) = MorM(X,A),

for any X ∈ M and any A ∈ P. In one direction, to a morphism of P-algebras
φ : S(P, X) → A we associate the morphism f = φ · ι in the base category. In
the other direction, to a morphism in the base category f : X → A we associate
the morphism φf = λ · S(P, f) in the category of P-algebras. The adjunction
augmentation itself λ : S(P, A) → A is the morphism of P-algebras φid associated
to the identity of A, regarded as an object of the base category M.

Proof. By a general result of category theory (see [122, §IV.1]), we essentially
have to check that the composites

A
ι−→ S(P, A)

λ−→ A and S(P, X)
S(P,ι)−−−−→ S(P,S(P, X))

λ−→ S(P, X)

are both identity morphisms to conclude that our mappings are converse to each
other, and hence gives an adjunction relation well. This result follows from the unit
axiom of operad actions in the first case and from the unit axiom of operads in the
second one. �

The result of Proposition 1.3.3 has, like Theorem 1.2.1, an equivalent formula-
tion in terms of universal properties. In this point of view, the functor S(P) : M→ P

is defined by the mapping which associates a free object in the category of P-
algebras to any X ∈M.

Basically, the morphism of P-algebras φf associated to a given morphism f in
the base category is characterized by the equation φf · ι = f since our adjunction
is a bijection. Thus, for a fixed X ∈M, the result of Proposition 1.3.3 amounts to
the following proposition:

Proposition 1.3.4. Any morphism in the base category f : X → A, where A
is a P-algebra, admits a unique factorization

X
f //

ι ##

A

S(P, X)

∃!φf

;;

such that φf is a morphism of P-algebras. �

This statement gives the expression of the universal property of free object
satisfied by the P-algebra S(P, X).

1.3.5. Basic examples of free algebras. The structure of the basic operads P =
Com,As, Lie can be retrieved from known expansions of free objects in the categories
of algebras associated to these operads:

(a) The free commutative algebra (without unit) is identified with (the aug-
mentation ideal of) the symmetric algebra

S(K) =

∞⊕
n=1

(K⊗n)Σn
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together with a commutative product yielded by the process of tensor con-
catenations. From this observation, we immediately retrieve the identity
Com(n) = k.

(b) The free associative algebra (without unit) is identified with (the augmen-
tation ideal of) the tensor algebra

T(K) =

∞⊕
n=1

K⊗n

together with an associative product defined by the concatenation of ten-
sors. We can retrieve the identity As(n) = k[Σn] from this observation
since K⊗n = (k[Σn]⊗K⊗n)Σn .

(c) The structure of free Lie algebras is more intricate. Nevertheless, in char-
acteristic 0, we can apply the Milnor-Moore theorem to identify the free
Lie algebra L(K) with the primitive part of the tensor algebra T(K), where
we use the formula ∆(x) = x⊗1+1⊗x to define the coproduct of any gen-
erating element x ∈ K. Moreover, we have versions of the Milnor-Moore
theorem which enable us to deduce an expansion of the form

L(K) =

∞⊕
n=1

(Lie(n)⊗K⊗n)Σn

from the relation L(K) = P T(K). More details on this construction are
given in §7.

We keep focusing on non-unitary algebras, but the identifications of (a-b) obviously
extend to the unitary setting.

Proposition 1.2.4 has the following analogue for the category of algebras asso-
ciated to an operad:

Proposition 1.3.6. Let P be any operad.

(a) The forgetful functor from P-algebras to the ground category creates all
kinds of small limits, the filtered colimits, and the coequalizers which are
reflexive in the category of symmetric sequences.

(b) The category of P-algebras admits coproducts too and, as a consequence,
all kinds of small colimits, though the forgetful functor towards the ground
category does not preserve colimits in general.

Recall that we devote an appendix section §1.4 to recollections on filtered col-
imits and reflexive coequalizers.

Proof. Same argument line as in the proof of Proposition 1.2.4. See also [60,
§3.3] or [148, Proposition 2.3.5] for this proposition. �

1.3.7. Restriction functors. If an operad morphism φ : P → Q is given, then we
can compare the category of P-algebras and the category of Q-algebras. First, we
immediately observe that any Q-algebra B inherits a natural P-algebra structure
since the operad P acts on B through Q by way of the morphism φ : P → Q.
Thus we have a natural functor φ∗ : Q → P, referred to as the restriction functor
associated with φ, from the category of Q-algebras to the category of P-algebras.
The existence of reflexive coequalizers can be used to define a morphism in the
converse direction, so that:
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Proposition 1.3.8. The restriction functor φ∗ : Q → P, associated to any
operad morphism φ : P → Q, has a left adjoint φ! : P → Q, referred to as the
extension functor associated with φ : P → Q.

Proof. Let A ∈ P. Let φ!A be the Q-algebra defined by the reflexive coequal-
izer such that

S(Q,S(P, A))
d0 //
d1

// S(Q, A) //

s0

yy
φ!A ,

where:

– the morphism d0 is the morphism of free Q-algebras induced by the ad-
junction augmentation λ : S(P, A)→ A associated to the P-algebra A;

– the morphism d1 is induced by S(φ,A) : S(P, A) → S(Q, A), by using
the functoriality of the generalized symmetric algebra construction with
respect to the coefficients;

– and the reflection s0 is the morphism of free Q-algebras induced by the
universal morphism ι : A→ S(P, A) of the free P-algebra S(P, A).

We can easily check, by using the universal property of free Q-algebras, that
the definition of a morphism of Q-algebras g : φ!A → B amounts to the definition
of a morphism f : A → B commuting with P-actions. Therefore the mapping
φ! : A 7→ φ!A defines a left adjoint of the restriction functor φ∗ : B 7→ φ∗B. �

1.3.9. Basic examples of extension and restriction functors. The commutative,
associative and Lie operads are connected by morphisms

Lie
ι−→ As

α−→ Com

determined on generating operations λ ∈ Lie(2), µ ∈ As(2) and µ ∈ Com(2), by the
expressions ι(λ) = µ− (1 2) · µ and α(µ) = µ.

The restriction functor α∗ : Com → As is identified with the obvious em-
bedding of the category of commutative algebras into the category of associative
algebras. The restriction functor ι∗ : As → Lie is identified with the classical
functor mapping an associative algebra A to the Lie algebra ι∗A = A− with the
same underlying module as A and the commutator λ(a1, a2) = µ(a1, a2)−µ(a2, a1)
as Lie bracket. Throughout this paragraph, we use the notation of the generating
operadic operation λ and µ instead of the more usual notation λ(a1, a2) = [a1, a2]
and µ(a1, a2) = a1a2 to mark the relationship of the constructions with our operad
morphisms.

The extension functor α! : As → Com, defined as the left adjoint of α∗ :
Com → As, can be identified with the functor mapping an associative algebra A to
the quotient A/ < λ(A,A) >, where < λ(A,A) > refers to the two-sided ideal of
A generated by the commutators λ(a1, a2) = µ(a1, a2)− µ(a2, a1), a1, a2 ∈ A. The
extension functor ι! : Lie → As, defined as the left adjoint of ι∗ : As → Lie, can
be identified with the functor mapping a Lie algebra g to the augmentation ideal
of the standard enveloping algebra U(g), the quotient of the tensor algebra T(g)
by the two-sided ideal generated by the differences µ(a1, a2)−µ(a2, a1)−λ(a1, a2),
a1, a2 ∈ g, where µ refers to the product of T(g) and λ to the Lie bracket of g. In
all cases, we can easily check that the functors defined by these basic constructions
satisfy the adjunction relation of extension functors and hence is isomorphic to the
operadic extension functor of Proposition 1.3.8.



40 1. THE BASIC CONCEPTS OF THE THEORY OF OPERADS

1.3.10. Algebras over connected operads. The structure of an algebra over the
unit operad I (see §1.2.3) reduces to an identity operation, and hence, the category
of I -algebras is simply nothing but the base category M. In the context of a pointed
category (see §1.2.13), the existence of an augmentation ε : P → I , when P is a
connected operad, implies that any X ∈ M inherits the structure of an algebra
over P, simply given by a trivial action in arity r > 1. In the context of k-modules,
the application of this construction to the classical examples P = Com,As, Lie
identifies a module with an abelian commutative (respectively, associative, Lie)
algebra, on which the structure product (respectively, Lie bracket) is identically
zero.

The extension functor ε! : P → M associated to an augmentation ε : P → I is
identified with an indecomposable functor which, in the module context, amounts to
killing the non-trivial operations p(a1, . . . , ar), r > 1, occuring in a given P-algebra
A. In the case P = As (and in the case P = Com similarly), this indecomposable
functor ε! : As →M can be defined by the standard construction ε!A = A/A2 where
A2 refers to the submodule of A spanned by the products µ(a, b), for a, b ∈ A. In
the case P = Lie, we obtain ε! g = g /Γ2(g), where Γ2(g) refers to the submodule
of g spanned by the bracket λ(a, b), for a, b ∈ g.

1.3.11. Further remarks: operads and monads. The use of the functor S(P) in
operad theory goes back to [134], where it is observed that (a pointed space variant
of) this functor S(P) defines a monad on the base category. The category of P-
algebras is defined in terms of this monad S(P) in [134]. This definition is formally
equivalent to the definition of §1.1.13 where we just consider (in the point of view
of [134]) an expansion of the action of the monad S(P) on A. In the approach
of [134], the result of Proposition 1.3.3 is a consequence of a general statement
about algebras over monads (see [122, §VI.2]).

In fact, the definition of S(M) : X 7→ S(M, X) as a functor from the base
category to itself makes sense for any symmetric collection M, and not only for
operads. The category of symmetric sequence comes also equipped with structures,
like a composition product, that reflect pointwise operations on functors (see [60] for
an overall reference on this subject). These observations are the source of abstract
categorical definitions for the notion of an operad. These definitions are not used
in this book, but we can give a sketch of the ideas.

In the point of view of [134], the operads are exactly the symmetric sequences
P such that S(P) inherits a monad structure. On the other hand, the category
of functors F : M → M is equipped with a natural monoidal structure, defined
by the pointwise composition operation, and monads can be defined abstractly as
monoid objects in that category. In parallel, we can interpret the definition of the
composition structure of an operad in §1.1.1, as the definition of an abstract monoid
structure in the category of symmetric sequences with respect to the composition
operation reflecting the composition structure of functors. In that respect, the
correspondence between operads and monads follows from the relationship between
the composition of symmetric sequences and the composition of functors (we refer
to [159] for the introduction of this idea, to the book [60] for an overall account of
operad theory based on this approach and further references).

This monadic approach of operads supposes that the tensor product of the base
category commutes with colimits. But we soon consider categories for which this
requirement and hence, the monadic approach, fail.
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1.4. Appendix: filtered colimits and reflexive coequalizers

The existence of colimits in the category of operads, and in categories of alge-
bras over an operad similarly, relies on the existence of particular colimits (filtered
colimits and reflexive coequalizers), which we create in the base category. The
purpose of this appendix section is to recall the definition of these fundamental
colimits in a general context. We assume that C is any category. In view towards
applications to operads, we also study the image of filtered colimits and reflexive
coequalizers under a multifunctor T : C×r → C with the example of r-fold tensor
products T (X1, . . . , Xr) = X1 ⊗ · · · ⊗Xr in mind.

1.4.1. Filtered colimits. Recall (see [122, §IX.1]) that a small category I is fil-
tering when:

– for any pair of objects α, β ∈ I, we have morphisms

α u
''
γ

β v

88

meeting at the same target object γ in I;
– for any pair of parallel morphisms u, v : α ⇒ β, we have a coequalizing

morphism

α
u //
v
// β

t // γ

such that tu = tv in I.

We say that a colimit colimα∈IXα is filtered when the indexing category I of the
diagram Xα is filtering.

We have the following observation:

Proposition 1.4.2. Suppose that the multifunctor T : C×r → C preserves
filtered colimits on each input in the sense that the natural morphism

colim
α∈I

T (X1, . . . , Xk
α, . . . , X

r)→ T (X1, . . . , colim
α∈I

Xk
α, . . . , X

r)

is iso for any diagram {Xk
α}α over a filtering category I and all Xi ∈ C, i =

1, . . . , k̂, . . . , n. Then the functor T : C×r → C preserves filtered colimits on the
product category C×r in the sense that the natural morphism

colim
α∈I

T (X1
α, . . . , X

r
α)→ T (colim

α∈I
X1
α, . . . , colim

α∈I
Xr
α)

is iso for any collection of diagrams {Xi
α}α, i = 1, . . . , r, over the same given

filtering category I.

Proof. Exercise, or see [60, Proposition 1.2.2] or [148, Lemma 2.3.2]. �

1.4.3. Reflexive coequalizers. Recall that a coequalizer is the colimit of a dia-
gram formed by a parallel pair of morphisms d0, d1 : X1 ⇒ X0. For a colimit of
this particular shape, we use the notation coker{d0, d1 : X1 ⇒ X0}.

In many examples, a parallel pair of morphisms is given together with an extra
morphism s0 : X0 → X1 satisfying d0s0 = id = d1s0. In this situation, we say
that coker{d0, d1 : X1 ⇒ X0} forms a reflexive coequalizer and we may also use the
notation

coker{X1

x
⇒X0}
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in order to stress the existence of the reflection s0 : X0 → X1.
Note that the addition of the reflection s0 : X0 → X1 to the diagram X1 ⇒ X0

does not change the colimit. The importance of reflexive coequalizers lies in the
following stability assertion:

Proposition 1.4.4. Suppose that the multifunctor T : C×r → C preserves
reflexive coequalizers on each input in the sense that the natural morphism

coker{T (X1, . . . , Xk
1 , . . . , X

r)
x
⇒T (X1, . . . , Xk

0 , . . . , X
r)}

→ T (X1, . . . , coker{Xk
1

x
⇒Xk

0 }, . . . , Xr)

is iso for any reflexive diagram {Xk
1

x
⇒Xk

0 } and all Xi ∈ C, i = 1, . . . , k̂, . . . , n.
Then the functor T : C×r → C preserves reflexive coequalizers on the product cate-
gory C×r in the sense that the natural morphism

coker{T (X1
1 , . . . , X

r
1 )

x
⇒T (X1

0 , . . . , X
r
0 )}

→ T (coker{X1
1

x
⇒X1

0}, . . . , coker{Xr
1

x
⇒Xr

0})

is iso for any collection of reflexive diagram {Xi
1

x
⇒Xi

0}, i = 1, . . . , r, in the base
category.

Proof. Exercise or see [60, Proposition 1.2.1] or [148, Lemma 2.3.2]. �

The fundamental role of reflexive coequalizers is also asserted by the following
proposition:

Proposition 1.4.5. If coproducts and reflexive coequalizers exist in a category
C, then so does any kind of small colimit in C.

Proof. Exercise. Check [27, §2] and [28, §4.3]. �

This proposition is applied in §§1.2-1.3 in order to prove the existence of colimits
(of any shape) in the category of operads and in categories of algebras over operads.



CHAPTER 2

Operads in Symmetric Monoidal Categories

In the previous chapter §1, we have worked in the setting of a base category M

equipped with a tensor product ⊗ : M×M→M preserving colimits on each side.
The colimit assumption is required for the application of categorical constructions
(like colimits, free objects) to operads (§§1.2-1.3), and is also implicitly used as
soon as we deal with endomorphisms operads (see §1.1). On the other hand, the
definition of an operad in §1.1.1 makes sense in any symmetric monoidal category,
without assuming that the tensor product satisfies any other requirement than the
fundamental unit, associativity and symmetry axioms §0.8(a-c).

The overall purpose of this second chapter is to examine the application of
general symmetric monoidal category concepts to operads (regardless of any colimit
requirement). In §2.1, we study the definition of operads in general symmetric
monoidal categories, and the applications of symmetric monoidal category changes
to operads. In §2.2, we study operads in counitary cocommutative coalgebras (our
main example of an elaborate symmetric monoidal category). In general, we rather
use the term of Hopf operad to refer to this category of operads.

In an appendix section §2.3, we review the definition of various notions of
functors associated with symmetric monoidal categories.

Throughout this chapter, we deal with a generalization of the notion of com-
mutative algebra and of the notion of cocommutative coalgebra in the setting of
symmetric monoidal categories. We devote a preliminary section to a survey of this
subject before tackling our main topics.

The ideas explained in this chapter are again not original, and our purpose is
mainly to give a comprehensive and detailed account of concepts and constructions
scattered over the literature. The definition of the notion of an operad in the
axiomatic setting of symmetric monoidal categories was apparently first considered
in a report of G. Kelly, now published in [98], in the case where the tensor product
satisfies the colimit preservation requirement.

2.0. Commutative (co)algebras in symmetric monoidal categories

The main purpose of this zeroth section, as we just explained, is to make
explicit the definition of the notion of a unitary commutative algebra and of the
dual notion of a counitary cocommutative coalgebra in the setting of symmetric
monoidal categories. We address the case of commutative algebras first.

We only deal with commutative structures for the moment. We can how-
ever extend our formalism to define general associative (non-commutative) algebra
structures in our symmetric monoidal category setting. We will address this case
later on, in §7, where we begin to consider non-commutative structures in multiple
symmetric monoidal categories.

43
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2.0.1. Unitary commutative algebras in symmetric monoidal categories. Let M
be any symmetric monoidal category. We define a unitary commutative algebra in
M as a structure formed by an object A ∈M, together with morphisms η : 1→ A
and µ : A⊗A→ A which make the following diagrams commute:

A⊗1
id ⊗η //

'
$$

A⊗A

µ

��

1⊗A
η⊗idoo

'
zz

A

, A⊗A⊗A

µ⊗id
��

id ⊗µ // A⊗A

µ

��
A⊗A

µ
// A

, A⊗A

µ
��

(1 2)∗ // A⊗A

µ
��

A

.

The morphism η, respectively µ, represents the unit, respectively the product, at-
tached to this commutative algebra A. The diagrams express the unit, associativity
and commutativity relations that govern the structure.

In the basic case, where M is the category of sets M = Set (respectively, the
category of modules M = Mod over a ground ring k), we obviously retrieve the
classical notion of a commutative monoid with unit (respectively, of a commutative
k-algebra with unit).

In general, we refer to a unitary commutative algebra by the notation of its
underlying object in the ground category A ∈ M, and we abusively assume that
the unit morphism η and the product µ are part of the internal structure attached
to this object A. We adopt the letter η (respectively, µ) as a generic notation
for all unit (respectively, product) morphisms attached to a unitary commutative
algebra structure. If we need to specify the algebra to which these morphisms are
associated, then we simply set η = ηA (respectively, µ = µA) to mark the object
A ∈M in the notation.

The unitary commutative algebras in M form a category, which we denote by
MCom+, or just by Com+ = MCom+ when the monoidal category M is fixed
by the context. We precisely define a morphism of unitary commutative algebras
f : A→ B as a morphism of M which makes the following diagrams commute:

1

ηA

��

= // 1

ηB

��
A

f
// B

, A⊗A

µA

��

f⊗f // B⊗B

µB

��
A

f
// B

.

Recall that we use the lower script + to mark the consideration of unitary
structures (as in §1.1.16). The category of non-unitary commutative algebras, which
we denote by MCom (or just by Com = MCom), is obviously defined by dropping
the reference to unit morphisms in all definitions.

Note that the unit object of the underlying category 1 inherits a natural com-
mutative algebra structure, and represents the initial object of the category of
unitary commutative algebras MCom+. One can prove that the obvious forgetful
functor ω : MCom+ →M creates limits in unitary commutative algebras, whenever
limits exist in M. But the forgetful functor ω : MCom+ → M does not preserve
colimits in general. (To give the simplest example, we have already observed that
the unit object 1, which generally differs from the initial object of M, is the initial
object of MCom+.) In the case where the tensor product of M satisfies the colimit
preservation requirement of §0.9, one can prove that some particular colimits can
be created in the ground category M, and that MCom+ inherits colimits of any
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shape. Indeed, this statement is a particular case of the general result which we
establish in the framework of algebras over operads in §1.3. In the general case,
where we do not assume any colimit requirement on the tensor structure, we still
have coproducts in MCom+, which we deduce from the tensor product operation
of the ground category. We explain this observation in the next paragraph.

2.0.2. The symmetric monoidal category of unitary commutative algebras. The
category of unitary commutative algebras in a symmetric monoidal category MCom+

actually inherits a symmetric monoidal structure from the ground category M.
First, we readily see that a tensor product of commutative algebras A ⊗ B

inherits a canonical unit morphism 1
'−→ 1⊗1

ηA⊗ηB−−−−−→ A ⊗ B, and a canonical

product, defined by the composite A⊗B⊗A⊗B (2 3)∗−−−−→ A⊗A⊗B⊗B µ⊗µ−−−→ A⊗B,
so that A⊗B forms a commutative algebra.

For the unit object 1, which represents the initial object of the category of

commutative algebras MCom+, the isomorphisms A ⊗ 1
'−→ A

'←− 1⊗A, formed
in the underlying monoidal category M, are isomorphisms of unitary commutative
algebras. Hence, the unit relations of the tensor product hold within the cate-
gory MCom+. The associativity and symmetry relations of the tensor product
remain valid in the category of unitary commutative algebras too. Thus, we have
a whole symmetric monoidal structure on MCom+, as claimed at the beginning of
this paragraph.

We readily see moreover that the tensor product A⊗B represents the coprod-
uct of A and B in Com+ (and therefore coproducts exist in Com+ without any

assumption on the tensor product). The universal morphisms A
i−→ A⊗B j←− B are

given by the tensor products i = idA⊗ηB and j = ηA⊗ idB , where we consider the
unit morphism ηA : 1→ A (respectively, ηB : 1→ B) associated to A (respectively,
B).

2.0.3. Counitary cocommutative coalgebras in symmetric monoidal categories.
The structure of a counitary cocommutative coalgebra in a symmetric monoidal
category is defined by duality from the definition of a unitary commutative algebra.

In brief, a counitary cocommutative coalgebra in M consists of an object C ∈
M, equipped with morphisms ε : C → 1 and ∆ : C → C⊗C such that the following
diagrams commute:

C

∆

��

'

zz

'

$$
C⊗1 C⊗C

id ⊗ε
oo

ε⊗id
// 1⊗C

,

C
∆ //

∆

��

C⊗C

∆⊗id
��

C⊗C
id ⊗∆

// C⊗C⊗C

,

C

∆

��

∆

��
C⊗C

(1 2)∗
// C⊗C

.

The morphism ε (respectively, ∆) is called the counit or augmentation (respectively,
the coproduct or diagonal) of the cocommutative algebra C. The diagrams express
the unit, associativity and commutativity relations that govern this structure.

We refer to a counitary cocommutative coalgebra by the notation of its under-
lying object C ∈M (as in the algebra case). We use the letter ε (respectively, ∆) as
a generic notation for all counit (respectively, coproduct) morphisms attached to a
counitary cocommutative coalgebra structure. We just mark the object A ∈ M as
a subscript when we need to specify the coalgebra to which these morphisms are
attached in the notation.
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The counitary cocommutative coalgebras in M form a category, which we de-
note by MComc

+, or just by Comc
+ = MComc

+, with the superscript c added to
notation in order to mark the consideration of coalgebras. We precisely define a
morphism of counitary cocommutative coalgebras f : C → D as a morphism of M
which makes the following diagrams commute

C

εC

��

f // D

εD

��
1 =

// 1

,

C

∆C

��

f // D

∆D

��
C⊗C

f⊗f
// D⊗D

,

The basic notion of counitary cocommutative coalgebra, classically considered
in the literature, corresponds to the case where M = Mod is a category of mod-
ules over a ground ring k. In the case where M is the category of sets M = Set
(and more generally when the tensor structure is given by the cartesian structure
of the category), any object X ∈ Set inherits a counit ε : X → ∗, because the
unit object is the final object ∗ (the one-point set when M = Set), as well as a
coproduct ∆ : X → X ×X (the diagonal). Our counit, coassociativity and cocom-
mutativity relations obviously hold for this structure. Hence, any X ∈ Set inherits
a tautological counitary cocommutative coalgebra structure. The definition of the
coproduct on X is actually forced by the counit relation, and as a consequence, we
have an isomorphism of categories Set Comc

+ = Set .
The tensor unit 1 inherits a coalgebra structure, defined by inverting the ori-

entation of the arrows in the definition of the algebra structure of §2.0.1, and
represents the terminal object of the category of counitary cocommutative coal-
gebras. Besides, we can also dualize the construction of the tensor product of
algebras in §2.0.2 to obtain that a tensor product of counitary cocommutative
coalgebras C ⊗ D inherits a counitary cocommutative coalgebra structure, with

the composite morphism C ⊗ D εC⊗εD−−−−→ 1⊗1
'−→ 1 as counit, and the morphism

C ⊗D ∆C⊗∆D−−−−−−→ C ⊗ C ⊗D ⊗D (2 3)∗−−−−→ C ⊗D ⊗ C ⊗D as coproduct.
This tensor product C ⊗ D also represents the cartesian product of C and

D in the category of counitary cocommutative coalgebras. The universal mor-

phisms C
p←− C ⊗ D

q−→ D are given by the tensor products p = id ⊗εD and
q = εC ⊗ id , where we consider the counit εC : C → 1 (respectively, εD : D → 1) of
C (respectively, D).

The previous assertion is the exact dual of an observation of §2.0.2 on the
tensor product of unitary commutative algebras. One can also check that the
forgetful functor ω : MComc

+ → M creates colimits whenever colimits exist in
M, just like the dual forgetful functor on the category of commutative algebras
creates limits. But, we can not dualize the construction of general colimits in the
category of unitary commutative algebras to get limits in the category of counitary
cocommutative coalgebras, because we should require that tensor products preserve
limits (instead of colimits) then, and this assumption is not fulfilled in general.

We can also use the tensor product construction to provide the category of
counitary cocommutative coalgebras with a symmetric monoidal structure, as in
the dual context of unitary commutative algebras.
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2.0.4. Change of underlying symmetric monoidal categories. To complete this
preliminary section, we examine the application of a change of symmetric monoidal
category to algebra and coalgebra structures.

First, we consider the case where we have a unit-pointed functor S : M →
N between symmetric monoidal categories M and N together with a symmetric
monoidal transformation θ : S(X) ⊗ S(Y ) → S(X ⊗ Y ) (see §2.3.1). Let A be a
unitary commutative algebra in a symmetric monoidal category M. Then the object
S(A) ∈ N forms a commutative algebra in N. Indeed, we have a unit morphism

1
=−→ S(1)

S(η)−−−→ S(A)

as well as a product

S(A)⊗ S(A)
θ−→ S(A⊗A)

S(µ)−−−→ S(A),

inherited from A, and which satisfy the unit, associativity, and commutativity
axioms of §2.0.1 as soon as the natural transformation θ fulfills the coherence con-
straints of §2.3.1 with respect to the internal symmetric monoidal structures of our
categories (easy verification).

This construction is obviously functorial with respect to the commutative alge-
bra A. Hence, the mapping S : A 7→ S(A) induces a functor from the category of
unitary commutative algebras in M towards the category of unitary commutative
algebras in N. This functor S : MCom+ → NCom+ is unit-pointed, and we read-
ily see, moreover, that the symmetric monoidal transformation θ : S(A)⊗ S(B)→
S(A ⊗ B), inherited from S, defines a morphism of unitary commutative alge-
bras when A,B ∈ MCom+. Thus, the functor S : MCom+ → NCom+ induced
by S : M→ N is unit-pointed and comes also equipped with a symmetric monoidal
transformation in the category of unitary commutative algebras in N.

In the dual case where S : M → N is a unit-pointed functor equipped with a
symmetric comonoidal transformation θ : S(X ⊗ Y ) → S(X) ⊗ S(Y ), we read-
ily see that the image of a unitary cocommutative coalgebra under S inherits
a unitary cocommutative coalgebra structure so that S induces a functor from
the category of counitary cocommutative coalgebras in M towards the category of
counitary cocommutative coalgebras in N. This functor S : MComc

+ → NComc
+,

induced by S : M→ N, is unit-pointed and comes also equipped with a symmetric
comonoidal transformation in the category of counitary cocommutative algebras,
which is yielded by the symmetric comonoidal transformation associated to S in N.

In the optimal situation where our functor S : M→ N is symmetric monoidal
(see §2.3.1), we have a functor induced by S both on algebras S : MCom+ →
NCom+ and on coalgebras S : MComc

+ → NComc
+. These functors are both

symmetric monoidal too.
In the case where we have functors S : M � N : T forming a symmet-

ric monoidal adjunction in the sense of §2.3.3, we have an induced a symmetric
monoidal adjunction at the level of algebra categories S : MCom+ → NCom+ : T ,
and at the level of coalgebra categories S : MComc

+ → NComc
+ : T as well.

Indeed, we readily see that the unit η : X → T (S(X)) and the augmentation
ε : T (S(A)) → A of such an adjunction define morphisms of unitary commutative
algebras (respectively, counitary cocommutative coalgebras) when X (respectively,
A) has such a structure, and therefore, define the unit and the augmentation mor-
phism of an adjunction at the algebra (respectively, coalgebra) level.
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2.0.5. The basic example of free module functors. To give a simple example of
symmetric monoidal category change, we consider functor k[−] : Set →Mod , which
maps any set X ∈ Set to a free k-module generated by the elements of the set X,
for a fixed ground ring k. We generally write [x] for the generating element of the
k-module k[X] associated to an element x ∈ X.

This functor k[−] : Set →Mod is symmetric monoidal (see §2.3.2), and hence,
induces both a symmetric monoidal functor from unitary commutative monoids
(unitary commutative algebras in sets) to unitary commutative algebras, and from
sets to counitary commutative algebras, where we use the observation of §2.0.3 to
get a category isomorphism Set = Set Comc

+ identifying the category of counitary
commutative algebras in sets with the category of sets themselves.

We consider this functor from sets to counitary cocommutative coalgebras k[−] :
Set →Mod Comc

+. We set Comc
+ = Mod Comc

+ to abbreviate notation.
The counit and coproduct defining the counitary cocommutative coalgebra

structure of a free k-module k[X] can be defined by the explicit formula ε[x] = 1
and ∆[x] = [x]⊗ [x] for each element x ∈ X.

In general, we say that an element c ∈ C in a counitary cocommutative coal-
gebra in k-modules C is group-like when we have ε(c) = 1 and ∆(c) = c ⊗ c in C,
and we use the notation G(C) for the set formed by the group-like elements in C.
We can easily check that the mapping G : C 7→ G(C) defines a right-adjoint of
our functor k[−] : Set → Comc

+, from sets to counitary cocommutative coalgebras.
The unit of this adjunction is the obvious set embedding ι : X → k[X], and the
augmentation ρ : k[G(C)] → C is identified with the obvious k-module morphism
induced by the tautological set-theoretic inclusion G(C) ⊂ C.

We deduce from the general observations of §2.0.4 that the functor k[−] : Set →
Comc

+ is symmetric monoidal, since our initial functor k[−] : Set →Mod , from sets
to k-modules, is so. We immediately see that the group-like functor G : Comc

+ →
Set is symmetric monoidal too, because this functor, as a right-adjoint, preserves
final objects and cartesian products, with which the unit and tensor product of
the symmetric monoidal structure of coalgebras are identified (see §2.0.3). We
can easily check that the unit morphism and the augmentation morphism of the
adjunction k[−] : Set � Comc

+ : G are also symmetric monoidal transformations,
so that our adjoint functors define a symmetric monoidal adjunction in the sense
of §2.3.3.

2.1. The definition of operads in symmetric monoidal categories

The purpose of this section is to examine the application of general symmetric
monoidal category constructions to operads.

In §1.1, we assume that the base category M has a tensor product ⊗ : M×M→
M which preserves colimits on each side. Nevertheless, we have already observed
that the definition of an operad in §1.1.1 makes sense as soon as the unit, associa-
tivity and symmetry axioms of symmetric monoidal categories are satisfied. This
is also the case of the definition of an algebra over an operad in §1.1.13 though the
statement of Proposition 1.1.15, giving an interpretation of operad actions in terms
of endomorphism operads, is not valid in general.

We first give the definition of an operad governing general commutative algebra
structures. Our statements extend the results of Proposition 1.1.10 and Proposi-
tion 1.1.18:



2.1. THE DEFINITION OF OPERADS IN SYMMETRIC MONOIDAL CATEGORIES 49

Proposition 2.1.1. In any symmetric monoidal category M, we can form an
operad Com+ such that Com+(r) = 1 for every r ∈ N, where 1 refers to the unit
object of M.

The structure of this operad is precisely defined as follows: each component
of the operad Com+(r) = 1 is equipped with a trivial action of the corresponding
symmetric group Σr, the unit morphism η : 1→ Com+(1) is the identity of 1, and
the composition products µ : Com+(r)⊗Com+(n1)⊗· · ·⊗Com+(nr)→ Com+(n1 +

· · ·+ nr) are given by the canonical isomorphisms 1⊗1⊗ · · · ⊗ 1
'−→ 1.

The collection Com such that Com(0) = ∅ and Com(r) = 1 for r > 0 inherits
an operad structure as well, and is actually a sub-object of Com+ in the category of
operads.

Proof. The equivariance, unit, and associativity relations of the operadic com-
position structure of Com+ follow from the internal coherence relations satisfied by
the unit, associativity, and symmetry isomorphisms in symmetric monoidal cate-
gories.

We define the composition products of the operad Com by restriction from the
composition structure of Com+, and for this purpose, we essentially have to check
that the composite 1⊗∅⊗· · ·⊗∅ → 1⊗1⊗ · · ·⊗1→ 1 factors through Com(0) = ∅
when we deal with a composition product of the form Com(r) ⊗ Com(0) ⊗ · · · ⊗
Com(0) → Com(0). But this assertion is just a direct consequence of the functori-
ality of the unit isomorphism 1⊗X ' X. �

Proposition 2.1.2. Let M be any symmetric monoidal category. The category
of unitary commutative algebras in M, as defined in §2.0.1, is isomorphic to the
category of algebras over the operad Com+ of Proposition 2.1.1. The category of
non-unitary commutative algebras in M is isomorphic to the category of algebras
over the non-unitary operad Com formed by dropping the term of arity 0 in Com+.

Proof. The result of this proposition concerning the categories of commu-
tative algebras in M follows from a formal extension, in the setting of monoidal
categories, of the arguments of Proposition 1.1.17-1.1.18. �

In the case M = Set , where we have 1 = pt , we exactly retrieve the result
of Proposition 1.1.18, where the category of commutative monoids with unit is
identified with the category of algebras over the one-point set operad. Indeed, the
operad defined in the proposition is a generalization of the one-point set operad of
Proposition 1.1.10, and our construction gives a version of the unitary commutative
operad Com+ attached to any symmetric monoidal category M.

The second basic example of application of Proposition 1.1.18 is the category
of k-modules M = Mod . In this case, we obtain that the usual category of unitary
commutative algebras over k is isomorphic to the category of algebras over the
operad Com+ such that Com+(r) = k for every r ∈ N, and similarly in the non-
unitary setting.

In the situation where the ground symmetric monoidal category M has colim-
its and the tensor product preserves colimits, we can extend the presentation by
generators and relations of §1.2.10, to define an operad in M governing unitary (re-
spectively, non-unitary) commutative algebra structures. We can easily check that
this definition by generators and relations, whenever it makes sense, returns the
same operad as the direct construction of Proposition 2.1.1 (adapt the argument
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line of Proposition 1.2.7). We therefore have an equivalence between this approach
and the general definition of Proposition 2.1.1.

To continue this study, we examine the application of a change of underly-
ing symmetric monoidal category to operads. We consider a functor S : M → N

between symmetric monoidal categories M and N. Recall that S is said to be
unit-pointed when we have S(1) = 1, and we say that a unit-pointed functor S is
equipped with a symmetric monoidal transformation if we have a bifunctor mor-
phism θ : S(A)⊗S(B)→ S(A⊗B), A,B ∈M, satisfying natural unit, associativity,
and symmetry constraints (see §2.3.1 for details). We have the following result:

Lemma 2.1.3. Let P be an operad in M. If S : M→ N is a unit-pointed functor
equipped with a symmetric monoidal transformation θ : S(A)⊗ S(B)→ S(A⊗B),
then the collection of objects S(P(r)) ∈ N, r ∈ N, defined by applying S termwise
to the underlying collection of P, forms an operad S(P) in N. Indeed:

(a) The functor S maps the morphisms s : P(r) → P(r) giving the action of
permutations s ∈ Σr on P(r) to morphisms of the category N, so that the
object S(P(r)) ∈ N inherits an action of the symmetric group Σr, and this
for all r ∈ N.

(b) The collection S(P)(r) = S(P(r)) also inherits a unit morphism

1
=−→ S(1)

S(η)−−−→ S(P(1))

as well as composition products

S(P(r))⊗ S(P(n1))⊗ · · · ⊗ S(P(nr))

θ−→ S(P(r)⊗ P(n1)⊗ · · · ⊗ P(nr))
S(µ)−−−→ S(P(n1 + · · ·+ nr)),

and the equivariance, unit and associativity relations of operads (§1.1.1)
hold for this operadic composition structure.

Proof. The unit, associativity and symmetry constraints of symmetric monoidal
transformations (§2.3.1) imply that the equivariance, unit and associativity rela-
tions of operads on S(P) reduce to the corresponding relations on P, and hence
hold at the level of that collection S(P). �

The construction of the operad structure in this lemma is clearly functorial in
P ∈ MOp. Furthermore, for a unitary operad P+ (in the sense of §1.1.19), we
have S(P+(0)) = S(1) = 1, so that S(P+) is still unitary with S(P) as associated
non-unitary operad (see §1.1.20). Finally, we have the following proposition:

Proposition 2.1.4. If S : M → N is a unit-pointed functor equipped with a
symmetric monoidal transformation, then S induces a functor on operad categories
S : MOp → NOp. This functor is given by the construction of Lemma 2.1.3 on
objects P ∈MOp.

This functor also preserves unitary extensions (in the sense of §1.1.20), since
we have the identity S(P+) = S(P)+, for any unitary operad P+ ∈MOp1. �

In our applications, we essentially need to transport operads from one symmet-
ric monoidal category to another, and we base our constructions on the previous
proposition. For the sake of completeness, we can also record that the functor
S : M → N in Proposition 2.1.4 induces a functor from the category of algebras
over P ∈MOp to the category of algebras over the operad S(P) ∈ NOp associated
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to P in N. To check this assertion, simply observe that the image of a P-algebra
under S inherits evaluation morphisms S(P(r))⊗S(A)⊗r → S(P(r)⊗A⊗r)→ S(A)
providing S(A) with a natural S(P)-algebra structure.

2.1.5. Examples of functors between operad categories. The functors considered
in §2.3.2 give examples of situations where we can use the result of Proposition 2.1.4.

(a) Let us begin with the simplest example, namely the functor k[−] : Set →
Mod mapping a set X ∈ Set to the associated free k-module k[X] ∈
Mod . Proposition 2.1.4 implies that this functor induces a functor k[−] :
SetOp → ModOp, from the category of operads in sets towards the cat-
egory of operads in k-modules, and similarly as regards the extension of
this functor to simplicial sets k[−] : Simp → s Mod .

(b) The geometric realization functor | − | : Simp → Top induces a func-
tor k[−] : SimpOp → TopOp, from the category of operads in simplicial
sets towards the category of topological operads. In the converse direc-
tion, the singular complex functor Sing•(−) : Top → Simp induces a
functor Sing•(−) : TopOp → SimpOp, from the category of topological
operads towards the category of operads in simplicial sets.

Recall that the geometric realization and singular complex functors define an
instance of symmetric monoidal adjunction. In such a situation, we have the fol-
lowing additional result:

Proposition 2.1.6. The functors on operad categories S : MOp � NOp : T
induced by the functors of a symmetric monoidal adjunction S : M � N : T are
still adjoint to each other. The augmentation ε : S(T (Q)) → Q and the unit
η : P → T (S(P)) of this adjunction (at the operad level) are given by the arity-wise
application of the augmentation and unit of the underlying adjunction between the
categories M and N.

Proof. The augmentation ε : S(T (Y )) → Y and the unit η : X → T (S(X)),
of the adjunction S : M � N : T are symmetric monoidal transformations by
definition of the notion of a symmetric monoidal adjunction. This observation im-
mediately implies that these morphisms can be applied arity-wise to operads in
order to yield morphisms at the operad category level. The structure relations be-
tween adjunction augmentations and adjunction units remain obviously valid for
these induced operad morphisms, and therefore, we still have an adjunction rela-
tion at the level of operad categories, with the unit and augmentation morphisms
specified in the proposition. �

Let us record the application of this result to the geometric realization and
singular complex functors into a proposition:

Proposition 2.1.7. The functors on operad categories | − | : SimpOp �
TopOp : Sing•(−) induced by the realization of simplicial sets and by the singular
complex functor are adjoint to each other. The augmentation ε : | Sing•(Q)| → Q,
respectively the unit η : P → Sing•(|P |), of this adjunction is given by the arity-
wise application of the augmentation, respectively unit, of the underlying adjunction
between simplicial sets and topological spaces.
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Further examples of applications of Proposition 2.1.4-2.1.6 are studied all through-
out this work. For instance, the result of Proposition 2.1.6 applies the adjunc-
tion k[−] : Set → Comc

+ : G, between sets and counitary cocommutative coalge-
bras, involving the extension of the functor k[−] : Set →Mod to coalgebras as left
adjoint (see §2.0.5).

In the sequel, we often face adjunction relations F : M � N : G such that
the right adjoint functor G is symmetric monoidal, but not the left adjoint F (or
conversely). In this situation, we still have a functor G : NOp → MOp, but we
can not apply Proposition 2.1.4 to get a functor on operads from F . On the other
hand, we will see that the functor G : NOp → MOp, obtained by the arity-wise
application of G : N → M, preserves limits. In practice, we can apply adjoint
functor theorems to retrieve an adjunction relation on operad categories from the
single functor G : NOp → MOp, and we obtain that way an operadic replacement
F] : MOp → NOp of the functor F : M → N. In §5, we use this approach to
produce a Sullivan’s model functor from operads in simplicial sets to cooperads
in cosimplicial commutative algebras (the structures dual to operads in simplicial
cocommutative coalgebras).

To prepare this subsequent study, we will examine the definition of an operad
in cocommutative coalgebras in details in the next section.

Before tackling this new subject, simply observe that we can apply the functor
k[−] : SetOp → ModOp of §2.1.5(a) to the permutation (respectively, one-point
set) operad of §1.1 in order to obtain a model of the associative (respectively,
commutative) operad in k-modules. In the case of the permutation operad, we
obtain an operad such that As+(r) = k[Σr] for r ∈ N (unitary case). In the case
of the one-point set operad, we obtain an operad such that Com+(r) = k[pt ] = k
for r ∈ N. In the non-unitary setting, we simply replace the arity 0 component of
these operads by the null module. In any case, we exactly retrieve the expansion
of §§1.2.10-1.2.11 for the operads defined by generators and relations in §1.2.10.
This identification gives an analogue of the results of Proposition 1.2.7 in the context
of k-modules. Note that Com+(r) = k can also be identified with a particular
instance of the commutative operad of Proposition 2.1.1-2.1.2 since k represents
the unit object of the category of k-modules.

2.2. The notion of a Hopf operad

We now study the structure defined by an operad in counitary cocommutative
coalgebras. One of our aims is to check that operads in counitary cocommutative
coalgebras are actually equivalent to counitary cocommutative coalgebra objects
in the category of operads. The existence of these multiple equivalent definitions
motivates us to adopt specific conventions for these operads.

We generally use the terminology of Hopf operad, rather than the expression of
operad in counitary cocommutative coalgebras, to refer to these objects, unless we
want to emphasize a particular definition of our structure. We also use the notation
Hopf Op, rather than Comc

+Op, to refer to the category of Hopf operads.
We use the name Hopf as a general prefix to specify a category of structured

object in counitary and cocommutative coalgebras, or dually, a category of costruc-
tured object in unitary and commutative algebras. We stress that the coalgebra
(respectively, algebra) structure underlying a Hopf object is, under our convention,
supposed to be cocommutative in general. When we use the expression of Hopf

Benoit Fresse
Crayon

Benoit Fresse
Autocollant
This operadic ugrade $F_{\sharp}$ exists as soon as the tensor product of the category $\mathcal{M}$ distributes over colimits, so that we can form free objects and colimits in the category of operads in $\mathcal{M}$.
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operad, we therefore consider operads equipped with a counitary cocommutative
coalgebra structure.

The constructions of the next paragraphs §§2.2.1-2.2.5 are valid in an arbitrary
ambient symmetric monoidal category M, which we fix up to the end of this section.

2.2.1. The definition of Hopf operads as operads in counitary cocommutative
coalgebras. The symmetric monoidal structure of the category of counitary cocom-
mutative coalgebras Comc

+ = MComc
+ is defined in §2.0.3. Recall simply that the

tensor product of coalgebras A,B ∈ Comc
+ is obtained by providing the tensor

product of A and B in the underlying symmetric monoidal category with a natural
coalgebra structure. The unit, associativity, and symmetry isomorphisms of the
tensor product of coalgebras are inherited from the ambient symmetric monoidal
category, and the forgetful functor ω : MComc

+ →M is, as a consequence, symmet-
ric monoidal in the sense of §2.3.1.

To define operads in counitary cocommutative coalgebras, we simply apply the
general definition of §1.1.1 to the symmetric monoidal category of coalgebras Comc

+.
Under this approach, an operad in counitary cocommutative coalgebras (a Hopf
operad in our synonymous terminology) consists of a collection of counitary co-
commutative coalgebras P(r), together with an action of the symmetric group Σr
on P(r), for each r ∈ N, a unit morphism η : 1 → P(1), and product morphisms
µ : P(r)⊗ P(n1)⊗ · · · ⊗ P(nr)→ P(n1 + · · ·+ nr), all formed within the category
of counitary cocommutative coalgebras and satisfying the equivariance, unit, and
associativity relations of §1.1.1 in that category Comc

+.
2.2.2. The internal structure of Hopf operads. An operad in counitary cocom-

mutative coalgebras forms an operad in the ground category since, as we just ob-
served, the forgetful functor ω : MComc

+ → M is symmetric monoidal by con-
struction. As such, an operad in counitary cocommutative coalgebras P can be
identified with an operad in M so that the symmetric group Σr acts on P(r)
by morphisms of cocommutative coalgebras, for each r ∈ N, and the unit mor-
phism η : 1 → P(1) preserves coalgebra structures, as well as the product mor-
phisms µ : P(r)⊗P(n1)⊗· · ·⊗P(nr)→ P(n1+· · ·+nr). Accordingly, to completely
unravel the definition, we simply need to go back to the definition of the coalgebra
structure on the unit object 1, and on the tensor product P(r)⊗P(n1)⊗· · ·⊗P(nr)
in order to make explicit the conditions which η and µ have to satisfy as coalgebra
morphisms. The result reads as follows: the preservation of coalgebra structures by
the operadic unit η : 1→ P(1) is equivalent to the commutativity of the diagrams

(a) 1
η //

=
""

P(1)

ε

��
1

1
η //

'
��

P(1)

∆

��
1⊗ 1

η⊗η
// P(1)⊗P(1)

,

where we use the notation ε (respectively, ∆) to refer to the counit (respectively,
coproduct) of each P(n); the preservation of coalgebra structures by the composi-
tion product µ : P(r)⊗P(n1)⊗ · · · ⊗P(nr)→ P(n1 + · · ·+nr) is equivalent to the
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commutativity of the diagrams

(b) P(r)⊗P(n1)⊗···⊗P(nr)
η //

ε⊗ε⊗···⊗ε
��

P(n1+···+nr)

ε

��
1 =

// 1

,

P(r)⊗P(n1)⊗···⊗P(nr)
µ //

∆⊗∆⊗···⊗∆

��

P(n1+···+nr)

∆

��

(P(r)⊗P(r))⊗(P(n1)⊗P(n1))⊗···⊗(P(nr)⊗P(nr))

'
��

(P(r)⊗P(n1)⊗···⊗P(nr))⊗(P(r)⊗P(n1)⊗···⊗P(nr))
µ⊗µ
// P(n1+···+nr)⊗P(n1+···+nr)

.

In the case where M is the category of k-modules and 1 = k (and similarly
in the context of graded, differential graded, simplicial and cosimplicial modules),
the requirement that η : 1 → P(1) is a morphism of coalgebras amounts to the
assumption that the operadic unit element 1 ∈ P(1) (determining η) is group-like,
because so is the unit 1 in the ground ring k, regarded as a coalgebra. In point-wise
terms, the commutation relation expressed by the diagrams in (b) read

ε(p(q1, . . . , qr)) = ε(p) · (ε(q1) · . . . · ε(qr))
and

∑
(p),(q1),...,(qr)

p′(q′1, . . . , q
′
r)⊗ p′′(q′′1 , . . . , q′′r ),

for any p ∈ P(r), q1 ∈ P(n1), . . . , qr ∈ P(nr), where we use the notation ∆(x) =∑
(x) x

′ ⊗ x′′ to represent the expansion of the coproduct of any element x in a

coalgebra.

In general, the observations of this paragraph imply that we can define operads
in counitary cocommutative coalgebras as operads in the ground category P, where
each P(r) is equipped with a counit ε : P(r) → 1 and a coproduct ∆ : P(r) →
P(r)⊗ P(r), defining a counitary cocommutative coalgebra structure on P(r), and
so that the diagrams (a-b) commute, for all r ≥ 0, n1, . . . , nr ≥ 0.

To give an abstract interpretation of the compatibility conditions expressed by
these commutative diagrams, we will check that the category of operads inherits a
tensor product from the ground category � : Op×Op → Op, so that the doubled
factors in the tensor products of (a-b) can be interpreted as components of a tensor

square P�2 in Op. We devote the next paragraphs to this subject. This tensor
product � : Op×Op → Op will be called the arity-wise tensor product of operads.

2.2.3. The arity-wise tensor product of operads. Let P,Q ∈ Op. The compo-
nents of the operad P �Q are given by the obvious formula (P �Q)(r) = P(r) ⊗
Q(r) in each arity r ∈ N, where we form the tensor product of the objects P(r)
and Q(r) in the ground symmetric monoidal category M. The diagonal action
of permutations w ∈ Σr on the tensor product P(r) ⊗ Q(r) provides the object
(P �Q)(r) = P(r) ⊗ Q(r) with an action of the symmetric group Σr, for each
r ∈ N. The unit of the operad P �Q is given by the composite morphism

1
'−→ 1⊗1

ηP⊗ηQ−−−−→ P(1)⊗ Q(1)
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involving the operadic units of P and Q on the different factors of the tensor product
(P �Q)(1) = P(1)⊗ Q(1). The composition products of P �Q are defined by the
composite morphisms

(P(r)⊗ Q(r))⊗ (P(n1)⊗ Q(n1))⊗ · · · ⊗ (P(nr)⊗ Q(nr))

'−→ (P(r)⊗ P(n1)⊗ · · · ⊗ P(nr))⊗ (Q(r)⊗ Q(n1)⊗ · · · ⊗ Q(nr))

µP⊗µQ−−−−→ P(n1 + · · ·+ nr)⊗ Q(n1 + · · ·+ nr),

where we apply an appropriate tensor permutation to gather the factors attached
to each operad P and Q before applying the composition products of these operads.
We immediately check that these structure morphisms satisfy the equivariance, unit
and associativity axioms of operads. Accordingly, our construction, which is also
obviously natural with respect to P,Q ∈ Op, yields a bifunctor � : Op×Op → Op.

We can readily see that the commutative operad Com+, defined in Proposi-
tion 2.1.2 and consisting of the unit object 1 in all arities Com+(r) = 1, forms a
unit for the arity-wise tensor product of operads. We also have a natural associativ-
ity (respectively, symmetry) isomorphism on � given by the arity-wise application
of the associativity (respectively, symmetry) isomorphism of the tensor product⊗ in
the ambient category M. We simply have to check that the structure isomorphisms
obtained that way preserves the internal structure of operads, but this assertion fol-
lows from formal verifications. We conclude that the bifunctor � : Op×Op → Op
is the tensor product of a symmetric monoidal structure on Op.

A counitary cocommutative coalgebra in Op formally consists of an operad
P ∈ Op equipped with a counit (an augmentation), defined by a morphism ε : P →
Com+, and a coproduct ∆ : P → P �P, all formed in the category of operads, so
that the counit, coassociativity, and cocommutativity relations of §2.0.3 hold. We
immediately see, by definition of the arity-wise tensor product �, that giving these
structure morphisms amounts to providing each P(r) with a counitary cocommuta-
tive coalgebra structure commuting with the action of symmetric groups. We also
immediately see that, for the morphisms ε : P → Com+ and ∆ : P → P �P, the
preservation of operad units and composition products amounts to the commuta-
tivity of the diagrams (a-b) in §2.2.2. Accordingly, we have the following result:

Proposition 2.2.4. The Hopf operads, initially defined as operads in counitary
cocommutative coalgebras in §2.2.1, can equivalently be defined as counitary cocom-
mutative coalgebras in operads, where we take the arity-wise tensor product of §2.2.3
to provide the category of operads with a symmetric monoidal structure. �

We crucially need the equivalence established in this proposition for the defi-
nition Hopf operads by generators and relations (see Proposition 2.2.10).

In §2.0.3, we mention that the tensor unit 1 represents the terminal object
of the category of counitary cocommutative coalgebras, and the tensor product
represents the cartesian product in that category. The same results hold in the
operad context:

Proposition 2.2.5.

(a) The unitary commutative operad Com+, giving the unit object for the arity-
wise tensor product of operads, inherits a natural Hopf operad structure
and defines the terminal object of the category of Hopf operads.
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(b) The arity-wise tensor product of Hopf operads inherits a natural Hopf
operad structure, so that the arity-wise tensor product induces a bifunc-
tor � : Hopf Op×Hopf Op → Hopf Op and gives a symmetric monoidal
structure on the category of Hopf operads, with the unitary commutative
operad Com+ as unit object.

(c) The tensor product of Hopf operads P �Q ∈ Hopf Op, considered in (b),
actually represents the cartesian product of P and Q in Hopf Op. The

structure projections P
p←− P �Q

q−→ Q, which characterize this cartesian
product, are identified with the tensor products p = id �ε and q = ε � id,
where we consider the counit morphisms ε : P → Com+ (respectively, ε :
Q → Com+) of the Hopf operad structure on P (respectively, Q).

Proof. This result follows from the identity Hopf Op = OpComc
+, established

in Proposition 2.2.4, and the observations of §2.0.3, concerning the categorical in-
terpretation of the tensor product of coalgebras in a symmetric monoidal category,
which we apply to the category of operads M = Op. �

The assertions of this proposition can also be deduced from the result of Propo-
sition 1.2.4, asserting that limits of operads are created in the underlying category.
We simply note that Proposition 1.2.4 holds as soon as limit exists in the ground
category, and we use the observations of §2.0.3 to get the definition of terminal ob-
jects and cartesian products in categories of counitary cocommutative coalgebras,
without

We now examine the adjunction between symmetric sequences and operads in
the context of Hopf operads. We assume for the construction of free operads that
the base category M is equipped with colimits, and that the tensor product satisfies
the colimit preservation requirement of §0.8(a).

In parallel to the terminology of Hopf operad, we may use the expression of Hopf
symmetric sequence to refer to a symmetric sequence in counitary cocommutative
coalgebras. We may also use the notation Hopf Seq , instead of Comc

+Seq , to refer
to that category of symmetric sequences. We first examine the definition of a Hopf
symmetric sequence structure.

2.2.6. Hopf symmetric sequences and the definition of free Hopf operads. We
can obviously extend the definition of the arity-wise tensor product to symmetric
sequences. We then obtain a bifunctor � : Seq × Seq → Seq providing Seq with a
symmetric monoidal structure (we just retain the action of symmetric groups from
the construction of §2.2.3). The tensor unit in the category Seq is still given by the
unitary commutative operad Com+, of which we forget the operadic composition
structure.

We can readily identify a Hopf symmetric sequence with a symmetric sequence
in the base category M ∈ Seq equipped with a counit ε : M → Com+ and a
coproduct ∆ : M → M �M, formed by the collection of counits ε : M(r) → 1
and the coproduct ∆ : M(r)→ M(r)⊗M(r) on the components of M, so that the
counit, coassociativity, and cocommutativity relations of §2.0.3 are satisfied. We
therefore have an identity between the category of Hopf symmetric sequences and
the category of counitary cocommutative coalgebras in Seq . In our notation, this
equivalence reads Hopf Seq = Comc

+Seq = SeqComc
+.

We can apply the construction of the free operad to the symmetric monoidal
category of counitary cocommutative coalgebras whenever we have colimits in the
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base symmetric monoidal category M. (Just recall that the category of counitary
cocommutative coalgebras has colimits as well, which are actually created in M.)
We then obtain a Hopf operad O(M), naturally associated to any Hopf symmetric
sequence M, and characterized by the universal property of Proposition 1.2.2 in
the category of Hopf operads (or by the equivalent adjunction relation of Theo-
rem 1.2.1).

We have already observed that the forgetful functor ω : Comc
+ → M, from

counitary cocommutative coalgebras to the ground category, is symmetric monoidal
by construction, and as a consequence, induces a functor ω : Hopf Op → Op from
Hopf operads to operads. According to the discussion of §§2.2.1-2.2.4, we can also
identify this functor with a forgetful functor, which retains the operad structure in
Hopf operads and forget about the coalgebra structure attached to each component.
We also have an obvious forgetful functor ω : Hopf Seq → Seq on Hopf symmetric
sequences. We now study the interplay between these Hopf forgetful functors and
the various free operad functors attached to each category.

The explicit construction of the free operad O(M) in §II.A involves a combi-
nation of colimits and tensor products. On the other hand, we mention in §2.0.3
that the forgetful functor ω : Comc

+ → M creates colimits (in addition to tensor
products). From this observation, we may immediately deduce that the forgetful
functor ω : Hopf Op → Op preserves free operads. But we aim to establish this
result by another approach, by relying on our interpretation of Hopf operads as
coalgebras in operads. The argument is based on the following construction:

Lemma 2.2.7. Let M be a Hopf symmetric sequence. Let O(M) be the free
operad associated to M, and formed in the ground category after forgetting the
internal coalgebra structure of M.

(a) The counits ε : M(r) → 1 and the coproducts ∆ : M(r) → M(r) ⊗M(r),
defining the counitary cocommutative coalgebra structure of the object M,
extend to operad morphisms ε : O(M) → Com+ and ∆ : O(M) → O(M) �
O(M), providing O(M) with the structure of a Hopf operad.

(b) Let f : M → P be a morphism of Hopf symmetric sequences, where P
is a Hopf operad. Let φf : O(M) → P be the unique morphism factoriz-
ing f in the category of operads. The free operad O(M) inherits a Hopf
operad structure by assertion (a). The above morphism φf automatically
preserves this additional coalgebra structure and as a consequence defines
a factorization of f in the category of Hopf operads.

(c) In the construction of (a), the universal morphism attached to the free
operad ι : M → O(M) forms a morphism of Hopf symmetric sequences. In
the construction of (b), if we form the morphism λ : O(P) → P, attached
to the identity of P and defining the adjunction augmentation of the free
operad, then we obtain a morphism of Hopf operads.

Proof. Recall that the collection of counits ε : M(r) → 1, attached to the
coalgebra structure of each M(r), can be viewed as a morphism of symmetric se-
quences towards the unitary commutative operad Com+. The existence of the
operad morphism ε : O(M) → Com+ extending these counits immediately follows
from the universal property of the free operad, as stated in Proposition 1.2.2.

By composing the diagonals ∆ : M(r) → M(r) ⊗M(r) with a tensor product
of the universal morphisms ι : M(r) → O(M)(r) in each arity, we also obtain a
morphism ∆ : M → O(M) � O(M). By applying the universal property of the free
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operad, we obtain again an operad morphism ∆ : O(M)→ O(M)�O(M) extending
this morphism of symmetric sequences.

By applying the uniqueness requirement in the universal property of free oper-
ads (see Proposition 1.2.2 again), we immediately obtain that the counit, coasso-
ciativity and cocommutativity relations of coalgebras hold at the level of the free
operad O(M), for the just defined morphisms, as soon as they hold at the level of
the symmetric sequence M.

The universal morphism ι : M → O(M) forms a morphism of Hopf symmetric
sequences by construction of the coalgebra structure on O(M). Thus, the first
assertion of (c) is immediate. The uniqueness requirement in the universal property
of free operads also implies that the morphism φf : O(M) → P associated to a
morphism of Hopf symmetric sequences in (b) intertwines coalgebra structures and
hence, forms a morphism of Hopf operads. The second assertion of (c), regarding
the adjunction augmentation λ : O(P)→ P, is also immediate from this result. �

Then we obtain:

Proposition 2.2.8. The free operad O(M), together with the Hopf structure
constructed in the previous lemma, forms the free object associated to M in the
category of Hopf operads.

Proof. This proposition is a formal consequence of the results of assertions (b-
c) in Lemma 2.2.7. �

Lemma 2.2.7 also implies the following result on the free operad adjunction:

Proposition 2.2.9. The functors defined by the forgetting of coalgebra struc-
tures in Hopf objects fit in a commutative diagram of functors

Hopf Seq
O //

ω

��

Hopf Op
ω
oo

ω

��
Seq

O // Op
ω

oo

,

where we consider the adjoint forgetful and free object functors between symmetric
sequences and operads. These forgetful functors also induce mappings on morphism
sets

MorHopfOp(O(M),P)
' //

ω

��

MorHopf Seq(M,P)

ω

��
MorOp(O(M),P) '

// MorSeq(M,P)

that intertwine the correspondence (materialized by the horizontal arrows in the
diagram) which arises from the definition of free operads as a left adjoint.

Proof. The assertion of Proposition 2.2.8 implies that the forgetting of coal-
gebra structures preserves free objects in operads. In Lemma 2.2.7, assertion (c)
similarly implies that the forgetting of coalgebra structures preserves the unit mor-
phism and the augmentation morphism of the free operad adjunction. From this
observation, we immediately conclude that the forgetting of coalgebra structures
also intertwines the adjunction correspondence on morphisms. �
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In §1.2, we briefly explain that the free operad O(M) intuitively consists of
formal operadic composites of elements ξ ∈ M(n) (whenever the notion of element
makes sense). In this interpretation, the construction of Lemma 2.2.7 amounts to
extending the counit (respectively, coproduct) of M to such composites by using
the point-wise commutation relations of §2.2.2. We use this idea soon, when we
explicitly determine the counit and coproduct of composition products in operads
defined by generators and relations (see §2.2.11).

We now specialize our study to Hopf operads in modules over a ring M = Mod .
We explain in §1.2.9 that operads in module categories can be defined by generators
and relations as quotients P = O(M) / < zα, α ∈ I >, where we consider an
ideal < zα, α ∈ I > in a free operad O(M). In the context of Hopf operads, we have
the following result:

Proposition 2.2.10. Let M be a Hopf symmetric sequence (in k-modules).
We apply the construction of Lemma 2.2.7 to obtain a Hopf structure on the free
operad associated to M. Let S =< zα, α ∈ I > be the ideal generated by a collection
of elements zα ∈ S(nα) in the free operad O(M). If ε(zα) = 0 and ∆(zα) ∈
S(nα)⊗ O(M)(nα) + O(M)(nα)⊗ S(nα) for each zα ∈ S(nα), then:

(a) The operad O(M) / < zα, α ∈ I > inherits a quotient Hopf operad structure
from the free operad O(M).

(b) The morphisms of Hopf operads φ̄f : O(M) / < zα, α ∈ I >→ Q defined
on this quotient are in obvious bijection with the morphisms of Hopf oper-
ads φf : O(M) → Q such that φf (zα) = 0 for each generating element of
the ideal zα ∈ S(nα).

In the situation of this proposition, we also say that the ideal S =< zα, α ∈ I >
forms a Hopf ideal in the operad O(M).

Proof. The requirement ε(zα) = 0 implies that ε induces a morphism on
the quotient O(M) / < zα, α ∈ I >, and hence provides this quotient operad
with a counit ε : O(M) / < zα, α ∈ I >→ Com+. The requirement ∆(zα) ∈
S(nα)⊗ O(M)(nα) + O(M)(nα)⊗ S(nα) is equivalent to the vanishing of ∆(zα) in
(O(M)/ S �O(M)/S)(nα) = O(M)(nα)/S(nα) ⊗ O(M)(nα)/ S(nα) = O(M)(nα) ⊗
O(M)(nα)/ S(nα)⊗ O(M)(nα) + O(M)(nα)⊗ S(nα), and implies that ∆ : O(M)→
O(M)�O(M) induces a morphism ∆ : O(M)/ S → O(M)/S �O(M)/ S on the quo-
tient operad O(M)/ S = O(M) / < zα, α ∈ I >. These morphisms, obtained by a
quotient process, naturally satisfy the counit, coassociativity, and cocommutativity
relations of coalgebras and hence, provide the operad O(M) / < zα, α ∈ I > with a
well-defined Hopf structure.

To check the second assertion of the proposition, simply observe that the mor-
phism φ̄f : O(M) / < zα, α ∈ I >→ Q, induced by the morphism of Hopf oper-
ads φf : O(M) → Q, naturally preserves coalgebra structures as well, and hence,
defines a morphism of Hopf operads. �

2.2.11. The basic examples of Hopf operads. The assertions of Proposition 2.2.5
include the statement that the unitary commutative operad Com+ has a natural
Hopf structure. The same result holds for the non-unitary version of this operad
Com and can also be deduced from the identity between the components of this
operad in arity r > 0 and the tensor unit 1. The counit ε : Com(r) → 1 is given
by the identity of 1 in arity r > 0, and by the initial morphism ∅ → 1 in arity
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r = 0. The coproduct ∆ : Com(r)→ Com(r)⊗Com(r) is given by the isomorphism

1
'←− 1⊗ 1 in arity r > 0, and by the initial morphism ∅ → ∅ ⊗ ∅ in arity r = 0.

To illustrate our constructions, we check that this structure result can be re-
trieved from the statement of Proposition 2.2.10 and from the presentation com-
mutative operad in §1.2.10. We then assume that the ground symmetric monoidal
category is a category of modules over a ring.

Recall that the generating symmetric sequence of the commutative operad is
defined by MCom(2) = k[µ(x1, x2)] = k, where µ = µ(x1, x2) denotes an operation
on which Σ2 acts trivially, and MCom(r) = 0 for r 6= 2. We provide the mod-
ule MCom(2) = k[µ(x1, x2)] with the coalgebra structure such that ε(µ) = 1 and
∆(µ) = µ ⊗ µ for this generating operation. We use the preservation of operadic
composition structures to determine the image of the generating relations of Com
under the counit and the coproduct in the free operad:

ε(µ(µ, 1)− µ(1, µ)) = 1− 1 = 0,

∆(µ(µ, 1)− µ(1, µ)) = (µ⊗ µ)(µ⊗ µ, 1⊗ 1)− (µ⊗ µ)(1⊗ 1, µ⊗ µ)

= µ(µ, 1)⊗ µ(µ, 1)− µ(1, µ)⊗ µ(1, µ)

= (µ(µ, 1)− µ(1, µ))⊗ µ(µ, 1) + µ(1, µ)⊗ (µ(µ, 1)− µ(1, µ)).

We see, from this computation, that the generating relations of the commutative
operad generate a Hopf ideal. Hence, the assumptions of Proposition 2.2.10 are
satisfied, and we retrieve that Com inherits a well-defined Hopf operad structure,
such that ε(µ) = 1 and ∆(µ) = µ⊗ µ for the generating operation µ = µ(x1, x2).

The unitary and the non-unitary version of the associative operad also inher-
its a Hopf structure. Let us see how to retrieve this structure result from the
presentation again. The generating symmetric sequence of the associative operad
is given by MAs(2) = k[µ(x1, x2), µ(x2, x1)] = k[Σ2], where µ = µ(x1, x2) de-
notes an operation on which Σ2 acts regularly, and MAs(r) = 0 for r 6= 2. We
provide the module MAs(2) with the coalgebra structure such that ε(µ) = 1 and
∆(µ) = µ⊗ µ. The definition of the counit and of the coproduct of the transposed
operation (1 2) · µ = µ(x2, x1) is then forced by the equivariance requirement. We
check, as in the case of the commutative operad, that µ(µ, 1)− µ(1, µ) generates a
Hopf ideal, from which we conclude again that the operad As inherits a well-defined
Hopf structure.

In the case of the Lie operad, we have a generating symmetric sequence such
that MLie(2) = k[λ(x1, x2)] = k± where k± denotes the signature representation.
We have in this case no possibility of fixing a counit ε(λ) ∈ k, and a coproduct
∆(λ) ∈ Lie(2)⊗ Lie(2), so that: the counit relations hold, the equivariance require-
ments of operad morphisms are satisfied and the Jacobi relation is canceled by the
counit in k, and by the coproduct in Lie(3) ⊗ Lie(3) as well. Hence, we have no
Hopf structure on the Lie operad.

2.2.12. The example of the Poisson operad. Though we have no Hopf structure
on the Lie operad, we can define an appropriate counit and coproduct for the
corresponding generating operation λ in the Poisson operad. Recall that the Poisson
operad Pois is defined by a presentation of the form

Pois = O( kµ(x1, x2)⊕ kλ(x1, x2) : µ(µ(x1, x2), x3) ≡ µ(x1, µ(x2, x3)),

λ(λ(x1, x2), x3) + λ(λ(x2, x3), x1) + λ(λ(x3, x1), x2) ≡ 0,

λ(µ(x1, x2), x3) ≡ µ(λ(x1, x3), x2) + µ(x1, λ(x2, x3)) ),
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where the action of the symmetric group in arity 2 is determined by (1 2) · µ = µ
and (1 2) ·λ = −λ. We extend the formula of the commutative operad to define the
counit and the coproduct of the product operation µ = µ(x1, x2). We define the
counit and the coproduct of the Lie bracket operation λ = µ(x1, x2) by ε(λ) = 0
and ∆(λ) = λ⊗µ+µ⊗λ. Again, we easily check (exercise, adapt the verifications
performed in §2.2.11 for the commutative operad) that the generating relations of
the Poisson operad form a Hopf ideal, and therefore we have a well-defined Hopf
structure on the Poisson operad. We use a graded variant of this Hopf structure in
our study of the homology of En-operads (§4.2).

2.2.13. Remark: tensor product of algebras over Hopf operads. The existence of
a Hopf structure on an operad P implies that the associated category of algebras P
inherits a symmetric monoidal structure from the underlying symmetric monoidal
category M. Indeed, the tensor product of P-algebras A,B ∈ P inherits an action

of P, given by the composite morphisms P(r) ⊗ (A ⊗ B)⊗r
∆−→ (P(r) ⊗ P(r)) ⊗

(A⊗ B)⊗r
'−→ (P(r)⊗ A⊗r)⊗ (P(r)⊗ B⊗r) λA⊗λB−−−−−→ A ⊗ B, for any r ∈ N, where

we consider the coproduct of P, followed by the obvious tensor permutation and
the tensor product of the evaluation morphisms attached to the P-algebras. The
tensor unit 1 also inherits an action of the operad P by restriction through the
counit morphism ε : P → Com+ (using the natural commutative algebra structure
of 1). The counit, coassociativity, and cocommutativity relations, at the level of the
coalgebra structure of the Hopf operad P, imply that the unit, associativity, and
symmetry isomorphisms of the ground category define P-algebra morphisms when
we deal with tensor products of P-algebras. Hence, we have a whole symmetric
monoidal structure on the category of P-algebras.

In the case of the commutative operad, we retrieve with this observation the
basic symmetric monoidal structure of §2.0.2. In the case of the associative operad,
we retrieve the similarly defined symmetric monoidal structure alluded to in the
introduction of §2.0.

2.2.14. Changes in the context of connected operads. Recall that the category
of connected operads Op01, as defined in §1.1.21, consists of the operads P satisfying
P(0) = ∅ when the tensor product of M preserves colimits (otherwise we just forget
about arity zero terms) and P(1) = 1

The constructions of §§2.2.3-2.2.5 can readily be adapted in the context of
connected operads. We actually have (P �Q)(0) = ∅ when the tensor product
of M preserves colimits, and (P �Q)(1) = 1 in general, so that the category Op01 is
equipped with a well-defined arity-wise tensor product inherited from the category
of operads. We accordingly have a symmetric monoidal structure on Op01. We just
need to observe that the unit object of this category is the non-unitary version of
the commutative operad Com (defined in Proposition 2.1.1).

The result of Proposition 2.2.4 remains valid for connected operads, and so
does the result of Proposition 2.2.5, provided that we replace the unitary version
of the commutative operad Com+ by the non-unitary one Com.

2.3. Appendix: functors between symmetric monoidal categories

In various constructions, we have to transport structures (like commutative
algebras) from one symmetric monoidal category M to another N by using func-
tors preserving the internal structures of symmetric monoidal categories. For this
aim, we deal with functors preserving symmetric monoidal structures, in a strict
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or relaxed sense. The purpose of this appendix section is to make explicit extra
structures, consisting of natural equivalences or natural transformations, which we
use to govern the commutation of tensor products and functors S : M→ N.

2.3.1. Symmetric monoidal transformations. We often deal with functors S :
M→ N satisfying S(1) = 1 for the unit object 1 ∈M, and equipped with a natural
transformation θ : S(A)⊗S(B)→ S(A⊗B), so that natural unit, associativity and
symmetry constraints, expressed by the commutativity of the following diagrams,
hold:

S(A)⊗S(1)
θ // S(A⊗1)

'
��

S(A)⊗1 '
//

=

OO

S(A)

, S(1)⊗S(A)
θ // S(1⊗A)

'
��

1⊗S(A) '
//

=

OO

S(A)

,

S(A)⊗S(B)⊗S(C)
θ⊗id //

id ⊗θ
��

S(A⊗B)⊗S(C)

θ

��
S(A)⊗S(B⊗C)

θ
// S(A⊗B⊗C)

, S(A)⊗S(B)
θ //

'
��

S(A⊗B)

'
��

S(B)⊗S(A)
θ
// S(B⊗A)

.

In this situation, we say that the functor S is unit-pointed (to refer to the identity
S(1) = 1) and that θ defines a symmetric monoidal transformation on S. We have
a dual situation where our functor S is equipped with a natural transformation
going in the converse direction θ : S(A⊗B)→ S(A)⊗ S(B) and satisfying a dual
of our unit, associativity and symmetry constraints. We then say that θ defines a
symmetric comonoidal transformation associated to S.

We may deal with an optimal situation, where a unit-pointed functor S is
equipped with a symmetric monoidal transformation θ that gives an isomorphism θ :

S(A)⊗S(B)
'−→ S(A⊗B), for every A,B ∈M (or dually in the case of a symmetric

comonoidal transformation). We say in this case that θ forms a symmetric monoidal
equivalence and that S : M → N is a symmetric monoidal functor from M to N.
(Some authors use the expression of strong symmetric monoidal functor to depict
this situation.)

The functors which are unit pointed and equipped with a symmetric monoidal
transformation in our sense form a subclass of the class of lax symmetric monoidal
functors (simply called symmetric monoidal functors by certain authors). Indeed,
to retrieve the general definition of a lax symmetric monoidal functor from our
definition, we simply have to relax the identity requirement S(1) = 1 and to assume
the existence of a morphism η : 1 → S(1) instead. Dually, the functors which are
unit pointed and equipped with a symmetric comonoidal transformation in our
sense form a subclass of the classical notion of colax symmetric monoidal functor.

Unit objects are preserved by all our examples of functors between symmetric
monoidal categories. Therefore, we do not use the general notion of lax/colax
functor in practice.

2.3.2. Basic examples of symmetric monoidal functors. The geometric realiza-
tion functor |−| : Simp → Top (see §0.5) is a fundamental example of functor which
carries a non trivial symmetric monoidal structure. Recall that the tensor product
operation on simplicial sets and topological spaces is defined by the cartesian prod-

uct of these categories. In this context, the canonical projections K
p←− K ×L q−→ L

induce morphisms |K| p←− |K × L| q−→ |L| which we can put together to define a
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natural transformation θ : |K × L| q−→ |K| × |L|. This natural transformation is
actually a homeomorphism for all K,L ∈ Simp (see for instance [133, §III]), This
result follows from a topological interpretation, in terms of simplicial decomposi-
tions of prisms, of the classical Eilenberg-Zilber equivalence (we refer to loc. cit.
for details). For a point, we obviously have | pt | = pt , and the definition of the

natural transformation θ : |K×L| q−→ |K|× |L| from universal categorical construc-
tions automatically ensures that the unit, associativity and symmetry constraints
of §2.3.1 are fulfilled.

The singular complex functor Sing• : Top → Simp, which defines the right
adjoint of the geometric realization functor | − | : Simp → Top (see §0.5), is also
symmetric monoidal. In this case, the identity Sing•(pt) = pt and the existence of

an isomorphism Sing•(K × L)
'−→ Sing•(K)× Sing•(L) immediately follows from

the definition of Sing• : Top → Simp as a right adjoint.
To give another (even) simple(r) example: the functor k[−] : Set → Mod ,

defined by assigning the free k-module k[X] generated by X to any set X ∈ Set
is symmetric monoidal since we have an obvious identity k[pt ] = k for the one

point set pt ∈ Set , a natural isomorphism k[X] ⊗ k[Y ]
'←− k[X × Y ], for any

cartesian product of sets X,Y ∈ Set , and we can also easily check that this natural
transformation fulfills our unit, associativity and symmetry constraints. We go
back to this example in §2.0.5.

The simplicial extension of the free k-module functor k[−] : Simp → s Mod
(considered in §0.3) is also symmetric monoidal (the symmetric monoidal structure
of simplicial modules will be studied in §4.3).

The normalized chain complex functor N∗ : Simp → dg Mod , of which we recall
the definition later on, is an instance of functor which is not symmetric monoidal
in the sense specified in §2.3.1. In the case of this functor, we have a natural
transformation θ : N∗(X) × N∗(Y ) → N∗(X × Y ), called the Eilenberg-MacLane
morphism, which satisfy our unit, associativity and symmetry constraints, but this
morphism is only a weak-equivalence and not an isomorphism (see [121, §§VIII.6-
8]). We give a detailed account of this subject in §4.3.

2.3.3. Symmetric monoidal adjunctions. Suppose now we have a pair of adjoint
functors S : M � N : T between symmetric monoidal categories such that both
S and T are symmetric monoidal. We then say that the adjunction is symmetric
monoidal if the adjunction augmentation ε : S(T (X))→ X and the adjunction unit
η : A → T (S(A)) are identity morphisms on unit objects, and make commute the
diagrams

S(T (X))⊗S(T (Y ))

'
��

ε⊗ε // X⊗Y

S(T (X)⊗T (Y )) '
// S(T (X⊗Y ))

ε

OO , A⊗B
η //

η⊗η
��

S(T (A⊗B))

T (S(A))⊗T (S(B)) '
// T (S(A)⊗S(B))

'

OO ,

involving the symmetric monoidal transformations attached to S and T .
One can check (exercise) that the augmentation ε : | Sing•(X)| → X and the

unit η : K → Sing•(|K|) of the adjunction between the geometric realization | − | :
Simp → Top and the singular complex functor Sing•(−) : Top → Simp satisfy
these relations. Hence, this adjunction | − | : Simp � Top : Sing•(−) is symmetric
monoidal in the sense defined in the present paragraph.





CHAPTER 3

The Definition of Operadic Composition
Structures Revisited

In the introductory chapter §1, we have given a first definition of the notion
of an operad, and we have used this definition to explain the relationship between
operads and algebras. In this second chapter, we go deeper into the study of the
internal structures of operads themselves.

The first outcome of this second examination, explained in the first section
of the chapter (§3.1), is a new definition, in terms of partial composition opera-
tions, of the composition structure of an operad. The equivalence between May’s
definition [134], considered in §1, and this definition in terms of partial composi-
tion operations is due to Martin Markl [127, 129], and is also used in the work of
Ginzburg-Kapranov on the Koszul duality of operads [75]. For us, the partial com-
position operations have the important feature to satisfy homogeneous (quadratic)
relations, unlike the full composition products considered in the definition of §1.1.1.
The existence of this homogeneous structure is the crux of the Koszul reduction
process of §10. Let us mention that examples of partial composition products were
considered before the development of the theory of operads in the work of Murray
Gerstenhaber on the Hochschild cochain complex (see [69]).

In a second part of the chapter (§§3.2-3.4), we examine the definition of operads
such that P+(0) = 1, where 1 is the tensor unit of the base category M. In §1.2.8, we
mentioned that such operads, which we call unitary operads, can be produced by the
addition of the unit object 1 to the arity 0 component of a non-unitary operad P. To
complete the definition of the composition structure of a unitary operad P+ from an
underlying non-unitary operad P, we have to assume that P is equipped with extra
structures reflecting composition products with the additional term of the unitary
operad. In §3.2, we give a conceptual interpretation, in terms of an extension
of the underlying symmetric structure of an operad, of these unitary composition
operations. In §3.3, we use the result of this analysis to give a reduced version of
the categorical constructions of §1.2 in the context of unitary operads. In §3.4, we
explain the definition of connected unitary operads, where further reductions of the
structures introduced in §§3.2-3.3 can be considered.

The first instances of operads considered in May’s monograph [134] are unitary
(unital in the terminology of that reference), and May actually uses a unitary
variant of the structure of a free algebra over an operad for the study of iterated
loop spaces. We give a short survey of this subject in §3.2.

We have considered, so far, that the components of an operad P(r) are indexed
by non-negative integers r ∈ N. Recall that an element p ∈ P(r) intuitively rep-
resents an operation of r variables p = p(x1, . . . , xr), indexed by the finite ordinal
r = {1 < · · · < r}. But in the construction of free operads, we have advantage of

65
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considering operad components P(r) associated to all finite sets r = {i1, . . . , ir}, so
that we can deal with operations p = p(xi1 , . . . , xir ) of r variables with arbitrary
indexes. We explain this extension of the definition of an operad in the concluding
section of the chapter §3.5.

We assume all through this chapter that we work within a base symmetric
monoidal category M. When we examine the application of categorical construc-
tions to unitary operads in §§3.3-3.4, we will assume that the tensor product of
this category satisfies the colimit preservation requirement §0.9(a), but until this
moment, we do not use more than the general axioms of symmetric monoidal cat-
egories.

3.1. The partial composition product definition of operads

In the point-set context, the partial composition products of an operad are
basically defined by formulas p ◦k q = p(1, . . . , 1, q, 1, . . . , 1), where q ∈ P(n) is
plugged in the kth input of the operation p ∈ P(m), and operad units 1 ∈ P(1)
are inserted at the other input positions. In §1.1.4, we observed that the unit and
associativity axioms of operads imply that the full composition products of §1.1.1
satisfy p(q1, . . . , qr) = (· · · (p ◦k1+1 q1) ◦k2+1 · · · ) ◦kr+1 qr, for any p ∈ P(r) and all
q1 ∈ P(n1), . . . , qr ∈ P(nr), where we set ki = n1 + · · ·+ ni−1 for i = 1, . . . , r. This
result still holds in a general categorical framework as we can obviously replace
our point-wise relations by morphism identities. In any case, we obtain from this
analysis that the composition structure of an operad is fully determined by giving
the partial composition products ◦k : P(m) ⊗ P(n) → P(m + n − 1), where k =
1, . . . ,m. The purpose of this section is to specify relations on partial composition
operations which are equivalent to the equivariance, unit, and associativity axioms
of §1.1.1. The first outcome of this study, as we announced in the introduction of
this chapter, is a new representation of the structure of an operad which will serve
as working definition in subsequent constructions.

To start with, we give the formal definition, in categorical terms, of the partial
composition operations.

3.1.1. The partial composition products associated with an operad. Let P be
an operad (in the sense of the basic definition of §1.1.1). The partial composition
operations associated to P

◦k : P(m)⊗ P(n)→ P(m+ n− 1)

are formally defined as composites

P(m)⊗ P(n)
'←−−
(1)

P(m)⊗ 1⊗ · · · ⊗ P(n)⊗ · · · ⊗ 1

−−→
(2)

P(m)⊗ P(1)⊗ · · · ⊗ P(n)⊗ · · · ⊗ P(1)

µ−−→
(3)

P(m+ n− 1),

where we consider a tensor product of operad units η : 1→ P(1), putting the factor
P(n) at the kth position of the tensor grouping P(1) ⊗ · · · ⊗ P(n) ⊗ · · · ⊗ P(1),
followed by the appropriate component of the full composition product of P. The
range of definition of the full composition products in §1.1.1 implies that a partial
composition operation of this form can be associated to any pair m,n ∈ N and each
composition index k ∈ {1 < · · · < m}. (But, since the choice of composition index
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is empty for m = 0, we may assume m > 0 when we apply partial composition
operations.) In the point-set formalism, we just retrieve the formula p ◦k q =
p(1, . . . , q, . . . , 1) recalled in the introduction of this section.

From this definition, we can already readily deduce the equivariance relations
satisfied by the partial composition products:

Proposition 3.1.2. The equivariance axiom of operads, as expressed by the
commutative diagram of Figure 1.4, implies that the partial composition operations
of an operad P make the following diagram commute

P(m)⊗ P(n)
s⊗t //

◦k
��

P(m)⊗ P(n)

◦s(k)

��
P(m+ n− 1)

s◦s(k)t
// P(m+ n− 1)

,

for all m,n ∈ N, each k ∈ {1 < · · · < m}, all s ∈ Σm, t ∈ Σn, and where
s ◦s(k) t ∈ Σm+n−1 refers to a partial composite of the given permutations s ∈ Σm,
t ∈ Σn, formed within the permutation operad.

Proof. The equivariance relation of this proposition immediately follows from
the equivariance axiom expressed by the commutative diagram of Figure 1.4, where
we take r = m and n1 = · · · = ns(k)−1 = 1, ns(k) = n, ns(k)+1 = · · · = nr = 1.

Simply observe that the permutation s(id , . . . , t, . . . , id), occurring in this ap-
plication of the axiom, with t plugged in the s(k)th composition position of s,
defines the partial composite s ◦s(k) t of the permutations s ∈ Σm, t ∈ Σn. �

Before going further, we review the definition of the operadic composition of
permutations in order to give an explicit definition of the permutation s ◦s(k) t ∈
Σm+n−1 occurring in the above proposition. The purpose of this examination is to
illustrate the definition of partial composition operations. In the rest of this section,
we only use formal properties attached to the partial composition of permutations,
and not the explicit expression.

3.1.3. Partial composites of permutations. The permutation composite s ◦s(k)

t ∈ Σm+n−1 occurring in the previous proposition can be determined from the
construction of the composition structure on permutations in §§1.1.7-1.1.9. Indeed,
we simply have to unravel the definition of that permutation as a composite

s ◦s(k) t = s(id1, . . . , t, . . . , idm) = id1⊕ · · · ⊕ t⊕ · · · ⊕ id1 ·s(1, . . . , n, . . . , 1).

In the sequence representation of permutations (see §1.1.7), we readily see that
the sequence associated with the composite s ◦s(k) t is defined by substituting the
sequence associated with t to the occurrence of the composition index s(k) in the
sequence defining to s, with the appropriate value shift reflecting the interpretation
of partial composites in terms of a composition of operations (see §1.1.4). To be
explicit, if we let s = (s(1), . . . , s(m)) and t = (t(1), . . . , t(n)), then the result of
this substitution process has the form

s ◦s(k) t = (s(1)′, . . . , s(k − 1)′, t(1)′, . . . , t(n)′, s(k + 1)′, . . . , s(m)′),

where we set s(i)′ = s(i), when s(i) < s(k), s(i)′ = s(i) + n − 1, when s(i) >
s(k), and t(j)′ = t(j) + n − 1 in all cases. For instance, for the permutations
s = (1, 3, 5, 4, 2) ∈ Σ5 and t = (3, 1, 2) ∈ Σ3, we obtain s ◦4 t = (1, 3, 7, 6, 4, 5, 2).
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3.1.4. The graphical definition of the partial composition products. In the graph-
ical representation of §1.1.6, the definition of the partial composition operations
from the full composition products reads:
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Recall (see §1.1.6) that an arrangement of operad components (or elements) on
a tree represents a tensor product. The removal of unit factors 1 in isomorphism (1)
corresponds to the application of the unit isomorphisms in the formal definition
of §3.1.1, and morphisms (2-4) represent the continuation of the process. The
withdrawal of the unit factors gives the composition pattern depicted on the source
of isomorphism (1).

3.1.5. The scheme of the partial composition operations, input indexing and
equivariance. In the point-set context, we may use the figure of §3.1.4 to repre-
sent the partial composition of operad elements p ∈ P(m) and q ∈ P(n). In the
two-vertex tree defining the source of our composition morphism, we replace the
operad components P(m) and P(n) by these corresponding elements p ∈ P(m) and
q ∈ P(n). This figure gives the composition pattern underlying the composition
operation ◦k : p⊗ q 7→ p ◦k q.

In §3.1.4, we use the natural input indexing of the composite operation p◦k q ∈
P(m + n − 1) as a canonical input indexing attached to this composition pattern.
In §1.1.5, we observed however that such canonical indexing may be changed into
an arbitrary one in order to materialize the action of permutations on operadic
composites. In the context of the partial composition operation, this extension
of our tree-wise representation makes us deal with composition patterns of the
following general form

(a)
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··· ··· jn
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''

··· ··· ik−1

��

q

��
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ww

··· ··· im

ssp

��
0
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and which the performance of the partial composition operation ◦k : p⊗ q 7→ p ◦k q
carries to the operad element represented by the following figure

(b)
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··· ··· im

ss
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��
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.

In §1.1.5, we also introduced relations to identify the action of permutations
on operations with an input re-indexing of tree edges. In the case of the two-vertex
tree (a), we deal with relations of the following form:
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Recall that the ingoing edges of a box labeled by an operation p ∈ P(r) are in
bijection with the inputs of this operation. Moreover, as long as we deal with
operad components associated to ordinals r = {1 < · · · < r}, we assume that this
bijection is realized by the ordering of the edges in the plane. Hence, the application
of identification rules in the above picture moves the outgoing edge of q ∈ P(n) from
the s(k)th position to the kth position in the ingoing edges of p ∈ P(m).

The equivariance relation of Proposition 3.1.2 implies the coherence of the
mapping (a) 7→(b), depicting the performance of a partial composition operation
on tree-wise tensors, with respect to identifications (c). Indeed, this equivariance
relation reads
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and we have the identification
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ss
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,

so that the map (a) 7→(b) equalizes both sides of relation (c).
The other way round, as soon as we deal with a mapping of the form (a) 7→(b),

the preservation of identifications attached to tree-wise tensors implies the equivari-
ance relation of partial composition products when we restrict ourselves to canon-
ical indexing of the form considered in §3.1.4. Thus, whenever we use this picture,
we implicitly consider partial composition operations satisfying the equivariance
relation of Proposition 3.1.2.
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Figure 3.1. The unit relations of partial composition products,
valid for all r ∈ N and k = 1, . . . , r.

3.1.6. The graphical representation of the partial composition products of oper-
ads. In general, we use the picture
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to specify a partial composition product associated with an operad structure, and
for which we implicitly assume that the equivariance relation of Proposition 3.1.2
is satisfied.

In this representation, we identify the application of the partial composition
product ◦k with the performance of an internal operation within the tree-wise tensor
product. Thus, as in §1.1.6, we will use the notation (◦k)∗ to refer to the induced
map on the global object which the tree-wise tensor, taken as a whole, represents.
This internal operation has not to be confused with an external partial composition
product, which we define in §II.A.2.7 and for which we use the notation ◦ik (without
the ∗ mark, and with a tree input index ik instead of an ingoing edge index k).

In §II.A, we elaborate of this picture of the partial composition operations
to give a representation of the free operad. We roughly deal with composition
schemes, modeled on trees with an arbitrary number of vertices, which represent
multiple applications of partial composition products. We have already given an
example of this representation in our introduction of free operad structures in §1.2.
In Figure 3.1-3.3, we give fundamental examples of such (multi-fold) composition
schemes, giving the shape of the unit and associativity relations satisfied by the
partial composition operations.

The verification of these unit and associativity relations, from our initial def-
inition of the composition structure of an operad in §1.1.1, is the subject of the
following proposition:
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Figure 3.2. The associativity relation of partial composition
products for a sequential arrangement of factors, with r, s, t ∈ N,
and k ∈ {1 < · · · < r}, l ∈ {1 < · · · < s}.
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Figure 3.3. The associativity relation of partial composition
products for a ramified arrangement of factors, with r, s, t ∈ N,
and {k < l} ⊂ {1 < · · · < r}.
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Proposition 3.1.7. The partial composition operations

◦k : P(m)⊗ P(n)→ P(m+ n− 1), k = 1, . . . ,m,

defined from the full composition products of an operad in §3.1.1, fulfill unit and
associativity relations expressed by the commutativity of the diagrams of Figure 3.1-
3.3.

Proof. To establish this proposition, we use the tree-wise interpretation of
the full composition products of operads, and the corresponding representation of
the unit and associativity axioms of operads in Figure 1.5-1.6

The unit relations of the proposition are immediate consequences of the unit
axiom of full composition products, as expressed by the commutative diagrams
of Figure 1.5. In one relation, we deal with a partial composite on an arity 1
component. But in this degenerate case, the partial composite is formally the same
as a full composition product. In the other unit relation, the evaluation of the
partial composition ◦k simply amounts to distinguishing a tensor unit 1 in the

composite P(r) ⊗ 1⊗r → P(r) ⊗ P(1)⊗r
µ−→ P(r) involving the full composition

product.
The first associativity relation of partial composition products, expressed in

Figure 3.2, is also immediate from the associativity axiom of the full composition
products. Indeed, we simply have to apply the diagram of Figure 1.6 to a configu-
ration of the form

(a)
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··· j1
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ss
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which, under the construction of partial composites in §§3.1.1-3.1.5, corresponds to
the composition of partial composition operations represented in Figure 3.2.

In this process (and in the next constructions as well), the unit factors 1 corre-
spond to the (delayed) application of unit morphisms η : 1→ P(1). The unit axiom
of Figure 1.5 implies that the evaluation of an operadic composite on a grouping of
such unit factors is equal to the insertion of a unit morphism η : 1 → P(1) at the
place resulting from the composition operation. In our picture, we just keep unit
factors at the positions associated with such groupings of operadic units.

To check the second associativity relation, we examine the associativity diagram
of Figure 1.6 for configurations of the form
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(b)
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and
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The definition of partial composites implies that the composites of partial com-
position operations represented in Figure 3.3 are identified with the composite com-
position products of (b-c), when the composition of the lower rows is performed
first. On the other hand, if we perform the composition of the upper rows in (b-c),
then we obtain in both cases a configuration of the form
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These composition operations reduce to the application of unit relations and form

isomorphisms (b)
'−→ (d)

'←− (c). From this identification, we deduce, by applying
the associativity axiom of operads, that the composites of the partial composition
operations of Figure 3.3 are both equal to a three-fold composition operation of the
form
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This identification finishes the proof of the proposition. �

3.1.8. The definition of operads in terms of partial composition operations. The
result of Proposition 3.1.7 gives natural axioms for the definition of operadic struc-
tures in terms of partial composition products.

To be explicit, we call operad shaped on partial composition schemes the struc-
ture defined by a sequence of objects P(n) ∈M, n ∈ N, where each P(n) is equipped
with an action of the symmetric group Σn (as in the definition of §1.1.1), together
with:

(a) a unit morphism η : 1→ P(1),
(b) and partial composition products ◦k : P(m) ⊗ P(n) → P(m + n − 1),

defined for all m,n ∈ N, and each k ∈ {1 < · · · < m},
satisfying an equivariance relation, expressed by the commutativity of the diagram
of Proposition 3.1.2 as well as unit and associativity relations, expressed by the
commutativity of the diagrams of Figure 3.1, Figure 3.2, and Figure 3.3. Recall
that we just use the equivariance relation when we form the tree-wise picture of the
composition products occurring in these figures.

The definition of a connected operad in §1.1.21 has an obvious analogue for
operads shaped on partial composition schemes. In this case, we forget about arity
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zero components in our definition, and we set P(1) = 1. We then see that the
partial composition operations (b) such that m = 1 or n = 1 are determined by
the unit axioms of Figure 3.1. Hence, the composition structure of a connected
operad shaped on partial composition schemes can be fully determined by partial
composition products (b) such that m,n > 1.

The operads shaped on partial composition schemes form a category with, as
morphisms, the morphisms of symmetric sequences φ : P → Q preserving operadic
units and the internal partial composition products of the operads. The result of
Proposition 3.1.7 amounts to the definition of a functor, from the category of plain
operads towards the category of operads shaped on partial composition schemes.
Our claim is that:

Theorem 3.1.9. The category of operads shaped on partial composition schemes,
as defined in §3.1.8, is isomorphic to the category of plain operads, as defined
in §1.1.1. �

This result will be established in §II.A, where we explain a general formalism
of tree-wise composition operations, which include the full composition products
of §1.1.1 and the partial composition products considered in this section as partic-
ular examples.

3.1.10. The point-wise formulation of the equivariance, unit, and associativity
relations of partial composition products. In general, we use the graphical picture
to express the relations satisfied by the partial composition products of an operad.
But we can easily give a point-wise representation of our relations whenever the
notion of point-set element makes sense. First of all, the equivariance relation
of partial composition products, stated in Proposition 3.1.2, is equivalent to the
point-wise relation sp ◦s(k) tq = s ◦s(k) t · p ◦k q, for p ∈ P(m), q ∈ P(n), s ∈ Σm,
t ∈ Σn, and k = 1, . . . ,m. The unit relations, given by the diagrams of Figure 3.1,
are equivalent to the formulas 1 ◦1 p = p and p ◦k 1 = p for all p ∈ P(r), and
k = 1, . . . , r. The associativity relations, given by the diagrams of Figure 3.2-3.3,
read (a ◦k b) ◦k+l−1 c = a ◦k (b ◦l c), respectively (a ◦k b) ◦s+l−1 c = (a ◦l c) ◦k b, for
a ∈ P(r), b ∈ P(s), c ∈ P(t), and k ∈ {1 < · · · < r}, l ∈ {1 < · · · < s}, respectively
{k < l} ⊂ {1 < · · · < r}.

3.2. The definition of unitary operads

In §1, we introduced the expression of unitary operad to refer to operads P+

satisfying P+(0) = 1. Recall that we also use the expression of non-unitary operad
to refer to operads which have nothing in arity zero. In the case where the tensor
product of the base category preserves colimits on each side §0.8(a), we can identify
non-unitary operads with operads P such that P(0) = ∅. In general, we just forget
about arity zero terms to formally define non-unitary operads, and for the moment,
we can use this minimal approach for the definition of our notion.

The operad of unitary associative monoids As+, as defined in §1.1.16 (in the set-
theoretic context), and the operad of unitary commutative monoids Com+ are our
basic examples of unitary operads. The operads As and Com, formed by dropping
the arity 0 terms of these unitary operads, give basic instances of non-unitary
operads.

Recall that we use the notation Op1 for the category formed by the unitary
operads P+ as objects and the operad morphisms φ : P+ → Q+ which are the
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identity of 1 in arity 0 as morphisms, and we use the notation Op0 for category of
non-unitary operads.

In §1.1.20, we introduced the expression of unitary extension to refer to the
unitary operads P+ which are defined by the addition of a unit term P+(0) = 1 to
a given non-unitary operad P. The main purpose of this section is to check that
the composition structure of a unitary extension P+ is determined by adding extra
operations, reflecting the composition products with the additional unit term of the
unitary extension, to the internal structure of the non-unitary operad P.

In the context of non-unitary operads, we mostly deal with the partial com-
position products, considered in the previous section, which form a good basis of
generating operations for the composition structure. In the context of a unitary
operad, we consider special operations, given by the composition products with
the arity zero term P+(0) = 1, which we prefer to regard as part of an extension
of the internal symmetric structure of the operad and which we put apart from
the composition structure therefore. The idea is that fixing P+(0) = 1 transforms
these composition products into additive operations, while the partial composition
products are quadratic. This observation motivates the use of different approaches
to address the underlying structures of unitary operads.

But we have to return to the analysis of the previous section in order to carry
out our program. In a first stage, we study the subpart of the composition structure
of a unitary operad consisting of these composition products which have the arity
zero term P+(0) = 1 and operadic units as single composition factors.

3.2.1. The restriction operations associated with a unitary operad structure.
We assume that P+ is a unitary operad, such that P+(0) = 1, and we use the
notation P to refer to a non-unitary operad which agrees with P+ in arity n > 0.
We formally consider composite morphisms

P(n)
'←− P+(n)⊗ P+(0)⊗ · · · ⊗ 1⊗ · · · ⊗ P+(0)⊗ · · · ⊗ 1⊗ · · · ⊗ P+(0)
η∗−→ P+(n)⊗ P+(0)⊗ · · · ⊗ P+(1)⊗ · · · ⊗ P+(0)⊗ · · · ⊗ P+(1)⊗ · · · ⊗ P+(0)
µ−→ P+(m),

such that η∗ is given by the application of operadic units η : 1 → P+(1) at places
specified by an increasing sequence 1 ≤ k1 < · · · < km ≤ n, and where µ denotes the
appropriate component of the full composition products of the unitary operad P+.
(We give a graphical representation of these composition schemes in §3.2.8.) Since
specifying an increasing sequence 1 ≤ k1 < · · · < km ≤ n amounts to giving an
increasing map u : {1 < · · · < m} → {1 < · · · < n} with u(i) = ki, for i = 1, . . . ,m,
our construction returns a morphism u∗ : P+(n)→ P+(m) associated to any such
map u : {1 < · · · < m} → {1 < · · · < n}.

In the case m,n > 0, we more precisely obtain morphisms u∗ : P(n) → P(m)
between the components of the non-unitary operad P associated to P+. In the
case m = 0, n > 0, we obtain an augmentation ε : P+(n) → 1, defined on any
component of the unitary operad P+, and which we also identify with a morphism
ε : P(n) → 1 defined on the non-unitary operad P. In what follows, we generally
use the expression of restriction morphism to refer to these structure morphisms
associated with a unitary operad. In the point-set context, the restriction map
u∗ : P(n)→ P(m) can be defined by a formula

u∗(p) = p(∗, . . . , ∗, 1, ∗, . . . , ∗, . . . , ∗, 1, ∗, . . . , ∗),
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for any p ∈ P(n), where we use the notation ∗ to refer to the distinguished element
of the operad P+ in arity 0. The augmentation is similarly defined by ε(p) =
p(∗, . . . , ∗).

In the case where we take a single unitary factor P+(0) = 1 in our construc-
tion of restriction morphisms, we retrieve the definition of a partial composition
operation

P(n)
'←− P+(n)⊗ P+(0)

◦k−→ P+(n− 1).

The restriction morphisms ∂k : P(n) → P(n − 1), k = 1, . . . , n − 1, corresponding
to these particular composites are associated with the increasing maps ∂k : {1 <
· · · < n − 1} → {1 < · · · < n} jumping over a single value k ∈ {1 < · · · < n}. In
the point-set context, the definition of these morphisms also reads ∂k(p) = p ◦k ∗,
for any k = 1, . . . , n.

Since we observed in §3.1 that the full composition products of an operad are
composites of partial restriction operations, we can readily conclude that all restric-
tion morphisms associated with a unitary operad structure occur as composites of
these particular restriction operations ∂k : P(n) → P(n − 1), k = 1, . . . , n. This
assertion could equivalently be deduced from the observation that all increasing
maps u : {1 < · · · < m} → {1 < · · · < n} are composites of maps of the form
∂k : {1 < · · · < n− 1} → {1 < · · · < n}, and from the associativity of the action of
restriction morphisms, which we will establish in Lemma 3.2.4.

3.2.2. The category of ordinal injections. Our first objective is to establish that
the restriction operations u∗ : P(n)→ P(m) defined in the previous paragraph can
be embodied in an extension of the internal symmetric structure of operads. For this

purpose, we consider the category Λ̃ which has the finite ordinals n = {1 < · · · < n}
with n > 0 as objects, and all injective maps f : {1 < · · · < m} → {1 < · · · < m}
(not necessarily increasing) as morphisms. This category includes a distinguished

subcategory Λ̃+ ⊂ Λ̃ with the same objects as Λ̃, but of which morphisms reduce
to the increasing maps of §3.2.1.

The tilde in our notation of the category Λ̃ refers to our restriction to ordi-
nals n = {1 < · · · < n} such that n > 0. The notation Λ, when we refer to a

category, is associated to the variant of the category Λ̃ where we consider all finite
ordinals (including the empty one 0) as objects. Formally, we will not deal with
that complete category Λ, but we generally use the associated notation Λ (with no
extra decoration) as a qualifier for objects of which structure includes an action of
morphisms f ∈ MorΛ(m, n). For instance, we will use the expression of non-unitary

Λ-sequence to refer to the category of contravariant diagrams over the category Λ̃.
In §3.4, we similarly use the expression of connected Λ-sequence to refer to a cat-
egory of contravariant diagrams associated to another full subcategory Λ of the
category Λ.

In general, we also use the notation of the complete category Λ, rather than
the notation of a specific full subcategory, in the expression of morphism sets. We
adopt similar conventions for the sets of increasing maps which we associate to a

subcategory of the complete category Λ+ ⊂ Λ. We have the relation Λ̃+ = Λ̃ ∩ Λ+

for the non-unitary version Λ̃+ which we consider all through this section.

In the sequel, we deal with objects of the category of Λ̃op-diagrams equipped
with an augmentation over a constant diagram (see Proposition 3.2.6), which we
associate to the commutative operad Com+ (see §3.2.14). We will use the expression

Benoit Fresse
Autocollant
In subsequent versions of this work, I will use the notation $\Lambda_{>0}$for this category $\widetilde{\Lambda}$ and I will similarly use the notation $\Lambda_{>1}$ for the category $\overline{\Lambda}$.
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of augmented non-unitary Λ-sequence to refer to the objects of this category, and
we will adopt a similar naming in the connected context (see §3.4).

3.2.3. The decomposition of morphisms in the category of ordinal injections.
The symmetric group Σn, n > 0, is identified with the automorphism group at-

tached to the object n in the category Λ̃. We readily see that any morphism
f ∈ MorΛ(m, n) has a unique decomposition f = ρ · σ, such that ρ ∈ MorΛ+(m, n)
and σ ∈ Σm. The map ρ is characterized by the relation {f(1), . . . , f(m)} =
{ρ(1) < · · · < ρ(m)}, and the permutation σ = (σ(1), . . . , σ(m)) by the equa-
tion ρ(σ(i)) = f(i), for any i ∈ m.

In the particular case of a composite f = s · u, where u ∈ MorΛ+(m, n), and
s ∈ Σn, the existence of our decomposition is equivalent to a commutation formula
s · u = ρ · σ, where ρ ∈ MorΛ+(m, n) and σ ∈ Σm is a permutation associated
to s ∈ Σn. This permutation σ ∈ Σm is actually identified with the image of s
under the restriction morphism ρ∗ in the permutation operad, where we consider
the increasing map ρ fitting in our decomposition s · u = ρ · σ. We give a proof of
this identity in §3.2.7, where we go back to the definition of restriction operations
for the example of the permutation operad.

In §1.2, we introduced the permutation category Σ with the ordinals n = {1 <
· · · < n}, n ≥ 0, as objects, the permutation groups MorΣ(n, n) = Σn as endomor-
phism sets, and such that MorΣ(m, n) = ∅, for m 6= n. In parallel to our category

Λ̃, we consider the full subcategory of the permutation category Σ̃ ⊂ Σ generated
by the ordinals n = {1 < · · · < n} such that n > 0, and which we can obvious iden-

tify with the isomorphism category associated to Λ̃. To refer to the decomposition

f = u ·s of the morphisms in the category Λ̃ we symbolically write Λ̃ = Λ̃+ · Σ̃. The

following lemma provides a first motivation for the introduction of our category Λ̃:

Lemma 3.2.4. Let P+ be any unitary operad with P as underlying non-unitary
operad.

(a) The restriction morphisms P(t)
v∗−→ P(s)

u∗−→ P(r) associated to any se-

quence of increasing maps {1 < · · · < r} u−→ {1 < · · · < s} v−→ {1 < · · · < t}
such that r, s, t > 0, satisfy the relation u∗v∗ = (vu)∗ on P(r).

(b) The restriction morphisms P(n)
u∗−→ P(m) associated to increasing maps

{1 < · · · < m} u−→ {1 < · · · < n}, with m > 0, also satisfy equivariance
relations, expressed by the commutativity of the diagrams

P(n)
s //

u∗

��

P(n)

ρ∗

��
P(m)

σ
// P(m)

,

for all s ∈ Σn, where ρ denotes the increasing map and σ ∈ Σm denotes
the permutation fitting in the decomposition f = ρ · σ of the composite
morphism f = s · u in MorΛ(m, n).

Proof. The first assertion follows from an application the associativity rela-
tion of Figure 1.3 to the unitary operad P+, and the unit axiom of Figure 1.2,

which we use to identify the composite 1⊗P+(0)
η⊗id−−−→ P+(1) ⊗ P+(0)

µ−→ P+(0)

with the canonical isomorphism 1⊗P+(0)
'−→ P+(0). To be explicit, we consider
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a composition pattern formed by three rows of operad components, with the single
factor P+(t) on the lower row, and a t-fold (respectively, s-fold) tensor product
of the form P+(0) ⊗ · · · ⊗ 1⊗ · · · ⊗ P+(0) ⊗ · · · ⊗ 1⊗ · · · ⊗ P+(0) on the second
(respectively, third) row. The unit factors 1 are set at positions v(1) < · · · < v(s)
(respectively, u(1) < · · · < u(r)) on the second (respectively, third row) and are
associated with operadic units η : 1 → P+(1) which we insert before applying
our operadic composition products. We readily see that, for such a composition
scheme, the commutativity of the diagram of Figure 1.3 gives the identity between
the morphisms u∗v∗ and (vu)∗ considered in our proposition.

The second assertion of the proposition is a consequence of the second equivari-
ance axiom of Figure 1.1, where we take nk = 1 if k ∈ {s(u(1)), . . . , s(u(m))} and
nk = 0 otherwise. The permutation s∗ moves the factors P+(1) in the tensor prod-
uct P+(0)⊗· · ·⊗P+(1)⊗· · ·⊗P+(1)⊗· · ·⊗P+(0) to the positions 1 ≤ u(1) < · · · <
u(m) ≤ n. Hence, the composite µ·id ⊗s∗ occurring in our application of the equiv-
ariance axiom gives the restriction operation associated to u. On the other hand,

the composition product P+(n)⊗P+(0)⊗· · ·⊗P+(1)⊗· · ·⊗P+(1)⊗· · ·⊗P+(0)
µ−→

P+(m) with the factors P+(1) at the initial positions k ∈ {s(u(1)), . . . , s(u(m))} of
our tensor product gives the restriction operation associated to the increasing map
ρ such that {ρ(1) < · · · < ρ(m)} = {s(u(1)), . . . , s(u(m))}. From the constructions
of decompositions in §3.2.3, we immediately deduce that this map ρ is identified
with the increasing map ρ such that s · u = ρ · Σm. Thus, the equivariance re-
lation gives a commutative diagram of the form considered in our statement, but
where σ denotes the block permutation σ = s∗(0, . . . , 0, 1, 0, . . . , 0, . . . , 0, 1, 0, . . . , 0)
associated to our lengths nk = 0, 1.

The definition of §1.1.7 implies that this block permutation is represented by
the sequence (s(u(1))′, . . . , s(u(m))′), obtained by withdrawing the values k 6∈
{s(u(1)), . . . , s(u(m))} from (s(1), . . . , s(n)), and where we perform an appropri-
ate index shift, marked by the symbol ′, to retrieve a permutation of (1, . . . ,m).
The shift operation amounts to the formation of a sequence satisfying the relation
(ρ(s(u(1))′), . . . , ρ(s(u(m))′)) = (s(u(1)), . . . , s(u(m))), because we can identify this
reindexing process, where we just jump over the values k 6∈ {s(u(1)), . . . , s(u(m))},
with the application of an inverse of our increasing map ρ. This observation im-
mediately implies that our block permutation is identified with the permutation σ
fitting in the decomposition su = ρσ of the map f = su. �

The following proposition is a consequence of Lemma 3.2.4:

Proposition 3.2.5. The underlying symmetric sequence of the non-unitary op-

erad P associated with a unitary operad P+ inherits the structure of a Λ̃op-diagram,

so that the restriction morphisms of §3.2.1 give the action of the subcategory Λ̃+ ⊂ Λ̃
on P and the natural symmetric structure of the operad corresponds to the action

of the isomorphism subcategory Σ̃ ⊂ Λ̃.

In §3.2.2, we introduced the expression of non-unitary Λ-sequence as another

naming for the Λ̃op-diagram structures occurring in this proposition. In the next
section and later on, we use this expression, rather than the general categorical
conventions, to stress the parallelism between the action of restriction morphisms
and the symmetric sequence structures associated with plain operads.
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Explanations. To obtain the contravariant action s∗ : P(n) → P(n) of a

permutation s ∈ Σn within the category Λ̃, we precisely consider the action of the
permutation s−1 : P(n)→ P(n), inverse to s, in the natural symmetric structure of
the operad. The inversion operation enables us to retrieve a contravariant action,
as required, from the natural left action of the symmetric group Σn on P(n).

In general, the morphism f∗ : P(n)→ P(m) associated to a map f ∈ MorΛ(m, n)
such that f = u · s, where u ∈ MorΛ+(m, n) and s ∈ Σm, is explicitly defined by the
composite

P(n)
u∗−→ P(m)

s−1

−−→ P(m),

where we take the restriction operation associated to u, followed by the action of
the inverse of the permutation s on P.

We obviously have id∗ = id for the action of identity morphisms and the
associativity relation of the action f∗g∗ = (gf)∗ for general morphisms of the

category Λ̃ is an immediate consequence of the results of Lemma 3.2.4. �

To complete our analysis of the structure on the underlying sequence of unitary
operads, we give a categorical interpretation of the augmentations of §3.2.1:

Proposition 3.2.6. The augmentations ε : P(n)→ 1, n > 0, deduced from the

structure of a unitary operad P+ define a morphism of Λ̃op-diagrams ε : P → Cst,
from the underlying diagram of the non-unitary operad P towards the constant
diagram such that Cst(n) = 1, for all n > 0.

Proof. We can easily check, by the same arguments as in the proof of the
functoriality relation u∗v∗ = (vu)∗ in Lemma 3.2.4, that the augmentations ε :
P(n)→ 1, n > 0, make commute each diagram

P(n)

ε
!!

u∗ // P(m)

ε
}}

1

,

where we consider the restriction morphisms associated to any map u ∈ MorΛ+(m, n).
We similarly immediately see, from the equivariance axiom of §1.1.1, that the aug-
mentation ε : P(n)→ 1 carries the action of a permutation s ∈ Σn on P(n) to the
identity of the operad term P+(0) = 1, and this verification completes the proof of
our proposition. �

In §3.2.14, we will observe that the constant diagram Cst is the Λ̃op-diagram
underlying the commutative operad Com+. The augmentation morphism ε : P →
Cst can also be identified with a morphism towards this object Com. Therefore,
we will use the notation of the commutative operad Com, rather than the notation
of the constant object Cst, in subsequent applications of the result of the above
proposition.

In the next section, we mostly use the expression of augmented non-unitary Λ-

sequence, elaborating on the conventions introduced in §3.2.2, to refer to the Λ̃op-
diagrams equipped with an augmentation over this constant object Cst.
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3.2.7. The example of the permutation operad. In the case of the permutation
operad, we can readily make explicit the restriction operations from the definition
of the composition structure in §§1.1.7-1.1.9. Let s ∈ Σn. Let u : {1 < · · · < m} →
{1 < · · · < n} be any increasing map. In the permutation operad, we have ∗ = id0 ∈
Σ0, 1 = id1 ∈ Σ1, and the composite u∗(s) = s(∗, . . . , ∗, 1, ∗, . . . , ∗, . . . , ∗, 1, ∗, . . . , ∗)
is given by the block permutation s∗(0, . . . , 0, 1, 0, . . . , 0, . . . , 0, 1, 0, . . . , 0), where we
apply the permutation s to blocks of length 1 at positions 1 ≤ u(1) < · · · < u(m) ≤
n specified by the injection, and blocks of length 0 on the remaining positions.
This process amounts to a withdrawal of the terms s(k) 6∈ {u(1) < · · · < u(m)}, in
the sequence representation of the permutation s = (s(1), . . . , s(n)), together with
the performance of a natural index shift, carrying the set {u(1) < · · · < u(m)} to
{1 < · · · < m}, and which can formally be identified with the application of the

mapping u−1 : {u(1) < · · · < u(m)} '−→ {1 < · · · < m}. converse to the given
increasing map.

For instance, in the case of the map u : {1, 2, 3} → {1, 2, 3, 4, 5} such that
u(1) = 1, u(2) = 5, u(3) = 5, and the permutation s = (3, 1, 5, 2, 4), we perform
the withdrawal operation (3, 1, 5, 2, 4) 7→ (1, 5, 4), followed by the normalization
operation (1, 5, 4) 7→ (1, 3, 2), to get u∗(3, 1, 5, 2, 4) = (1, 3, 2).

In §3.2.3, we mention that the permutation σ ∈ Σm fitting in the decomposition
s·u = ρ·σ, of the composite mapping s·u : {1, . . . ,m} → {1, . . . , n} is identified with
the image of s ∈ Σn under the restriction operation ρ∗ : Σn → Σm associated with
the increasing map ρ fitting in this decomposition. In Lemma 3.2.4, we only checked
that our commutative diagram involves factors of the decomposition s · u = ρ · σ.
(This result was enough to imply the conclusion of Proposition 3.2.5.) The identity
σ = ρ∗(s) actually follows from an application this equivariance relation to the
identity permutation idn ∈ Σn within the permutation operad. Indeed, in this
case, the equivariance relation reads σ ·u∗(idn) = ρ∗(s), from which we immediately
deduce our identity σ = ρ∗(s) since we obviously have u∗(idn) = idm for the identity
permutation idn ∈ Σn.

By applying a similar argument to the inverse permutation s−1, we also obtain
that the permutation u∗(s) ∈ Σm is determined by the equation s−1 ·u = ρ ·u∗(s)−1

in the mapping set MorΛ(m, n), where ρ is the increasing map associated with that
composite map f = s−1 · u.

3.2.8. The graphical definition of restriction morphisms. We generally use the
symbol ∗ to mark the positions of unitary factors P+(0) = 1 in the picture of a
restriction morphism. When we use this convention, the definition of the restriction
morphisms from the full composition products of a unitary operad in §3.2.1 reads:

∗
))

··· ··· 1

��
··· ··· ∗
��

··· ··· m
uu

··· ··· ∗

qqP(n)

��
0

'←−−
(1)

1

��
··· ··· ··· m

��
P+(0)

**
··· 1

!!
··· P+(0)

}}
··· 1

tt
··· P+(0)

qqP+(n)

��
0

−−→
(2)

1

��
··· ··· ··· m

��
P+(0)

**
··· P+(1)

!!
··· P+(0)

}}
··· P+(1)

tt
··· P+(0)

qqP+(n)

��
0

µ−−→
(3)

1

!!
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}}
P+(n)

��
0

,



3.2. THE DEFINITION OF UNITARY OPERADS 81

where (2) is the morphism η∗, considered in §3.2.1, given by the application of
operadic units η : 1→ P+(1), and (3) is the full composition product of the operad
P+.

3.2.9. The graphical representation of restriction morphisms. We can also elab-
orate on the conventions of §1.1.6 to give a graphical representation of our restric-
tion morphisms. We then regard our morphisms as the performance of internal
operations

∗

((

··· ··· i1
��
··· ··· ∗
��

··· ··· im
vv

··· ··· ∗

rrP(n)

��
0

ρ∗−→

i1

""
··· ··· ··· im

||
P(m)

��
0

on tree-wise tensors. The expression ρ∗ is a generic notation referring to the appli-
cation of the restriction morphism u∗ which we use in this tree-wise representation.
The map u : {1 < · · · < m} → {1 < · · · < n} corresponding to this restriction
morphism is just determined by the positions of the edges which, in our picture,
are not marked by the symbol ∗.

In certain situations, we regard the application of the restriction morphism in
the tree-wise picture as an identification relation between tree-wise tensors. This
conception elaborates on the equivariance identities of §1.1.5.

We again use an arbitrary indexing of the inputs to materialize the action of
permutations on our composition pattern. We can also elaborate on this convention
to extend our representation to restriction morphisms f∗ : P(n) → P(m) associ-
ated with any map f : {1, . . . ,m} → {1, . . . , n} (possibly not monotone) in the

category Λ̃. We then move the index ik attached to an input k = 1, . . . ,m in the
picture of the result of our operation, to the edge at position f(k) on the source
tree-wise tensor product, and we mark the remaining edges with the symbol of
the unitary composite ∗, as in the increasing map case. We readily see that the
permutation of the index positions (i1, . . . , im) involved in this process corresponds
to the action of the permutation s occurring in the decomposition f = u · s of our
mapping. (We just perform an inversion of the correspondence of §1.1.5 to change
the natural left action of the symmetric group on operads into a right action.) To
give a simple example, for the mapping f : {1 < 2 < 3} → {1 < 2 < 3 < 4 < 5}
such that f(1) = 4, f(2) = 1, f(3) = 5, the image of an element p ∈ P(5) under the
restriction operation f∗ : P(5)→ P(3) can be represented by the following picture

2

''

∗
��
∗
��

1

��
3

wwp
��
0

≡
1

##
2

��
3

{{
f∗(p)

��
0

,

where we regard the performance of a restriction morphism as an identification of
tree-wise tensors.

In what follows, we also deal with partial evaluations of our tree-wise restriction
morphisms, allowing us to remove only a subpart of the distinguished ingoing edges
∗ → · in a given composition pattern. The associativity relation of Lemma 3.2.4
amounts to the assumption that the performance of such restriction processes in
several stages does not change the result of the operation. The tree-wise restriction
operations can be applied within tree-wise tensor products shaped on trees with
several vertices. This natural extension of our picture is used in Proposition 3.2.11,
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when we formulate an associativity relation between the restriction morphisms and
the partial composition products of operads.

3.2.10. The graphical representation of augmentations. We adapt the conven-
tions of the previous paragraph to represent the augmentations ε : P(n) → 1
associated with the structure of a unitary operad P+. To be precise, we may adopt
the following picture

∗
$$
··· ··· ··· ∗
zz

P(n)

��
0

ε∗−→ 1 .

We use the notation ε∗, with an added lower script style ∗, to refer to this tree-wise
morphism since, as usual, we regard this application of the augmentation on tree-
wise tensors as the performance of an internal operation. We may again consider
an obvious extension of the augmentation to tree-wise tensors shaped on trees with
several vertices.

In §3.2.1, we focus on composition products of a unitary operad P+ involving
the arity zero term P+(0) = 1 and operadic unit as composition factors. But we can
still consider partial composition products ◦k : P+(m)⊗ P+(n)→ P+(m+ n− 1),
k = 1, . . . ,m, defined by the composition scheme of §3.1.4. In the cases m,n > 0,
which exclude the composites with the unitary factor P+(0) = 1, these composition
operations are identified with internal composition operations of the non-unitary
operad underlying P+, and they satisfy the equivariance, unit, and associativity
relations of §3.1 within this non-unitary operad.

To complete our results, we extend the analysis of §3.1 to determine associativ-
ity relations involving both our restriction morphisms and the partial composition
products of §3.1. We regard these mixed associativity relations as part of an equiv-
ariance property of the partial composition products with respect to the action of

category Λ̃ on the underlying collection and to the action of the augmentations. We
therefore use this terminology in our statement and in the corresponding figures.
The result reads:

Proposition 3.2.11. The partial composition products ◦k : P(m) ⊗ P(n) →
P(m + n − 1), k = 1, . . . ,m, on the underlying non-unitary operad of a unitary
operad P+, satisfy equivariance relations, expressed by the commutativity of the
diagrams of Figure 3.5-3.4, with respect to the action of the restriction morphisms
and of the augmentations on P.

Proof. This proposition follows from a simple variation of the arguments line
of Proposition 3.1.7, where we establish the associativity relations of the partial
composition products. Note that the result of the proposition holds for all restric-
tion operations, not necessarily associated with an increasing map, and involves, in
the general setting, the equivariance axiom of the composition products which we
implicitly use when we form our picture of the associativity relation. �

3.2.12. The definition of unitary operads as extensions of non-unitary operads.
In §3.1, we established that the composition structure of an operad is determined by
giving the partial composition products of §3.1.1. In the unitary context, we readily
obtain from the analysis of the present section that the composition structure of a
unitary extension P+ of a non-unitary operad P can be determined by giving:
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Figure 3.4. The equivariance of partial composition products
with respect to the action of restriction morphisms.

(a) the internal partial composition products of the non-unitary operad P,
which, in our unitary extension, correspond to the partial composition
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Figure 3.5. The preservation of partial composition products by
augmentation morphisms.

product components

P+(m)⊗ P+(n)︸ ︷︷ ︸
=P(m)⊗P(n)

◦k−→ P+(m+ n− 1)︸ ︷︷ ︸
=P(m+n−1)

such that m,n > 0,
(b) the restriction morphisms u∗ : P(n) → P(m), m,n > 0, u ∈ MorΛ+(m, n),

which are equivalent to composition operations of the form

P+(n)⊗ P+(0)⊗ · · · ⊗ 1⊗ · · · ⊗ 1⊗ · · · ⊗ P+(0)︸ ︷︷ ︸
=P(n)

η∗−→ P+(m)⊗ P+(0)⊗ · · · ⊗ P+(1)⊗ · · · ⊗ P+(1)⊗ · · · ⊗ P+(0)
µ−→ P+(m)︸ ︷︷ ︸

=P(m)

,

with operadic units and unitary terms as composition factors,
(c) and the augmentations ε : P(n) → 1, n > 0, which yield composition

products

P+(m)⊗ P+(0)⊗ · · · ⊗ P+(0)︸ ︷︷ ︸
=P(m)

µ−→ P+(0)︸ ︷︷ ︸
=1

with the unitary term P+(0) = 1 as target.

Furthermore, by summarizing our results, we obtain that these structure morphisms
satisfy the following requirements:

– the partial composition products (a) fulfill the equivariance, unit, and
associativity axioms of §3.1.8, within the non-unitary operad;
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– the restriction morphisms (b) and the augmentation (c) also satisfy equiv-
ariance and internal associativity relations, formulated in Lemma 3.2.4, so
that (b-c) actually provide the underlying sequence of the non-unitary op-
erad P with the structure of an augmented Λ-diagram (in the terminology
of §3.2.2);

– the restriction morphisms (b) together with the augmentation (c) sat-
isfy associativity relations with respect to the partial composition oper-
ations (a), which are expressed by the commutativity of the diagrams of
Figure 3.4-3.5;

– and the unit axiom of operads §1.1(1.2) imply that the augmentation ε :
P(1)→ 1 in arity 1 defines a retraction of the operadic unit η : 1→ P(1).

We coin the expression of augmented non-unitary Λ-operad to refer to the gen-
eral structure defined a non-unitary operad P equipped with restriction morphisms
(b) and augmentations (c) satisfying the above requirements. We also adopt the
notation ΛOp0 /Com for the category formed by these augmented non-unitary Λ-
operads. We naturally define a morphism of augmented non-unitary Λ-operads as
a morphisms of non-unitary operads that preserve the extra structure consisting of
the restriction operations and the augmentations.

The results previously obtained in this section can be rephrased as the definition
of a functor τ+ : Op1 → ΛOp0 /Com from the category of unitary operads Op1

towards the category of augmented non-unitary Λ-operad. We actually have the
following stronger result:

Theorem 3.2.13. The correspondence of §3.2.12 provides an isomorphism be-
tween the category of unitary operads Op1 and the category of augmented non-
unitary Λ-operads ΛOp0 /Com.

Proof. The applications of augmented non-unitary Λ-operads motivate our
choice to introduce restriction operations as a new layer of structure, directly defined
from the full composition products of §1.1.1, and lying over the partial composition
products analyzed in the previous section. But we temporarily change our approach,
and we rely on the result of the previous section, to give a formal proof of our
statement.

In §3.2.1, we already observed that the restriction morphisms u∗ : P(n)→ P(m)
include particular operations ∂k : P(n) → P(n − 1) corresponding to the partial
composition products with a unitary factor ◦k : P+(n) ⊗ P+(0) → P+(n − 1),
where we assume n > 1, and we take any k = 1, . . . , n. The arity 1 augmentation
ε : P(1) → 1 is also clearly identified with the unique partial composition product
◦1 : P+(1) ⊗ P+(0) → P+(0), which has the unitary component as target and is
not covered by this correspondence.

Thus the structure of an augmented non-unitary Λ-operad P include all par-
tial composition products which have to associate to a unitary extension of that
operad. The equivariance, unit and associativity requirements in the definition of
an augmented non-unitary Λ-operad also include all equivariance, unit and asso-
ciativity relations which these partial composition products have to satisfy within
the unitary operad. From the result of Theorem 3.1.9, we therefore obtain that
the structure of a unitary extension P+ is fully determined by the augmented Λ-
operad structure associated with the non-unitary operad P so that the mapping
τ+ : P+ 7→ P defines an isomorphism of categories τ+ : Op1 → ΛOp0 /Com as
claimed in our theorem. �
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In §II.A.5, we put the definition of the composition structure of unitary oper-
ads in a more global perspective, by integrating the partial composition products,
the restriction morphisms, and the augmentations in the general form of tree-wise
composition operations.

The unitary commutative operad Com+, defined in §1.1 in the set-theoretic
context, and in §2.1 in the general setting of symmetric monoidal categories, pro-
vides a natural example of a unitary operad. To conclude this section, we give a
characterization of this operad as a terminal object within the category of unitary
operads. For this purpose, we elaborate on the definition of the augmentations
in §3.2.1.

3.2.14. The unitary structure of the commutative operad. Recall that the op-
erad Com+ is defined by the constant symmetric sequence, such that Com+(n) = 1,
for all n ∈ N, and has all structure morphisms given either by the identity of the
unit object 1, or by natural isomorphisms 1⊗ · · · ⊗ 1 ' 1 arising from the unit
constraint in the ambient symmetric monoidal category.

The restriction morphisms of the non-unitary operad Com are therefore given
by identity morphisms of the unit object, and, in the result of Proposition 3.2.5, we

obtain that Com inherits a constant Λ̃op-diagram structure (in arity n > 0). The
augmentations ε : Com(n) → 1 associated with this operad are also given by the
identity of the unit object.

In Proposition 3.2.6, we prove that the Λ̃op-diagram defined by the collec-
tion P(n) = P+(n), n > 0, underlying a unitary operad P+ is canonically aug-
mented over this constant diagram. In fact, at the operad level, we have the fol-
lowing result:

Proposition 3.2.15. The augmentations ε : P+(n) → 1, which we define by

considering the components P+(n) = P+(n)⊗P+(0)⊗n
µ−→ P+(0) of the composition

products of a unitary operad P+ in §3.2.1, form a morphism of unitary operads
ε : P+ → Com+.

Proof. The equivariance, unit , and associativity axioms of operads, as for-
mulated in the definition of §1.1.1, imply that the augmentations ε : P+(n) → 1
carry all structure morphisms associated with the unitary operad P+ to the identity
of the unit object 1. We immediately conclude that these augmentations define a
morphism towards the commutative operad Com+ as asserted. �

From this proposition, we readily conclude that:

Proposition 3.2.16. The unitary commutative operad Com+, as defined in §2.1,
gives the terminal object of the category of unitary operads. �

3.2.17. Free algebras over unitary operads. The operads consider in May’s mono-
graph [134] are actually unitary operads (called unital operads in that reference) in
the category of topological spaces. We have already observed that, for an algebra
over a unitary operad giving the arity 0 operation λ : P+(0)→ A amounts to fixing
a unit element in A. When we deal with topological spaces, this unit element is
identified with a base point naturally associated to the space A.

The action of the category of ordinal injections is used in this context to give
a reduced version of the free P+-algebra functor on the category of pointed spaces.
We now consider, to be more precise, the complete category Λ, which includes an

empty ordinal 0, rather than the truncated category Λ̃, where this empty ordinal
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is excluded. The (contravariant) action of the category Λ on the non-unitary P,
which we consider all through this section, extends to a (contravariant) action of
this category Λ on the unitary operad P+. The cartesian powers X×n, n ∈ N, of
a pointed space X inherits a Λ-diagram structure: to an injective map f : {1 <
· · · < m} → {1 < · · · < n}, defining a morphism in Λ, we associate the mapping
f∗ : X×m → X×n which assigns any (x1, . . . , xm) ∈ X×m to the n-tuple (y1, . . . , yn)
such that

yj =

{
xi, if j = f(i), for some i,

∗, otherwise.

We then form the coend

S∗(P+, X) =

∫ n∈Λ

P+(n)×X×n

to get a P+-algebra, naturally associated with X. Intuitively, the performance of
this coend amounts to implementing identities

pf∗(x1, . . . , xm) = f∗p(x1, . . . , xm),

in the free algebra structures of §1.3. One can readily check that this reduced
free operad functor S∗(P+) : X 7→ S∗(P+, X) gives a left adjoint of the reduced
forgetful functor ω : P+ → Top∗, which retains the base point, yielded by the arity
0 action λ : P+(0)→ A, from the structure of a P+-algebra.

May’s approximation theorem [134] deals with the reduced free algebras asso-
ciated with the little n-cubes operads Cn+, n ∈ N (see §4.1). May’s result precisely
asserts that, when X is a connected space (and more generally, when X is group
like), the free algebra S∗(Cn+, X) is weakly-equivalent to the iterated loop spaces
ΩnΣnX, where Ωn refers to the n-fold loop space functor on pointed spaces, and
Σn refers to the n-fold suspension. In this construction, which gives the starting
point of the iterated loop space theory of [134], the little n-cubes operad Cn+ can
be replaced by any Λ-diagram weakly-equivalent to Cn+ and satisfying some mild
cofibrancy conditions with respect to the action of symmetric groups.

The most classical example, occurring in the case n = 1, is given by the associa-
tive (permutation) operad As+. In this case, the reduced free associative monoid,
which our construction represents, can be identified with the construction J(X)
introduced by James in [92]. May’s approximation theorem actually occurred as a
generalization of a result established by James, in terms of the combinatorial con-
struction J(X). We go back to this subject, and give further references on iterated
loop space theory, in §4.1.

3.3. Categorical constructions for unitary operads

We now assume that the tensor product of the base category preserves colimits
on each side §0.8(a), and we revisit the definition of the categorical constructions
of §1.2 in the context of unitary operads.

Let P+ be any unitary operad. By Proposition 3.2.5 and Proposition 3.2.6,
the collection P(n), n > 0, where we drop the arity zero term P+(0) = 1, inher-

its the structure of a Λ̃op-diagram which is also augmented over the constant Λ̃op-
diagram Cst = Com, underlying the unitary commutative operad Com+. Hence, the
mapping ω+ : P+ 7→ P actually gives a forgetful functor ω+ : Op1 → Λ Seq0 /Com
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towards the category, denoted by Λ Seq0 /Com, which has these augmented Λ̃op-
diagrams as objects. Throughout this section, we rather use the expression of aug-
mented non-unitary Λ-sequence to refer to the objects of this category (see §3.2.2).

Our first purpose is to define a version of free operads giving a left adjoint of this
extended forgetful functor ω+ : Op1 → Λ Seq0 /Com. The technical construction of
these free unitary operads is carried out in the following lemma:

Lemma 3.3.1. Let M ∈ Λ Seq0 /Com. Let O(M) be the free (non-unitary)
operad associated to the symmetric sequence underlying M, where we forget about
the restriction morphisms and the augmentations.

(a) This free (non-unitary) operad O(M) has a unique (unitary) extension
O(M)+ determined by restriction morphisms u∗ : O(M)(n) → O(M)(m),
u ∈ MorΛ+(m, n), and augmentations ε : O(M)(n) → 1 that extend the
corresponding structure morphisms, given with our object M, on the image
of the universal morphism ι : M → O(M).

(b) Let f : M → P be a morphism of augmented non-unitary Λ-sequences,
which has the augmented non-unitary Λ-sequence underlying a unitary op-
erad P+ as codomain. The operad morphism φf : O(M) → P associated
to f has a unitary extension φf+ : O(M)+ → P+ and therefore gives rise
to a factorization of f in the category of unitary operads.

(c) In our construction (a), the universal morphism ι : M → O(M), defining
the unit of the free operad adjunction on non-unitary objects, forms a mor-
phism in the category of augmented non-unitary Λ-sequences Λ Seq0 /Com.
In the converse direction, the application of construction (b) to the iden-
tity morphism of the operad P, provides a morphism of unitary operads
λ+ : O(P)+ → P+ extending the adjunction augmentation of the ordinary
free operad λ : O(P)→ P.

Explanations. We refer to the appendix part (§II.A.5) for the formal proof
of this statement. At this stage, we can content ourselves with informal explana-
tions. We explained in §1.2 that the free operad O(M) intuitively consists of formal
composites of elements of the generating symmetric sequence M (in the point-set
context), which we can represent by general tree-wise tensors.

We basically use the associativity relations of Proposition 3.2.11 to deduce
the action of restriction morphisms on such formal composites from the internal
structure of the symmetric sequence M. To illustrate our constructions, we consider
the same formal composite p = (1 5) · (((x ◦1 y) ◦4 z) ◦3 t) as in our introduction of
the free operad (see §1.2). Recall that this element p is represented by the tree-wise
picture

3
��

4
��

5

((
2
��

t
��

1
��

6
��

y

''
z

ww
x

��
0

.

Let u : {1 < 2 < 3} → {1 < 2 < 3 < 4 < 5 < 6} be the map such that
u(1) = 1, u(2) = 2, u(3) = 5. We use the conventions of §3.2.9 and we replace the
input indices in the picture of the element p by the corresponding counter-image
u−1(k) when k ∈ {u(1), u(2), u(3)}, by the unitary mark ∗ otherwise, in order to
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represent the application of the restriction operation u∗ on p:

u∗(p) =

∗
��

∗
��

3

((
2
��

t
��

1
��

∗
��

y

''
z

ww
x

��
0

.

We assume that we work within a category of modules, so that the application of
the augmentation ε : M(n) → k to an element ξ ∈ M(n) returns a multiplicative
scalar ε(ξ) ∈ k. We get the following reductions:

u∗(p) ≡ ε(t) ·

3

��
2

��
∗

��
1
��

y

''
w∗(z)

��
x

��
0

≡ ε(t) ·

3
��

2
��

1
��

v∗(y)

''
w∗(z)

��
x

��
0

,

where v∗(y) denotes the image of the element y ∈ M(3) under the restriction
morphism associated to the increasing map v : {1 < 2} → {1 < 2 < 3} such that
v(1) = 1, v(2) = 2, and w∗(z) denotes the image of the element z ∈ M(2) under
the restriction morphism associated to the increasing map w : {1} → {1 < 2} such
that w(1) = 1.

We can use the same ideas in the case of the augmentation morphisms. We can
equivalently determine the augmentation on the free operad as the unique operad
morphism ε : O(M) → Com that extends the augmentation on M. But we have to
go back to the explicit construction in order to check that this morphism carries the
action of the restriction morphisms on the free operad O(M) to identity morphisms
on Com.

We immediately obtain that the morphism φf : O(M) → P extending a mor-
phism of augmented non-unitary Λ-sequences f : M → P in assertion (b) preserves
restriction morphisms and augmentations, because we use universal relations, valid
in any given unitary extension by Proposition 3.2.11, to define our structures on the
free operad O(M). We deduce the conclusion of assertion (b) from this observation.

The claims of assertion (c) are tautological: in this concluding part of our
statement, we just record some immediate consequences of the results obtained
in (a-b). �

We now check that:

Theorem 3.3.2. The construction of Lemma 3.3.1 provides a left adjoint

O(−)+ : Λ Seq0 /Com→ Op1

of our extended forgetful functor ω+ : Op1 → Λ Seq0 /Com towards the category of
augmented non-unitary Λ-sequences Λ Seq0 /Com.

Proof. This proposition is an immediate consequence of the claims of asser-
tion (b-c) in Lemma 3.3.1. �

The construction of Lemma 3.3.1 also implies that the unit morphism ι : M →
O(M) associated with the free unitary operad adjunction is given by the adjunction
unit attached to the free non-unitary operad. The claim of assertion (c) similarly
implies that the adjunction augmentation λ+ : O(P)+ → P+ is a unitary extension
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of the basic adjunction augmentation λ : O(P)→ P attached to the free non-unitary
operad O(−).

The unit operad I admits an obvious unitary extension I +, and we immediately
see that this operad I + defines the initial object of the category of unitary operads.
We can also readily check the following result, which parallels the statement of
Proposition 1.2.4 in §1.2:

Proposition 3.3.3.

(a) The extended forgetful functor ω+ : Op1 → Λ Seq0 /Com, from unitary
operads to augmented non-unitary Λ-sequences, creates all small limits,
the filtered colimits, as well as the coequalizers which are reflexive in the
category of augmented non-unitary Λ-sequences.

(b) The category of unitary operads admits coproducts too and, as a by-product,
all small colimits.

Proof. Exercise: check that the arguments of §1.2.4 extends to the unitary
context. The case of coproducts is reviewed in the proof of the next statement. �

To complete our results, we study the image of limits and colimits under the
truncation functor τ : P+ 7→ P from unitary operads to non-unitary operads.
Recall that any unitary operad P+ inherits an augmentation over the commutative
operad Com+ by Proposition 3.2.15. We shall consider, to be precise, the functor
τ : Op1 → Op0 /Com which retains the augmentation ε : P → Com induced by this
canonical morphism on the unitary operad P+. We have the following result:

Proposition 3.3.4. The functor τ : Op1 → Op0 /Com, from the category of
unitary operads to the category of augmented non-unitary operads, creates limits
and colimits.

Proof. The case of limits follows from the observation that the forgetful func-
tor ω : Λ Seq0 /Com → Seq0 /Com creates limits, because limits in all diagram
categories are created term-wise, and from the results Proposition 1.2.4 and Propo-
sition 3.3.3, asserting that limits in the category of unitary and non-unitary operads
are created at the level of the underlying sequence of objects in the base category
(see also Proposition 1.2.16).

We can check the case of filtered colimits and reflexive coequalizers by the same
argument.

We can address the case of a coproduct Q =
∨
α Pα by using the same realiza-

tion, in terms of a reflexive coequalizer of free operads

O(
∐
α∈I O(Pα))

d0 //
d1

// O(
∐
α∈I Pα) //

s0

xx
Q ,

as in the proof of Proposition 1.2.4. We assume that each Pα has a unitary ex-
tension. We obtain from Lemma 3.3.1 that the restriction morphisms (and the
augmentation) of the operads Pα have a unique extension to O(

∐
α∈I Pα), giving a

unitary extension of this free operad. We similarly have a unitary extension of the
free operad O(

∐
α∈I O(Pα)), and of the structure morphisms of our coequalizer di-

agram. We readily deduce that our coequalizer Q admits a unitary extension since
we observed that the reflexive coequalizers are created termwise in all operadic cate-
gories, and this unitary extension represents the coproducts of the unitary extension
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of the operads Pα. The uniqueness claim in the definition of the restriction mor-
phisms on O(

∐
α∈I Pα) implies the uniqueness requirement in the colimit creation

process.
We deduce the case of general colimits from coproducts and reflexive coequaliz-

ers (by using that all colimits can be obtained as a combination of these particular
colimit constructions). �

We use the result of this proposition in §II.3.4, where we address the definition
of a model structure on unitary operads.

3.4. The definition of connected unitary operads

In the previous sections, we addressed the definition of unitary operads in a
general context. But in applications, we often deal with operads satisfying con-
nectedness conditions. We assume that the tensor product of our base category
preserves colimits on each side §0.8(a) as in the previous section.

Recall that, under our conventions, a non-unitary operad P is connected if we
have P(1) = 1 in addition to the defining condition P(0) = ∅ of the category of
non-unitary operads. In the unitary setting, we say that P is connected when have
P(1) = 1 in addition to P(0) = 1 (see §§1.1.19-1.1.20). The connected unitary
operads P+ are obviously identified with the unitary extensions of the non-unitary
operads P which are connected as non-unitary operads. The category isomorphism
of Theorem 3.2.13, between unitary operads and augmented non-unitary Λ-operads,
has, therefore, an obvious restriction to connected operads.

Recall that a symmetric sequence M is said to be connected when M(0) =
M(1) = ∅. The category formed by these connected symmetric sequences is denoted
by Seq00. The category of connected non-unitary operads is denoted by Op01, and
the category of connected unitary operads by Op11.

In Theorem 1.2.14, we have observed that the standard free operad functor
O(−) gives a functor from the category of connected symmetric sequences towards
the category of connected (non-unitary) operads. Furthermore, we have established
that this functor is left adjoint of the augmentation ideal functor ω : P 7→ P which
maps a connected operad P to the symmetric sequence such that P(n) = ∅, if
n = 0, 1, and P(n) = P(n), otherwise. The definition of the unitary extension of
free operads in §3.3 is not well suited for this connected version of the adjunction
relation, because when we form the augmentation ideal of an operad P, we discard
the restriction morphisms u∗ : P(n)→ P(1) which have the unit component of the
operad as target.

We aim to adapt the construction of §3.3 in order to get a reduced definition
of free connected unitary operads. We first introduce a truncated version of the

category Λ̃ in order to address the structures underlying the augmentation ideal of
connected unitary operads.

3.4.1. The connected version of the category of ordinal injections. We basically

consider the full subcategory of the category of ordinal injections Λ̃ generated by
the ordinals n = {1 < · · · < n}, such that n > 1. We use the notation Λ for this
truncated category, and as in §3.2.2, the notation Λ+, with a + upperscript mark,
to refer to the subcategory of Λ which has the increasing maps has morphisms.

We also use the notation Σ for the isomorphism subcategory of Λ, of which
morphism sets MorΣ(m, n) are identified with the symmetric group Σn if m = n,
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with the empty set otherwise. We have obvious identities Λ+ = Λ+ ∩ Λ and

Σ = Σ∩Λ, as well as a decomposition Λ = Σ ·Λ+ as in the case of the category Λ̃.
Recall that we use the notation of the complete category Λ (respectively, Λ+, Σ)
rather than the notation of a specific subcategory in the expression of morphism
sets.

We call connected Λ-sequence the structure formed by a connected symmetric
sequence M together with restriction morphisms u∗ : M(n) → M(m), associated
to any u ∈ MorΛ(m, n), m,n > 1, and so that the associativity and equivari-
ance relations of Proposition 3.2.4 are fulfilled in M. We immediately see, as in
Proposition 3.2.5, that giving this structure amounts to providing the sequence M
with a contravariant action of the category Λ, so that the restriction morphisms
u∗ : M(n) → M(m) give the action of the subcategory Λ+ on M and the internal
symmetric structure of the collection M(n) provides the action of the isomorphism
subcategory Σ ⊂ Λ. We use the notation Λ Seq00, elaborating on our previous
conventions, for this category of diagrams.

3.4.2. The underlying structure of the augmentation ideal of connected unitary

operads. We immediately obtain that the action of the category Λ̃ on the non-
unitary truncation P of a unitary operad P+ in Proposition 3.2.5 restricts to an
action of the truncated category Λ on the augmentation ideal P. We moreover
have an augmentation morphism ε : P → Com, defined as a restriction of the
augmentation morphism of Proposition 3.2.15, with the augmentation ideal of the
commutative operad as codomain.

The mapping ω+ : P+ 7→ P therefore gives a functor ω+ : Op11 → Λ Seq00 /Com
from the category of connected unitary operads Op11 towards the category of aug-
mented connected Λ-sequences Λ Seq00 /Com, where we adopt conventions similar
to §3.2.2 to refer to the category formed by the connected Λ-sequences M ∈ Λ Seq00

which are augmented over Com.
Let M be any object of this category Λ Seq00 /Com. Let O(M) be the free

non-unitary operad associated to the symmetric sequence underlying M. The as-
sumption M(0) = M(1) = ∅ implies that this free operad is connected, so that
O(M)(1) = 1, with a unit morphism η : 1 → O(M)(1) given by the identity of the
unit object.

We have the following lemma:

Lemma 3.4.3.

(a) The free operad O(M) inherits restriction morphisms u∗ : O(M)(n) →
O(M)(m), associated to all increasing maps u : {1 < · · · < n} → {1 <
· · · < m}, where n,m > 0, and whose restriction to M(n) ⊂ O(M)(n) is
defined by:

– the augmentation

M(n)
ε−→ 1 = O(M)(1)

when n > m = 1,
– the internal restriction morphism attached to our object

M(n)
u∗−→ M(m) ⊂ O(M)(m)

when n ≥ m ≥ 2.
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(b) The free operad O(M) also inherits augmentations ε : O(M)(n)→ 1, n > 0,
whose restriction to M(n) ⊂ O(M)(n) is defined by the natural augmenta-
tion ε : M(n)→ 1 given with our object M for any n ≥ 2.

(c) The restriction morphisms u∗ : O(M)(m) → O(M)(n) and augmentations
ε : O(M)(n) → 1, whose existence is asserted in (a-b), provide the free
operad O(M) with the structure of an augmented non-unitary Λ-operad.
These structure morphisms are also uniquely determined by our exten-
sion conditions in (a-b), together with the equivariance, unit and associa-
tivity requirements of the definition of augmented non-unitary Λ-operads
in §3.2.12.

Explanations. We again give short explanations and refer to the appendix
part (§II.A.5) for a formal proof of this statement. We also assume that we work
in a category of modules.

We use the conditions of §3.2.12, as in the proof of Lemma 3.3.1, to determine
the image of a tree-wise tensor p ∈ O(M)(n), representing a formal composite of
generating elements, under a restriction operation. The main difference, stated
in assertion (a), is that the application of a restriction operation associated to an
injection u : {1} → {1 < · · · < n} on a generating factor ξ ∈ M(n) within the free
operad O(M)(n) produces a multiple of the operad unit 1 ∈ O(M)(1), which we can
reduce further in the outcome of our operation.

We go back to the example given in the verification of Lemma 3.3.1 to illustrate
this process. We now obtain the following result:

u∗(p) =

∗
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t
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∗
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≡ ε(t) · ε(z) ·
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2

��
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≡ ε(t) · ε(z) ·

3
  

2
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x

��
0

,

where v∗(y) denotes the image of the element y ∈ M(3) under the restriction
morphism associated to the increasing map v : {1 < 2} → {1 < 2 < 3} such
that v(1) = 1, v(2) = 2 (as in the verification of Lemma 3.3.1). We apply the
augmentation ε : M(2) → 1 to both z ∈ M(2) and t ∈ M(2), but in order to
produce a unitary factor in the first case, a multiple of the operadic unit 1 in the
second case.

The definition of the augmentation morphism ε : O(M) → Com is the same as
in the context of Lemma 3.3.1. �

The definition of the restriction morphisms u∗ : O(M)(n)→ O(M)(1) in asser-
tion (a) of the lemma is forced by the unit requirement of §3.2.12, which implies
that the augmentation ε : O(M)(1) → 1 defines a retraction of the operadic unit,
and the associativity of the augmentation with respect to restriction morphisms.
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Indeed, since O(M)(1) = 1, we have a commutative diagram

M(n)

ε

99

ι // O(M)(n)

u∗

��

ε

  
O(M)(1) =

ε // 1

giving our definition of the restriction morphism u∗ : O(M)(n) → O(M)(1) on the
image of the universal morphism ι : M(n) → O(M)(n). This observation gives the
crux of the following lemma:

Lemma 3.4.4. Let M ∈ Λ Seq00 /Com. Let O(M) be the free connected operad
associated to the symmetric sequence underlying M.

(a) This free connected non-unitary operad O(M) has a unique unitary exten-
sion O(M)+, determined by the restriction morphisms and augmentations
of Lemma 3.4.3, and such that the unit morphism ι : M → O(M), associ-
ated with the free connected operad adjunction of Theorem 1.2.14, defines
a morphism in the category of augmented connected Λ-sequences.

(b) Let f : M → P be a morphism of augmented connected Λ-sequences towards
the augmentation ideal of a unitary operad P+. The operad morphism φf :
O(M) → P associated to f has a unitary extension φf+ : O(M)+ → P+

and therefore gives rise to a factorization of f in the category of unitary
operads.

(c) In our construction (a), the universal morphism ι : M → O(M), defin-
ing the unit of the connected free operad adjunction of Theorem 1.2.14,
forms a morphism in the category of augmented connected Λ-sequences
Λ Seq0 /Com. In the converse direction, the application of construction (b)
to the identity morphism of the augmentation ideal of the operad P, pro-
vides a morphism of connected unitary operads λ+ : O(P)+ → P+ extend-
ing the basic adjunction augmentation λ : O(P) → P which arises from
the result of Theorem 1.2.14.

Explanations. We have already explained the definition of the restriction
morphisms and augmentations of assertion (a) in the verification of Lemma 3.4.3.
The uniqueness of this structure has also been established in that statement.

We deduce the definition of the unitary extension O(M)+ from these previously
obtained results and the result of Theorem 3.2.13.

We immediately obtain, as in the verification of Lemma 3.3.1, that the mor-
phism φf : O(M)→ P extending a morphism of augmented connected Λ-sequences

f : M → P in assertion (b) preserves restriction morphisms and augmentations, be-
cause we define our structures on the free operad O(M) by using universal relations,
valid in any unitary extension of a connected operad. We deduce the conclusion
of assertion (b) from this observation, and the claims of assertion (c) are again
corollaries of the results obtained in the previous assertions of the lemma (a-b). �

We now check that:

Theorem 3.4.5. The construction of Lemma 3.4.4 provides a left adjoint

O(−)+ : Λ Seq00 /Com→ Op11
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of the augmentation ideal functor ω+ : P+ 7→ P on the category of unitary operad
P+ ∈ Op11 and where we use the observations of §3.4.2 to provide the image of an
object under this functor with the structure of an augmented connected Λ-sequence.

Proof. This proposition directly follows from the claims of Lemma 3.4.4. �

The construction of Lemma 3.4.4 also implies that the unit morphism ι : M →
O(M) associated with this free connected unitary operad adjunction is given by the
adjunction unit attached to the free non-unitary operad. The claim of assertion (c)
in Lemma 3.4.4 similarly implies that the adjunction augmentation λ+ : O(P)+ →
P+ is a unitary extension of the basic adjunction augmentation λ : O(P) → P
attached to the free non-unitary operad O(−).

We observed in §1.2.15 that the category embedding ι : Op01 ↪→ Op0 has an
obvious right adjoint τ : Op0 → Op01, which maps a non-unitary operad P ∈ Op0

to the connected operad such that τ P(0) = ∅, τ P(1) = 1, and τ P(n) = P(n) for
n > 1. We have an analogous construction in the unitary context, but we now need
the category isomorphism of Theorem 3.2.13 to obtain our result:

Proposition 3.4.6. The category embedding ι : ΛOp01 /Com ↪→ ΛOp0 /Com
has a right adjoint τ : ΛOp0 /Com → ΛOp01 /Com, given by the same truncation
operation as in §1.2.15 since the connected operad τ P associated to some P ∈ Op
inherits obvious restriction morphisms and augmentations when we assume P ∈
ΛOp0 /Com.

By unitary extension, this right adjoint gives rise to a functor τ : Op1 → Op11,
which is also a right adjoint of the embedding ι : Op11 ↪→ Op1 at the level of unitary
operad categories.

Proof. This proposition follows from straightforward verifications. �

We can use the result of this proposition to extend the adjunction relation of the
free connected unitary operad of Theorem 3.4.5 to morphisms φf+ : O(M)+ → Q+

with any unitary operad (possibly not connected) as codomain. We can also apply
this observation to the definition of morphisms on connected unitary operads given
by a presentation by generators and relations (see §3.4.8).

The results established in Proposition 1.2.16 and in Proposition 3.3.4 admit
the following corollary which summarizes the construction of limits and colimits in
our operad subcategories:

Proposition 3.4.7. We have a commutative square of embedding and trunca-
tion functors

Op11
ι //

τ+

��

Op1

τ+

��
Op01 /Com

ι
// Op0 /Com

ι
// Op /Com

,

which all create limits and colimits. �

We now specialize our study to operads in a module category M = Mod . We
explain in §1.2.9 that operads in module categories can be defined by generators
and relations as quotients P = O(M) / < zα, α ∈ I >, where we consider an
ideal < zα, α ∈ I > in a free operad O(M). We generally use this basic construction
in the context of connected non-unitary operads. When we deal with connected
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unitary operads, we usually elaborate on the result of Theorem 3.4.5 to obtain a
reduced presentations of unitary operads. We proceed as follows.

3.4.8. The definition of unitary operads by generators and relations. We as-
sume that M is an augmented connected Λ-sequence (in k-modules). We apply the
construction of Lemma 3.4.3 to provide the free operad associated to M with the
structure of an augmented non-unitary Λ-operad.

Let S =< zα, α ∈ I > be an ideal generated by a collection of elements zα ∈
S(nα) in this free operad O(M).

We assume that we have

(a) ε(zα) = 0

when we apply the augmentation ε : O(M)(nα) → k to any zα ∈ S(nα). We also
assume that we have

(b) u∗(zα) ≡ 0 mod S(m),

for all restriction morphisms u∗ : O(M)(n) → O(M)(m) such that n = nα. When
these conditions hold, we readily obtain, from the correspondence of §3.2.12 be-
tween augmentations, restriction morphisms and composition operations, that the
symmetric sequence < zα, α ∈ I > forms an operadic ideal in the unitary extension
of the free operad O(M). Therefore, we have a quotient unitary operad O(M)+ / <
zα, α ∈ I > associated to our ideal, and we immediately check that this operad
defines a unitary extension of the basic quotient operad O(M) / < zα, α ∈ I >,
considered in the study of §1.2.9.

The morphisms of unitary operads φ̄f+ : O(M)+ / < zα, α ∈ I >→ Q+ are
clearly in bijection with the morphisms of augmented non-unitary Λ-operads φf :
O(M) → Q such that φf (zα) = 0 for each generating element of the ideal zα ∈
S(nα).

In applications, we can reduce the verification of our vanishing condition (b)
to the restriction morphisms ∂k : O(M)(n)→ O(M)(n−1), k = 1, . . . , n, associated
with the partial composition products ∂k(p) = p ◦k ∗ since we observed in §3.2.1
that all restriction morphisms on a unitary operad occur as composites of these
particular restriction operations.

3.4.9. Examples of unitary operads constructed by generators and relations. We
explain the application of the construction of §3.4.8 to the basic examples of uni-
tary operads considered in §1.2.10, namely the associative operad As+, and the
commutative operad Com+. We also address the definition of a unitary version of
the Poisson operad Pois+. We consider the case of the associative operad first.

Recall that As = O(kµ(x1, x2) ⊕ kµ(x1, x2)) / < µ(µ, 1) − µ(1, µ) > for
a generating symmetric sequence such that MAs(2) = kµ(x1, x2) ⊕ kµ(x1, x2)
and MAs(r) = 0 for r 6= 2. Since MAs vanishes in arity r > 2, we only have to specify
an augmentation ε : MAs(2)→ k, in order to provide this symmetric sequence with
the structure of an augmented Λ-sequence. We take ε(µ) = 1 to reflect the idempo-
tence relations µ(e, e) = e for the unit element of an associative algebra. By apply-
ing the associativity of restriction morphisms with respect to operadic composition
structures, we obtain ∂1(µ(µ, 1)−µ(1, µ)) = µ(µ(∗, 1), 1)−µ(1(∗), µ) = µ−1(µ) = 0
and similarly ∂2(µ(µ, 1)− µ(1, µ)) = ∂3(µ(µ, 1)− µ(1, µ)) = 0. Hence, the assump-
tions of §3.4.8 are fulfilled, so that the operad As inherits restriction morphisms,
and as a consequence, admits a unitary extension As+ satisfying As+(0) = k and
As+(r) = As(r) = k[Σr] for r > 0. This operad As+ is actually identified with
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the image of the permutation operad under the functor k[−] : SetOp → ModOp
(see §2.1.5).

The case of the commutative operad is similar. We take the same expression
as in the associative case for the value of the augmentation ε : MCom(2) → k on
the generating operation µ ∈ MCom(2). We that the assumptions of §3.4.8 are also
fulfilled for the commutative operad, which therefore admits a unitary extension
Com+ satisfying Com+(0) = k and Com+(r) = Com(r) = k for r > 0. This operad
Com+ is actually identified with the image of the one-point set operad under our
functor k[−] : SetOp →ModOp (see the concluding discussion of §2.1).

The unitary extension process can also be applied to the Poisson operad Pois.
Recall that this operad has a generating symmetric sequence such that MPois(2) =
kµ(x1, x2)⊕kλ(x1, x2), where µ = µ(x1, x2) represents a (symmetric) commutative
product and λ = λ(x1, x2) represents an (symmetric) Lie bracket. We take ε(µ) =
1 (as usual) and ε(λ) = 0 to reflect standard unit relations associated with the
structure of Poisson algebras. Actually, the vanishing of ε on λ is forced by the
antisymmetry relation (1 2) · λ = −λ and the equivariance requirement of §3.2.1.
Again, we can check that the generating relations of the Poisson operad (see §1.2.12)
are canceled by the restriction morphisms, so that the operad Pois admits a unitary
extension Pois+ satisfying Pois+(0) = k and Pois+(r) = Pois(r) for r > 0.

3.4.10. Unitary Hopf operads. The results obtained in this section and in the
previous one make sense in any base category equipped with a tensor product
preserving colimits on each side (see §0.9), and as such, can be applied without
change within the category of augmented cocommutative coalgebras, in order to
give a description of (connected) unitary Hopf operads.

On the other hand, we can also adapt the observations of §2.2 and regard
(connected) unitary Hopf operads as augmented cocommutative coalgebras in the
category of (connected) unitary operads. Indeed, the arity-wise tensor products
(P �Q)(r) = P(r) ⊗ Q(r), as defined in §2.2.3, clearly preserves the category of
(connected) unitary operads.

Furthermore, we immediately see that the action of a restriction morphism
u∗, associated to any increasing map u, on a tensor product of operads P �Q is
simply given by the tensor product of the restriction morphisms determined by u
on P and Q. The requirement that the restriction morphisms are morphisms in
the base category of coalgebras also amounts to the assertion that the augmen-
tation ∆ : P → Com+ and the diagonal ∆ : P → P �P intertwine restriction
morphisms. Similar observations hold for the augmentations, and we can therefore
regard the (connected) non-unitary Hopf Λ-operads, which underlie our category
of (connected) unitary Hopf operad structures, as augmented cocommutative coal-
gebras in the category of (connected) unitary operads in the base category.

Similarly, we can regard augmented Hopf Λ-sequences as augmented Λ-sequences
in the category augmented cocommutative coalgebras, or as augmented cocommu-
tative coalgebras in the category of augmented Λ-sequences in the base category.

The results of Proposition 2.2.10 and §3.4.8 can be combined to get a good
definition of unitary Hopf operads by generators and relations. In this context, the
input of our construction is an augmented connected Hopf Λ-sequence, combining
the Hopf structures considered in Proposition 2.2.10, and the restriction structures
of §3.2.1.
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The associative operad As+, the commutative operad Com+, and the Poisson
operad Pois+, give examples of connected unitary Hopf operads which we can define
by a presentation by generators and relations. In fact, we simply have to check that
the augmentation morphisms defined in §3.4.9 preserve the coalgebra structure on
the generating collection MP of these operads P = As,Com,Pois (see §§2.2.11-
2.2.12) to conclude that each operad P = As,Com,Pois has a unitary extension as
Hopf operad.

3.5. Operads and symmetric collections

In the definition of §1.1, and in the definition of §3.1 similarly, we assume that
the terms of an operad P(r) are indexed by non-negative integers r ∈ N. This
choice amounts to considering that the elements of an operad (whenever the notion
of element makes sense) represent operations with inputs indexed by finite ordinals
r = {1 < · · · < r}. In the graphical representation of §1.1.5 and §3.1.5, this input
ordering is used to determine the planar arrangement of the ingoing edges of a box
associated to an operation. In §1.1.6 (and in §3.1.5 similarly), we observed on the
other hand that the operadic composition operations are left invariant when we
perform a change of planar arrangement in our representation, and this motivates
us to introduce an additional definition of the notion of an operad which reflects this
invariance feature. For this aim, we use that any symmetric sequence, underlying
the structure of an operad, extends to a functor on the category of finite sets and
bijections between them.

These finite set extensions of operads intuitively amounts to considering opera-
tions p = p(xi1 , . . . , xir ) with variables indexed by an arbitrary set r = {i1, . . . , ir}
rather than by a fixed ordinal r = {1 < · · · < r} (see the introduction of the chap-
ter). From this interpretation, we see that operations p = p(xi1 , . . . , xir ) and q =
q(xj1 , . . . , xjs) have partial composites p ◦ik q = p(xi1 , . . . , q(xj1 , . . . , xjs), . . . , xir )
defined for any indexing element ik ∈ {i1, . . . , ir}. The main purpose of this section
is to reformulate the definition of an operad in terms of these finite set extension
of the partial composition products, and to make precise the form of the equivari-
ance, unit, and associativity axioms of operads in this setting. By the way, we will
observe that the graphical representation of §§3.1.5-3.1.6 gives the picture of the
partial composition operations shaped on finite sets: we simply have to forget the
planar embedding of our figure.

To begin with, we give a formal definition of the extension of symmetric se-
quences to functors on the category of finite sets and bijections.

3.5.1. Symmetric collections. We denote by Bij this category which has the
finite sets as objects and the bijections as morphisms. We adopt the convention to
denote a finite set, regarded as an object of Bij , by an underlined sans serif letter
r. We use the italic letter r = card(r) corresponding to our set r to refer to the
cardinal of this set. We may regard this cardinal either as a non-negative integer,
or as an isomorphism class in the category of finite sets.

We call symmetric collection, or just collection, a functor M : Bij → M map-
ping any finite set r ∈ Bij to an object in the base category M(r) ∈ M, and any

bijection u : r
'−→ s to a morphism u∗ : M(r) → M(s). We may also use the

expression of Σ-collection, which parallels the expression of Σ-sequence, for these
structures. In general, we specify a symmetric collection M by the underlying
collection of objects {M(r)}.
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Naturally, a morphism of collections f : M → N is a collection of morphisms
in the base category f : M(r)→ N(r), defined for each finite set r, and commuting
with the action of bijections. We generally use the notation Coll for the category
formed by symmetric collections and their morphisms.

The category of finite sets Bij has a small skeleton with the standard ordinals
r = {1 < · · · < r}, r ∈ N, as objects and the permutations w, viewed as bijec-

tions w : {1, . . . , r} '−→ {1, . . . , r}, as morphisms. The following proposition is a
consequence of this fact:

Proposition 3.5.2. The category of symmetric collections Coll is equivalent
to the category of symmetric sequence Seq considered in §1.2.

Construction and proof. In one direction, to a symmetric collection M ∈
Coll , we associate the sequence M(r) = M({1, . . . , r}), where we use the action of

bijections w : {1, . . . , r} '−→ {1, . . . , r} to define the action of the symmetric group
Σr.

If the base category has small colimits, then we can use a general Kan extension
process to obtain a functor in the converse direction, from symmetric sequences
to symmetric collections, which provides a left adjoint of this canonical functor
Coll → Seq . Let M(r), r ∈ N, be any given symmetric sequence. We use the tensor
product expression

M(r) = Bij ({1, . . . , r}, r)⊗Σr M(r), where r = card(r),

to refer to this Kan extension process.
If the notion of element makes sense, then this relative tensor product can

be defined as the set of pairs (u, ξ), where u ∈ Bij ({1, . . . , r}, r), and ξ ∈ M(r),
quotiented by the relations (us, ξ) ≡ (u, sξ) identifying the action of permutations
s ∈ Σr by right translation on bijections u ∈ Bij ({1, . . . , r}, r) with the internal Σr-
structure of M(r). The verification that this mapping gives an inverse equivalence
of the canonical functor Coll → Seq is straightforward. In a general context, we can
replace the set of pairs (u, ξ) by a coproduct of copies of the object M(r) indexed by
the set Bij ({1, . . . , r}, r), and we perform an appropriate coequalizer construction to
implement the identities (us, ξ) ≡ (u, sξ). Equivalently, our relative tensor product
represents a coend over the category which has one object and the permutation
group Σr as morphism sets.

In fact, the category equivalence of the proposition still holds when the base
category has no colimits. To avoid the colimit operation, we pick a representative
bijection ur : {1 < · · · < r} → r, for each finite set of cardinal r. We then set
M(r) = M(r), and we define the morphism f∗ : M(r) → M(s) associated to any
f ∈ Bij (r, s) by the action of the composite bijection u−1

s · f · ur : {1 < · · · < r} →
{1 < · · · < r}, defining a permutation of {1 < · · · < r}, on the object M(r). �

In the case of the sequence of permutation groups Π(r) = Σr, the underlying
symmetric sequence of the permutation operad (§§1.1.7-1.1.9), we have an iden-
tity Π(r) = Bij ({1, . . . , r}, r).

In what follows, we often use that the bijection u ∈ Bij ({1, . . . , r}, r) occurring
in the equivalence of Proposition 3.5.2, are equivalent to orderings i1 < · · · < ir of
the set r. The kth term of such an ordering ik gives the value of the corresponding
bijection u(k) = ik on the kth term of the ordinal {1 < · · · < r}. Thus, in the case
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of the permutation operad Π, we can identify the elements of Π(r) with orderings
of the unordered set r.

3.5.3. Back to the graphical representation of symmetric sequences. The con-
struction of the collection from a symmetric sequence in Proposition 3.5.2 is ma-
terialized by the labeled-box representation of operads in §1.1.5. Indeed, in the
picture

i1

""

······
···

ir

||
p

��
0

,

where p is any operad element, we can obviously assume that (i1, . . . , ir) are the
elements of an arbitrary finite set, and not necessarily a permutation of (1, . . . , r).
The relation

i1

""
······
···

ir

||
sp

��
0

≡

is(1)

""

······
···

is(r)

||
p

��
0

,

used to identify equivalent elements in the construction of §1.1.5, corresponds to
the quotient process involved in the tensor product Bij ({1, . . . , r}, r)⊗Σr P(r) (see
the proof of Proposition 3.5.2). In §1.1.5, we only consider operads, but this inter-
pretation of our construction obviously works for arbitrary symmetric sequences,
not only the underlying symmetric sequences of operads.

3.5.4. The graphical representation of symmetric collections. The box represen-
tation, recalled in the previous paragraph, has a natural extension in the context
of symmetric collections. In the picture §1.1.5, we use the planar arrangement of
the ingoing edges of the box to materialize the bijection between the global inputs
{i1, . . . , ir} and the inputs of operad elements. Let us be more precise: our conven-
tion is to use the ordering, inherited from the ambient plane orientation, to get a
canonical bijection between the set of ingoing edges {e1, . . . , er} and the finite ordi-
nal {1 < · · · < r} corresponding to the inputs of elements p ∈ P(r). In the setting
of symmetric collections, we just forget about the planar embedding to consider
abstract trees, and we assume that ingoing edges form an abstract set {e1, . . . , er},
not necessarily equipped with an ordering.

Suppose that we work within a category where the notion of element makes
sense. Then we represent a collection element ξ ∈ M(r) by a box labeled by ξ
together with one outgoing edge e0, whose target is usually marked by the symbol
0, and a set of ingoing edges {ei1 , . . . , eir}, whose source are usually marked by the
elements of the indexing set r = {i1, . . . , ir}, as in the following figure:

i1
e1
""

······
···

ir
er

||
ξ

��
0

.

The edge set e = {e1, . . . , er} may be distinguished from the external indexing
set r = {i1, . . . , ir}, and we assume that ξ belongs to M(e). The edge indexing is
equivalent to a bijection between r = {i1, . . . , ir} and the edge set e = {e1, . . . , er}.
Thus, our representation formally amounts to giving a pair (s, ξ), where s : e

'−→ r

and ξ ∈ M(e). The isomorphism s∗ : M(e)
'−→ M(r) induced by the bijection can
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be used to associate an element of M(r) to ξ ∈ M(e). To make this correspondence

faithful, we simply set (su, ξ) ≡ (s, u∗(ξ)) whenever we apply a bijection u : e
'−→ f

to change the edge set. Graphically, this identity (su, ξ) ≡ (s, u∗(ξ)) reads:

i1
u(e1)

""

······
···

ir
u(er)

||
ξ

��
0

≡

i1
e1 ""
······
···

ir
er||

u∗(ξ)

��
0

.

The natural action of bijections v : r
'−→ s corresponds, in the graphical representa-

tion, to the obvious reindexing operation on the input labels of ingoing edges.
Of course, the distinction between the indexing set r and the actual input

set e amounts to considering overkilled information, which we simply reduce in our
identification process. But in certain constructions (when we address the represen-
tation of composite operations for instance), we are naturally lead to mark such
distinctions and to delay that reduction.

Naturally, we can apply our representation to objects and not only to elements.
To be explicit, we set again r = {i1, . . . , ir} and e = {e1, . . . , er}. The picture

i1
e1 ""
······
···

ir
e1||

M(e)

��
0

represents a copy of the object M(e), which is naturally identified with M(r) by

applying the isomorphism s∗ : M(e)
'−→ M(r) induced by the bijection s : e

'−→ r
such that s(ek) = ik, for k = 1, . . . , r.

3.5.5. Operadic composition of finite sets. To an operad P, we now associate
a collection P(r) indexed by the finite sets r. Our next purpose is to give the rep-
resentation of the composition structure of the operad in terms of this associated
collection. The unit morphism of the operad P is obviously equivalent to a mor-
phism η : 1 → P(1), where we set 1 = {1}. To go further, we need to introduce
composition operations on finite sets. These finite set composites give the shape of
the operadic composition structures which we aim to define.

Let m = {i1, . . . , im}. Let n = {j1, . . . , jn}. For any ik ∈ m, we set

m ◦ik n = {i1, . . . , îk, . . . , ir} q {j1, . . . , js},

where we use the notation îk to mark the removal of the element ik from m. To

bijections u : r
'−→ m, v : s

'−→ n, and any ik ∈ r, we can associate a bijection,

denoted by u ◦u(ik) v : r ◦ik s → m ◦u(ik) n, given by u on {i1, . . . , îk, . . . , ir} and
by v on {j1, . . . , js}. Thus, this composition mapping on sets is in some sense
equivariant with respect to the action of bijections.

Besides, we can readily check that the partial composition of finite sets fulfill
set-theoretic analogues of the unit and associativity relations of §3.1. To be precise:

(a) For any finite set s, we have an identity 1 ◦1 s = s. For a finite set r
equipped with a distinguished element ik ∈ r, the set r ◦ik 1 is not equal to
r in the strict sense, but we have an obvious bijection r ◦ik 1 ' r naturally
associated to the pair (r, ik).
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(b) For a triple (r, s, t), we have associativity identities

(r ◦ik s) ◦jl t = r ◦ik(s ◦jl t),

(r ◦ik s) ◦il t = (r ◦il t) ◦ik s,

where ik ∈ r, jl ∈ s in the first case, and {ik 6= il} ⊂ r in the second case.
(c) The bijections of (a) are coherent with respect to the associativity relations

of (b): any possible combination of a unit bijection r ◦ik 1 ' r with an
associativity identity (in which we take a unit set 1 for one of the objects
r, s, or t) yields a diagram which commutes.

This is enough to formalize the definition of partial composition operation
shaped on the composition of finite sets:

Proposition 3.5.6. The definition of morphisms

(a) P(m)⊗ P(n)
◦k−→ P(m+ n− 1)

for all m,n ∈ N and k = 1, . . . ,m, and such that the equivariance relation of
Proposition 3.1.2 holds, amounts to the definition of morphisms

(b) P(m)⊗ P(n)
◦ik−−→ P(m ◦ik n),

for all finite sets m, n, and each ik ∈ m, so that the diagram

P(r)⊗P(s)
u∗⊗v∗ //

◦ik
��

P(m)⊗P(n)

◦u(ik)

��
P(r ◦ik s)

(u◦u(ik)v)∗
// P(m ◦u(ik) n)

commutes, for all bijections u : r
'−→ m, v : s

'−→ n.

The main purpose of this proposition is to make explicit the relationship be-
tween the plain partial composition operations (a) and the extended ones (b).

Proof. For standard ordinals m = {1 < · · · < m} and n = {1 < · · · < n},
we consider the bijection {1 < · · · < m} ◦ik {1 < · · · < n} = {1 < · · · < îk <

. . . ,m} q {1 < · · · < n} '−→ {1 < · · · < m + n − 1} mapping the interval {1 <

· · · < ik − 1} ⊂ {1 < · · · < îk < . . . ,m} to the same interval {1 < · · · < ik − 1} in
{1 < · · · < m+n−1}, the summand {1 < · · · < n} to {ik < · · · < ik+n−1} and the

remaining elements {ik + 1 < · · · < m} of the summand {1 < · · · < îk < · · · < m}
to {ik + n < · · · < m + n − 1}. The desired correspondence between our partial
composition operations is deduced from the following diagram

P(m)⊗P(n)
◦ik //

=

��

P(m+n−1)

=

��
P({1,...,m+n−1})

P({1,...,m})⊗P({1,...,n}) ◦ik
// P({1,...,m}◦ik{1,...,n})

'

OO

,

which is supposed to commute.
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This diagram enables us to get any collection of partial composition opera-
tions (a) from partial composition operations of the form (b) by identification. In
the other direction, given finite sets m and n, we can pick bijections {1 < · · · <
m} '−→ m, {1 < · · · < n} '−→ n, and use the equivariance diagram of the proposition
to retrieve the partial composite (b) associated with the pair m and n from a partial
composite of the form occurring in our diagram:

P({1 < · · · < m})⊗ P({1 < · · · < n}) ◦ik−−→ P({1 < · · · < m} ◦ik {1 < · · · < n}).
This process makes the correspondence between partial composition operations

of the form (a) and (b) fully explicit. In turn, the equivalence between the equiv-
ariance relations for (a) and (b) follows from straightforward verifications. �

3.5.7. The example of the permutation operad. In the case of the permutation
operad Π(r) = Σr, the elements of Π(r) are identified with orderings u = (i1 <
· · · < ir) of the unordered set r (see explanations below Proposition 3.5.2). We
can use this representation to give a simple definition of the partial composition
operations associated with this operad. We just describe the final result of this
composition process again and leave the verification of our claim as an exercise for
the readers.

In short, the sequence corresponding to the composite u◦ik v can be obtained by
replacing the occurrence of the composition index ik in the sequence representing u
by the sequence representing v For elements u = (i1 < · · · < im) ∈ Π(m) and
v = (j1 < · · · < jn) ∈ Π(n), we explicitly obtain a result of the form

u ◦ik v = (i1 < · · · < ik−1 < j1 < · · · < jn < ik+1 < · · · < im).

In comparison with the process of §3.1.3, we simply have to forget the value shifts,
which actually correspond to the bijection considered in the proof of Proposi-
tion 3.5.6.

3.5.8. Operads with terms indexed by finite sets. We can readily adapt the
representation of §3.1.5 to get the picture of partial composition products in the
context of operads with terms indexed by finite sets:
(*)

j1

��

··· ··· jn

��
i1

''

··· ··· ik−1

��

P(n)

ek��

ik+1

vv

··· ··· im

rr
P(m)

��
0

(◦ek )∗−−−−→

i1

++
··· ··· j1

""
··· ··· jn

||
··· ··· im

ss
P(m ◦ek n)

��
0

.

On the source of this mapping, we consider indexing sets m and n representing the
sets of ingoing edges attached to each box of our tree-wise structure. The labeling

of the tree inputs represent bijections {i1, . . . , ik−1, ik+1, . . . , im} '−→ m \{ek} and

{j1, . . . , jl} '−→ n.
We readily see that these partial composites satisfy an obvious generalizations of

the unit and associativity relations of §3.1. We simply have to insert the bijections
of §3.5.5(a) when we apply the commutative diagrams of Figure 3.1, expressing
our unit relation, to terms indexed by finite sets. Similarly, in the diagrams of
Figure 3.2-3.3, expressing our associativity relation, we have to replace the ordinal
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numbers r + s − 1, respectively s + t − 1, r + t − 1, r + s + t − 2, by appropriate
finite set composites, using the associativity identities of §3.5.5(b).

We consider the general structures defined by the tree-wise composites (*) sat-
isfying these finite set extension of the unit and associativity relations of operads as
axioms. We deduce from Proposition 3.5.2 and Proposition 3.5.6 that this category
of operads, with terms indexed by finite sets, is equivalent to the category of plain
operads, with terms indexed by non-negative integers and a composition structure
determined by partial composition products of the form considered in §3.1. We
use the definition of operads with terms indexed by finite sets as working definition
in §§II.A-B.

3.5.9. Unitary operads with terms indexed by finite sets. The constructions
of §3.2, about the definition of unitary operads, can be extended to operads with

terms indexed by finite sets. We then consider the category Ĩnj formed by the
non-empty finite sets as objects and the injective maps as morphisms. We also
consider the complete variant of this category Inj , as well as a connected variant
Inj , where we restrict ourselves to finite sets r of cardinal r ≥ 2.

For the non-unitary operad P underlying a unitary operad P+, we have restric-
tion morphisms f∗ : P(s) → P(r) naturally associated to all injections f : r → s
and extending the restriction morphisms of §3.2.1, as well as augmentations ε :
M(r)→ 1. The collection P forms a diagram over the category Inj>0 therefore and
comes also equipped with an augmentation towards the underlying collection of
the commutative operad Com. To get the construction of the extended restriction
morphisms from the plain ones, we just adapt the arguments of Proposition 3.5.6.

The associativity of restriction morphisms with respect to the partial composi-
tion products in Figure 3.4-3.5 holds same once we replace the arities r − 1, s− 1,
r + s − 1, occurring in our diagrams, by appropriate finite set operations, and
similarly in the case of the equivariance and unit relations.
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CHAPTER 4

The Little Discs Model of En-operads

The firs purpose of this chapter is to recall the definition of the operad of
little n-discs Dn, and to explain the definition of the notion of En-operad. These
recollections form the subject matter of the first section of the chapter (§4.1). In a
second step, we give a survey of classical results on the homology of the little disc
operads. This subject is addressed in our second section (§4.2).

The homology functor naturally goes from spaces to graded modules. In good
cases, the homology of a space also inherits a coalgebra structure, dual to the stan-
dard commutative algebra structure of the cohomology, and the homology defines a
symmetric monoidal functor from the category of spaces towards counitary cocom-
mutative coalgebras in graded modules. This assertion implies that the homology
of an operad forms an operad in the category of counitary cocommutative coalge-
bras in graded modules (we say graded Hopf operad for short), and the ultimate
aim of §4.2 is to determine the structure associated to the little discs operads.

To complete our account, we provide an introduction to geometrical variants
of the little discs operads: the operad of framed little discs, obtained by adding
a rotation parameter in the definition of the ordinary little discs operad; and the
Fulton-MacPherson operad, which is a model of En-operad obtained by a com-
pactification of the configuration spaces of points in the plane. We address these
subjects in an outlook section (§4.3). We also briefly explain the relationship be-
tween the little 2-discs operad and an operad defined by another compactification
of configuration spaces, the Deligne-Mumford compactification, whose terms rep-
resents the moduli spaces of stable marked curves of genus zero. We finally devote
an appendix section (§4.4) to the definition of the symmetric monoidal structure
on the category of graded modules.

In this book, we deal with non-unitary operad structures as soon as we perform
in-depth constructions on operads, and for technical reasons, we systematically
regard unitary operads as unitary extensions of an underlying non-unitary operad.
Therefore, in contrast with standard conventions, we assume that the little n-discs
operad satisfies Dn(0) = ∅ in the basic case. The unitary version of the operad
little n-discs, more usually considered in the literature, is denoted by Dn+, and is
obtained by adding an arity zero term Dn+(0) = pt to this non-unitary operad Dn.

Most results and concepts surveyed in this chapter come from [25, 26, 134]
with regard to the definition of the little discs operads and the applications to
iterated loop spaces, and [7, 40, 41] with regard to the homology of little discs and
configuration spaces.

We consider operads in topological spaces from now on. We have to recall some
concepts of homotopical algebra which become necessary when we have to compare
operads defined in this category. We do not need more than some basic definitions
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for the moment. We give a more comprehensive introduction to homotopical algebra
constructions in §II.1, when we really start using the methods of this theory.

To begin with, recall that a map of topological spaces f : X → Y is a weak-
equivalence if this map induces a bijection at the level of connected component sets

f∗ : π0X
'−→ π0Y , and an iso at the level of homotopy groups f∗ : πn(X,x0)

'−→
πn(X, f(x0)), for all dimension n, and every choice of base points x0 ∈ X. We say
that a morphism of operads in topological spaces φ : P → Q is a weak-equivalence
if each component of this morphism φ(r) : P(r)→ Q(r) defines a weak-equivalence
of topological spaces. We also deal with augmented non-unitary Λ-operads and
augmented non-unitary Λ-sequences (see §3.2) in our study. We similarly define
the weak-equivalences of these categories as the class of morphisms which are weak-
equivalences of spaces arity-wise.

We generally use the notation
∼−→ to mark a class of distinguished weak-

equivalences in a category, like the weak-equivalences of topological spaces, and
the weak-equivalences of operads. Recall that a homotopy equivalence of topologi-
cal spaces is automatically a weak-equivalence. The converse implication holds for
cell complexes, but not in general. In the operad case, we will consider homotopy
equivalences in the operadic sense, which are invertible up to homotopy in the cat-
egory of operads (we refer to the foreword for an introduction to this topic). Let
us observe that a morphism of operads in topological spaces φ : P → Q whose
components φ(r) : P(r) → Q(r) are homotopy equivalences of spaces for all r ∈ N
is a weak-equivalence of operads, but not necessarily a homotopy equivalence of
operads, because the homotopy inverses of the maps φ(r) : P(r) → Q(r) do not
necessarily form an operad morphism.

We consider the homotopy category of the category of operads in topological
spaces Ho(TopOp) defined by formally inverting the weak-equivalences in the cat-
egory of operads. We do not need more than this rough idea for the moment (we
will give more details on the definition of a homotopy category in the setting of
model categories in §II.1).

4.1. The definition of the little discs operads

The purpose of this section, as we just explained, is to recall the definition of
the little n-discs operad, and of the derived notion of an En-operad. To complete
our account, we provide a short survey of the applications of operads to iterated
loop spaces, because these original motivating applications yield some intuition
on En-operads and on the associated algebra structures.

To begin with, we explain what the little discs are. We assume that n is a
positive (finite) integer n = 1, 2, . . . for the moment.

4.1.1. The little discs. Let Dn denote the standard unit n-disc, defined as the
subspace Dn = {(t1, . . . , tn) ∈ Rn |t21 + · · ·+ t2n ≤ 1} in the euclidean space Rn. The
little n-discs, giving the name of the little n-discs operad, are affine embeddings
c : Dn → Dn of the form

c(t1, . . . , tn) = (a1, . . . , an) + r · (t1, . . . , tn),

for some translation vector (a1, . . . , an) ∈ Dn and multiplicative scalar r > 0 such
that r2 < 1 − (a2

1 + · · · + a2
n). To specify such an embedding, it is enough to

give the subset c(Dn) since the definition of c amounts to assuming that c(Dn)
forms an n-disc inside Dn, with (a1, . . . , an) = c(0, . . . , 0) ∈ Dn as center and
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1

2

3

�(1 2 3)∗//
1

2

3

Figure 4.1. The representation of an element in the little 2-disc
operad, and the action of the cyclic permutation (1 2 3) on this
element.

r > 0 as radius. This observation implies that little 2-discs are determined by their
graphical representations, which we can therefore safely use in order to illustrate
our constructions. By abuse of notation, we set c = c(Dn) and we use the same
letter c to denote both our mapping from Dn to Dn and the corresponding subspace
in Dn.

The boundary of the unit n-disc Dn, defined as the space of points (t1, . . . , tn) ∈
Dn such that t21 + · · ·+ t2n = 1, will be denoted by ∂ Dn. The interior of Dn, defined
as the complement of the subspace ∂ Dn in Dn, or equivalently, as the space of
points (t1, . . . , tn) ∈ Dn such that t21 + · · · + t2n < 1, will be denoted by D̊n. We
define the boundary of a little n-disc c as the subspace ∂c = c(∂ Dn) of c = c(Dn),

and the interior as c̊ = c(D̊n).
4.1.2. The little disc spaces. The little n-discs space Dn(r) formally consists of

r-tuples c = (c1, . . . , cr) of affine embeddings ci : Dn → Dn, i = 1, . . . , r, of the
form considered in §4.1.1, and such that c̊i ∩ c̊j = ∅ for all pairs i 6= j.

The space Dn(r) is equipped with the compact-open topology since the collec-
tion of affine maps c = (c1, . . . , cr) is naturally identified with an element of the
mapping space MapTop(

∐r Dn,Dn). Equivalently, we can use parameters associated

with these maps, like the centers (a1, . . . , an) = ci(0, . . . , 0) ∈ Dn and the radius
r > 0, to determine the topology of Dn(r). The first approach is more convenient
when we deal with applications of little discs to iterated loop spaces. The second
equivalent definition is more convenient when we examine the connections of little
discs with configuration spaces (see §4.2.1).

Figure 4.1 gives the representation of an element c ∈ Dn(3). In this picture,
we use that the definition of c as an r-tuple c = (c1, . . . , cr) amounts to assuming
that the little n-discs c1, . . . , cr ⊂ Dn are indexed by the elements i = 1, . . . , r.
We have a natural mapping s∗ : Dn(r) → Dn(r), associated to each permutation
s ∈ Σr, formally defined by s∗(c1, . . . , cr) = (cs−1(1), . . . , cs−1(r)), for any c =
(c1, . . . , cr) ∈ Dn(r). Pictorially, the mapping s∗ : Dn(r) → Dn(r) is given by
an obvious reindexing operation: we apply the permutation s ∈ Σ∗ to the index
i = 1, . . . , r associated with each little n-disc of c = (c1, . . . , cr) ∈ Dn(r) in order
to get the picture of s∗(c) ∈ Dn(r) from the picture of c (see Figure 4.1 for an
example).

The collection Dn = {Dn(r)}, where the space Dn(r) is equipped with this
action of Σr, for each r ∈ N, forms a symmetric sequence.
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12

3

◦2
1

2

=
1

2

3

4

Figure 4.2. The composition of elements in the little 2-disc operad.

1

2

3

� ∂2 //

1

2

Figure 4.3. The representation of a restriction operation in the
little 2-disc operad.

In certain applications, we may prefer to consider the symmetric collection as-
sociated to Dn, of which terms are indexed by arbitrary finite sets r, rather than this
symmetric sequence. The elements of a term Dn(r) in this symmetric collection are
identified with collections of little discs c = {ci1 , . . . , cir} indexed by the elements
of the given set r = {i1, . . . , ir} rather than by ordinal elements i = 1, . . . , r. The
action of finite set bijections u ∈ Bij (r, s) on the symmetric collection Dn(r) is the
obvious extension of the reindexing process associated with permutations.

4.1.3. The operad of little n-discs. We consider the symmetric sequence of little
n-disc spaces defined in the previous paragraph. We have a natural unit element
1 ∈ Dn(1) given by the 1-tuple 1 = (id), where we consider the identity mapping id :
Dn → Dn, with the full unit disc Dn = id(Dn) as corresponding subspace id(Dn) ⊂
Dn.

We now define the partial composition operations ◦i : Dn(r)×Dn(s)→ Dn(r+
s−1) giving the operadic composition structure of Dn. To a = (a1, . . . , ar) ∈ Dn(r)
and b = (b1, . . . , bs) ∈ Dn(s), we associate the r + s− 1-tuple of little discs

a ◦i b = (a1, . . . , ai−1, ai ◦ b1, . . . , ai ◦ bs, ai+1, . . . , ar) ∈ Dn(r + s− 1),

where the expression ai ◦ bk refers to the composite of the maps ai : Dn → Dn

and bk : Dn → Dn. Note that such a composite ai ◦ bk is still an embedding of
the form specified in §4.1.1. Intuitively, the little n-disc configuration a ◦i b ∈
Dn(r + s− 1) is obtained by putting the configuration b = (b1, . . . , bs) in the little
disc of a = (a1, . . . , ar) indexed by i, as depicted in Figure 4.2. In this process,
we apply the affine mapping ai : Dn → Dn, equivalent to the given little n-disc
ai = ai(D

n), in order to put the little n-disc configuration b at the appropriate
position and scale.

The definition of the operad Dn, for n = 1, 2, . . . , is now complete since we can
immediately check, by a straightforward inspection of definitions, that the unit and
associativity axioms of operads are satisfied by our composition operations.
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4.1.4. The unitary version of the little n-disc operad. We take the convention
that Dn(0) = ∅ (as explained in the introduction of this chapter). On the other
hand, we can formally extend the definitions of the previous paragraphs to include
an empty collection of little n-discs as an arity 0 element of a unitary version of the
little n-discs operad. We then obtain an operad Dn+ such that Dn+(0) = ∗, where
∗ refers to both the one-point set, and the element of this set, which represents the
distinguished arity 0 element of the unitary operad Dn+.

This operad Dn+ forms a unitary extension of the non-unitary little n-discs
operad Dn (in the sense considered in §1.1.20), and the partial composites with the
arity 0 element ∗ ∈ Dn+(0) are equivalent to restriction operations ∂k : Dn+(r)→
Dn+(r−1) so that ∂k(c) = c◦k ∗ (see §3.2.1). The image of a little n-disc collection
c = (c1, . . . , cr) under the restriction map ∂k : Dn+(r) → Dn+(r − 1) can readily
be identified with the r−1-tuple ∂k(c) = (c1, . . . , ĉk, . . . , cr), where the kth term of
c has been removed (see Figure 4.3 for an example). Recall that the permutations
and the restriction operations generate a contravariant action of the category of
ordinal injections Λ (see §3.2.2) on the underlying sequence of the operad Dn,
which accordingly forms an augmented non-unitary Λ-sequence (see §3.2). The
action of a map u : {1 < · · · < r} → {1 < · · · < s} defining a morphism of that
category Λ on a little discs collection c = (c1, . . . , cs) ∈ Dn(s) is simply given by
u∗(c) = (cu(1), . . . , cu(r)), and in this picture, the restriction operation ∂k : Dn(r)→
Dn(r − 1) corresponds to the map ∂k : {1 < · · · < r − 1} → {1 < · · · < r} jumping
over the value k ∈ {1 < · · · < r} in the image set (see §3.2.1).

In the general study of unitary operads in §3.2, we also deal with augmentation
morphisms which reflect the operadic composites ε(p) = p(∗, . . . , ∗) where we plug
the unitary element ∗ in all inputs of the operation p = p(x1, . . . , xr). In the case
of the little n-discs operads in topological spaces, these augmentations reduce to
the obvious canonical maps ε : Dn(r)→ pt .

The unitary operads Dn+ naturally occur in applications to iterated loop
spaces. The computation of the homology of the little discs operads (see the next
section) involves the restriction morphisms arising from the unitary structures too.

4.1.5. The operads of little discs as a nested sequence of operads. The operad of
little n-discs, as defined in the previous paragraphs for a finite integer n = 1, 2, . . . ,
actually form a nested sequence of topological operads

D1 ↪→ D2 ↪→ · · · ↪→ Dn ↪→ · · · .

We take the colimit D∞ = colimn Dn to add a terminal term to this sequence and
to define the infinite dimensional version of the little disc operads. We have an
extension of this construction in the unitary setting too.

We use the equatorial embedding of the n-disc Dn into the n+1-disc Dn+1, for-
mally defined by ι(t1, . . . , tn) = (t1, . . . , tn, 0), to regard Dn as a subspace of Dn+1.
To a little n-disc c : Dn → Dn, we associate the little n+ 1-disc ι(c) : Dn+1 → Dn+1

with the same center as c in the equatorial disc Dn ⊂ Dn+1, and the same radius
r > 0. Thus, if we assume c(t1, . . . , tn) = (a1, . . . , an) + r · (t1, . . . , tn), then this
little n + 1-disc ι(c) is formally defined by ι(c)(t1, . . . , tn, tn+1) = (a1, . . . , an, 0) +
r · (t1, . . . , tn, tn+1).

The operad embedding ι : Dn ↪→ Dn+1 is defined by the formula ι(c) =
(ι(c1), . . . , ι(cr)) for any c = (c1, . . . , cr) ∈ Dn(r) and each r ∈ N (see Figure 4.4
for the graphical representation of this process). We readily see that the collec-
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1 23

1 3 2

Figure 4.4. The image of a little
1-disc configuration in the little 2-
disc operad.

tion of these mappings preserve the internal structure of operads, and hence, do
define operad morphisms, which moreover admit an obvious extension to the uni-
tary version of the little discs operads. We can check further that our mappings
ι : Dn(r) ↪→ Dn+1(r), are topological inclusions, for all r ∈ N, and hence, the little
n-disc space Dn(r) can really be identified with a subspace of Dn+1(r).

To complete our definitions, we record the following result (already mentioned
in the chapter introduction) about the initial term of the sequence D1 and the
added terminal term D∞:

Proposition 4.1.6.

(a) We have π0 D1(r) = Σr, for r = 1, 2, . . . , and the canonical maps D1(r)→
π0 D1(r) define a weak-equivalence of topological operads D1

∼−→ As between
the little 1-disc operad D1 and the associative operad As, formed in the
category of sets and viewed as a discrete topological operad. In the unitary
setting, we have similarly π0 D1+ ' As+.

(b) We have π0 D∞(r) = ∗, for r = 1, 2, . . . , and the canonical maps D∞(r)→
π0 D∞(r) define a weak-equivalence of topological operads D∞

∼−→ Com
between D∞ and the commutative operad Com, formed in the category of
sets and viewed as a discrete topological operad. In the unitary setting, we
have similarly π0 D∞+ ' Com+.

Proofs and explanations. In the proposition, we consider the sets of path-
connected components π0 P(r) associated to the topological spaces P(r) underlying
an operad P. The collection of sets π0 P(r) inherits an operad structure from P.
Moreover, the collection of maps P(r)→ π0 P(r) defines a morphism of topological
operads, where we regard the sets π0 P(r) as discrete topological spaces, as stated
in the proposition. This assertions formally follows from the obvious observation
that the mapping π0 : X 7→ π0X, from topological spaces to sets, defines a sym-
metric monoidal functor with the functors from sets to discrete spaces as adjoint
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(see §§2.1.3-2.1.7). The claim that P → π0 P defines a weak-equivalence of topo-
logical operads, as formulated in the proposition, amounts to the assertion that the
path-connected components of the spaces P(r) are weakly-contractible.

In the case P = D1, the embedding of a collection of little intervals (of little
1-discs) c = (c1, . . . , cr) ∈ D1(r) in the one dimensional space D1 determines an
order relation between the intervals. To be explicit, we set ci < cj when we have

ci(0) < cj(0), or equivalently, when ci(s) ≤ cj(t) for all s, t ∈ D1. The obtained or-
dering ci1 < · · · < cir determines a permutation (i1, . . . , ir) of the indices (1, . . . , r)
which we associate to our the little 1-disc configuration (c1, . . . , cr). For the little
configuration of Figure 4.4, for instance, we obtain the permutation (1, 3, 2).

This assignment gives a map D1(r) → Σr, for any r ∈ N, and we can easily
check, by providing a map in the converse direction and a contracting homotopy,
that this map is a homotopy equivalence of topological spaces. From this verifica-
tion, we conclude that π0 D1(r) = Σr and the path-connected components of D1(r)
are contractible, as asserted. Recall that the permutation groups Σr, r > 0, define
the underlying collection of the associative operad in sets As. By inspection of def-
initions, we can also easily check that the relation π0 D1 = As holds as an identity
of operads. In the unitary context, we simply consider an additional base point in
arity 0 on both sides of the identity π0 D1 = As, and we easily check, again, that
the obtained an identity π0 D1+ = As+ holds in the category of unitary operads.

We refer to [26, Lemma 2.50] for a proof that each space D∞(r) is contractible,
so that we have π0 D∞(r) = ∗, for each r > 0, where we use the notation ∗ for the
one-point set (viewed as a terminal object of the category of sets). Recall that the
commutative operad in sets Com is also given by Com(r) = pt = ∗, for all r > 0.
In the case of one-point sets, the existence of the relation π0 D∞(r) = ∗ for each
r > 0 automatically implies that the identity π0 D∞ = Com holds the category
of operads, and we similarly have an identity π0 D∞+ = Com+ in the category of
operads in the unitary setting. �

The operads Dn, where 1 < n < ∞, are not weakly-equivalent to discrete
operads (unlike D1 and D∞). This observation can be deduced from the homology
computations of the next section. We readily see, nonetheless, that the spaces
Dn(r) are path-connected for n > 1. Accordingly, the identity of the theorem
π0 Dn = Com in assertion (b) holds as soon as n > 1, and we similarly have
π0 Dn+ = Com+ in the unitary setting.

4.1.7. Relationship with the little n-cubes operad. The little n-cubes operad,
denoted by Cn, is a variant of the little n-discs operad Dn of which elements consist
of collections of cube (rather than disc) embeddings. To be precise, we define a little
cube c as a map ci : [0, 1]n ↪→ [0, 1]n, of the form

ci(t1, . . . , tn) = (a1 + (b1 − a1)t1, . . . , ar + (bn − an)tn),

for each point (t1, . . . , tn) ∈ [0, 1]n, where (a1, . . . , an), (b1, . . . , bn) ∈ [0, 1]n are
given parameters such that 0 ≤ ak < bk ≤ 1, for each k. The space c = c([0, 1]n)
accordingly defines an n-dimensional cube in [0, 1]n with non-empty interior c̊i and
faces parallel to the faces of the ambient unit cube. The n-tuples (a1, . . . , an), (b1, . . . , bn) ∈
[0, 1]n represent the extremal vertices of this little cube.

The spaces Cn(r), forming the little n-cubes operad Cn, consists of r-tuples of
little n-cubes c = (c1, . . . , cr) with disjoint interiors. Thus, a typical element of the
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little n-cubes operad is represented by a picture of the following form:

2

3

4

1

The definition of the operad structure on little n-cubes is an obvious variation
of the definition of the operad structure on little n-discs.

The operad of little n-discs is weakly-equivalent to the operad of little n-cubes
as an operad in topological spaces (we refer to [20] for arguments giving a conceptual
proof of this statement). The operads of little cubes can be used to define models
of suspension maps in iterated loop space theory (see [134, ??]), while the operads
of little discs can not. But the little discs operads make some of our constructions
more natural, and we therefore prefer to use this model. The operads of little discs
also have a framed version, which is also needed for certain geometric constructions
extending the applications of operads to iterated loop spaces (reviewed in the next
paragraphs), but where spheres without a distinguished base point naturally occur
(we provide an introduction to this subject in §4.3)

4.1.8. Iterated loop spaces. The little n-discs are used to represent composition
schemes of continuous maps α : Dn → X towards a space X equipped with a fixed
base point x0 so that α p∂ Dn= x0. The space formed by these maps

ΩnX = {α ∈ MapTop(Dn, X) | α p∂ Dn= x0},

together with the topology inherited from MapTop(Dn, X), is one of the possible
equivalent definitions for the n-fold loop space associated to X. In the case n = 1,
we retrieve with this construction the basic definition of the space of loops α : D1 →
X based at x0. This 1-fold loop space is more usually denoted by ΩX (with the
dimension exponent dropped from the notation).

The pairs (X,x0), consisting of a topological space X together with a distin-
guished base point x0 ∈ X, form the objects of the category of pointed spaces Top∗.
The morphisms of this category are the morphisms of topological spaces preserving
the base point. In general, we use the expression of the underlying space X for
the objects of Top∗, and the notation ∗ to refer to the base point attached to any
such space (except in particular cases where the base point has to be specified).
Implicitly, we abusively consider that a space X, regarded as an object of Top∗,
comes together with a base point, which is part of its internal structure.

The loop space ΩnX is equipped with a natural base point, defined by the
constant map towards the base point of X. The assignment Ωn : X 7→ ΩnX
accordingly gives a functor Ωn : Top∗ → Top∗ on the category of pointed spaces
Top∗. The n-fold loop space functor Ωn : Top∗ → Top∗ can formally be identified
with the n-fold composite of the basic single loop space functor Ω : Top∗ → Top∗.
This observation motivates the terminology of iterated loop space for spaces of the
form Y = ΩnX.
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4.1.9. Operations on iterated loop spaces associated to little discs. Each ele-
ment c ∈ Dn+(r) in the unitary operad of little n-discs Dn+ determines an r-fold
operation c : ΩnX × · · · × ΩnX → ΩnX. Let us recall this construction.

Let c = (c1, . . . , cr) ∈ Dn+(r). The assumption that each little disc ci has
a radius > 0 in the definition of the little n-discs operad implies that the map
ci : Dn → Dn induces an affine isomorphism between Dn and ci = ci(D

n). To a
collection of n-fold loop space elements α1, . . . , αr ∈ ΩnX, we associate the map
α : Dn → X such that

α(t1, . . . , tn) =


αi(c

−1
i (t1, . . . , tn)), when (t1, . . . , tn) belongs to the image

of a small disc ci = ci(D
n),

∗ (the base point of X), otherwise.

The assumption αi p∂ Dn= ∗ for the elements of ΩnX ensures that this map is
well defined and continuous over Dn. Moreover, we clearly have α p∂ Dn= ∗.
Thus, the map α : Dn → X defines an element of the n-fold loop space α =
c(α1, . . . , αr) ∈ ΩnX naturally associated to α1, . . . , αr ∈ ΩnX, and this mapping
c : (α1, . . . , αr) 7→ c(α1, . . . , αr) gives the operation c : ΩnX × · · · × ΩnX → ΩnX
associated to our operad element c ∈ Dn+(r).

Intuitively, the composite α = c(α1, . . . , αr) : Dn → ΩnX is obtained by ap-
plying the maps αi to the little n-discs of the configuration c, and the composition
with c−1

i simply amounts to performing a suitable change of scale before applying
this map αi. The complement of the little n-discs inside Dn is sent to the base
point.

We easily see that the definition of the operad structure on our little n-discs
spaces reflects the structures associated with the corresponding operations on n-fold
loop spaces, and we obtain the following statement:

Proposition 4.1.10. The construction of §4.1.9 provides each n-fold loop space
ΩnX with an action of the (unitary version of the) little n-discs operad Dn+ so that
ΩnX forms an algebra over this operad.

To summarize the idea, this proposition gives the construction of an algebraic
structure (an algebra over Dn+) from a topological object (an n-fold loop space).
The question is how far the algebraic structure provides a faithful picture of the
topological objects. The answer is provided by the following recognition theorem,
which gave the first motivation for the introduction of operads in topology:

Theorem 4.1.11 (J. Boardman, R. Vogt [25, 26], P. May [134]). For any space
Y equipped with an action of the (unitary) operad of little n-discs Dn+, we have a

pointed space BnY , naturally associated to Y , together with maps ΩnBnY ← · ∼−→ Y
commuting with Dn+-actions, where the middle term is again equipped with a Dn+-
action and the right hand side map is a weak-equivalence.

The left hand side map is a weak-equivalence too when Y is path-connected (or,
more generally, when π0Y forms a group). �

The cited references provide different approaches of this theorem. The argu-
ments of [134] rely on an approximation theorem (see Theorem 2.7 in loc. cit.)
asserting that free algebras over Dn+ are weakly-equivalent to iterated loop spaces
of suspensions ΩnΣnX (see again loc. cit.) and returns the n-fold delooping BnY
in one step. The arguments of [25, 26] rely on an inductive delooping process.



116 4. THE LITTLE DISCS OPERADS

The space ΩnBnY is not weakly-equivalent to Y in general, but forms a so-
called group completion of Y (see [2] for an introduction to this notion and further
references on this subject).

We will not go much further into the applications of operads to iterated loop
spaces. We refer to the literature, notably the already mentioned monographs [26,
134], for a comprehensive account of that subject. We simply want to explain,
in order to complete our survey, that the action of the little n-discs operad on
n-fold loop spaces represents a fine homotopical structure underlying the classical
definition of the homotopy groups of pointed spaces, and we address this subject
matter in the next paragraphs.

4.1.12. Basic motivations: the definition of homotopy groups. The nth homo-
topy group πn(X,x0) of a space X equipped with a base point x0 ∈ X can be
defined as the set of homotopy classes of maps u : Dn → X which are identical
to the base point x0 ∈ X on ∂ Dn ⊂ Dn. Simply recall that a homotopy between
any such maps u0, u1 : Dn → X consists of a map h : [0, 1] × Dn → Dn such that
h(0, ·) = u0, h(1, ·) = u1 and h(s, ·) p∂ Dn= x0, for all s ∈ [0, 1].

The group π1(X,x0) is identified with the fundamental group of X because a
based loop on the pointed space X is nothing but a map α : D1 → X such that
α p∂ D1= x0, and we have a similar identification for homotopies. Recall that the
fundamental group π1(X,x0) is not abelian in general while all higher homotopy
groups πn(X,x0), n > 1, are. We aim to revisit the definition of the group structure
on πn(X,x), from the operadic viewpoint.

We have a formal identity between the group πn(X,x0) and the set of path-
connected components of the n-fold loop space ΩnX. The group multiplication
of πn(X,x0), as usually defined (see for instance [177, §IV]), can be identified with
an operation µ : ΩnX×ΩnX → ΩnX, formed at the loop space level, and associated
with an arity 2 element the little n-cubes operad Cn(2). (We then have to define
the n-fold loop space ΩnX as a set of maps on a cube [0, 1]n instead of a disc Dn,
but this does not change the result of the construction.) In our setting, we consider
an operation µ = c : ΩnX×ΩnX → ΩnX associated an arity 2 element in the little
n-discs operad c ∈ Dn(2).

If we assume n > 1, then all operations c : ΩnX × ΩnX → ΩnX associated to
such a little n-disc configuration c ∈ Dn(2) are the same up to homotopy: indeed,
since Dn(2) is path-connected, any pair of little n-disc configurations c0, c1 ∈ Dn(2)
are connected by a path cs, s ∈ [0, 1], in Dn(2), and the collection of operations cs :
ΩnX × ΩnX → ΩnX, s ∈ [0, 1], associated to this path determines a homotopy
between the operations associated to c0 and c1 on ΩnX.

This argument line also implies that the multiplication defined by an ele-
ment c ∈ Dn(2) is homotopy equivalent to the multiplication determined by the
transposed operation (1 2) · c ∈ Dn(2). Hence, we obtain that a multiplication
on πn(X,x0) is equal to the opposite operation, and as a consequence, that the
group πn(X,x0) is commutative.

In the case of n = 1, we have two choices of multiplications in homotopy, corre-
sponding to the two path-connected components of the space D1(2), and these mul-
tiplications are transposed to each other. Thus we retrieve the non-commutativity
of the fundamental group π1(X,x0) from the identity π0 D1(2) = As(2).

The homotopy, giving the associativity of the multiplication on homotopy
groups, can also be defined by a one parameter family of triple operations µs3(·, ·, ·) :
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ΩnX ×ΩnX ×ΩnX → ΩnX, s ∈ [0, 1], associated with a path in the little n-discs
space Dn(3). The inversion operation is apart because the homotopies giving this
operation are not included in the structure associated with the little n-discs operad.

By pushing our operadic analysis further, we can regard the associativity (re-
spectively, commutativity) of the group structure on πn(X,x0) as a consequence
of the operad identity π0 D1+ = As+ (respectively, π0 Dn+ = Com+ for n > 1).
We mention after Proposition 4.1.6 that the operads Dn+ are not componentwise
contractible for 1 < n < ∞. We precisely check in the next section that Dn(2)
is homotopy equivalent to a sphere Sn−1 and that each space Dn(r) has a non-
trivial homology. Fine structures arising from the operad little n-discs operad can
be revealed by studying homology groups H∗(ΩnX, k) rather than restricting our
consideration to the set of connected components πn(X,x0) = π0(ΩnX). The
monograph [40] gives a complete description of these homological structures in the
case where the coefficient ring of the homology is a field.

4.1.13. The notion of an En-operad. To conclude this chapter, we just record
the formal definition of the notion of an En-operad: a non-unitary (respectively,
unitary) En-operad in topological spaces is an operad P, in the category of topo-
logical spaces, which is isomorphic to the operad of little n-discs Dn (respectively,
Dn+) in the homotopy category of topological operads Ho(TopOp).

By definition of the homotopy category Ho(TopOp), this definition amounts to
assuming that P is connected to Dn by a chain of morphisms of topological operads

P
∼←− · ∼−→ · · · ∼−→ Dn

inducing isomorphisms on homotopy groups, and hence, defining weak-equivalences
in the category of topological operads.

The existence of a model structure on TopOp, which we study in §1, implies
that such a chain can be reduced to a zig-zag of two weak-equivalences

P
∼←− · ∼−→ Dn .

The same observations hold in the unitary context.
In many applications, authors take the additional assumption that En-operads

are cofibrant as symmetric collections (we explain the definition of this concept
in §II.1.4 and §II.3.1) in order to ensure that the category of algebras associated
with different models of En-operads are Quillen equivalent (see §II.1.4). The inter-
esting reader can notice that all instances of En-operads considered in this work
(including the reference model of little n-discs by the way) are cofibrant as symmet-
ric collections. But we will not pay attention to this technical point. Furthermore,
as soon as we consider homotopy automorphism groups, we need to deal with cofi-
brant models of En-operads, and this requirement is actually stronger than being
cofibrant as a symmetric collection (see for instance [22]).

In the cofibrant case, the model category axioms implies that we can reduce our
chain of a weak-equivalences, connecting P and Dn, to a single element P

∼−→ Dn,
but we usually do not need to make this weak-equivalence explicit too.

In the case n = 1,∞, the result of Proposition 4.1.6 immediately implies:

Proposition 4.1.14.

(a) A non-unitary operad P is E1 if and only if we have π0 P(r) = Σr, for r =
1, 2, . . . , and the canonical maps P(r)→ π0 P(r) define a weak-equivalence

of topological operads P
∼−→ As, where we regard the associative operad As,
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formed in the category of sets, as a discrete topological operad. A similar
result holds in the unitary context, with the non-unitary associative operad
As replaced by the unitary one As+.

(b) A non-unitary operad P is E∞ if and only if we have π0 P(r) = ∗, for
r = 1, 2, . . . , and the canonical maps P(r) → π0 P(r) define a weak-

equivalence of topological operads P
∼−→ Com, where we regard the commu-

tative operad Com, formed in the category of sets, as a discrete topological
operad. A similar result holds in the unitary context, with the non-unitary
commutative operad Com replaced by the unitary one Com+. �

Since the operads Dn are not equivalent to discrete operads for 1 < n <∞, we
do not have such a simple characterization of En-operads in general. On the other
hand, the existence of weak-equivalences P

∼←− · ∼−→ Dn implies that En-operads
have the same homology as the operad of little n-discs (and similarly in the unitary
context). This already gives a simple criterion for the recognition of En-operads.
But the study of the homology of En-operads gives the subject of the next section.

4.2. The homology (and cohomology) of the little discs operads

The goal of this section is to give a description of the homology of the little
n-discs operads Dn, and as a byproduct of any En-operad. We work throughout
this section with a fixed ground ring k, which we take as coefficient ring for the
homology H∗(X) = H∗(X, k) and the cohomology H∗(X) = H∗(X, k) of topological
spaces. We need to assume that the ground ring is a field in order to have general
structure result on the homology of operads. We can adopt this assumption to
simplify, because we do not need more than the case of a characteristic zero field in
subsequent applications, but our description of the homology of the little n-discs
operads remains valid over any ring.

We naturally deal with objects defined in the category of graded modules,
denoted by g Mod . We have a symmetric monoidal structure, recalled in the ap-
pendix section §4.4, on the category of graded modules, and the homology of a space
forms a counitary cocommutative coalgebra in that symmetric monoidal category
(at least when we take a field as coefficient ring). When we apply the homology to
a topological operad, we get an operad in the category of counitary cocommutative
coalgebras in graded modules. We also speak about graded Hopf operads for short.
We precisely aim to determine the graded Hopf operads defined by the homology
of the little discs operads.

We adopt the following conventions. We use the prefix graded rather than the
full expression of graded module, to refer to objects defined within the category
of graded modules g Mod . For instance, we speak about graded counitary cocom-
mutative coalgebras, graded operads, . . . Following the convention of §2.2, we also
generally use the prefix Hopf to refer to objects defined in a category of counitary
cocommutative coalgebras. Therefore, we use the expression of a graded Hopf op-
erad to refer to the structure defined by an operad in counitary cocommutative
coalgebras in graded modules.

In mathematical formulas, we similarly use the notation g Comc
+, rather than

g Mod Comc
+, to refer to the category of graded counitary cocommutative coal-

gebras, the notation g Op, rather than g Mod Op, for the category of graded op-
erads, and the notation g Hopf Op for the category of graded Hopf operads. In
Proposition 2.2.4, we observed that Hopf operads can be identified with counitary



4.2. THE HOMOLOGY (AND COHOMOLOGY) OF THE LITTLE DISCS OPERADS 119

cocommutative coalgebras in operads. In the graded context, this identity reads
g Hopf Op = g Comc

+ Op = g Op Comc
+.

The homology of the little n-discs operads is essentially trivial when n = 1,∞,
since the topological spaces underlying these operads have contractible connected
components (and similarly in the unitary context). Therefore most of our efforts
are devoted to the cases where 1 < n <∞

In a first stage, we forget about operadic composition structures. We give a
description of the cohomology of each space Dn(r) as a graded unitary commutative
algebra. In this context, we can replace the little n-discs spaces Dn(r) by homotopy

equivalent configuration spaces F (D̊n, r), which do not form an operad but are more
suitable for the analysis of topological structures. To begin with, we recall the
definition of these spaces:

4.2.1. Configuration spaces. The space of configuration of r points in a topo-
logical space M ∈ Top is generally defined by:

F (M, r) = {(a1, . . . , ar) ∈Mr|ai 6= aj for all pairs i 6= j},
for any r ∈ N. In what follows, we mostly consider the configuration space as-
sociated to the open n-discs M = D̊n. The configuration space associated to the
euclidean space M = Rn is more usually considered in the operadic litterature. But
the standard homeomorphism between the euclidean space and the open n-disc in-
duces a homeomorphism at the configuration space level. Therefore, we can deduce
results involving one of these configuration spaces from results involving the other.
We easily see that:

To an element of the little n-discs operad c ∈ Dn(r), we associate the con-

figuration of points (c1(0), . . . , cr(0)) ∈ F (D̊n, r) defined by the centers of the lit-
tle n-discs ci, i = 1, . . . , r, of our collection c = (c1, . . . , cr), and we get a map

ω : Dn(r)→ F (D̊n, r), which we call the disc center mapping. We have the follow-
ing result:

Proposition 4.2.2. The disc center mapping defines a homotopy equivalence
of topological spaces ω : Dn(r)

∼−→ F (D̊n, r), for each r ∈ N.

Proof. Exercise or see [134, §4]. �

We have no operadic composition products on configuration spaces. Nonethe-
less, we still have some structure result when we focus on unitary composition
operations. We then consider our notion of augmented non-unitary Λ-sequence
which formalize this part of the structure attached to operads (see §3.2). Recall
that the little n-discs operad Dn, has such a structure, which we associate to the
unitary extension of this operad (see §4.1.4). Then we have the following statement:

Proposition 4.2.3. The collection of configuration spaces F (D̊n, r) forms an

augmented non-unitary Λ-sequence so that the disc center mappings ω : Dn(r)
∼−→

F (D̊n, r) form a morphism of augmented non-unitary Λ-sequences.

Explanations. The action of an ordinal injection u : {1 < · · · < r} →
{1 < · · · < s} on an element a = (a1, . . . , as) ∈ F (D̊n, s) is defined by u∗(a) =
(au(1), . . . , au(r)), This construction clearly gives an action of our category Λ on
the collection of configuration spaces, and we have an obvious canonical augmen-
tation ε : F (D̊n, r) → pt , for each r ∈ N, so that the collection {F (D̊n, r)} forms
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an augmented non-unitary Λ-sequence as stated in the proposition. We imme-
diately see, from the definition of the augmented Λ-sequence structure on the
little n-discs spaces Dn(r) in §4.1.4, that the collection of disc center mappings

ω : Dn(r)
∼−→ F (D̊n, r) defines a morphism of augmented non-unitary Λ-sequences,

when we take this definition of Λ-sequence structure on the configuration spaces
F (D̊n, r). �

We now examine the topological structure of the configuration spaces F (D̊n, r)
with the aim of determining the cohomology of these spaces. We begin with the
following simple observation:

Proposition 4.2.4. We have a homotopy equivalence F (D̊n, 2)
∼−→ Sn−1, be-

tween the configuration space of two points F (D̊n, 2) and the n− 1-sphere Sn−1.

Proof. We easily check that the mapping which associates the normalized

vector
−→
ab/||−→ab|| ∈ Sn−1 to each pair (a, b) ∈ F (D̊n, 2) defines a homotopy equiva-

lence. �

4.2.5. The definition of fundamental classes. For n > 1, the result of Proposi-
tion 4.2.4 implies that we have:

H∗(F (D̊n, 2)) = H∗(S
n−1) =

{
k, if ∗ = 0, n− 1,

0, otherwise,

and similarly for the cohomology H∗(F (D̊n, 2)). We use the notation [Sn−1] the fun-
damental class of the sphere (equipped with a suitable orientation) which defines

a generator of the module Hn−1(Sn−1), and which we transport to H∗(F (D̊n, 2))
by using the homotopy equivalence of Proposition 4.2.4. We will also use the
notation [pt ] for the canonical generator of the degree 0 component of the ho-

mology module H∗(F (D̊n, 2)). In the cohomological context, we consider the ele-

ment ω ∈ Hn−1(F (D̊n, 2)), dual to [Sn−1], in order to obtain a canonical generator

of Hn−1(F (D̊n, 2)).
Let now r ≥ 2. For each pair 1 ≤ i < j ≤ r, we consider the map φij :

F (D̊n, r) → F (D̊n, 2) such that φij(a1, . . . , ar) = (ai, aj), and we set ωij = φ∗ij(ω)

for the image of ω ∈ Hn−1(F (D̊n, 2)) under the morphism φ∗ij : Hn−1(F (D̊n, 2)) →
Hn−1(F (D̊n, r)) induced by this map. Observe that φij is the the restriction opera-
tion associated with the injection ρij : {1 < 2} → {1 < · · · < r} such that ρij(1) = i
and ρij(2) = j.

Let S(ωij , i < j) be the graded symmetric algebra generated by the classes ωij
in degree n− 1. We have the following result:

Theorem 4.2.6 (See V. Arnold [7], F. Cohen [40]). Let n > 1. Let r ≥ 2.

(a) In H∗(F (D̊n, r)), we have the relation ω2
ij = 0 for each pair i < j, and the

relation ωijωjk − ωikωjk − ωijωik = 0 for each triple i < j < k.

(b) The morphism S(ωij , i < j) → H∗(F (D̊n, r)), mapping the generator ωij
to the corresponding cohomology class in H∗(F (D̊n, r)), induces an isomor-
phism

S(ωij , i < j)

(ω2
ij , ωijωjk − ωikωjk − ωijωik)

'−→ H∗(F (D̊n, r)),
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when we form the quotient of the symmetric algebra S(ωij , i < j) by the
ideal generated by the relations of (a). �

This theorem is established in the cited references, by using euclidean spaces Rn

instead of open discs D̊n. This choice does not change the result since the homeor-
phism between the euclidean n-space Rn and the open n-disc D̊n induces a home-
orphism at the configuration space level.

In the case n = 2, we can still use the complex plane C instead of R2. This
case n = 2 of the theorem is addressed in the reference [7], by using the differential
form d log(zi − zj) as a representative of the class ωij in the de Rham complex of
the configuration space F (C, r) = {(z1, . . . , zr) ∈ Cr |zi 6= zj}, where we take the
complex field as coefficient ring. The general case of the theorem is addressed in
the reference [40]. The computation involves the Leray-Serre spectral sequences
associated to the projection map

f : F (Rn, r)→ F (Rn, r − 1)

which forgets about the last point of a configuration. We also refer to the arti-
cle [158] provides a comprehensive survey, with little background, of this homolog-
ical computation.

We use the result of Theorem 4.2.6 (in this form) when we study the commu-
tative algebra part of the deformation complex of E2-operads. We also need to
determine the morphisms ∂∗k : H∗(F (D̊n, r−1))→ H∗(F (D̊n, r)) induced by the map

∂k : F (D̊n, r)→ F (D̊n, r−1) such that ∂k(a1, . . . , ar) = (a1, . . . , âk, . . . , ar), for any

a = (a1, . . . , ar) ∈ F (D̊n, r). These maps are the restriction operations associated
to the usual generating morphisms ∂k : {1 < · · · < r − 1} → {1 < · · · < r} of the
category Λ in Proposition 4.2.3. We have the following easy result:

Proposition 4.2.7. Let n > 1 again. The morphism ∂∗k : H∗(F (D̊n, r − 1)) →
H∗(F (D̊n, r)), for any r ∈ N, and any k = 1, . . . , r, satisfies

∂∗k(ωij) =

{
ωij , if i 6= j 6= k,

0, otherwise,

for each generating cohomology class ωij, 1 ≤ i < j ≤ r, of the cohomology algebra

H∗(F (D̊n, r)).

Proof. Exercise. �

4.2.8. Homology and monoidal structures. We can use the existence of a coho-

mology isomorphism ω∗ : H∗(F (D̊n, r))
'−→ H∗(Dn(r)) and the duality pairing

H∗(F (D̊n, r))⊗ H∗(Dn(r))
'−→ H∗(F (D̊n, r))⊗ H∗(F (D̊n, r))

〈−,−〉−−−−→ k

to determine the homology of each component of the little n-discs operad from our
description of the cohomology of the configuration spaces in Theorem 4.2.6. But we
now aim to give a description of the collection of homology modules {H∗(Dn(r))}
as an operad.

We have already used that the cohomology defines a functor from spaces to
commutative algebras. We carefully check the definition of a coalgebra structure
on the homology of spaces first, and we address the general definition of operadic
structures on the homology of operads before tackling the case of little n-discs. We
use the formalism of symmetric monoidal functors (see §2.3.1).
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We obviously have H∗(pt) = k, by definition of ordinary homology, so that the
mapping H∗ : X 7→ H∗(X) defines a unit pointed functor from topological spaces
to graded modules. We consider the Künneth morphism κ : H∗(X) ⊗ H∗(Y ) →
H∗(X × Y ). We have the following classical statement:

Proposition 4.2.9 (See [121, §VIII] or [161, §5.3]).

(a) The Künneth morphism defines a symmetric monoidal transformation on
the homology functor H∗ : X 7→ H∗(X), regarded as a functor from the sym-
metric monoidal category of spaces Top towards the symmetric monoidal
category of graded modules g Mod.

(b) If the coefficient ring is a field, then the Künneth morphism is an iso,
so that the homology defines a symmetric monoidal functor H∗ : Top →
g Mod. �

We can therefore apply the general constructions of §2.0.4 to obtain:

Proposition 4.2.10. If the coefficient ring is a field, then the homology func-
tor H∗ : Top → g Mod induces a functor from the category of topological spaces Top
towards the category of counitary cocommutative coalgebras in graded modules g Comc

+,
and this functor H∗ : Top → g Comc

+ is also symmetric monoidal.

Explanations. In §2.0.4, we deal with the general case of a functor between
symmetric monoidal categories. In the context of Proposition 4.2.10, we consider
the homology functor H∗ : Top → g Mod between topological spaces and graded
modules. The first result of that proposition, the existence of a counitary cocommu-
tative coalgebra structure on the homology, follows from Proposition 4.2.9 and the
observation that any space X naturally forms a counitary cocommutative coalgebra
in the category of spaces, with the constant map ε : X → pt as counit, and the
diagonal map ∆ : X → X ×X as coproduct. The second result of the proposition,
the definition of the symmetric monoidal functor H∗ : Top → g Comc

+, arises from
the observations of §2.0.4.

To prepare our subsequent study of the homology of little discs, we examine
this applications of the general construction of §2.0.4 with more details. First, the
graded counitary cocommutative coalgebra structure on the homology of a space
H∗(X) is formed as follows:

(a) To define the counit of this coalgebra, we simply consider the morphism
H∗(X)→ H∗(pt) = k, associated to the constant map X → pt ;

(b) To define the coproduct, we form the composite

H∗(X)
∆∗−−→ H∗(X ×X)

'←− H∗(X)⊗ H∗(X),

where we consider the morphism induced by the diagonal of the space X,
followed by the Künneth isomorphism.

The unit, associativity and symmetry constraints, fulfilled by the Künneth isomor-
phism, ensures that the obtained coalgebra structure satisfies the counit, coasso-
ciativity, and cocommutativity relations of graded counitary cocommutative coal-
gebras (see §2.0.4).

The coproduct on the homology represents the dual morphism of the product
µ : H∗(X) ⊗ H∗(X) → H∗(X), defining the commutative algebra structure of the
cohomology H∗(X), because this product can also be defined as a composite

H∗(X)⊗ H∗(X)
κ−→ H∗(X ×X)

∆∗−−→ H∗(X),
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where we consider a cohomological version of the Künneth morphism, followed by
the morphism induced by the diagonal of the space X. Note that the commutative
algebra structure of the cohomology is still defined when the Künneth morphism
is not an iso (in contrast with the coalgebra structure of the homology). To give
a more explicit formulation of this duality between product and coproduct, we
consider the natural pairing 〈−,−〉 : H∗(X)⊗ H∗(X)→ k, between the cohomology
and the homology of X. If we set ∆(c) =

∑
i ai⊗bi for the coproduct of an element c

in H∗(X), then we have the adjunction relation

〈α · β, c〉 =
∑
i

±〈α, ai〉 · 〈β, bi〉,

for every α, β ∈ H∗(X), where the sign ± is produced by the commutation of the
factors α and ai in this expression.

The tensor product ⊗ : g Comc
+× g Comc

+ → g Comc
+ of the category of graded

counitary cocommutative coalgebras is inherited from the category of graded mod-
ules by definition (see §2.0.3). The construction implies that the Künneth morphism
H∗(X) ⊗ H∗(Y ) → H∗(X × Y ) defines a morphism of graded counitary cocommu-
tative coalgebras, and satisfies the unit, associativity, and symmetry constraints
of §2.3.1 in that category g Comc

+ (see §2.0.4). Thus, improving on the assertion of
Proposition 4.2.9, we finally obtain that the homology functor defines a symmet-
ric monoidal functor H∗ : Top → g Comc

+, between spaces and graded counitary
cocommutative coalgebras, as asserted in the proposition. �

We then obtain:

Proposition 4.2.11. Let P be any operad in topological spaces.

(a) The collection of graded modules H∗(P) = {H∗(P(r)), r ∈ N} associated to
the spaces P(r) forms a graded operad naturally associated to P, for any
choice of ground ring.

(b) If the ground ring is a field, then this operad H∗(P) is actually an op-
erad in graded counitary cocommutative coalgebras, where we use Proposi-
tion 4.2.10 to get the coalgebra structure on the homology modules H∗(P(r)).

Explanations. This proposition is a corollary of the results of §2.1, where we
examine the image of operads under functors between symmetric monoidal cate-
gories. We consider the homology functor H∗ : X 7→ H∗(X), from the category of
spaces towards the category of graded modules (respectively, graded counitary co-
commutative coalgebras), and we use the result of Lemma 2.1.3 to get the definition
of an operad structure on the homology H∗(P). We obtain the following structures:

(a) The morphisms w∗ : H∗(P(r)) → H∗(P(r)), induced by the action of per-
mutations w ∈ Σr at the topological level, give the action of permutations
on the homology of the operad.

(b) The morphism k = H∗(pt)
η∗−→ H∗(P(1)), induced by the operadic unit of

the topological operad P, gives an operadic unit at the homology level.
(c) The partial composition products of the topological operad P induce mor-

phisms

H∗(P(m))⊗ H∗(P(n))→ H∗(P(m)× P(n))
(◦i)∗−−−→ H∗(P(m+ n− 1))

which give the partial composition products of the homology operad H∗(P).
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The unit, associativity and symmetry constraints of symmetric monoidal functors
ensures that these structure morphisms fulfills the equivariance, unit and associa-
tivity axioms of operads (see §2.1). Depending on the context (a-b), we can form
the morphisms giving this operad structure in the category of graded modules or
in the category of counitary cocommutative coalgebras.

To complete this analysis, recall that such a functor on operads H∗ : P 7→ H∗(P)
preserves unitary extensions: we have the identity H∗(P+) = H∗(P)+ for any unitary
extension P+ of a non-unitary operad P. �

Following the conventions of §2.2, we will use the terminology of graded Hopf
operad to refer to an operad in augmented graded commutative coalgebras, and
the notation g Hopf Op (instead of g Comc

+ Op) for the category formed by these
operads. We similarly use the terminology of graded Hopf symmetric sequence,
and the notation g Hopf Seq , for the category of symmetric sequence in graded
counitary cocommutative coalgebras. Proposition 4.2.11(b) asserts, under these
conventions, that the homology functor H∗ : Top → g Comc

+ induces a functor
H∗ : TopOp → g Hopf Op.

For P = D1 (respectively, P = D∞), the existence of a weak-equivalences be-
tween our operad and the discrete operad of associative (respectively, commutative)
monoids implies:

Proposition 4.2.12.

(a) We have an identity of graded Hopf operads H∗(D1) = As, where we con-
sider the associative operads in k-modules As, regarded as a graded operad
concentrated in degree 0, together with the coproduct inherited from the
corresponding set operad (see the concluding paragraph of §2.1). In the
unitary setting, we have similarly H∗(D1+) = As+.

(b) We have an identity of graded Hopf operads H∗(D∞) = Com, where we
consider the commutative operads in k-modules Com, regarded as a graded
operad concentrated in degree 0, together with the coproduct inherited from
the corresponding set operad (see the concluding paragraph of §2.1 again).
In the unitary setting, we have similarly H∗(D∞+) = Com+.

Recall that our main objective is to give the description of H∗(Dn) as a graded
Hopf operad when 1 < n < ∞. We give an abstract definition of this sequence of
graded Hopf operads first and we explain the identity with the homology of little
discs afterwards.

4.2.13. The Gerstenhaber operad. We use the notation Gerstn, and the termi-
nology of n-Gerstenhaber operad, for the nth term of this sequence of graded Hopf
operads, which we now consider. This graded Hopf operad Gerstn is actually a
graded versions of the Poisson operad of §1.2.12, and some authors use the name of
Poisson operad of degree n − 1, rather than n-Gerstenhaber operad. We precisely
define Gerstn by the same presentation as the Poisson operad

Gerstn = O( kµ(x1, x2)⊕ kλ(x1, x2) :

µ(µ(x1, x2), x3) ≡ µ(x1, µ(x2, x3)),

λ(λ(x1, x2), x3) + λ(λ(x2, x3), x1) + λ(λ(x3, x1), x2) ≡ 0,

λ(µ(x1, x2), x3) ≡ µ(λ(x1, x3), x2) + µ(x1, λ(x2, x3)) ),
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with a generating operation µ = µ(x1, x2) of degree 0 and such that (1 2) · µ = µ,
but where we now assume that λ = λ(x1, x2) is a generating operation of degree
n−1, satisfying a symmetry relation (1 2)·λ = (−1)nλ that depends on the degree n
of the operad.

The operation µ forms associative and commutative product in Gerstn which
generates as suboperad isomorphic to the commutative operad Com within the n-
Gerstenhaber operad (see [73, 126]). The operation λ is a graded analogue of Lie
bracket. The suboperad of Gerstn generated by λ is isomorphic to a suspension of
the Lie operad Lie (see [73]).

The distribution relation λ(µ(x1, x2), x3) = µ(λ(x1, x3), x2) + µ(x1, λ(x2, x3))
implies, as in the Poisson case, that any composite of products and Lie bracket in
the n-Gerstenhaber operad is equal to a product of Lie monomials. To be more
precise, one can prove that the components of the operad Gerstn(r) are the k-
modules spanned by formal products

p(x1, . . . , xr) = p1(x11, . . . , x1r1) · . . . · pm(xm1, . . . , xmrm),

where each pi = pi(xi1, . . . , xiri) is a Lie monomial of degree 1 with respect to
each variable xik, k = 1, . . . , ri, and so that the variable subsets {xi1, . . . , xiri}
form a partition of {x1, . . . , xr}. We simply have to consider operadic composites
of the graded Lie bracket λ when we form our Lie monomials. The description of
the Lie operad in §1.2.10, remains also valid in this context, and any monomial
pi = pi(xi1, . . . , xiri) in the above expansion has a reduced form

pi(xi1, . . . , xiri) = λ(· · ·λ(λ(xi1, xi2), xi3 · · · ), xiri),
where we assume xi1 < xik, for all 1 < k (with respect to the natural ordering
inherited from the set of variables {x1 < · · · < xr}).

We provide the operad Gerstn with a Hopf structure such that ε(µ) = 1 and
∆(µ) = µ⊗ µ, for the commutative product operation µ ∈ Gerstn(2) and ε(λ) = 1
and ∆(λ) = λ ⊗ µ + µ ⊗ λ for the Lie bracket operation λ ∈ Gerstn(2). We can
readily see, as in the Poisson case (see §2.2.12), that the ideal of generating relations
forms a Hopf ideal, so that this Hopf structure is well defined.

4.2.14. The unitary Gerstenhaber operad. We have considered a non-unitary
version of the n-Gerstenhaber operad in the construction of the previous paragraph.
We can also define a unitary n-Gerstenhaber operad, by observing, as in the Poisson
case, that the operad Gerstn inherits a restriction structure such that ∂1µ = ∂2µ = 1
and ∂1λ = ∂2λ = 0 for the generating operations µ, λ ∈ Gerstn(2). We easily check
that the application of these restriction operations cancel the generating relations
of Gerstn. We then use the process of §3.4.8 to obtain the definition of our unitary
extension Gerstn+ of the operad Gerstn.

The Hopf structure of the n-Gerstenhaber operad is clearly preserved by our
restriction operations so that our construction yields a unitary extension of the
n-Gerstenhaber operad in the category of Hopf operads.

In the computation of the homology of the operad of little discs, we use the
restriction morphisms, associated with this unitary extension of the Gerstenhaber
operad, as well as the Hopf structure. The main result reads:

Theorem 4.2.15 (F. Cohen [40]). Let n > 1.

(a) The elements µ = [pt ] ∈ H0(Dn(2)) and λ = [Sn−1] ∈ Hn−1(Dn(2)) satisfy
the symmetry relations (1 2) · µ = µ and (1 2) · λ = λ as well as the
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generating relations of the Poisson operad

µ(µ(x1, x2), x3) = µ(x1, µ(x2, x3)),

λ(λ(x1, x2), x3) + λ(λ(x2, x3), x1) + λ(λ(x3, x1), x2) = 0,

λ(µ(x1, x2), x3) = µ(λ(x1, x3), x2) + µ(x1, λ(x2, x3))

in the homology of the little n-discs.
(b) The counit and coproduct of our elements on the homology of the space Dn(2)

are given by:

ε[pt ] = 1, ∆[pt ] = [pt ]⊗ [pt ],

ε[Sn−1] = 0, ∆[Sn−1] = [Sn−1]⊗ [pt ] + [pt ]⊗ [Sn−1].

The restriction operations ∂k : H∗(Dn(2)) → H∗(Dn(1)), k = 1, 2, which
the homology module H∗(Dn(2)) inherits from the little n-discs operad, are
determined by:

∂1[pt ] = ∂2[pt ] = 1, ∂1[Sn−1] = ∂2[Sn−1] = 0,

where we use the obvious identity H∗(Dn(1)) = H∗(F (D̊n, 1)) = k.
(c) The mapping µ 7→ [pt ] ∈ H0(Dn(2)) and λ 7→ [Sn−1] ∈ Hn−1(Dn(2)) in-

duces an isomorphism of graded Hopf operads

h : Gerstn
'−→ H∗(Dn),

which also admits a unitary extension h+ : Gerstn+
'−→ H∗(Dn+).

Explanations and references. We refer to [40] for the proof of the identi-
ties of (a) in the homology of the little discs operad (see also [158] for another nice
reference on this topic). The identities of (b) are obvious.

We deduce, after this preliminary verification, that we have a morphism of
graded operads h : Gn → H∗(Dn) mapping the generating operation µ ∈ Gerstn(2)
(respectively, λ ∈ Gerstn(2)) to the element [pt ] ∈ H0(Dn(2)) (respectively [Sn−1] ∈
Hn−1(Dn(2))), as specified in the theorem. As the coproduct of the homology
classes [pt ] and [Sn−1] matches the definition of the coproduct of the corresponding
generating operations in the Gerstenhaber operad, we immediately conclude that
coproducts are preserved by our morphism, which therefore forms a morphism of
graded Hopf operads.

We still have to check that this morphism is an iso. We can deduce this claim
from the computation of the cohomology of configuration spaces in Theorem 4.2.6,
and from the next proposition, which involves the definition of the morphism (and
no more). We refer to [158] for details.

The result of the theorem also follows from the computation of [40], giving the
expression of the homology H∗(S∗(Dn, X)) as a functor in H∗(X), for any space X,
where S∗(Dn, X) refers to the free Dn-algebra associated to X modulo base point
(see loc. cit. for details). In the case of rational coefficients, the result of [40]
asserts that this functor is precisely the free Gerstn-algebra on H∗(X), and the
identity between Gerstn and H∗(Dn) is actually equivalent to this functor identity.

The preservation of restriction morphisms implies that our morphism h extends
to a morphism of unitary operads h+ which is obviously an iso too as soon as h
is. �



4.3. OUTLOOK: VARIATIONS ON THE LITTLE DISCS OPERADS 127

Proposition 4.2.16. Let ωij ∈ H∗(F (D̊n, r)) be any of the generating elements

of the cohomology algebra H∗(F (D̊n, r)), as defined in §4.2.5. Let p = p(x1, . . . , xr) ∈
Gerstn(r). We apply the morphism of Theorem 4.2.15 to regard p as an element
of H∗(Dn(r)). Then we have the duality relation

〈ωij , p〉 =

{
1, in the case p = x1 · . . . · λ(xi, xj) · . . . · x̂j · . . . · xr,
0, otherwise,

with respect the pairing 〈·, ·〉 : H∗(F (D̊n, r))⊗ H∗(Dn(r))→ k considered in §4.2.8.

Proof. We use that the disc center map ω : Dn(r) → F (D̊n, r) defines a
weak-equivalence of non-unitary Λ-sequences. We have by definition ωij = φ∗ij(ω),

where ω ∈ Hn−1(F (D̊n, 2)) is the dual element of the class [Sn−1] which repre-
sents the Lie bracket operation λ = λ(x1, x2) in H∗(Dn). Recall that the map

φij : F (D̊n, r) → F (D̊n, 2), considered in the definition of this element ωij , is the
restriction operation associated to the mapping ρij : {1 < 2} → {1 < · · · < r} such
that ρ(1) = i and ρ(2) = j. By functoriality of the pairing between cohomology
and homology, and the preservation of restriction morphisms, we obtain:

〈ωij , p〉 = 〈(φij)∗(ω), p〉 = 〈ω, (ρij)∗(p)〉
for any p = p(x1, . . . , xr) ∈ Gerstn(r). The result of the proposition accordingly
follows from the expression of the expression of restriction operations on products
of Lie monomials in the Gerstenhaber operad §4.2.13, and from the duality formula
〈ω, λ〉 = 1. �

The expression of the pairing 〈π, p〉 associated to any monomial π = ωi1j1 · . . . ·
ωirjr can be obtained from the result of this proposition, and the adjunction relation

between the product of H∗(F (D̊n, r)) and the coproduct of H∗(Dn(r)) (see §4.2.8).
The combinatorial formula arising from this process is worked out in [158], and
implies that our construction yields a non-degenerate pairing in each arity r ∈ N,
between the component of the n-Gerstenhaber operad Gn(r) and the cohomology
algebra of Theorem 4.2.6. This argument provides a proof that the map of Theo-
rem 4.2.15 defines an iso between the n-Gerstenhaber operad and the homology of
the little n-discs operad (as we mention in the proof of this statement).

4.3. Outlook: variations on the little discs operads

The little n-discs operad of §4.1 is our reference model of En-operad, and we
mostly deal with structures which we directly obtain from the consideration of
this topological object. Nonetheless, this operad is not universal. We have other
instances of En-operads and, depending on the considered application, one model of
En-operad may be more appropriate than another. We may also consider additional
structures in our definition in order to get variants of the notion of an En-operad.
The purpose of this section is to give an overview of geometric constructions yielding
such operads related to little discs.

In the first instance, we provide an outline of the definition of the Fulton-
MacPherson operad FMn, an instance of En-operad introduced by E. Getzler and
J. Jones in [73], and which arises from a compactification of the configuration space
of points in the euclidean space F (Rn, r). We may intuitively regard a configuration
of points as a configuration of discs equipped with a zero radius. The idea of the
Fulton-MacPherson operad is to use the compactification process in order to extend
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Figure 4.5. The picture
of an element in the
Fulton-MacPherson com-
pactification of the config-
uration space.

the composition of little discs to this degenerate case. We then obtain a picture of
the form of Figure 4.5, involving a scale of microspic configurations, forming a tree,
and which represent a free operadic composite in our compactification. We outline
the definition of the topological spaces underlying this operad structure first.

4.3.1. The Fulton-MacPherson compactifications. In the approach of the refer-
ence [73], we first consider a compactified space F (Rn, r), for each r ∈ N, defined
by performing real blow-ups of the diagonal subspaces xi1 = xi2 = · · · = xik in the
product space (Rn)r, and by taking the closure of F (Rn, r) in the cartesian product
of all these blow-up spaces. This compactification process is a real analogue of the
construction introduced by Fulton-MacPherson in [62], for the study of configura-
tion spaces of points in complex varieties. The real version of the compactification
process was initially introduced by Axelrod-Singer in [11], for the study of the
perturbative expansion of Chern-Simons quantum field theories.

In short, the real blow-up of the small diagonal ∆ = {x1 = x2 = · · · = xk} in
a product space (Rn)k is a space Bl∆(Rn)k ⊂ (Rn)k × (Rn)k such that:

– the mapping

π : Bl∆(Rn)k → (Rn)k,

induced by the projection π(x1, . . . , xk, v1, . . . , vk) = (x1, . . . , xk), is one-
to-one over the complement of the diagonal ∆ in (Rn)k,

– and we have

π−1(a, . . . , a) = {(a, . . . , a)} × ((∆⊥ \ 0)/R>0),

for the points of the diagonal (a, . . . , a) ∈ ∆, where (∆⊥ \ 0)/R>0 is the
space of open half lines R>0 v in the vector space ∆⊥ = {x1+x2+· · ·+xk =
0}.

The spaces F (Rn, r) returned by the real Fulton-MacPherson compactification pro-
cess are manifolds with corners. The canonical embeddings F (Rn, r) ↪→ F (Rn, r)
also define weak-equivalences of topological spaces. We refer to the cited arti-
cles [11, 62], or to [149], for further details on the construction of these spaces
F (Rn, r).

The configuration space F (Rn, r) inherits an action of the group R>0 nRn con-
sisting of the transformations of the euclidean space Rn such that

φ : (x1, . . . , xn) 7→ λ · (x1, . . . , xn) + (a1, . . . , an),
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where λ ∈ R>0, (a1, . . . , an) ∈ Rn. The Fulton-MacPherson compactification pro-
cess can be performed equivariantly in order to get a compactification C (Rn, r)
of the quotient space C (Rn, r) = F (Rn, r)/R>0 nRn. The spaces C (Rn, r) have
the structure of manifolds with corners, like F (Rn, r), and the composite map
F (Rn, r) → C (Rn, r) ↪→ C (Rn, r) defines a weak-equivalence too (we refer to [149]
for a detailed proof of this assertion).

4.3.2. The Fulton-MacPherson operad. The spaces FMn(r) = C (Rn, r) form
the underlying collection of the Fulton-MacPherson operad FMn. The structure
of this operad is defined as follows. To start with, we immediately see that the
symmetric group Σr acts on FMn(r), for each r, so that our collection of spaces
forms a symmetric sequence. We also have FMn(1) = pt , so that FMn inherits a
canonical operadic unit too.

Let F̊Mn(r) = C (Rn, r) = F (Rn, r)/R>0 nRn. We explain the definition of
operadic composites in the case of (equivariance classes of) configurations of points
a = (a1, . . . , ar) ∈ F (Rn, r) and b = (b1, . . . , bs) ∈ F (Rn, s) defining elements

in these inner subspaces F̊Mn(−) of the Fulton-MacPherson operad FMn(−) =
C (Rn,−). We can assume a1 + · · · + ar = 0 and b1 + · · · + bs = 0 by equivariance
with respect the action of translations. We define the operadic composite a ◦k b
in FMn(r + s− 1) = C (Rn, r + s− 1) by considering the element

(ak, . . . , ak)× (b1, . . . , bs) ∈ {(ak, . . . , ak)} × ((∆⊥ \ 0)/R>0)

in the blow-up of the subspace xk = xk+1 = · · · = xk+s−1, and by taking x1 =
a1, . . . , xk−1 = ak−1, xk+s = ak+1, . . . , xr+s−1 = ar for the remaining components
of our point.

This process has a natural extension to the whole spaces FMn(−) = C (Rn,−)
and returns well-defined operadic composition operations ◦k : FMn(r)×FMn(s)→
FMn(r + s− 1), for all r, s > 0 and each k = 1, . . . , r.

We have already mentioned, in §4.3.1, that the spaces FMn(r) are weakly-
equivalent to the configuration spaces F (Rn, r). Thus, we have weak-equivalences

of spaces Dn(r)
∼−→ F (Rn, r)

∼−→ FMn(r) between the little n-discs spaces Dn(r)
and the components of the Fulton-MacPherson operad. These maps do not form
an operad morphism, but one can lift them to get an operad weak-equivalence
W(Dn)

∼−→ FMn, where W(Dn) is the Boardman-Vogt construction of Dn (see [26]),
an operad consisting of formal composites of little n-discs configuration, which we
arrange on trees equipped with a metric structure. This operad W(Dn) is also

equipped with a natural weak-equivalence W(Dn)
∼−→ Dn so that we have a chain

of weak-equivalences of operads

Dn
∼←− W(Dn)

∼−→ FMn

proving that the Fulton-MacPherson operad FMn defines an instance of an En-
operad. We refer to [149] for the explicit construction of the operad morphism

W(Dn)
∼−→ FMn.

We have not been explicit about arity 0 terms in the construction of our operad
FMn. We tacitely assume that we deal with a non-unitary operad FMn, so that
FMn(0) = ∅. But we also have an obvious extension of our operad construction
in arity zero, and this extended construction naturally yields a unitary extension
FMn+ of the non-unitary Fulton-MacPherson operad FMn.
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The Boardman-Vogt construction is a general construction used to define cofi-
brant resolutions of operads in the setting of model categories. We tackle this
subject in §II.1.4. In the case of the Fulton-MacPherson operad, we actually have
an isomorphism of topological operads FMn ' W(FMn), and deduce from this re-
lation that the Fulton-MacPherson operad forms a cofibrant model of En-operad
(see [149]).

4.3.3. Trees and the underlying structure of the Fulton-MacPherson operad.
The relation FMn ' W(FMn) mentioned in the previous paragraph implies that
the operad FMn is free as an operad in sets. If we forget about the topology, then
we can actually identify the Fulton-MacPherson operad FMn with the free operad

generated by the symmetric sequence F̊Mn(r). This free operad structure reflects
the geometry of the spaces FMn(r) in the blow-up construction of §4.3.1.

To be more explicit, one can observe that each space FMn(r) has a decomposi-

tion FMn(r) =
∐

T∈Tree(r) F̊Mn(T) of the same shape as the components of the free

operad, where we use the formalism of the appendix chapter §II.A. Simply say for

the moment that Tree(r) denotes the category of r-trees, and the space F̊Mn(T),
is formed by a cartesian product

F̊Mn(T) =
∏

v∈V (T)

F̊Mn(rv),

representing an arrangement of factors F̊Mn(rv) on the vertices v ∈ V (T) of a
tree T.

The open space F̊Mn(r) = C (Rn, r) = F (Rn, r)/R>0 nRn, inside the compact-

ification FMn(r) = C (Rn, r) is identified with the space F̊Mn(Y) associated to the
corolla:

Y =

i1

��
· · · ir

��
v

��
0

.

The operadic composite of configurations a = (a1, . . . , ar) ∈ F (Rn, r) and b =
(b1, . . . , bs) ∈ F (Rn, s), of which we have made the definition explicit in §4.3.2, lies

in the subspace F̊Mn(T) associated to a tree with two vertices

T =

k

��
··· ··· k+s−1

��
1

''

··· ··· k−1

��
v

��
k+s

ww

··· r+s−1

rru
��
0

.

The spaces F̊Mn(T), which we associate to r-trees T such that ]V (T) ≥ 2,
define the facets of the manifold with corners FMn(r) = C (Rn, r).

4.3.4. Some variations on the Fulton-MacPherson compactification. In [104],
Kontsevich considers a simpler definition of compactifications from the quotients
C (Rn, r) = F (Rn, r)/R>0 nRn of the configuration spaces F (Rn, r). We refer to [66]
for a detailed study of the relationship between Kontsevich’s approach and the
blow-up construction of §4.3.1.

For each pair i 6= j, we consider the mapping θij : C (Rn, r) → Sn−1 which
sends the equivariance class of a configuration a = (a1, . . . , ar) to the unit vector

θij(a1, . . . , ar) = −−→aiaj/||−−→aiaj ||,
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and, for each triple i 6= j 6= k, we consider the mapping δijk : C (Rn, r) → [0,∞]
such that:

δijk(a1, . . . , ar) = ||−−→aiaj ||/||−−→aiak||.
We then consider the map

ι : C (Rn, r)→ (Sn−1)( r2 ) × [0,∞](
r
3 )

such that ι(a1, . . . , ar) = ((θij(a1, . . . , ar))ij , (δijk(a1, . . . , ar))ijk). We readily see
that this map is an embedding. We can identify, according to [66], the compactifi-
cation C (Rn, r) of §4.3.1 with the closure of the image of the space C (Rn, r) in the

product space (Sn−1)( r2 ) × [0,∞](
r
3 ).

We have a variant of this construction defined by considering the closure of the
image the space C (Rn, r) under the map

ι∼ : C (Rn, r)→ (Sn−1)( r2 )

such that ι(a1, . . . , ar) = (θij(a1, . . . , ar))ij . Let C (Rn, r)∼ be the space obtained
by this compactification construction. We still have an operad structure, which is
studied in details in [156], on the collection of the spaces FMn(r)∼ = C (Rn, r)∼. We
see however that the map ι∼ is not injective, and therefore, the space FMn(r)∼ =
C (Rn, r)∼ differs from the previously considered compactification FMn(r) = C (Rn, r).

Kontsevich is not precise about the operads used in his work. In [104], he calls
FM∼n the Fulton-MacPherson operad, though this operad differs from the standard
Fulton-MacPherson operad FMn.

This operad FMn seems also better suited for the proof of the formality of the
operad of little n-discs (we go back to this subject in §7), which is the purpose of
the Kontsevich’s construction in [104]. The variant FM∼n is used in Sinha study
of knot spaces [155, 156]. The operad FM∼n has the advantage of giving rise to a
cosimplicial space which Sinha uses to define models for knot spaces.

4.3.5. The Deligne-Mumford compactification of the moduli spaces of curves.
We now consider the case n = 2 of the configuration spaces F (Rn, r) and of the
Fulton-MacPherson operad. In §4.3.1, we consider the action of group of real simi-
larities R>0 nRn on the configuration space F (Rn, r), but when we deal with config-
uration of points in the plane R2 = C, we can also consider an action of the group
of complex similarities C×nC, consisting of the transformations of the complex
plane φ : z 7→ az + b such that a ∈ C×, b ∈ C.

The quotient space occurring in this case F (C, r)/C×nC is identified with the
quotient space F (CP1, r + 1)/PGL2(C) of the configuration space of r + 1 points
in the projective line CP1, which also represents the moduli space of isomorphism
classes of genus zero smooth curves with r + 1 marked points M0r+1.

This space M0r+1 has a particular compactification M0r+1, the Deligne-Mumford-
Knudsen compactification, which represents the moduli space of genus zero stable
curves with r + 1 marked points, the curves C such that:

(a) We have at most a finite number of singularities in C, which all consist
of double points, and r + 1 marked points a0, . . . , ar ∈ C distinct for the
singular points. These points all together (the singular points and the
marked points) define the special points of our curve.

(b) Each irreducible component of the curve includes at least three special
points.
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(c) The dual graph of the curve, which has the irreducible components as
vertices and the local branches passing through special points as half edges
(possibly glued on double points), is a tree.

For instance, for the stable curves of M04, we get the following forms of dual graphs:

a0 a1

a3 a2

a0 a1

•

a3 a2

a0 a2

•

a3 a1

a0 a3

•

a2 a1

.

We refer to the work of Deligne and Mumford [46] and Knudsen [100] for a

definition of these space M0r+1 from a moduli space approach. We refer the work of
Keel [97] for a more combinatorial definition of the space M0r+1 in terms of iterated
blow-up constructions (as in the Fulton-MacPherson compactification process).

The collection M(r) = M0r+1 inherits an operad structure, with composition

products ◦k : M0r+1×M0s+1 →M0r+s defined at the point set level by the natural
gluing operation of curves on marked points. The space M0r+1 is also equipped
with a stratification, with strata parameterized by the dual graphs of curves, and
which reflects the composition structure of the operad M. We refer to [71] for
the detailed definition of the operad structure and of this correspondence with the
stratification of the spaces M0r+1.

The articles [97] gives a description of the cohomology ring of the space M0r+1.
The Fulton-MacPherson compactification of the configuration space F (CP1, r + 1)
in [62] includes a divisor which is isomorphic to the cartesian product of the space

M0r+1 with the affine line A1, and can also be used to give a description of this
cohomology ring H∗(M0r+1).

The homology of the spaces M0r+1 also forms a operad in graded modules
H∗(M), like the homology of the little 2-discs spaces. The structure of this operad
is determined in [71], in terms of a presentation by generators and relations. In

short, the result asserts that this homology operad H∗(M) is identified with an
operad HyCom, called the hypercommutative operad in [71], which has a symmetric
generating operation µr ∈ HyCom(r) in each arity r ≥ 2, and higher associativity
relations as generating relations. We also refer to the book [125] for a account of
this computation, and the relationship with structures associated to the quantum
cohomology of projective algebraic varieties.

4.3.6. The operad of framed little discs. We have a connection between the
little discs and the Deligne-Mumford-Knudsen operads, which can be made more
precise by considering a framed version of the little 2-discs operad of §§4.1.1-4.1.3.

In §4.1.1, we define a little n-disc as an affine embedding c : Dn ↪→ Dn of the
form c(t1, . . . , tn) = (a1, . . . , an)+r·(t1, . . . , tn), for a translation term (a1, . . . , an) ∈
D̊, and a scaling factor r > 0. The framed little n-discs, occurring in the definition
of the framed little n-discs operad fDn, are defined by embeddings c : Dn → Dn

of the form c(t1, . . . , tn) = (a1, . . . , an) + r · q(t1, . . . , tn), where, with respect to
the little discs of §4.1.1, we consider an additional rotation transformation q ∈
SOn. The space fDn(r) precisely consists of collections of embeddings of this form
c = (c1, . . . , cr) with the same intersection condition i 6= j ⇒ c̊i ∩ c̊j = ∅ as in
the definition of the ordinary little n-discs operad Dn. The symmetric, unit, and
composition structure of this operad fDn are defined by an obvious extension of the
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1

2

3

Figure 4.6. The representation of an element
in the framed little 2-disc operad.

construction of §4.1.3. The framed little discs operad fDn has a natural unitary
extension fDn+ satisfying fDn+(0) = pt too.

In the 2-dimensional case, we add a mark to the picture of the little 2-discs in
order to represent the angle of the rotation occurring in the definition of the framed
little discs (the horizontal axis defining the zero angle). Figure 4.6 for instance gives
the picture of a configuration of framed little discs in the space fD(3).

We now focus on the case n = 2 of the construction. Let S be the operad
such that S(1) = SO2 = S1 and S(r) = ∅ for r 6= 1. We have an obvious operad

morphism S → fD2. The moduli space operad M of §4.3.5 is, according to a result
of Drumond-Cole [49], identified with the result of a homotopy pushout in the
category of topological operads:

S

��

// I

��
fD2

// M

.

This operadic homotopy pushout is an instance of the homotopical algebra con-
struction which we study in §II.1.

The operad H∗(S) has a single generating operation ∆, given by the fundamen-
tal class of the sphere in arity one H∗(S(1)) = H∗(S

1), and we have ∆◦1 ∆ = 0. The
operad H∗(fD2) is identified with an operadic semi-direct product of the Gersten-
haber operad Gerst1 and of the operad H∗(S). We refer to [70] for a full description
of this homology operad H∗(fD2), which is usually called the Batalin-Vilkovsky op-
erad in the literature. We also refer to [150] for a description of the homology
operad H∗(fDn) in the case n ≥ 2.

4.4. Appendix: the symmetric monoidal category of graded modules

Let k be any fixed a ground ring. In §0.1, we define the category of graded mod-
ules g Mod as the category formed by k-modules K equipped with a splitting K =⊕

n∈Z Kn. A morphism of graded modules is a morphism of k-modules f : K → L
such that f(Kn) ⊂ Ln, for all n ∈ Z. We say that an element x ∈ K is homogeneous
of degree n ∈ Z, and we write deg(x) = n, when we have x ∈ Kn.

The main purpose of this appendix is to explain the definition of our symmetric
monoidal structure on graded modules. By the way, we also check the existence
of graded hom-objects Homg Mod(−,−) : g Modop× g Mod → g Mod defining an
internal hom in this monoidal category g Mod .

4.4.1. The symmetric monoidal structure of graded modules. The tensor prod-
uct of K,L ∈ g Mod in the category of graded modules is the tensor product of K
and L as k-modules, which we equip with the decompositionK⊗L =

⊕
n∈Z(K⊗L)n
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such that (K ⊗ L)n =
⊕

p+q=nKp ⊗ Lq. This construction obviously gives a bi-
functor ⊗ : g Mod × g Mod → g Mod with the ground ring k regarded as a graded
module concentrated in degree 0 as unit object. We also have an obvious associa-
tivity isomorphism (K ⊗ L)⊗M ' K ⊗ (L⊗M) inherited from k-modules.

We get an obvious symmetry isomorphism from the category of k-modules too,
but we shall modify this basic isomorphism in order to implement the signs of dg-
algebra in our categorical operations on graded modules. We precisely define our
symmetry isomorphism c : K ⊗L→ L⊗K by the formula c(x⊗ y) = (−1)pqy⊗ x,
for any pair of homogeneous elements x ∈ Kp and y ∈ Lq, where we consider
the sign (−1)pq determined by the rules of §0.2. We generally simply add the
symbol ± to mark the occurrence of such a sign in a formula (see §0.2) We take
this symmetry isomorphism c : K ⊗ L → L ⊗K to complete our definition of the
symmetric monoidal structure on graded modules.

We immediately see that the tensor product of graded modules satisfies the
colimit requirement §0.9(a). We mention in §0.14 that this extra condition is related
to the existence of an internal hom in the category of graded modules. We make
this internal hom explicit in the next paragraph.

4.4.2. The internal hom of graded modules. We basically define the internal
hom of graded modules L,M ∈ g Mod as the graded module Homg Mod(L,M)
spanned in degree n by the morphisms of k-modules f : L→M such that f(Lp) ⊂
Lp+n. Thus, we set Homg Mod(L,M)n =

∏
p Homg Mod(Lp,Mp+n), for each n ∈ Z.

The adjunction relation Morg Mod(K⊗L,M) ' Morg Mod(K, Homg Mod(L,M)) easily
follows from the adjunction relation of k-modules. Note that a morphism of graded
modules is identified with a homomorphism of degree 0, where according to the
conventions of §0.13, we use the term of homomorphism to refer to an element of
the graded hom Homg Mod(L,M).

In §0.14, we mention that, for general reasons, the internal hom-objects of
a closed symmetric monoidal category inherit a composition product, an internal
tensor product operation, and evaluation morphisms. In the context of graded
modules, the evaluation morphism is identified with the morphism of graded mod-
ules ε : Homg Mod(L,M) ⊗ L → M mapping any tensor f ⊗ x, such that f ∈
Homg Mod(L,M), x ∈ L, to the element f(x) ∈ M defined by applying the k-
module map f : L → M to x ∈ L. Note that Homg Mod(L,M) ⊗ L refers to the
tensor product of graded modules in this construction. The composition prod-
uct ◦ : Homg Mod(L,M) ⊗ Homg Mod(K,L) → Homg Mod(K,M) is induced by the
obvious composition operation on k-module morphisms. The tensor product op-
eration ⊗ : Homg Mod(K,L) ⊗ Homg Mod(M,N) → Homg Mod(K ⊗M,L ⊗ N) maps
(homogeneous) homomorphisms f : K → L and g : M → N to the homomor-
phism f ⊗ g : K ⊗ L → M ⊗N such that (f ⊗ g)(x ⊗ y) = ±f(x) ⊗ g(y), for any
pair of (homogeneous) elements x ∈ K and y ∈ L, where the sign ± is produced by
the commutation of g and x.



CHAPTER 5

Braids and the Recognition of E2-operads

Recall that an operad P is En when we have weak-equivalences of topological
operads P

∼←− · ∼−→ Dn connecting P to the operad of little n-discs Dn. In this
situation, we also say that P is weakly-equivalent to Dn. In many problems the
issue is to prove that a given operad P is En. The usual method is to apply
an appropriate recognition criterion building the required weak-equivalences from
internal structures of P.

In the previous chapter, we observed that a topological operad P is E1 if only
if each space P(r) has contractible components which form an operad in sets π0 P
isomorphic to the operad of associative monoids As. This criterion actually im-
plies that P is weakly-equivalent to the set operad As, viewed as a discrete operad
in topological spaces. The weak-equivalence with the little 1-discs operad follows
from the observation that the operad D1 is itself weakly-equivalent to As. Sim-
ilarly, we observed that a topological operad P is E∞ if only if each space P(r)
is contractible. This criterion actually implies that P is weakly-equivalent to the
discrete set operad of commutative monoids Com. The weak-equivalence with D∞
follows, again, from the observation that D∞ consists of contractible spaces and is
itself weakly-equivalent to Com.

The main objective of this chapter is to explain a similar characterization, due
to Z. Fiedorowicz [56], for the class of E2-operads.

We start with the observation that each space D2(r) is an Eilenberg-MacLane
space K(Pr, 1), where Pr = π1 D2(r) denotes the pure braid group on r strands. We
then consider the universal covering Ď2(r) of the little 2-discs space D2(r), which is
contractible and comes equipped with a Pr-action so that Ď2(r)/Pr = D2(r). This
action of the pure braid group Pr on the covering space Ď2(r) actually extends
to an action of the entire braid group Br which lifts the action of the symmetric
group Σr on the little 2-discs space D2(r). The crux of Fiedorowicz’s idea relies
on the observation that the collection of spaces Ď2 = {Ď2(r)}r inherits the same
structure as an operad, except that have to replace the symmetric group actions
of the standard definition §1.1.1 by the just considered braid group actions. We
adopt the name of braided operad for this variant of the notion of an operad.
We regard the quotient process Ď2(r)/Pr = D2(r) giving the connection between
the little 2-discs space D2(r) and the associated universal covering space Ď2(r)
as an instance of a general symmetrization process, which enables us to retrieve
a symmetric operad from any braided operad structure. The recognition theorem
of Z. Fiedorowicz precisely asserts that any operad P obtained by symmetrization
P(r) = P̌(r)/Pr from a contractible braided operad P̌ is E2.

We notably use this recognition method to check that the classifying spaces of
a certain operad in groupoids, the operad of colored braids, forms an instance of
an E2-operad.

135
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In a preliminary section §5.0, we survey basic concepts of braid theory and
we recall the definition of the braid groups Br. In §5.1, we explain the definition
of a braided operad and we state Fiedorowicz’s recognition criterion. In §5.2, we
give the definition of the operad of colored braids, and we explain our construction
of a model of E2-operad from the classifying spaces of this operad in groupoids.
In §5.3, we explain that the operad of colored braids is also equivalent to an op-
erad in groupoids, naturally associated to the little 2-discs operad, formed by the
fundamental groupoids of the little 2-discs spaces. In a concluding section §5.4,
we give a brief introduction to more general recognition theorems, aiming to give
characterizations of En-operads for all n ≥ 1.

The ideas of §§5.1-5.2 are mostly borrowed from [56]. The preprint [181] pro-
vides a generalization of this approach for the recognition of operads built from
Eilenberg-MacLane spaces. In §5.3, we outline another approach of Fiedorow-
icz’s criterion, involving the adjunction between classifying spaces and fundamental
groupoids.

5.0. Braid groups

In the previous chapter, we introduced the configuration spaces F (D̊n, r) as a
suitable model of the little n-discs spaces Dn(r), which we use to perform coho-
mology and homology computations. By the way, we observed that, in the case
n = 1, the configuration spaces F (D̊1, r) have contractible connected components,
indexed by the permutations of the sequence (1, . . . , r), just like the little 1-discs
spaces D1(r). Let us begin this chapter with the following preliminary observation

about the homotopy of the spaces F (D̊n, r) for n > 1:

Proposition 5.0.1. The spaces F (D̊n, r) are connected for all n > 1. If n > 2,

then we have π1 F (D̊n, r) = 0 too. If n = 2, then we have in contrast π∗ F (D̊2, r) =
0, for ∗ 6= 1.

Proof. In the previous chapter, we recalled that the maps f : F (D̊n, r) →
F (D̊n, r−1) which forget about the last component of a configuration is a fibration.
The idea is to prove the proposition by induction on r, by using the homotopy exact
sequence

· · · → π∗(f
−1(b), a)→ π∗(F (D̊n, r), a)

f∗−→ π∗(F (D̊n, r − 1), b)→ · · ·

· · · → π1(f−1(b), a)→ π1(F (D̊n, r), a)
f∗−→ π1(F (D̊n, r − 1), b)→ π0(f−1(b), a)︸ ︷︷ ︸

=∗

,

associated to these fibrations, where a = (a1, . . . , ar) is a fixed base point in the

configuration space F (D̊n, r), and we set b = (a1, . . . , ar−1) = f(a). The fiber of
the map f at this base point b is identified with the punctured space

f−1(b) = {(a1, . . . , ar−1, b) ∈ D̊n|b 6= a1, . . . , ar−1} = D̊n \ {a1, . . . , ar−1},
which is connected as soon as n > 1. Hence, we have the identity π0(f−1(a), ar) = ∗
as indicated in our formula.

The connectedness of this space f−1(b) implies, by induction on r, that the

spaces F (D̊n, r) are connected as well, for all n > 1. In the case n > 2, we have

besides π1(f−1(b), a) = π1(D̊n \ {a1, . . . , ar−1}, ar) = ∗, and by an immediate in-
duction again, we deduce from the degree 1 terms of the homotopy exact sequence
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that the spaces F (D̊n, r) are simply connected too. In the case n = 2, we have

π∗(f−1(b), a) = π∗(D̊2 \ {a1, . . . , ar−1}, ar) = ∗ for ∗ > 1, and we use the higher

terms of the homotopy exact sequence to conclude that π∗(F (D̊2, r), a) vanishes for
all ∗ > 1. �

The result of the proposition obviously holds for the little disc spaces Dn(r)

since we have a homotopy equivalence ω : Dn(r)
∼−→ F (D̊n, r) (see Proposition 4.2.2)

which induces an isomorphism on homotopy groups. Briefly recall that this homo-
topy equivalence, which we call the disc center mapping, sends an r-tuple of little
n-discs c = (c1, . . . , cn), defining an element of Dn(r), to the configuration of points

defined by the centers ci(0, . . . , 0) ∈ D̊n of the discs ci : Dn → Dn.

The previous proposition implies that the configuration spaces F (D̊2, r), and
hence the little 2-discs spaces D2(r), are Eilenberg-MacLane spaces K(Pr, 1), where

we set Pr = π1(F (D̊2, r), ∗). Recall that this group Pr is the pure braid group on
r strands. The Artin braid group Br, which we also consider in our study of E2-
operads, sits in a short exact sequence 1 → Pr → Br → Σr → 1. The purpose of
this preliminary section is to recall the classical interpretation of these groups, in
terms of isotopy classes of braids on r strands, and the geometric representation
arising from this interpretation. The identity between little 2-discs spaces D2(r)
and the Eilenberg-MacLane spaces K(Pr, 1) is used in the next sections.

To begin with, we explain the definition of the Artin braid group Br as the
fundamental group of a space.

5.0.2. Braid groups. Recall that the space F (D̊2, r) is equipped with an action
of the symmetric group Σr, given by the standard formula

w∗(a1, . . . , ar) = (aw−1(1), . . . , aw−1(r)),

for all (a1, . . . , ar) ∈ F (D̊2, r), and for any permutation w ∈ Σr (see Proposi-
tion 4.2.3). The braid group on r strands Br is precisely defined as the fundamental

group of the quotient of the configuration space F (D̊2, r) under this action:

Br = π1(F (D̊2, r)/Σr, ∗).
The quotient map q : F (D̊2, r)→ F (D̊2, r)/Σr induces a morphism q∗ : Pr → Br.

We easily check that:

Lemma 5.0.3. The symmetric group Σr acts freely and properly on F (D̊2, r) so

that the quotient map q : F (D̊2, r)→ F (D̊2, r)/Σr is a covering map. �

Then we apply standard results of covering theory to obtain:

Proposition 5.0.4. The morphism q∗ : Pr → Br fits in an exact sequence of

groups 1→ Pr
q∗−→ Br

p∗−→ Σr → 1, where p∗ : Br → Σr is deduced from the action
of Br = π1(F (D̊2, r)/Σr, ∗) on the fiber of the covering q : F (D̊2, r) → F (D̊2, r)/Σr
at any base point ∗ ∈ F (D̊2, r)/Σr. �

5.0.5. Braids and braid diagrams. The braids, giving the name of braid groups,
come in a representation of the paths in the configuration space F (M, r) associated
to any manifold M . We review this representation of a braid before recalling
the classical presentation of the braid groups by generators and relations. For
our purpose, we focus on the case M = D̊2, and our braids are defined in the
cylinder D̊2 × [0, 1]. In our survey, we refer to works dealing with braids in the
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euclidean plane M = R2, rather than in the open disc M = D̊2. We just use
that the homeomorphism between the euclidean plane and the open disc gives an
equivalence between the notions of braids associated to these spaces in order to get
the correspondence between our presentation and the set-up of these references.

We precisely define a braid with r strands in D̊2 as a collection of r disjoint
arcs αi : [0, 1]→ D̊2 × [0, 1], i = 1, . . . , r, of the form

αi(t) = (xi(t), yi(t), t), t ∈ [0, 1],

and whose origin αi(0) = (xi(0), yi(0), 0) and end-point αi(1) = (xi(1), yi(1), 1) lie
in a set of fixed contact points {(x0

k, 0, t
0)|k = 1, . . . , r} on the axis y = 0 of the

boundary discs of our cylinder D̊2 ×{t0}, t0 = 0, 1 (see [9]). We can take the set of
equidistant points

(x0
k, 0, 0), (x0

k, 0, 1), with x0
k = −1 + (2k − 1)/(r + 1), k = 1, . . . , r,

as contact points for the moment.
The requirement that the arcs αi are disjoint amounts to the relation

(xi(t), yi(t)) 6= (xj(t), yj(t))

for all i 6= j and every t ∈ [0, 1]. In the case t0 = 0, 1, this assumption implies
that the r-tuple (α1(t0), . . . , αr(t

0)) = ((x1(t0), 0, t0), . . . , (xr(t
0), 0, t0)) forms a

permutation of ((x0
1, 0, t

0), . . . , (x0
r, 0, t

0)). The mapping s : k 7→ s(k) such that

xi(0) = x0
k, xi(1) = x0

s(k), for i = 1, . . . , r,

defines a permutation s ∈ Σr, naturally associated to our braid α, and usually
referred to as the underlying permutation of the braid α.

The set of pure braids consists of the braids which have the identity as under-
lying permutation.

The arcs αi define the strands of the braid. For the moment, we take the
convention that the collection of strands αi, i = 1, . . . , r, defining a braid α is
equipped with the indexing such that αi(0) = (x0

i , 0, 0), for i = 1, . . . , r. We
then have (α1(1), . . . , α1(1)) = ((x0

s(1), 0, 1), . . . , (x0
s(r), 0, 1)), where s ∈ Σr is the

permutation associated to our braid. We adopt another convention in §5.2 where
we consider braids equipped with additional structures for which this ordering is
not natural.

We use a projection onto the plane (x, t) to get a convenient representation of
our braids. We give an example of this representation in Figure 5.1, for a braid on
4 strands with

s =

(
1 2 3 4
4 2 1 3

)
as underlying permutation. The projection picture works for braids such that the
intersection between the projected arcs (xi(t), t) reduce to isolated points, and so
that each intersection (xi(t), t) = (xj(t), t) involves no more than two arcs (xi(t), t),
(xj(t), t). In this context, the usual convention is to insert a gap at each intersection
point (xi(t), t) = (xj(t), t), as in the example of Figure 5.1, in order to mark the
strand going under the other with respect to the y-coordinate. Such a figure is
called a braid diagram.

In the next paragraph, we recall the definition of the isotopy relation between
braids. The notion of isotopy can be formalized in terms of braid diagrams, and
one can prove that braid diagrams are enough to give a faithful picture of braids
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0

1

x

t

1-1
x0
1 x0

2 x0
3 x0

4

Figure 5.1. An instance of braid diagram. In the next pictures,
we generally do not specify the abscissa x0

i of the contact points.
We just mark the index of some contact points when necessary.

up to isotopy. This observation is originally due to E. Artin, and we refer to
his article [9], or to the subsequent textbook [96] by C. Kassel and V. Turaev,
for more explanations about the relationship between braids and braid diagrams.
In what follows, we just use braid diagrams informally, in order to illustrate our
constructions.

5.0.6. Braid isotopies. By definition, an isotopy from a braid α to another one
β is a continuous family of braids hs such that h0 = α and h1 = β. Two braids are
isotopic if we have an isotopy between them, and in this case we write α ∼ β. The
isotopy relation is clearly an equivalence relation on the set of braids. Figure 5.2
gives simple instances of braid isotopies and fundamental examples of non-isotopic
braids.

Let us regard a braid as a single map α(t) = (α1(t), . . . , αr(t)) rather than
as a collection. The assumption that the underlying braids of an isotopy hs form
a continuous family amounts to the requirement that the two parameter map h :
(s, t) 7→ hs(t) is continuous on [0, 1] × [0, 1]. By continuity, the requirement that
hs(1) belongs to the discrete space {((x0

w(1), 0, 1), . . . , (x0
w(k), 0, 1))|w ∈ Σr} implies

that the map s 7→ hs(1), given by the endpoints of the isotopy, is constant. Hence,
we see that isotopic braids have the same underlying permutation.

By a standard abuse of language, we generally use the word braid to refer to
an isotopy class of braids unless the distinction is made necessary by the context.

5.0.7. Relationship with the fundamental groups. We immediately see that a
pure braid on r-strands αi(t) = (xi(t), yi(t), t) is equivalent to a based loop γ(t) =

((x1(t), y1(t)), . . . , (xr(t), yr(t))) in the configuration space F (D̊2, r), where we take
the configuration of our contact points on the line a0 = ((x0

1, 0), . . . , (x0
r, 0)) as

base point. Similarly, an isotopy of pure braids is equivalent to a homotopy of
based loops in F (D̊2, r). Thus, the pure braid group Pr, which we define as the

fundamental group of the space F (D̊2, r), is identified with the set of isotopy classes
of pure braids.
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∼ ∼

�∼

∼ �∼

Figure 5.2. Basic examples of isotopic and non-isotopic braids

Let b0 = q(a0) be the image of the element a0 = ((x0
1, 0), . . . , (x0

r, 0)) in the

quotient space F (D̊2, r)/Σr. The fiber of this point b0 under the covering map

q : F (D̊2, r) → F (D̊2, r)/Σr is q−1(b0) = {((x0
w(1), 0), . . . , (x0

w(1), 0)), w ∈ Σr}. The

set of all braids on r strands is identified with the set of paths connecting a0 to
another point wa0 = ((x0

w(1), 0), . . . , (x0
w(1), 0)) in this fiber. Braid isotopies are

also equivalent to path homotopies. By standard results of covering theory, any
loop γ based at b0 in the quotient space F (D̊2, r)/Σr lifts to a path of this form
γ̃, with γ̃(0) = a0 and γ̃(1) = wa0 for some w ∈ Σr. Moreover, such a lifting is
unique once we fix the starting point γ̃(0) = a0 and any homotopy of based loops
lifts to a path homotopy. Hence, the full braid group Br, which we define as the
fundamental group of the quotient space F (D̊2, r)/Σr, is identified with the set of
isotopy classes of all braids.

In both cases Pr and Br, the group multiplication can readily be identified
with a natural concatenation operation on braids, of which the Figure 5.3 gives
an example. The unit element with respect to this group multiplication is given
by the identity braid, represented in Figure 5.4. (In what follows, we also use the
notation id to refer to this braid.) Note that we perform compositions downwards,
in the increasing direction of the t coordinates, in contrast with conventions adopted
by other authors. Our choice is more natural when we regard braids as morphisms
oriented from a source to a target object, and we heavily use this interpretation
next.

In Proposition 5.0.3, we refer to a general result of covering theory in order
to define the morphism p∗ : Br → Σr. By going back to the proof of this result,
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· =

Figure 5.3. The concatenation of braids

· · ·

Figure 5.4. The identity braid

we immediately see that the morphism p∗ : Br → Σr is identified with the map
sending the isotopy class of a braid α to its underlying permutation s. The natural
embedding of the subset of pure braids into the set of all braids gives the morphism
q∗ : Pr → Br. Thus we have a full interpretation of the exact sequence of groups
1→ Pr → Br → Σr → 1 in terms of isotopy classes of braids.

5.0.8. Generating elements. For i = 1, . . . , r − 1, we consider the element τi ∈
Br represented by the diagram of Figure 5.5

The mapping q∗ : Br → Σr assigns the elementary transposition ti = (i i+1) ∈
Σr to this braid τi ∈ Br. In §0.10, we recall that the symmetric group has a
simple presentation by generators and relations involving these transpositions ti,
i = 1, . . . , r− 1, as generating elements. For the braid group, we have the following
classical result:

Theorem 5.0.9 (see [8]). The braid group Br is generated by the elements τi,
i = 1, . . . , r − 1, together with the commutation relations

τiτj = τjτi, for i, j = 1, . . . , r − 1 such that |i− j| ≥ 2,

and the braid relations

τiτi+1τi = τi+1τiτi+1, for i = 1, . . . , r − 2,

as generating relations (see also the representation of these relations in Figure 5.6).
�

In other words, the braid group Br is given by the same presentation as the
symmetric group Σr, except that we drop the involution relation t2i = 1 associated
to transpositions. The idea of this result goes back to the work of E. Artin [8] cited
in reference. We refer to [24], [58], and [96] for various proofs of the theorem.
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1 i i+ 1 r· · ·· · · · · · · · ·

· · ·

· · ·

· · ·

· · ·

Figure 5.5. The generating braids

i· · · · · ·

· · ·· · ·

· · ·

· · ·

ji + 1 j + 1 i· · · · · ·

· · ·· · ·

· · ·

· · ·

ji + 1 j + 1

∼

i· · · · · ·

· · ·· · ·

i + 1

∼

i+ 2 i· · · · · ·

· · ·· · ·

i + 1 i+ 2

Figure 5.6. The commutation and braid relations in braid groups.

The inverse of a generator τi in the braid group can actually be obtained by
switching the disposition of the strands in the representation of Figure 5.5 (the
i + 1th strand comes in the foreground and ith strand goes in the background).
The case r = 2, where the braid is reduced to these overlapping strands, has
already been represented in Figure 5.2, to give an example of non-isotopic braids.

5.0.10. Change of contact points. In the definition of §5.0.5, we assume that
the origin points of a braid belong to the subset {(x0

k, 0, 0)|k = 1, . . . , r}, where
x0
k = −1 + (2k− 1)/(r+ 1), and the end points belong to the subset {(x0

k, 0, 1)|k =
1, . . . , r}. Equivalently, our braids correspond to paths in the configuration space
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F (D̊2, r) starting at the element ((x0
1, 0), . . . , (x0

r, 0)) and ending at a permutation
((x0

w(1), 0), . . . , (x0
w(r), 0)) of this base point ((x0

1, 0), . . . , (x0
r, 0)).

In principle, the fundamental groups arising from different choices of base points
in a connected space are isomorphic. In our case, we obtain the same result if
we replace our collection of contact points {(x0

k, 0)|k = 1, . . . , r} × {0, 1}, in the
definition of the braid group by an arbitrary one {(ak, bk)|k = 1, . . . , r}×{0, 1}. But
the definition of an isomorphism comparing the groups associated to these choices
involves the choice of a path γ(t) = (γ1(t), . . . , γr(t)) going from one configuration
γ(0) = ((x0

1, 0), . . . , (x0
r, 0)) to the other one γ(1) = ((a1, b1), . . . , (ar, br)) in the

space F (D̊2, r). In the braid picture, we consider a concatenation of the strands of
our braids with the arcs of the path γ. This isomorphism clearly depends on the
homotopy class of the path γ, and hence, is not canonical in general.

In the sequel, we implicitly use changes of base points, but we also need a strict
control of the isomorphism involved in the operation. For this aim, we restrict
ourselves to base configurations of the form ((a1, 0), . . . , (ar, 0)), where all points
lie on the line y = 0, and for which we assume a1 < · · · < ar. Equivalently, we
only consider base configurations arising from a configuration (a1, . . . , ar) in the

equatorial 1-disc D̊1 ⊂ D̊2, and belonging to the connected component associated
to the permutation (1, . . . , r) in the configuration space F (D̊1, r). Since F (D̊1, r) has
contractible connected components, all paths γ(t) = (γ1(t), . . . , γr(t)) going from
one such configuration to another one within this space are homotopic and hence,
induce the same isomorphism at the fundamental group level. Thus, all choices of
contact points on the the line y = 0 yields the same braid group up to a canonical
and well determined isomorphism.

5.0.11. Degenerate cases. We should note that the definition of the braid group
Br makes sense for r = 0. We then deal with a degenerate situation of braid with
an empty set of strands. We therefore have B0 = ∗ for formal reasons.

The braid group B1 is also trivial (like the symmetric group Σ1), with the
isotopy class of a one-strand vertical braid as unique element.

5.1. Braided operads and E2-operads

Let Ď2(r) be the universal coverings of the spaces of little 2-discs D2(r). The
main purpose of this section is to prove, after [56], that the collection of spaces Ď2(r)
inherits a braided variant of the structure of an operad. The main application of
this construction, as we explained in the chapter introduction, is a simple character-
ization of E2-operads from contractible braided operads. We conclude our account
with the proof of this recognition theorem.

In a preliminary step, we give the general definition of the notion of braided
operad. We follow the same plan as in the definition of a symmetric operad (§1.1.1).
We essentially replace the symmetric group actions considered in this definition by
braid group actions.

5.1.1. Braided operads. Explicitly, a braided operad P in a base category M

consists of a sequence of objects P(r) ∈ M, r ∈ N, where P(r) is now equipped
with an action of the braid group Br, together with

(a) a unit morphism η : 1→ P(1)
(b) and composition products µ : P(r)⊗P(n1)⊗· · ·⊗P(nr)→ P(n1+· · ·+nr),

defined for every r ≥ 0, and all n1, . . . , nr ≥ 0,
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Figure 5.7. The direct sum id ⊕ · · · ⊕ τk ⊕ · · · ⊕ id in the braid group.
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Figure 5.8. The block braid (τi)∗(n1, . . . , nr)

so that natural equivariance, unit and associativity relations, modeled on the same
commutative diagram as in the symmetric operad case (Figure 1.1-1.3), hold. We
just have to consider braid group elements α ∈ Br (respectively, β1 ∈ Bn1

, . . . , βr ∈
Bnr ) instead of permutations s ∈ Σr (respectively, t1 ∈ Σn1 , . . . , tr ∈ Σnr ) in
equivariance relations and an extension to the braid groups of the construction
of block permutations and of the direct sum of permutations. We address these
constructions in the following proposition:

Proposition 5.1.2. Let r ∈ N. Let n1, . . . , nr ∈ N.

(a) The direct sum of permutations, regarded as a mapping Σn1
×· · ·×Σnr →

Σn1+···+nr , has a unique lifting to braid groups

Bn1 × · · · ×Bnr → Bn1+···+nr ,

given by the picture of Figure 5.7 for direct sums id ⊕ · · · ⊕ τk ⊕ · · · ⊕ id
involving a single generating element τk ∈ Bni , and so that we have the
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following multiplication relation

(α1 · β1 ⊕ · · · ⊕ αr · βr) = (α1 ⊕ · · · ⊕ αr) · (β1 ⊕ · · · ⊕ βr),
for all (α1, . . . , αr), (β1, . . . , βr) ∈ Bn1 × · · · ×Bnr .

(b) The block permutation construction, regarded as a mapping Σr → Σn1+···+nr ,
has a unique lifting to braid groups

Br → Bn1+···+nr ,

given by the picture of Figure 5.8 for the generating elements τi ∈ Br, and
so that we have the following multiplication relation

(α · β)∗(n1, . . . , nr) = α∗(n1, . . . , nr) · β∗(ns(1), . . . , ns(r)),

for all α, β ∈ Br, and where s denotes the underlying permutation of the
braid α.

(c) In addition, we have the commutation relation

β1 ⊕ · · · ⊕ βr · α∗(n1, . . . , nr) = α∗(n1, . . . , nr) · βs(1) ⊕ · · · ⊕ βs(r)
for all α ∈ Br, every (β1, . . . , βr) ∈ Bn1

× · · · ×Bnr , and where s denotes
the underlying permutation of the braid α again.

Proof. The multiplication relations imply that these operations on braids are
uniquely determined by fixing the image of generating elements. In each case, we
simply have to check that our mapping preserves generating relations in order to
prove the coherence of our definition.

In (a), we have to deal with the internal generating relations of braid groups,
within each factor Bni , and with the commutation relation

(id ⊕ · · · ⊕ τk ⊕ · · · ⊕ id) · (id ⊕ · · · ⊕ τl ⊕ · · · ⊕ id)

= (id ⊕ · · · ⊕ τl ⊕ · · · ⊕ id) · (id ⊕ · · · ⊕ τk ⊕ · · · ⊕ id)

when we take generating elements in disjoint factors Bni and Bnj , i 6= j, of the
cartesian product Bn1

×· · ·×Bnr . Our mapping visibly preserves all these identities.
The case of construction (b) is addressed by a similar straightforward inspec-

tion.
The multiplication relations also imply that we are reduced to check the identity

of assertion (c) in the case where one element among α and β1, . . . , βr is a generating
braid τk, and all the others are identities. The validity of the relation in this
generating case is still immediate, and this verification completes the proof of our
proposition. �

The braids of Figure 5.7 and Figure 5.8 can also be defined purely algebraically,
in terms of the generating elements of the braid group Bn1+···+nr . Let ki = n1 +
· · ·+ ni−1, i = 1, . . . , r. In the case of Figure 5.7, we have:

id ⊕ · · · ⊕ τk ⊕ · · · ⊕ id = τki+k,

for all τk ∈ Bni . In the case of Figure 5.8, we obtain:

(τk)∗(n1, . . . , nr) =

(τki+ni · τki+ni−1 · . . . · τki+1) · (τki+ni+1 · τki+ni · . . . · τki+2) · . . .
. . . · (τki+ni+ni+1

· τki+ni+ni+1−1 · . . . · τki+ni+1
).
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The definition of the permutation operad in Proposition 1.1.9 has the following
braided analogue:

Proposition 5.1.3. The collection of braid groups Bn, n ∈ N, forms a braided
operad in sets so that:

(a) the action of the braid group on each Bn is given by left translations;
(b) the element of B1 = {id} gives the operadic unit,
(c) and the composition product µ : Br×(Bn1

×· · ·×Bnr )→ Bn1+···+nr maps
a collection α ∈ Br, (β1, . . . , βr) ∈ Bn1

×· · ·×Bnr , to the product element

α(β1, . . . , βr) = β1 ⊕ · · · ⊕ βr · α∗(n1, . . . , nr)

in Bn1+···+nr .

Proof. This statement easily follows from the relations of Proposition 5.1.2.
�

By convention, we assume that the operad defined in this proposition includes
the braid group B0 = pt as arity 0 component (as in the case of the permutation
operad).

The result of §3.1, the equivalence between the plain definition of an operad and
the definition in terms of partial composition operations has an obvious extension to
braided operads. In the sequel, we use this definition, in terms of partial composites,
rather than the plain definition of §5.1.3.

Let α ∈ Bm, β ∈ Bn. To illustrate the definition, we give an instance of
operadic composition of braids α◦kβ = α(id , . . . , β, . . . , id) ∈ Bm+n−1 in Figure 5.9.
Intuitively, the operadic composite α ◦k β is obtained by inserting the braid β on
the kth strand of the braid α. To ease the understanding of our picture, we have
marked the array in which the braid β is inserted.

In subsequent constructions, we will use that the strands defining the composite
α ◦k β in this process are canonically in bijection with the strands of the braid α,
minus the kth one αk, plus the strands of the braid β.

5.1.4. Unitary braided operads and restriction operations. The notion of a non-
unitary and of a unitary operad have obvious analogues in the braided setting,
and similarly as regards the notion of unitary extension of non-unitary operads.
Furthermore, any unitary braided operad P+ inherits restriction morphisms u∗ :
P+(n) → P+(m) associated to all increasing injections u : {1 < · · · < m} → {1 <
· · · < n}, and defined like the restriction morphisms of symmetric operads in §3.2.

The collection of braid groups Br, r ∈ N, forms an instance of a unitary braided
operad since we have B0 = ∗. The image of a braid α ∈ Bn under a restriction
operation u∗ : Bn → Bm is obtained by removing the strands αk whose index k does
not lie in the image of the map u : {1 < · · · < m} → {1 < · · · < n}. Figure 5.10
gives an instance of application of this restriction process for the injection u : {1 <
2} → {1 < 2 < 3 < 4} such that u(1) = 2 and u(2) = 4.

The components of a symmetric operad naturally inherit an action of braid
groups (by restriction through the canonical morphism p∗ : Br → Σr) so that any
symmetric operad naturally forms a braided operad. The next proposition gives a
functor in the converse direction:
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1 2 1 2 1 2

◦1 =

3

Figure 5.9. An operadic composition of braids

1 22 3 44

u∗
�→ ∼

11 22 11 22

Figure 5.10. An instance of restriction operation in the braid operad

Proposition 5.1.5.

(a) Let P be any braided operad. Let SymP(r) = P(r)/Pr. The collection
of these objects SymP(r) inherits a symmetric structure and an operadic
composition structure from the braided operad P. Hence the collection
of quotient objects SymP(r) = P(r)/Pr forms a symmetric operad SymP
naturally associated to P.

(b) The mapping Sym : P 7→ SymP provides a left adjoint of the obvious re-
striction functor from symmetric operads to braided operads (the functor
defined by the componentwise restriction of group actions). The collec-
tion of quotient morphisms P(r)→ P(r)/Pr forms a morphism of braided
operads P → SymP which represents the augmentation of this adjunction.

(c) In the case of the braid operad B(r) = Br, we have SymB(r) = Br/Pr =
Σr and the symmetric operad SymB is identified with the permutation
operad, as defined in Proposition 1.1.9.

(d) The mapping Sym : P 7→ SymP preserves unitary extensions. To be explicit,
for any unitary braided operad P+, we have an obvious identity Sym(P+) =
Sym(P)+ in the category of symmetric operads.

Proof. Since Σr = Br/Pr, we immediately obtain that the action of Br
on P(r) induces an action of the symmetric group Σr on the quotient object P(r)/Pr.

The operadic unit of P obviously defines a unit morphism 1
η−→ SymP(1) at

the level of the collection SymP since SymP(1) = P(1)/P1 = P(1). Recall that the
direct sums β1 ⊕ · · · ⊕ βr as well as the block braid construction α∗(n1, . . . , nr) of
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Proposition 5.1.2 lift the corresponding constructions on permutations. If β1, . . . , βr
are pure braids, then so is the direct sum β1⊕· · ·⊕βr because we have the identity
idn1 ⊕ · · · ⊕ idnr = idn1+···+nr at the level of permutations, and similarly in the
case of the block braid α∗(n1, . . . , nr). Thus, the permutations β1 ⊕ · · · ⊕ βr and
α∗(n1, . . . , nr) occurring in the equivariance relations of braided operads are pure
whenever α and β1, . . . , βr are pure braids. From this observation, we immediately
deduce that the composition products of the operad P induce composition prod-
ucts on the collection of quotient objects SymP(r) = P(r)/Pr so that we have a
commutative diagram

P(r)⊗ P(n1)⊗ · · · ⊗ P(nr)
µ //

��

P(n1 + · · ·+ nr)

��
P(r)/Pr ⊗ P(n1)/Pn1 ⊗ · · · ⊗ P(nr)/Pnr ∃µ

// P(n1 + · · ·+ nr)/Pn1+···+nr

,

for every r ≥ 0 and all n1, . . . , nr ≥ 0. Furthermore, the equivariance, unit and asso-
ciativity relations of Figure 1.1-1.3 remain obviously satisfied in the quotient SymP.
This verification completes the construction of the symmetric operad SymP associ-
ated to P. The assertion about the adjunction relation follows from a straightfor-
ward inspection of our construction.

The identity between the symmetrization of the braided operad and the per-
mutation operad follows from the observation that the composition operation on
braids α(β1, . . . , βr) = β1 ⊕ · · · ⊕ βr ·α∗(n1, . . . , nr) lifts a corresponding operation
on permutations.

The last assertion of the proposition is immediate. �

Our main objective is to prove that the topological operad of little 2-discs is
the symmetrization of a contractible braided operad in topological spaces. For this
purpose, we consider the universal coverings Ď2(r) of the little 2-discs spaces D2(r).
The result reads:

Theorem 5.1.6 (Z. Fiedorowicz [56]). The universal coverings Ď2(r) of the
little 2-disc spaces D2(r) form a braided operad in topological spaces Ď2 with the
operad of little 2-discs D2 as associated symmetric operad.

The construction of this operad structure works for the unitary extension of the
operad of little 2-discs D2+ as well, and gives in this case a unitary extension Ď2+

of the non-unitary operad Ď2.

We address the proof of this theorem in a series of constructions and lemmas.
We focus on the definition of the non-unitary operad structure on the collection of
covering spaces Ď2(r), r > 0. The extension of our constructions to the unitary
setting is straightforward.

Recall that the definition of a universal covering depends on the choice of a base
point in the base space. To be precise, the universal coverings associated to different
base points are isomorphic, but the isomorphisms connecting them is not canonical,
and we need a rigid construction in order to check that the operad relations hold
at the level of universal covers. We use a specific choice of base points in the little
2-disc spaces in order to work out this issue. We devote the next paragraph to this
point.
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5.1.7. The choice of base points. Recall that the operad of little 1-discs embeds
into the little 2-discs operad by a topological inclusion D1 ↪→ D2. In Proposi-
tion 4.1.6, we prove that each space D1(r) has contractible connected components
D1(r)w indexed by permutations w ∈ Σr. Recall that π0 D1 is also isomorphic to
the permutation operad as an operad. Equivalently, the partial composition prod-
uct ◦k : D1(m)×D1(n)→ D1(m+n−1) maps each cartesian product of connected
components D1(m)s × D1(n)t into the connected component D1(m + n − 1)s◦kt,
associated to the composition product s ◦k t of the permutations s ∈ Σm, t ∈ Σn,
within the permutation operad.

We consider the contractible space D1(r)id associated to the identity permu-
tation id ∈ Σr, and the corresponding subspace in D2(r), which, according to def-
initions (check §4.1.5), consist of little disc configurations of the form represented
in Figure 5.11. We fix such a disc configuration c0, coming from D1(r)id , as base
point for the little 2-disc space D2(r), and from now on, we use the notation Ď2(r)
to refer to the universal covering of D2(r) formed at that base point.

Any disc configuration c coming from the subspace D1(r)id ↪→ D2(r) can be
connected to our base point c0 by a path γ0 in that subspace D1(r)id ↪→ D2(r). All
paths of this form belong to the same homotopy class since D1(r)id is contractible.
Such a path gives a canonical isomorphism between the universal covering of D2(r)
determined at the base point c and the universal covering Ď2(r) determined at our
chosen base point c0. We explain this process in the next paragraph where we give
an explicit construction of our covering spaces.

5.1.8. The construction of the universal coverings. The covering spaces Ď2(r)
can actually be built as sets of homotopy classes of paths γ : [0, 1] → D2(r) with
our base point c0 as origin:

Ď2(r) = {γ : [0, 1]→ D2(r)|γ(0) = c0}/ ' .

We use in this identity a classical construction of the universal covering of a space.
We briefly recall the definition of the topology on this space. We refer to standard
textbooks (like [132, §V.10]) for details.

The homotopies considered in our definition of the space Ď2(r) consists of
continuous families of paths γs, s ∈ [0, 1], which have our base point as origin
γs(0) = c0, and which are constant at the end-point γs(1) ≡ c1. We use the
notation [γ] for the class of a path γ with respect to this homotopy relation.

We consider the map q : Ď2(r) → D2(r) sending (the homotopy class of) a
path γ : [0, 1] → D2(r) to the end-point γ(1) ∈ D2(r), and we equip the set Ď2(r)
with an appropriate topology so that this map q : Ď2(r)→ D2(r) is a covering. We
determine this topology by the following process:

– each point c ∈ D2(r) in the little 2-discs space D2(r) clearly admits a basis
of neighborhoods formed by contractible open sets Uc,α, α ∈ I;

– to each path γ : [0, 1] → D2(r) such that γ(0) = c0, we associate the
collection of sets Ǔc,α ⊂ Ď2(r) consisting of homotopy classes of paths of
the form α · γ where α is any path such that α(0) = c and lying in Uc,α;

– we take this collection Ǔc,α, α ∈ I, as a basis of open neighborhoods for

the element [γ] in the space Ď2(r).

This definition is actually forced by the requirement that the counter-image of the
set Uc,α under the covering map q : Ď2(r)→ D2(r) is a union of open sets.
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1 2 i r· · · · · ·

Figure 5.11. The
form of a chosen base
disc configuration,
lying in the image
of the contractible
subspace D1(r)id ↪→
D2(r).
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Figure 5.12. The path defining a representative of the generating
braid τi in the little 2-disc space D2(r).
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In what follows, we omit to check the continuity of the maps which we define on
covering spaces. These verifications generally reduce to straightforward inspections.

In the construction of this paragraph, the isomorphism connecting the space Ď2(r)
with the universal covering taken at another base point c is given by the con-
catenation of the paths γ : [0, 1] → D2(r), defining the elements of the covering
space Ď2(r), with a path γ0 : [0, 1] → D2(r) such that γ0(0) = c and γ0(1) = c0.
From this construction, we immediately see that this isomorphism is canonical as
soon as the homotopy class of the path γ0 connecting the base points is uniquely
determined, and this is so when, as set in §5.1.7, we restrict ourselves to base points
c0 lying within the component D1(r)id of the little 1-disc space D1(r) inside D2(r).

5.1.9. The action of braid groups. The pure braid group Pr can immediately be
identified with the group of automorphisms of the covering Ď2(r)→ D2(r) because:

– the automorphism group of a universal covering is identified with the fun-
damental group of its base space,

– and the homotopy equivalence ω : D2(r)
∼−→ F (D̊2, r), defined by the disc

center mapping, induces a group isomorphism

π1(D2(r), ∗) '−→ π1(F (D̊2, r), ∗) = Pr.

One can adapt this approach in order to prove that the action of Pr on Ď2(r)
extends to an action of the full braid group Br. Indeed, we can also identify our
covering space Ď2(r) with the universal covering of the quotient space D2(r)/Σr,

for which we have π1(D2(r)/Σr, ∗) '−→ π1(F (D̊2, r)/Σr, ∗) = Br.
In order to ease the subsequent proof of operad equivariance relations on our

covering spaces Ď2(r), we prefer to give an explicit construction of this action.
For this aim, we rely on our explicit definition of the universal covering Ď2(r),
in §5.1.8. We consider a path in the little 2-disc space τi : [0, 1] → D2(r) of
the form represented in Figure 5.12. We immediately see from our picture that
the image of this path under the disc center mapping ω : D2(r) → F (D̊2, r) is a
representative of the generating braid of Figure 5.5.

Note that the endpoint of this path τi(1) is identified with the image of our
base disc configuration c0 under the action of the transposition ti = (i i+ 1).

Let now γ : [0, 1]→ D2(r) be a path in D2(r) with γ(0) = c0 as origin so that
the homotopy class of this path [γ] defines an element of the covering space Ď2(r).
We apply the transposition ti to this path in order to obtain a path tiγ with
tiγ(0) = ti · c0 as origin. We can then concatenate tiγ with the path represented in
Figure 5.12 to obtain a new path (tiγ) · τi : [0, 1]→ D2(r) with c0 as origin, and of
which homotopy class [(tiγ) · τi] determines an element of Ď2(r) associated to the
class [γ].

By an immediate visual inspection, we obtain that:

Lemma 5.1.10.

(a) The mapping τi : [γ] 7→ [(tiγ) · τi] defines a lifting, to the space Ď2(r), of
the map ti : D2(r) → D2(r) defining the action of the transposition ti =
(i i+ 1) on the little 2-disc space.

(b) The maps τi : Ď2(r) → Ď2(r), obtained by this construction for i =
1, . . . , r − 1, satisfy the generating relations of braids groups, and hence,
determine an action of the braid group Br on the covering space Ď2(r). �
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This result completes the construction of the braided structure on the collection
of spaces Ď2 = {Ď2(r)}r∈N.

We can use a similar composition process [γ] 7→ [γ · ω] when ω : [0, 1]→ D2(r)
is any loop based at ω(0) = ω(1) = c0 in order to determine the action of the
fundamental group π1(D2(r), c0) on the universal covering Ď2(r). We immedi-
ately see that this action corresponds to a restriction of the action considered in

Lemma 5.1.10 when we apply the isomorphism π1(D2(r), ∗) '−→ π1(F (D̊2, r), ∗) to
identify π1(D2(r), ∗) with the pure braid group Pr.

The following statement follows from this identification and standard results of
covering theory:

Lemma 5.1.11. The covering map q : Ď2(r)→ D2(r), defined in §5.1.8, induces

a homeomorphism q∗ : Ď2(r)/Pr
'−→ D2(r), where the quotient space Ď2(r)/Pr is

formed by considering the restriction of the action of Lemma 5.1.10 to the pure
braid group Pr. �

5.1.12. The operadic composition structure. We now aim at providing the col-
lection Ď2 with an operadic composition structure.

We can assume that our base point in arity r = 1 is given by the operadic unit
of the little 2-disc operad 1 ∈ D2(1). We take the homotopy class of the constant
path 1(t) = 1 associated to this element 1 ∈ D2(1) as operadic unit for Ď2.

We proceed as follows to define the composition products of Ď2. Let α :
[0, 1] → D2(m) (respectively, β : [0, 1] → D2(n)) be a path defining an element
in the covering space Ď2(m) (respectively, Ď2(n)). Let a0 = α(0) (respectively,
b0 = β(0)) be the base point in the little 2-discs space D2(m) (respectively, D2(n))
underlying this covering. We fix a composition index k ∈ {1, . . . ,m}. By performing
the operadic composition of little 2-discs point-wise, we obtain a path α ◦k β :
[0, 1] → D2(m + n − 1) with α ◦k β(0) = a0 ◦k b0 as origin. This composite little
discs configuration a0 ◦k b0 is not necessarily equal to the chosen base point c0

of the little 2-disc space D2(m + n − 1). But, the assumption that a0 lies in the
contractible space D1(m)id ↪→ D2(m), and that b0 similarly arises from D1(n)id ↪→
D2(n) implies that a0 ◦k b0 lies in our distinguished subspace D1(m + n − 1)id
too, because the composition of these connected components is reflected by the
composition structure of the permutation operad where we have id ◦k id = id (see
Proposition 1.1.9). Thus, as we explain in §5.1.7, we have a path γ0 : [0, 1] →
D2(m+n−1), going from γ0(0) = c0 to γ0(1) = a0◦k b0, and with a well determined
homotopy class. We concatenate our composite α◦kβ with such a path γ0 : [0, 1]→
D2(m+n−1). The homotopy class [α◦k β ·γ0] defines an element of Ď2(m+n−1)
naturally associated to [α] ∈ Ď2(m + n − 1) and [β] ∈ Ď2(m + n − 1). We obtain
by this process a composition product on our universal coverings

◦k : Ď2(m)× Ď2(n)→ Ď2(m+ n− 1)

which obviously lifts the composition product ◦k of the little 2-discs operad. We
prove that:

Lemma 5.1.13. The operadic unit and composition products defined on the cov-
ering spaces Ď2(r) in the previous paragraphs fulfill the unit and associativity re-
quirements of operadic composition structures, as well as the equivariance relation
of braided operad.
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Proof. The proof of the unit and associativity relations of composition prod-
ucts follows from a quick visual inspection. The equivariance relation is checked
similarly in the case of a generating braid τi by going back to the definition of the
action of these elements in §§5.1.9-5.1.10. The verification of this case suffices to
prove the equivariance relation in full generality. �

The covering maps q : Ď2(r)→ D2(r) clearly define a morphism of braided op-
erads q : Ď2 → D2. The assertion of Lemma 5.1.11 also implies that this morphism
induces an isomorphism between the symmetrized operad Sym Ď2 and D2, and this
verification finishes the proof of Theorem 5.1.6. �

Theorem 5.1.6 has the following consequence:

Theorem 5.1.14 (Z. Fiedorowicz [56]). Let P be a braided operad in topological
spaces. Suppose that the action of Br on P(r) is free and proper, for all r ∈ N. If
the spaces P(r) are contractible for all r ∈ N, then the symmetric operad naturally
associated to P, and formed by the collection of quotient spaces SymP(r) = P(r)/Pr,
is an E2-operad. This result has an obvious extension in the unitary setting.

Proof. We again focus on the non-unitary setting because the generalization
of our statement to unitary operads follows from a straightforward extension of our
arguments.

We form the arity-wise product Q(r) = P(r)× Ď2(r) in the category of braided
operads. The braid group Br operates diagonally on Q(r), for each r ∈ N, and we
equip the collection Q = {Q(r)}r∈N with the obvious operad structure so that the
canonical projections

P(r)← P(r)× Ď2(r)→ Ď2(r)

define morphisms of braided operads P ← Q → Ď2.
Recall that the spaces P(r) are contractible by assumption, and we have al-

ready observed that the spaces Ď2(r) are contractible too. Thus, the considered
projections are weak-equivalences between contractible spaces.

The braid group Br operates freely and properly on P(r) by assumption, and
on Ď2(r) as well by definition of this space as a universal covering. The diagonal
action of Br on P(r) × Ď2(r) is free and proper too. By performing the quotient
over the action of Pr ⊂ Br, we accordingly obtain weak-equivalences of spaces

P(r)/Pr
∼←− (P(r)× Ď2(r))/Pr

∼−→ Ď2(r)/Pr = D2(r),

and these weak-equivalences define a chain of morphisms of symmetric operads
SymP

∼←− SymQ
∼−→ D2. The conclusion of the theorem follows. �

5.2. The classifying spaces of the colored braid operad

Recall that an Eilenberg-MacLane space of type K(G, 1), where G is any group,
is a connected space X such that π1(X) = G and π∗(X) = 0 for ∗ 6= 1. These
conditions determine the homotopy type of the space X: all Eilenberg-MacLane
spaces of a given type K(G, 1) are weakly-equivalent.

In the preliminary section §5.0, we mentioned that the underlying spaces of the
little 2-discs operad D2 are Eilenberg-MacLane spaces K(Pr, 1) associated to the
pure braid groups Pr. This result follows from the existence of the homotopy equiv-
alence D2(r)

∼−→ F (D̊2, r), established in Proposition 4.2.2, and the computation of

the homotopy groups of the configuration spaces F (D̊2, r) in Proposition 5.0.1.
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In topology, we have a standard simplicial modelBG for the Eilenberg-MacLane
space K(G, 1). This simplicial set BG also represents the base space of a universal
G-principal bundle, and for that reason, is usually referred to as the classifying
space of G.

The objective of this section is to define a classifying space model of the little 2-
disc operad D2. But we do not have a full operad structure on the collection of pure
braid groups. To get our model, we have to consider an extension of the classifying
space construction to groupoids and to operad in groupoids. We precisely construct
a collection of groupoids, the colored braid groupoids CoB(r), which include the
pure braid groups Pr as automorphism groups of objects, and form an operad in the
category of groupoids. We prove that the collection of classifying spaces BCoB(r)
associated to this operad forms a model of E2-operad.

To begin with, we make explicit the definition of an operad in the category of
small categories and in the category of groupoids. Then we recall the definition of
the classifying space of a category, and we examine the application of this classifying
space construction to operads in categories. We define the colored braid operad
afterwards, as an instance of operad in groupoids.

5.2.1. The category of small categories and groupoids. We use the notation Cat
for the category of small categories. The cartesian product of categories defines the
underlying product × : Cat ×Cat → Cat of a symmetric monoidal structure on Cat .
The one-point set pt , which is identified with the final object of the category of
small categories, defines the unit object associated with this symmetric monoidal
structure. We may identify sets with discrete categories, which have no morphism
outside the identity attached to each object.

We basically define a groupoid is a small category in which all morphisms are
invertible. We may identify groups with groupoids of which underlying object set
is reduced to a point. We use the notation Grd for the category of groupoids
which, according to our definition, form a full subcategory of the category of small
categories. We immediately see that the embedding Grd ↪→ Cat creates products
and final objects. The category of groupoids Grd forms, therefore, a symmetric
monoidal subcategory of the category of small categories Cat .

5.2.2. Operads in small categories and in groupoids. We define the category of
operads in the category of small categories as an instance of a category of operads
in a symmetric monoidal category, and similarly in the case of operads in groupoids.
An operad in the category of small categories P (we also say operad in categories
for short) accordingly consists of a sequence of small categories P(r) ∈ Cat , r ∈ N,
equipped with an action of the symmetric groups Σr, together with a unit morphism
η : pt → P(1), and composition products µ : P(r) × P(n1) × · · · × P(nr) →
P(n1 + · · ·+ nr), all formed in the category of categories, and satisfying our usual
equivariance, unit and associativity relations. Since the category of groupoids forms
a symmetric monoidal subcategory of the category of small categories, an operad
in groupoids can be defined as an operad in categories P of which components P(r)
are groupoids.

The equivalence between the plain definition of an operad (§1.1) and the defini-
tion in terms of partial composition operations (§3.1) naturally holds in the context
of categories M = Cat (respectively, groupoids M = Grd). Hence, the composition
structure of an operad in categories (respectively, groupoids) can be defined by
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giving a collection of functors ◦k : P(m) × P(n) → P(m + n − 1), k = 1, . . . ,m,
satisfying the equivariance, unit and associativity relations of §3.1.

The category of operads in categories is denoted by CatOp (following our no-
tation conventions for operad categories). By definition, a morphism of operads in
categories f : P → Q consists of a sequence of functors f : P(r)→ Q(r) preserving
the internal structures of our operads. The category of operads in groupoids, also
denoted by GrdOp, forms a full subcategory of the category of operads in categories.

In the category of small categories, one distinguishes the class of equivalences
(functors which are invertible up to natural equivalence) in addition to isomor-
phisms (the functors which are strictly invertible). For operads in categories, we
will naturally consider operad morphisms f : P → Q of which all underlying func-
tors f : P(r) → Q(r) are equivalences of categories. In this situation, we will say
that the operad morphism f is a categorical equivalence, and we will use the dis-
tinguishing mark ∼ in the notation of f . Note that the inverse equivalences of the
functors f : P(r)

∼−→ Q(r) do not necessarily define an operad morphism in general,
and we do not assume that such a property holds in our definition of a categorical
equivalence of operads.

5.2.3. Recollections on classifying spaces. The classifying space of a category C

is the simplicial set BC defined in dimension n by the n-fold sequences of composable
morphisms of C

α = {x0
α1−→ x1

α2−→ · · · αn−−→ xn}
together with the face operators such that

d0(α) = x1
α2−→ · · · αn−−→ xn,

di(α) = x0
α1−→ · · · αi−1−−−→ xi−1

αi+1αi−−−−→ xi+1
αi+2−−−→ · · · αn−−→ xn, for 0 < i < n,

dn(α) = x0
α1−→ · · · αn−1−−−→ xn−1,

and the degeneracy operators given by the insertion of identity morphisms

sj(α) = x0
α1−→ · · · αj−→ xj

id−→ xj
αj+1−−−→ · · · αn−−→ xn,

for all j = 0, . . . , n. One can prove that the simplicial set BC forms a Kan complex
if and only if the category C is a groupoid (see for instance [78, §I.3]). In the case
of a group G, this result can be used to check, by a direct and simple computa-
tion, that the geometric realization of BG is an Eilenberg-MacLane space (use the
combinatorial definition of simplicial homotopy groups in [43, §2] or in [133, §1]).

The mapping B : C 7→ BC defines a functor from the category of small categories
to the category of simplicial sets. To study the image of operads in categories under
the classifying space construction, we use the following result:

Proposition 5.2.4. The functor B : Cat → Simp is symmetric monoidal in
the sense of §2.3.1:

(a) for a point pt, viewed as the unit object of the category of small categories,
we have an obvious identity B(pt) = pt;

(b) for a cartesian product of categories C×D, the maps BC
p∗←− B(C×D)

q∗−→
BD, induced by the canonical projections C

p←− C×D
q−→ D, give rise to an

isomorphism B(C×D)
'−→ BC× BD;

(c) and these comparison isomorphisms (a-b) fulfill the unit, associativity and
symmetry constraints of §2.3.1.
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Proof. The proof of assertions (a-b) reduces to a straightforward inspection

of definitions. The definition of the isomorphism B(C×D)
'−→ BC× BD from uni-

versal categorical constructions automatically ensures that the unit, associativity
and symmetry constraints of §2.3.1 are fulfilled. �

From this statement, the result of Proposition 2.1.4 gives:

Proposition 5.2.5. Let P be an operad in small categories. The collection
of classifying spaces BP(r) associated to the categories P(r) forms an operad in
simplicial sets naturally associated to P. �

Recall that, in the situation of Proposition 5.2.4, the mapping B : P 7→ BP
preserves unitary extensions, so that we have an identity B(P+) = (BP)+ for any
unitary operad in the category of small categories P+ (see Proposition 2.1.4).

In §2.3.2, we observe that the geometric realization functor |−| : Simp → Top is
symmetric monoidal as well. We can apply this functor to the simplicial operad BP
in order to form a classifying space operad in topological spaces naturally associ-
ated to P. In general, we abusively use the notation of the underlying simplicial
operad BP for this associated operad in topological spaces too. We only mark the
application of the realization functor | − | when the context requires to distinguish
the topological object from its simplicial counterpart.

The mapping B : P 7→ BP defines a functor from the category of operads
in the category of small categories to the category of operads in simplicial sets.
In §4, we introduced a notion of weak-equivalence for the category of operads in
topological spaces. In the simplicial framework, we consider weak-equivalences of
simplicial sets, consisting of maps f : X → Y of which topological realization
|f | : |X| → |Y | defines a weak-equivalence of topological spaces, and we similarly
say that an operad morphism φ : P → Q is a weak-equivalence if each component
of this morphism φ(r) : P(r) → Q(r) defines a weak-equivalence of simplicial sets.
From this definition, we immediately see that a morphism of operads in simplicial
sets is a weak-equivalence φ : P

∼−→ Q if and only if the topological realization
of this morphism defines a weak-equivalence of operads in topological spaces |φ| :

|P | ∼−→ |Q |.
The following proposition, which is an immediate corollary of a standard result

on classifying spaces, is worth recording:

Proposition 5.2.6. The morphism B f : BP → BQ associated to a categorical
equivalence of operads f : P

∼−→ Q is a weak-equivalence of simplicial operads. �

The rest of this section is devoted to the definition of the colored braid operad
CoB and to the proof that the associated classifying space operad BCoB defines an
instance of E2-operad. We also establish a unitary extension of this result. In a
first step, we define the underlying groupoids of this operad.

In §5.2.1, we define a small category by an object set ObC together with mor-
phism sets MorC(x, y), associated to all pairs of objects x, y ∈ ObC, and we adopt
the same approach for the definition of groupoids, which we regard as categories G

where all morphisms are isomorphisms. But for the definition of the groupoid of
colored braids CoB(r), we follow another approach, because all the information is
carried by the morphisms. In short, we consider that CoB(r) is formed of an object
set ObCoB(r) and a single morphism set MorCoB(r) collecting all morphisms of
our groupoid. We give a definition of the colored braid groupoid along these lines
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first. We make explicit the morphism set MorCoB(r)(u, v), associated to each pair of
objects u, v ∈ ObCoB(r), and the equivalence between this initial definition of our
groupoid CoB(r) and the structures considered in §5.2.1, in a second step.

We adopt a parallel plan all along this section, when we address the definition
the symmetric and composition structure of the operad formed by our groupoids
CoB(r), r ∈ N.

5.2.7. Groupoids revisited. In a preliminary step, we explain the general defi-
nition of a groupoid structure G from an object set ObG and a single morphism set
MorG collecting all morphisms of the groupoid.

In this approach, we assume the existence of maps s, t : MorG → ObG, deter-
mining the source and target of the morphisms in G, as well as the existence of a
map e : ObG → MorG, which determines the identity morphism associated to each
object. We also assume that these maps satisfy the relation se = te = id . The
morphism sets MorG(x, y), which we have considered so far, are identified with the
subsets of morphisms α ∈ MorG associated to a given source s(α) = x and target
object t(α) = y.

The fiber product

MorG×st MorG
p

��

q // MorG

t

��
MorG

s
// ObG

,

more explicitly defined as the set MorG×st MorG = {(α, β)|s(α) = t(β)}, col-
lects all pairs of composable morphisms of the groupoid. The composition op-
eration of G is given by a product operation µ : MorG×st MorG → MorG, defined
on this fiber product, and such that sµ = sq, tµ = tp. In point-wise terms,
these requirements read s(αβ) = s(β) and t(αβ) = t(α) for all composable mor-
phisms (α, β) ∈ MorG×st MorG, where we set αβ = µ(α, β).

To define the inverse of morphisms in a groupoid, we similarly consider a map
ι : MorG → MorG such that sι = t and tι = s. The unit, associativity, and
inverse relations of the composition structure of groupoids can be written in terms
of commutative diagrams, involving the fiber product MorG×st MorG. But, since
we define the product and inversion maps of our groupoids as point-set mappings,
we are just going to use the basic point-set interpretation of these relations.

5.2.8. The groupoids of colored braids. The object set ObCoB(r) of the rth
colored braid groupoid CoB(r) is the set of permutations w ∈ Σr which we regard
as ordered sequences (w(1), . . . , w(r)) of integers w(i) ∈ {1, . . . , r}. The morphism
set MorCoB(r) consists of isotopy classes of braids α equipped with a bijection
between {1, . . . , r} and the collection of strands {α1, . . . , αr} underlying the braid α.
Intuitively, the extra bijection assigns a color i ∈ {1, . . . , r} to each strand αi, and
this interpretation motivates the name of colored braid which we adopt for our
groupoid.

In §5.0.5, we consider that the strands of a braid form an r-tuple (α1, . . . , αr)
arranged according to the ordering of the points (α1(0), . . . , αr(0)) on the axis
(y = 0, t = 0). In the colored braid case, we rather consider the ordering equiv-
alent to the bijection i 7→ αi given together with our braid α. Thus, we have
(α1(0), . . . , αr(0)) = ((x0

u(1), 0, 0), . . . , (x0
u(r), 0, 0) for some permutation u ∈ Σr,

where we again use the notation x0
k, k = 1, . . . , r, for the abscissa of our contact
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Figure 5.13. An instance of colored braid.
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Figure 5.14. The representation of identity elements in the
groupoid of colored braids.

points on the axis y = 0 (see §5.0.5). This permutation defines the source of our
braid u = s(α) in the groupoid CoB(r). The target of the braid v = t(α) is the
permutation v such that (α1(1), . . . , αr(1)) = ((x0

v(1), 0, 1), . . . , (x0
v(r), 0, 1). Intu-

itively, we simply take the ordering of the origin points of the strands on the axis
(y = 0, t = 0) to determine a color ordering yielding the source permutation u of
the colored braid α, and we the take the ordering of the end points of the strands
on the axis (y = 0, t = 1) to determine another color ordering yielding our target
permutation v.

To illustrate these definitions, we give an instance of a colored braid in Fig-
ure 5.13. The source and target permutations associated to this colored braid are
given by the ordered sequences u = (2, 4, 3, 1) and v = (3, 4, 1, 2).

The identity morphism idw = e(w) assigned to any permutation w ∈ Σr is
defined by the identity braid whose strands αi are equipped with the coloring
determined by the permutation w = (w(1), . . . , w(r)) so that we have αw(i)(t) =

(x0
i , 0, t), for any i = 1, . . . , r (see Figure 5.14).

The composition of the groupoid is given by the standard concatenation op-
eration on braids, inherited from the braid group, and represented in Figure 5.3.
In our new context, we simply note that the colors assigned to strands agree on
contact points precisely when our braids (α, β) satisfy the relation s(α) = t(β) and
hence are composable in the sense of §5.2.7. In this situation, each composite strand
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inherits a single color from its components, which we use to define the coloring of
the composite braid α · β.

The inversion of colored braids can also be deduced from the inversion operation
of the braid groups.

5.2.9. Braid cosets and morphisms in the colored braid groupoids. In the previ-
ous paragraph, we chose an approach which provides an intuitive definition of the
colored braid groupoid. On the other hand, we immediately see, from this first defi-
nition, that the color indexing of an element α ∈ CoB(r) is determined by giving the
permutation u = s(α), which represents the source of the morphism α in the colored
braid groupoid. Indeed, the ordered sequence u = (u(1), . . . , u(r)) corresponds to
the color indexing of the origin points ((x0

1, 0, 0), . . . , (x0
r, 0, 0)), which in turn deter-

mines the coloring of the braid strands. By using this observation, we can readily
identify the morphism set MorCoB(r)(u, v) associated to fixed permutations u, v ∈ Σr
with the coset q−1

∗ (v−1u) ⊂ Br, where we consider the natural group morphism
q∗ : Br → Σr from braids to permutations. The composition operation of CoB(r) is
also identified with the operation q−1

∗ (w−1v) × q−1
∗ (v−1u) → q−1

∗ (w−1u) obtained
by restriction of the natural multiplication of the braid group Br. For a single
permutation w ∈ Σr, we have an identity MorCoB(r)(w,w) = q−1

∗ (w−1w) = Pr, and
the identity morphism associated to w in the groupoid corresponds to the neutral
element of the pure braid group Pr.

5.2.10. The symmetric structure of the colored braid groupoids. Each groupoid
of colored braids CoB(r) inherits a natural action of permutations. Therefore the
collection CoB = {CoB(r), r ∈ N} forms a symmetric sequence of groupoids. To be
explicit, the groupoid morphism s∗ : CoB(r) → CoB(r) associated to any s ∈ Σr
is defined by the following process: for a permutation w ∈ Σr, representing an
object of CoB(r), we set s∗(w) = sw; for a braid α equipped with a strand coloring
i 7→ αi, we define s∗(α) by the same underlying braid as α, but we equip s∗(α)
with the modified coloring s(i) 7→ αi which assigns the value s(i) ∈ {1, . . . , r} to the
strand αi which was previously colored by the index i ∈ {1, . . . , r}. The mappings
s∗ : MorCoB(r) → MorCoB(r) and s∗ : ObCoB(r) → ObCoB(r) clearly preserve
the structure morphisms attached to our groupoid. In the definition of §5.2.9, the
mapping s∗ : MorCoB(r)(u, v) → MorCoB(r)(s∗(u), s∗(v)) is given by the identity of

the coset q−1
∗ (s∗(v)−1s∗(u)) = q−1

∗ ((sv)−1(su)) = q−1
∗ (v−1u) ⊂ Br with which both

morphism sets MorCoB(r)(u, v) and MorCoB(r)(s∗(u), s∗(v)) are identified.
5.2.11. The operadic composition operations on colored braids. We have an ob-

vious identity CoB(1) = pt , giving a canonical operadic unit in the colored braid
groupoids. We also have operadic composition operations, deduced from the op-
eradic composition of permutations and braids, so that CoB inherits a full operad
structure. We proceed as follows to define these operations.

On object sets ObCoB(r) = Σr, we simply use the operadic composition of
permutations. (Accordingly, the collection ObCoB is identified with the permuta-
tion operad in the category of sets.) On morphism sets MorCoB(r), we use the
operadic composition of braids, defined in §§5.1.2-5.1.3, together with an operadic
composition of the braid colorings which we define as follows.

Let α ∈ MorCoB(m) and β ∈ MorCoB(n) be colored braids. Intuitively, to
define the composite α ◦k β ∈ MorCoB(m+ n− 1), we insert the kth input braid β
in the strand of α colored by k ∈ {1, . . . ,m}. We also apply the standard operadic
shift i 7→ i+ k− 1 to the index of the strands of β in the composite braid, the shift
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Figure 5.15. An operadic composition of colored braids

i 7→ i+n−1 to the index of the strands of α when k < i, and this gives the coloring
of α◦kβ. In comparison with the process of §§5.1.2-5.1.3, we simply use an ordering
defined by the color indexing of the strands of α instead of the natural ordering of
the source points on the line y = t = 0. Thus, the composition of braids in the
colored braid groupoid is formally defined by the composition operation of §§5.1.2-
5.1.3 up to an input reordering, which we determine from the source permutation
of the braid α. To illustrate this process, we give an instance of partial composition
operation α ◦1 β = α(β, 1) in Figure 5.15. In order to ease the understanding of
this picture, we have added dotted lines marking the array in which the braid β is
inserted.

In the coset representation of morphism sets (§5.2.9), the partial compos-

ite MorCoB(m)(s, t) × MorCoB(n)(u, v)
◦k−→ MorCoB(m+n−1)(s ◦k u, t ◦k v) maps ele-

ments α ∈ q−1
∗ (t−1s) and β ∈ q−1

∗ (v−1u) to the composite braid α ◦s−1(k) β which

has q∗(α ◦s−1(k) β) = (t ◦k v)−1 · (s ◦k u) as associated permutation. This op-
eration obviously preserves the groupoid structure, and hence, gives a morphism
◦k : CoB(m)× CoB(n)→ CoB(m+ n− 1) in the category of groupoids.

The verification of the operad axioms is straightforward from the results ob-
tained for the braid operad in §5.1.

The construction of this composition clearly extends to the degenerate case of
a colored braid β with an empty set of strands, and we readily deduce from this
observation that the operad CoB has a unitary extension CoB+. The restriction
operation u∗ : CoB+(n)→ CoB+(m) can actually be identified with a natural gen-
eralization to colored braids of the removal operations on braid groups, as described
in §5.1.4, just like the operadic composition of colored braids define a generalization
of the operadic composition of braids.

The definition of the colored braid operad is now complete and we aim to prove:

Theorem 5.2.12. The classifying space operad B(CoB) associated to the operad
of colored braids CoB is an E2-operad, and the operad B(CoB)+, associated to the
unitary extension of CoB, similarly defines an instance of a unitary E2-operad.

We focus on the non-unitary context. The unitary extension of our statement
follows, again, from a straightforward adaptation of the arguments.

The idea is to identify B(CoB) with the symmetrization of a contractible braided
operad in order to deduce Theorem 5.2.12 from the recognition theorem of §5.1.
This contractible braided operad is formed by a collection of contractible classifying
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spaces EBr naturally associated to the braid groups Br. In a preliminary stage,
we review the general definition of these contractible classifying spaces EG, which
can be associated to any group G.

5.2.13. Translation categories and their classifying spaces. First, to a group G,
we associate a translation category EG which has ObEG = G as object set, and of
which morphism sets are reduced to a single element MorEG(α, β) = {β−1α}, for
all α, β ∈ G. This element β−1α represents the right translation connecting β and
α in G. This interpretation motivates the name of translation category assigned
to EG. The translation category EG obviously forms a groupoid, for any group G.

The translation category EG is also naturally equipped with a left G-action,
which assigns a functor g∗ : EG → EG to each g ∈ G. This functor is given by the
left translation operation g∗(α) = gα at the object level, and by the identity of the
translation elements (gβ)−1(gα) = β−1α at the morphism level.

The classifying space associated to the translation category EG is usually de-
noted by EG = B(EG). By definition of EG, the n-simplices of this classifying space
have a representation of the form

α = {α0
α−1

1 α0−−−−→ α1
α−1

2 α1−−−−→ · · · α
−1
n αn−1−−−−−−→ αn},

where (α0, . . . , αn) runs over Gn+1. The morphisms occurring in this simplex are
determined by the sequence of vertices (α0, . . . , αn), as we see in the above expres-
sion. Faces di (respectively, degeneracies sj) are given by the omission (respectively,
repetition) of a vertex αi (respectively, αj). By functoriality of the classifying space
construction, the simplicial set EG inherits a left G-action from the translation cat-
egory EG. The image of a simplex α under this action reads:

g∗(α) = {gα0
(gα1)−1(gα0)−−−−−−−−−→ gα1

(gα2)−1(gα1)−−−−−−−−−→ · · · (gαn)−1(gαn−1)−−−−−−−−−−→ gαn}.
The space EG is equipped with a natural map p∗ : EG → BG towards the

classifying space of the group G. If we regard the group G as a category with
a single object ∗, then this classifying space map is induced by the functor p :
EG → G defined by p(α) = ∗ on objects and by p(β−1α) = β−1α on morphisms.
The motivations for the introduction of this space EG are given by the following
observations:

Observation 5.2.14.

(a) The groupoid EG is equivalent to a point, and as a consequence, has a
contractible classifying space EG = B(EG).

(b) The action of G on EG is free.

(c) The mapping p∗ : EG→ BG goes down to an isomorphism EG/G
'−→ BG

on the quotient space EG/G.

These observations follow from immediate inspections. In the topological con-
text, the contractibility of the simplicial set EG implies that the space |EG| is
contractible. The free action of G on EG gives rise to a free and proper action at
the topological level. Furthermore, the mapping p∗ : EG→ BG induces a homeo-

morphism |EG|/G = |EG/G| '−→ |BG| since we have |X/G| = |X|/G for any space
X equipped with a G-action.

We now consider the translation categories EBr associated to the braid groups
Br. We immediately see that the collection formed by this sequence of groupoids
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E (r) = EBr inherits a natural braided operad structure from the braid groups:
the natural action of the group Br on each EBr gives the braided structure of the
collection E ; the identity EB1 = pt provides the operadic unit η : pt → E (1); and
the composition morphism is the functor ◦k : EBm × EBn → EBm+n−1

determined
by the operadic composition of braids at the level of the object sets ObEBn = Bn.
We also easily check, by using the result obtained at the level of braid groups, that
these morphisms fulfill the structure axioms of braided operads.

We apply the symmetrization functor of Proposition 5.1.5 in the context of the
category of categories M = Cat in order to get a symmetric operad SymE naturally
associated to E . We have the following observation:

Lemma 5.2.15. The colored braid operad CoB is identified, as a symmetric
operad in groupoids, with the symmetrization of the braided operad E defined by the
translation categories E (r) = EBr of the braid groups Br.

Proof. We use the definition of §5.2.9 where we identify the morphism sets
of the groupoid CoB(r) with the cosets MorCoB(r)(u, v) = q−1

∗ (v−1u) naturally as-
sociated to the morphism q∗ : Br → Σr. We have an obvious functor q∗ : EBr →
CoB(r), given by the map q∗ : Br → Σr on the object set ObEBr = Br, and by the
embedding {β−1α} ↪→ q−1

∗ (q∗(β)−1q∗(α)) on each morphism set MorEBr (α, β) =

{β−1α}, for α, β ∈ Br. We immediately see that this functor carries the action
of Br on EBr to the natural action of Σr on CoB(r), the action of Pr ⊂ Br to a
trivial action. We can also readily check, by unraveling the definition of a quotient
object in the category of categories, that q∗ : EBr → CoB(r) identifies CoB(r) with
the quotient category EBr/Pr.

We have already observed that q∗ : EBr → CoB(r) carries the Br-action on EBr
to the natural Σr-action on the groupoid CoB(r). We readily obtain that q∗ pre-
serves the operadic composition structures too by using the coset definition of this
structure in §5.2.11. Accordingly, the collection of functors q∗ : EBr → CoB(r)
defines a morphism q∗ : E → CoB in the category of braided operads, and the
relation EBr/Pr = CoB(r) immediately implies that this morphism identifies CoB
with the symmetric operad naturally associated to E . �

The conclusion of Proposition 5.2.5 remains obviously valid in the context of
braided operads. In the particular case of the translation categories associated to
braid groups E (r) = EBr , we deduce from this assertion that:

Fact 5.2.16. The collection of classifying spaces BE (r) = B(EBr ) = EBr in-
herits a braided operad structure.

The geometric realization and classifying space functors naturally commute
with quotients under group actions. In the case of the symmetrization functor Sym,
which is essentially given by such a quotient process, this observation implies:

Observation 5.2.17. We have operad identities Sym | BE | = | Sym BE | =
| B(SymE )|.

Thus, from the identity SymE = CoB established in Lemma 5.2.15, we conclude
that | B(CoB)| is identified with the symmetrization of the contractible braided
operad | BE |. The braided operad BE is also contractible by observation 5.2.14
and the braid group Br operates freely and properly at the level of the topological
space | BE (r)| = EBr. By Theorem 5.1.14, these assertions imply that | B(CoB)| =
Sym | BE | forms an E2-operad, as claimed in Theorem 5.2.12. �
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5.2.18. Remark. The category of algebras associated with the colored braid op-
erad consists of braided categories equipped with a strictly associative tensor prod-
uct. This statement is an operadic counterpart of a result of Joyal and Street [93]
asserting that the disjoint union of the braids groups form a free braided category
on one generating object. The correspondence between operads in groupoids and
monoidal structures on categories is the subject of the next chapter, and we go back
to the connection between the colored braid operad and Joyal-Street’ statement in
this subsequent account.

5.3. Fundamental groupoids and operads

In the previous section, we observed that the identity between the Eilenberg
space D2(r) and an Eilenberg-MacLane spaces K(Pr, 1) determines the homotopy
type of the spaces underlying the little discs operad D2. However, we have needed to
replace the pure braid groups Pr by groupoids of colored braids CoB(r) in order to
retrieve an operad reflecting the structure associated with the little 2-discs operad.

The purpose of this section is to explain the source of our problems and to give
an explanation for the introduction of colored braids in §5.2.

The pure braid group Pr represents the fundamental group of the little 2-discs
space D2(r), and involves, by definition of the fundamental group, the choice of a
base point in D2(r). The problem comes from this choice: base points can not be
chosen coherently with respect to the structure operations attached to an operad.
The natural idea is to replace fundamental groups by fundamental groupoids in
order to work out this issue. In the case of the little 2-discs operad D2, we prove
precisely that the fundamental groupoids of the spaces D2(r) form an operad in
groupoids which is equivalent to the colored braid operad of §5.2. The main purpose
of this section is to establish this result. Before, we quickly recall the definition
of the fundamental groupoid and we check that the fundamental groupoids of the
spaces underlying an operad in topological spaces form an operad in groupoids.

5.3.1. Fundamental groupoids. The fundamental groupoid of a topological space
is denoted by πX. The object set of this groupoid πX is the underlying point-set
of the space X. Let x, y ∈ X. The morphisms from x to y in πX are the homotopy
classes of paths α : [0, 1] → X with α(0) = x as prescribed origin and α(1) = y as
prescribed endpoint. The composition of morphisms in πX is given by the usual
composition operation on paths, and extends the composition of based loops consid-
ered in the definition of the fundamental group. The unit relation, the associativity
relation and the existence of inverses in πX is proved by a straightforward extension
of the arguments classically considered in the context of fundamental groups.

The fundamental group of X at a base point x0 ∈ X is clearly identified with
the automorphism set of x0 in the fundamental groupoid

π1(X,x0) = MorπX(x0, x0)

and we have an isomorphism connecting x0 ∈ X to another point x ∈ X in πX if
an only if x0 and x belongs to the same path connected component of X.

Thus, if we regard a group as a groupoid with one object, then we can also
identify the fundamental group π1(X,x0) at a base point x0 with the full subcat-
egory of πX generated by the single object {x0} ⊂ X = ObπX, and, when X is
path connected, the embedding π1(X,x0) ↪→ πX, which arises from this categor-
ical interpretation of the fundamental group, defines an equivalence of categories.
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In general, the fundamental groupoid is equivalent (as a category) to the coprod-
uct

∐
[x0]∈π0(X) π1(X,x0) formed by picking a representative x0 ∈ C in each path

connected component [x0] = C ∈ π0(X) of the space X.
Even in the path connected case, we usually have no canonical choice for a

single base point x0 in X. In subsequent applications, we rather consider subsets
A ⊂ X and the full subcategories, denoted by πX pA, which such subsets generate.
The embedding πX pA↪→ πX defines an equivalence of groupoids as soon as A
includes a representative of each path connected component of X.

The mapping π : X 7→ πX clearly gives a functor from spaces to groupoids,
and usual results on fundamental groups extend to fundamental groupoids. But,
in the groupoid context, we need to take care of the difference between the notion
of isomorphism and the notion of equivalence. For instance, a homeomorphism
induces an isomorphism on fundamental groupoids, but a homotopy equivalence
f : X

∼−→ Y induces a groupoid equivalence f∗ : πX
∼−→ πY , and no more, unless f

is a bijection at the point set level.

In order to study the image of topological operads under the fundamental
groupoid functor π : Top → Grd , we establish as usual that:

Proposition 5.3.2. The functor π : Top → Grd is symmetric monoidal:

(a) for a point pt, viewed as the unit object of the category of spaces, we have
an obvious identity π pt = pt;

(b) for a cartesian product of spaces X × Y , the maps πX
p∗←− π(X × Y )

q∗−→
πY , induced by the canonical projections X

p←− X × Y q−→ Y , give rise to

an isomorphism π(X × Y )
'−→ πX × πY ;

(c) and these comparison isomorphisms (a-b) fulfill the unit, associativity and
symmetry constraints of §2.3.1.

Proof. The proof of assertion (a) is immediate. The proof of assertion (b)
reduces to a straightforward extension of arguments classically used in the case of

fundamental groups. The definition of the isomorphism π(X × Y )
'−→ πX × πY

from universal categorical constructions automatically ensures, as usual, that the
unit, associativity and symmetry constraints of symmetric monoidal functors are
fulfilled. �

From this statement, the result of Proposition 2.1.4 gives:

Proposition 5.3.3. Let P be an operad in topological spaces. The collection
of groupoids π P(r) associated to the spaces P(r) forms an operad in groupoids
naturally associated to P. �

From Proposition 2.1.4, we also deduce that the mapping π : P 7→ π P preserves
unitary extensions, or more explicitly, that we have an identity π(P+) = (π P)+,
for any unitary operad in topological spaces P+.

Now, for the operad of little 2-discs, we obtain the following result:

Theorem 5.3.4. The fundamental groupoid operad of the little 2-discs operad
πD2 is related to the colored braid operad CoB of §5.2 by a chain of categorical
equivalences of operads in groupoids

πD2
∼←− · ∼−→ CoB,

and similarly for the unitary extension of these operads πD2+ and CoB+.
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Proof. We use the embedding D1 ↪→ D2, defined in §4.1.5, to identify the
operad of little 1-discs D1 with a suboperad of D2. We consider, for each r ∈ N,
the full subcategory of the fundamental groupoid πD2(r) generated by the image
of the set D1(r) in D2(r). We adopt the notation πD2(r) pD1(r) for this category,
which obviously forms a groupoid. The collection of groupoids

πD2 pD1= {πD2(r) pD1(r)}r∈N

also defines a suboperad of πD2 because the object sets D1(r) associated to these
groupoids πD2(r) pD1(r) form themselves a suboperad of the little 2-discs operad D2,
regarded as an operad in sets. We use this operad πD2 pD1

⊂ πD2 as an interme-
diate object between the fundamental groupoid operad πD2 and the colored braid
operad CoB.

The embeddings πD2(r) pD1(r)↪→ πD2(r) are equivalences of categories since
each space D2(r) is connected, and as a consequence, the embedding of operads in
groupoids πD2 pD1

↪→ πD2 defined by the collection of these morphisms forms a
categorical equivalence of operads. To complete our arguments, we define a second
categorical equivalence of operads πD2 pD1

∼−→ CoB connecting πD2 pD1
with the

colored braid operad CoB. In a preliminary step, we construct the collection of
groupoid equivalences πD2(r) pD1(r)

∼−→ CoB(r) underlying our operad morphism.

Let Π(r) be the subset of the configuration space F (D̊2, r) formed by the ele-
ments of the form a0

w = ((x0
w(1), 0), . . . , (x0

w(r), 0)), where w ∈ Σr. If we go back

to the construction of §5.2.8, where we define the groupoids of colored braids, then
we immediately see that the isotopy classes of braids defining the morphisms of
the colored operad are nothing but homotopy classes of paths between elements
of Π(r). In other words, we have a formal identity CoB(r) = π F (D̊2, r) pΠ(r), for
each r ∈ N.

The homotopy equivalence ω : D2(r)
∼−→ F (D̊2, r), defined by the disc cen-

ter mapping (see §§4.2.1-4.2.2), induces an equivalence of fundamental groupoids

ω∗ : πD2(r)
∼−→ π F (D̊2, r). In order to connect πD2(r) pD1(r)⊂ πD2(r) with the

groupoid CoB(r) = π F (D̊2, r) pΠ(r), we pick a collection of little 2-discs c0 in the

image of our embedding D1(r)→ D2(r) so that ω(c0) = a0
id . Then we consider the

subset Ξ (r) formed by the elements c0w = w∗(c0), w ∈ Σr, in D1(r) ↪→ D2(r). The
disc center mapping is clearly equivariant, so that ω(c0w) = a0

w, for all w ∈ Σr, and

the equivalence ω∗ : πD2(r)
∼−→ π F (D̊2, r) induces, by restriction to Ξ (r) ⊂ D2(r),

a groupoid isomorphism πD2(r) pΞ(r)
'−→ π F (D̊2, r) pΠ(r). To recap, we now have a

groupoid diagram

(a) πD2(r) pΞ(r)
' //

� _

��

π F (D̊2, r) pΠ(r)
� _

��

= // CoB(r)

πD2(r) pD1(r)
� _

��
πD2(r) ∼

// π F (D̊2, r)

where vertical morphisms are embeddings of full subgroupoids, the bottom hori-
zontal morphism is a groupoid equivalence, and the upper horizontal morphism is
a groupoid isomorphism. The connectedness of D2(r) implies that the first vertical
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embedding πD2(r) pΞ(r)↪→ πD2(r) pD1(r) defines an equivalence of groupoids too,
just like the second embedding πD2(r) pD1(r)↪→ πD2(r).

The groupoid equivalence which we aim to define is obtained by picking an
appropriate inverse equivalence of the embedding πD2(r) pΞ(r)↪→ πD2(r) pD1(r).

Recall that the embedding of a configuration of little 1-discs c = (c1, . . . , cr)
in the interval D1 = [−1, 1] determines a linear ordering i1 < · · · < ir of the
indices of these 1-discs ci. In Proposition 4.1.6, we use this observation to assign a
permutation w = (i1, . . . , ir) to each element c ∈ D1(r), and to establish the identity
π0 D1(r) = Σr. To an element c in the image of D1(r) ↪→ D2(r), we associate the
element c0w ∈ Ξ (r), formed by applying the permutation w associated to c to the
initially chosen configuration of little 2-discs c0. This construction amounts to
considering the element c0w lying in the same connected component D1(r)w of the
1-disc space D1(r) as our configuration c within D2(r).

Recall that each space D1(r)w is contractible. We pick a path γ connecting the
element γ(0) = c0w to γ(1) = c and lying in this contractible space. We perform
such a choice of path for every element c in the image of the little 1-disc space
D1(r) in D2(r). The homotopy class of our path γ represents an isomorphism
between c and c0w in the fundamental groupoid πD2(r). We consider the groupoid
morphism πD2(r) pD1(r)→ πD2(r) pΞ(r) which maps each object c to the associated

configuration c0w in the set Ξ (r), and which is given, at the morphism set level,
by the composition with the isomorphism [γ] ∈ Morπ D2(r)(c

0
w, c) determined by

the homotopy class of our path connecting c0w and c within D1(r) ↪→ D2(r). The
contractibility of the space D1(r)w, where we define this path γ, implies that this
isomorphism does not depend on choices.

Now we can take the composite of the just defined equivalence of groupoids

with the obvious isomorphism πD2(r) pΞ(r)
'−→ π F (D̊2, r) pΠ(r) in order to get a

morphism of groupoids

(b) πD2(r) pD1(r)
∼−→ π F (D̊2, r) pΠ(r)= CoB(r),

which is also an equivalence by construction. We see that our mapping which
associates an element c0w to any c is equivariant with respect to the action of per-
mutation, and as a consequence, so is our groupoid morphism since we observed
that our construction does not depend on any other choice.

We immediately see that our morphism sends the unit element of the op-
erad πD2 pD1 to the unit element of the colored braid operad CoB too because

we trivially have CoB(1) = π F (D̊2, 1) pΠ(1)= pt . We also see that our groupoid
morphisms commute with operadic composition structures at the object level, be-
cause we use the decomposition of the little 1-discs operad into connected com-
ponents to determine our correspondence on objects, and the operadic composi-
tion of permutations reflects the operadic composition associated to the connected
components of the little 1-discs operad. The existence of a groupoid equivalence
between πD2(r) pD1(r) and CoB(r) for each r implies that the morphisms of the
groupoid πD2(r) pD1(r) are composites of paths representing the generating braids
τi in the little 2-discs space D2(r). We easily see, by going back to our figures, that
we retrieve the definition of the operadic composites of generating and identity
braids in Proposition 5.1.2 when we form operadic composites of paths in the little
2-discs operads corresponding to these generating elements of the braid group (see
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Figure 5.12). We deduce from this generating case that our groupoid morphisms
preserve the operadic composition of all morphisms in our groupoids.

We conclude that our collection of groupoid equivalences (b) defines a morphism
of operads in groupoids πD2 pD1

→ CoB, which is also a categorical equivalence by
construction. Hence, we finally have a chain of categorical equivalences of operads
in groupoids

(c) πD2
∼←− πD2 pD1

∼−→ CoB

connecting the fundamental groupoid of the operad of little 2-discs πD2 to the
operad of colored braids CoB. We also readily see, by an immediate extension of our
arguments, that these categorical equivalences preserve the restriction operations
attached to our operads, and hence, extends to categorical equivalences of unitary
operads. This observation completes the proof of Theorem 5.3.4. �

5.3.5. Remark: The representation of morphisms in the fundamental groupoid
of the little 2-discs operad. The bijection

ω∗ : Morπ D2(r)(a, b)
'−→ Morπ F(D̊2,r)(ω(a), ω(b))

induced by the disc center mapping ω : D2(r)
∼−→ F (D̊2, r) implies that the mor-

phisms of the fundamental groupoid of the little 2-discs space are specified by:

– a configuration of little 2-discs a = (a1, . . . , ar), which represents the
source of our morphism,

– a configuration of little 2-discs b = (b1, . . . , br), which defines the target,
– and a braid on r strands α = (α1, . . . , αr) so that αi connects the center

of the ith little 2-disc ai in the source configuration a to the center of the
ith little 2-disc bi in the target configuration b.

Thus, we get a picture of the following form:

1
2

1
2

α =

a

b

for a morphism α ∈ Morπ D2(2)(a, b), with the configuration of little 2-discs a repre-
sented at the top of the picture, and b at the bottom.

In the special case of configurations of little 2-discs centered on the axis y = 0,
like

α =

12

1 2

,
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we may use a simplified picture where, as in the braid diagram representation, we
only retain the trace of our little 2-discs configurations on the axis y = 0:

1 2

12

.

This trace also represents the counter-image of our configurations of little 2-discs
under the operad embedding D1 ↪→ D2. The groupoid equivalence πD2(r) pD1(r)

∼−→
CoB(r), considered in the proof of Theorem 5.3.4, is given at the morphism level by
a simple path concatenation operation which recenters the contact points of such
braid diagrams.

5.3.6. Extra remarks. The results of Theorem 5.2.12 and Theorem 5.3.4 are ac-
tually not independent though we give a direct proof of each statement. To explain
the precise relationship between our results, we move from topological spaces to
simplicial objects.

The classifying space construction of §5.2.3 is naturally given as a functor from
categories to simplicial sets. The fundamental groupoid construction has a combina-
torial analogue, defined on the category of simplicial sets, and yielding a left adjoint
π : Simp → Grd of the restriction of the classifying space functor B : Cat → Simp
to the category of groupoids Grd ⊂ Cat . The augmentation π BG → G of this ad-
junction π : Simp � Grd : B defines an isomorphism of groupoids, for all G ∈ Grd .
The adjunction unit X → BπX defines a weak-equivalence of simplicial sets when
X is a Kan complex with a trivial homotopy in degree ∗ > 1.

The simplicial version of the fundamental groupoid π : Simp → Grd is a sym-
metric monoidal functor, like the topological one (this result is a variation on the
Eilenberg-Zilber correspondence). Therefore, the fundamental groupoid induces a
functor π : SimpOp → GrdOp from simplicial operads to operads in groupoids,
which is still left adjoint of the functor B : GrdOp → SimpOp defined by the arity-
wise application of the classifying space functor from groupoids to simplicial sets.
By combining this adjunction with the realization and singular complex adjunction
relation (see §2.1.7), we get a chain of adjunctions

TopOp
Sing•(−)

//(1) SimpOp

|−|oo π //
(2) GrdOp
B
oo

connecting the category of topological operads and the category of operads in
groupoids.

The unit (respectively, the augmentation) of the adjunction between simplicial
sets and topological spaces is a weak-equivalence, and so is the unit (respectively,
the augmentation) of the corresponding adjunction (1) on operad categories.

The augmentation of the adjunction between simplicial sets and groupoids de-

fines a groupoid isomorphism π BG
'−→ G, for all G ∈ Grd , while the unit of this

adjunction X → BπX defines a weak-equivalence of simplicial sets as soon as X is
a Kan complex with a trivial homotopy in degree ∗ > 1. These assertions extend to
the unit and the augmentation of the induced adjunction (2) on operad categories.
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From these observations, we deduce that the existence of weak-equivalences of
operads D2

∼←− · ∼−→ BCoB, asserted by Theorem 5.2.12, implies the existence of

categorical equivalences of groupoids connecting πD2 and π BCoB
'−→ CoB. On

the other hand, since we observed that the underlying spaces of the little 2-discs
operad D2 are Eilenberg-MacLane spaces, we automatically have weak-equivalences
of operads connecting D2 and BπD2. Hence, the existence of equivalences of oper-
ads in groupoids between πD2 and CoB, asserted by Theorem 5.3.4, also implies
the existence of weak-equivalences of simplicial operads connecting D2 and BCoB,
which we establish in Theorem 5.2.12.

Our adjunctions (1-2) can also be used to give a necessary and sufficient recog-
nition criterion of E2-operads. Namely, an operad P is E2 if and only if each space
P(r) has a trivial homotopy in degree ∗ > 1 and π P is equivalent to the colored
braid operad CoB as an operad in groupoids.

5.4. Outlook: The recognition of En-operads for n > 2

The recognition of En-operads is more difficult in the case n > 2 than in the
case n = 2, because the underlying spaces of the little n-discs operads are no longer
Eilenberg-MacLane spaces when n > 2. On the other hand, we do have sufficient
conditions asserting, as in Theorem 5.1.14, that certain operads Symn P obtained
by a quotient process from an appropriate contractible object P are En.

In the context of Theorem 5.1.14, we consider the category of braided operads,
the obvious restriction functor from symmetric operads to braided operads, and the
symmetrization functor which represents a left adjoint of this one. Nice analogues
of these notions have been introduced by Michael Batanin’s with the aim of defining
higher dimensional generalizations of fundamental groupoids (see [15] for this part
of the program). In Batanin’s approach [17, 16, 18], the category of braided operads
is replaced by a category of n-operads, which have an underlying collection P(τ)
indexed by n-level trees, representing certain composition patterns that can be
formed from the structure of an n-category. We again have an obvious functor
Op → n Op, from the category of ordinary operads to the category of n-operads, and
we consider an n-symmetrization functor in the converse direction Symn : n Op →
Op. In [16], Batanin establishes that the symmetrization of a contractible n-operad
(satisfying some suitable cofibrancy requirement) is an En-operad. In [17], he proves
further that many usual models of En-operads, like the Fulton-MacPherson operads
(see §4.3), can be obtained as instances of this symmetrization construction.

Batanin’s recognition criterions are used to define models of En-operads, for
each n independently. In [20], Clemens Berger explains that models of the little
n-discs operads, regarded as a nested sequence of operads, can be obtained from
contractible (symmetric) operads equipped with an appropriate cell structure. The
first application of this recognition method, given by Berger himself in [20], is
the construction of simplicial models of En-operads from a basic simplicial op-
erad, first considered by Barratt-Eccles in [14], and given by an application of the
translation category construction of §§5.2.13-5.2.16 to the symmetric groups Σn.
The En-operads arising from the Barratt-Eccles operad are related to simplicial
models of n-fold spaces of suspensions ΩnΣnX (defined by Jeff Smith in [160]).
Berger’s method has also been applied successfully by Jim McClure and Jeff Smith
in [136] to prove that a certain operad, defined by natural operations acting on
Hochschild cochain complexes, is E2. This result has lead to a new conceptual
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proof of the Deligne conjecture claiming the existence of a natural E2-structure on
the Hochschild cochain complex (see the preface of the book).

Other models of En-operads, related to the topics studied in the present chap-
ter, arise from the iterated monoidal categories of [12], which generalize the classical
braided monoidal categories of quantum algebra (n = 2) and yield higher intermedi-
ate structures between the standard (noncommutative) monoidal categories (n = 1)
and symmetric monoidal categories (n =∞).



CHAPTER 6

The Magma and Parenthesized Braid Operad

The operads in the category of small categories, like the operad of colored braids
considered in the previous chapter, govern multiplicative structures associated to
categories. In §5.2.18, we already mentioned that an action of the operad of colored
braids on a category encodes a braided monoidal structure whose tensor product
is associative in the strict sense. We give a detailed proof of this statement in
this chapter. But our main purpose is to explain the definition of a variant of the
operad of colored braids, the operad of parenthesized braids, whose actions encode
general braided monoidal structures, where the tensor product is associative up to
a natural isomorphism.

Recall that the colored braid operad is an operad in groupoids CoB of which
object sets form an operad in sets isomorphic to the permutation operad Π. The
morphisms of the rth component of this operad CoB(r) are isotopy classes of braids
with r strands whose (fixed) contact points are labeled by indices (i1, . . . , ir) (the
colors) that form a permutation of the set (1, . . . , r). These contact points, together
with the associated colors, represent the objects of our operad. In the parenthesized
braid operad, denoted by PaB, the object sets form an operad in sets isomorphic to
a free operad Ω = O(µ(x1, x2), µ(x2, x1)) generated by a non-symmetric operation
µ = µ(x1, x2) in arity 2. We adopt the name magma, which Bourbaki introduces
for general non-associative structures (see [31, §I.1]), to refer to this free operad in
sets.

In our geometrical picture, the morphisms of the rth component of the paren-
thesized braid operad PaB(r) are still defined by isotopy classes of braids with r
strands, but we now consider contact points located on the center of diadic par-
titions of the interval [−1, 1]. These diadic partitions are in bijection with planar
binary trees and this correspondence gives the iso between the object sets of the
parenthesized braid operad and the terms of the magma operad.

The diadic partitions correspond to a suboperad of the little 2-disc operad
defined by certain little 2-disc configurations centered on the horizontal axis. The
components of the operad of parenthesized braids are actually identified with the
full subgroupoids of the fundamental groupoid operad of little 2-discs defined by
these particular subsets of base points. Recall that the connection between the
colored braid operad CoB and the fundamental operad of little 2-discs πD2 involves
a chain of categorical equivalences πD2

∼←− · ∼−→ CoB. The operad of parenthesized
braids PaB is actually the minimal object which can be used to give the middle
term in such a chain.

In a preliminary step §6.1, we explain the definition, from the magma operad,
of an operad governing general monoidal category structures, where we have no
symmetry constraint on the tensor product. By the way, we also give an operadic
interpretation of the Mac Lane Coherence Theorem. In a second step §6.2, we
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address the definition of the parenthesized braid operad itself, and we give the proof
that this operad is associated to general braided monoidal category structures.

Let us mention that D. Bar-Natan uses the expression of parenthesized braid
and the notation PaBr for a structure which is not our parenthesized braid op-
erad (see [13]). Bar-Natan’s parenthesized braid categories actually represent, in a
linear context, the summands of a free braided monoidal category on one generating
object. The same difference of conception occurs for the parenthesized permutation
operad PaP which we consider in §6.1. We explain the connection between Bar-
Natan formalism and our operadic approach with more details in §6.2.8. By the
way, we also explain the relationship between the operad of colored braids of §5.2
and Joyal-Street’ definition of the free braided monoidal category on one generating
object.

6.1. Magmas and the parenthesized permutation operad

The ultimate objective of this chapter, as we just explained, is to define an
operad in groupoids, the operad of parenthesized braids, with the same morphism
sets as the operad of colored braids in §5.2, but where the object sets are changed to
terms of the magma operad in order to encode general braided monoidal category
structures. The rough idea is to perform a pull-back operation in order to perform
this change of object sets. This pull-back process can also be used to get an operad
governing general non-symmetric monoidal categories, and we study this more basic
example in a first instance in this section. The relationship between monoidal
structures and our pull-back of operads in groupoids actually follows on an operadic
formulation of the Mac Lane Coherence Theorem which we explain in this section
too.

The magma operad, as we explain in the introduction of this chapter, is a free
operad (in sets) with a single (non-symmetric generator) µ in arity 2. We explicitly
set:

Ω = O(µ(x1, x2), µ(x2, x1)),

where µ = µ(x1, x2) denotes our generating operation, and tµ = µ(x2, x1), with
t = (1 2), is the associated transposed element. The algebras associated with this
operad are identified with Bourbaki’s (non-commutative) magmas (see [31, §I.1]).
To be explicit, by going back to the definition of free operads in §1.2, we see that
an Ω-algebra in sets consists of an object A ∈ Set equipped with a (possibly non-
commutative and non-associative) product m : A × A → A, giving the action of
the generating operation µ ∈ Ω(2) on A. This is exactly Bourbaki’s definition of a
magma, and the name of the magma operad is motivated by this correspondence.

To begin this section, we explain a representation of the elements of the magma
operad in terms of non-commutative non-associative monomials and planar binary
trees.

6.1.1. The algebraic definition of the magma operad. Recall that the elements
of a free operad intuitively consists of formal operadic composites of generating
operations, with no more relation between them as the general equivariance, unit
and associativity relations of operads. In the case of the magma operad, we consider
operadic composites of the product µ = µ(x1, x2), and of the transposed operation
tµ = µ(x2, x1). If we take the usual product notation x1x2 = µ(x1, x2) for the
generating operation µ = µ(x1, x2), then these operadic composites have the form
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of parenthesized words

(xixj), ((xixj)xk), (xi(xjxk)),

(((xixj)xk)xl), ((xi(xjxk))xl), ((xixj)(xkxl)), . . .

defined by providing any permutation of the variables (x1, . . . , xr) with a full bi-
nary bracketing (the parenthesization). These parenthesized words are the non-
commutative non-associative monomials considered by Bourbaki.

In this algebraic representation of the elements of the magma operad, the
symmetric groups act by permuting variable indices, the unit is defined by the
one-variable word 1 = 1(x1) = x1, and the operadic composition operation ◦k :
Ω(m)× Ω(n)→ Ω(m+ n− 1) are defined by the natural substitution of variables
in non-commutative non-associative monomials. For instance, we have:

((x3x1)x2) ◦1 ((x2x1)x3) = ((x5((x2x1)x3))x4).

To get this composite, we replace the variable x1 (corresponding to our composition
index k = 1) in the first monomial p = ((x3x1)x2) by the second monomial q =
((x2x1)x3), and we use the variable index shift of §1.1.4 to form a new monomial
p ◦1 q = p(q(x1, x2, x3), x4, x5) on the variables (x1, . . . , x5).

6.1.2. The planar binary tree representation. In our general construction of
free operads, the elements are represented by trees whose vertices are labeled by
generating operations. In the case of the magma operad, we can form a reduced
version of this representation, where the elements of arity r consist of planar binary
trees with r ingoing edges indexed by a permutation (i1, . . . , ir) of (1, . . . , r) as in
the following picture:

(xixj) = i j
, ((xixj)xk) =

i j k
, (xi(xjxk)) =

i j k
,

(((xixj)xk)xl) =
i j k l

, ((xi(xjxk))xl) =
i j k l

,

((xixj)(xkxl)) =
i j k l

, . . .

In the representation of §II.A, these planar binary trees correspond to tree-wise
elements in which all vertices are labeled by the generating operation µ and where
no vertex labeled by the transposed operation tµ occurs. The equivariance relation
of §1.1.5 (see also §II.A.2) implies that the tree-wise elements considered in the
appendix are, in the case of the magma operad, equivalent to tree-wise elements of
this reduced form, and hence, that we can restrict ourselves to such planar binary
trees in our construction.

The symmetric action, the operadic unit and the operadic composition opera-
tions of the magma operad are given by the same operations as in §II.A.1 for planar
binary trees. The symmetric group acts by permutation of the indices attached to
the ingoing edges. To obtain the picture of an operadic composite of trees σ ◦k τ ,
we plug the second tree τ in the ingoing edge of the tree σ marked by the index
k and we perform the usual shift operation on the input indices of this composite



174 6. THE MAGMA AND PARENTHESIZED BRAID OPERAD

object. For instance, in the case considered in §6.1.1, we get the following picture:

3 1 2
◦1

1 2 3
=

5 2 1 3 4

.

6.1.3. The underlying permutation and parenthesization of magma elements.
We readily see that each component of the magma operad Ω(r) forms a free Σr-
set. We obtain, to be more precise, that each element p ∈ Ω(r) has a unique
writing p = sπ = π(xs(1), . . . , xs(1)), such that π arises as a (multiple) composite
of the generating operation µ = µ(x1, x2) (with no occurrence of the transposed
operation), and where s is a permutation acting on this monomial π = π(x1, . . . , xr).
We refer to the permutation s occurring in this expression p = sπ as the underlying
permutation of the magma element p. We also refer to the composite defining the
monomial π as the underlying parenthesization of the word p.

We can easily retrieve the permutation s and the composite π from the mono-
mial expression of our element p ∈ Ω(r). Indeed, the permutation s represents
the ordering of the variables in the word underlying p (where we forget about
the parenthesization), while the monomial π = π(x1, . . . , xr) is determined by the
parenthesization itself (with the variables put in the canonical order). As an exam-
ple, in the case p = ((x5((x2x1)x3))x4), we obtain the permutation s = (5, 2, 1, 3, 4),
corresponding to the ordering of variables x5x2x1x3x4, and we have an identity
p = sπ = π(x5, x2, x1, x3, x4), where

π = ((x1((x2x3)x4))x5) =

1 2 3 4 5

.

In the tree-wise representation, the permutation s can also be determined by
the ordering (in the plane) of the indices attached to the ingoing edges of our tree,
where we use the outgoing edge of the tree to fix the orientation of the figure.

6.1.4. The unitary extension of the magma operad. The magma operad has a
unitary extension Ω+ such that

Ω+(n) =

{
∗, if n = 0,

Ω(n), otherwise,

and of which composition structure extends the composition structure of the non-
unitary operad Ω. In §3.2, we observe that the partial composition operations
with the additional arity zero term of such an operad are equivalent to restriction
operations ∂k : Ω+(n) → Ω+(n − 1) so that ∂k(p) = p ◦k ∗. Furthermore, for
a connected free operad, such as the magma operad Ω = O(µ(x1, x2), µ(x2, x1)),
the associativity of partial composites implies that our restriction operations are
uniquely determined by their expression on generating operations µ = µ(x1, x2)
and tµ = µ(x2, x1) (see §3.4). In the case of the magma operad, we obviously have
∂1(µ) = ∂2(µ) = 1, and ∂1(tµ) = ∂2(tµ) = 1, the operadic unit, since the arity 1
component of our operad is reduced to a one-point set.

The restriction operations ∂k(p) = p ◦k ∗ are equivalent to the substitution of a
variable by a unit element ∗ in an operad element p = p(x1, . . . , xn). The assignment
∂1(µ) = ∂2(µ) = 1 is therefore equivalent to unit identities µ(∗, x1) = x1 = µ(x1, ∗)
for our generating product operation µ(x1, x2) = x1x2. In the algebraic approach
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of §6.1.1, we get the expression of a restriction operation on a non-commutative non-
associative monomials by performing this substitution xk = ∗ (and the standard in-
dex shift on the remaining variables). For instance, we have ∂3((x5((x2x1)x3))x4) =
((x4((x2x1)∗))x3) = ((x4(x2x1))x3). In the tree-wise representation of §6.1.2, the
operation ∂k(σ) = σ ◦k ∗ is identified with the removal of the ingoing edge indexed
by k in the tree σ. For instance, in the case p(x1, . . . , xr) = ((x5((x2x1)x3))x4), we
get the following picture:

∂3

5 2 1 3 4
 =

4 2 1 3

=
4 2 1 3

.

The algebras over the operad Ω+ are identified with sets A equipped with a
product m : A × A → A, which determines the action of the non-unitary operad
Ω on A, and a distinguished element e ∈ A, such that µ(e, a) = a = µ(a, e), for all
a ∈ A. This element e represents the image of the arity zero operation ∗ ∈ Ω+(0)
in A.

6.1.5. Pullbacks of operads in groupoids. By definition of free operads, giving
a morphism ω : Ω → P from the magma operad Ω to an operad in sets P amounts
to giving an element m ∈ P(2) such that m = ω(µ).

We consider such a morphism ω : Ω → ObQ towards the object operad P =
ObQ underlying an operad in groupoids Q. For each r ∈ N, we form a groupoid
ω∗Q(r) with Obω∗Q(r) = Ω(r) as object set, and with morphism sets such that

Morω∗ Q(r)(p, q) = MorQ(r)(ω(p), ω(q)),

for all p, q ∈ Ω(r). The identity morphisms of this groupoid ω∗Q(r) are inherited
from Q(r), as well as the composition operation for morphisms.

The collection of groupoids ω∗Q(r), r ∈ N, also inherits an operad structure:

– the action of a permutation s ∈ Σr on the groupoid ω∗Q(r) is the functor
s∗ : ω∗Q(r) → ω∗Q(r) given by the action of s on the magma operad at
the object level, and by the mapping

MorQ(r)(ω(p), ω(q))︸ ︷︷ ︸
=Morω∗ Q(r)(p,q)

s∗−→ MorQ(r)(sω(p), sω(q))︸ ︷︷ ︸
=Morω∗ Q(r)(sp,sq)

inherited from the groupoid Q(r) at the morphism level;
– the unit object 1 ∈ Obω∗Q(1), equivalent to a functor η : ∗ → ω∗Q(1), is

given by the unit element of the magma operad 1 ∈ Ω(1);
– the partial composition operation ◦k : ω∗Q(m) × ω∗Q(n) → ω∗Q(m +
n−1) is the functor given by the partial composition of the magma operad
at the object level and by the mapping

MorQ(m)(ω(p0), ω(p1))︸ ︷︷ ︸
=Morω∗ Q(m)(p0,p1)

× MorQ(n)(ω(q0), ω(q1))︸ ︷︷ ︸
=Morω∗ Q(n)(q0,q1)

◦k−→ MorQ(m+n−1)(ω(p0) ◦k ω(q0), ω(p1) ◦k ω(q1))︸ ︷︷ ︸
=Morω∗ Q(m+n−1)(p0◦kq0,p1◦kq1)

inherited from the operad Q at the morphism level.
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The collection ω∗Q(r), r ∈ N, therefore forms an operad in groupoids ω∗Q. We
refer to this operad as the pullback of the operad Q to the magma generated by
the object m in ObQ.

In the case where our operad Q has a unitary extension Q+, we immediately
see that the morphism of non-unitary operads ω : Ω → ObQ associated to an
element m ∈ ObQ(2) has a unitary extension ω+ : Ω+ → ObQ as soon as the
relations m ◦1 ∗ = m ◦2 ∗ = 1 hold in Q+. In this situation, we also have a unitary
version ω∗Q+ of the pullback operad ω∗Q defined by an obvious extension of our
construction.

6.1.6. The pullback of the permutation operad. We first examine the application
of our pullback construction to the permutation operad Π, which is basically defined
in the category sets, but which we may also regard as formed of a collection of
discrete groupoids. We adopt the notation CoP to distinguish this operad in the
category of groupoids from the underlying operad in sets Π, so that we may write
ObCoP = Π. Each groupoid CoP(r) is explicitly defined by ObCoP(r) = Σr and
we have

MorCoP(r)(u, v) =

{
pt , if u = v,

∅, otherwise,

for all u, v ∈ Σr.
Let m ∈ ObCoP(2) be the object defined by the identity permutation (1, 2) ∈

Σ2. The operad morphism ω : Ω → Π = ObCoP associated with this element m ∈
ObCoP(2) is obviously identified with the map which sends a parenthesized words
p = p(xs(1), . . . , xs(r)) to the underlying permutation (s(1), . . . , s(r)) (in the sense
of §6.1.3) and forgets about the bracketing (see §6.1.3). Let PaP = ω∗ CoP denote
the pullback of the permutation operad under this morphism. This notation PaP
refers to the name of parenthesized permutation which we adopt for this operad.

For parenthesized words p = p(xu(1), . . . , xu(r)) and q = q(xv(1), . . . , xv(r)), with
ω(p) = u and ω(q) = v as underlying permutations, we have:

MorPaP(r)(p, q) =

{
pt , if ω(p) = ω(q),

∅, otherwise.

The morphism ω : Ω → ObCoP clearly admits a unitary extension, and we accord-
ingly have a unitary version of the parenthesized permutation operad PaP+ such
that PaP+(0) = ∗.

Let α(x1, x2, x3) be the morphism connecting the composites µ(µ(x1, x2), x3) ∈
Ω(3) and µ(x1, µ(x2, x3)) ∈ Ω(3) in PaP(3), and oriented in this direction, from
µ(µ(x1, x2), x3) to µ(x1, µ(x2, x3)). We refer to such a morphism, making the op-
eration µ = µ(x1, x2) associative, as an associator. We have the following result,
which gives an interpretation of the Mac Lane Coherence Theorem:

Theorem 6.1.7 (Operadic interpretation of the Mac Lane Coherence Theo-
rem).

(a) In each groupoid PaP(r), all morphisms can be obtained as (categorical)
composites of morphisms which themselves decompose into operadic com-
position products of identity morphisms and of the associator α(x1, x2, x3).
Naturally, since the morphism sets of the groupoid PaP(r) are either empty
or reduced to a one-point set, all parallel morphisms of the parenthesized
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m(m(m(x1, x2), x3), x4)
m(a(x1,x2,x3),x4)

yy
a(m(x1,x2),x3,x4)

��

m(m(x1,m(x2, x3)), x4)

a(x1,m(x2,x3),x4)

��

m(m(x1, x2),m(x3, x4))

a(x1,x2,m(x3,x4))

��

m(x1,m(m(x2, x3), x4))

m(x1,a(x2,x3,x4)) %%
m(x1,m(x2,m(x3, x4)))

Figure 6.1. The pentagon relation

braid operad, obtained by such combinations of categorical and operadic
composition operations, are equal.

(b) Now let Q be any operad in the category of categories. Let

m = m(x1, x2) ∈ ObQ(2)

be an object in the arity 2 term of this operad. Let

a(x1, x2, x3) ∈ MorQ(3)(m(m(x1, x2), x3),m(x1,m(x2, x3)))

be an isomorphism connecting the composites p = m(m(x1, x2), x3) ∈
ObQ(3) and q = m(x1,m(x2, x3)) ∈ ObQ(3) in the category Q(3). If
this associator a = a(x1, x2, x3) makes the pentagon diagram of Figure 6.1
commute in Q(4), then all parallel morphisms of the categories Q(r) which
we obtain from this iso a = a(x1, x2, x3) by combinations of the oper-
ations of (a) are equal. In this situation, we also have a morphism of
operads in groupoids φ : PaP → Q uniquely determined by the assign-
ment φ(µ(x1, x2)) = m(x1, x2) at the object level, and φ(α(x1, x2, x3)) =
a(x1, x2, x3) at the morphism level.

(c) In the construction of (b), if we moreover assume the existence of an object

e ∈ ObQ(0)

satisfying the relation

m(e, x1) = x1 = m(x1, e)

at the object level, and the relation

a(e, x1, x2) = a(x1, e, x2) = a(x1, x2, e) = idm(x1,x2)

at the morphism level, then the morphism φ : PaP → Q has a unitary
extension φ+ : PaP+ → Q sending the distinguished arity 0 element of the
unitary operad of parenthesized permutations PaP+ to e ∈ ObQ(0).

Benoit Fresse
Barrer

Benoit Fresse
Machine à écrire
permutation

Benoit Fresse
Crayon
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µ◦1α

µ◦2α

α◦1µ

α◦2µ

α◦3µ

Figure 6.2. The associa-
hedra in dimension 2. The
edges are given by the im-
age of the associator α ∈
MorPaP(3) under the func-
tors − ◦k µ : PaP(3) →
PaP(4), k = 1, 2, 3, and
µ ◦k − : PaP(3)→ PaP(4),
k = 1, 2, in the parenthe-
sized permutation op-
erad PaP.

µ ◦1 −

µ ◦2 −

− ◦1 µ

− ◦2 µ

− ◦3 µ

− ◦4 µ

α◦1α

α◦2α

α◦3α

Figure 6.3. The stereographic projection of the 3 dimensional
associahedra. The binary tree corresponding to the word
(x1(x2(x3(x4x5)))) is put at the infinity of the figure. The pen-
tagon cells in this picture are identified with the image of the pen-
tagon of Figure 6.2 under the functors − ◦k µ : PaP(4)→ PaP(5),
k = 1, 2, 3, 4, and µ◦k− : PaP(4)→ PaP(5), k = 1, 2, marked in the
figure. The square cells correspond to factorization of morphisms
α◦kα, marked by dotted arrows in the figure, and arising from the
consideration of bifunctors − ◦k − : PaP(3) × PaP(3) → PaP(5),
k = 1, 2, 3.
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Explanations. The claims of this theorem follow from an operadic interpre-
tation of the Mac Lane Coherence Theorem [122].

To understand the statement of (a-b), we may look at the picture formed
by the full subgroupoid of PaP(r) generated by the parenthesized words p =
p(xs(1), . . . , xs(r)) for a given underlying permutation s ∈ Σr. The morphisms
of this subgroupoid are identified with paths in a graph, represented in Figure 6.2
in the case r = 4, and in Figure 6.3 in the case r = 5. To simplify these pictures,
we only represents the parenthesization (in the form of binary trees) underlying
our objects p ∈ ObPaP(r), and we omit the permutation labeling (s(1), . . . , (s(r))
which is by assumption the same for all objects occurring in the figure. In the case
r = 4, we just retrieve the pentagon diagram of the theorem.

The edges of our graph are operadic composition products of associators and
identities. The claim of (a) is therefore equivalent to the connectedness of this
graph, which visibly holds in the case r = 4 and in the case r = 5. The general
case of this claim can be established by an easy induction.

The idea beyond our second claim (b) is that the edges of our graphs form
the 1-dimensional skeleton of a connected cell complex, whose 2-dimensional cells
are equivalent either to the pentagon of Figure 6.1 or to square diagrams. The
picture of Figure 6.3 make this observation clear in the case r = 5. The edges of
our graph form, in general, the 1-dimensional skeleton of a polyhedra, the Stasheff
associahedron K (r), r ∈ N, of which boundary decomposes as a union

∂ K (r) =
⋃

m ◦ik n=r

K (m)× K (n),

ranging over operadic composition schemes p = a(xi1 , . . . , b(xj1 , . . . , xjn), . . . , xim)
(see §3.1, §3.5), and where the summands are identified with cartesian products of
associahedra of lower dimension. The form of the 2-dimensional cells of the asso-
ciahedra can be obtained by induction from the shape of this decomposition. The
associahedra actually define an operad in topological space modeling homotopy as-
sociative monoids (see [163]). We refer to [67, 111, 119] for various constructions
of the associahedra as convex polyhedra and to Stasheff original article [163] for
a realization as a cell complex. We can use all these constructions to get a ge-
ometrical proof of our statement (see [154]). We can also use a direct inductive
argument, forgetting about the geometry of associahedra and focusing on the un-
derlying combinatorics of trees, to establish that all relations between paths in our
graph reduce to composites of pentagon and square relations. We refer to Mac
Lane’s monograph [122] for further details on this purely combinatorial approach.

To establish our assertion (b), we consider the image of our graph in the
groupoid Q(r), with the given object m ∈ ObQ(2) and the given associator a ∈
MorQ(3) substituted to the universal object µ and associator α in the parenthesized
permutation operad PaP. The assumption on our associator a(x1, x2, x3) implies
the commutation of the pentagon diagrams of this graph in the groupoid Q(r).
The (bi)functoriality of operadic composition products implies that the squares in
our graph commute as well. The graph therefore commute as a whole and this
assertion gives the crux of the claim of (b). Indeed, the commutation of the graph
implies that the image of our graph in the groupoid Q(r) gives a coherent definition
of groupoid morphisms φ : PaP(r) → Q(r), for all r ∈ N, preserving our operad
structures.
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The requirements of (c) imply that our operad morphism φ : PaP → Q makes
the composite with the arity zero term ∗ in the unitary extension of the operad PaP
correspond to the the composite with the object e in the operad Q. Therefore, we
immediately obtain that our operad morphism φ : PaP → Q admits an extension
φ+ : PaP+ → Q to the unitary operad PaP+ as soon as we have an object e
satisfying our conditions in Q. �

To sum up, the result of Theorem 6.1.7 gives an equivalence between op-
erad morphisms φ : PaP → Q and pairs (m, a) consisting of an operation m =
m(x1, x2) ∈ ObQ(2) and an isomorphism a = a(x1, x2, x3) ∈ MorQ(3) which makes
this operation associative in the operad Q. In the expression of this associativ-
ity relation, we assume the verification of coherence constraints, which can be re-
duced to the commutativity of the pentagon diagram of Figure 6.1. In the unitary
case, we consider an additional object e ∈ Q(0) satisfying strict unit relations
m(e, x1) = x1 = m(x1, e) with respect to the product m, and the natural coherence
constraints with respect to the associator.

For comparison, in the case of the discrete groupoid operad CoP we have the
following statement:

Theorem 6.1.8.

(a) Giving a morphism φ : CoP → Q from the permutation operad CoP to-
wards an operad in groupoids Q amounts to giving an object

m(x1, x2) ∈ ObQ(2)

satisfying a strict associativity relation

m(m(x1, x2), x3) = m(x1,m(x2, x3))

in the operad Q.
(b) In the construction of (a), if we moreover assume the existence of an object

e ∈ ObQ(0) such that m(e, x1) = x1 = m(x1, e),

then the morphism φ : CoP → Q has a unitary extension φ+ : CoP+ → Q
sending the distinguished arity 0 element of the unitary operad of permu-
tations Π+ = ObCoP+ to this object e ∈ ObQ(0).

Proof. If we regard an operad in sets P as a collection of discrete groupoids,
then giving a morphism of operads in groupoids φ : P → Q reduces to giving a
morphism of operads in sets φ : P → ObQ towards the object operad underlying
Q. In the case of the permutation operad P = Π, we deduce from the presentation
by generators and relations of §1 that giving such a morphism reduces to giving
an operation m ∈ Q(2) satisfying the associativity relation on Q. The argument is
similar in the unitary case. �

6.1.9. The operadic representation of monoidal structures on categories. Re-
call that the action of an operad P on an object A in a base symmetric monoidal
category M is equivalent to a morphism φ : P → EndA, where EndA is the endo-
morphism operad of A. In the case where we work within the category of (small)
categories M = Cat and we deal with an object C ∈ Cat , the endomorphism operad
EndC is given in arity r by the category which has the r-functors f : C×r → C as
objects and the natural transformation between them as morphisms.
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From the results established in this section, we obtain that giving a mor-
phism φ : PaP+ → EndC amounts to giving a monoidal structure on C with
strict unit relations but general associativity isomorphisms (see [122]), while giv-
ing a morphism φ : CoP+ → EndC is equivalent to giving a monoidal structure
with both strict unit and strict associativity relations. In both cases, we take
the image of the object µ = µ(x1, x2) under φ to get the tensor product oper-
ation m(X1, X2) = X1 ⊗ X2 : C×C → C of the monoidal structure on C. In
the unitary setting, we also take the image of the unitary element of the op-
erad ∗ ∈ P+(0) to get a natural transformation e : pt → C equivalent to a unit
object 1 ∈ C for this tensor product in C. In the parenthesized permutation operad
case, we take the image of the associator α ∈ MorP(3) to get a natural isomorphism

a(X1, X2, X3) : (X1 ⊗ X2) ⊗ X3
'−→ X1 ⊗ (X2 ⊗ X3) making our tensor product

associative. In the colored permutation case, we assume that this associativity
relation holds strictly (X1 ⊗ X2) ⊗ X3 = X1 ⊗ (X2 ⊗ X3) and we take the iden-
tity isomorphism as associator a = id . The pentagon relation of Theorem 6.1.7 is
nothing but the usual coherence axiom of [122] for the associativity isomorphism
of a monoidal category, and we have a similar correspondence for the coherence
constraints associated with the unit object. This identity gives the correspondence
between the results of Theorem 6.1.7-6.1.8 and the definition of monoidal structures
on a category C.

To complete the account of this section, we record the following result which
motivates the introduction of the pullback construction of §6.1.5 for operads in
groupoids:

Proposition 6.1.10. Let P be an operad in groupoid which has the magma
operad as underlying object operad ObP = Ω. For any lifting problem

R

φ

��
P

∃?ψ
??

// S

such that φ is a categorical equivalence of operads in groupoids (see §5.2.2), we have
a fill-in morphism ψ that make the diagram commute in the strict sense.

Proof. Exercise. �

6.2. The parenthesized braid operad

Recall that the operad of colored braids CoB satisfies ObCoB = Π. We de-
fine the operad of parenthesized braids PaB by applying the pullback construc-
tion of §6.1.5 to this operad CoB. We explicitly take PaB = ω∗ CoB, where we
again consider the morphism ω : Ω → Π mapping a parenthesized word p =
p(xs(1), . . . , xs(r)) ∈ Ω(r) to its underlying permutation s ∈ Σr (as in §6.1.6). We
then have ObPaB(r) = Ω(r) for each r, and MorPaB(r)(p, q) = MorCoB(r)(ω(p), ω(q))
for any pair of parenthesized words p = p(xu(1), . . . , xu(r)) and q = q(xv(1), . . . , xv(r))
with u = ω(p) and v = ω(q) as underlying permutations. The symmetric group
actions, the unit, and the composition operations defining the operad structure on
this collection of groupoids are inherited from the magma operad at the object
level, and from the colored braid operad at the morphism level (see §6.1.5). The
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parenthesized braid operad has a unitary version (like the parenthesized permu-
tation operad) which is defined by an obvious unitary extension of our pullback
construction.

Recall that we use the notation CoP for the permutation operad Π regarded as
an operad in groupoids. In the colored operad case, we have an obvious morphism
of operads in groupoids ι : CoP → CoB given by the identity ObCoB = Π at the
object level. This morphism admits a lifting

PaP //

��

PaB

��
CoP

ι
// CoB

,

which identifies the operad of parenthesized permutations PaP with a suboperad
of PaB such that ObPaB = ObPaP = Ω. This operad embedding construction has
an obvious extension in the unitary setting.

The main purpose of this section is to give an analogue of Theorem 6.1.7 for the
parenthesized braid operad. To complete our account, we also record an analogue
of the result of Theorem 6.1.8 for the colored braid operad. But before examining
this question we give a topological interpretation of the operad PaB in terms of the
fundamental groupoid of the little 2-discs operad πD2.

6.2.1. Parenthesized braids and fundamental groupoid elements. In the defini-
tion of the operad of colored braids CoB, we make a choice of contact points a
on the medium axis y = 0 of the open disc D̊2. The planar binary trees, defin-
ing the objects of the groupoids PaB(r), actually have an analogous topological
interpretation in terms of configurations of contact points on the line y = 0.

Instead of the equidistant contact points of §5.0, we just consider the centers of
diadic decompositions of the axis y = 0 of the open disc D̊2. In the next proposition,
we establish that these configurations of points are associated to little 2-discs con-
figurations defining a free operad, isomorphic to the magma operad, inside the little
2-disc operad D2. The correspondence between these diadic decompositions, the
free suboperad of little 2-discs, and the planar binary trees of the magma operad,
is made explicit in the picture of Figure 6.4.

In the proposition, we use this correspondence and we elaborate on the proof of
Theorem 5.3.4 to identify the parenthesized braid operad PaB with a suboperad of
the operad πD2 formed by the fundamental groupoids of the little 2-discs spaces.
In the sequel, we essentially use the correspondence of this proposition to get a con-
venient representation, elaborating on observations of the previous chapter (§5.3.5),
for the morphisms of the parenthesized braid operad. Figure 6.5 provides the pic-
ture of such a morphism in the parenthesized braid operad. In general, we use
the simplified representation, where the source and target of our morphism are re-
placed by the corresponding diadic decompositions of the interval, rather than the
perspective representation given in this figure.

Proposition 6.2.2.

(a) The little 2-disc configuration

µ = 1 2 ∈ D2(2)
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i k

l

j i j ki j

ki j i ji llki ji l j kj k k l

Figure 6.4. The correspondence between binary trees, operadic
composites of a generating little 2-disc configurations and diadic
decompositions of the interval in arity r = 2, 3, 4. The indices
(i, j), (i, j, k), (i, j, k, l), . . . run over permutations of (1, 2), (1, 2, 3),
(1, 2, 3, 4), . . . The diadic decompositions of the interval are coun-
terparts, in the little 1-disc operad, of the little 2-disc composites
considered in this picture (see proof of Proposition 6.2.2 for de-
tailed explanations).

α =

3 21

1 2 3

Figure 6.5. The picture, in the fun-
damental groupoid of the little 2-discs
operad, of a morphism of the paren-
thesized braid operad.

generates a free operad, isomorphic to Ω, within the little 2-disc operad D2.
(b) The disc center mapping of §4.2.2, applied point-wise to paths in little

2-disc spaces, induces an isomorphism

ω∗ : πD2 pΩ
'−→ PaB

between the restriction of the fundamental groupoid operad of D2 to the
suboperad Ω ⊂ D2 and the operad of parenthesized braids PaB.
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Proof. Let φ : Ω → D2 be the morphism sending the generating element
µ ∈ Ω(2) of the free operad Ω to the little 2-disc configuration µ ∈ D2(2) of
assertion (a). The claim of assertion (a) is that this morphism defines an embedding.
In our verification, we use the symmetric collection equivalent to the magma operad
Ω, and we consider monomials p = p(xi1 , . . . , xir ) ∈ Ω(r) of which variables may
be indexed by an arbitrary finite set r = {i1, . . . , ir} (not necessarily a standard
ordinal). Since µ visibly comes from the operad of little 1-discs D1, regarded as
a suboperad of D2 (see §4.1.5 and §5.1.7), our morphism φ admits a factorization
through D1, and we are therefore reduced to prove that this factorization φ : Ω →
D1 is an injection. Equivalently, we look at the trace of little 2-disc configurations
c ∈ D2(r) on the axis y = 0 in the ambient disc D2 to determine the counter-image
of elements c in Ω. (Recall that the image of D1 in D2 consists of configurations of
little disc centered on this axis y = 0, and the trace, considered in our process, can
be used to determine the counter-image in D1 of an element of D2.)

The little interval configurations lying in the image of our map φ are associated
with diadic decomposition of the interval [−1, 1] (see Figure 6.4 for examples). To
retrieve an element of Ω from the corresponding little interval configuration c,
just observe that we have c = µ(a, b) where a ∈ D1({i1, . . . , im}) (respectively,
b ∈ D1({j1, . . . , jn})) is produced by applying the affine transformation t 7→ 2t +
1 (respectively, t 7→ 2t − 1) to the configuration of little intervals lying in the
subinterval [−1, 0] ⊂ [−1, 1] (respectively, [0, 1] ⊂ [−1, 1]) in the collection c. We
continue by induction to obtain the full decomposition of c and to determine the
counter-image of c in Ω.

The second claim of the proposition is a variation on the result of Theo-

rem 5.2.12. Simply note that we now have a direct isomorphism ω∗ : πD2 pΩ
'−→ PaB

lifting the chain of category equivalences

πD2(r) pΩ(r)
ω∗ //

� _

��

PaB(r)

��
πD2(r) pD1(r)

� _

��

// CoB(r)

πD2(r)

considered in the proof of Theorem 5.2.12. �

We must note that the isomorphism of the proposition ω∗ : πD2 pΩ
'−→ PaB does

not extend to a morphism of unitary operads. We therefore need to go back to the
rectification process of Theorem 5.3.4 when we deal with restriction morphisms
u∗ : PaB+(n)→ PaB+(m) defining the composition operations with the additional
term PaB+(0) = ∗ of the unitary parenthesized braid operad PaB+.

6.2.3. The associator and the braiding in the parenthesized braid operad. The
morphism ι : PaP → PaB considered in the introduction of this section is given by
the identity ObPaB = ObPaP = Ω on object sets and is defined at the morphism
level by sending the associator α ∈ MorPaP(3) in the parenthesized permutation
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operad to the morphism

α =

1 2 3

321

in the parenthesized braid operad. The pentagon relation of Figure 6.1 is equivalent
to the identity of the following parenthesized braid diagrams

12 3 4

1 2 3 4

=

12 3 4

1 2 3 4

in PaB(4). The cover picture of this volume is the perspective representation of this
pentagon relation in the morphism set of the fundamental groupoid of the little 2
discs space D2(4).

Besides the associator α ∈ MorPaB(3), we consider the morphism

τ =

1 2

2 1

which we call the braiding. We readily see that the associator and the braiding
satisfy hexagon coherence constraints expressed in Figure 6.6 (in algebraic terms)
and equivalent to the identity of the following parenthesized braid diagrams

1 2 3

1 2 3

=

1 2 3

1 2 3

and

1 2 3

1 2 3

=

1 2 3

1 2 3

in PaB(3).
We can now formulate the analogue of Theorem 6.1.7 for the parenthesized

braid operad:

Theorem 6.2.4.

(a) In each groupoid PaB(r), all morphisms can be obtained as (categorical)
composites of morphisms which themselves decompose into operadic com-
position products of identity morphisms, of the associator α ∈ MorPaB(3),
and of the braiding τ ∈ MorPaB(2).

(b) Let Q be any operad in the category of categories. Let

m = m(x1, x2) ∈ ObQ(2)

be an object in the arity 2 component of this operad. Let

a(x1, x2, x3) ∈ MorQ(3)(m(m(x1, x2), x3),m(x1,m(x2, x3)))
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m(m(x1, x2), x3)

m(c(x1,x2),x3)

ww

a(x1,x2,x3)

''
m(m(x2, x1), x3)

a(x2,x1,x3)

��

m(x1,m(x2, x3))

c(x1,m(x2,x3))

��
m(x2,m(x1, x3))

m(x2,c(x1,x3)) ''

m(m(x2, x3), x1)

a(x2,x3,x1)ww
m(x3,m(x2, x1))

m(x1,m(x2, x3))

m(x1,c(x2,x3))

ww

a(x1,x2,x3)−1

''
m(x1,m(x3, x2))

a(x1,x3,x2)−1

��

m(m(x1, x2), x3)

c(m(x1,x2),x3)

��
m(m(x1, x3), x2)

m(c(x1,x3),x2) ''

m(x3,m(x1, x2))

a(x3,x1,x2)−1

ww
m(m(x3, x1), x2)

Figure 6.6. The hexagon relations

be an isomorphism connecting the composites p = m(m(x1, x2), x3) ∈
ObQ(3) and q = m(x1,m(x2, x3)) ∈ ObQ(3) in the category Q(3). Let

c(x1, x2) ∈ MorQ(2)(m(x1, x2),m(x2, x1))

be an isomorphism connecting the operation m = m(x1, x2) ∈ ObQ(2) to
its transposite tm = m(x2, x1) ∈ ObQ(2) in the category Q(2). If these
isos a = a(x1, x2, x3) and c = c(x1, x2) make the pentagon diagram of
Figure 6.1 and the hexagon diagrams of Figure 6.6 commute, then we have
a morphism of operads in groupoids φ : PaB → Q uniquely determined
by the assignment φ(µ) = m(x1, x2), φ(α) = a(x1, x2, x3) and φ(τ) =
c(x1, x2).

(c) In the construction of (b), if we moreover assume the existence of an object

e ∈ ObQ(0)

satisfying the relation

m(e, x1) = x1 = m(x1, e)
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12 34

1 23 4

=

12 34

1 23 4

Figure 6.7. An instance of a parenthesized braid decomposition.

at the object level, and the identities

a(e, x1, x2) = a(x1, e, x2) = a(x1, x2, e) = idm(x1,x2),

c(e, x1) = c(x1, e) = idx1

at the morphism level, then the morphism φ : PaB → Q has a unitary
extension φ+ : PaB+ → Q sending the distinguished arity 0 element of the
unitary operad of parenthesized braids PaP+ to this object e ∈ ObQ(0).

Proof. We subdivide the proof of this theorem in several steps.
Step 1: The decomposition of morphisms in the parenthesized braid operad. We

first prove that any given morphism β ∈ MorPaB(r)(p, q) has a decomposition of the
form specified in assertion (a). We suggest the reader to follow our argument lines
on the example depicted in Figure 6.7.

We have MorPaB(r)(p, q) = MorCoB(r)(ω(p), ω(q))) ⊂ Br by definition of the
groupoids of parenthesized braids. We immediately obtain therefore that our mor-
phism β ∈ MorPaB(r)(p, q) admits a decomposition

β = β1 · . . . · βn,
where each factor βi ∈ MorPaB(r)(pi, qi) consists, after forgetting about parenthe-
sizations, of a single generating factor τk in the braid group Br.

If pi = pi(xs(1), . . . , xs(r)) has s = (s(1), . . . , s(k), s(k + 1), . . . , s(r)) as un-
derlying permutation, then qi has an underlying permutation of the form stk =
(s(1), . . . , s(k+1), s(k), . . . , s(r)), with the factors (s(k), s(k+1)) switched. We pick
a parenthesization gathering the factors xs(k) and xs(k+1) in the word xs(1) ·. . .·xs(r).
We thus consider a parenthesized word of the form

κi = πi(xs(1), . . . , µ(xs(k), xs(k+1)), . . . , xs(r)) ∈ Ω(r),

where πi ∈ Ω(r − 1). By Theorem 6.1.7(a), we have a parenthesized permutation
operad morphism

ρ = ρ(xs(1), . . . , xs(k), xs(k+1), . . . , xs(r)) ∈ MorPaP(r),
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formed by a composite of associators, connecting pi to κi. We similarly have a
morphism

σ = σ(xs(1), . . . , xs(k+1), xs(k), . . . , xs(r)) ∈ MorPaP(r)

going from qi to λi = πi(xs(1), . . . , µ(xs(k+1), xs(k)), . . . , xs(r)). We therefore have a
decomposition of each morphism βi of the form

βi = σ(xs(1), . . . , xs(k+1), xs(k), . . . , xs(r))
−1

· πi(xs(1), . . . , τ(xs(k), xs(k+1)), . . . , xs(r))

· ρ(xs(1), . . . , xs(k), xs(k+1), . . . , xs(r))

where ρ and σ are defined by composites of associators, and the medium factor
s · idπi ◦kτ reduces to the application of a braiding τ within a fixed parenthesized
word.

This observation completes the proof of assertion (a) of the theorem.
Step 2: The construction of the category morphisms φ(r) : PaB(r)→ Q(r). The

result of Theorem 6.1.7(b) implies the existence (and uniqueness) of a morphism
φ : PaP → Q, determined by the assignments φ(µ) = m and φ(α) = a, whenever
we have an object m ∈ ObQ(2) and an associator a ∈ MorQ(3) satisfying the
pentagon relation of Figure 6.1. The aim of our next verifications is to establish
that this morphism φ : PaP → Q has an extension to the parenthesized braid
operad PaB, uniquely determined by the additional assignment φ(τ) = c, for a
symmetry operator c ∈ MorQ(2) satisfying the hexagon relations of Figure 6.6.

The definition of the morphism φ : PaP → Q includes the definition of a
mapping φ : Ω(r) → Q(r) at the object level, for each r ∈ N. In this second
step, we aim to define a corresponding mapping φ : MorPaB(r) → MorQ(r) at
the morphism level, and to complete the construction of a groupoid morphism
φ(r) : PaB(r)→ Q(r), for each r ∈ N.

The image of a morphism β ∈ MorPaB(r)(p, q) under an operad morphism φ :
PaB → Q is actually uniquely determined from the decomposition obtained in Step
1 and the assignments α 7→ a = a(x1, x2, x3), τ 7→ c = c(x1, x2), since our operad
morphism is supposed to commute with all structure operations involved in this
decomposition. For instance, in the case of the braid of Figure 6.5, we obtain an
image of the form

φ(β) = m(1, a−1)·m(1,m(1, c)) ·m(1, a) · a(1,m, 1) ·m(m(1, c), 1)

·m(a, 1) ·m(m(c, 1), 1) ·m(a−1, 1) ·m(m(1, c), 1) ·m(a, 1)

in MorQ(4) (where we do not mark input permutations to simplify our expression).
The main purpose of our verifications is to establish that the mapping

φ(r) : MorPaB(r)(p, q)→ MorQ(φ(p), φ(q)),

which we determine from this decomposition process in Step 1, does not depend on
choices involved in the operation.

The Mac Lane Coherence Theorem implies that φ(β) does not depend on the
choice of the associator decompositions between the parenthesized words occur-
ring in our factorization. We also see that the outcome of our construction does
not depend on the parenthesizations π ∈ Ω(r − 1), which we chose to gather the



6.2. THE PARENTHESIZED BRAID OPERAD 189

factors of the braiding operations in our words. Indeed, we can go from one paren-
thesization κi = κi(x1, . . . , xr−1) to another one λi = λi(x1, . . . , xr−1) by a mor-
phism ρ = ρ(x1, . . . , xr−1) defined within the parenthesized permutation operad
and formed by a composite of associators therefore. The middle square in the
commutative diagram

pi(xs(1),...,xs(r))

uu ))
κi(xs(1),...,µ(xs(k),xs(k+1)),...,xs(r))

κi◦kτ

��

ρ◦kµ //λi(xs(1),...,µ(xs(k),xs(k+1)),...,xs(r))

λi◦kτ
��

κi(xs(1),...,µ(xs(k+1),xs(k)),...,xs(r))

))

ρ◦kµ //λi(xs(1),...,µ(xs(k+1),xs(k)),...,xs(r))

uu
qi(xs(1),...,xs(r))

is carried to a commutative square by our morphism φ, for any choice of assignment
c = φ(τ), because the composition products of operads in categories ◦k : Q(m) ×
Q(n)→ Q(m+n−1) is a category morphism (or equivalently, defines a bifunctor).
The external triangles are carried to commutative triangles too (by the Mac Lane
Coherence Theorem), and we conclude that both paths from pi = pi(xs(1), . . . , xs(r))
to qi = qi(xs(1), . . . , xs(r)) yield the same morphism in Q.

We still have to establish that the morphism φ(β) does not depend on the
decomposition β = β1 · . . . · βn formed from the image of the morphism β in the
braid group Br. We are reduced to check, for this purpose, that the application of
the generating relations of braids does not change the result of our construction.

In the case of the commutation relations

τkτl = τlτk,

we assume that a parenthesization of the form

λi = πi(xs(1), . . . , µ(xs(k), xs(k+1)), . . . , µ(xs(l), xs(l+1)), . . . , xs(r))

is chosen when we proceed to determine the image of the factors βi and βi+1

associated with the elementary braids of this relation. The identity of the result
associated to the decompositions

β = β1 · . . . · βi · βi+1 · . . . · βn = β1 · . . . · βi+1 · βi · . . . · βn
follows, in that case, from the associativity of the composition product of operads.

In the case of the braiding relations

τkτk+1τk = τk+1τkτk+1,

we assume that a parenthesization of the form

λi = πi(xs(1), . . . , µ(µ(xs(k), xs(k+1)), xs(k+2)), . . . , xs(r))

is chosen when we proceed to determine the image of the factors associated with
the elementary braids of the relation. The identity of our morphisms in Q reduces
in that case to the commutation of the duodecagon diagram of Figure 6.8, which
we establish next (in Lemma 6.2.5).
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m(m(x1,x2),x3)

m(c,1)

��

a //m(x1,m(x2,x3))
m(1,c)//

c(1,m)

��

m(x1,m(x3,x2))
a−1
//

c(1,m)

��

m(m(x1,x3),x2)

m(c,1)

��
m(m(x2,x1),x3)

a

��

m(m(x3,x1),x2)

a

��
m(x2,m(x1,x3))

m(1,c)

��

m(x3,m(x1,x2))

m(1,c)

��
m(x2,m(x3,x1))

a−1

//m(m(x2,x3),x1)
m(c,1)

//m(m(x3,x2),x1)
a
//m(x3,m(x2,x1))

Figure 6.8. The duodecagon relation

Step 3: The preservation of operadic composition structures. In the previous
step, we checked that we have a coherent definition of morphisms of small categories
φ : PaB(r)→ Q(r), extending the components of an operad morphism φ : PaP → Q
on the parenthesized permutation operad PaP. The purpose of this third step is to
check that our morphisms of small categories φ : PaB(r)→ Q(r) actually define an
operad morphism on the parenthesized braid operad PaB. The equivariance and the
preservation of operadic unit are immediate, and the preservation of operadic com-
position products at the object level follows from the definition of our morphisms
as extensions of the components of an operad morphism on the parenthesized per-
mutation operad. We are therefore reduced to check the preservation of operadic
composition products on the morphisms of the parenthesized braid operad.

The decomposition of morphisms, which we have used to determine the map-
ping on morphisms φ : MorPaB(r)→ MorQ(r) in Step 2, can be applied to reduce
the verification of the relations φ(β ◦k γ) = φ(β) ◦k φ(γ) to generating cases. The
preservation of operadic composites with associators is also included in the defini-
tion of our morphisms of small categories as extensions of the components of an
operad morphism on the parenthesized permutation operad. We therefore reduce
our verifications to the case where β (respectively, γ) is an identity morphism in
PaB and γ (respectively, β) is given by the application of a braiding τ within a
parenthesized word.

The verification of the relation φ(β ◦k γ) = φ(β) ◦k φ(γ) is immediate when β
is the identity and the braiding occurs in the second factor γ. Thus we focus on
the case where the braiding occurs in the first factor β.

We assume β = κ(x1, . . . , τ(xl, xl+1), . . . , xm) and γ = idλ, for some κ ∈
Ω(m− 1), l ∈ {1, . . . ,m− 1}, and λ ∈ Ω(n). We can still use the decomposition of
the word λ within the magma operad to reduce our verification to the case where
λ = µ and n = 2. If γ = idµ is plugged in an input k 6= l, l + 1 of the word β =
κ(x1, . . . , τ(xl, xl+1), . . . , xm), then our relation follows from the associativity of the
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composition products in Q. If γ = idµ is plugged in an input k = l, l + 1 of the
braiding τ = τ(xl, xl+1) within the composite β = κ(x1, . . . , τ(xl, xl+1), . . . , xm),
then we see that the decomposition of the morphism τ(xl, xl+1) ◦k idµ, involved in
the construction of our map φ : β ◦k γ, amounts to the application of the hexagon
relations of Figure 6.6 within the parenthesized braid operad. The commutation of
these diagrams in Q implies the preservation of the operadic composition operation
in this remaining case.

This verification completes the proof of assertion (b) of the theorem.
Step 4: the definition of the unitary extension of our morphism. To address

the proof of assertion (c), we just observe that the relations of this assertion, which
read m ◦1 e = m ◦2 e = 1, a ◦1 ide = a ◦2 ide = a ◦3 ide = idm, and c ◦1 ide =
c ◦1 ide = id1, amounts to requiring that the assignment φ : ∗ 7→ e gives a coherent
extension of our morphism φ : PaB → Q when we consider the image of the
object µ ∈ ObPaB(2), and of the morphisms α ∈ MorPaB(3)(((x1x2)x3), (x1(x2x3))),
τ ∈ MorPaB(2)((x1x2), (x2x1)) under the restriction operations ∂k = − ◦k ∗ in PaB.
The decomposition obtained in the preliminary step then implies that φ carries any
restriction operation in PaB to the corresponding composite with the object e in
the operad Q. The conclusion follows. �

The next lemma, which we use in the proof of Theorem 6.2.4, is a standard
statement of the theory of braided monoidal categories (see [93]):

Lemma 6.2.5. If the morphisms a(x1, x2, x3) and c(x1, x2) in Theorem 6.2.4
make the hexagon diagrams of Figure 6.6 commute, then the duodecagon of Fig-
ure 6.8, tiled with two hexagons and one square, commutes as well. (To simplify,
we do not mark input permutations in the morphisms of this diagram.)

We suggest the reader to make these relations explicit for the associator α and
the braiding τ of the parenthesized braid operad PaB.

Proof. The left hand side and right hand side hexagons in the duodecagon
tiling of the lemma are identified with the hexagons of Figure 6.6 (with a factor a±1

inverted) and therefore, these hexagons commute. The medium square commutes
as well. Indeed, for the morphism c = c(x1, x2), going from m = m(x1, x2) to
(1 2) · m = m(x2, x1), the functoriality of the composition product ◦2 : Q(2) ×
Q(2)→ Q(3) gives c ◦2 ((1 2) ·m) ·m ◦2 c = c ◦2 c = ((1 2) ·m) ◦2 c · c ◦2 m, which
is the identity asserted by the commutation of that square. �

To sum up, the result of Theorem 6.2.4 gives an equivalence between operad
morphisms φ : PaB → Q and triples (m, a, c) consisting of an operation m =
m(x1, x2) ∈ ObQ(2), an isomorphism a = a(x1, x2, x3) ∈ MorQ(3) (an associator),
which makes this operation associative in the operad Q, and an isomorphism c =
c(x1, x2) ∈ MorQ(2) (a braiding), which makes m braided commutative in the

sense that we have c(x1, x2) : m(x1, x2)
'−→ m(x2, x1), but we do not necessarily

get the identity of the object m = m(x1, x2) when we go back to m by applying
this symmetry iso twice. In both the expression of the associativity and symmetry
relations, we assume the verification of coherence constraints, which can be reduced
to the commutativity of the pentagon diagram of Figure 6.1 in the associativity case
and of the hexagon diagrams of Figure 6.6 in the symmetry case. In the unitary
case, we consider an additional object e ∈ Q(0) satisfying strict unit relations
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m(e, x1) = x1 = m(x1, e), with respect to the product m, and the natural coherence
constraints with respect to the associator and the braiding.

For comparison, in the case of the colored braid operad, we obtain the following
statement:

Theorem 6.2.6.

(a) Giving a morphism φ : CoB → Q from the colored braid operad CoB
towards an operad in categories Q amounts to giving an object

m(x1, x2) ∈ ObQ(2)

and an isomorphism

c(x1, x2) ∈ MorQ(2)(m(x1, x2),m(x2, x1))

so that the strict associativity relation

m(m(x1, x2), x3) = m(x1,m(x2, x3))

holds in the operad Q, and the hexagons of Figure 6.6, where we take
a = id, commute.

(b) In the construction of (a), if we moreover assume the existence of an object

e ∈ ObQ(0) such that m(e, x1) = x1 = m(x1, e),

and c(e, x1) = id = c(x1, e),

then the morphism φ : CoB → Q has a unitary extension φ+ : CoB+ → Q
sending the distinguished arity 0 element of the unitary operad of colored
braids CoB+ to this object e ∈ ObQ(0).

Proof. This result follows from the same arguments as Theorem 6.2.4. We
just drop the consideration of associators from our verifications. �

6.2.7. The operadic representation of braided monoidal structures on categories.
We can extend the observations of §6.1.9 to get an interpretation of the action of
the operads P = CoB+,PaB+ on a category C. We again use that such an action
is encoded by a morphism φ : P → EndC mapping the objects of our operad
p ∈ ObP(r) to multi-functors f : C×r → C and the morphisms of the operad to
natural transformations.

In both cases, we can take the image of the object µ = µ(x1, x2) under our
morphism φ to get the tensor product operation m(X1, X2) = X1⊗X2 : C×C→ C

of a monoidal structure on C (as in §6.1.9). The image of the unitary element
of the operad gives a natural transformation e : pt → C equivalent to a unit
object 1 ∈ C for this tensor product in C, and we can take the image of the

image of the braiding τ to get a natural isomorphism c(X1, X2) : X1 ⊗ X2
'−→

X2 ⊗ X1 making the tensor product braided commutative. In the parenthesized
braid operad case, we take the image of the associator α ∈ MorPaB(3) to get a

natural isomorphism a(X1, X2, X3) : (X1 ⊗X2) ⊗X3
'−→ X1 ⊗ (X2 ⊗X3) making

the tensor product associative. In the colored braid operad case, we assume that
the tensor product satisfies the associativity relation in the strict sense (X1⊗X2)⊗
X3 = X1 ⊗ (X2 ⊗X3) and we take a(X1, X2, X3) = id for the associator. Hence,
we obtain that giving a morphism φ : PaB+ → EndC is equivalent to giving a
braided monoidal structure (in the sense of [122]) with strict unit relations but
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general associativity isomorphisms in C, while giving a morphism φ : CoB+ →
EndC is equivalent to giving a braided monoidal structure with both strict unit
and strict associativity relations. The pentagon diagram of Figure 6.1 and the
hexagon diagrams of Figure 6.6 are equivalent to the usual coherence axioms of
braided monoidal categories (see [122]), and we have a similar correspondence for
the coherence constraints associated with the unit object.

The constructions of this chapter can readily be adapted to get operads gov-
erning symmetric monoidal category structures with strict or general associativity
isomorphisms. We then consider the operad in sets Γ + such that Γ +(r) = pt ,
for all r ∈ N (the operad of commutative monoids), and the discrete operads in
groupoids, which has the components of this operad as object sets. We get the
operad governing symmetric monoidal category structures with strict associativ-
ity isomorphisms by performing the pullback of this operad along the morphism
α : Π+ → Γ +, from the permutation operad Π+ to Γ +, and the operad governing
symmetric monoidal category structures with general associativity isomorphisms
by performing the pullback along the morphism ω : Ω+ → Γ + from the magma
operad Ω+ to Γ +.

6.2.8. Free braided monoidal categories. The free algebra construction of §1.3.4
can be applied in the category of small categories, and, in the case P = CoB+,PaB+,
this construction returns a free (strict, general) braided monoidal category S(P,X),
which we naturally associate to any X ∈ Cat .

We focus on the case of a one-point set X = pt . For the operad P = CoB+,
we obtain ObS(CoB+, pt) = N, and S(CoB+, pt) =

∐
r∈N(CoB+(r) × pt×r)Σr =∐

r∈N CoB+(r)Σr is identified with the disjoint union of the braid groups Br, re-
garded as categories with a single object. The tensor product ⊗ : S(CoB+, pt) ×
S(CoB+, pt) → S(CoB+, pt) is given by the addition of non-negative integers at
the object level, and by the direct sum of braids at the morphism level. We actu-
ally retrieve, with this operadic approach, the Joyal-Street construction of the free
braided monoidal category in [93].

For the operad P = PaB+, we have ObS(PaB+, pt) = Ω(x)+, where we use the
notation Ω(x)+ for a free magma on one variable x. The category S(PaB+, pt) ad-
mits a decomposition S(PaB+, pt) =

∐
r∈N(PaB+(r)×pt×r)Σr =

∐
r∈N PaB+(r)Σr ,

whose rth summand PaB+(r)Σr is identified with the full subcategory generated by
monomials of weight r in the object set defined by the free magma Ω(x)+. For any
pair of such monomials p, q ∈ Ω(x)+, we moreover have MorS(PaB+,pt)(p, q) = Br.
The tensor product associated to this category ⊗ : S(PaB+, pt) × S(PaB+, pt) →
S(PaB+, pt) is given by the substitution operation p(x, . . . , x) ⊗ q(x, . . . , x) =
µ(p(x, . . . , x), q(x, . . . , x)) at the object level, and again, by the direct sum of braids
at the morphism level.

Bar-Natan’s parenthesized braid category (see [13]) is identified with the Hopf
groupoids k[PaB+(r)Σr ] associated to these summands of the free braided monoidal
category (we give more details on Hopf groupoid constructions in §9).





Part 2

Completions and
Grothendieck-Teichmüller Groups





CHAPTER 7

Hopf Algebras

The purpose of this chapter is to review the definition of the notion of a Hopf
algebra and to recall classical structure results on these objects.

Briefly recall for the moment that a Hopf algebra is an object which includes
both a counitary coalgebra and a unitary algebra structure, and an operation,
called the antipode, which is a generalization of the classical inversion operation for
groups. Hopf algebras equipped with a commutative algebra structure naturally oc-
cur in the framework of algebraic geometry, as function rings of affine group schemes
(see for instance [1, 30]). Hopf algebras equipped with a cocommutative coalgebra
structure notably occur in algebraic topology as the homology of connected H-
spaces (see for instance [177, §III.8] for an introduction to this subject), and as
the natural structure of the Steenrod algebra (see [164]). Hopf algebras equipped
with a cocommutative coalgebra structure also occur in representation theory, as
the dual objects of the commutative Hopf algebras considered in the study of affine
group schemes, and as enveloping algebras of Lie algebras (we address the subject
of Lie algebras in the second section of this chapter). In the next chapter, we also
use complete cocommutative Hopf algebra structure to extend the rationalization of
abelian groups to pro-nilpotent groups. We refer to this construction as the Malcev
completion. Further fields of applications of commutative and cocommutative Hopf
algebra structures include algebraic combinatorics (see the monographs [3, 4]), the
Grothendieck-Galois theory (see for instance [168, §6] for a nice introduction to this
subject, and [29] for a comprehensive account), and the Connes-Kreimer approach
of renormalization theory in mathematical physics (see [42]).

The notion of a Hopf algebra makes also sense without assuming any commu-
tativity property, for both the coalgebra and the algebra part of the structure, and
significant examples of Hopf algebras which are neither cocommutative nor commu-
tative occur in the theory of quantum groups (we refer to [47] for a short overview
of this subject, or to reference books). In our applications however, we only deal
with Hopf algebras which are cocommutative as coalgebras. Therefore, when we
deal with a Hopf algebra, we generally assume that the coalgebra structure is co-
commutative and we do not recall this convention, unless the precision is required
by the context.

In the first section of the chapter (§7.1), we recall the precise definition of a
Hopf algebra, and we give a reminder of basic examples of Hopf algebra structures.
To be more specific, we check that the free k-module k[G] associated to a group G
inherits a Hopf algebra structure.

The second section (§7.2) is devoted to the connection between Lie algebras and
Hopf algebras: we recall the definition of the enveloping algebra of a Lie algebra,
and the statement of the theorems of Poincaré-Birkhoff-Witt and Milnor-Moore
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(the classical structure theorems of the theory of Hopf algebras). The main out-
come of these theorems is that the enveloping algebra functor defines an equivalence
of categories between the category of Lie algebras and a category formed by (co-
commutative) Hopf algebras satisfying an appropriate conilpotence condition.

In the third section (§7.3), we provide a comprehensive study of Hopf algebras in
the category of complete filtered modules. These complete Hopf algebra structures
give the required device for the Hopf algebra approach of the Malcev completion of
groups, which we tackle in the next the chapter §8.

7.1. The notion of a Hopf algebra

This first section is introductory. Our purpose is to recall the general definition
of a Hopf algebra and the definition of the Hopf algebra structure on a group
algebra k[G].

In short, the notion of a Hopf algebra is defined by replacing sets, underlying
the usual group structures, by coalgebras, and by using tensor structures instead of
cartesian structures in the definition of the unit, product, and inversion operations.
In the case of a group algebra k[G], we consider the natural coalgebra structure
of §2.0.5, with the coproduct defined by the diagonal ∆[g] = [g]⊗[g] on the elements
of G, and the counit such that ε[g] = 1, for any g ∈ G. The Hopf structure on k[G]
is yielded by the structure operations attached to our group G. In the sequel, we
generally assume that the underlying coalgebra of a Hopf algebra is cocommutative,
and we therefore take this convention in our definition.

The definition of a Hopf algebra makes sense in the general setting of symmetric
monoidal categories. Throughout this section, we generally start with abstract
definitions, formulated in that framework, and we make explicit the application of
the concepts in the case of a category of modules over a ground ring k. The purpose
of this abstract approach is to give a conceptual introduction to the main ideas of
the theory and to prepare the ground for applications of Hopf algebras in other
contexts than plain module categories.

In certain cases, we may still use point-wise formulas, directly transported
from a module context, to specify morphisms in abstract categories. The idea is
to interpret such formulas in terms of operations on abstract variables, so that
our formulas actually represent combinations of morphisms produced by applying
structure operations associated with the ambient category. For instance, we may

use the expression c(x⊗y) = y⊗x to refer to a symmetry isomorphism c : M⊗N '−→
N ⊗M .

To start with, we review the definition of the notion of a counitary (cocom-
mutative) coalgebra, which we introduced in §2.0.3 in the context of symmetric
monoidal categories, and on which we base our approach for the definition of a
Hopf algebra. In a second stage, before addressing Hopf algebras, we examine the
definition of a bialgebra, which are monoid objects (algebras in the sense of §2.0)
in the symmetric monoidal category of coalgebras.

7.1.1. Counitary cocommutative coalgebras. Briefly recall that a counitary co-
commutative coalgebra (in a symmetric monoidal category) consists of an object
C equipped with a counit ε : C → 1 (also referred to as the augmentation) and a
coproduct ∆ : C → C ⊗ C satisfying counit, coassociativity and cocommutativity
relations (see §2.0.3).
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In the module context, the augmentation ε : C → k assigns a scalar ε(x) ∈ k
to any element x ∈ C, and we represent the expansion of a coproduct ∆(x) ∈ C⊗2,
x ∈ C, by an expression of the form ∆(x) =

∑
(x) x(1) ⊗ x(2), where x(1), x(2) ∈ C

denote the factors of this tensor in C⊗2.
The coassociativity relation implies that all iterations of the coproduct towards

a fixed codomain C⊗n define the same morphism ∆(n) : C → C⊗n, and we can
naturally extend our notation of the coproduct to represent the expansion of the n-
fold tensor ∆(n)(x) ∈ C⊗n arising from any such iterated application of coproducts.
Explicitly, we write ∆(n)(x) =

∑
(x) x(1)⊗· · ·⊗x(n), for any x ∈ C. In this formalism

the coassociativity relation reads:∑
(x)

x(1) ⊗ x(2) ⊗ x(3)︸ ︷︷ ︸
∆(3)(x)

=
∑
(x)

∆(x(1))⊗ x(2)︸ ︷︷ ︸
∆⊗id ·∆(x)

=
∑
(x)

x(1) ⊗∆(x(2))︸ ︷︷ ︸
id ⊗∆·∆(x)

.

The counit relations read∑
(x)

ε(x(2)) · x(1) =
∑
(x)

ε(x(1)) · x(2) = x,

and the cocommutativity relation reads∑
(x)

x(2) ⊗ x(1) =
∑
(x)

x(1) ⊗ x(2).

The associativity implies that these relations have an obvious extension to multiple
coproducts. In particular, we obtain from the cocommutativity relation that an n-
fold coproduct ∆(n)(x) ∈ C⊗n is left invariant under the action of any permutation
s ∈ Σn on C⊗n.

Recall that we use the notation Comc
+ for the category formed by the counitary

cocommutative coalgebras with the structure preserving morphisms of the ground
category as morphisms.

7.1.2. Tensor product of counitary cocommutative coalgebras. In §2.0.3, we ob-
serve that the tensor product of augmented cocommutative coalgebras inherits a
counitary cocommutative coalgebra structure, so that augmented cocommutative
coalgebras form a symmetric monoidal category, with unit, associativity and sym-
metry isomorphisms inherited from the ground category.

In the module context, the definition of the augmentation on a tensor product
of coalgebras C,D ∈ Comc

+ reads

ε(x⊗ y) = ε(x) · ε(y),

and the definition of the coproduct reads

∆(x⊗ y) =
∑

(x),(y)

(x(1) ⊗ y(1))⊗ (x(2) ⊗ y(2)),

for any x ∈ C, y ∈ D, and where we adopt the convention of §7.1.1 for the notation
of the coproduct of x (respectively, y) in C (respectively, D).

The ground ring k, defining the unit object of our module category Mod , is
equipped with the augmented cocommutative algebra structure such that ε(1) = 1
and ∆(1) = 1⊗ 1.
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7.1.3. Unitary associative algebras. In §2.0, we focused on the study of com-
mutative structures. However, we mentioned that most of our constructions can be
handled for associative (non-commutative) algebras.

To get the definition of a unitary associative algebra, we just drop the commu-
tativity requirement from our definition. Thus, a unitary associative algebra in a
(symmetric) monoidal category M explicitly consists of an object A ∈M equipped
with a unit morphism η : 1→ A and a product µ : A⊗A→ A satisfying unit and
associativity relations, expressed by the commutativity of the usual diagrams:

A⊗ 1
id ⊗η //

'
$$

A⊗A
µ

��

1⊗Aη⊗idoo

'
zz

A

, A⊗A⊗A
µ⊗id

��

id ⊗µ // A⊗A
µ

��
A⊗A

µ
// A

.

In the module context, we use the standard notation 1 = η(1) ∈ A and a1 · a2 =
µ(a1 ⊗ a2), for the unit element and the product of any associativity algebra A. If
necessary, then we adopt the convention of §2.0 to specify the algebra corresponding
to a given unit (respectively, product) morphism by adding a subscript in our
notation.

The morphisms of unitary associative algebras consist, as in the commutative
case, of the morphisms of the ground category which preserve the unit and product
morphisms defining our structure. We use the notation As+ = MAs+ for the
category of associativity algebras in M, with the base category added as prefix
when necessary.

7.1.4. Tensor product of unitary associative algebras. The tensor product A⊗B
of unitary associative algebra A,B ∈ As+ inherits a unitary associative algebra
structure given by the same definition as in the unitary commutative algebra case:

– the unit morphism ηA⊗B is defined by the composite 1
'−→ 1⊗1

ηA⊗ηB−−−−−→
A⊗B involving the unit isomorphism of the ground symmetric monoidal
category M.

– the product morphism µA⊗B is given by the composite A⊗B⊗A⊗B (2 3)∗−−−−→
A ⊗ A ⊗ B ⊗ B µA⊗µB−−−−−→ A ⊗ B, involving the symmetry isomorphism of
M.

The unit object of the ground symmetric monoidal category 1 inherits a canonical
unitary associative algebra structure and represents a unit object for the tensor
product of unitary associative algebras. The category of unitary associative algebras
inherits unit, associativity and symmetry isomorphisms from the ground category
as well, and forms a symmetric monoidal category therefore.

In the module context, the unit element of the tensor product A ⊗ B is given
by the tensor product 1⊗ 1 of the unit elements attached to each factor A,B, and
the definition of the product reads (a1⊗ b1) · (a2⊗ b2) = (a1 · a2)⊗ (b1 · b2), for any
a1 ⊗ b2, a2 ⊗ b2 ∈ A⊗B.

This symmetric monoidal structure is similar to the symmetric monoidal struc-
ture on unitary commutative algebras, handled in §2.0.2. However, we may observe
that the tensor product of unitary associative algebras is not identified with the
coproduct of the category (in contrast with a tensor product of unitary commuta-
tive algebras). To be specific, we have a commutation relation (a ⊗ 1) · (1 ⊗ b) =
(a · 1) ⊗ (1 · b) = a ⊗ b = (1 · a) ⊗ (b · 1) = (1 ⊗ b) · (a ⊗ 1), between the image
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of the elements of A and B in the tensor product A ⊗ B, while such commutativ-
ity relations do not occur in coproducts when we work in the category of unitary
associative algebras.

7.1.5. Bialgebras. We formally define a (cocommutative) bialgebra as a unitary
associative algebra (in the sense of §7.1.3) in the symmetric monoidal category of
counitary (cocommutative) coalgebras. Accordingly, in the general context of a
symmetric monoidal category M, a cocommutative bialgebra consists of an object
H ∈M equipped with:

(a) a counitary cocommutative coalgebra structure, determined by a counit
ε : H → 1 and a coproduct ∆ : H → H ⊗ H satisfying the counit,
coassociativity, and cocommutativity relations of §2.0.3,

(b) together with a unit morphism η : 1 → H and a product morphism µ :
H ⊗ H → H, both formed in the category of counitary cocommutative
coalgebras, and satisfying the unit and associativity relations of §7.1.3 in
that category.

Under our conventions for the notation of algebra categories, the category of bial-
gebras which we define in this paragraph is denoted by the expression Comc

+ As+ =
MComc

+ As+. (We mark the base category as a prefix when this information is
necessary, as usual.)

7.1.6. The distribution relations underlying a bialgebra structure. Since the cat-
egory of counitary cocommutative coalgebras inherits its symmetric monoidal struc-
ture from the ground category, the unit and product morphisms defining the unitary
associative algebra structure of our bialgebra can be formed in the ground category,
and the requirement that these morphisms are morphisms of counitary cocommu-
tative coalgebras amounts to the commutativity of the diagrams:

1
η //

=
��

H

ε

��
1

,

1
η //

'
��

H

∆

��
1⊗1

η⊗η // H ⊗H

(a)

(as regards the unit morphism),

and

H ⊗H µ //

ε⊗ε
��

H

ε

��
1⊗1 ' // 1

,

H ⊗H µ //

∆⊗∆

��

H

∆

��

H ⊗H ⊗H ⊗H
(2 3)∗

��
H ⊗H ⊗H ⊗H µ⊗µ // H ⊗H

(b)

(as regards the product). In the module context, the commutation of these diagrams
are equivalent to identities:

ε(1) = 1, ∆(1) = 1⊗ 1,

and ε(a · b) = ε(a) · ε(b), ∆(a · b) =
∑

(a),(b)

a(1) · b(1) ⊗ a(2) · b(2),

for any a, b ∈ H.
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We just get these relations by unraveling the definition of the counitary cocom-
mutative coalgebra structure on the unit object 1 (1 = k in the module context)
and on the tensor product H ⊗ H. We readily see that the distribution relation
between the product and the coproduct amounts to ∆(a · b) = ∆(a) ·∆(b) by defi-
nition of the product of tensors in unitary associative algebras. More globally, the
commutativity of diagrams (a-b) amounts to assuming that the counit ε : H → 1
and the coproduct ∆ : H → H ⊗H define morphisms of unitary associative alge-
bras, with respect to the underlying unitary associative algebras structure of the
bialgebra. We therefore obtain that:

Proposition 7.1.7. The bialgebras, initially defined as unitary associative al-
gebras in the category of counitary cocommutative coalgebras in §7.1.5, can equiv-
alently be defined as counitary cocommutative coalgebras in the category of unitary
associative algebras, where we use the observations of §7.1.4 to provide the category
of unitary associative algebras with a symmetric monoidal structure. �

Thus, under our conventions for the notation of categories, we have a category
identity Comc

+ As+ = As+ Comc
+.

We use the observation of this proposition in the next section when we define
the Hopf algebra structure of enveloping algebras.

We generally use the expression of Hopf object to refer to any class of structured
object formed in the symmetric monoidal category of counitary cocommutative
coalgebras (see §2). When we deal with unitary associative algebra structures
however, we prefer to reserve the expression of Hopf algebra for unitary associative
algebras in counitary cocommutative coalgebras endowed with special features (in
order to agree with the conventions of the literature) and we use the name of
bialgebra in the general case.

7.1.8. Hopf algebras. We explicitly define a Hopf algebra H as a bialgebra in
the sense of §7.1.5 equipped with:

(a) morphisms σ, τ : H → H, formed in the ground category, which fit in a
commutative diagram

H

∆

��

ε // 1
η // H

H ⊗H
σ⊗id //
id ⊗τ

// H ⊗H

µ

OO

involving the structure morphisms of our bialgebra.

This definition makes sense in any symmetric monoidal category, but we exam-
ine the particular case of Hopf algebras in modules with more details first, before
tackling more elaborate examples in the next sections. In the module context, our
relations, formalized by the commutativity of diagrams in (a), are equivalent to the
equations ∑

(a)

σ(a(1)) · a(2) = ε(a) · 1 =
∑
(a)

a(1) · τ(a(2))

in H, for any a ∈ H. In general, a morphism σ which fits in a relation of the form
(1) is called a left antipode, and a morphism τ which fits in the symmetric relation
(2) is a called a right antipode.
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We denote the category of Hopf algebras by the expression Hopf Grp. We do
not use the following remark, but under our conventions regarding the notation
of categories of structured objects in unitary cocommutative algebras, this nota-
tion Hopf Grp can be motivated by the observation that Hopf algebras, in the sense
of our definition, are nothing but group objects in the category of unitary cocom-
mutative algebras (see [1, §A.5]).

To complete the definition of a Hopf algebra, we check that:

Proposition 7.1.9. In general, if we assume that a bialgebra H is equipped
with a left antipode σ : H → H, then we have at most one right antipode on H
which is necessarily equal to the left antipode as a morphism from H to H. If we
symmetrically assume that a bialgebra H is equipped with a right antipode τ : H →
H, then we have at most one left antipode on H which is also necessarily equal to
the right antipode.

Hence, in our definition of a Hopf algebra §7.1.8, the left and the right antipodes
are necessarily equal σ = τ , and are also unique. Furthermore any morphism of
bialgebras φ : G → H, where G and H are Hopf algebras, automatically preserves
antipodes.

Proof. The result of this proposition holds in any symmetric monoidal cate-
gory, but we prefer to give a proof in the module setting in order to exercise with
our coproduct notation. The reformulation of our arguments in a general setting is
the matter of a straightforward transcription.

Let H be any bialgebra. The proof of the first claims of the proposition reduce
to the proof of an identity σ(a) = τ(a), for all a ∈ H, and for any given left and
right antipodes σ, τ : H → H. To establish this relation, we perform different
reductions of the expression

(σ ⊗ id ⊗τ) ·∆(3)(a) =
∑
(a)

σ(a(1)) · a(2) · τ(a(3)),

leading to σ(a) in one case, and to τ(a) in the other case. For this purpose, we just
observe that both the left and right antipode relations can be applied within our
3-fold coproduct ∆(3)(a) = ∆⊗ id ·∆(a) = id ⊗∆ ·∆(a). By using counit and unit
relations together with these antipode relations, we explicitly obtain:∑

(a)

σ(a(1)) · a(2) · τ(a(3)) =
∑
(a)

ε(a(1)) · 1 · τ(a(2)) =
∑
(a)

ε(a(1)) · τ(a(2)) = τ(a),

=
∑
(a)

σ(a(1)) · 1 · ε(a(2)) =
∑
(a)

σ(a(1)) · ε(a(2)) = σ(a),

and these identities prove our claim σ(a) = τ(a).
The relation φσ(a) = τφ(a) = σφ(a), for a morphism φ : G→ H, follows from

the same argument line, by considering different reductions of the expression (φσ⊗
φ⊗ τφ) ·∆(3)(a) =

∑
(a) φσ(a(1)) · φ(a(2)) · τφ(a(3)). �

Thus, in what follows, we use the name of antipode (without extra precision)
to refer to the single morphism σ = τ defining both the left and the right antipode
of a Hopf algebra. The result of Proposition 7.1.9 also motivates us to regard
Hopf algebras as bialgebras endowed with special features (as alluded to before
we introduce our definition), rather than bialgebras equipped with an additional
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structure. In categorical terms, we regard the category of Hopf algebras Hopf Grp
as a full subcategory of the category of bialgebras.

This interpretation diminishes the inconsistence between the definition of a
Hopf algebra and our convention to use the name Hopf as a qualifier for any cate-
gory of structured object in the symmetric monoidal category of counitary cocom-
mutative coalgebras. In fact, the terminology of Hopf algebra was originally used
in algebraic topology for bialgebra structures, without any reference to antipodes,
but in situations where antipodes automatically exist.

By elaborating on the arguments of Proposition 7.1.9, we also obtain that:

Proposition 7.1.10. In a Hopf algebra H, the antipode σ : H → H defines:

(a) a morphism of counitary cocommutative coalgebras from H to H;
(b) and a morphism of unitary associative algebras from H to Hop, the uni-

tary associative algebra obtained by changing the product of H into the
transposite operation µop = µ · (1 2)∗ (we also say that σ defines a anti-
morphism of unitary associative algebras from H to H).

We check this proposition in the module context again. The transcription of
our arguments in a general categorical setting reduces to a straightforward exercise
as in the proof of Proposition 7.1.9. We see that the assertions of our proposition
are equivalent to the relations of the following statement:

Lemma 7.1.11.

(a) The antipode σ(a) of any element a ∈ H in a Hopf algebra H satisfies the
identities

ε(σ(a)) = ε(a) and ∆σ(a) =
∑
(a)

σ(a(2))⊗ σ(a(1)),

with respect to the counit ε : H → k and the coproduct ∆ : H → H ⊗H of
the counitary cocommutative coalgebra structure underlying H.

(b) The antipode also preserves the unit element 1 ∈ H, in the sense that
σ(1) = 1, and we have the formula

σ(a · b) = σ(b) · σ(a),

for a product of elements a, b ∈ H.

Proof. We establish the product relation first. We need the identity σ = τ ,
established in Proposition 7.1.9, between the left and right antipodes of the Hopf
algebra.

We readily see, as in the proof of Proposition 7.1.9, that, for any a, b ∈ H, the
expression

∑
(a),(b) σ(a(1) · b(1)) · a(2) · b(2) · τ(b(3)) · τ(a(3)), can either be reduced to

σ(a ·b), by using the right antipode relation for τ (together with the other structure
relations of bialgebras) or to τ(b) · τ(a) by using the left antipode relation for σ
(together with the distribution relation between the product and the coproduct of
H). We therefore obtain σ(a · b) = τ(b) · τ(a) = σ(b) · σ(a).

We establish the coproduct relation ∆σ(a) =
∑

(a) σ(a(2))⊗ σ(a(1)) by similar

arguments, by considering different reductions of the expression
∑

(a) ∆σ(a(1)) ·
∆(a(2))·(1 2)∗(τ⊗τ)∆(a(3)) leading to ∆σ(a) in one case, to

∑
(a) τ(a(2))⊗τ(a(1)) in

the other case. We establish the augmentation relation εσ(a) = ε(a) by considering
different reductions of the expression

∑
(a) εσ(a(1)) · ε(a(2)), and the unit relation
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σ(1) = 1 is a direct consequence of the left antipode relation σ(1) · 1 = ε(1) · 1 and
of the identity ε(1) = 1. �

For the sake of completeness, we also check that:

Proposition 7.1.12. The antipode of a Hopf algebra satisfies the involution
equation σ2 = id as long as we assume that the coproduct of a Hopf algebra is
cocommutative.

Proof. We check this assertion in the module context again. The transcrip-
tion of our arguments in a general categorical setting reduces to a straightforward
exercise. We start with the expression

∑
(a) σ(σ(a(1))) · σ(a(2)) · a(3). On the one

hand, by performing the left antipode relation on factors (2, 3) of the tensor prod-
uct, we see that this expression reduces to σ(σ(a)). On the other hand, the already
established coproduct identity ∆σ = σ ⊗ σ ·∆ (where we use the cocommutativity
of the coproduct to drop the transposition) implies that we can also apply the left
antipode relation on factors (1, 2) of our tensor product, which, in the final out-
come, reduces to the simple expression of our element a ∈ A. We obtain as a result
that σ(σ(a)) = a, for any a ∈ A, which is the claim of the proposition. �

7.1.13. Monoid and group algebras. Recall that we use the notation k[X] for
the free k-module associated to a set X, and the notation [x] for the basis element
of this k-module k[X] associated to any x ∈ X. In §2.0.3, we observed that k[X]
inherits a canonical counitary cocommutative coalgebra structure, with a counit
determined on basis elements by the formula ε[x] = 1, and a coproduct determined
by ∆[x] = [x]⊗ [x], for any x ∈ X.

In the case of an associative monoid X = M , we readily see that k[M ] inherits
an additional unitary associative algebra structure, with a unit 1 = [1] yielded by
the unit of M , and a product induced by the product of M on basis elements,
so that [a] · [b] = [a · b], for any a, b ∈ M . Furthermore, we easily check that
the relations of §7.1.6 are satisfied, so that our unit η : k → k[M ] and product
morphisms µ : k[M ] ⊗ k[M ] → k[M ] are morphisms of counitary cocommutative
coalgebras. Hence, the free k-module k[M ] associated to a monoid M forms a
bialgebra in the sense of the definition of §7.1.5.

In the case of a group X = G, we can check further that the mapping σ :
k[G] → k[G] such that σ[g] = [g−1], for any g ∈ G, satisfies the equation of a left
and right antipode on k[G]. Hence, the free k-module k[G] associated to a group
G (the group algebra of G) forms an instance of a Hopf algebra, in the sense of the
definition of §7.1.8.

7.1.14. Group like elements. Recall that the subset of group-like elements of a
counitary cocommutative coalgebra C, denoted by G(C), is defined by:

G(C) = {c ∈ C|ε(c) = 1,∆(c) = c⊗ c}.
In §2.0.5, we observed that the mapping G : C 7→ G(C) defines a right adjoint of the
free k-module construction k[−] : X 7→ k[X], regarded as a functor k[−] : Set →
Comc

+ from the category of sets Set to the category of counitary cocommutative
coalgebras in k-modules Comc

+ = Mod Comc
+. The unit of this adjunction is the

morphism ι : X → G k[X] yielded by the identity between the elements of X
and the basis elements of the k-module k[X] which are group-like by definition of
our counitary cocommutative coalgebra structure on C = k[X]. The adjunction
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augmentation is the morphism ρ : k[G(C)]→ C induced by the inclusion G(C) ⊂ C
on the basis elements of the free k-module k[X] with X = G(C).

In the context of groups and Hopf algebras, we obtain the following results:

Proposition 7.1.15. The set of group-like elements G(H) in a Hopf algebra H
satisfies the following belonging relations:

1 ∈ G(H), g, h ∈ G(H)⇒ g · h ∈ G(H), and g ∈ G(H)⇒ σ(g) ∈ G(H).

Furthermore, for a group-like element g ∈ G(H), the antipode relations imply:

g · σ(g) = σ(g) · g = 1.

The set of group-like elements G(H) of a Hopf algebra H consequently inherits a
group structure with the multiplication µ : G(H) × G(H) → G(H) induced by the
product of our Hopf algebra.

Proof. The axioms of bialgebras include the relations ε(1) = 1, ∆(1) = 1⊗ 1,
which are equivalent to the requirement that the unit element of H is group-like in
the sense of our definition. Hence, we have 1 ∈ G(H).

For a product of group-like elements g, h ∈ H, the axioms of §7.1.6 imply the
relations ε(g ·h) = ε(g)·ε(h) = 1·1 = 1 and ∆(g ·h) = ∆(g)·∆(h) = (g⊗g)·(h⊗h) =
(g · h)⊗ (g ⊗ h). Hence, we have g, h ∈ G(H)⇒ g · hG(H).

For the antipode σ(g) ∈ H of a group-like element g ∈ G(H), the identities
established in Lemma 7.1.11 imply εσ(g) = ε(g) = 1 and ∆σ(g) = (1 2)∗(σ ⊗
σ)∆(g) = σ(g)⊗ σ(g). Hence, we have g ∈ G(H)⇒ σ(g) ∈ G(H).

The identities g ·σ(g) = σ(g) ·g = 1 are a formal consequence of the application
of the antipode relation when we assume ε(g) = 1 ⇒ ηε(g) = 1 and ∆(g) = g ⊗ g.
This observation completes our verifications. �

Proposition 7.1.16. The functor G : Hopf Grp → Grp obtained by the con-
struction of Proposition 7.1.15 is also right adjoint to the group algebra functor
k[−] : Grp → Hopf Grp, from groups to Hopf algebras.

Proof. We easily see that the unit and augmentation of the adjunction k[−] :
Set � Comc

+ : G, defined at the set and counitary cocommutative coalgebra level
in §2.0.5, preserve the additional unit and product structures when we deal with
groups and Hopf algebras. Therefore our functors still form an adjoint pair groups
and Hopf algebras k[−] : Grp � Hopf Grp : G. �

7.2. Lie algebras and Hopf algebras

In this second section, we provide a survey of the relationship between Lie
algebras and Hopf algebras. Lie algebras arose in the mathematical literature as
infinitesimal versions of group structures. The tangent space of a Lie group (a
manifold equipped with a group structure) is a fundamental instance of Lie algebra.
The classical third theorem of Sophus Lie asserts that any finite dimensional real
Lie algebra can be integrated into a Lie group structure, and hence occurs as such
a tangent space.

The relationship, which we aim to review in this section, is an algebraic ana-
logue of this correspondence. The main device for this study is the enveloping
algebra functor, of which we recall the formal definition. The Milnor-Moore Theo-
rem precisely implies that the enveloping algebra functor induces an equivalence of
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categories between the category of Lie algebras and a subcategory of locally conilpo-
tent Hopf algebras (see §7.2.15). Besides the Milnor-Moore Theorem, we recall the
statement of the Poincaré-Birkhoff-Witt Theorem as a fundamental structure re-
sult about enveloping algebras, and we give the statement of a general structure
theorem for locally conilpotent Hopf algebras which we use in our proofs.

The first definitions of this section makes sense over any additive base sym-
metric monoidal category M. In addition to this basic requirements, we prefer to
assume, all through this section, that the morphism sets of M are uniquely divisible
as abelian groups, and hence form Q-modules. To coin this situation, we say that
we work in a Q-additive symmetric monoidal category. In the case of a module
category M = Mod , this requirement amounts to assuming that the ground ring
k satisfies Q ⊂ k. If we do not take this assumption, then we have to distinguish
several variants of the notion of a Lie algebra.

In a second stage, we perform colimit constructions, and we therefore assume
that M is equipped with arbitrary colimits. Then we also assume that the tensor
product satisfies the colimit preservation requirement of §0.9.

The existence of kernels is not needed until we introduce the primitive element
functor in §7.2.11. To simplify our exposition, we will assume from that moment
on that kernels exist in our base category, and we establish our structure theorems
in that setting. Nevertheless, the careful reader may observe that our argument
lines work as soon as we have kernels of idempotent morphisms, so that both
the Poincaré-Birkhoff-Witt Theorem and the Milnor-Moore Theorem hold in that
setting.

The Q-additive category requirement amounts to assuming that our category
M is canonically enriched over the Q-modules Mod = ModQ, with the morphism
sets MorM(−,−) as hom-objects HomM(−,−). In good cases, the existence of this
Q-additive structure implies that the category is equipped with an external tensor
product⊗ : Mod ×M→M such that MorM(K⊗M,N) = MorMod(K, HomM(M,N))
for each K ∈Mod , and all M,N ∈M. By adjunction, we readily see that we have
unit, associativity and symmetry relations associated to any combination of this
tensor product ⊗ : Mod ×M→M with the internal tensor product of Mod and M.
In [60], we observe that the existence of this structure amounts to assuming that we
have symmetric monoidal functor η : Mod →M, mapping any Q-module K ∈Mod
to the tensor product K ⊗ 1 with the unit object 1 in our symmetric monoidal
category M. In §7.2.3, we use such structures to relate a general definition of a Lie
algebra with an operadic approach.

Throughout this section, we still use the convention to specify general mor-
phisms by point-wise formulas, directly transported from a module context, and
which we can interpret as morphism combinations produced by the application of
structure operations of the ambient category (see our explanations in the intro-
duction of the previous section). In our survey, we formulate all definitions in an
abstract setting, and we make their applications explicit in the module context too.
The immediate purpose of this abstract approach is again to give an conceptual in-
troduction to the main ideas of the theory, in order to be prepared for applications
in other contexts than the plain module categories. To begin with, we review the
definition of a Lie algebra.

7.2.1. Lie algebras. In §1.3.1, we recall the definition of a Lie algebra as an
instance of a category of algebras associated to an operad Lie.
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In the context of a Q-additive symmetric monoidal category M, we define a
Lie algebra as an object g ∈ M equipped with a morphism λ : g⊗ g → g, called
the Lie bracket, which satisfies the antisymmetry relation λ · (id +(1 2))∗ = 0,
and a 3-fold tensor relation λ(λ, 1) · (id +(1 2 3) + (1 2 3)2)∗ = 0, called the Jacobi
relation. In these formulas, we use the notation σ∗ for the action of the transposition
σ = (1 2) ∈ Σ2 and of the cycle σ = (1 2 3) ∈ Σ3 on tensor powers g⊗n.

In the module context, we write [x1, x2] ∈ g for the image of elements x1, x2 ∈ g
under the Lie bracket λ : g⊗ g → g. The antisymmetry relation reads [x1, x2] +
[x2, x1] = 0, and the Jacobi relation reads

[[x1, x2], x3] + [[x2, x3], x1] + [[x3, x1], x2] = 0,

for x1, x2, x3 ∈ g.
We denote the category of Lie algebras by Lie. We naturally define a morphism

of Lie algebras as a morphism of the base category preserving the structure (the
Lie bracket) of our Lie algebras. As usual, we just specify the ambient symmet-
ric monoidal category M in our notation Lie = MLie when this information is
necessary.

7.2.2. Remarks. In the standard definition of a Lie algebra, we assume the
vanishing relation [x, x] = 0, for x ∈ g, instead of the antisymmetry relation.
In §8.2.3, where we give a short introduction to Lie algebras over the integers, we
will take this vanishing relation [x, x] = 0 in our definition. But, this relation is
equivalent to the symmetry relation, and give the same notion of Lie algebra, as
soon as 2 are invertible in the the ground ring, and hence, under our assumption
that the ground ring satisfies Q ⊂ k.

Further subtleties occur in other instances of symmetric monoidal categories.
Notably, in the context of graded modules, where we use the symmetric monoidal
structure of §4.4, the antisymmetry relation reads [x1, x2] +±[x2, x1] = 0, with an
extra sign arising from the permutation of the elements x1, x2 ∈ g (see §0.2, §4.4.1),
and we do not necessarily assume that the Lie bracket [x, x] of a homogeneous ele-
ment of odd degree vanishes. But the vanishing relation [x, x] = 0 for the homoge-
neous elements of even degree, as well as [[x, x], x] = 0 for the homogeneous elements
of odd degree, is usually taken as part of the definition of graded Lie algebra in the
literature. These requirements are automatically fulfilled, as consequences of the
(graded) antisymmetry and Jacobi relations, when 2 and 3 are invertible in the the
ground ring, and hence, under our assumption that the ground ring satisfies Q ⊂ k.

7.2.3. Relationship with the operadic definition and free Lie algebras. The def-
inition of §7.2.1 agrees with the definition of the structure of an algebra over the
Lie operad in §1.3.1.

In §1.3.1, we explain that the definition of such a structure, in terms of a
morphism λ : g⊗ g→ g satisfying relations, amounts to giving an operad morphism
φ : Lie → Endg, where Lie is our notation for the Lie operad, and Endg is the
endomorphism operad associated to the object g ∈ M, defined by the hom-object
Endg(r) = HomM(g⊗r, g) in each arity r ∈ N. In this correspondence, we use the
observation, made in the introduction of this section, that our symmetric monoidal
category M is naturally enriched over the base category of Q-modules (where the
Lie operad is defined).

The interpretation of Lie algebras in terms of algebras over operads implies
that the category of Lie algebras inherits free objects, which admit an expansion of
the form L(M) =

⊕∞
r=0(Lie(r)⊗M⊗r)Σr . Recall that the expression (−)Σr in this
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expansion refers to the application of a coinvariant functor, used to coequalize the
right action of permutations on the tensor power M⊗r with their left action on the
term Lie(r) of the Lie operad (see §§1.3.2-1.3.5). In the sequel, we refer to the terms
of this expansion Lr(M) = (Lie(r) ⊗M⊗r)Σr as the components of homogeneous
weight of the free Lie algebra.

In §1.3.2, we define the Lie operad Lie in a base category of modules over a
ring. In the setting of a Q-additive symmetric monoidal category M, we can use
the external tensor product operation ⊗ : Mod ×M → M to form the summands
(Lie(r)⊗M⊗r)Σr of the free Lie algebra, with Lie(r) ∈Mod and M ∈M.

In the literature, the free Lie algebra is usually defined as a quotient of a free
magma (see for instance [32, II.2.2], or [147, §0.2]). This construction parallels the
definition of the Lie operad by generators and relation. (Magmas, as we observed
in §6.1, are identified with structures associated to free operads.)

The free Lie algebra L(M) intuitively consists of Lie monomials on generating
variables x ∈ M , where a Lie monomial refers to a formal operadic composite
of Lie brackets quotiented by the antisymmetry and Jacobi relations. The Lie
bracket on L(M) is intuitively defined by the obvious substitution operation on Lie
monomials. The homogeneous component Lr(M), for any r ∈ N, consists of Lie
monomials on r variables. The Lie bracket preserves the weight grading in the sense
that [Ls(M),Lt(M)] ⊂ Ls+t(M). (We go back to the notion of weight grading in
the next section.)

In §1.2.11, we mention that the Lie operad has an intricate symmetric structure.
The structure theorems of Hopf algebras imply that the free Lie algebra functor
has a more effective realization in terms of a retract of the tensor algebras, and we
rather use this approach when we have to deal with free Lie algebras. We review
the definition of the (non-unitary) tensor and symmetric algebras before tackling
this subject.

7.2.4. The tensor algebra and the symmetric algebra. The (unitary) tensor al-
gebra T(M) associated to an object M ∈M in our base category M is explicitly de-
fined by the sum T(M) =

⊕∞
r=0M

⊗r, where we form the tensor powers of our object
M⊗r by using the tensor product operation of the base category ⊗ : M×M→M.
In the sequel, we refer to the summands of this expansion Tr(M) = M⊗r as the
components of homogeneous weight of the tensor algebra.

The (unitary) symmetric algebra S(M) is explicitly defined by the sum S(M) =⊕∞
r=0(M⊗r)Σr , where we apply the coinvariant functor (−)Σr to make the action of

permutations σ ∈ Σr on the tensor power M⊗r equal to the identity morphism. In
the module context, these coinvariance relations read xσ(1)⊗· · ·⊗xσ(r) ≡ x1⊗· · ·⊗xr
for all x1 ⊗ · · · ⊗ xr ∈ M⊗r, and each σ ∈ Σr. The summands Sr(M) = (M⊗r)Σr

define the components of homogeneous weight of the symmetric algebra.
The tensor algebra inherits a unit η : 1→ T(M), given by the identity between

the unit object 1 and the summand M⊗0 = 1 of weight r = 0 in T(M), as well as
a product µ : T(M) ⊗ T(M) → T(M), defined termwise by the concatenation op-

eration M⊗s ⊗M⊗t =−→M⊗s+t, so that T(M) forms a unitary associative algebra.
The symmetric algebra inherits a similarly defined unit η : 1 → S(M), as well as
a product µ : S(M) ⊗ S(M) → S(M), which is given termwise by the morphism
(M⊗s)Σs⊗(M⊗t)Σt → (M⊗s+t)Σs+t induced by the concatenation operation of the
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tensor algebra. The coinvariant quotient implies that this product operation be-
comes commutative on the symmetric algebra, and hence, the object S(M) actually
forms a unitary commutative algebra.

In the tensor algebra case, we have a canonical embedding ι : M → T(M), given
by the identity between the object M and the summand M⊗1 = M of order r = 1
in T(M). In the symmetric algebra case, we have a similarly defined embedding
ι : M → S(M), given by the identity between the object M and the summand
(M⊗1)Σ1 = M in S(M).

In §1.3.5, we already briefly recalled the definition of the tensor and symmetric
algebras (in the non-unitary context) as instances of free algebras associated to
operads. This free algebra interpretation of the tensor and symmetric algebras
reads as follows:

Proposition 7.2.5.

(a) The tensor algebra functor T : M → As+ is left adjoint to the forgetful
functor ω : As+ → M from the category of unitary associative algebras
As+ to the base category M. The embedding ι : M → T(M) represents the
unit of this adjunction relation.

(b) The symmetric algebra functor S : M → Com+ is left adjoint to the for-
getful functor ω : Com+ → M from the category of unitary commutative
algebras As+ to the base category M. The embedding ι : M → S(M) also
represents the unit of this adjunction relation.

Explanations. In §§1.3.3-1.3.4, we explained that the assertions of this propo-
sition have an equivalent formulation in terms of universal properties. In the case
of the tensor algebra R = T(M) (respectively, in the case of the symmetric algebra
R = S(M)), we explicitly obtain that any morphism f : M → A towards a unitary
associative (respectively, commutative) algebra A admits a unique factorization

M

ι
��

f // A

R

φf

??

such that φf is a morphism of unitary associative (respectively, commutative) al-
gebras.

The image of a tensor x1 ⊗ · · · ⊗ xr ∈ M⊗r in the tensor algebra T(M) is
denoted by x1 · . . . · xr ∈ T(M) (whenever the notion of elements makes sense),
because by identifying the object M with a summand of T(M), we obtain that
this tensor represents the product of the elements x1, . . . , xr ∈ M in T(M). We
adopt similar conventions for the symmetric algebra. In this case, we have the
identity xσ(1) · . . . · xσ(r) = x1 · . . . · xr, arising from the coinvariant quotient, and
which also reflects the commutativity of the product in S(M). The product of the
tensor algebra is given by the concatenation operation (x1 · . . . · xs) · (y1 · . . . · yt) =
(x1 · . . . · xs · y1 · . . . · yt), and similarly in the symmetric algebra case.

The extension of a module morphism f : M → A to the tensor (respectively,
symmetric) algebra is explicitly defined by the formula φf (x1 · . . . ·xr) = f(x1) · . . . ·
f(xr) for any tensor (respectively, symmetric) algebra monomial x1 · . . . · xr ∈ R
where we form the product of the images of the elements x1, . . . , xr ∈ M in the
associative (respectively, commutative) algebra A. �
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We use the statement of Proposition 7.2.5 to establish the following structure
result:

Proposition 7.2.6. The tensor algebra R = T(M) (respectively, the symmetric
algebra R = S(M)) inherits a Hopf algebra structure such that:

– the augmentation ε : R→ 1 is the morphism of unitary associative (respec-
tively, commutative) algebras associated with the zero morphism ε(x) = 0
from M to the unit object 1;

– the coproduct ∆ : R → R ⊗ R is the morphism of unitary associative
(respectively, commutative) algebras defined, on M ⊂ R, by the formula
∆(x) = x⊗ 1 + 1⊗ x;

– the antipode ∆ : R → R is the anti-morphism of unitary associative (re-
spectively, commutative) algebras defined, on M ⊂ R, by the opposite of
the identity map σ(x) = −x.

In an abstract categorical setting, we regard our point-wise formulas as an alge-
braic combination of morphisms involving the structure operations of the ambient
category (as explained in the introduction of this section).

Explanations. In the module context, we can apply the formula given in the
proof of Proposition 7.2.5 to determine the image of any monomial x1 · . . . · xr ∈ R
under our structure morphisms. For the augmentation, we obtain ε(x1 · . . . · xr) =
ε(x1) · . . . · ε(xr) = 0 as soon as r > 0. For the coproduct, we get the expression:

∆(x1 · . . . · xr) = (x1 ⊗ 1 + 1⊗ x1)︸ ︷︷ ︸
∆(x1)

· . . . · (xr ⊗ 1 + 1⊗ xr)︸ ︷︷ ︸
∆(xr)

=
∑

{i1<···<is}q{j1<···<jt}
={1<···<r}

(xi1 · . . . · xis)⊗ (xj1 · . . . · xjs).

For the antipode, we get σ(x1 · . . . · xr) = σ(xr) · . . . · σ(x1) = (−1)r · (xr · . . . · x1).
The proof of the structure relations of Hopf algebras reduces to straightforward

verifications, which are also immediate once we observe that the uniqueness claim
in the definition of morphisms on tensor (respectively, symmetric) algebras enables
us to reduce these verifications to the case of generators. �

7.2.7. The adjunction between Lie and associative algebras. Let A be any (uni-
tary) associative algebra. One can readily check that the commutator [a1, a2] =
a1a2 − a2a1 satisfies the antisymmetry and Jacobi relation of a Lie bracket, and
hence provides A with a natural Lie algebra structure.

In §1.3.9, we interpret (a non-unitary version of) this correspondence as an
instance of a restriction functor ι∗ : A 7→ ι∗A, associated to an operad morphism
from the Lie operad to the (non-unitary) associative operad. This interpretation
works same in the unitary context. In the case of the tensor algebra, the existence
of this structure implies that, for any object M ∈M, we have a natural morphism
of Lie algebras ι : L(M)→ T(M) fitting in a factorization

M

��

// T(M)

L(M)

ι

??
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of the canonical embedding M ↪→ T(M). In the operadic approach, we have
L(M) =

⊕∞
r=0(Lie(r) ⊗ M⊗r)Σr (see §1.3.5, §7.2.3), T(M) =

⊕∞
r=0(As+(r) ⊗

M⊗r)Σr (see §1.3.5), and our free algebra morphism is the natural transformation
induced by the morphisms ι : Lie(r)→ As+(r) at the operad level.

Intuitively, the morphism ι : L(M) → T(M) maps the Lie monomials, which
represent the elements of the free Lie algebra, into commutators in the tensor
algebra. From this representation, we retrieve that the morphism ι : L(M)→ T(M)
preserves the weight grading of our free algebras and splits as a sum of homogeneous
components ιr : Lr(M)→ Tr(M).

In Proposition 1.3.8, we give a general construction of extension functors on
categories of algebras associated to operads. These extension functors are left
adjoint to the restriction functors associated to operad morphisms. In the case
of the Lie operad and the associative operad, the application of our construction
returns a functor ι! : Lie → As+ which is left adjoint to our explicitly defined
restriction functor ι∗ : As+ → Lie. The image of a Lie algebra g under this
extension functor ι! : Lie → As+ is usually called the enveloping algebra of g, and
is denoted by ι! g = U(g). The enveloping algebra of a Lie algebra is endowed with
a Lie algebra a morphism ι : g→ U(g) which represents the unit of our adjunction.

In the approach of Proposition 1.3.8, the image of a Lie algebra under the
extension functor ι! g = U(g), is defined by a reflexive coequalizer of free algebras
of the form:

T(L(g))
d0 //
d1

// T(g)
ε //

s0

��
U(g) .

The morphism ε : T(g) → U(g) occurring in this coequalizer is identified with the
morphism of associative algebras induced by the canonical morphism ι : g→ U(g)
underlying the enveloping algebra. This coequalizer construction differs from the
classical definition of the enveloping algebra, and which we will review in the next
paragraph.

Before explaining the classical approach, we examine some applications of
the general definition of our extension functor ι! : Lie → As+ in the case of
free Lie algebras. By composition of adjunction relations, we have in this case
ι! L(M) = U L(M) = T(M). Furthermore, we readily see that the previously con-
sidered morphism ι : L(M) → T(M), defined by using the definition of free Lie
algebras, is identified with the canonical Lie algebra morphism ι : L(M)→ U L(M)
attached with the enveloping algebra. For our purpose, we record the following
observation:

Proposition 7.2.8. The morphism ι : L(M) → T(M) admits a retraction
ρ : T(M)→ L(M), such that:

ρ(x1 · . . . · xr) =
1

r
· [· · · [[x1, x2], x3], . . . , xr],

for any tensor monomials x1 · . . . · xr ∈ Tr(M), and all r > 0.

Proof. We borrow our argument from [145, §B.2, Lemma 2.2]. We establish
the proposition within a base category of modules. The general case of our assertion
can then be deduced from the functoriality of the construction with respect to the
underlying symmetric monoidal category. We use that the mapping ∆ : L(M) →
L(M) such that ∆(p) = rp, for any homogeneous monomial p ∈ Lr(M), defines a
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derivation of the free Lie algebra. We explicitly have ∆([p, q]) = [∆(p), q]+[p,∆(q)]
for all p, q ∈ L(M). We equip the sum k ∆ ⊕ L(M) with the Lie bracket such
that [(a∆, p), (b∆, q)] = (0, a∆(p)− b∆(q) + [p, q]), for any (p, a∆), (q, b∆) ∈ k ∆⊕
L(M). We consider the associative algebra morphism ad : U L(M) → End(k ∆ ⊕
L(M))op induced by the (right) adjoint action of the free Lie algebra L(M) on k ∆⊕
L(M), so that ad(p) = [−, (0, p)], for any p ∈ L(M).

For a homogeneous Lie monomial p ∈ Lr(M), we have

ad(p)(∆, 0) = [(∆, 0), (0, p)] = (0,∆(p)) = (0, rp).

For a tensor algebra monomial x1 · . . . · xr ∈ T(M), identified with a product of
generating elements x1, . . . , xr ∈ M in the enveloping algebra T(M) = U L(M),
we obtain on the other hand ad(x1 · . . . · xr)(∆, 0) = ad(xr) · . . . · ad(x1)(∆, 0) =
(0, [· · · [[x1, x2], x3], . . . , xr]), and the conclusion of proposition follows. �

The structure theorems of Hopf algebras, which we explain soon, give a charac-
terization of the object L(M) within the tensor algebra T(M), and in the sequel, we
actually use this representation when we need to handle free Lie algebra structures.

7.2.9. The classical definition of enveloping algebras. In the module context,
the enveloping algebra U(g) of a Lie algebra g is classically defined as a quotient

U(g) = T(g)/ < x · y − y · x− [x, y] |x, y ∈ g >,

where we divide the tensor algebra T(g) by the ideal generated by the relations
x ·y−y ·x− [x, y] ≡ 0, for x, y ∈ g. The morphism ι : g→ U(g) associated with the
enveloping algebra U(g) is defined as the composite of the morphism ι : g → T(g)
with the canonical quotient morphism q : T(g)→ U(g). In general, we use the same
notation for the elements of the tensor algebra and their image in the enveloping
algebra. Intuitively, the quotient process makes the commutator of Lie algebra
elements x, y ∈ g equal to the image of the Lie bracket [x, y] ∈ g in the enveloping
algebra U(g).

From this quotient definition, we easily retrieve that the enveloping algebra U(g)
fits in an adjunction relation MorAs+

(U(g), A) = MorLie(g, A), for A ∈ As+, and
so that the canonical morphism ι : g → U(g) represents the adjunction unit. The
morphism of unitary associative algebras φf : U(g) → A associated to a Lie alge-
bra morphism f : g → A is given by the same formula as in the tensor algebra
case φf (x1 · . . . · xr) = f(x1) · . . . · f(xr), except that we now assume that the
monomial x1 · . . . · xr represents an element of the enveloping algebra U(g).

We use the adjunction relation of enveloping algebras to establish the following
structure result:

Proposition 7.2.10. The enveloping algebra of a Lie algebra U(g) inherits a
Hopf algebra structure such that:

– the augmentation ε : U(g) → 1 is the morphism of unitary associative
algebras induced by the zero morphism ε(x) = 0 from the Lie algebra g to
the unit object 1,

– the coproduct ∆ : U(g)→ U(g)⊗U(g) is the morphism of unitary associa-
tive algebras whose restriction to the Lie algebra g is given by the formula
∆(x) = x⊗ 1 + 1⊗ x,

– the antipode σ : U(g) → U(g) is the anti-morphism of unitary associative
algebras whose restriction to the Lie algebra g is given by the opposite of
the identity map σ(x) = −x.
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Explanations. This proposition follows from the same argument line as Propo-
sition 7.2.6 (about the Hopf algebra structures of tensor and symmetric algebras).
For our purpose, we only have to check that the formulas of the proposition corre-
spond to the definition of Lie algebra morphisms on g since this condition is required
for the construction of well-defined structure morphisms on the enveloping algebra.

The condition is obvious for the augmentation. In the case of the coproduct,
we readily obtain [∆(x),∆(y)] = [x, y]⊗ 1 + 1⊗ [x, y] in the algebra tensor product
U(g) ⊗ U(g), and therefore we have [∆(x),∆(y)] = ∆([x, y]). In the case of the
antipode, we have σ([x, y]) = −[x, y] = yx − xy = σ(y)σ(x) − σ(x)σ(y), and this
result agrees with the commutator of σ(x) and σ(y) (in this order) in the opposite
algebra U(g)op.

The explicit formulas for the augmentation, the coproduct, and the antipode
of monomials are also the same as in the tensor algebra case. �

The first objective of the Lie theory of Hopf algebras is to identify the image of
a Lie algebra g in the associated enveloping algebra U(g). For this aim, we explain
the definition of a primitive element functor on coalgebras. Intuitively, the primitive
element functor represents an infinitesimal version of the group-like element functor
considered in the previous section.

7.2.11. Primitive elements in counitary cocommutative coalgebras. The primi-
tive element functor on the category of coalgebras is defined by:

P(C) = {x ∈ C|ε(x) = 0,∆(x) = x⊗ 1 + 1⊗ x}.
In the module context, we immediately see that this definition returns a submodule
of the coalgebra P(C) ⊂ C. In a general setting, we define the object P(C) by an
appropriate kernel in the ambient category M.

To simplify our presentation, we assume from now on that the base category
is equipped with kernels (in addition to biproducts and colimits). Nevertheless, in
each statement where we explicitly determine primitive elements of Hopf algebras,
we proceed by a direct approach, without assuming the existence of a sub-object of
primitive elements as a preliminary result. In general, we only need the existence
of split kernels for idempotent morphisms. This assumption is actually sufficient
for the Poincaré-Birkhoff-Witt Theorem (in our formulation), and for the Milnor-
Moore Theorem.

The following observations parallel the assertions of Proposition 7.1.15 (con-
cerning the definition of a group structure on group-like elements):

Proposition 7.2.12. In a Hopf algebra H, we have [P(H),P(H)] ⊂ P(H),
where [−,−] refers to the commutator [x, y] = xy − yx defined from the underlying
product of the Hopf algebra.

The object P(H) ⊂ H consequently inherits a Lie algebra structure with the
morphism [−,−] : P(H) ⊗ P(H) → P(H) induced by the commutator of H as Lie
bracket.

Proof. In the proof of Proposition 7.2.10, we already used an identity of
the form [x ⊗ 1 + 1 ⊗ x, y ⊗ 1 + 1 ⊗ y] = [x, y] ⊗ 1 + 1 ⊗ [x, y]. If we assume
∆(x) = x⊗ 1 + 1⊗ x and ∆(y) = y ⊗ 1 + 1⊗ y, then we deduce from this relation
that ∆([x, y]) = [∆(x),∆(y)] = [x, y]⊗ 1 + 1⊗ [x, y]. We clearly have ε(x) = ε(y) =
0⇒ ε([x, y]) = [ε(x), ε(y)] = 0 too, and these verifications establish that the object
P(H) is stable under commutators, which is the claim of the proposition. �

Benoit Fresse
Autocollant
We assume that C is equipped with a coaugmentation (a unit morphism) $\eta: \mathbb{1}\rightarrow C$in this definition. The functor of primitive elements is defined on the category of coaugmented coalgebras.
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Proposition 7.2.13. The functor of primitive elements P : Hopf Grp → Lie
is right adjoint to the enveloping algebra functor U : Lie → Hopf Grp (which we
regard as a functor towards the category of Hopf algebras by using the result of
Proposition 7.2.10).

Proof. Let g be a Lie algebra. Let H be a Hopf algebra. We elaborate on
the adjunction relation of §7.2.7, between Lie algebra morphisms f : g → H and
unitary associative algebra morphisms φ = φf : U(g) → H. We use point-wise
formulas to make our argument more explicit, as usual.

We have f = φf pg (by definition of this adjunction), and as a consequence,
we have f(g) ⊂ P(H) (equivalently, f comes from a Lie algebra morphism towards
P(H)), if and only if the associated morphism of unitary associative algebras φ :
U(g)→ H satisfies εφ(x) = 0 = ε(x) and ∆φ(x) = f(x)⊗1+1⊗f(x) = φ⊗φ ·∆(x)
for any x ∈ g. We deduce from the injectivity of the adjunction correspondence
that the verification of these relations on g implies that the identities εφ = ε and
∆φ = φ⊗φ ·∆ holds on the whole U(g). We therefore conclude that the adjunction
relation of §7.2.7 restricts to an adjunction relation between Lie algebra morphisms
f : g → P(H) and Hopf algebra morphisms φ : U(g) → H and this result proves
the claim of our proposition. �

The Milnor-Moore Theorem, which we state soon, implies that this adjunction
defines an equivalence of categories when we restrict ourselves to a subcategory
of Hopf algebras satisfying an appropriate conilpotence condition. Before address-
ing this general statement, we determine the primitive elements of the symmetric
algebra and of the tensor algebra. The result reads as follows:

Proposition 7.2.14.

(a) For the symmetric algebra S(M), which comes equipped with the Hopf
algebra structure of Proposition 7.2.6, we have P S(M) = M .

(b) For the tensor algebra T(M), which comes equipped with the Hopf algebra
structure of Proposition 7.2.6, the morphism ι : L(M)→ T(M) of §§7.2.7-
7.2.8 defines an isomorphism between the free Lie algebra L(M) and the
Lie algebra of primitive elements P T(M) ⊂ T(M).

This identity P T(M) = L(M) gives our working realization of free Lie algebras.

Proof. We use point-wise formulas again, in order to make our argument more
explicit.

The definition of the coproduct in the symmetric algebra S(M) immediately
implies M ⊂ P S(M). To check the converse inclusion, we consider the morphism
φ : S(M) → S(M) induced by the projection onto the summand S1(M) = M ⊂
S(M). For a homogeneous element u ∈ Sr(M) of weight r > 0, we have u = (1/r) ·∑

(u) u(1) ·φ(u(2)). (We can easily check this identity on monomials u = x1 · . . . ·xr,
by using the explicit formula of the coproduct in the proof of Proposition 7.2.6.)
This equation implies the following belonging relation u ∈ P S(M) ⇒ u = u ·
φ(1) + 1 · φ(u) = φ(u) ⇒ u ∈ M , which completes the verification of the identity
P S(M) = M .

In the case of the tensor algebra, we again immediately have M ⊂ P T(M), and
this inclusion implies L(M) ⊂ P T(M) since primitive elements are preserved by
commutators (see Proposition 7.2.12). To check the converse inclusion, we consider
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the morphism ψ : T(M) → T(M) (closely related to the morphism of Proposi-
tion 7.2.8) such that ψ(x1 · . . . · xr) = [· · · [[x1, x2], x3], . . . , xr]. For a homogeneous
element u ∈ Tr(M) of weight r > 0, we have again u = (1/r) ·∑(u) u(1) · ψ(u(2)).

(We refer to the article [178], from which we borrow this argument, for a detailed
proof of this identity.) This equation readily implies, as in the symmetric algebra
case, that we have u ⇒ P T(M) ⇒ u ∈ L(M) and the proof of this belonging
relation completes the verification of our identity P T(M) = L(M). �

This proposition gives a preliminary step of our proof of the Poincaré-Birkhoff-
Witt Theorem. But we have to explain the concept of a locally conilpotent Hopf
algebra before going further into our study.

7.2.15. Locally conilpotent Hopf algebras. We give a definition of the subcate-
gory of locally conilpotent Hopf algebras which makes sense in any Q-additive base
category. We proceed as follows.

In any Hopf algebra H the relation εη = id , between the unit η : 1 → H and
the counit ε : H → 1, implies that we have a decomposition H = 1⊕ I(H), where
we set I(H) = ker(ε : H → 1). We call this subobject I(H) the augmentation ideal
of the Hopf algebra H. We consider the morphism π = id −εη, which defines the
projector associated to this summand I(H) in the Hopf algebra H.

Let ∆(n) : H → H⊗n denote the n-fold coproduct associated to our Hopf
algebra (see §7.1.1). Let π(n) : H⊗n → H⊗n denote the n-fold tensor power of
our projector π. The composite π(n)∆(n) represents the components of the n-fold
coproduct ∆(n) on the summand I(H)⊗n of the tensor product H⊗n, and where all
occurrences of unit factors have been removed.

We generally say that H is locally conilpotent when H admits a colimit de-
composition K0 → · · · → Km → · · · → colimmK

m = H such that:

(a) we have π(n)∆(n) pKm= 0 as soon as n > m;
(b) and the coproduct H → H ⊗H admits a factorization

H
∆ // H ⊗H

Km

OO

∃ // colimp+q≤mKp ⊗Kq

OO ,

for each m ∈ N.

We use the notation Hopf Grpc for the full subcategory of the category of Hopf
algebras Hopf Grp formed by the locally conilpotent Hopf algebras.

We can retrieve the definition of [145, §B.3] (where our locally conilpotent Hopf
algebras are called connected Hopf algebras) by taking Km = ker(π(m+1)∆(m+1)).
We easily check (by using the coassociativity of the coproduct) that these kernels
form a nested sequence ker(π(1)∆(1)) ⊂ · · · ⊂ ker(π(m+1)∆(m+1)) ⊂ · · · ⊂ H.
We automatically have the vanishing condition (a). When we work in a category
of modules over a field (so that the tensor product preserves kernels), we easily
check (by using the coassociativity of the coproduct again) that the coproduct
condition (b) is automatically fulfilled too. In this situation, the local conilpotence
condition accordingly reduces to colimm ker(π(m+1)∆(m+1)) = H.

The tensor algebra (and the symmetric algebra similarly) is an instance of a
locally conilpotent Hopf algebra: we take Km =

⊕
r≤m Tr(M), and our require-

ments follow from the expression of the coproduct in Proposition 7.2.6. This object
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Km =
⊕

r≤m Tr(M) actually realizes the kernel of the morphism π(m+1)∆(m+1) on

the tensor algebra. The enveloping algebra U(g) of a Lie algebra is locally conilpo-
tent too. In the context of modules over a field, we take Km = im(

⊕
r≤m Tr(g)→

T(g)→ U(g)) and our requirements follow from the observation that the coproduct
in U(g) is identified with a quotient of the coproduct in the tensor algebra T(g). In
the general context, we can arrange this construction by extending the colimit de-
composition T(g) = colimm{

⊕
r≤m Tr(g)} to the coequalizer of §7.2.7 which serves

to define the enveloping algebra.
We can now state the first main structure theorem of the theory of Hopf alge-

bras:

Theorem 7.2.16 (Structure Theorem). Let H be a Hopf algebra. The mor-
phism e : S P(H)→ H defined by the symmetrized sum

e(x1 · . . . · xr) = (1/r!) ·
∑
σ∈Σr

xσ(1) · . . . · xσ(r)

on the symmetric algebra monomials x1 · . . . · xr ∈ S(P(H)) is an isomorphism of
counitary cocommutative coalgebras as soon as H is locally conilpotent (see §7.2.15).

Proof. The proof of this theorem forms the technical heart of this section.
We adapt ideas of [142] (see also [38, 141]) and divide our argument line in several
steps.

Preliminaries: Convolution algebras. Let End(H) be the module formed by
the endomorphisms f : H → H of the Hopf algebra H. The composition of
endomorphisms gives a product ◦ providing the module End(H) with a natural
unitary associative algebra structure. To produce the isomorphism considered in
the theorem, we use that End(H) is equipped with an additional unitary associative
product, called to the convolution product, and defined by the formula:

(f ∗ g)(u) =
∑
(u)

f(u(1)) · g(u(2))

for f, g ∈ End(H), and u ∈ H. The morphism ηε, defined by the composite of the
unit and of the counit of the Hopf algebra, is a unit with respect to the convolution
product since we have (ηε ∗ f)(u) =

∑
(u) ε(u(1)) · f(u(2)) = f(

∑
(u) ε(u(1)) · u(2)) =

f(u) and similarly (f ∗ ηε)(u) = f(u).
Let us observe that the definition of this convolution structure makes sense

in the more general case of a hom-object Hom(C,A) such that C is a counitary
cocommutative (or coassociative) coalgebra and A is a unitary associative algebra.
In the course of our verifications, we use convolution structures attached to the
hom-objects Hom(H,H ⊗ H) and Hom(H ⊗ H,H ⊗ H). In these cases, we use
the natural counitary cocommutative coalgebra (respectively, unitary associative
algebra) structures attached to a tensor product of Hopf algebras to define the
convolution product.

For our purpose, we still consider the morphism π : H → H such that π =
id −ηε ⇔ id = ηε + π. Recall that this morphism defines the projector associated
to the summand I(H) = ker(ε : H → 1) of our Hopf algebra H (see §7.2.15).

Step 1: A subalgebra of the convolution algebra. In a preliminary step, we
consider the elements such that πn = π∗n, for n ∈ N. To make our subsequent
argument lines work, we need to give a sense to formal sums

∑∞
n=0 λnπ

n, λn ∈ Q,
in the endomorphism algebra. For this purpose, we use the colimit decomposition
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H = colimmK
m arising from the local conilpotence condition. Our elements πn are

identified with composites πn = ∇(n)π(n)∆(n), where ∆(n) : H → H⊗n denotes the
n-fold coproduct of our Hopf algebra (as in §7.2.15), the morphism π(n) : H⊗n →
H⊗n is the n-fold tensor power of our projector π, and ∇(n) : H⊗n → H denotes
the n-fold product. By definition of the local conilpotence condition (in §7.2.15),
we have π(n)∆(n)(Km) = 0 ⇒ πn(Km) = 0 for all n > m, and we identify our
formal sums with the definition of elements in the limit of hom-objects End(H) =
limm Hom(Km, H).

Let S = {∑∞n=0 λnπ
n |λn ∈ Q (∀n)} be the submodule of the endomorphism

algebra formed by the morphisms f which admits an expansion of this form f =∑∞
n=0 λnπ

n. We have πm ∗ πn = πm+n and we can readily check, by using the
coproduct condition §7.2.15(b) in our definition of the local conilpotence, that the
usual extension of this formula to power series f =

∑∞
n=0 λnπ

n corresponds to the
convolution product on morphisms f ∈ End(H). We obtain, therefore, that our
module S forms a subalgebra of the endomorphism algebra End(H) with respect to
the convolution structure.

In contrast, we face difficulties when we aim to analyze the composition product
of our power series. We will be able to sort out this point by using a new collection
of elements es ∈ End(H) which we define by the formulas:

e1 = log∗(id) = log∗(ηε+ π) =

∞∑
n=1

(−1)n−1 · π
n

n
,

es =
(e1)∗s

s!
, for s ∈ N.

We see that each es has an expansion of the form es =
∑
n≥s λnπ

n. We can

therefore form infinite sums
∑
s cse

s. We moreover have the relation

S = {∑∞n=0 λnπ
n |λn ∈ Q (∀n)} = {∑∞s=0 cse

s | cs ∈ Q (∀s)}

inside the endomorphism algebra End(H).
Step 2: the coproduct relations. In an intermediate step, we determine a distri-

bution relation between the action of the elements es and the coproduct of the Hopf
algebra H. For this purpose, we use the convolution structure associated with the
hom-objects Hom(H,H⊗H) and Hom(H⊗H,H⊗H). We have an obvious extension
of the formal sum representation of Step 1 to Hom(H,H ⊗ H) since we also have
a limit decomposition Hom(H,H ⊗ H) = limn Hom(Kn, H ⊗ H) in this case. We
have a similar observation for the hom-object Hom(H ⊗ H,H ⊗ H), for which we
use Hom(H ⊗H,H ⊗H) = limpq Hom(Kp ⊗Kq, H ⊗H).

We can easily check that the distribution relation between the coproduct and
the product in H implies the distribution relation ∆ ◦ (f ∗ g) = (∆ ◦ f) ∗ (∆ ◦ g)
when we form the composite of morphisms f, g ∈ Hom(H,H) with the coproduct
∆ ∈ Hom(H,H ⊗H). We accordingly obtain that the mapping ∆ ◦ − : f 7→ ∆ ◦ f
defines a morphism of convolution algebras ∆◦− : Hom(H,H)→ Hom(H,H⊗H). We
have a similar result for the mapping −◦∆ : Hom(H⊗H,H⊗H)→ Hom(H,H⊗H).
We need the commutativity of the coproduct at this point (or, equivalently, the
observation that the coproduct defines a morphism of coalgebras).

We examine the composite of the element e1 = log∗(id) with the coproduct.
We have ∆ ◦ id = (id ⊗ id) ◦∆, and we deduce from the usual logarithm addition
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formula that:

∆ ◦ log∗(id) = log∗(id ⊗ id) ◦∆

= log∗((id ⊗ηε) ∗ (ηε⊗ id)) ◦∆

= (log∗(id)⊗ ηε+ ηε⊗ log∗(id)) ◦∆.

Again, we use at this point the coproduct condition in the definition of local conilpo-
tence §7.2.15(b) in order to give a sense to the above identities in our limit of
hom-objects.

We have e0 = (e1)∗0 = ηε (the convolution unit), and accordingly, we can
rewrite the above result as ∆(e1) = (e1 ⊗ e0 + e0 ⊗ e1) ◦ ∆. When we deal with
a general element er = (e1)∗r/r!, we have ∆ ◦ er = (∆ ◦ e1)∗r/r!, and a simple
computation gives the formula:

(*) ∆ ◦ er =
∑
s+t=r

(es ⊗ et) ◦∆,

for all r ∈ N.
Step 3: the Eulerian idempotents. We now prove that the endomorphisms es,

s ∈ N. form a complete collection of orthogonal idempotents in the endomorphism
algebra End(H). For this purpose, we consider a third collection of elements, which
we define by the simple formula ψn = id∗n, where id : H → H is the identity
morphism. For each n ∈ N, we have:

ψn = exp∗(n log∗(id)) =

∞∑
s=0

nses,

where we define the exponential exp∗(x) by the usual power series expansion in the
convolution algebra.

Recall that we use the notation ∆(n) for the n-fold coproduct of the Hopf
algebra H and the notation ∇(n) for the n-fold product. We have already observed
that we have πn = ∇(n)π(n)∆(n) for the elements introduced in Step 1, where
we set π(n) = π⊗n. We can also immediately deduce, from the definition of the
convolution product, that our new elements ψn = id∗n are identified with the
composites ψn = ∇(n)∆(n).

We obtain, from the distribution relation (*), that we have:

(∇(n)π(n)∆(n)) ◦ er = ∇(n) ◦
[ ∑
r1+···+rn=r

(π ◦ er1)⊗ · · · ⊗ (π ◦ ern)
]
◦∆(n)

This formula implies the relation

πn ◦ er = 0

for n > r since we have πe0 = πηε = 0. We similarly obtain that:

ψn ◦ er = (∇(n)∆(n)) ◦ er

=
∑

r1+···+rn=r

(er1 ∗ · · · ∗ ern) =
∑

r1+···+rn=r

r!

r1! · · · rn!
· er

= nrer,

for all n ∈ N, r ∈ N.
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We consider the variants Sr = {∑∞s=r cses | cs ∈ Q (∀s)} = {∑∞n=r λnπ
n |λn ∈

Q (∀n)}, of the module S = S0 introduced in Step 1. We form the quotient ob-
ject S / Sr+1 and we set p̄ ∈ S / Sr+1 for the image of an element p ∈ S in this
quotient. From the definition of the element ψn, we deduce the relation:

ψ̄n =
∑r
s=0 n

sēs ⇒ ēs =
∑r
n=0 θnsψ̄

n,

where (θns)ns denotes the inverse of the Vandermonde matrix (ns)ns.
We deduce from the vanishing of the product πn ◦er for n > r that we have the

relation Sr+1 ◦er = 0. The mapping ρ : f 7→ f ◦er accordingly induces a linear map
ρ : S / Sr+1 → End(H). We deduce from our computation of the product ψn ◦ er
that we have the formula ρ(ψ̄n) = nrer, for all n ∈ N. By using the Vandermonde
matrix again, we obtain ρ(ēs) =

∑r
n=0 θnsρ(ψ̄n) =

∑r
n=0 θnsn

rer = δrse
r, where

δrs is the Kronecker delta (compare this argument with [118]). This computation
finishes the proof that our elements er, r ∈ N, satisfy the relations

es ◦ et =

{
es, if s = t,

0, otherwise,

and hence, form a complete set of orthogonal idempotents in the endomorphism
algebra.

From now on, we use the name of Eulerian idempotents (following the conven-
tion of the article [142]) to refer to these elements es, s ∈ N. The original Eulerian
idempotents, as defined in [146], are collections of idempotent elements esn defined
in the group algebra of the symmetric groups Q[Σn], and which correspond to our
idempotent morphisms es ∈ End(H) in the case of the tensor algebra H = T(M)
(see [118, 142] and [147, §9]).

Step 4: the Eulerian splitting. We consider the splitting

H =

∞⊕
r=0

er(H)

deduced from the action of the Eulerian idempotents on the Hopf algebra. Recall
that we have e0 = ηε, the unit of the convolution product. We readily see that
e1(H) ⊂ P(H), because we have e0e1(u) = 0 ⇒ ε(e1(u)) = 0, and for r = 1, the
distribution relation (*) implies:

∆(e1(u)) =
∑
(u)

[
e1(u(1))⊗ e0(u(2)) + e0(u(1))⊗ e1(u(2))

]
=
∑
(u)

[
ε(u(2)) · e1(u(1))⊗ 1 + 1⊗ ε(u(1)) · e1(u(2))

]
= e1(u)⊗ 1 + 1⊗ e1(u).

We aim to prove that this inclusion e1(H) ⊂ P(H) is an equality and that we have
in addition er(H) = Sr(e1(H)).

Recall that we set I(H) = ker(ε : H → 1), and the morphism π : H → H,
such that π = id −ηε = id −e0, is identified with the projector associated to this
summand of our Hopf algebra. Recall besides that we use the notation ∇(r) :
H⊗r → H for the r-fold product, and the notation ∆(r) : H → H⊗r for the r-fold
coproduct. We also consider the morphism π(r) : H⊗r → H⊗r defined by the tensor
power of our projector π : H → H.
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We readily check, by applying the distribution formula (*), and the identities
πe0 = 0, πes = es for s > 0, that we have:

(**) π(r)∆(r)(er(u)) =
∑
(u)

e1(u(1))⊗ · · · ⊗ e1(u(r)),

for all u ∈ H. We use the symmetrization morphism Sr(e1(H)) ↪→ e1(H)⊗r ↪→ H⊗r

(defined by the same expression as in the statement of the theorem) to deduce, from
the above formula, the existence of a morphism Sr : er(H)→ Sr(e1(H)) fitting in
a commutative diagram

er(H)
Sr //

π(r)∆(r)

��

S(e1(H))

��
H⊗r

.

We form the composite

Sr(e
1(H)) ↪→ H⊗r

(1/r!)·∇(r)

−−−−−−−→ H
er−→ er(H)

to get a morphism going in the converse direction Πr : Sr(e1(H)) → er(H), for
every r ∈ N.

We use our formula (**) to get the relations

(1/r!) · ∇(r)π(r)∆(r)(er(u)) = (1/r!) ·
∑
(u)

e1(u(1)) · . . . · e1(u(r))

= (1/r!) · (e1 ∗ · · · ∗ e1)(u)︸ ︷︷ ︸
=er(u)

from which we readily conclude that ΠrSr(e
r(u)) = er(u), for every u ∈ H. We

now consider the image of a symmetric algebra monomial $ = e1(u1) · . . . ·e1(ur) ∈
Sr(e1(H)) under our morphism Πr. We readily identify this image Πr($) with
the component er(u) ∈ er(H) of the product u = e1(u1) · . . . · e1(ur) in H. We
have ∆(s)(u) = ∆(s)(e1(u1)) · . . . · ∆(s)(e1(ur)) by distribution between the prod-
uct and the coproduct in our Hopf algebra. This formula, together with the ob-
servation that e1(H) consists of primitive elements, readily implies that we have
π(r)∆(r)(u) =

∑
σ∈Σre

1(uσ(1)) ⊗ · · · ⊗ e1(uσ(r)), and π(s)∆(s)(u) = 0 whenever
s > r. We use Equation (**) again to conclude that we retrieve the symmetrization
of the monomial e1(u1) · . . . · e1(ur) ∈ Sr(e1(H)) when we insert the idempotent
er in the expression π(r)∆(r)(u). We therefore have SrΠr = id in addition to the
already established identity ΠrSr = id .

We moreover see, by the using the case s > r of our computation, that we
have Ss(e

s(u)) = 0, when the weight s exceeds the order r of our monomial u =
e1(u1) · . . . · e1(ur).

We take the sum of our morphisms Πr to get an isomorphism Π : S(e1(H))
'−→

H. We see that the symmetrization map e : S(e1(H)) → H (defined as in the
statement of the theorem) differs from this iso by the insertion of the idempotents
er. We use our computation of the image of monomials u = e1(u1) · . . . · e1(ur)
under the morphisms Ss(e

s(−)) to obtain that the symmetrization map satisfies
e(Sr(e1(H))) ⊂⊕s≤r e

s(H), and agrees with our isomorphism Πr : Sr(e1(H)) →
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er(H) on er(H). We conclude that this map e : S(e1(H))→ H is an isomorphism
too.

Conclusions. To complete this proof, we can just check, by using the inclusion
e1(H) ⊂ P(H) and a straightforward coproduct computation, that e defines a
isomorphism in the category of counitary cocommutative coalgebras. Then we use
Proposition 7.2.14(a) to obtain the relation e1(H) = P S(e1(H)) = P(H) in addition

to the definition of this isomorphism e : S(e1(H))
'−→ H. �

Proposition 7.2.14(b) and Theorem 7.2.16 give the free Lie algebra case of the
Poincaré-Birkhoff-Witt Theorem:

Theorem 7.2.17 (Poincaré-Birkhoff-Witt Theorem). The morphism e : S(g)→
U(g) defined by the symmetrized sum

e(x1 · . . . · xr) = (1/r!) ·
∑
σ∈Σr

xσ(1) · . . . · xσ(r)

on the symmetric algebra monomials x1 · . . . · xr ∈ S(g) yields an isomorphism
of counitary cocommutative coalgebras from the symmetric algebra S(g) to the en-
veloping algebra U(g), for all Lie algebras in our base category g ∈ Lie.

We refer to [1, §3.3] for an another approach of the Poincaré-Birkhoff-Witt
Theorem, and to [80] for a historical overview of the subject.

The equivalence between the claim of Theorem 7.2.17 and the combined results
of Proposition 7.2.14(b) and Theorem 7.2.16 in the case of a free Lie algebra g =
L(M) follows from the identity U L(M) = T(M) (see §7.2.7). The assertion that our
morphism e : S(g)→ U(g) is a morphism of counitary cocommutative coalgebras in
the theorem follows from a straightforward verification (similar to the verification
of the parallel claim of Theorem 7.2.16), and we do not come back to this claim.

The Poincaré-Birkhoff-Witt Theorem (in the formulation of Theorem 7.2.17)
is established in [145, Theorem B.2.3] in the module context, and in other usual
examples of base categories, like graded modules (in the sense of §4.4), and differen-
tial graded modules (which we use later on). Our proof of the free Lie algebra case,
provided by Proposition 7.2.14(b) and Theorem 7.2.16 proceeds from a different
approach as the proof given in this reference and works as soon as we have kernels
for idempotent morphisms. Nevertheless, after establishing the preliminary case of
free Lie algebra, we can obtain the proof of general case of Theorem 7.2.17 by the
same argument line as in [145, §B.2] (without loss of generality), and this is this
argument which we now recall.

Proof. Explicitly, to establish the general case of our theorem, we use that
any Lie algebra g fits in a reflexive coequalizer of free Lie algebras

L(M1)
d0
//

d1
// L(M0) //

s0

��
g ,

of which construction can be deduced from the free Lie algebra adjunction (see [122,
§VI.7] for details). The symmetric algebra functor preserves reflexive coequalizers
(by the general statements of §1.4) as well as the enveloping algebra functor (by
adjunction and because reflexives coequalizers of algebras are created in the under-
lying category). Thus, our natural transformation fits in a diagram of coequalizers
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of the form:

S L(M1) ////

'
��

S L(M0) //
yy

'
��

S(g)

e

��
T(M1) //// T(M0) //

yy
U(g)

,

where we use the identity U L(M) = T(M) of §7.2.7, and the combined results of
Proposition 7.2.14(b) and Theorem 7.2.16 to get that this diagram involves isomor-
phisms between the terms of our coequalizers. The existence of these isomorphisms
implies that we get an iso at the level of the coequalizers themselves, and this
assertion finishes the proof of our theorem. �

Theorem 7.2.17 admits the following immediate consequence, which extends
the results of Proposition 7.2.14(b) to arbitrary Lie algebras:

Theorem 7.2.18. The canonical morphism ι : g → U(g), associated with an
enveloping algebra U(g), admits a natural retraction ρ : U(g) → g and induces an
isomorphism between the Lie algebra g and the Lie algebra of primitive elements
P U(g) ⊂ U(g). �

This result gives one part of the Milnor-Moore Theorem:

Theorem 7.2.19 (Milnor-Moore Theorem). The enveloping algebra and prim-
itive element functors U : Lie � Hopf Grp : P induce adjoint equivalences of
categories between the category of Lie algebras Lie and the subcategory of locally
conilpotent Hopf algebras Hopf Grpc.

The original Milnor-Moore Theorem [138] deals with Hopf algebras in (weight)
graded modules satisfying a stronger conilpotence condition, which we study in
the next section (see §§??-7.3.16). The reference [145, Theorem B.4.5] provides
a generalization of Milnor-Moore’ statement to the setting of locally conilpotent
(connected) Hopf algebras in Q-modules (respectively, graded modules, differential
graded modules). We give a direct proof of the general case of our theorem, by
relying on the results of Theorem 7.2.16 (the Structure Theorem), Theorem 7.2.17
(the Poincaré-Birkhoff-Witt Theorem). and Theorem 7.2.18, which we already
obtained as a corollary of these preliminary statements.

Proof. The claim of Theorem 7.2.18 actually gives one inversion relation of

our category equivalence g
'−→ P U(g), and we use the statements of Theorem 7.2.16

and Theorem 7.2.17. to get the converse relation U P(H)
'−→ H. For this purpose,

we simply observe that our morphism U P(H)→ H fits in a commutative triangle

U P(H)

��

S P(H)

'
99

'
%%
H

,

where the diagonal morphisms are the isos of Theorem 7.2.16 and Theorem 7.2.17.
�
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To complete the survey of this section, and as a preparation for applications
to operads, we examine the definition of a symmetric monoidal structure on Lie
algebras.

7.2.20. Direct sums of Lie algebras. The category of Lie algebras inherit limits
and colimits, like any category of algebras over an operad, so that the limits, as well
as the filtered colimits and the reflexive coequalizers, are created in the ambient
symmetric monoidal category. In our setting, we also have an identity between the
direct sum g⊕ h and the product of g and h in the category of Lie algebras since
we assume that the ambient category is additive. We precisely take this direct sum
operation ⊕ : Lie ×Lie → Lie to provide the category of Lie algebras Lie with a
symmetric monoidal structure. The zero object 0, which also represents the initial
object in the category of Lie algebras, defines the monoidal unit. The axioms are
trivially satisfied for this symmetric monoidal structure, but we must note that the
colimit preservation requirement of §0.9 is not fulfilled.

The Lie bracket of the Lie algebra g⊕ h is defined by [(x1, y1), (x2, y2)] =
([x1, x2], [y1, y2]), for any x1, x2 ∈ g, y1, y2 ∈ h.

The canonical embeddings i : g→ g⊕ h and j : h→ g⊕ h define morphisms of
Lie algebras. We moreover have [i(g), j(h)] = 0 in g⊕ h. We readily see that the
Lie algebra g⊕ h is universal with this property so that giving a morphism from
g⊕ h towards a Lie algebra m amounts to giving a pair of Lie algebra morphism
(f : g → m, g : h → m) such that [f(g), g(h)] = 0 in m. This result holds in the
general setting of Q-additive symmetric monoidal categories.

The Lie algebra embeddings g
i−→ g⊕ h

j←− h induce morphisms U(g)
i∗−→

U(g⊕ h)
j∗←− U(h) at the enveloping algebra level, and we can use the product of the

enveloping algebra in order to get a morphism µ(i∗, j∗) : U(g) ⊗ U(h) → U(g⊕ h)
so that µ(i∗, j∗)(u⊗ v) = i∗(u) · j∗(v), for u⊗ v ∈ U(g)⊗ U(h). We claim that:

Lemma 7.2.21. The just defined morphism µ(i∗, j∗) : U(g) ⊗ U(h) → U(g⊕ h)
is an iso.

Proof. In general, we have an bijection between the morphisms of unitary as-
sociative algebras on a tensor product φ : U ⊗ V → T and the pair of unitary asso-
ciative algebra morphisms (φf : U → T, φg : V → T ) satisfying [φf (U), φg(V )] = 0
in T as we can set φ(u ⊗ v) = φf (u) · φg(v) to get a morphism on U ⊗ V when
this condition is satisfied. In the case of the enveloping algebras U = U(g) and
V = U(h), the verification of the relation [f(g), g(h)] = 0 for the Lie algebra mor-
phisms (f : g → T, g : h → T ) associated to (φf : U(g) → T, φg : U(h) → T ),
readily implies that we have the commutation relation [φf (u), φg(v)] = 0 on the
whole tensor product U(g)⊗ U(h).

Hence, giving a morphism of unitary associative algebras φ : U(g)⊗U(h)→ T
amounts to giving a pair of Lie algebra morphisms (f : g → T, g : h → T ) such
that [f(g), g(h)] = 0, and according to the analysis of §7.2.20, this data amounts to
defining a Lie algebra morphism on the direct sum g⊕ h.

From this result, we conclude that the tensor product U(g) ⊗ U(h) fits in the
adjunction relation characterizing the enveloping algebra of the Lie algebra g⊕ h,
and hence, is isomorphic to this enveloping algebra. The morphism considered in
the lemma can readily be identified with the comparison isomorphism arising from
our argument line. �
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7.2.22. The symmetric monoidal category of Hopf algebras. We have already
observed that the category of counitary cocommutative coalgebras in any symmet-
ric monoidal category, and the category of unitary associative algebras similarly,
inherits a symmetric monoidal structure. As we define bialgebras in term of a
combination of these structures, we deduce from our general primary results that
the category of bialgebras inherit a symmetric monoidal structure too. When we
deal with Hopf algebras G,H ∈ Hopf Grp, we have an obvious antipode on the
tensor G⊗H, defined factor-wise by the tensor product of the antipodes associated
to G and H. We conclude that the category of Hopf algebras Hopf Grp forms a
symmetric monoidal subcategory of the category of bialgebras.

We implicitly check, in the proof of Lemma 7.2.21, that our pairing µ(i∗, j∗) :
U(g) ⊗ U(h) → U(g⊕ h) defines a morphism of unitary associative algebras. We
readily see that our morphism preserves counits and coproducts too (since this is
so on the Lie algebras which generate our unitary algebra tensor product). Accord-
ingly, our pairing defines an isomorphism of Hopf algebras.

In the formalism of symmetric monoidal categories, the result of Lemma 7.2.21
implies:

Proposition 7.2.23. The enveloping algebra functor U : Lie → Hopf Grp is
symmetric monoidal in the sense that:

(a) in the case of the zero object 0, viewed as the unit object of the category of
Lie algebras, we have an obvious identity U(0) = 1;

(b) in the case of a direct sum of Lie algebras g⊕ h, the pairing of §7.2.20

defines a Hopf algebra isomorphism U(g)⊗ U(h)
'−→ U(g⊕ h);

(c) and these comparison isomorphisms fulfill the unit, associativity and sym-
metry constraints of §2.3.1.

Proof. The statement of assertion (a) is obvious and we have already checked
the result of assertion (b). The proof of the unit, associativity and symmetry
constraints, claimed by assertion (c), follows from a straightforward inspection of
definitions. �

7.3. Lie algebras and Hopf algebras in complete filtered modules

In this section, we examine the definition of Hopf algebras and the applications
of the concepts of §§7.1-7.2 in the case where the ambient category consists of
modules M equipped with a filtration M = F0M ⊃ · · · ⊃ FsM ⊃ · · · so that M =
limsM/ FsM . We use the expression of complete filtered module to refer to such
objects. We also deal with Hopf algebras satisfying an appropriate connectedness
condition when we work in the category of complete filtered modules, and will use
the expression of complete Hopf algebra to refer to this more precise notion.

Our main purpose is to check that the main results of §7.2, about the relation-
ship between Lie algebras and Hopf algebras, work well for complete Hopf algebras.
We check that the category of complete filtered modules forms an example of cate-
gory fitting the setting of §7.2 first. We revisit the adjunction between Lie algebras
and Hopf algebras afterwards. We are notably going to observe that the universal
algebra structures of §7.2, namely the free Lie, symmetric, tensor, and enveloping
algebras, can be realized, in the category of complete filtered modules, as comple-
tions of the corresponding ordinary objects in the category of k-modules.
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Throughout this section, we assume that our ground ring k is a field of char-
acteristic zero. The assumption that k is a field ensures us that the tensor product
of k-modules preserves monomorphisms, kernels and finite limits. Let us mention
that our constructions have generalizations in the context of complete modules over
a complete local ring R, like power series ring k[[t]], which are naturally considered
in problems of deformation theory (see for instance [130] for a general reference on
this subject).

We work in the category of k-modules and in the categories formed by the
filtered objects, complete filtered objects, and weight graded objects in this base
category Mod = Modk. We first explain the precise definition of these categories
and check that they form examples of Q-additive symmetric monoidal categories in
the sense considered in §7.2.

7.3.1. The category of filtered modules. We call filtered module the structure
defined by a module M equipped with a decreasing filtration of the form:

M = F0M ⊃ · · · ⊃ FsM ⊃ · · · .
We also say that a module morphism f : M → N is filtration preserving when we
have f(FsM) ⊂ FsN , for all s ∈ N. We set f Mod for the category formed by the
filtered modules as objects and the filtration preserving morphisms as morphisms.

We use this category as an auxiliary category for the definition of complete
filtered modules, and we will need the following constructions:

(a) The direct sum
⊕

α∈IMα of filtered modules Mα, α ∈ I, inherits a canon-
ical filtration, defined by the obvious formula Fs(

⊕
αMα) =

⊕
α Fs(Mα),

and represents the coproduct of the objects Mα, α ∈ I, in the category of
filtered modules. The category of filtered modules is obviously additive,
so that we have an identity between finite direct and cartesian products
of filtered modules.

(b) A submodule K ⊂ M of a filtered module M inherits a canonical filtra-
tion, defined by FsK = K ∩ FsM , and to which we refer as the induced
filtration on K. We easily see that the kernel K = ker(f) of a filtration
preserving morphism f : M → N , M,N ∈ f Mod , equipped with this
induced filtration, represents the kernel of the morphism f in the category
of filtered modules.

(c) A quotient N/M of a filtered module N by a submodule M is also equipped
with a canonical filtration, defined by Fs(N/M) = Fs(N)/M ∩ Fs(N). We
easily see that this quotient filtered module N/M represents the cokernel of
the canonical embedding i : M ↪→ N in the category of filtered modules.
In general, the cokernel of a morphism f : M → N in the category of
filtered modules can be realized as the quotient filtered module N/f(M),
where we regard the image of our morphism f(M) ⊂ N as a submodule
of the codomain N .

The existence of coproducts and cokernels implies that the category of filtered
modules has all colimits. Recall that, in an additive category, the cokernel of a
parallel pair (d0, d1) is identified with the cokernel of the difference d0 − d1.

The observations (b) imply that the monomorphisms of the category of filtered
modules are the filtration preserving morphisms i : M → N which are injective
as module morphisms. In general, the preservation of filtrations by a morphism
i : M → N is equivalent to the relation i(FsM) ⊂ FsN ⇔ FsM ⊂ i−1(FsN).
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We say that a monomorphism of filtered modules i : M → N is a filtered module
inclusion, and we write i : M ↪→ N , when we have an equality in this relation
FsM = i−1(FsN), so that we can identify the subobject M with a submodule of N
equipped with the induced filtration, as defined in (b).

Note that a monomorphism of filtered modules is not necessarily a filtered
module inclusion, and hence, a kernel in the category of filtered modules. This
observation immediately proves that the category of filtered modules, though ad-
ditive, fails to be abelian. Note also that a morphism of filtered modules which is
bijective as a module morphism is not an isomorphism in the category of filtered
modules in general. The isomorphisms of the category of filtered modules precisely
consist of the filtration preserving morphisms f : M → N which are bijective as
module morphisms and of which inverse bijection f−1 : N → M is also filtration
preserving.

7.3.2. Towers. We immediately see that giving a filtration in §7.3.1 amounts
to giving a coaugmented tower of surjections of the form

M // // · · · // // M/ FsM // // · · · // // M/ F0M = 0 ,

since we have psM = M/ FsM ⇔ FsM = ker(M → psM). We refer to the quotient
psM = M/ FsM occurring in this tower as the sth level of the tower associated
to the filtered module M . We also have an equivalence between the morphisms of
filtered modules and the morphisms of coaugmented towers, which formally consist
of an underlying module morphism f : M → N together with a sequence of fill-in
morphisms

M

f

��

// // · · · // // M/ FsM // //

f∗
��

· · · // // M/ F0M

f∗
��

N // // · · · // // N/ FsN // // · · · // // N/ F0N

.

In this equivalence, the isomorphisms of the category of filtered modules correspond
to the morphisms of coaugmented towers which form an isomorphism level-wise.

We mainly use the tower representation when we define the completion of fil-
tered modules (in the next paragraph). In the tower representation, we can easily
realize colimits by an obvious level-wise construction, and we can see that the fil-
tration constructions of §7.3.1 match this process. For our purpose, we record the
following observations:

(a) For a direct sum
⊕

α∈IMα of filtered modules Mα, α ∈ I, we have an
obvious identity:(⊕

α∈I
Mα

)
/ Fs

(⊕
α∈I

Mα

)
=
⊕
α∈I

(
Mα/ FsMα

)
,

for each s ∈ N.
(b) For a submodule K ⊂ M of a filtered module M , which we equip with

the induced filtration of §7.3.1(b), we have a tower identity K/ FsK =
K/K ∩ FsM , and the inclusion K ⊂M induces an embedding

K/K ∩ FsM ↪→ K/ FsM,
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for each s ∈ N. For the kernel K = ker(f) of a filtration preserving
morphism f : M → N , we have the relation

ker(f)/ ker(f) ∩ FsM = ker(f∗ : M/ FsM → N/ FsN),

at each level s ∈ N.
(c) For the quotient N/M of a complete filtered module N by a submodule

M , where we consider the quotient filtration of §7.3.1(c), we have a short
exact sequence

0→M/M ∩ FsN → N/ FsN → (N/M)/ Fs(N/M)→ 0,

for each s ∈ N.

The proof of these observations reduces to easy verifications.
7.3.3. Completions. The completion of a filtered module M is the module M̂

such that M̂ = limsM/ FsM . The tower of quotient morphisms q : M →M/ FsM

gives rise to a canonical morphism q : M → M̂ towards this limit M̂ = limsM/ FsM .

The module M̂ inherits a canonical filtration, defined by the kernels

Fs M̂ = ker(M̂ →M/ FsM),

where we consider the canonical projections M̂ →M/ FsM , s ∈ N, associated with

the limit M̂ = limsM/ FsM . Our canonical morphism q : M → M̂ is clearly filtra-

tion preserving. The construction of this object M̂ , together with the associated
morphism q : M → M̂ , is obviously functorial in M ∈ f Mod .

In the language of §7.3.2, the definition Fs M̂ = ker(M̂ → M/ FsM) amounts

to providing the completed module M̂ with the filtration associated to the tower

M̂ // // · · · // // M/ FsM // // · · · // // M/ F0M = 0

used to define this limit, so that we have an identity:

M̂/ Fs M̂ = M/ FsM,

for every s ∈ N. This tower identity implies that the completion functor is idempo-
tent in the sense that the canonical morphism q : N → N̂ associated to a completed
module N = M̂ is an iso.

In general, we say that a filtered module M is complete when the associated
morphism q : M → M̂ is an iso (equivalently, if we have M = limsM/ Fs(M)). The
idempotence of the completion functor implies that the completion of a filtered
module M gives a complete filtered module M̂ , naturally associated to M . This
complete filtered module M̂ is also universal in the sense that any filtration pre-
serving morphism f : M → N , where N is complete, admits a unique factorization

M
f //

q   

N

M̂
f̂

>>

in the category of filtered modules (we take the image of the morphism f under the

completion functor, and use the identity N = N̂ to get this factorization).
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7.3.4. The category of complete filtered modules. The category formed by the
complete filtered modules as objects and the filtration preserving morphisms as

morphisms is denoted by M̂od (we forget about the f prefix in this notation, be-
cause we assume that a complete filtered module is automatically given with a
fixed filtration). The completion functor can be interpreted as a left adjoint of the

category embedding i : M̂od ↪→ f Mod .

In what follows, we use a notation of the form ĉolimαMα, with a hat mark,
to distinguish the colimit of a diagram Mα, α ∈ I, in the category complete fil-

tered modules M̂od from the colimit of this diagram colimαMα in the category
of filtered modules f Mod , which we also use as an auxiliary construction in the
complete setting. The idempotence of the completion functor actually implies that

the complete colimit ĉolimαMα can be realized as a completion of the ordinary col-
imit (colimαMα) .̂ This observation implies that the category of complete filtered
modules has all colimits too. In general, for a diagram in the category of filtered
modules Mα, α ∈ I, we have an identity

(colim
α

Mα)̂= ĉolimαM̂α

in the category of complete filtered modules.
For our purpose, we record the following assertions concerning particular cases

of colimit and limit constructions (we rely on the observations of §7.3.2 for the
verification of these claims):

(a) For the direct sum of a finite collection of filtered modules Mαi , i =
1, . . . , n, we have an obvious relation(

Mα1
⊕ · · · ⊕Mαn

)̂= M̂α1
⊕ · · · ⊕ M̂αn .

In the case of complete filtered modules Mαi = M̂αi we deduce from this
identity that the direct sum Mα1

⊕ · · · ⊕Mαn is complete, and we obtain,
besides, that this direct sum represents the coproduct of the objects Mαi ,
i = 1, . . . , n, in the category of complete filtered modules. The category of
complete filtered modules is therefore additive (like the category of filtered
modules). For the direct sum

⊕
α∈IMα of a (possibly infinite) collection

of filtered modules Mα, α ∈ I, the completion returns a complete filtered
module (

⊕
α∈IMα)̂which represents the coproduct of the objects M̂α in

the category of complete filtered modules. By convention, we may use the

notation
⊕̂

α∈IMα (with the hat mark) to refer to these coproducts in the
complete sense.

(b) Let K ⊂M be a submodule of a filtered module M , which we equip with
the induced filtration of §7.3.1(b). The morphism of complete filtered

modules K̂ → M̂ extending the inclusion i : K ↪→ M is an inclusion of
filtered modules. The kernel ker(f) of a filtration preserving morphism f :
M → N , equipped with the induced filtration, is automatically complete as
soon as M and N are complete, and represents the kernel of the morphism
f in the category of complete filtered modules. In general, we have the
relation

ker(f)̂= ker(f̂ : M̂ → N̂),

where f̂ : M̂ → N̂ is the morphism of complete filtered modules induced
by our morphism f : M → N .
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(c) For the quotient N/M of a filtered module N by a submodule M , equipped
with the quotient filtration of §7.3.1(c), we have the relation

(N/M)̂= N̂/M̂,

where we use the observation of assertion (b) to identify the completion

M̂ with a submodule of the complete filtered module N̂ . In particular, the
quotient of a complete filtered module N = N̂ by a complete submodule
M = M̂ is automatically complete. The object (N/M)̂ represents the

cokernel of the inclusion M̂ ↪→ N̂ in the category of complete filtered

modules. In general, the cokernel of a morphism f̂ : M̂ → N̂ in the
category of complete filtered modules can be identified with the completion
(N/f(M)) ,̂ where we regard the image of our morphism f(M) ⊂ N as a
submodule of the codomain N .

We can easily observe that the category of complete filtered modules, though
additive, fails to be abelian (for the same reasons as the category of plain filtered
modules). In the next paragraph, we recall the definition of weight graded module
structures, which we use as approximations of our complete filtered modules, and
which do form an abelian category. The idea is to use abelian category methods at
this level in order to get structure results for complete filtered modules.

7.3.5. The category of weight graded modules. The category of weight graded
modules, denoted by w Mod , consists of the modules M equipped with a decom-
position of the form M =

⊕
s∈N Ms, and where we refer to the summand Ms as

the homogeneous component of weight s of the module M . The morphism of this
category are the module morphisms f : M → N which preserve the weight decom-
position in the sense that f(Ms) ⊂ Ns. The definition of a weight graded module
is obviously the same as the definition of a graded module of §4.4 (except that we
now restrict the grading to non-negative integers). But we introduce a new category
in order to distinguish structures of different nature. This difference appears, at
the categorical level, in the definition of a symmetric monoidal structure on weight
graded modules (see §7.3.13).

The category of weight graded modules inherits both limits and colimits (re-
alized componentwise) and is also clearly abelian (unlike the category of filtered
modules and the category of filtered modules).

7.3.6. The weight graded module associated to a filtered module. To a filtered
module M we associate a weight graded module E0M with the sub-quotients

E0
sM = FsM/ Fs+1M, for s ∈ N,

as homogeneous components. The mapping E0 : M 7→ E0M defines a functor on
the category of filtered modules and on the category of complete filtered modules
as well by restriction.

The sub-quotients E0
sM can also be defined in terms of the tower associated to

M . We explicitly have:

E0
sM = ker(M/ Fs+1M →M/ FsM), for s ∈ N.

For the completion of a filtered module M̂ , we immediately deduce from this rep-
resentation that we have the relation:

E0
s M̂ = E0

sM,

for every s ∈ N.
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The following easy statement motivates the introduction of weight graded mod-
ules for the study of complete filtered modules:

Proposition 7.3.7. A morphism of complete filtered modules f : M → N is an
iso as soon as the associated morphism of weight graded modules E0 f : E0M → E0N
is an iso in w Mod.

Proof. The definition E0
sM = ker(M/ Fs+1M → M/ FsM) implies that the

modules of homogeneous weight E0
sM fit in short exact sequences

0→ E0
sM →M/ Fs+1M →M/ FsM → 0,

for all s ∈ N. From these exact sequences, we obtain by induction that a morphism
of filtered modules f : M → N induces an isomorphism at each level s of the towers
associated to our modules as soon as the morphism of weight graded modules E0 f :
E0M → E0N is an iso. The proposition follows. �

In subsequent verifications, we combine the result of this proposition with the
following observations:

Proposition 7.3.8. The mapping E0 : M 7→ E0M preserves the categorical op-
erations considered in §7.3.1(a-c). To be explicit, we have the following assertions:

(a) For a direct sum
⊕

αMα of (complete) filtered modules Mα, we have the
obvious relation

E0
(⊕
α

Mα

)
=
⊕
α

E0Mα.

(b) For the kernel K = ker(f : M → N) of a filtration preserving morphism
f : M → N , where M and N are (complete) filtered modules, we have the
relation

E0 ker(f : M → N) = ker(E0 f : E0M → E0N).

(c) For a submodule M ⊂ N of a filtered module N , equipped with the induced
filtration of §7.3.1(b), the weight graded module E0M associated to M
embeds into E0N , and we have a short exact sequence

0→ E0M → E0N → E0(N/M)→ 0

identifying E0M/ E0N with the weight graded module E0(N/M), where the
module N/M is equipped with the quotient filtration of §7.3.1(c).

Proof. The proof of this proposition reduces to easy verifications which elab-
orate on the observations of §7.3.2. �

7.3.9. The tensor product of filtered modules. The tensor product M ⊗ N of
filtered modules M,N ∈ f Mod inherits a canonical filtration, which we define by:

Fr(M ⊗N) =
∑
s+t=r

Fs(M)⊗ Ft(N) ⊂M ⊗N, for each r ∈ N.

The category of filtered modules is therefore equipped with a natural tensor product
operation.

The ground field k, regarded as a module equipped with a trivial filtration, such
that F0 k = k and Fs k = 0 for s > 0, forms a unit for this tensor product. Besides,
we readily check that the associativity isomorphism (K ⊗ L)⊗M ' K ⊗ (L⊗M)
preserves filtrations, so that the associativity of the tensor product holds in the
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category of filtered modules, and we also have a symmetry isomorphism M ⊗N '
N ⊗M inherited from the base category of k-modules. Thus we have a natural
symmetric monoidal structure on the category of filtered modules. We readily see,
moreover, that the tensor product of filtered modules preserves the direct sums
of §7.3.1(a), the cokernels of §7.3.1(c), and as a consequence all colimits, so that
the colimit preservation requirement of §0.9 is entirely satisfied in the category of
filtered modules.

We use the symmetric monoidal category of filtered modules as an auxiliary
structure for the definition of a symmetric monoidal structure on complete filtered
modules. The tensor product of complete filtered modules is not complete in gen-

eral. For M,N ∈ M̂od , we therefore perform the completion operation

M ⊗̂N = lim
r

(M ⊗N)/ Fr(M ⊗N)

in order to get a tensor product operation ⊗̂ on the category of complete filtered
modules. Our purpose is to establish that the category of complete filtered mod-
ules, equipped with this completed tensor product, is symmetric monoidal. Our
verifications rely on the following observation:

Lemma 7.3.10. The natural morphism⊕
s+t=r

FsM/ Fs+1M︸ ︷︷ ︸
=E0

sM

⊗ FtN/ Ft+1N︸ ︷︷ ︸
=E0

t N

→
∑
s+t=r

Fs(M)⊗ Ft(N)/
∑

s+t=r+1

Fs(M)⊗ Ft(N)︸ ︷︷ ︸
=E0

r(M⊗N)

is an iso.

Proof. The proof of this lemma reduces to an elementary exercise of linear
algebra. �

This lemma gives our main argument in the proof of the following proposition:

Proposition 7.3.11. The canonical morphism M ⊗N → M̂ ⊗ N̂ → M̂ ⊗̂ N̂ ,
defined for any pair of filtered modules M,N ∈ f Mod, extends to an isomorphism

(M ⊗N)̂ '−→ M̂ ⊗̂ N̂
in the category of complete filtered modules.

Proof. Lemma 7.3.10 implies that we have

E0
r(M ⊗N)̂= E0

r(M ⊗N) =
⊕
s+t=r

E0
sM ⊗ E0

t N

as well as

E0
r(M̂ ⊗̂ N̂) = E0

r(M̂ ⊗ N̂) =
⊕
s+t=r

E0
s M̂ ⊗ E0

t N̂ =
⊕
s+t=r

E0
sM ⊗ E0

t N

for every r ∈ N. Besides, we immediately see that the morphism of the propo-
sition (M ⊗ N)̂→ M̂ ⊗̂ N̂ induces the identity morphism at the level of these
weight graded modules. Proposition 7.3.7 immediately implies, therefore, that this
morphism is an isomorphism. �
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In the next paragraphs §§7.3.12-7.3.13, we reinterpret these intermediate results
as the definition of symmetric monoidal functors between the symmetric monoidal
categories formed by the filtered modules, the complete filtered modules and the
weight graded modules.

7.3.12. The symmetric monoidal structure on the category of complete filtered
modules. We equip the category of complete filtered modules with the completed
tensor product of §7.3.9:

M ⊗̂N = M ⊗N/ Fr(M ⊗N).

We see that the ground field, for which we have k̂ = k, also defines a unit for this
tensor structure. We moreover readily obtain, from the result of Proposition 7.3.11,
that the completed tensor product inherits an associativity isomorphism from the
tensor product of filtered modules:

((K ⊗̂L) ⊗̂M) ' ((K ⊗ L)⊗M)̂' (K ⊗ (L⊗M))̂' (K ⊗̂(L ⊗̂M)).

We also have an obvious symmetry isomorphism M ⊗̂N ' N ⊗̂M induced by
the symmetry isomorphism of the category of filtered modules (we just use the
functoriality of completions in this case). Thus the category of complete filtered

modules M̂od , equipped with our completed tensor product ⊗̂, has a full symmetric
monoidal category structure. From the realization of colimits of complete filtered
modules in terms of completions (see §7.3.4), the result of Proposition 7.3.11, and
the preservation of colimits by the tensor product of filtered modules (see §7.3.9),
we obtain that the colimit preservation axiom of §0.9 is fulfilled in the category of
complete filtered modules as well.

We can interpret the result Lemma 7.3.10, in terms of a symmetric monoidal
structure on weight graded modules, of which we now explain the definition. Sim-
ply note, before addressing this subject, that the result of Proposition 7.3.11 and
the definition of our symmetric monoidal structure on complete filtered modules,

implies that the completion functor (−)̂: f Mod → M̂od is symmetric monoidal.
7.3.13. The symmetric monoidal structure on the category of weight graded

modules. The tensor product of weight graded module M,N ∈ w Mod inherits a
canonical weight decomposition M ⊗N =

⊕∞
r=0(M ⊗N)r, which we define by the

same formula as in the homological algebra framework (see §4.4):

(M ⊗N)r =
⊕
s+t=r

Ms ⊗Nt, for r ∈ N.

The category of weight graded modules is therefore equipped with a natural tensor
product operation ⊗ : w Mod ×w Mod → w Mod (given by the same construction
as the tensor product of graded modules in §4.4.1). The ground ring k, regarded
as weight graded module of rank 1 concentrated in weight r = 0, still provides a
unit object for this tensor product, and we have an obvious associativity isomor-
phisms yet. But, in contrast with the definition of §4.4.1, we now consider the plain
symmetry isomorphism of the category of k-modules Ms ⊗Nt ' Nt ⊗Ms (with no
sign involved) to define a symmetry isomorphism for the tensor product of weight
graded modules.

The tensor product of weight graded modules clearly fully satisfies the colimit
preservation requirement of §0.9.
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The result of Lemma 7.3.10 amounts to the definition of a weight-graded module
isomorphism

E0(M ⊗N) ' E0(M)⊗ E0(N)

and we have an analogous iso in the complete case, since the definition of the ten-
sor product M ⊗̂N as a completion implies E0(M ⊗̂N) = E0(M ⊗N) (see §7.3.6).
The mapping E0 : M 7→ E0(M) clearly preserves unit objects, our iso satisfies the
associativity constraint of §2.3.1, as well as the commutativity constraint. To be
explicit, the morphism E0(M ⊗ N) ' E0(M ⊗ N) induced by the symmetry iso-
morphism of filtered modules is carried to the plain symmetry isomorphism of the
category of weight graded modules E0(M) ⊗ E0(N) ' E0(M) ⊗ E0(N) (of which
definition was actually motivated by this correspondence) when we apply our sym-
metric monoidal transformation. Thus, the mapping E0 : M 7→ E0(M) defines a
symmetric monoidal functor from the category of filtered modules (respectively,
the category of complete filtered modules) towards the category of weight graded
modules.

7.3.14. Hopf algebras in filtered, complete and weight graded modules. The def-
inition of the symmetric monoidal structures, in the previous paragraphs, enables
us to apply concepts of the previous sections §§7.1-7.2 in the context of filtered
modules, complete filtered modules, and weight graded modules. In particular, we
can define Hopf algebra structures in these categories.

In the weight graded setting, the definition of such a Hopf algebra H explicitly
amounts to assuming that we have a weight graded module H together with a Hopf
algebra structure (in the ordinary sense) so that the unit η : k → H, the product
µ : H ⊗H → H, the counit ε : H → k, the coproduct ∆ : H → H ⊗H, and the
antipode σ : H → H are homogeneous morphisms. In the filtered module setting,
we similarly obtain that a Hopf algebra H consists of a filtered module H together
with a Hopf algebra structure (in the ordinary sense) so that the unit η : k → H,
the product µ : H⊗H → H, the counit ε : H → k, the coproduct ∆ : H → H⊗H,
and the antipode σ : H → H are filtration preserving morphisms.

In the complete case, we have to replace the plain tensor product by the com-
pleted one ⊗̂ in the definition of a Hopf algebra. The product can still be composed
with the canonical morphism H ⊗H → H ⊗̂H (associated to our completion) to
give an ordinary product on the Hopf algebra H (we go back to this observation
in §7.3.21). In contrast, the coproduct ∆ : H → H ⊗̂H does not factor through
the ordinary tensor product in general, and accordingly, is not equivalent to an
ordinary coproduct.

The preservation of symmetric monoidal structures implies that the filtration
subquotient functor E0 : M 7→ E0M maps a Hopf algebra in filtered modules
(respectively, in complete filtered modules) to a Hopf algebra in weight graded

modules. The completion functor (−)̂: M 7→ M̂ similarly maps a Hopf algebra in
filtered modules to a Hopf algebra in complete filtered modules.

7.3.15. Connected weight graded Hopf algebras and complete Hopf algebras. In
order to agree with standard conventions (see [138]), we say that a weight graded
Hopf algebra (for a Hopf algebra in weight graded modules) is connected when we
have H0 = k. The unit η : k→ H (respectively, the counit ε : H → k) is necessarily
given, in this case, by the identity morphism between the ground field k and the
component H0. We use the notation w Hopf Grp1 for the category formed by the
connected weight graded Hopf algebras.
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In the filtered module context, we analogously say that a filtered Hopf alge-
bra (for a Hopf algebra in filtered modules) is connected when we have E0

0H =
H/ F1H = k, and we use the notation f Hopf Grp1 for this subcategory of the cate-
gory of Hopf algebras in filtered modules. In the case of Hopf algebras in complete
filtered modules, we suppose that the requirement E0

0H = k is satisfied in all ap-
plications. Therefore we reserve the expression of complete Hopf algebra and we

use the notation ̂Hopf Grp (with no further precision) for the subcategory of Hopf
algebras in complete filtered modules that satisfy our condition E0

0H = k.
The requirement H/ F1H = k amounts to defining the category of connected

filtered (respectively, complete) Hopf algebras as the counter-image of the category
connected weight graded Hopf algebras under the mapping E0 : H 7→ E0H, and we
accordingly have a diagram of functors

f Hopf Grp1

(−)̂ //

E0

''

̂Hopf Grp

E0

xx
w Hopf Grp1

summarizing the connections between our Hopf algebra categories.
The following proposition motivates the introduction of the connectedness con-

dition for weight graded Hopf algebras:

Proposition 7.3.16. The connected weight graded Hopf algebras are locally
conilpotent in the sense of the definition of §7.2.15.

Proof. Let H be a connected weight graded Hopf algebra. We check that the
conditions of local conilpotence hold for the objects Km = H0 ⊕ · · · ⊕ Hm. We
obviously have colimmK

m = H and the homogeneity of the coproduct implies the
inclusion relation ∆(Km) ⊂∑p+q=mKp ⊗Kq. We are therefore reduced to check

the vanishing condition n > m⇒ π(n)∆(n)(Km) = 0.
Recall that the morphism π(n)∆(n) represents the components of the n-fold

coproduct ∆(n) : H → H⊗n on the summand I(H)⊗n ⊂ H⊗n. In the case of a
connected weight graded Hopf algebra, for which we have H0 = k, the augmentation
ideal I(H) = ker(ε : H → k) is identified with the sum I(H) =

⊕
r>0 I(H). The

reduced n-fold coproduct π(n)∆(n) is equivalently defined by dropping all terms
involving at least one unit factor 1 ∈ H0 in the expansion of the n-fold coproduct
of an element u ∈ H. The preservation of the grading by the coproduct implies

π(n)∆(n)(Hr) ⊂
⊕

r1+···+rn=r
r1,...,rn>0

Hr1 ⊗ · · · ⊗Hrn ,

and we accordingly have n > r ⇒ π(n)∆(n)(Hr) = 0. This observation finishes the
proof of our statement. �

7.3.17. Weight graded Lie algebras and Hopf algebras. We can formally apply
the definitions and constructions of §7.2 to the category of weight graded modules
M = w Mod since this symmetric monoidal category fulfills all our requirements,
including the colimit preservation condition of §0.9. We accordingly have a cat-
egory of weight graded Lie algebras (for Lie algebras in weight graded modules),
an enveloping algebra functor which assigns a weight graded Hopf algebra U(g)
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to any weight graded Lie algebra g, as well as a primitive element functor P(H)
which forms a right adjoint of this enveloping algebra functor on weight graded
Lie algebras. We basically get all constructions by plugging in the tensor product
of weight graded modules in the definitions of §7.2. We also have, by the way, a
weight graded version of the symmetric Lie algebras S(M), of the tensor algebras
T(M), and of the free Lie algebras L(M) of §§7.2.3-7.2.4.

We immediately get, from the formal definition, that a weight graded Lie alge-
bra consists of a weight graded module g equipped with a morphism λ : g⊗ g→ g,
which defines a Lie structure (in the ordinary sense) on g, and is homogenous with
respect to the weight grading. We explicitly have [gs, gt] ⊂ gs+t, for all s, t ∈ N,
where we use the Lie bracket notation [x, y] = λ(x ⊗ y). We say that a weight
graded Lie algebra is connected when we have g0 = 0, and we use the notation
w Lie0 for this subcategory of the category of weight graded Lie algebras. We
readily see that the enveloping algebra functor maps a connected weight graded
Lie algebra to a connected weight graded Hopf algebra (in the sense of §7.3.15)
and conversely as regards primitive elements. We accordingly have adjoint functors
between our subcategories of connected objects U : w Lie0 � w Hopf Grp1 : P, and
the result of Proposition 7.2.23, asserting that the enveloping algebra functor is
symmetric monoidal, holds in the weight graded setting. We also immediately see,
by the way, that the symmetric algebra R = S(M) associated to a weight graded
module M ∈ w Mod is connected in the sense that R0 = k when M0 = 0. We have
a similar result M0 = 0 ⇒ T(M)0 = k for the tensor algebra R = T(M), and we
obtain M0 = 0⇒ L(M)0 = 0 for the free Lie algebra R = L(M).

We record the following weight graded version of the main theorems of §7.2:

Theorem 7.3.18. In the weight graded context:

(a) The result of Theorem 7.2.16 (the Structure Theorem of Hopf algebras)
returns an iso of weight graded counitary cocommutative coalgebras

e : S P(H)
'−→ H

for any connected weight graded Hopf algebra H ∈ w Hopf Grp1.
(b) The result of Theorem 7.2.17 (the Poincaré-Birkhoff-Witt Theorem) re-

turns an iso of weight graded counitary cocommutative coalgebras

e : S(g)
'−→ U(g)

for any connected weight graded Lie algebra g ∈ w Lie0.
(c) The result of Theorem 7.2.19 (the Milnor-Moore Theorem) implies that

the graded versions of the enveloping algebra U : g 7→ U(g) and primitive
element functors P : H 7→ P(H), induce adjoint equivalences of categories

U : w Lie0 � w Hopf Grp1 : P

between the category of connected weight graded Lie algebras w Lie0 and
the category of connected weight graded Hopf algebras w Hopf Grp1.

The third assertion of this theorem actually gives the original version of the
Milnor-Moore theorem (see [138]).

Proof. These assertions are applications of the results of Theorem 7.2.16,
Theorem 7.2.17 and Theorem 7.2.19 since we established in Proposition 7.3.16 that
the connected weight graded Hopf algebras are locally conilpotent in the sense
of §7.2.15. �
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We now review the applications of the concepts of §7.2 in the category of com-
plete filtered modules. We can formally apply the definitions and constructions
of §7.2 in this context since we observed in §7.3.12 that the tensor product of com-
plete filtered modules (and the tensor product of plain filtered modules similarly)
fulfill all our requirements, including the colimit preservation axiom of §0.9. We
may however follow another approach to make these constructions more explicit.
We precisely explain, in the next paragraphs, that the complete versions of the
free Lie algebras, symmetric and tensor algebras, enveloping algebras, considered
in §7.2, are identified with completions of their ordinary counterpart. We examine
the definition of a Lie algebra structure first.

7.3.19. Lie algebras in filtered modules and in complete filtered modules. We
immediately get, from the definition of §7.2.1, that the structure a filtered Lie alge-
bra (for a Lie algebra in filtered modules) consists of a filtered module g equipped
a Lie bracket λ : g⊗ g → g, which defines a Lie structure (in the ordinary sense)
on g, and preserves filtration. We explicitly assume [Fs g, Fs g] ⊂ Fs+t g, for all
s, t ∈ N, where we use the bracket notation [x, y] = λ(x ⊗ y). When we deal with
Lie algebras in complete filtered modules, we assume that g is a complete filtered
module ĝ = g and we formally replace the plain tensor product in the definition
of the Lie bracket by the completed one. We immediately see that any such Lie
bracket on the completion g ⊗̂ g = (g⊗ g)̂ arises as the extension of an ordinary
filtration preserving Lie bracket on g:

g⊗ g
λ //

&&

g

g ⊗̂ g
λ̂

:: .

We obtain, therefore, that a Lie algebra in complete filtered modules is equivalent
to a filtered Lie algebra g whose underlying filtered module is complete ĝ = g.

This observation implies, besides, that we have an embedding of the category of
Lie algebras in complete filtered modules into the category of Lie algebras in filtered
modules. We see that this embedding is a right adjoint of the functor induced by
the completion (−)̂: g 7→ ĝ, where we use the preservation of symmetric monoidal
structures, asserted in §7.3.12, to get that the completion ĝ of a Lie algebra in
filtered modules g inherits a Lie algebra structure.

7.3.20. Connected filtered Lie algebras and complete Lie algebras. We say that
a filtered Lie algebra is connected when we have E0

0 g = g / F1 g = 0, so that the
filtration of our Lie algebra has the form g = F1 g ⊃ · · · ⊃ Fs g ⊃ · · · . We use the
notation f Lie0 for the subcategory of connected filtered algebras. In the case of Lie
algebras in complete filtered modules, we suppose that the requirement E0

0 g = 0
(equivalently, g = F1 g) is satisfied in all applications. Therefore we reserve the

expression of complete Lie algebra and we use the notation L̂ie (with no further
precision) for the subcategory of Lie algebras in complete filtered modules that
fulfill this condition E0

0 g = 0.
The mapping E0 : M 7→ E0M also induces a functor on Lie algebra categories

since we observed in §7.3.13 that this mapping is a symmetric monoidal functor
in the sense of §2.3. The requirement E0 g = 0 amounts to defining the category
of connected filtered (respectively, complete) Lie algebras as the counter-image of
the category connected weight graded Lie algebras of §7.3.17 under the functor
E0 : g 7→ E0 g. The connections between our Lie algebra categories are summarized
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by the functor diagram:

f Lie0

(−)̂ //

E0

$$

L̂ieoo

E0

{{
w Lie0

,

where the horizontal arrows are the embedding and completion functors of §7.3.19.
We now aim to revisit the construction of the symmetric algebras, tensor al-

gebras, and enveloping algebras of §7.2 in the setting of complete filtered modules.
We then deal with unitary associative algebras and unitary commutative algebras
in complete filtered modules. We examine the definition of these structures in a pre-
liminary stage. We also deal, for our purpose, with auxiliary categories of unitary
associative algebras and unitary commutative algebras in filtered modules.

7.3.21. Unitary associative and unitary commutative algebras in complete fil-
tered modules. We immediately see (as in the Lie algebra case) that a unitary
associative (respectively, commutative) algebra in filtered modules is equivalent
to a filtered module A equipped with a unit η : k → A and product morphisms
µ : A⊗ A → A, which provide A with a unitary associative (respectively, commu-
tative) structure (in the ordinary sense), and preserve filtrations (this condition is
void for the unit since we assume F1 k = 0). We also readily observe that a uni-
tary associative (respectively, commutative) algebra in complete filtered modules is
equivalent to a unitary associative (respectively, commutative) algebra in filtered

modules A which is complete as a filtered module A = Â, because we have k̂ = k
and any product in the sense of the symmetric monoidal structure of complete fil-
tered modules µ̂ : A ⊗̂A → A arises as an extension of a product in the ordinary
sense µ : A⊗A→ A.

We say that a unitary associative (respectively, commutative) algebra in fil-
tered modules is connected when we have E0

0A = A/ F1A = k. When we work
in the complete setting, we reserve the expression of complete unitary associative
(respectively, commutative) algebras for the unitary associative (respectively, com-
mutative) algebras in complete filtered modules which fulfill this connectedness
requirement. We adopt the notation f As1 (respectively, f Com1) for the subcate-
gory of connected filtered unitary associative (respectively, commutative) algebras,

and the notation Âs (respectively, Ĉom) for the subcategory of complete unitary
associative (respectively, commutative) algebras. We use similar conventions for
unitary associative (respectively, commutative) algebras in weight graded modules
and we have a diagram, similar to the functor diagram of §7.3.20, summarizing the
connections between these algebra categories.

The observations of this paragraph imply that the completion functor (−)̂ :

A 7→ Â induces a functor on filtered unitary associative (respectively, commutative)
algebras. We readily see that the functor defines a left adjoint of the category

embedding i : Âs ↪→ f As1 (respectively, i : Ĉom ↪→ f Com1).
7.3.22. The completion of free algebras. We can apply the general construc-

tion of §7.2.4 to get the definition of a tensor (respectively, symmetric) algebra in
the category of filtered modules (and in the category of complete filtered modules
similarly). We can also use the general construction of §7.2.3 to get the definition
of free Lie algebras. In all case, we simply replace the generic direct sums and
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tensor products of §7.2 by the coproduct and tensor product of our categories (the
complete direct sum ⊕̂ and the complete tensor product ⊗̂ in the complete filtered
module setting).

When we deal with plain filtered modules, we can identify the tensor alge-
bra T(M) with the standard tensor algebra associated to the module M , which
we equip with the filtration T(M) = F0 T(M) ⊃ · · · ⊃ Fs T(M) ⊃ · · · such that
Fs T(M) =

⊕∞
r=0 Fs(M

⊗r) and Fs(M
⊗r) =

∑
s1+···+sr=s Fs1 M ⊗ · · · ⊗ Fsr M . We

have a similar observation in the symmetric algebra and free Lie algebra case.
When we deal with a complete filtered module M = M̂ , we use the notation

T̂(M) to refer to the complete tensor algebra associated to M , and T(M) for the
ordinary tensor algebra (formed in the category of filtered modules) which we also
use as an auxiliary structure in this context. We adopt an analogous notation
Ŝ(M) for the complete symmetric algebra associated to M , which we oppose to the

ordinary symmetric algebra S(M). We similarly set L̂(M) for the complete free Lie
algebra associated to M , and L(M) for the ordinary free Lie algebra in the category
of filtered modules.

We actually immediately obtain, by using the adjunction between unitary as-
sociative (respectively, commutative) algebras in filtered modules and in complete
filtered modules, that the complete tensor (respectively, symmetric) algebra can be
realized as the completion of the ordinary tensor (respectively, symmetric) alge-

bra. We more generally have T̂(M̂) = T(M)̂ for any filtered module M ∈ f Mod .

We have similarly Ŝ(M̂) = S(M)̂ in the case of the symmetric algebra, and

L̂(M̂) = L(M)̂ in the case of the free Lie algebra. We can use this relationship to
get an explicit representation of the complete tensor (respectively, symmetric, free
Lie) algebra.

Let R = S(M) (respectively, R = T(M)) denote the symmetric (respectively,
tensor) algebra associated with a filtered module M . The definition of the counit
ε : R→ k, coproduct ∆ : R→ R⊗R, and antipode σ : R→ R in the construction of
Proposition 7.2.6 automatically returns filtration preserving morphisms that define
the counitary cocommutative coalgebra structure of our algebra R = S(M),T(M)

in filtered modules. In the complete case, the counit ε̂ : R̂ → k, coproduct
∆̂ : R̂ → R̂ ⊗̂ R̂ and antipode σ̂ : R̂ → R̂, obtained by completion from these
morphisms, clearly yield the counitary cocommutative coalgebra structure of the
complete algebra R̂ = Ŝ(M), T̂(M) associated to R.

7.3.23. Connectedness assumptions and complete free algebras. We generally
consider the complete tensor algebra of complete filtered modules M such that
E0

0M = 0⇔M = F1M . We readily see that M = F1M ⇒ E0
0 T̂(M) = E0

0 T(M) = k
so that the complete tensor algebra T̂(M) associated to a complete filtered mod-
ules M which satisfies this connectedness requirement E0

0M = 0 forms a complete
unitary associative algebra in the sense of §7.3.21. We have similar results in the
symmetric algebra and free Lie algebra case.

In the case E0
0M = 0, we moreover have

Ŝ(M) =
∏∞
r=0(M ⊗̂ r)Σr and T̂(M) =

∏∞
r=0M

⊗̂ r,

essentially because this condition E0
0M = 0 ⇔ M = F1M implies the inclusion

relation M⊗r = Fr(M
⊗r) ⊂ Fr T(M) for each r ∈ N, and similarly in the symmetric

algebra case. In other terms, the complete direct sums ⊕̂, which we usually have in
the expansion of the tensor and symmetric algebra, reduce to an ordinary product
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when the module M is connected. We also have

L̂(M) =
∏∞
r=0 L̂r(M)

in the free Lie algebra case, where we take

L̂r(M) = Lr(M)̂= (Lie(r)⊗M ⊗̂ r)Σr ,

the completion of the homogeneous summands of the ordinary free Lie algebra in
the expansion of §7.2.3.

7.3.24. The completed enveloping algebras of Lie algebras, primitive elements
and adjunctions. We can readily extend our analysis of the construction of sym-
metric and tensor algebras to enveloping algebras.

When we deal with a Lie algebra in filtered modules g, we can provide the usual
enveloping algebra associated to g (as explicitly defined §7.2.9) with a canonical
filtration, so that this algebra U(g) naturally forms a unitary associative algebra in
the category of filtered modules and satisfies the adjunction relation of enveloping
algebras (see §7.2.7) in this setting. When the Lie algebra is complete ĝ = g, we

adopt the notation Û(g) for the enveloping algebra in complete filtered modules
associated to g, as opposed to the ordinary enveloping algebra in filtered modules
U(g), which we use as an auxiliary construction in this setting. We can actually

readily identify the complete enveloping algebra Û(g) with the completion of the

ordinary enveloping algebra U(g). We more generally have Û(ĝ) = U(g)̂ for any
Lie algebra in filtered modules g.

We moreover easily see that the counit ε̂ : Û(g) → k, coproduct ∆̂ : Û(g) →
Û(g) ⊗̂ Û(g) and antipode σ̂ : Û(g) → Û(g), defining the counitary cocommutative
coalgebra structure of the enveloping algebra in the complete case, are identified
with the morphisms induced by the counit, coproduct and antipode of the ordinary
enveloping algebra U(g) on the completion. We have besides E0

0 Û(g) = k as soon
as our Lie algebra satisfies E0 g = 0⇔ g = F1 g. Accordingly, we obtain under our
conventions that the complete enveloping algebra functor induces a functor from

the category of complete Lie algebras L̂ie towards the category of complete Hopf

algebras ̂Hopf Grp:

U : L̂ie → ̂Hopf Grp.

In the converse direction, the image of a Hopf algebra H under the primitive
element functor P : H 7→ P(H) is defined, in the complete case, as the submodule

P(H) = {x ∈ H|ε(x) = 0,∆(x) = x ⊗̂ 1 + 1 ⊗̂x},
which we equip with the induced filtration of §7.3.1(b). Recall that this object is
complete and is identified with the appropriate kernel in the category of complete
filtered modules (see §7.3.4). In the case of a complete Hopf algebra, we moreover
have E0

0H = k⇒ E0
0 P(H) = 0 so that the mapping P : H 7→ P(H) yields a functor

from the category of complete Hopf algebras ̂Hopf Grp towards the category of

complete Lie algebras L̂ie:

P : ̂Hopf Grp → L̂ie.

The adjunction of Proposition 7.2.13 between the enveloping algebra and primitive
element functors also holds in the complete context.
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The results of Proposition 7.2.14, also holds in the category of complete filtered
modules since this category fits the assumptions of §7.2. Thus, we have P T̂(M) =

L̂(M).
In the rest of this section, we check the analogue of the structure theorems

of §7.2 for complete Hopf algebras. To start with, we observe that:

Theorem 7.3.25. The symmetrization morphism of Theorem 7.2.16 (the Struc-
ture Theorem of Hopf algebras) gives, in the complete setting, an iso of counitary
cocommutative coalgebras

e : Ŝ P(H)
'−→ H

for any complete Hopf algebra H ∈ ̂Hopf Grp (satisfying our requirement H/ F1H =
k).

Explanation and proof. In §7.2, we use a local conilpotence condition to
establish this statement in a general context. Recall that this assumption is essen-
tially used to have a limit decomposition of the endomorphism algebra End(H) and
give a sense to formal sums in this object.

In the case of a complete Hopf algebra H, we more naturally use the rela-
tion H = limsH/ FsH to get a limit decomposition at the level of hom-objects
Hom(−, H) = lims Hom(−, H/ FsH), and we can similarly take the decomposition
Hom(−, H ⊗̂H) = lims Hom(−, H ⊗H/ Fs(H ⊗H)) when we have to deal with hom-
objects towards a tensor product. We easily check that the proof of Theorem 7.2.16
works same when we take this limit decomposition instead of the one considered
in §7.2. We precisely use the connectedness condition H/ F1H = k to give a sense
to our formal sums

∑
n λnπ

n. We therefore get a version of the result of Theo-
rem 7.2.16 for complete Hopf algebras, as claimed in the present theorem. (Just
note that we have to take the complete direct sums of §7.3.4(a) instead of the ordi-
nary direct sums when we work in the category of complete filtered modules.) �

This structure theorem is completed by the following analogues of the Poincaré-
Birkhoff-Witt and Milnor-Moore theorems:

Theorem 7.3.26.

(a) The symmetrization morphism of Theorem 7.2.17 (the Poincaré-Birkhoff-
Witt Theorem) gives, in the complete setting, an iso of counitary cocom-
mutative coalgebras

e : Ŝ(g)
'−→ Û(g)

for any complete Lie algebra g ∈ L̂ie.
(b) The result of Theorem 7.2.19 (the Milnor-Moore theorem) implies, in the

complete setting, that the complete enveloping algebra Û : g 7→ Û(g) and
primitive element functors P : H 7→ P(H), define adjoint equivalences of
categories

Û : L̂ie � ̂Hopf Grp : P

between the category of complete Lie algebras L̂ie and the category of com-

plete Hopf algebras ̂Hopf Grp.

Proof. The claim of assertion (a) follows from the statement of Theorem 7.2.17
(just recall that this result holds for any Lie algebra in a general Q-additive sym-
metric monoidal category setting which includes the example of complete filtered
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module as a particular case). The argument line of Theorem 7.2.19 works and
yields a proof of assertion (b) as soon as we have the result of the Structure Theo-
rem and the result of the Poincaré-Birkhoff-Witt Theorem. In the case of complete
filtered modules, these results are provided by the statements of Theorem 7.3.25
and Theorem 7.3.26(a). �

For the sake of completeness, we record the following relationship between the
complete and weight graded versions of our functors:

Proposition 7.3.27.

(a) For any complete filtered module M ∈ M̂od, we have the relation E0 Ŝ(M) =

S(E0M), E0 T̂(M) = T(E0M), and E0 L̂(M) = L(E0M).

(b) For a complete Hopf algebra H ∈ ̂Hopf Grp, we have E0 P(H) = P(E0H).

(c) For a complete Lie algebra g ∈ L̂ie, we have E0 Û(g) = U(E0 g).

Proof. In fact, we prove that we have the relations E0 S(M) = S(E0M) and
E0 T(M) = T(E0M) at the level of plain filtered modules, and we use the general
identity E0(−)̂= E0(−) to get the complete case of these identities, as asserted in
our proposition.

The identity E0 T(M) = T(E0M) follows from the preservation of the ten-
sor product (see §7.3.13) and direct sums (see Proposition 7.3.8) by the filtra-
tion subquotient functor E0 : f Mod → w Mod . In any Q-additive symmetric
monoidal category, the quotient map Tr(M) → Sr(M) from the tensor product
Tr(M) = M⊗r to the symmetric tensor product Sr(M) = (M⊗r)Σr admits a
natural section, for every r ∈ N, which is defined by the symmetrization map
e(x1 · . . . · xr) =

∑
σ∈Σr

xσ(1) ⊗ · · · ⊗ xσ(r). The functor E0 : M 7→ E0M preserves

this retraction diagram (because E0 preserves the symmetry isomorphism of our
symmetric monoidal structure). Therefore, we also have E0 Sr(M) = Sr(E0M) for
the symmetric tensor functor Sr(−), and we conclude that E0 S(M) = S(E0M).
The case of the free Lie algebra follows from the same argument line as the sym-
metric algebra by using the observation, established in Proposition 7.2.8, that the
free Lie algebra forms a natural retract of the tensor algebra.

The second and third assertions of the proposition readily follow from the
identity E0 Ŝ(M) = S(E0M) and the parallel statements of the structure theorems
of Hopf algebras established in this section, in the weight graded (Theorem 7.3.18)
and complete settings (Theorem 7.3.25-7.3.26). �



CHAPTER 8

The Malcev Completion for Groups

In this chapter, we give an account of the applications of Hopf algebras for the
definition of a category of Malcev complete groups, where we have power operations
ga with exponents a in any given ground field k. We also examine the specific case
k = Q, where the Malcev completion construction is identified with a generalization
to pro-nilpotent groups of the rationalization functor on abelian groups.

The main idea of our approach is to consider a complete version of the group
algebras of §7.1.13, a complete version of the group-like element functor of §7.1.14,
and to check that these functors form an adjoint pair:

k[−]̂: Grp � ̂Hopf Grp : G,

like the ordinary group algebra and group-like element functors. We precisely define

our category of Malcev complete groups Ĝrp as the image of the category of complete

Hopf algebras under the group-like element functor G : ̂Hopf Grp → Grp. We have
an obvious Malcev complete group Ĝ, assigned to any group G, defined by the
formula

Ĝ = G k[G] ,̂

where we take the composite of the group-like element and complete Hopf alge-
bra functors of our adjunction relation. This map (−)̂ : G 7→ Ĝ is our Malcev
completion functor with coefficients in the field k.

The structure theorems of complete Hopf algebras imply that we have an
equivalence between the Malcev groups Ĝ = G(H) and the complete Lie alge-
bras g = P(H), and we use this correspondence to get insights into the structure
of Malcev complete groups. To be specific, the definition of the logarithm and
exponential functions, in terms of power series, makes sense in any complete Hopf
algebra. We will check that these maps induce inverse bijections between primitive
and group-like elements, and as a consequence, that every element in a Malcev
complete group Ĝ is represented by an exponential g = ex such that x belongs to
the Lie algebra g associated to Ĝ. The definition of general power operations ga

in Ĝ, where a ∈ k, follows from this exponential representation. Indeed, for an
element g = ex, we can simply set ga = eax.

We devote the first section of the chapter §8.1 to the definition of the complete
group-like element and complete group algebra functors. We also define the expo-
nential correspondence, between primitive and group like elements, at this point.
We devote the second section §8.2 to the definition and the study of the category
of Malcev complete groups.

In a third section §8.3, we study the Malcev completion of free groups and of
groups defined by generators and relations. We use the correspondence between

243
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Hopf algebras and Lie algebras to give another explicit description, in terms of
commutator expansions, of elements in the Malcev completion of such groups.

To complete our account, we give, in the fourth section of the chapter §8.4, a
survey of the rational case of the Malcev completion process. In this setting, we
actually have an equivalence between our category of Malcev complete groups and
the category of uniquely divisible pro-nilpotent groups. Furthermore, the group Ĝ,
returned by our Malcev completion functor, represents, according to [145, Corol-
lary A.3.7-A.3.8], a universal uniquely divisible pro-nilpotent group associated to
G. This statement implies that our Malcev completion functor, of which we actu-
ally borrow the definition from [145, Appendix A], returns the same result as the
classical Malcev completion of groups [124].

We assume throughout this chapter that the ground ring k is a field of character-
istic 0. We consider the category of modules associated to this field Mod = Modk,

and the associated category of complete filtered modules M̂od = M̂odk (see §7.3).

8.1. The adjunction between groups and complete Hopf algebras

The main purpose of this section is to define the complete version of the group
algebra and group-like element functors of §7.1. The idea is to observe that any
ordinary algebra H inherits a canonical filtration, in the sense of §7.3.1, and to per-
form the completion process of §7.3.3 with respect to this filtration on the ordinary
group algebra k[−] in order to get our complete group algebra k[−] .̂

We explain the general definition of this canonical filtration first.
8.1.1. The canonical completion of a Hopf algebra. Let H be any Hopf algebra

in the category of k-modules. Let I(H) = ker(ε : H → k) be the augmentation ideal
associated to H. Recall that H admits a splitting H = k 1 ⊕ I(H), where 1 ∈ H
refers to the unit element of the Hopf algebra. Let In(H), for any n ∈ N, denote the
nth power of the augmentation ideal I(H) in the unitary algebra H. These ideals
form a nested sequence

(a) H = I0(H) ⊃ I1(H) ⊃ · · · ⊃ In(H) ⊃ · · ·
defining a canonical filtration of our Hopf algebra H.

The counit ε : H → k satisfies ε(I(H)) = 0 by definition, and hence, defines
a filtration preserving morphism towards the ground field k, which we equip with
the filtration such that F0 k = k and Fs k = 0 for s > 0 (see §7.3.9). The counit
identities ε ⊗ id ·∆(u) = id ⊗ε ·∆(u) = u imply that the coproduct of an element
u ∈ I(H), has the form:

(b) ∆(u) = u⊗ 1 + 1⊗ u︸ ︷︷ ︸
∈ I(H)⊗1+1⊗I(H)

+
∑′

(u)

u(1) ⊗ u(2)︸ ︷︷ ︸
∈ I(H)⊗I(H)

.

In what follows, we generally use the expression
∑′

(u) u(1)⊗u(2) to denote the terms

of the coproduct ∆(u) =
∑

(u) u(1)⊗u(2) lying in the summand I(H)⊗ I(H). From

this expansion, we deduce that u ∈ I(H)⇒ ∆(u) ∈ I1(H)⊗ I0(H) + I0(H)⊗ I1(H).
In general, for an n-fold product u = u1 · . . . · un, we have:

u = u1 · . . . · un ∈ In(H)⇒ ∆(u) = ∆(u1) · . . . ·∆(un) ∈
∑

p+q=n

Ip(H)⊗ Iq(H),
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and this relation proves that the coproduct of our Hopf algebra ∆ : H → H ⊗H is
a filtration preserving morphism.

Recall that the preservation of filtration is a void condition for the unit mor-
phism (see §7.3.21). The product µ : H⊗H → H is obviously a filtration preserving
morphism too since we have Ip(H) · Iq(H) = Ip+q(H) by definition of the powers of
an ideal. For the antipode, we have u ∈ I(H)⇒ σ(u) ∈ I(H) and

u = u1 · . . . · un ∈ In(H)⇒ σ(u) = σ(un) · . . . · σ(u1) ∈ In(H)

by Proposition 7.1.10 so that the antipode σ : H → H preserves our filtration as
well.

We also trivially have I(H) = ker(ε : H → k) ⇔ H/ I(H) = k 1. We con-
clude from these observations that our filtration by the powers of the augmentation
ideal (a) provides H with the structure of a connected filtered Hopf algebra in the
sense of §7.3.15. By observations of §§7.3.14-7.3.15, we can take the completion of
this filtered object (a) to get a complete Hopf algebra

(c) Ĥ = lim
n
H/ In(H)

canonically associated to H.
8.1.2. The complete group algebra and group-like element functors. We as-

sociate a complete group algebra k[G]̂ to any group G by taking the comple-
tion §8.1.1(c) of the ordinary group algebra H = k[G] of §7.1.13. We explicitly
set

k[G]̂= lim
n

k[G]/ In k[G]

to get a functor k[−]̂ : Grp → ̂Hopf Grp from the category of groups Grp towards

the category of complete Hopf algebras ̂Hopf Grp.
We use a complete analogue of the group-like element functor of §7.1.14 to

define a functor in the converse direction. The set of group-like elements in a
counitary cocommutative coalgebra in the category of complete filtered modules is
explicitly defined by:

G(C) = {c ∈ C|ε(c) = 1,∆(c) = c ⊗̂ c},
where the tensor c ⊗̂ c ∈ C ⊗̂C, associated to any c ∈ C, represents the image
of the ordinary tensor product c ⊗ c ∈ C ⊗ C under the completion morphism
C ⊗ C → C ⊗̂C. In the case of a complete Hopf algebra C = H, we obtain (as in
Proposition 7.1.15) that:

1 ∈ G(H),

g, h ∈ G(H)⇒ g · h ∈ G(H),

g ∈ G(H)⇒ σ(g) ∈ G(H) and g · σ(g) = σ(g) · g = 1.

Hence, the set of group-like elements of a complete Hopf algebra G(H) forms,
like the set of group-like elements of an ordinary Hopf algebra, a group naturally
associated H.

Proposition 7.1.16 has the following analogue in the context of complete Hopf
algebras:

Proposition 8.1.3. The complete group algebra k[−]̂: G 7→ k[G]̂and group-
like functors G : H → G(H) obtained by the construction of §8.1.2 define a pair



246 8. THE MALCEV COMPLETION FOR GROUPS

of adjoint functors k[−]̂: Grp � ̂Hopf Grp : G between the category of groups Grp

and the category of complete Hopf algebras ̂Hopf Grp.

Proof. Let G ∈ Grp. Let H ∈ ̂Hopf Grp. In §7.3.21, we observe that the com-
pletion functor defines a left adjoint of the obvious embedding from the category of
unitary associative algebras in complete filtered modules towards the category uni-
tary associative algebras in filtered modules. Consequently, we have an equivalence

between the morphisms of complete unitary associative algebras φ̂ : k[G]̂→ H
and the morphisms of ordinary unitary associative algebras φ : k[G] → H such
that φ(In k[G]) ⊂ FnH. This morphism is uniquely determined by the images
φ(g) ∈ H of the group elements g ∈ G and the preservation of the unit and
product reduces to the usual equations φ(1) = 1 and φ(gh) = φ(g) · φ(h) in
H. The completion adjunction also implies that the preservation of augmenta-
tion and coproducts is equivalent to the verification of the identities εφ(g) = 1
and ∆φ(g) = φ(g) ⊗̂φ(g) in H, and hence to the belonging relation φ(g) ∈ G(H).
To complete these verifications, simply observe that for a complete Hopf algebra,
such that E0

0H = k ⇔ I(H) = F1H, the relation εφ(g) = 1 ⇒ φ(g − 1) ∈ F1H
automatically implies φ(In k[G]) ⊂ (F1H)n ⊂ FnH, and hence, that our morphism
is filtration preserving. �

8.1.4. Logarithms and exponentials. Recall that we assume E0
0H = H/ F1H =

k for any complete Hopf algebra H. In the proof of Proposition 8.1.3, we have
already observed that this condition implies F1H = I(H) and I(H)n = (F1H)n ⊂
FnH for any n ∈ N. We can use this observation to give a sense to logarithm

log(1 + h︸ ︷︷ ︸
=g

) =

∞∑
n=1

(−1)n−1 · h
n

n

and exponential maps

exp(x) = ex =

∞∑
n=0

xn

n!

when we have h ∈ I(H) ⇔ ε(g) = ε(1 + h) = 1 and x ∈ I(H) ⇔ ε(x) = 0. We
formally define the logarithm log(1 + h) ∈ H = limrH/ Fr+1H by the sequence
of truncated power series logr(1 + h) =

∑r
n=1(−1)n−1 · (1/n) · hn, by using h ∈

I(H) ⇒ hr+1 ∈ Fr+1H ⇒ logr+1(1 + h) ≡ logr(1 + h)(mod Fr+1H), and we use a
similar construction in the case of the exponential exp(x).

We have the following general observation:

Proposition 8.1.5. In a complete Hopf algebra H, we have

g ∈ G(H)⇒ log(g) ∈ P(H) and x ∈ P(H)⇒ exp(x) ∈ G(H),

so that the logarithm log : g 7→ log(g) and exponential maps exp : x 7→ exp(x) define
inverse bijections between the sets of primitive and group-like elements in H.

Proof. The identity ε(log(g)) = 0 is obvious, for any g ∈ 1 + I(H), and
similarly as regards the identity ε(exp(x)) = 1.

The definition of the coproduct as an algebra morphism ∆ : H → H ⊗̂H
implies ∆(log(g)) = log(∆(g)), where in the right hand side of this equation, we
consider the logarithm of the element ∆(g) in the tensor product of Hopf algebras
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H ⊗̂H. For a group-like element, we have ∆(log(g)) = log(g ⊗̂ g), and according
to the standard addition formula for logarithms, which we apply to the commuting
elements (g ⊗̂ 1) · (1 ⊗̂ g) = (1 ⊗̂ g) · (g ⊗̂ 1) = g ⊗̂ g, we obtain:

∆(log(g)) = log(g ⊗̂ g) = log((g ⊗̂ 1) · (1 ⊗̂ g))

= log(g ⊗̂ 1) + log(1 ⊗̂ g) = log(g) ⊗̂ 1 + 1 ⊗̂ log(g).

Hence, we have g ∈ G(H)⇒ log(g) ∈ P(H) as stated in the proposition.
In the case of the exponential of a primitive element x ∈ P(H), we argue

similarly to get:

∆(exp(x)) = exp(x ⊗̂ 1 + 1 ⊗̂x) = exp(x ⊗̂ 1) · exp(1 ⊗̂x)

= (exp(x) ⊗̂ 1) · (1 ⊗̂ exp(x)) = exp(x) ⊗̂ exp(x).

Thus, we have x ∈ P(H)⇒ exp(x) ∈ G(H).
The conclusion of the proposition follows from the fact that the logarithm and

the exponential are inverse to each other as power series. �

We have the following result:

Proposition 8.1.6. The functor G : ̂Hopf Grp → Grp induces an injective map
on morphism sets

Mor ̂HopfGrp
(A,B) ↪→ MorGrp(G(A),G(B)),

for all A,B ∈ ̂Hopf Grp, and hence, is faithful.

This mapping is also bijective when we take k = Q as coefficient ring. We
establish this result in §8.4.

Proof. The group morphism G(f) : G(A) → G(B) associated to a morphism
of complete Hopf algebras f : A→ B fits in a commutative diagram

P(A)
P(A) //

��

P(B)

��
G(A)

G f
// G(B)

,

where we consider the exponential correspondence of Proposition 8.1.5. Hence, if
we have G(f) = G(g) for morphisms of complete Hopf algebras f, g : A → B,
then we also have P(f) = P(g) and Theorem 7.3.26(b) (the Milnor-Moore theorem)
implies that we have f = g as soon as this relation holds. �

Recall that any category of Hopf algebras, including the example of complete
Hopf algebras, inherits a symmetric monoidal structure from the ground category
(see §7.2.22). The category of groups is also equipped with a symmetric monoidal
structure with the cartesian product as tensor operation. To complete this section,
we observe that:

Proposition 8.1.7. The functors k[−]̂: Grp → ̂Hopf Grp and G : ̂Hopf Grp →
Grp are symmetric monoidal, as well as the adjunction relation between them.

Benoit Fresse
Crayon

Benoit Fresse
Crayon

Benoit Fresse
Crayon

Benoit Fresse
Crayon
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Proof. For the trivial group, we immediately obtain k[pt ] = k. For a cartesian
product G×H, we have a Hopf algebra identity k[G×H] = k[G]⊗k[H], and we can
also readily check that the filtration by the powers of the augmentation ideal of the
group algebra k[G×H] agrees with the filtration of the tensor product k[G]⊗k[H].
We explicitly have In k[G×H] =

∑
p+q=n Ip k[G]⊗Iq k[H] for all n. We immediately

deduce from this relation that we have the identity k[G ×H]̂= (k[G] ⊗ k[H])̂=
k[G]̂⊗̂ k[H]̂at the level of our completed group algebras. We easily check that the
isomorphisms which give these relations satisfy the coherence constraints of §2.3.1.

We can actually identify the tensor product of §7.2.22 with a cartesian prod-
uct bifunctor in the category of Hopf algebras, and our comparison isomorphims,
making the complete group algebra functor into a symmetric monoidal functor are
identified with canonical morphisms attached to the cartesian structure of Hopf al-
gebras. We can therefore readily retrieve that these comparison morphisms satisfy
the coherence constraints of §2.3.1. We also deduce from the identity between the
tensor structure and the cartesian structure of the category of Hopf algebras that
the group-like element functor is symmetric monoidal, since this functor preserves
all limits by adjunction.

We easily check that the unit and augmentation of our adjunction commute
with the isos making our functors symmetric monoidal. We therefore conclude that
our functors define a symmetric monoidal adjunction. �

We will establish a groupoid version of the result of this proposition in §9.3.

8.2. The category of Malcev complete groups

We define the category of Malcev complete groups as the image of the category

of complete Hopf algebras under the functor G : ̂Hopf Grp → Grp. We adopt the

notation Ĝrp for this category:

Ĝrp = G( ̂Hopf Grp).

We also say that a group G is Malcev complete when we have G = G(H), for some

H ∈ ̂Hopf Grp, so that G ∈ Ĝrp.
We define the Malcev completion of a group by the formula Ĝ = G k[G] ,̂ where

we consider the complete group algebra and group-like element functors of §8.1.2.
This group is automatically Malcev complete in our sense.

Proposition 8.1.6 implies that the group-like element functor G induces an
equivalence of categories between the category of complete Hopf algebras and the
category of Malcev complete groups. Besides:

Proposition 8.2.1. Any group morphism φ : G → H where H = G(A) is
Malcev complete admits a unique factorization

G
φ //

��

H

Ĝ
φ̂

??

such that φ̂ belongs to the category of Malcev complete groups.
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Proof. This proposition is a tautological consequence of the adjunction rela-
tion between the complete group algebra and the group like element functors, and
the observation that the group-like element functor is injective on morphisms. �

Most of this section is devoted to the study of natural structures attached to
Malcev complete groups G = G(H) in terms of the exponential correspondence
of §§8.1.4-8.1.5. We first define a general notion of group filtration giving a suitable
background for this study of the structure of Malcev complete groups.

8.2.2. Filtrations on groups. We use the notation (a, b) for the commutator
(a, b) = a−1b−1ab in a group G. When we have subgroups A,B ⊂ G, we also use
the notation (A,B) for the subgroup of G generated by the commutators (a, b) ∈ G
such that a ∈ A and b ∈ B. We consider groups G equipped with a filtration

G = F1G ⊃ · · · ⊃ FnG ⊃ · · ·(a)

by subgroups FnG ⊂ G such that

(FpG, Fq G) ⊂ Fp+q G for all p, q ∈ N.(b)

The lower series filtration of the group, inductively defined by

Γ1G = G and ΓnG = (G, Γn−1(G)) for n > 1,

gives a universal example of a filtration which meets this requirement. In fact, our
condition (b) implies that any filtration (a) satisfies FnG ⊂ ΓnG for n > 0.

8.2.3. The weight graded Lie algebra associated to a group. Suppose we have
a group G equipped with a filtration of the form considered in the previous para-
graph §8.2.2(a) and satisfying the commutator condition §8.2.2(b). This condi-
tion (b) implies, in the case p = 1, that the filtration §8.2.2(a) consists of a nested
sequence of normal subgroups so that each quotient FnG/ Fn+1G is abelian. We
use additive notation for the abelian group operation associated with these quo-
tients FnG/ Fn+1G. We explicitly set u+ v = u · v, for any pair u, v ∈ FnG, where
g refers to the class of any element g ∈ FnG in FnG/ Fn+1G. We also adopt the
notation E0G for the connected weight graded Z-module such that:

E0G =
∞⊕
n=1

FnG/ Fn+1G︸ ︷︷ ︸
=E0

nG

,

where we consider the obvious extension, in the context of modules over a ring, of
the notion of weight graded module of §7.3.5.

The requirement (FpG, Fq G) ⊂ Fp+q G of §8.2.2(b) implies that we can as-

sociate a well-defined element [u, v] = (u, v) ∈ Fm+nG/ Fm+n+1G to any pair
u ∈ FmG/ Fm+1G and v ∈ FnG/ Fn+1G in these quotients. The Philip Hall iden-
tities

(a, b) · (b, a) = 1,

(a, b · c) = (a, c) · (a, b) · ((a, b), c),
((a, b), ca) · ((c, a), bc) · ((b, c), ab) = 1,
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where (−,−) is our commutator operation and we set gh = h−1gh for any g, h ∈ G
(see [83, 108]), imply that the mapping [x, y] = (x, y) induces a biadditive operation

FmG/ Fm+1G︸ ︷︷ ︸
=E0

mG

× FnG/ Fn+1G︸ ︷︷ ︸
=E0

nG

[−,−]−−−→ Fm+nG/ Fm+n+1G︸ ︷︷ ︸
=E0

m+nG

for every m,n > 0, so that the weight graded Z-module E0G inherits the structure
of a connected weight graded Lie algebra. To be precise, we consider, in this
construction, a Z-module analogue of the weight graded Lie algebras of §7.3.17
since our sub-quotients E0

nG = FnG/ Fn+1G are just abelian groups (Z-modules)
in general. The Lie bracket then satisfies the vanishing relation [x, x] = 0, for all
x ∈ E0G, in addition to the Jacobi relation [[x, y], z] + [[y, z], x] + [[z, x], y] = 0, for
x, y, z ∈ E0G. This vanishing relation is obvious and the Jacobi relation follows
from the Philip Hall identities.

In the case of the group of group-like elements of a complete Hopf algebra, we
have the following result:

Proposition 8.2.4. Let H be any complete Hopf algebra.

(a) The sets

Fn G(H) = {g ∈ G(H)|g − 1 ∈ FnH}, n > 0,

define a filtration of the form §8.2.2(a-b) for the group of group like ele-
ments of the Hopf algebra H, and we moreover have

G(H) = lim
n

G(H)/ Fn G(H)

in this case.
(b) The sub-quotients of this filtration E0

n G(H), n > 0, are modules over our
ground field k and form a weight graded Lie algebra in the category of
k-modules. The exponential map exp : P(H) → G(H) induces an isomor-
phism of weight graded Lie algebras

exp : E0 P(H)
'−→ E0 G(H),

where P(H) ⊂ H is equipped with the filtration induced by the natural
filtration of the complete Hopf algebra H, and E0 P(H) refers to the weight
graded Lie algebra associated to this complete Lie algebra (see §§7.3.19-
7.3.20).

The result of this proposition is used in the next section where we give a
representation of elements in the Malcev completion of free groups.

Proof. We readily obtain, from the exponential correspondence g = ex ⇔ x =
log(g), and the multiplicativity of the filtration of Hopf algebras, that the elements
g ∈ Fn G(H) are identified with the exponentials g = ex of primitive elements such
that x ∈ P(H) ∩ FnH = Fn P(H). We moreover have

x, y ∈ P(H) ∩ FnH ⇒ ex, ey ≡ 1(mod FnH)⇒ ex · ey ≡ 1(mod FnH)

so that each Fn G(H) forms a subgroup of G(H). When we assume x ∈ P(H)∩FnH,
y ∈ P(H) ∩ Fn+1H, we obtain:

e−y · e−x · ex+y ≡ 1(mod Fn+1H)⇒ ex+y ≡ ex · ey(mod Fn+1H)
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so that the exponential induces a well defined bijection

exp : E0
n P(H)

'−→ FnG/ Fn+1G

for every n > 0.
Let σ : H → H denote the antipode of our Hopf algebra. For x ∈ P(H) ∩

FmH ⇒ u = ex − 1 ∈ FmH, and y ∈ P(H) ∩ FnH ⇒ v = ey − 1 ∈ FnH, we write

ex = 1 + u, ey = 1 + v, e−x = σ(ex) = 1 + σ(u), e−y = σ(ey) = 1 + σ(v),

where we use ξ ∈ P(H) ⇒ eξ ∈ G(H) ⇒ σ(eξ) = (eξ)−1 = e−ξ. The antipode
relation implies

1 + u+ σ(u) + uσ(u) = 1 and 1 + v + σ(v) + vσ(v) = 1

and we use the multiplicativity of the filtration of the Hopf algebra to obtain

(ex, ey) ≡ 1 + uv − vu ≡ 1 + xy − yx(mod Fm+n+1H).

This computation implies (Fm G(H), Fn G(H)) ⊂ Fm+n G(H) and proves that the
exponential map defines a morphism of Lie algebras.

The relation G(H) = limn G(H)/ Fn G(H) is a straightforward consequence of

the identity H = Ĥ = limnH/ FnH and this observation completes the proof of
the proposition. Note that our requirement H/ F1H = k ⇔ I(H) = F1H for a
complete Hopf algebra also implies G(H) = F1 G(H). �

8.2.5. Remarks: The equivalence with the category of complete Lie algebras and
the Baker-Campbell-Hausdorff formula. The category of Malcev complete groups
is, according to our definition, equivalent to the category of complete Hopf algebras,
with an equivalence of categories yielded by the group-like element functor, from
complete Hopf algebras to groups. The category of complete Hopf algebras is also
equivalent to the category of complete Lie algebras (according to the results of §7.3),
with adjoint equivalences of categories yielded by the complete enveloping algebra
and primitive elements functors.

We can obviously compose these equivalences of categories to get an equivalence
between the category of Malcev complete groups and the category of complete Lie
algebras. We then consider the functor which assigns the group G = G Û(g), to any

complete Lie algebra g ∈ L̂ie. As we have g = P Û(g), the result of Proposition 8.1.5

implies that the exponential map induces a natural bijection exp : g
'−→ G between

the Lie algebra g and the associated Malcev complete group G = G Û(g). In
particular, for any a, b ∈ g, we have an identity ea · eb = ec, between the product of
the elements ea and eb in the group G, and the exponential of a certain element c
in the Lie algebra g.

We can use the functoriality of the exponential correspondence to get a uni-
versal formula, usually referred to as the Baker-Campbell-Hausdorff formula in the
literature, for this Lie algebra element (see for instance [32, §II.6]). We proceed as

follows. We first work within a free complete Lie algebra g = L̂(kx⊕ k y), where x
and y now represent abstract variables, and we use the exponential correspondence
to get a Lie power series φ(x, y) ∈ L̂(kx⊕k y) satisfying our relation ex ·ey = eφ(x,y)

in the tensor algebra T̂(kx⊕k y) = ÛL̂(kx⊕k y). We also have φ(x, y) = log(ex ·ey)
and we can use the retraction of Proposition 7.2.8 to get an effective definition of
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this Lie power series. We obtain for the first terms:

φ(x, y) = x+ y +
1

2
[x, y] +

1

12
([[x, y], y] + [[y, x], x]) + · · · .

We then consider the Lie algebra morphism L(kx⊕k y)→ g, mapping our variables
(x, y) to any pair of given elements (a, b) in the Lie algebra g, and we immediately
conclude that we have the relation ea · eb = eφ(a,b) for the Lie algebra element
c = φ(a, b) obtained by the substitution (x, y) = (a, b) in our Lie power series.

The Baker-Campbell-Hausdorff formula can be used to give a direct definition
of the Malcev complete group G associated to a Lie algebra g, without referring to
the theory of Hopf algebras. This approach is used by Bourbaki [32] for instance.
We then define G as the set of formal exponential elements eξ, where ξ ∈ g. We
set ea · eb = eφ(a,b) to provide this set G = exp g with a group structure.

8.2.6. Remarks: The relationship with the notion of a unipotent algebraic group.
In the case where g is a finite dimensional algebra in §8.2.5, the exponential map
gives, for any choice of a basis on g, an identity between the underlying set of the
group G associated to g and the affine space kN , where we set N = dim g. The
identity g = limn g / Fn g is also equivalent to the vanishing relation Fm+1 g = 0
for some m ≥ 0, and implies that the Lie algebra is nilpotent in the sense that
all Lie monomials of weight > m vanish on g. From this observation, we deduce
that the Baker-Campbell-Hausdorff formula reduces to a finite sum on g, and as
a consequence, is given by a polynomial expression in our choice of coordinates
G ' kN . Thus, when we have dim g = N , we obtain that the group G associated
to g forms an algebraic group in the classical sense of algebraic geometry (see for
instance [30]).

If we moreover assume that g has a trivial center [c,−] = 0 ⇒ c = 0, then we
can consider the adjoint action Ad(eξ) : x 7→ eξxe−ξ to get an injective morphism
Ad : G → End(g) identifying G with a closed subgroup, defined by a collection of
polynomial equations, in the general linear group GL(g). This statement follows
from the relation eξxe−ξ = x + [ξ, x](mod Fs+t+1 g), valid for all x ∈ Fs g and
ξ ∈ Ft g, and which also implies that our group G is actually unipotent. Recall
that an algebraic group is unipotent if and only if this group admits an embedding
into a group of upper triangular matrices with unit entries on the diagonal. In our
case, such an embedding can be obtained by providing a basis of our Lie algebra
reflecting our filtration.

We refer to standard textbooks on algebraic group theory (like [30]) for more
complete explanations on the structure of unipotent algebraic groups.

8.3. The Malcev completion of free groups

We now study the Malcev completion of free groups and groups defined by a
presentation by generators and relations. To simplify, we focus on finite generation
cases. We use the notation F(x1, . . . , xn) for the free group generated by elements
x1, . . . , xn. We still consider Malcev completions with coefficients in arbitrary field
of characteristic zero k. We have the following result:

Proposition 8.3.1. For a free group G = F(x1, . . . , xn), we have an isomor-
phism of complete Hopf algebras

k[F(x1, . . . , xn)]̂ '−→ T̂(ξ1, . . . , ξn),
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where T̂(ξ1, . . . , ξn) is a short notation for the complete tensor algebra associated
to the free k-module M = k ξ1 ⊕ · · · ⊕ k ξn equipped with the filtration such that
F1M = M and FsM = 0 for s > 1. This complete tensor algebra is equipped
with the canonical Hopf algebra structure of §7.2.6 (see also §7.3.23), so that each

generator ξi defines a primitive element in T̂(ξ1, . . . , ξn).
For the primitive part, we have an identity:

P k[F(x1, . . . , xn)]̂= L̂(ξ1, . . . , ξn),

where L̂(ξ1, . . . , ξn) is also a short notation for the free complete Lie algebra asso-
ciated to the free k-module M = k ξ1 ⊕ · · · ⊕ k ξn.

The elements of the Malcev completion of a free group are therefore identified
with exponentials of Lie power series (elements of a free complete Lie algebra).

Proof. The elements ξi are primitive by definition of the Hopf algebra struc-
ture of the tensor algebra, and the associated exponential elements eξi are group-like
by Proposition 8.1.5.

We consider the group morphism φ : F(x1, . . . , xn) → G(T̂(ξ1, . . . , ξn)) which
sends the generating elements of the free group xi to these group-like elements eξi ,
and the associated morphism of complete Hopf algebras φ] : k[F(x1, . . . , xn)]̂→
T̂(ξ1, . . . , ξn). We have a Hopf algebra morphism going in the conversion direction

ψ : T̂(ξ1, . . . , ξn) → k[F(x1, . . . , xn)]̂ which assigns the logarithm log(xi) of the
group like elements xi to the generating elements of the tensor algebra ξi.

We have φ] ·ψ(ξi) = exp log(ξi) = ξi for each i so that φ] ·ψ = id . We also have
G(ψ)(φ(xi)) = xi for each generator of the free group xi, where we consider the
morphism on group-like elements induced by our complete Hopf algebra morphism
ψ. We accordingly have G(ψ)φ = ι, where ι refers to the standard morphism
ι : F(x1, . . . , xn)→ G k[F(x1, . . . , xn)]̂defining the unit morphism of the group-like
adjunction. We have G(ψ)φ = ι ⇒ ψφ] = id by adjunction. We conclude that φ]
and ψ define inverse isomorphisms between the complete group algebra of the free
group and the complete tensor algebra.

The second assertion of the proposition follows from the result of Proposi-
tion §7.2.14 (see also §7.3.24). �

8.3.2. The combinatorial group theory approach of the Malcev completion. The
free Lie algebra L(ξ1, . . . , ξn) has a definition over Z and forms a free Z-module
(see [32, II.2.9] or [147, §0.3]). Furthermore, each homogeneous component of the
free Lie algebra Lr(ξ1, . . . , ξn), r > 0, admits a basis h(ξ1, . . . , ξn), h ∈ H(r), where
h(ξ1, . . . , ξn) is a Lie monomial. Examples of such monomial basis are associated
with Hall sets (see [147, §4] for a general reference on this subject).

The sub-quotients of the lower central series filtration of a free group (see §8.2.2)
form, by fundamental results of combinatorial group theory, a free weight graded
Lie algebra (over Z)

(a)
⊕
s>0

Γs F(x1, . . . , xn)/ Γs+1 F(x1, . . . , xn) = L(ξ1, . . . , ξn),

where we assume that each generator ξ1 is homogeneous of weight 1 (see for in-
stance [32, §II.5.4] or [123, Theorem 5.12]). This statement implies that any element
g(x1, . . . , xn) in the pro-nilpotent completion of the free group F(x1, . . . , xn) has a
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unique expansion

(b) g(x1, . . . , xn) = xa1
1 · . . . · xann ·

∏
h∈H(r)
r≥2

h(x1, . . . , xn)ah ,

where a1, . . . , an ∈ Z, ah ∈ Z, for all h, and each factor h(x1, . . . , xn) ∈ F(x1, . . . , xr)
is obtained by replacing the iterated Lie bracket [−,−] of our Lie monomials
h(ξ1, . . . , ξn) by iterated commutators of generating elements in the free group
(see [83] for the original statement of this result, see [32, §II.5.4] or [123, Theo-
rem 5.13A] in our reference books on this subject). This process implies that we
have h(ξ1, . . . , ξn) ∈ Lr(ξ1, . . . , ξr)⇒ h(ξ1, . . . , ξn) ∈ Γr F(x1, . . . , xr). The product
of our expansion is also performed in the increasing direction of the weight index
r > 0, and according to a fixed order on each indexing set H(r). The truncated
product xa1

1 · . . . · xann ·
∏

2≤r≤s(
∏
h∈H(r) h(x1, . . . , xn)ah) represents the image of

our element g(x1, . . . , xn) in the quotient F(x1, . . . , xn)/ Γs+1 F(x1, . . . , xn).
Proposition 8.3.1 implies that we have parallel results for the Malcev completion

of a free group F̂(x1, . . . , xn). The subquotients of our filtration on F̂(x1, . . . , xn) are
identified with a free weight graded Lie algebra, as in (a), but we now take a free Lie
algebra over the ground field k. Each element g(x1, . . . , xn) has a unique expansion
of the form (b), but we now take exponents in the coefficient field a1, . . . , an ∈ k,
ah ∈ k. We use this consequence of Proposition 8.3.1 in the next section.

8.3.3. The Malcev completion of a group defined by a presentation by generators
and relations. The result of Proposition 8.3.1 can be used to determine the primitive
Lie algebra P k[G]̂ for a group given by a presentation by generators and relations
G =< x1, . . . , xn : w1

0 ≡ w1
1, . . . , w

r
0 ≡ wr1 >. The definition of a group by such a

presentation can be formulated in terms of a reflexive coequalizer of free groups

F(x1, . . . , xn, z1, . . . , zr)︸ ︷︷ ︸
=F1

d0 //
d1

// F(x1, . . . , xn)︸ ︷︷ ︸
=F0

ε //

s0

xx
< x1, . . . , xn : wj0 ≡ wj1 >︸ ︷︷ ︸

=G

,

where d0, d1 and s0 are both the identity on the generating elements xi, and we
set d0(zj) = wj0(x1, . . . , xn), d1(zj) = wj1(x1, . . . , xn) for the remaining variables.
The functor k[−]̂preserves coequalizers by adjunction, and we still have a reflexive
coequalizer at the Lie algebra level

L̂(ξ1, . . . , ξn, ζ1, . . . , ζr)︸ ︷︷ ︸
=P k[F1 ]̂

(d0)∗ //
(d1)∗

// L̂(ξ1, . . . , ξn)︸ ︷︷ ︸
=P k[F0 ]̂

ε //

(s0)∗

xx
P k[G]̂,

since the primitive element functor is an equivalence of categories (by Theorem 7.3.26,
the Milnor-Moore theorem for complete Hopf algebras). The morphisms (d0)∗, (d1)∗
and (s0)∗ occurring in this coequalizer are also given by the identity on the gen-
erating elements ξi, and we deduce from the exponential correspondence between
group-like and primitive elements that we have (d0)∗(ζj) = log(wj0(eξ1 , . . . , eξn))

and (d1)∗(ζj) = log(wj1(eξ1 , . . . , eξn)) for the remaining generators ζj . We therefore
have a presentation (in the complete sense) of the Lie algebra associated to our
group.
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8.4. Malcev completions in the rational coefficient case

To conclude this chapter, we examine the case k = Q of the Malcev completion
process. Throughout this section, we use the infinite product expansion §8.3.2(b)

(*) g(ξ1, . . . , ξn) = (eξ1)a1 · . . . · (eξn)an ·
∏

h∈H(r)
r≥2

h(eξ1 , . . . , eξn)ah ,

for the elements of the completion of a free group g(ξ1, . . . , ξn) ∈ F̂(x1, . . . , xn),
where we set xi = eξi , i = 1, . . . , n, and where we also assume a1, . . . , an ∈ Q,
and ah ∈ Q, for all h ∈ H(r), r ≥ 2. By Proposition 8.3.1, these Malcev group
elements g = g(ξ1, . . . , ξn) are identified with group-like elements in the tensor

algebra T̂(ξ1, . . . , ξ1). In the rational setting, the existence of such an expansion is
a consequence of the single result of Proposition 8.3.1. The factors h(eξ1 , . . . , eξn)
can also be obtained as the commutators associated to any (ordered) basis of the
summands of homogeneous weight the free Lie algebra over Q.

Proposition 8.2.4 implies that a Malcev complete group Ĝ = G(H) is pro-

nilpotent. The exponential correspondence implies that this group Ĝ is a uniquely
divisible group. Indeed, we have gn = h ⇔ n log(g) = log(h) ⇔ g = exp(1/n ·
log(h)) for any exponent n > 0. These properties actually characterize the Malcev
completion (see [145, Corollary A.3.7-A.3.8]). We revisit the proof of this result.
We start with the following theorem:

Theorem 8.4.1. The augmentation morphism ρ : Q[G(H)]̂→ H of the ad-
junction between groups and complete Hopf algebras is an iso when k = Q is our
ground field.

Proof. We check the case of a complete tensor algebra H = T̂(M) first. We
also assume that M is equipped with a finite basis (ξ1, . . . , ξn).

We consider the morphism of complete Hopf algebras ψ : T̂(M) → Q[G(H)]̂
such that ψ(ξi) = log[eξi ]. We immediately see that ρψ(ξi) = ξi, for any basis
element ξi ∈ M , and we mainly have to check the validity of the converse relation
ψρ([g]) = [g], for any group like element g = g(ξ1, . . . , ξn) ∈ G T̂(M). We use the
infinite product expansion (*). We clearly have the identity ψρ([h(eξ1 , . . . , eξn)]) =
[h(eξ1 , . . . , eξn)], for any factor of this expansion, and we also see that ψρ([h]) =

[h] ⇔ ψρ([ha]) = [ha] for any rational exponent a = p/q and any h ∈ G T̂(M),
because this element [hp/q] is characterized by the relation [hp/q]q = [hp] = [h]p

in G T̂(M) ⊂ T̂(M). We conclude that we have ψρ([g]) = [g], as required, for our
group-like element g = g(ξ1, . . . , ξn).

We now consider the general case of an arbitrary complete Hopf algebra H. We
have H = Û(g) by Theorem 7.3.26 (the Milnor-Moore theorem), where we consider

the complete Lie algebra such that g = P(H). We set G = G(H) = G Û(g), and
we use the exponential mapping exp : ξ 7→ eξ to get a bijection exp : g → G. We
consider the map ψ : g → Q[G]̂which associates the logarithm series log[eξ] ∈
Q[G] .̂ to any ξ ∈ g. We have ρψ(ξ) = log exp(ξ) = ξ in Û(g).

Let us observe that the construction of this mapping is functorial with re-
spect to the Lie algebra g, and returns, in the case of a free complete Lie al-

gebra g = L̂(ξ1, . . . , ξn), an inverse of the isomorphism ρ : Q[G T̂(ξ1, . . . , ξn)]
'−→

T̂(ξ1, . . . , ξn) (obtained in the first step of this proof) since we have ÛL̂(ξ1, . . . , ξn) =

T̂(ξ1, . . . , ξn). From this free case, and by using the functoriality of our mapping
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ψ : g→ Q[G]̂with respect to a Lie algebra morphism f : L̂(ξ1, ξ2)→ g, we obtain
that the identities ψ(x1 + x2) = ψ(x1) + ψ(x2) and ψ([x1, x2]) = [ψ(x1), ψ(x2)]
hold in Q[G]̂ for all x1, x2 ∈ g. We also have ψ(ax) = aψ(x), for all a ∈ Q and
x ∈ g. Hence, our mapping defines a morphism of complete Lie algebras, from
g to Q[G] ,̂ which also admits an extension to the enveloping algebra Û(g). The

identity ρψ(ξ) = ξ for any ξ ∈ g, implies that this morphism ψ : Û(g) → Q[G]̂
satisfies ρψ = id on the whole Û(g). For an element eξ ∈ G, we moreover have
ψρ([eξ]) = ψ(exp ξ) = exp log[eξ] = [eξ] in the complete group algebra Q[G] ,̂ and
hence, we also have the relation ψρ = id on Q[G] .̂ We conclude that the morphism

ρ : Q[G]̂→ Û(g) is an iso, and the proof of our theorem is complete. �

This theorem admits the following corollaries:

Proposition 8.4.2. If we take the rational field as coefficient field k = Q, then:

(a) The group-like element functor, from complete Hopf algebras to groups,
is full and faithful, so that the category of Malcev complete groups forms
a full subcategory of the category of groups equivalent to the category of
complete Hopf algebras.

(b) The Malcev completion functor Ĝ = G Q[G]̂ is idempotent, and a group G

is Malcev complete if and only if we have G = Ĝ.

Proof. These assertions are immediate consequences of the result of Theo-
rem 8.4.1. �

In addition, we have the following result:

Proposition 8.4.3. A pro-nilpotent group G is Malcev complete in our sense
if and only if this group is uniquely divisible.

Proof. We closely follow the argument line of [32, §II.6, Exercise 4], which we
complete by our statements on complete Hopf algebras. We have already checked
that a Malcev complete group is uniquely divisible, and we aim to prove the converse
implication. We can restrict ourselves to the case of a nilpotent group G. We
aim to define a nilpotent Lie algebra g, naturally associated to G, and such that
G = G Û(g).

We use the expansion (*) for the elements of the Malcev completion of a free
group, which we also identify with the set of group-like elements in a complete
tensor algebra. In the case g(ξ1, ξ2) = eξ1+ξ2) and g(ξ1, ξ2) = e[ξ1,ξ2], we get a
formula for the sum and the Lie bracket in terms of commutators of group-like
elements. We define our Lie algebra g by the same underlying set as the group
G, and we equip this set with the sum and Lie bracket defined by these universal
formulas. We use the assumption that G is uniquely divisible to provide g with a
Q-module structure. We see that the structure relations of Lie algebras hold in g
because these relations are satisfied by our universal formulas, within the completed
tensor algebra. We also readily obtain that the Lie algebra g is nilpotent. We have
bijections g ' G Û(g) ' G, and we see retrieve the multiplication of the group G

in G Û(g), because this is so for the Malcev completion of a free group. We conclude
that our group G is Malcev complete as required. �
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CHAPTER 9

The Malcev Completion for Groupoids
and Operads

In the previous chapter §7, we recalled that the adjunction between groups
and Hopf algebras can be used to define a rationalization process, the Malcev
completion, for groups.

To be more explicit, recall that the free k-module k[G] associated to a group
G inherits a Hopf algebra structure so that the mapping k[−] : G 7→ k[G] defines a
functor from the category of groups Grp to the category of Hopf algebras Hopf Grp.
The other way round, we have a functor from Hopf algebras to groups, defined by
observing that the set of group like elements G(H) in a Hopf algebra H inherits a
group structure, and we checked that this functor G : Hopf Grp → Grp forms a right
adjoint of the group algebra functor k[−] : Grp → Hopf Grp. To obtain our Malcev
completion functor in §8, we consider an extension of this adjunction relation, where
the category of plain Hopf algebras is replaced by a category of complete Hopf
algebras. The complete Hopf algebra k[G]̂ associated to a group G is precisely
defined as the completion k[G]̂= limn k[G]/ In k[G] of the Hopf algebra associated
toG with respect to the powers of the augmentation ideal I k[G] = ker(ε : k[G]→ k),
and the completion of the group G is defined by the set of group like elements
Ĝ = G k[G]̂associated to this completed Hopf algebra k[G] .̂

In §8, we also crucially assume that the ground ring k is a field of characteristic
0. The elements of the group Ĝ are then identified with exponentials g = ex such
that x belongs to the Lie algebra of primitive elements in k[G] .̂ This representation

enables us to define powers gα for arbitrary exponents α ∈ k in Ĝ. In the case k = Q,
our construction therefore returns a rationalization of the group G. The case k = C
of our construction will used in the next chapter, for the definition of the Drinfeld
associator. This application motivates us to keep the general case of a characteristic
zero field under consideration in our constructions.

Throughout this chapter, we still assume all that the ground ring k is a field such
that Q ⊂ k. Our first purpose is to check that the Malcev completion process for
groups extends to groupoids. Then we prove that the obtained completion functor
on groupoids preserves symmetric monoidal structures, and hence can be applied
to operads arity-wise in order to yield a Malcev completion functor for operads
in groupoids. Some care is necessary when we deal with groupoids, and not all
arguments are generalizable, since the morphism sets of groupoids, as opposed to
the underlying set of a group, are not naturally pointed.

In a first section (§9.1), we define the notion of a Hopf groupoid, extending
the classical notion of a Hopf algebra, which we need to form the Hopf side of
our completion process in the groupoid context. The definition of the Malcev

257
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completion functor for groupoids itself is addressed in the second section of the
chapter (§9.2) and the applications to operads in the third section (§9.3).

9.1. The notion of a Hopf groupoid

Like Hopf algebras, the Hopf groupoids, which we consider in our completion
process, are defined by replacing the morphism sets of plain groupoids by coalgebras
and by using tensor product operations instead of cartesian structures. The goal
of this section is to check the application of this idea and to make the definition of
a Hopf groupoid explicit.

We follow the same plan as in §7.1. To begin with, we make explicit the
definition of a Hopf category, which parallels the notion of a bialgebra. We address
the definition of Hopf groupoids afterwards, and we complete our account with the
definition of the generalization to groupoids of the group algebras of §7.1.

9.1.1. Hopf categories. In §7.1, we define (cocommutative) bialgebras as uni-
tary associative algebras (or monoids) in the category of counitary cocommutative
coalgebras. The Hopf categories which we consider are small categories enriched
in counitary cocommutative coalgebras, and are defined by applying the general
concepts of §0.13 to this instance of symmetric monoidal category Comc

+. This
process makes sense in any (lower level) base symmetric monoidal category where
the category of counitary cocommutative coalgebras can be defined. For the mo-
ment we focus on the case of counitary cocommutative coalgebras in k-modules
Comc

+ = Mod Comc
+. In the next section, we will consider counitary cocommuta-

tive coalgebras in the category of complete filtered modules of §7.3.
Thus, a Hopf category in our sense is a small category H, equipped with a hom-

bifunctor towards the category of counitary cocommutative coalgebras HomH(−,−) :
Hop×H→ Comc

+, unit morphisms

k
η−→ HomH(X,X), for X ∈ H,(a)

and composition morphisms

HomH(Y,Z)⊗ HomH(X,Y )
µ−→ HomH(X,Z), for all X ∈ H,(b)

satisfying the usual unit and associativity axioms of categories within the symmetric
monoidal category of counitary cocommutative cocoalgebras (see §0.12). Recall
that we also assume that the structure morphisms (a-b) are left invariant under the
action of the morphisms of the plain category underlying H on the hom-objects.
We revisit this correspondence in the next paragraph.

In applications, we also use the classical notation idX ∈ HomH(X,X) for the
homomorphism such that η(1) = idX , and which defines an analogue of the identity
morphism in our hom-objects. Similarly, we use the notation f ◦ g (or just fg) for
the image of homomorphisms under the composition morphism (b).

9.1.2. Morphisms and homomorphisms in Hopf categories. In §0.13, we briefly
mention that we can define a mapping between the morphism sets MorC(−,−)
of an enriched category C and the hom-objects HomC(−,−). In the general case of
categories enriched over an abstract symmetric monoidal category M, this mapping
is defined by a morphism ι] : 1[MorC(X,Y )] → HomC(X,Y ), where 1[MorC(X,Y )]
denotes the coproduct, over the morphism set MorC(X,Y ), of copies of the unit
object of the category M.
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In the case of a Hopf category C = H, we consider the coalgebra k[MorH(X,Y )]
associated to the set MorH(X,Y ), and where the elements [f ], associated to mor-
phisms f ∈ MorH(X,Y ), are group-like. The morphism η : k→ HomH(X,X), which
models the identity morphism associated to any object X ∈ ObH, is formally de-
termined by the group-like element idX ∈ HomH(X,X) such that η(1) = idX . Our
mapping

(a) ι] : k[MorH(X,Y )]→ HomH(X,Y )

is defined by ι][f ] = f∗(idX), where we consider the image of this group-like el-
ement idX ∈ HomH(X,X) under the hom-object morphism f∗ : HomH(X,X) →
HomH(X,Y ) associated to f . The homomorphism ι][f ] is group-like in HomH(X,Y )
(because f∗ is a morphism of counitary cocommutative coalgebras) and there-
fore our mapping defines a morphism of counitary cocommutative coalgebras from
k[MorH(X,Y )] to HomH(X,Y ). In this construction, we can equivalently take
ι][f ] = f∗(idY ) since, in the case of the unit morphisms, the invariance require-
ments of §9.1.1 imply f∗(idX) = f∗(idY ).

By adjunction, the morphism of counitary cocommutative coalgebras (a) is
equivalent to a mapping

(b) ι : MorH(X,Y )→ G(HomH(X,Y ))

which assigns the group-like element ι(f) = f∗(idX) = f∗(idY ) ∈ HomH(X,Y ) to
any f ∈ MorH(X,Y ).

The invariance of the composition operation on hom-objects with respect to the
action of morphisms implies that the mapping f∗ : HomH(−, X)→ HomH(−, Y ) asso-
ciated to any morphism f ∈ MorH(X,Y ) is also identified with the composition op-
eration f∗(u) = ι(f) ◦ u, where we consider the homomorphism ι(f) ∈ HomH(X,Y )
associated to f . For the mapping f∗ : HomH(Y,−) → HomH(X,−) we similarly
obtain f∗(u) = u ◦ ι(f).

Our mapping (b) also satisfies ι(idX) = idX and ι(f ◦ g) = ι(f) ◦ ι(g) by
functoriality of the action of morphisms on hom-objects. Thus the unit and com-
position structure of the hom-objects HomH(X,Y ) extends the unit and composition
structure of the plain set-theoretic category H.

In practice, we define Hopf categories by giving the underlying category H,
the hom-coalgebras HomH(X,Y ), the mapping (b), which associates a group-like
element in the hom-object HomH(X,Y ) to any plain morphism f ∈ MorH(X,Y ),
and the extension of the composition of morphisms to the whole hom-objects. In
applications, we often assume that the maps ι : MorH(X,Y ) → G(HomH(X,Y )) is
an embedding so that this mapping identifies the morphisms of our category H

with a subset of the group-like elements in the hom-objects.
9.1.3. Hopf groupoids. We define a Hopf groupoid as a Hopf category G, where

every morphism is invertible (thus, the underlying category of G is a groupoid in
the classical sense), and where we have an extra operation on hom-objects

(a) HomG(X,Y )
σ−→ HomG(Y,X),
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defined for all X,Y ∈ ObG, such that the diagrams

(b) HomG(X,Y )
ε //

∆

��

k
η // HomG(X,X)

HomG(X,Y )⊗ HomG(X,Y )
σ⊗id

// HomG(Y,X)⊗ HomG(X,Y )

µ

OO

and

(c) HomG(X,Y )
ε //

∆

��

k
η // HomG(Y, Y )

HomG(X,Y )⊗ HomG(X,Y )
id ⊗σ

// HomG(X,Y )⊗ HomG(Y,X)

µ

OO

commute. We naturally assume in this definition that our operation σ is defined
by a morphism of counitary cocommutative coalgebras.

We immediately see that a Hopf algebra is identified with a Hopf groupoid with
one object, and our extra structure is an obvious generalization of the notion of
antipode attached to Hopf algebras. We therefore keep the same name, antipode,
to refer to these morphisms.

The relations formulated in our diagrams are naturally coalgebra analogues
of the inversion relation of morphisms in groupoids. For a group-like element f ,
representing a morphism in G, the relations read f · σ(f) = id , σ(f) · f = id ,
and hence amounts to the requirement that f is invertible with σ(f) = f−1 as
inverse. From this observation and the uniqueness of inverse, we also deduce that
the antipode extends the inversion operation for the morphisms of the underlying
category of our Hopf groupoid.

One can prove, by an easy extension of the standard argument in the Hopf
algebra context, that the antipode operation in a Hopf groupoid is unique and
satisfies the relation σ(idX) = idX , for any X ∈ G, as well as σ(u◦v) = σ(v)◦σ(u),
for any pair of composable homomorphisms u ∈ HomG(Y,Z), v ∈ HomG(X,Y ).

9.1.4. The category of Hopf categories and of Hopf groupoids. We have a natu-
ral notion of morphism associated to Hopf categories, so that Hopf categories form
a category Hopf Cat .

To be explicit, a morphism of Hopf categories φ : G → H consists of a func-
tor between the underlying set-theoretic categories of G and H, together with a
collection of coalgebra morphisms

(a) HomG(X,Y )
φ−→ HomH(φX, φY ),

preserving the unit and composition structure on hom-coalgebras, and natural in
X,Y ∈ G with respect to the action of the morphisms on hom-objects.

In the approach of §9.1.2, the assumption that our morphisms (a) are natural
amounts to the requirement that these morphisms fit in commutative diagrams

(b) MorG(X,Y )

��

φ // MorH(φX, φY )

��
G(HomG(X,Y ))

G(φ)
// G(HomH(φX, φY ))

,
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for all X,Y ∈ G, and hence, extend the mapping defined by our functor at the level
of the morphisms of the underlying categories of G and H.

We define the category of Hopf groupoids Hopf Grd as the full subcategory of
the category of Hopf categories generated by Hopf groupoids. We should note that
a morphism of Hopf groupoids automatically preserves the extra structure given by
the inversion operations (this assertion is a variation of the uniqueness of inversion
morphisms in Hopf algebras). Recall that we use the notation Grd for the category
of groupoids.

We have the following result, extending the classical adjunction relation be-
tween groups and Hopf algebras:

Proposition 9.1.5.

(a) The coalgebras k[MorG(X,Y )] associated to the morphism sets of a groupoid
G define the hom-objects of a Hopf groupoid k[G] with G as underlying
groupoid in sets.

(b) The set of group-like elements G(HomH(X,Y )) associated to the hom-coal-
gebras of a Hopf groupoid H form the hom-objects of a groupoid G(H),
naturally associated to H, and the mapping G : H 7→ G(H) gives a right
adjoint of the functor k[−] : Grd → Hopf Grd defined in assertion (a).

Proof. The definition of the Hopf groupoid k[G] in assertion (a) is a straight-
forward extension of the definition of the Hopf algebra k[G] in the group context,
and similarly as regards the definition of a groupoid structure on the group-like
element sets G(HomH(X,Y )) associated to a Hopf groupoid H in assertion (b). One
can also readily check that the adjunction relations between coalgebra morphisms
f : k[X] → C and set maps g : X → G(C) make morphisms of Hopf groupoids
f : k[G] → H correspond to groupoid morphisms g : G → G(H) so that the map-
pings k[−] : G 7→ k[G] and G : H 7→ G(H) define adjoint functors between the
category of groupoids Grd and the category of Hopf groupoids Hopf Grd . �

9.2. The Malcev completion for groupoids

To obtain the Malcev completion of groupoids, we consider, as in the group con-
text, an extension of the adjunction relation of §9.1.5 to complete Hopf groupoids.
The goal of this section is to address this construction of the Malcev completion.

In §9.1, we mention that our fundamental definitions make sense in any ambient
symmetric monoidal category. To define our complete Hopf groupoids, we work
within the symmetric monoidal category of complete filtered modules of §7.3. In
a first step, a briefly review the concepts of §9.1 in order to make this definition
explicit.

9.2.1. Complete Hopf categories and complete Hopf groupoids. First, in order
to get the notion of a category enriched in complete counitary cocommutative coal-
gebras, we just replace the category of plain counitary cocommutative coalgebras
in the definition of §9.1.1 by the category of counitary cocommutative coalgebras in

complete filtered modules Ĉomc
+ = M̂od Comc

+. Thus, we consider a hom-bifunctor
with values in that category

HomH(−,−) : Hop×H→ Ĉomc
+.
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In the definition of the unit morphisms §9.1.1(a) and of the composition mor-
phisms §9.1.1(b), we also deal the symmetric monoidal structure of complete couni-
tary cocommutative coalgebras, and we have to replace the ordinary tensor product
by the completed tensor product of §7.3.12. The structure of a groupoid enriched
in complete filtered modules is defined similarly, by assuming that the antipodes
of §9.1.3 are morphisms of complete counitary cocommutative coalgebras, and by
taking completed tensor products instead of ordinary tensor products in the dia-
grams of §9.1.3.

Recall that the ground field k is identified with a complete filtered module
equipped with a trivial filtration and forms a unit for the completed tensor prod-
uct. The unit morphisms of a category enriched in complete counitary cocommu-
tative coalgebras are therefore equivalent to ordinary unit morphisms of counitary
cocommutative coalgebras §9.1.1(a). The preservation of filtration, which we re-
quire for morphisms in complete filtered module in general, is automatically fulfilled
for these unit morphisms. The preservation of counitary cocommutative coalgebra
structures is equivalent to the requirement that the element idX = η(1) associated
to each unit morphism η : k→ HomH(X,X) is group-like as an element of the com-
plete counitary cocommutative coalgebra HomH(X,X), where we use the definition
of §8.1.2 for this notion of group-like element in the complete sense.

In the definition of the composition operations of §9.1.1(b), we have to re-
place the ordinary tensor product by the completed tensor product of §7.3.12. The
composition operations can still be identified with extensions of ordinary filtration
preserving composition products, as in the Hopf algebra case (see §7.3.14), but we
need to work at the level of the completed tensor product in order to get the coalge-
bra structure of our hom-objects, and hence, to check the preservation of coalgebra
structures by our composition operations.

The observations of §9.1.2 have a straightforward extension in the case of com-
plete counitary cocommutative coalgebras, so that a group-like element in the com-
plete sense ι(f) ∈ G(HomH(X,Y )) is associated to each morphism of our cate-
gory f ∈ MorH(X,Y ). The covariant (respectively, contravariant) action of mor-
phisms f ∈ MorH(X,Y ) on hom-objects is also identified with the composition
operation f∗(u) = ι(f) ◦ u (respectively, f∗(u) = u ◦ ι(f)).

9.2.2. The category of complete Hopf categories and of complete Hopf groupoids.
The definition of a morphism of Hopf category (respectively, groupoid) in §9.1.4 has
an obvious generalization in the complete setting. In §7.3.15, we introduce a con-
nectedness condition for the definition of the subcategory of complete Hopf algebras
within the category of Hopf algebras in complete filtered modules. In the Hopf cat-
egory case, we consider categories enriched in complete counitary cocommutative
coalgebras H such that the augmentation ε : HomH(X,Y ) → k induces an iso be-
tween the quotient HomH(X,Y )/ F1 HomH(X,Y ) and the ground field k. We reserve
the expression of complete Hopf category for the enriched categories which satisfy

this connectedness condition and we use the notation ̂Hopf Cat for this subcategory
of the category of categories enriched in complete counitary cocommutative coalge-
bras. We use the same convention, and take the same connectedness requirement,

to define a category of complete Hopf groupoids such that ̂Hopf Grd ⊂ ̂Hopf Cat .
9.2.3. The completion of Hopf groupoids. The natural filtration of Hopf al-

gebras, arising from the tensor powers of the augmentation ideal, has a natural
generalization in the context of Hopf groupoids.
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To be explicit, let H ∈ Hopf Grd be a Hopf groupoid. For any X,Y ∈ H, we
consider the nested sequence

HomH(X,Y ) = I0(HomH(X,Y )) ⊃ I1(HomH(X,Y )) ⊃ · · · · · · ⊃ In(HomH(X,Y )) ⊃ · · · ,
where In HomH(X,Y ) is the submodule of HomH(X,Y ) spanned by the n-fold com-
posites f1 ·. . .·fn of homomorphisms fi such that ε(fi) = 0. Equivalently, we assume
that each fi lies in the kernel of the augmentation on hom-objects I HomH(−,−) =

ker{HomH(−,−)
ε−→ k} which gives the n = 1 layer of our sequence.

The preservation of the counitary cocommutative coalgebra structure by the
composition operations of H implies, as in the Hopf algebra case (see §8.1.1), that
we have the inclusion relation ∆(In(HomH(X,Y ))) ⊂ ∑

p+q=n Ip(HomH(X,Y )) ⊗
Iq(HomH(X,Y )), for each n ∈ N, so that the coproduct defines a filtration preserving
morphism for this choice of filtration. The counit ε : HomH(X,Y ) → k trivially
defines a filtration preserving morphism too.

Hence, each hom-object HomH(X,Y ) of our Hopf groupoid H canonically in-
herits the structure of a counitary cocommutative coalgebra in filtered modules, of
which we perform the completion

HomH(X,Y )̂= lim
n

HomH(X,Y )/ In(HomH(X,Y ))

to get a complete counitary cocommutative coalgebra HomH(X,Y ) ,̂ for each pair
X,Y ∈ H. Recall that the filtration associated to such a completed module
satisfies HomH(X,Y ) /̂ F1 HomH(X,Y )̂ = HomH(X,Y )/ In(HomH(X,Y )), for every
n ∈ N. In the case n = 1, we have I(HomH(X,Y )) = ker(ε : HomH(X,Y ) →
k) ⇔ HomH(X,Y )/ I(HomH(X,Y )) = k, and we deduce from this relation that the
augmentation of HomH(X,Y ) ,̂ obtained by completion from the augmentation of
the ordinary coalgebra HomH(X,Y ), induces an iso between the quotient module
HomH(X,Y ) /̂ F1 HomH(X,Y )̂and the ground field k

The unit morphisms of H have a trivial prolongation η : k→ HomH(X,X)̂ for
every X ∈ H, and so does the mapping ι : f 7→ ι(f) which associates a group-like
homomorphism to every morphism of the category underlying H. The composition
operations of H trivially preserve the filtration of our counitary cocommutative
coalgebras, and hence induce composition operations at the level of our completed
hom-objects HomH(−,−) .̂ The relations satisfied by antipodes imply, as in the
Hopf algebra case, that the antipodes of our Hopf groupoid preserve filtrations too
and hence admit an extension to the completed hom-objects as well.

We conclude from these observations that the collection of complete counitary
cocommutative coalgebras HomH(X,Y ) ,̂ X,Y ∈ H, define the hom-objects of a

complete Hopf groupoid Ĥ naturally associated to H.
9.2.4. The complete Hopf groupoid and group-like element functors. We asso-

ciate a complete Hopf groupoid k[G]̂ to any groupoid G by taking the comple-
tion §9.2.3 of the Hopf groupoid k[G] of Proposition 9.1.5. This complete Hopf
groupoid k[G]̂has G as underlying groupoid and the completed modules

HomG(X,Y )̂= lim
n

k[MorG(X,Y )]/ In k[MorG(X,Y )]

as hom-coalgebras. The outcome of this construction is a functor k[−]̂ : Grd →
̂Hopf Grd from the category of groupoids Grd to the category of complete Hopf

groupoids ̂Hopf Grd .
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In the converse direction, we see that the group-like element functor in Proposi-
tion 9.1.5 has an obvious complete version, so that a groupoid of group-like elements
G(H) can be associated to any complete Hopf groupoid H. This groupoid has the
same object set as the underlying groupoid of H and the sets of group-like elements
in the complete sense

G(HomH(X,Y )) = {f ∈ HomCat(X,Y ) | ε(f) = 1 and ∆(f) = f ⊗̂ f}
as morphism sets (see §8.1.2). The identity morphisms and the composition opera-
tion are yielded by the unit and composition on hom-objects, as in the construction
of Proposition 9.1.5. The inverse of morphisms in G(H) is also given by the antipode
of the complete Hopf groupoid H.

Proposition 9.1.5(b) has the following analogue in the context of complete Hopf
groupoids:

Proposition 9.2.5. The complete Hopf groupoid k[−]̂: G 7→ k[G]̂and group-
like functors G : H → G(H) obtained by the construction of this paragraph §9.2.4

define a pair of adjoint functors k[−]̂ : Grd � ̂Hopf Grd : G between the category

of groupoids Grd and the category of complete Hopf groupoids ̂Hopf Grd.

Proof. This proposition follows from a straightforward extension of the ar-
guments of Proposition 8.1.3, where we define the adjunction bewteen groups and
complete Hopf algebras. �

The definition of a Hopf groupoid in §9.1.3 implies that the endomorphism
coalgebra HomH(X,X) of any object X ∈ ObH in a Hopf groupoid H forms a
Hopf algebra in the classical sense (and similarly in the context of a complete Hopf
groupoid), just as the endomorphism set MorG(X,X) of any object X ∈ ObG in a
groupoid G forms a group. We easily check that:

Lemma 9.2.6.

(a) Let H be a Hopf groupoid. Suppose that the set of group-like elements
G(HomH(X,Y )) is non-empty for every pair X,Y ∈ H (equivalently, the
groupoid G(H) is connected). The endomorphism coalgebras HomH(X,X)̂
associated to the objects X ∈ H in the completion of the Hopf groupoid H

(§9.2.3) are isomorphic to the completion of the Hopf algebras HomH(X,X)
(§8.1.1) associated to each object X ∈ H individually.

(b) For a connected groupoid G ∈ Grd, the endomorphism coalgebras of the
objects X ∈ G in the complete Hopf groupoid k[G]̂ associated to G are
isomorphic to the complete group algebras k[MorG(X,X)]̂ associated to
each automorphism group MorG(X,X) taken individually.

Proof. To check the first assertion (a), we just observe that the filtration
of §9.3.3, where we consider all composites of composable homomorphisms in H,
agrees with the filtration of §8.1.1 for the Hopf algebra HomH(X,X), where we only
consider composites of endomorphisms of X in H. The latter is obviously included
in the former. The converse inclusion immediately follows from our assumption
ensuring that we can insert appropriate invertible elements (recall that the antipode
defines an inversion operation on group-like elements) to convert any sequence of

composable homomorphisms X0
f1−→ X1

f2−→ · · · fn−→ Xn going from X0 = X to
Xn = X into a sequence of endomorphisms of X.

The second assertion of the lemma is a corollary of the first one. �
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9.2.7. The category of Malcev complete groupoids. We define the category of
Malcev complete groupoids as the image of the category of complete Hopf groupoids

under the functor G : ̂Hopf Grd → Grd . We also adopt the notation Ĝrd for this

category, so that Ĝrd = G( ̂Hopf Grd), and we say that a groupoid G is Malcev

complete when we have G = G(H), for some H ∈ ̂Hopf Grd , so that G ∈ Ĝrd .

We define the Malcev completion of a groupoid by Ĝ = G k[G]̂where we consider
the complete Hopf groupoid and group-like element functors of §9.2.4.

The observation of Lemma 9.2.6 has the following consequence, which parallels
the result of Proposition 8.1.6 Proposition 8.2.1 for Malcev complete groups:

Proposition 9.2.8.

(a) The functor G : ̂Hopf Grd → Grd induces an injective map on morphism
sets

Mor ̂HopfGrd
(A,B) ↪→ MorGrd(G(A),G(B)),

for all A,B ∈ ̂Hopf Grd, and hence, is faithful.
(b) If G is a connected groupoid, then any groupoid morphism φ : G → H

towards a Malcev complete groupoid H = Ĥ admits a unique factorization

G
φ //

��

H

Ĝ

φ̂

@@

such that φ̂ belongs to the category of Malcev complete groupoids.

Proof. These assertions follow from the same arguments as the results of
Proposition 8.1.6 and Proposition 8.2.1. �

Lemma 9.2.6 also readily implies:

Proposition 9.2.9. The automorphism group of an object X ∈ G in the Malcev

completion Ĝ of a connected groupoid G is identified with the Malcev completion (in
the classical sense) of the group of automorphisms of X in G. �

9.3. Symmetric monoidal structures and operads

We now check that Malcev completion process of the previous section defines a
symmetric monoidal functor on groupoids and, as a consequence, induces a functor
on operads in groupoids. We actually prove that the adjunction k[−]̂ : Grd �
̂Hopf Grd : G, which we use in our construction of the Malcev completion, is sym-

metric monoidal in the sense of §2.3.3.
In a preliminary step, we explain the definition of a symmetric monoidal struc-

ture on (complete) Hopf groupoids. The idea is to combine the (cartesian) sym-
metric monoidal structures of categories with the symmetric monoidal structure of
(complete) counitary cocommutative coalgebras.



266 9. THE MALCEV COMPLETION FOR GROUPOIDS AND OPERADS

9.3.1. Symmetric monoidal structures on Hopf categories and Hopf groupoids.
In §5.2.1, we equip the category of categories with the symmetric monoidal structure
defined by the cartesian product of categories. In §2.0.3, we observe that the tensor
product defines the cartesian product in the category of counitary cocommutative
coalgebras.

To Hopf categories G and H, we associate the Hopf category G⊗H with the
cartesian product Ob(G⊗H) = ObG× ObH as object set, and the coalgebra tensor
products HomG⊗H((X,Y ), (Z, T )) = HomG(X,Z) ⊗ HomH(Y, T ) as hom-coalgebras.
These tensor products inherit identity morphisms and composition products from
the hom-coalgebras of G and H so that G⊗H forms a Hopf category. We more-

over have natural functors G
p←− G⊗H

q−→ H given by the natural projections

ObG
p←− ObG× ObH

q−→ ObH on object sets, and yielded by the tensor products

with augmentation morphisms HomG(X,Z)
ε⊗id←−−− HomG(X,Z) ⊗ HomH(Y, T )

id ⊗ε−−−→
HomH(Y, T ) on hom-coalgebras (see §2.0.3). This Hopf category G⊗H actually rep-
resents the cartesian product of G and H in the category of Hopf categories (this
assertion follows from our parallel interpretation of the tensor product of counitary
cocommutative coalgebras in §2.0.3).

We can replace the plain tensor product by the completed one in order to

define an analogous tensor product construction Ĝ ⊗̂ Ĥ for complete Hopf categories.

We readily see that the complete Hopf category Ĝ ⊗̂ Ĥ obtained by this operation

represents the cartesian product of Ĝ and Ĥ in the category of complete Hopf
categories too.

In §5.2.1, we observe that the cartesian product of groupoids G×H, formed
in the category of small categories, defines a groupoid and represents the cartesian
product of G and H in the category of groupoids as well. In the context of Hopf
categories, we can similarly prove that the tensor product of Hopf groupoids G⊗H

forms a Hopf groupoid and represents the cartesian product of G and H in the
category of Hopf groupoids, and we have the same statement for the completed
tensor product of complete Hopf groupoids.

The existence of these symmetric monoidal structures enables us to give a sense
to the notion of an operad in Hopf groupoids and in complete Hopf groupoids. We
have the following result:

Proposition 9.3.2.

(a) The functors k[−]̂ : Grd → ̂Hopf Grd and G : ̂Hopf Grd → Grd, between
groupoids and complete Hopf groupoids, are symmetric monoidal, as well
as the adjunction relation between them.

(b) These functors can also be applied to operads arity-wise in order to yield
functors on operad categories

k[−]̂: Grd Op � ̂Hopf Grd Op : G

and we still have an adjunction relation at this level.

Proof. The functor G : ̂Hopf Grd → Grd , defining a right-adjoint of k[−]̂ :

Grd → ̂Hopf Grd , preserves terminal objects and cartesian products and is there-
fore symmetric monoidal since we observed that the (complete) tensor product of
(complete) Hopf groupoids represent the cartesian product (as well as the cartesian
product of groupoids).
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The proof that the functor k[−]̂: Grd → ̂Hopf Grd is symmetric monoidal fol-
lows from easy verifications. For the trivial one-point set groupoid pt , we obviously
have k[pt ]̂= k. For a cartesian product of groupoids G×H, we can easily check
that the filtration of §9.2.3 satisfies

In k[MorG×H((X,Y ), (Z, T ))] =
∑

p+q=n

Ip k[MorG(X,Z)]⊗ In−p k[MorG(Y, T )]

in the coalgebra tensor product

k[MorG×H((X,Y ), (Z, T ))] = k[MorG(X,Z)× MorG(Y, T )]

= k[MorG(X,Z)]⊗ k[MorG(Y, T )]

The isomorphism k[MorG×H((X,Y ), (Z, T ))] ' k[MorG(X,Z)] ⊗ k[MorG(Y, T )] is
therefore an identity of filtered modules which, as such, induces an isomorphism at
the level of completions

k[MorG×H((X,Y ), (Z, T ))]̂' k[MorG(X,Z)]̂⊗̂ k[MorG(Y, T )]̂
(compare with the proof of Proposition 8.1.7, where we a similar result is established
for the Malcev completion of a cartesian product of groups). This verification proves
that the natural morphism k[G×H]̂→ k[G]̂⊗̂ k[H] ,̂ induced by the canonical

projections G
p←− G×H

q−→ H (where we use the interpretation of the complete
tensor product as a categorical cartesian product), is an iso. The definition of this
comparison isomorphism from categorical constructions immediately implies the
fulfillment of the unit, associativity and symmetry constraints of §2.3.1 (as usual),

and we conclude that k[−]̂: Grd → ̂Hopf Grd is symmetric monoidal as asserted.
The proof that the adjunction unit (respectively, augmentation) associated with

our functors preserve symmetric monoidal structure reduces to straightforward ver-
ifications, and the second assertion of the proposition is a consequence of the general
observations of Proposition 2.1.4 and Proposition 2.1.6. �

This proposition implies:

Proposition 9.3.3. The Malcev completion functor on groupoids (−)̂: Grd →
Ĝrd is symmetric monoidal (as a composite of symmetric monoidal functors) and
can be applied arity-wise to operads in groupoids in order to yield a Malcev comple-

tion functor on operads (−)̂: Grd Op → Ĝrd Op. �

To recap the construction, the Malcev completion of an operad in groupoids

P ∈ Grd Op is the operad P̂ formed by the collection P̂(r), where we consider the
Malcev completion of each groupoid P(r). We also have P = G k[P] ,̂ where k[P]̂
is the operad in complete Hopf groupoids defined by the completion of the Hopf
groupoid k[P(r)] associated to each P(r) ∈ Grd , and G(−) refers to the arity-wise
application of the group-like element functor of complete Hopf groupoids.

Recall that in the situation of Proposition 9.3.2(a), the functors k[−]̂: Grd Op →
̂Hopf Grd Op and G : ̂Hopf Grd Op → Grd Op, preserves unitary extensions of op-

erads (see Proposition 2.1.4), and as a byproduct, so does the composite functors

(−)̂= G k[−] .̂ In the notation of §3.2, we have the identity (P+)̂= (P̂)+ for any
unitary operad in groupoids P+.





CHAPTER 10

The Definition of the
Grothendieck-Teichmüller Group

We have several notions of Grothendieck-Teichmüller groups. We mostly deal
with a pro-unipotent group GT 1(k), defined over any characteristic zero field k, and
which, for us, occurs as a group of automorphisms associated to the parenthesized
braid operad of §6. We just have to deal with a Malcev completion of the operad of
parenthesized braids in order to get this pro-unipotent Grothendieck-Teichmüller
group because the automorphism group of the uncompleted operad of parenthesized
braids is trivial.

The pro-unipotent Grothendieck-Teichmüller group GT 1(k) has a graded coun-
terpart GRT 1(k), which we interpret as a group of automorphisms associated to
another operad related to little 2-discs, the operad of parenthesized chord diagrams.
These groups GT 1(k) and GRT 1(k) are isomorphic, with isomorphisms arising from
the set of Drinfeld’s associators Ass1(k), which we interpret as isomorphisms be-
tween the parenthesized braid and the chord diagram operad.

The main purpose of this chapter is to explain the definition of the pro-
unipotent Grothendieck-Teichmüller group, of the graded Grothendieck-Teichmüller
group, and of the torsor of Drinfeld’s associators from the operadic viewpoint.
We address the definition of the pro-unipotent Grothendieck-Teichmüller group
first (§10.1). We give the definition of the operad of chord diagrams and of the
torsor of Drinfeld’s associators in second (§10.2), and we provide a brief survey
of the definition of the graded Grothendieck-Teichmüller group afterwards (§10.3).
We work with a fixed coefficient field k, of characteristic zero, and we address all
definitions in this setting.

To conclude this chapter, we survey the definition of the Knizhnik-Zamolodchikov
associator, the first instance of associator which was constructed by Drinfeld in [48]
from the work of Knizhnik-Zamolodchikov in conformal field theory [99]. We de-
vote §10.4 to this subject.

The second instance of an associator effectively constructed in the literature is
the Alekseev-Torossian associator, whose definition, given in articles of Alekseev-
Torossian [5] and Ševera-Willwacher [153], arose from Kontsevich’s approach of the
formality of the little discs operad [104]. The definition of this associator will be
explained in the second volume, when we study rational models of the little discs
operads.

10.1. The prounipotent Grothendieck-Teichmüller group

The pro-unipotent Grothendieck-Teichmüller group GT 1(k), which we consider
in this work, has formally been defined by Drinfeld in [48] as a group of power series
satisfying certain equations in the Malcev completion of the pure braid groups.

269
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Drinfeld motivated his definition by explaining that any element in this group φ ∈
GT 1(k) could be regarded as a universal transformation acting on (the completion
of) braided monoidal categories.

The goal of this section is to revisit Drinfeld’s approach and to explain that
the group GT 1(k) can be interpreted as a group of automorphisms associated to
the Malcev completion of the operad of parenthesized braids of §6. We start with
this operadic definition and prove the equivalence with Drinfeld’s original definition
afterwards.

10.1.1. The Grothendieck-Teichmüller group as a group of operad automor-
phisms. Recall that the operad of parenthesized braids, defined in §6.2, is an operad
in groupoids PaB, whose object sets form a free operad on one non-symmetric gen-
erator (the magma operad in the terminology of §6.2) and whose morphisms are
depicted as braids with contact points on the center of a diadic decomposition of

the horizontal axis. We consider the Malcev completion of this operad P̂aB, and the

associated unitary operad P̂aB+. The underlying object operad of the completed

operad P̂aB is also the magma operad by definition of our Malcev completion pro-
cess for operads in groupoids (see §9). Recall that we use the notation Ω for the

magma operad. We accordingly have Ob P̂aB = ObPaB = Ω
We define the Grothendieck-Teichmüller group GT 1(k) as the group formed by

the automorphisms

φ : P̂aB+
'−→ P̂aB+

of the unitary operad in Malcev complete groupoids P̂aB+ so that:

(a) each component φ(r) : P̂aB(r)→ P̂aB(r) of our morphism is given by the

identity mapping at the level of the object set Ob P̂aB(r) = Ω(r);

(b) and the component φ(2) : P̂aB(2) → P̂aB(2) also fixes the braiding τ in
the morphism set Mor

P̂aB(2)
(µ(x1, x2), µ(x2, x1)).

We can drop the constraint (b) from our definition and consider a group GT (k)

formed by all automorphisms of the operad P̂aB+ which are the identity at the

object level. The image of the braiding under a morphism φ : P̂aB+ → P̂aB+ has
an expression the form φ(τ) = τλ, for a formal exponent λ ∈ k. We necessarily
have λ ∈ k× if we assume that φ is an iso, and the mapping ν : φ 7→ λ defines a
group morphism ν : GT (k) → k× of which kernel defines the group GT 1(k). We
do not use the full group GT (k) further in this book. Just mention that ν is split
surjective (this result, established in [48, §5], is a consequence of the existence of
associators, which we address in §10.2 and in §10.4).

10.1.2. The explicit construction of elements in the Grothendieck-Teichmüller
group. By definition of the category of Malcev complete groupoids, a morphism

φ : P̂aB+ → P̂aB+ is equivalent to a morphism of operads in groupoids φ : PaB+ →
P̂aB+, where we now consider the plain version of the parenthesized braid operad
PaB+. By Theorem 6.2.4, such a morphism is fully determined by giving the image
of:

– the object µ ∈ ObPaB(2),
– the associator α ∈ MorPaB(3)(µ(µ(x1, x2), x3), µ(x1, µ(x2, x3))),
– and the braiding τ ∈ MorPaB(2)(µ(x1, x2), µ(x1, x2)).

In the general statement of Theorem 6.2.4, we also consider a unit object e in
arity 0. In our present setting, and more generally when we deal with unitary
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operads, the image of the unit term is just fixed by the assumption that the groupoid

P̂aB+(0) reduces to the one-point set pt . Since we assume φ(µ) = µ and φ(τ) = τ
in the definition of the Grothendieck-Teichmüller group GT 1(k), our morphism

φ : PaB+ → P̂aB+ can be determined by giving a single morphism a(x1, x2, x3) =
φ(α) ∈ Mor

P̂aB
(µ(µ(x1, x2), x3), µ(x1, µ(x2, x3))) in the arity 3 component of the

Malcev completion of the parenthesized braid operad P̂aB.
We go back to the completion process in order to figure out the explicit def-

inition of this element a(x1, x2, x3) such that a(x1, x2, x3) = φ(α). We have
MorPaB(3)(µ(µ(x1, x2), x3), µ(x1, µ(x2, x3))) ' P3, where P3 denotes the pure braid
group on 3 strands, and as a consequence:

Mor
P̂aB

(µ(µ(x1, x2), x3), µ(x1, µ(x2, x3))) ' P̂3.

Our element a(x1, x2, x3) is therefore determined by an element in the Malcev
completion of the pure braid group P3.

The group of pure braid groups on 3 strands P3 is generated by the elements

a12 = , a23 = , a13 = ,

and is also isomorphic to the cartesian product of a central cyclic subgroup < c >,
generated by the following element

c = ,

with the free group generated by a12 and a23 (see for instance [96, §1.3], or the
subsequent paragraph §10.2.2 where we give more comprehensive recollections on
the presentation of pure braid groups). We actually have c = a12a23a13.

Our element a(x1, x2, x3) ∈ P̂3 consequently splits as a product a = cλ ·
F (a12, a23), for some formal exponent λ ∈ Q of the central element c, and where
F (a12, a23) is an element in the Malcev completion of the free group generated by
the pure braids a12 and a23. The unit relation a(x1, e, x2) = idµ(x1,x2), in the cor-

respondence of Theorem 6.2.4, implies the relation ∂2(c)λ · F (1, 1) = ∂2(c)λ = 1

in P̂2, where ∂2(c) denotes the result of the omission of the second strand in c,
and since ∂2(c) = τ2 6= 1, we obtain λ = 0. Hence, the expression of an element
a = a(x1, x2, x3) which corresponds to a well-defined morphism of unitary operads
on PaB+ necessarily reduces to the factor F = F (a12, a23) in the Malcev completion
of the free group F(a12, a23).

We record the outcome of the discussion of this paragraph in a proposition:

Proposition 10.1.3. A morphism of unitary operads φ : PaB+ → P̂aB+

which fixes the generating object of the parenthesized braid operad µ = µ(x1, x2) ∈
ObPaB(2) and the braiding τ ∈ MorPaB(2)(µ(x1, x2), µ(x2, x1)) is uniquely deter-
mined by an elements in the Malcev completion of the free group on two generators

F (x, y) ∈ F̂(x, y),
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Figure 10.1. The pentagon constraints for the Malcev group el-
ement F = F (x, y) associated to an element of the Grothendieck-
Teichmüller group GT 1(k). The relation holds in the Malcev com-

pletion of the braid group P̂4. The factors of this relation are
obtained by applying F , which we regard as an element of the
Malcev completion of free group on two generators (x, y), to the
braids β ∈ P4 represented in the picture.

so that we have the formula

φ(α) =

1 2 3

1 2 3︸ ︷︷ ︸
=α

·F


1 2 3

1 2 3

,

1 2 3

1 2 3


︸ ︷︷ ︸

=F (a12,a23)

in the morphism set Mor
P̂aB(3)

(µ(µ(x1, x2), x3), µ(x1, µ(x2, x3))) of the parenthesized

braid operad P̂aB. �

To complete this proposition, we write down the coherence constraints of The-

orem 6.2.4 for the definition of operad morphisms φ : PaB+ → P̂aB+ in terms of
the associated Malcev group element F = F (a12, a23). We obtain the following
proposition:

Proposition 10.1.4. The assignment

φ(µ) = µ, φ(τ) = τ, φ(α) = α · F (a12, a23)

in Proposition 10.1.3 determines a well-defined morphism of unitary operads

φ : PaB+ → P̂aB+

if and only if our Malcev group element F = F (x, y) ∈ F̂(x, y) satisfies:

(a) the unit relations F (x, 1) = 1 = F (1, x),
(b) the involution relation F (x, y) · F (y, x) = 1,
(c) the hexagon equation F (x, y) · F (z, x) · F (y, z) = 1, where (x, y, z) is any

triple of variables such that z · y · x = 1,
(d) and the pentagon relation of Figure 10.1.

Proof. We determine the expression of the unit, pentagon and hexagon con-
straints of Theorem 6.2.4(b-c) for the braiding operator c = τ and an associator of
the form a = α · F (a12, a23). The reduction of the unit constraints of the theorem
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to F (x, 1) = 1 = F (1, x) is immediate. The equivalence between the pentagon
constraint, expressed by the commutation of the diagram of Figure 6.1, and the
equation of Figure 10.1 is immediate too (we just expand the expression of our
element in the general relation of that figure).

The hexagon relations of the theorem, expressed by the commutation of the
diagram of Figure 6.6, read:

m(1, c) · a ·m(c, 1) = a · c(1,m) · a,
m(c, 1) · a−1 ·m(1, c) = a−1 · c(m, 1) · a−1.

These equations are equivalent to

a = (m(1, c)−1a ·m(1, c)) · (m(c, 1) · a ·m(c, 1)−1)

(m(1, c)−1 · a−1 ·m(1, c)) = (c(m, 1)−1 · a−1 · c(m, 1)) · a−1

In our case a = α·F (a12, a23), we have the relation g−1·F (x, y)·g = F (g−1xg, g−1yg)
and we see that

m(c, 1) · a12 ·m(c, 1)−1 = a12, m(c, 1) · a23 ·m(c, 1)−1 = a13,

c(m, 1)−1 · a12 · c(m, 1) = a13, c(m, 1)−1 · a23 · c(m, 1) = a12,

m(1, c)−1 · a12 ·m(1, c) = a13, m(1, c)−1 · a23 ·m(1, c) = a23.

(Draw the pictures corresponding to these conjugation relations.) Hence, the
hexagon relations are equivalent to the combined identities{

F (a12, a23) = F (a13, a23) · F (a12, a13),

F (a13, a23)−1 = F (a13, a12)−1 · F (a12, a23)−1,

⇔
{
F (a12, a13) = F (a13, a23)−1 · F (a12, a23),

F (a13, a12)−1 = F (a13, a23)−1 · F (a12, a23)

in the group P̂3.
The elements x = a12 and y = a13 generate a free group in P3 (like a12 and

a23), and the already mentioned relation c = a12a23a13 implies that a23 agrees with
the product z = x−1y−1 up to a central element c which we can factors from any
formal expression in the group P̂3. These observations imply that our equations
are equivalent to the system of relations

F (x, y) = F (y, x)−1 and F (x, y) · F (z, x) · F (y, z) = 1

given in our statement, and this result completes the verification of our assertions.
�

In the discussion of §10.1.2, we already recalled that the morphisms φ : PaB+ →
P̂aB+ in Proposition 10.1.4 are equivalent to morphisms defined on the Malcev

completion of the parenthesized braid operad. Let φ : P̂aB+ → P̂aB+ and ψ :

P̂aB+ → P̂aB+ be such morphisms, associated to the Malcev group elements

F (x, y) ∈ F̂(x, y) and G(x, y) ∈ F̂(x, y) under the correspondence of Proposi-
tion 10.1.3-10.1.4.

We have the following easy observation:
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Proposition 10.1.5. The Malcev group element (F ◦ G)(x, y) ∈ F̂(x, y) asso-

ciated to the composite morphism φ ◦ ψ : P̂aB+ → P̂aB+ can be determined by the
formula

(F ◦G)(x, y) = F (x, y) ·G(x, yF ),

where we set yF = F (x, y)−1 · y · F (x, y).

Proof. Exercise: go back to the arguments of Theorem 6.2.4 in order to de-
termine the image of the element ψ(α) = α · G(a12, a23) under the morphism φ
determined by the Malcev group element F (x, y). �

We get the following final result:

Theorem 10.1.6 (Equivalence between the operadic approach and the Drinfeld
definition [48, §4]). The Grothendieck-Teichmüller group GT 1(k) is isomorphic to

the group formed by the Malcev group elements F (x, y) ∈ F̂(x, y), which satisfy the
relations of Proposition 10.1.4, and are invertible with respect to the composition
operation of Proposition 10.1.5. �

10.1.7. The pro-unipotent structure of the Grothendieck-Teichmüller group. The
Grothendieck-Teichmüller group GT 1(k) is equipped with a natural filtration by
normal subgroups Fm GT 1(k) such that GT 1(k) = limm GT 1(k)/ Fm GT 1(k), and
each quotient GT 1(k)/ Fm GT 1(k) is unipotent in the classical sense of algebraic
group theory (see for instance [30]). We therefore say that GT 1(k) is a pro-
unipotent version of the Grothendieck-Teichmüller group, as opposed to the profi-
nite version which occurs in Grothendieck’s program (see our overview in the con-
cluding part of this volume).

We refer to [48, §5] for a description of the Lie algebra gt1 associated with this
pro-algebraic group structure on GT 1(k). This Lie algebra gt1 is also equipped
with a filtration such that gt1 = limm gt1 / Fm gt1.

In the next section, we define a graded version of the Grothendieck-Teichmüller
group GRT 1(k), which is also pro-algebraic. The Lie algebra associated with this
group, denoted by grt1, is equipped with a weight grading such that grt1 = E0 gt1,
and this relationship motivates the name (as well as the notation) given to this
group (see [48, §5]).

10.2. The operad of chord diagrams and associators

We now address the definition of the torsor of Drinfeld’s associators. In the
introduction of the chapter, we only mention the torsor Ass1(k), but we have a
torsor Assµ(k) associated to each parameter µ ∈ k× and we recall the general
definition.

We first define an operad in weight graded Lie algebras, the Drinfeld-Kohno
operad, which intuitively represents an infinitesimal approximation of the operad
of colored braids of §5.2. We proved in §8 that any Malcev complete group Ĝ is
associated to a complete Lie algebra ĝ so that Ĝ = G k[G]̂= G Û(ĝ). We moreover

have an identity E0 ĝ = E0 Ĝ, where E0 Ĝ is a weight graded Lie algebra defined by
the sub-quotients of a natural filtration on Ĝ. The weight graded Lie algebras p(r)
defining the components of the Drinfeld-Kohno operad p = {p(r)} are identified

with the weight graded Lie algebras E0 P̂r associated to the Malcev completion
of the pure braid groups G = Pr. Recall that Pr represents the automorphism
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group of any object in the rth component of the operad of colored braids CoB(r).
The definition of the operad structure on the Drinfeld-Kohno operad reflects the
structure of this operad.

In a second step, we study an operad in complete Hopf algebras formed by
the completion (with respect to the weight grading) of the enveloping algebras of

the Drinfeld-Kohno Lie algebras Û(p̂(r)). We regard this operad in complete Hopf
algebras as an operad in complete Hopf groupoids which has the one-point set as

object set in each arity. We use the notation ĈD for the image of this operad under
the group-like element functor (see §9.3), and we adopt the name of chord diagram
operad to refer to this operad in the category of Malcev complete groupoids. This
terminology is motivated by a correspondence between the monomials in the en-
veloping algebra of the Drinfeld-Kohno Lie algebras and certain chord diagrams
occurring in the definition of a universal Vassiliev invariant.

We have by definition Mor ĈD(r) = G Û(p̂(r)) = {eξ|ξ ∈ p̂(r)}, where we take

the completion of a weight graded Lie algebra p(r) such that p(r) = E0 P̂r. The
main purpose of this section is to check the existence of categorical equivalences

of operads φ : P̂aB → ĈD which realizes this identity of weight graded objects at
the morphism level. We deduce from Theorem 6.2.4 that the set of these operad
morphisms is in bijection with a set of associators in the chord diagram operad. We
precisely check that this set of associators is equivalent to the notion of associator
introduced by Drinfeld in [48], and as such, is is not empty for any coefficient field
of characteristic zero k.

To start with, we explain the definition of the Drinfeld-Kohno Lie algebras p(r),
r ∈ N.

10.2.1. The Drinfeld-Kohno Lie algebras. The rth Drinfeld-Kohno Lie algebra
p(r) is defined by a presentation by generators and relations

p(r) = L(tij |1 ≤ i 6= j ≤ r)/ < [tij , tkl], [tij , tik + tkl] >

where:

(a) a generator tij is associated to each pair {i 6= j} ⊂ {1, . . . , r},
(b) and the generating relations consist of the commutation relations

[tij , tkl] = 0,

which hold for all quadruples {i 6= j 6= k 6= l} ⊂ {1, . . . , r}, together with
relations

[tij , tik + tkj ] = 0,

usually referred to as the Yang-Baxter relations, which hold for all triples
{i 6= j 6= k} ⊂ {1, . . . , r}.

In these expressions, we assume tij = tji for each pair {i, j} ⊂ {1, . . . , r}.
The generating relations (b) are homogeneous with respect to the natural

weight grading of free Lie algebras. The Lie algebras p(r) accordingly inherit
a weight grading where the generating elements tij are homogeneous of weight
1. We explicitly have p(r)m = Lm /Lm ∩ < [tij , tkl], [tij , tik + tkl] >, where
we set Lm for the homogeneous component of weight m in the free Lie algebra
L = L(tij |1 ≤ i 6= j ≤ r).
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10.2.2. The connection with the presentation of pure braid groups. In §10.1.2,
we recall the definition of the generating elements aij of the pure braid group on 3
strands P3. In the general case, we consider an obvious extension of this definition,
with an element aij ∈ Pr, associated to each pair {i < j} ⊂ {1 < · · · < r}, given
by the following picture:

(a) aij =

i j

· · · · · · · · ·

· · · · · · · · ·

· · · · · · · · · .

Note that the ordering of the pair i < j is significant in this definition since we do
not get the same braid when we swap the positions of the strands (i, j). The pure
braid group Pr has a presentation with these elements as generators, and whose
generating relations read:

(b) a−1
kl aijakl =


aij , for k < l < i < j or i < k < l < j,

akjaija
−1
kj , for k < l = i < j,

(aijalj)aij(aijalj)
−1, for k = i < l < j,

(akjalja
−1
kj a

−1
lj )aij(akjalja

−1
kj a

−1
lj )−1, for k < i < l < j.

Just recall that the pure braid group Pr can be defined as the fundamental
group of the configuration space of r points in the open disc F (D̊2, r). The above
presentation can be established by induction, by using the homotopy exact sequence
associated to the fibration f : F (D̊2, r)→ F (D̊2, r− 1) which forgets about the last
point of a configuration. In the proof of Proposition 5.0.1, we already observed that
the fiber of this map is a disc with r− 1 punctures D̊2 \ {z0

1 , . . . , z
0
r−1}, so that our

homotopy exact exact reduces to a short exact sequence of fundamental groups

1→ π1(D̊2 \ {z0
1 , . . . , z

0
r−1})→ π1 F (D̊2, r)︸ ︷︷ ︸

=Pr

→ π1 F (D̊2, r − 1)︸ ︷︷ ︸
=Pr−1

→ 1.

The elements air, i = 1, . . . , r − 1, in our presentation are given by the standard
generators of the fundamental group of this punctured disc D̊2 \{z0

1 , . . . , z
0
r−1}. We

refer to [24] for details.
We use the following theorem:

Theorem 10.2.3 (T. Kohno [102]). We have a Hopf algebra isomorphism

υ : U p(r)
'−→ E0 k[Pr]

defined on generating elements by the mapping

υ(tij) = [aij ]− 1, for i < j,

where we use the notation [aij ]− 1 for the class of the difference [aij ]− 1 ∈ I k[Pr]
in the homogeneous component of weight 1 of the weight graded algebra E0 k[Pr] =⊕

s Is k[Pr]/ Is+1 k[Pr].
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Explanations and references. The difference [aij ]− 1 defines a primitive
element in the weight graded Hopf algebra E0 k[Pr] because we have

∆([aij ]− 1) = ([aij ]− 1)⊗ 1 + 1⊗ ([aij ]− 1) + ([aij ]− 1)⊗ ([aij ]− 1)︸ ︷︷ ︸
≡0

by definition of the filtration on a tensor product. We can moreover readily deduce,
from the relations (b) of §10.2.2, that our mapping cancels the defining relations of
the Drinfeld-Kohno Lie algebra (go back to the relations establish in the proof of
Proposition 8.2.4 in order to perform this computation). We therefore have a well
defined morphism of weight graded Hopf algebras υ : U(p(r))→ E0 k[Pr] such that

υ(tij) = [aij ]− 1, for all i < j.
The difficulty is to check that this mapping is an iso. This result is established

by methods of rational homotopy in the cited paper [102]. In a more elementary
approach, one can rely on the short exact sequence of fundamental groups of §10.2.2
to establish that the sub-quotients of the derived series of the group Pr are isomor-
phic to the homogeneous components of the Drinfeld-Kohno Lie algebra (see [180]),
and we can use this observation (together with general statements of §7.3 and §8) to

define a morphism of Lie algebras P(E0 k[Pr]) = E0(P̂r)→ p(r) yielding an inverse
of our map υ : U p(r)→ E0 k[Pr] at the Hopf algebra level. �

By Proposition 8.2.4, the claim of Theorem 10.2.3 is also equivalent to the defi-

nition of an isomorphism υ : p(r)
'−→ E0 P̂r between the Drinfeld-Kohno Lie algebra

p(r) and the weight graded Lie algebra associated to the Malcev completion of the
pure braid group Pr. This iso maps the generator tij of the Drinfeld-Kohno Lie al-

gebra to the class of the element aij ∈ Pr in the subquotient E0 P̂r. In applications
of this section, we use this equivalent form of the result of Theorem 10.2.3.

10.2.4. The algebras of chord diagrams. The enveloping algebra of the Drinfeld-
Kohno Lie algebra p(r) is identified with the associative algebras defined by the
presentation:

U p(r) = T(tij |1 ≤ i 6= j ≤ r)/ < [tij , tkl], [tij , tik + tkl] >,

where we consider the same relations as in the Lie algebra case, but the bracket
now refers to the commutator [a, b] = ab− ba.

The associative algebra given by this presentation is also called the algebra
of chord diagrams. This expression refers to a representation of the monomials
ti1j1 · . . . · timjm by chord diagrams on r strands. The diagrams corresponding to
such a monomial is obtained by drawing a chord between the strand ik and the
strand jk, for each factor tikjk , so that the composition ordering of the monomial,
read from right to left, corresponds to a downwards orientation of the diagram. For
instance, we have:

t12t12t36t24 =

1 2 3 4 5 6

• •
• •

• •
• •

.

In this chord diagram representation, the commutation relation reads

i j k l

• •
• •

−
i j k l

• •
• •

= 0,

Benoit Fresse
Crayon

Benoit Fresse
Crayon
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and the Yang-Baxter relation is equivalent to the identity:

i j k

• •
• •

+
i j k

• •
• •

−
i j k

• •
• •

−
i j k

• •
• •

= 0.

This latter equation is also called the four term relation (the 4T relation for short)
in the literature on Vassiliev’s invariants.

10.2.5. The operad structure on the Drinfeld-Kohno Lie algebras. In §§7.2.20-
7.2.23, we introduce the direct sum of Lie algebras as the tensor product operation
of a symmetric monoidal structure, which we use to define the notion of an operad
in the category of Lie algebras.

We provide the collection of Lie algebras p(r), r ∈ N, with such an operad
structure:

(a) the action of a permutation w ∈ Σr on the Lie algebra p(r) is defined on
generating elements by the formula

w · tij = tw(i)w(j)

for all pairs {i, j} ⊂ {1, . . . , r},
(b) the operadic unit η : 0 → p(1) is naturally given by the zero morphism

(which is also an isomorphism since we trivially have p(1) = 0),
(c) the partial composition products are the Lie algebra morphisms

◦k : p(m)⊕ p(n)→ p(m+ n− 1)

such that

tij ◦k 0 =



ti+n−1j+n−1, if k < i < j,

tij+n−1 + · · ·+ ti+n−1j+n−1, if k = i < j,

tij+n−1, if i < k < j,

tij + · · ·+ tij+n−1, if i < k = j,

tij , if i < j < k,

and

0 ◦k tpq = tp+k−1q+k−1 for all values of k = 1, . . . ,m,

where we use the notation x ◦k y for the image of an element (x, y) under
this Lie algebra map ◦k.

Recall that the Lie algebra morphisms φ : g⊕ h → m are equivalent to pairs of
Lie algebra morphisms (u : g → m, v : g → m) such that [u(g), v(h)] = 0. In
the definition of (c), we implicitly assume that our maps give rise to such well-
defined Lie algebra morphisms on the direct sum p(m)⊕p(n). This assertion follows
from straightforward verifications involving the commutation and the Yang-Baxter
relations.

The verification of the operad axioms in the Lie algebras p(r) is immediate from
our definition of the structure morphisms on generating elements. We refer to this
operad, formed by the collection of the Drinfeld-Kohno Lie algebras p = {p(r)}, as
the Drinfeld-Kohno operad.
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10.2.6. The operad structure on chord diagrams. By Proposition 7.2.23, we
have an iso U(g) ⊗ U(h) = U(g⊕ h) so that the enveloping algebra functor defines
a symmetric monoidal functor from Lie algebras to Hopf algebras. This result
implies, according to the general statement of Proposition 2.1.4, that the collection
of enveloping algebras U p = (U p(n)) forms an operad in the category of Hopf
algebras. In short:

– each Hopf algebra U p(r) inherits an action of the symmetric group from
the Lie algebra p(r) by functoriality of the enveloping algebra mapping;

– we moreover have p(1) = 0⇒ U p(1) = k so that our collection U p has an
obvious operadic unit;

– and we consider the Hopf algebra morphisms

U(p(m))⊗ U(p(n))
'−→ U(p(m)⊕ p(n))

◦k−→ U(p(m+ n− 1)),

induced by the Lie algebra morphism of §10.2.5(c) to define the partial
composition products of our operad U p.

In the chord diagram representation, the kth partial composition product of
monomials in the enveloping algebra U p(m+n−1) can be identified with a natural
cabling operation where a chord diagram on n strands u is plugged in the kth strand
of an input chord diagram v. The composite of these chord diagrams u ◦k v is the
sum of all diagrams obtained by attaching the strings joining the kth strand of u
to a strand in v. To give a simple example, we have the formula

1 2 3

• •
• •

◦2
1 2

• • =

1 2 3 4

• •
• •
• •

+

1 2 3 4

• •
• •
• •

in U p(4).
10.2.7. The unitary extension of the Drinfeld-Kohno operad. In §§10.2.5-10.2.6,

we are not precise about the arity 0 component of our operads. By convention, we
assume that we deal with a non-unitary operad when we use the notation p. But
the definition of §10.2.5 has an obvious extension in the unitary setting. Hence,
we also have a unitary operad in the category of Lie algebras, defining a unitary
extension of our operad p, and which we denote by p+ (with the usual + mark
of unitary operads). Recall that we have to adapt the concepts of §§3.2-3.3 when
we work within a symmetric monoidal category, like the category of Lie algebras,
of which tensor product does not preserve colimits (see §§1.1.19-1.1.20). To be
explicit, when we deal with such a situation, we simply drop our consideration of
arity 0 terms in the definition of non-unitary operads instead of assuming that such
terms are given by the initial object of the ambient category. In fact, since the
initial object (the zero object) 0 is the tensor product unit in the category of Lie
algebras, we have p+(0) = 0 for the unitary operad p+, and not the converse.

The definition of the partial composition operations with this arity zero term are
given by a formal extension of the definition of §10.2.5. The restriction morphisms
∂k : p(r)→ p(r−1), k = 1, . . . , r, equivalent to these partial composition operations,
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are given on generating elements by:

∂k(tij) =



ti−1j−1, if k < i < j,

0, if k = i < j,

tij−1, if i < k < j,

0, if i < k = j,

tij , if i < j < k.

We adopt similar conventions for the enveloping algebra operad associated to
the Drinfeld-Kohno operad in Lie algebras. We then have U p+(0) = k, the ground
ring, which also represents the zero object of the category of Hopf algebras. We can
identify the restriction morphisms ∂k : U p(r) → U p(r − 1), k = 1, . . . , r, with the
operation which consists in withdrawing the kth strand in the chord diagram rep-
resentation of our monomials. The image of a chord diagram under this operation
is zero as soon as a chord is attached to the kth strand of our diagram.

10.2.8. Completions and the operad of chord diagrams. We can regard the Hopf
algebras of §10.2.4 as the hom-objects of a collection of Hopf groupoids H(r) such
that ObH(r) = pt and HomH(r)(pt , pt) = U p(r) for each r > 0. We have an operad
structure on this collection of Hopf groupoids defined by the construction of §10.2.8
at the hom-object level. We apply the completion process of §9.2 to get an operad

in complete Hopf groupoids Ĥ from this operad H.
The filtration used to defined this completion is given, on the hom-object

HomH(r)(pt , pt), by the powers of the augmentation ideal of the enveloping alge-
bra U(p(r)). In the presentation of §10.2.4, we readily see that the sth layer
of this filtration Is U(p(r)) is identified with the module spanned by monomials
ti1j1 · . . . · timjm of length m ≥ s. These monomials corresponds to chord diagrams
with m ≥ s chords in our representation. The completion of the enveloping al-
gebra U(p(r)) with respect to this filtration is also identified with the complete

enveloping algebra Û(p̂(r)) on the complete Lie algebra p̂(r) such that

p̂(r) = L̂(tij |1 ≤ i 6= j ≤ r)/ < [tij , tkl], [tij , tik + tkj ] >,

for each r > 0, where we take the same conventions as in Proposition 8.3.1 for
the definition of the free complete Lie algebra L̂(tij |1 ≤ i 6= j ≤ r). Since the
generating relations of the Lie algebra p(r) are homogeneous, we have an identity
p̂(r) =

∏∞
m=1 Lm /Lm ∩ < [tij , tkl], [tij , tik + tkl] >, where, as in §10.2.1, we set Lm

for the homogeneous component of weight m of the free Lie algebra L = L(tij |1 ≤
i 6= j ≤ r). The complete enveloping algebra Û(p̂(r)) similarly satisfies Û(p̂(r)) =

T̂(tij |1 ≤ i 6= j ≤ r)/ < [tij , tkl], [tij , tik+ tkj ] >, where we just replace the ordinary
tensor algebra of §10.2.4 by the completed one.

We adopt the expression of chord diagram operad, and use the notation ĈD,

for the operad in Malcev complete groupoids such that Ob ĈD = G(Ĥ), where we
apply the group-like element functor of §9.2.4 (see also §9.3). We therefore have

Ob ĈD(r) = pt and

Mor
ĈD(r)

(pt , pt) = G T̂(tij |1 ≤ i 6= j ≤ r)/ < [tij , tkl], [tij , tik + tkj ] >︸ ︷︷ ︸
=Û(p̂(r))

,

for every r > 0.
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Proposition 8.1.5 (see also Lemma 9.2.9) gives an identity between the mor-
phisms u ∈ Mor

ĈD(r)
(pt , pt) and the exponentials ep such that p ∈ p̂(r). The

defining structure morphisms of this operad are defined by constant maps at the
object set level and by the structure morphisms of the Drinfeld-Kohno Lie operad
at the morphism set level.

The chord diagram operad has also an obvious unitary extension ĈD+ defined
by considering the unitary extension of the Drinfeld-Kohno operad at the morphism
level.

10.2.9. Operad morphisms and associators in the chord diagram operad. We
consider the set of morphisms of unitary operads in Malcev complete groupoids

φ : P̂aB+ → ĈD+

which are bijective at the morphism set level, and hence, define a categorical equiv-

alence from the Malcev completion of the operad of parenthesized braids P̂aB+

towards the Malcev complete operad of chord diagrams ĈD+.
By Proposition 9.2.8, any such morphism of operads in the category of Malcev

complete groupoids φ : P̂aB+ → ĈD+ occurs as the unique extension, to the

completed operad P̂aB+, of a morphism of operads in groupoids φ : PaB+ → ĈD+,
where we consider the basic operad of parenthesized braids PaB+ and we forget
about the Malcev structure of the operad of chord diagrams. By Theorem 6.2.4,

the construction of such a morphism φ : PaB+ → ĈD+ reduces to the definition

of a product operation m = m(x1, x2) = φ(µ) ∈ Ob ĈD(2) in the chord diagram

operad ĈD, of a braiding c = c(x1, x2) = φ(τ) ∈ Mor ĈD(2), and of an associator

a = a(x1, x2, x3) = φ(α) ∈ Mor ĈD(3). The unit object e, which is also considered
in the general statement of Theorem 6.2.4, is again fixed by the assumption that

the groupoid ĈD+(0) reduces to the one-point set pt . We have no choice for the

product too m = φ(µ) ∈ Ob ĈD(2) since we have Ob ĈD(r) = pt for all r > 0 by
definition of the chord diagram operad.

In arity 2, we trivially have p̂(2) = k t12 so that the braiding c = c(x1, x2) ∈
Mor

ĈD(2)
(pt , pt) is given by an exponential

(a) c(x1, x2) = exp(µt12/2) ∈ G Û(p̂(2)),

for some µ ∈ k. In the case of a categorical equivalence, we assume that our mor-

phism φ induces a bijection of morphism sets Mor
P̂aB(2)

(pt , pt)
'−→ Mor

ĈD(2)
(pt , pt),

and this requirement implies µ ∈ k×.
In arity 3, the Lie algebra p̂(3) splits as a direct sum p̂(3) = k c ⊕ L̂(t12, t23),

where k c is a central Lie subalgebra, spanned by the element c = t12 + t23 + t13,
and we consider the free complete Lie algebra generated by the Drinfeld-Kohno
elements t12 and t23. We therefore have a(x1, x2, x3) = eλc · Φ(t12, t23), where
λ ∈ k and Φ(t12, t23) is a group like element in the enveloping algebra of the free

complete Lie algebra L̂(t12, t23). We immediately deduce from the unit identity
a(x1, e, x3) = 0 that the central factor eλc is trivial in a(x1, x2, x3). Thus we finally
obtain an expression of the form:

(b) a(x1, x2, x3) = Φ(t12, t23) ∈ G ÛL̂(t12, t23)

for the associator a = a(x1, x2, x3) ∈ Mor ĈD(3). We record the outcome of this
discussion in a proposition:
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Proposition 10.2.10. A morphism of unitary operads φ : PaB+ → ĈD+,
satisfying

φ(τ) = exp(µt12/2) ∈ Mor
ĈD(2)

(pt , pt), µ ∈ k×,

for the braiding τ ∈ MorPaB(2), is uniquely determined by a group-like power series

Φ(t12, t23) ∈ G T̂(t12, t23) = G ÛL̂(t12, t23)

so that we have:

φ(α) = Φ(t12, t23)

in the morphism set Mor
ĈD(3)

(pt , pt). �

To complete this proposition, we write down the coherence constraints of The-

orem 6.2.4 for the definition of operad morphisms φ : PaB+ → ĈD+ in terms of the
corresponding associator Φ = Φ(t12, t23). We obtain the following proposition:

Proposition 10.2.11. The assignment

φ(µ) = pt , φ(τ) = exp(µt12/2), φ(α) = Φ(t12, t23),

in Proposition 10.2.10, determines a well-defined morphism of unitary operads

φ : PaB+ → ĈD+

if and only if our power series Φ(t12, t23) satisfies:

(a) the unit relations Φ(x, 0) = 1 = Φ(0, x),
(b) the involution relation Φ(x, y) · Φ(y, x) = 1,
(c) the hexagon equation eµx/2 · Φ(z, x) · eµz/2 · Φ(y, z) · eµy/2 · Φ(x, y) = 1,

where (x, y, z) is any triple of variables such that z + y + x = 0.
(d) and the pentagon equation

Φ(t12, t23 + t34) · Φ(t13 + t23, t34)

= Φ(t23, t34) · Φ(t12 + t13, t24 + t34) · Φ(t12, t23)

in Û(p̂(4)).

Proof. We determine the expression of the unit, pentagon and hexagon con-
straints of Theorem 6.2.4 for the braiding φ(τ) = exp(µt12/2) and an element of the

form φ(α) = Φ(t12, t23) in ĈD. The equivalence between the pentagon constraint
of Figure 6.1 and the equation of Figure 10.1 is immediate (we just expand the
expression of our element in the general relation of Figure 6.1). The reduction of
the unit constraints of Theorem 6.2.4 to Φ(x, 0) = 1 = Φ(0, x) is immediate too.

The hexagon equations read:

eµt13/2 · Φ(t12, t13) · eµt12/2 = Φ(t23, t13) · eµ(t12+t13)/2 · Φ(t12, t23),

eµt13/2 · Φ(t13, t23)−1 · eµt23/2 = Φ(t13, t12)−1 · eµ(t13+t23)/2 · Φ(t12, t23)−1.

In the first equation, we set x = t13, y = t23. We then have t12 = z + c, where
we set z = −x − y and c = t12 + t23 + t13 denotes the central element of p(3) as
in §10.2.9. The unit relations Φ(x, 0) = 1 = Φ(0, x) implies that the Lie power series
P (x, y) = log Φ(x, y) ∈ L(x, y) such that Φ(x, y) = exp(P (x, y)) has no component
in weight 1, and we consequently have Φ(t12,−) = Φ(z,−), and Φ(−, t12) = Φ(−, z),
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since c is central [c,−] = 0. We can also collect the factors eµc/2 in our equation.
The first hexagon relation is therefore equivalent to the equation:

eµx/2 · Φ(z, x) · eµz/2 = Φ(y, x) · e−µy/2 · Φ(z, y)

⇔ Φ(y, x) = eµx/2 · Φ(z, x) · eµz/2 · Φ(z, y)−1 · eµy/2

The second hexagon relation, where we set x = t12 and y = t23, so that t13 = z + c
for z = −x− y, is similarly equivalent to the equation

eµz/2 · Φ(z, y)−1 · eµy/2 = Φ(z, x)−1 · e−µx/2 · Φ(x, y)−1

⇔ Φ(x, y)−1 = eµx/2 · Φ(z, x) · eµz/2 · Φ(z, y)−1 · eµy/2.

These equations are clearly equivalent to the combination of relations

Φ(y, x) = Φ(x, y)−1 and eµx/2 · Φ(z, x) · eµz/2 · Φ(y, z) · eµy/2 · Φ(x, y) = 1,

given in our statement, and this result completes the verification of our assertions.
�

10.2.12. Remark. By Proposition 8.1.5, the group like elements Φ(t12, t23) con-
sidered in Proposition 10.2.10, satisfy Φ(t12, t23) = expP (t12, t23) for a Lie power

series P (t12, t23) = αt12 + βt23 + γ[t12, t23] + · · · ∈ L̂(t12, t23). In the proof of our
statement, we have already observed that the unit relations Φ(x, 0) = Φ(0, x) = 1
imply α = β = 0. By a theorem of Furusho (see [64]), any element Φ(t12, t23) ∈
G T̂(t12, t23) satisfying the pentagon equation (d) of Proposition 10.2.11 also satisfies
the hexagon equation (c) for a parameter µ ∈ k determined by the coefficient γ ∈ k.

In the discussion of §10.2.9, we already recalled that the morphisms φ : PaB+ →
ĈD+ in Proposition 10.2.11 are equivalent to morphisms defined on the Malcev com-

pletion of the parenthesized braid operad φ : P̂aB+ → ĈD+. In §10.1, we used the
same correspondence for the study of the automorphisms of the Malcev completion
of the parenthesized braid operad. In the associator case, we can establish the
following result:

Proposition 10.2.13. The morphisms φ : P̂aB+ → ĈD+ arising from the
construction of Proposition 10.2.11 induce bijections on morphisms sets (and hence,
are categorical equivalences of operads in groupoids in the sense of §5.2.2), as soon
as we assume µ ∈ k×.

Proof. To establish this proposition, we use the identity Mor
P̂aB(r)

(p, p) =

P̂r, which holds for any parenthesized word p ∈ Ω(r), and the isomorphism υ :

p(r)
'−→ E0 P̂r between the Drinfeld-Kohno Lie algebra p(r) and the weight graded

Lie algebra associated to the Malcev completion of the pure braid group Pr. Recall
that this iso associates the element āij ∈ E0 P̂r to the generator tij of the Drinfeld-
Kohno Lie algebra.

We have by definition Mor
ĈD(r)

(pt , pt) = G Û(p̂(r)), where we consider the

completion of the Lie algebra p(r) with respect to the filtration defined by the weight

grading. By Proposition 8.1.5, we also have an iso E0 G Û(p̂(r)) = E0 p̂(r) = p(r),
yielded by the exponential mapping.
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Since all morphism sets of the groupoid P̂aB(r) are isomorphic, we can work
with the fixed parenthesized word p = ((· · · ((x1x2)x3) · · · )xr). Each subgroup of

the natural filtration on G Û(p̂(r)) is normal (by the commutator condition of §8.2.2)

and each sub-quotient E0 G Û(p̂(r)) is also abelian. Consequently, we have g−1 ·eλtij ·
g = eλtij/2 in E0 G Û(p̂(r)), for any λ ∈ k, and this exponential also corresponds to
the element λtij in the Drinfeld-Kohno Lie algebra. The image of the pure braid
generator aij in the morphism set Mor

P̂aB(r)
(p, p), can be written as a composite

morphism

u = g−1 · q(x1, . . . , τ
2(xi, xj), . . . , xr) · g,

where g is a composite of braidings and associators in PaB(r), and q is a parenthe-
sized word on r − 1 variables. The image of this composite under our morphism

φ : P̂aB+ → ĈD+ reads

φ(u) = φ(g)−1 · eµtij · φ(g),

and according to our recollections, reduce to the exponential eµtij in the sub-
quotient.

Hence, our map

Mor
P̂aB(r)

(p, p)︸ ︷︷ ︸
=P̂r

φ−→ Mor
ĈD(r)

(pt , pt)︸ ︷︷ ︸
=G Û(p̂(r))

reduces to the multiple µ·υ−1 of the inverse of the iso υ considered in Theorem 10.2.3
on the weight graded Lie algebras E0 Ĝ associated to our groups Ĝ = P̂r,G Û(p̂(r)).
By the limit condition of §8.2.2, we immediately conclude that the map φ is bijective

at the level of our morphism sets themselves, so that φ : P̂aB+(r)→ ĈD+(r) defines
an equivalence of groupoids for each r ∈ N. �

We now consider an automorphism of the completed parenthesized braid operad

ψ : P̂aB+ → P̂aB+, which defines an element in the Grothendieck-Teichmüller

group, and we aim to determine the composite φ ◦ ψ : P̂aB+ → ĈD+ of this
morphism with our categorical equivalence of operads in Malcev complete groupoids

φ : P̂aB+ → ĈD+. Let G(x, y) ∈ F̂(x, y) be the Malcev group element associated to

ψ : P̂aB+ → P̂aB+ under the correspondence of Proposition 10.1.3-10.1.4. We still

deal with the power series Φ(t12, t23) ∈ G T̂(t12, t23), associated to φ : P̂aB+ → ĈD+.
We have the following easy observation:

Proposition 10.2.14. The composite morphism φ◦ψ : P̂aB+ → ĈD+ satisfies
φ ◦ ψ(τ) = φ(τ) = exp(µt12/2), and the power series φ ◦ ψ(α) = ΦG(t12, t23) ∈
G T̂(t12, t23) associated to this composite morphism under the correspondence of
Proposition 10.2.10-10.2.11 can be determined by the formula:

ΦG(t12, t23) = Φ(t12, t23) ·G(exp(µt12/2), exp(µt23/2)Φ),

where we set yΦ = Φ(t12, t23)−1 · y · Φ(t12, t23) for any y ∈ T̂(t12, t23).

Proof. Exercise: go back to the arguments of Theorem 6.2.4 in order to de-
termine the image of the element ψ(α) = α · G(a12, a23) under the morphism φ
determined by our power series Φ(t12, t23). �
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10.2.15. The explicit definition of the set of Drinfeld’s associators. We now
define the set of Drinfeld’s associators, denoted by Assµ(k), as the set of group-like
power series

Φ(t12, t23) ∈ G T̂(t12, t23) = G ÛL̂(t12, t23)

satisfying the unit, involution, hexagon and pentagon constraints (a-d) of Proposi-
tion 10.2.11, for a given parameter µ ∈ k×. We use the discussion §10.2.9 and the
result of Proposition 10.2.11 to identify such a power series with an associator in

the chord diagram operad ĈD+

a(x1, x2, x3) = Φ(t12, t23) ∈ Mor
ĈD(3)

(pt , pt)︸ ︷︷ ︸
=G Û(p̂(3))

where we take the braiding morphism c(x1, x2) = exp(µt12/2) to fix a symmetry
constraint.

We summarize the result of Proposition-10.2.10-10.2.13 in the following Theo-
rem:

Theorem 10.2.16 (Equivalence between the operadic approach and the Drin-
feld definition [48, §5]). The categorical equivalences of operads in Malcev complete
groupoids

φ : P̂aB+ → ĈD+

satisfying

φ(τ) = exp(µt12/2),

for some parameter µ ∈ k×, are in bijections with the Drinfeld associators Φ(t12, t23) ∈
Assµ(k), so that we have

φ(α) = Φ(t12, t23)

in the chord diagram operad ĈD+, where τ (respectively, α) denotes the braiding
morphism (respectively, associator) defined within the parenthesized braid operad
(see §6.2.3). �

We have the following result:

Theorem 10.2.17 (V. Drinfeld [48, Proposition 5.3, Proposition 5.8]). The set
of Drinfeld’s associators Ass1(k) is not empty for every field such that Q ⊂ k.

The cited paper of V. Drinfeld [48] gives a first analytic construction of an
associator, in the complex coefficient case k = C. Drinfeld’s construction relies on
the study of the holonomy of a connection, the Knizhnik-Zamolodchikov connection,
which was introduced by Knizhnik-Zamolodchikov in the realm of conformal field
theory [99]. The papers [5, 153], give another effective construction of an associator
by using the holonomy of another connection, usually called the Alekseev-Torossian
connection. The definition of this latter connection relies on fiberwise integrations,
encoded by a graph complex, of certain differential forms on configuration spaces of
points in the plane. This process was introduced by M. Kontsevich in his work on
deformation-quantization [104, 105]. We give a brief account of Drinfeld’s associator
construction in §10.4. We will survey Kontsevich’s construction of differential forms
and give a brief overview of the definition of the Alekseev-Torossian associator later
on, in §II.7, when we study the formality of the little discs operads.
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The existence of associators with coefficients in any characteristic zero field is
established in [48, Proposition 5.3, Proposition 5.8] by two different methods. In
the approach of [48, Proposition 5.8] (see also [13, Corollary 4.1]) the idea is to
considers the sets Ass1

m(k) formed by the truncated power series Φm(t12, t23) ∈
T̂(t12, t23)/ Im+1 T̂(t12, t23) which satisfy the constraints attached to an associator
modulo error terms of weight > m. We then have Ass1(k) = limm Ass1

m(k).
The lifting Φm+1 ∈ Ass1

m+1(k) of a residue Φm ∈ Ass1
m(k) is determined

by affine equations with the element Φm as second member. (We refer to the
cited articles [13, 48] for details.) The existence of a complex (or real) associator
implies that these affine equations have a solution in the field k ⊂ C, for any such
Φm ∈ Ass1

m(k). Hence, we can obtain a whole sequence of truncated power series
Φm(t12, t23) defining an element Φ(t12, t23) in the limit set Ass1(k) = limm Ass1

m(k).
10.2.18. The set of associators as a torsor under the Grothendieck-Teichmüller

group. The definition of §10.2.9 readily implies that the group GT 1(k) acts freely
and transitively on each set Assµ(k), for any fixed parameter µ ∈ k×.

In §10.1.7, we mention that the group GT 1(k) decomposes into a limit GT 1(k) =
limm GT 1(k)/ Fm GT 1(k), where each quotient GT 1

m(k) = GT 1(k)/ Fm GT 1(k) is
an (algebraic) unipotent group. The just considered quotients Assµm(k) are also
algebraic varieties and each of them Assµm(k) forms a torsor, in the sense of alge-
braic group theory (see for instance [137, §III.4]), under the group GT 1

m(k). The
set of associators Assµ(k) is therefore a pro-torsor under the pro-unipotent group
GT 1(k).

In the next section, we explain that the set Assµ(k) inherits an action of the
graded Grothendieck-Teichmüller group GRT 1(k) too. Both actions commute and
the set Assµ(k) actually forms a pro-bitorsor under the action of the groups GT 1(k)
and GRT 1(k).

10.3. The graded Grothendieck-Teichmüller group

The purpose of this section is to outline the definition of the graded Grothendieck-
Teichmüller group GRT 1(k). This group has also been introduced by Drinfeld
in [48] and we again revisit Drinfeld’s original definition by introducing an operadic
viewpoint. We do not use the graded Grothendieck-Teichmüller group in our study.
We therefore reduce the account of this section to a survey of main definitions, and
we just give references for the proof of each statement.

We can apply the pullback construction of §6.1.5 to get a parenthesized ver-

sion of the chord diagram operad P̂aCD+ with the magma as object operad. We
explicitly define the graded Grothendieck-Teichmüller group GRT 1(k) by analogy
with the prounipotent Grothendieck-Teichmüller group GT 1(k) as a group of au-

tomorphisms associated to this operad P̂aCD+. We examine the definition of the

operad P̂aCD+ first.
In §6, we mention that Bar-Natan uses the name of parenthesized braids and

the notation PaB for a concept which differs from our operad of parenthesized braids
(see [13]). He actually deals with homogeneous components of the free algebra on
one variable associated with this operad (in the linear context). Let us mention
that the objects referred to as the parenthesized chord diagrams categories in [13]

similarly differ from our categories of parenthesized chord diagrams P̂aCD+(r), and
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Figure 10.2. The picture of a homomorphism in the operad in
Hopf groupoids underlying the parenthesized chord diagram op-

erad P̂aCD.

actually consist of the homogeneous components of the free algebra on one variable
associated with this operad.

10.3.1. The operad of parenthesized chord diagrams. We consider the obvious

morphism of set operads ω : Ω → Ob ĈD, defined by the constant map Ω(r) →
Ob ĈD(r) = pt in each arity r, and which sends the generating element of the
magma operad µ ∈ Ω(2) to the element m = φ(µ) of the one-point set formed by

this object operad Ob ĈD in arity r = 2. We define the operad of parenthesized

chord diagrams by setting P̂aCD = ω∗ĈD, where the notation ω∗ refers to the
pullback process of §6.1.5.

Each groupoid P̂aCD(r), r > 0, satisfies Ob P̂aCD(r) = Ω(r) by construction,

and we have Mor
P̂aCD(r)

(p, q) = Mor
ĈD(r)

(pt , pt) = G Û(p̂(r)) for all p, q ∈ Ω(r).

The symmetric group actions, the unit, and the composition operations defining
the operad structure on this collection of groupoids are, as usual, inherited from
the magma operad at the object set level and from the chord diagram operad at the
morphism set level (see §6.1.5). The operad of parenthesized chord diagrams has
a unitary version (like the parenthesized permutation and the parenthesized braid
operads) defined by an obvious unitary extension of our pullback construction.

We have an obvious identity P̂aCD = G(Ĥ), where we consider the completion

Ĥ of the operad in Hopf groupoids H such that ObH(r) = Ω(r) and HomH(r)(p, q) =

Û(p̂(r)) for all p, q ∈ Ω(r).
We can combine the chord diagram picture of §10.2.4 and the conventions

of §6.2.1 to get a graphical representation of the homomorphisms of this operad

H, and of the completed operad Ĥ similarly. We basically use that each homo-
morphism f ∈ HomH(r)(p, q) has a canonical decomposition f = g · u such that
g ∈ HomH(r)(p, q) is represented by the unit element 1 in the Hopf algebra U p(r),
and u is an endomorphism of the object p ∈ Ω(r) which captures the enveloping
algebra element corresponding to f in HomH(r)(p, q) = U p(r). We represent this
factor u ∈ HomH(r)(p, p) = U p(r) by a chord diagram on r strands arranged on
the centers of the diadic decomposition of the interval corresponding to our ele-
ment p ∈ Ω(r). We identify the factor g ∈ HomH(r)(p, q) of our morphism with a
correspondence, marked by lines in our figure, between the centers of the diadic
decompositions associated to p and q. Figure 10.2 gives an instance of this repre-
sentation for a homomorphism f = g ·u ∈ HomH(r)((((x2x4)x3)x1), (x3((x4x1)x2))).
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Fundamental instances of morphisms in the operad of parenthesized chord di-

agrams P̂aCD include the associator

α =

1 2 3

321

,(a)

(whose representation is the same as in the parenthesized braid operad case), the
symmetry operator

τ =

1 2

2 1

,(b)

and the exponential element

γ = exp

( 1 2

2 1

• •

)
.(c)

One can prove an analogue of the result of Theorem 6.2.4 for the operad of paren-
thesized chord diagrams (adapt the arguments of [13, Proposition 4.5, Proposition
4.8] to our formalism).

10.3.2. The graded Grothendieck-Teichmüller group. We define the graded Gro-
thendieck-Teichmüller group GRT 1(Q) as the group formed by the automorphisms

φ : P̂aCD+
'−→ P̂aCD+

of the unitary operad in Malcev complete groupoids P̂aCD+ so that:

(a) each component φ(r) : P̂aCD(r) → P̂aCD(r) of our morphism is given by

the identity mapping at the level of the object set Ob P̂aCD+(r) = Ω+(r);

(b) and the component φ(2) : P̂aCD(2) → P̂aCD(2) fixes the symmetry oper-
ator τ in the morphism set Mor

P̂aCD(2)
(µ(x1, x2), µ(x2, x1))

(c) as well as the exponential element γ ∈ Mor
P̂aCD(2)

(µ(x1, x2), µ(x1, x2))

of §10.3.1(c).

As in the case of the prounipotent Grothendieck-Teichmüller group, we can drop
the constraint (c) and consider a group GRT (Q) formed by all automorphisms of

the operad P̂aCD+ which are the identity at the object level and fix the symmetry

operator τ . The image of the chord exponential γ under a morphism φ : P̂aCD+ →
P̂aCD+ has an expression the form φ(γ) = γλ, for a formal exponent λ ∈ k. We
again see that this exponent necessarily satisfies λ ∈ k× if we assume that φ is an
iso, and the mapping ν : φ 7→ λ defines a group morphism ν : GRT (k) → k× of
which kernel represents the group GRT 1(k).

The result of Proposition 10.1.3 has the following easy analogue:

Proposition 10.3.3. The operad morphisms φ : P̂aCD+ → P̂aCD+ which fix

– the object µ = µ(x1, x2) ∈ Ob P̂aCD(2),
– the braiding τ ∈ Mor

P̂aCD(2)
(µ(x1, x2), µ(x2, x1)),

– and the exponential element γ = et12 ∈ Mor
P̂aCD(2)

(µ(x1, x2), µ(x1, x2)),



10.3. THE GRADED GROTHENDIECK-TEICHMÜLLER GROUP 289

are uniquely determined by an associated group-like power series

Φ(t12, t23) ∈ G T̂(t12, t23) = G ÛL̂(t12, t23)

so that we have

φ(α) = α · Φ(t12, t23)

in the morphism set Mor
P̂aCD(3)

(µ(µ(x1, x2), x3), µ(x1, µ(x2, x3))) of the parenthe-

sized chord diagram operad P̂aCD. �

We also have the following statement, which parallels the result of Proposi-
tion 10.1.4:

Proposition 10.3.4. The assignment

φ(µ) = µ, φ(τ) = τ, φ(γ) = γ, φ(α) = α · Φ(t12, t23)

in Proposition 10.3.3 determines a well-defined morphism of unitary operads

φ : P̂aCD+ → P̂aCD+

if and only if our power series Φ(t12, t23) ∈ G T̂(t12, t23) satisfies:

(a) the unit relations Φ(x, 0) = 1 = Φ(0, x),
(b) the involution relation Φ(x, y) · Φ(y, x) = 1,
(c) the hexagon equation Φ(z, x) · Φ(y, z) · Φ(x, y) = 1, where (x, y, z) is any

triple of variables such that z + y + x = 0,
(d) the semi-classical hexagon equation

x+ Φ(x, y)−1 · y · Φ(x, y) + Φ(x, z)−1 · z · Φ(x, z) = 0,

where (x, y, z) is again a triple of variables such that z + y + x = 0,
(e) and the pentagon equation

Φ(t12, t23 + t34) · Φ(t13 + t23, t34)

= Φ(t23, t34) · Φ(t12 + t13, t24 + t34) · Φ(t12, t23)

in Û(p̂(4)).

Proof. We refer to [13] for the proof of a similar statement, which we can
readily adapt in our setting. �

We have the following extra result, which parallels the statement of Proposi-
tion 10.2.13 on Drinfeld’s associators:

Proposition 10.3.5. The morphisms φ : P̂aCD+ → P̂aCD+ arising from the
construction of (10.3.4) automatically induce bijections on morphisms sets, and
hence, are isomorphisms of operads in groupoids.

Proof. We refer to [13] for the proof of a similar statement, which we can
again readily adapt in our setting. �

Let φ, ψ : P̂aCD+ → P̂aCD+ be endomorphisms of the operad P̂aCD+. Let

Φ(t12, t23),Ψ(t12, t23) ∈ G F̂(t12, t23) be the group-like power series which are asso-
ciated to these morphisms under the correspondence of Proposition 10.3.3-10.3.4.
Proposition 10.1.5, about the composition of morphisms in the pro-unipotent Gro-
thendieck-Teichmüller group, has the following analogue:
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Proposition 10.3.6. The group-like element (Φ ◦ Ψ)(t12, t23) ∈ G F̂(t12, t23)

associated to the composite morphism φ ◦ψ : P̂aCD+ → P̂aCD+ under to the result
of Proposition 10.3.4, can be determined by the formula

(Φ ◦Ψ)(t12, t23) = Φ(t12, t23) ·Ψ(t12, t23
Φ),

where we set uΦ = Φ(t12, t23)−1 · u · Φ(t12, t23).

Proof. We consider the operad in complete Hopf groupoids Ĥ of §10.3.1 and

the morphism of this operad equivalent to our morphisms φ, ψ : P̂aCD+ → P̂aCD+.

The chord diagrams t12, t23 ∈ Û(p̂(3)) in the expression ψ(α) = α ·Ψ(t12, t23) repre-
sents endomorphisms of the parenthesized word µ(µ(x1, x2), x3) in this operad H.

We easily see (by using the preservation of operadic composition structures)
that t12 is fixed by the morphism φ. We can also readily obtain that the image
of the homomorphism t23 under our morphism φ is given by the formula φ(t23) =
Φ(t12, t23)−1 · t23 · Φ(t12, t23), which reflects the expression of the endomorphism
represented by this chord diagram t23 in terms of a composite of associators and
of a composition product in the parenthesized chord diagram operad. We apply
these formulas to the power series Ψ(t12, t23) ∈ G F̂(t12, t23), which we regard as a
formal composite of the morphisms represented by the chord diagrams t12, t23 ∈
Û(p̂(3)). �

We get the following final result:

Theorem 10.3.7 (Equivalence between the operadic approach and the Drinfeld
definition [48, §5]). The graded Grothendieck-Teichmüller group GRT 1(k) is iso-

morphic to the group formed by the group-like power series Φ(t12, t23) ∈ G T̂(t12, t23),
which satisfy the relations of Proposition 10.3.4. �

To complete our account, we explain the definition of isomorphisms between
the pro-unipotent and the graded Grothendieck-Teichmüller group from associa-
tors. We need the following proposition which is an immediate consequence of the
observation of Proposition 6.1.10:

Proposition 10.3.8. Each categorical equivalence of operads φ : P̂aB+ →
ĈD+, determined by an element in the set of Drinfeld’s associators Assµ(k) for
some µ ∈ k×, admits a unique lifting

P̂aCD+

��
P̂aB+

∃!φ̃+

;;

φ
// ĈD+

which defines an isomorphism of operads in groupoids φ̃+ : P̂aB+
'−→ P̂aCD+ and

is given by the identity mapping of the magma operad at the object set level. �

This proposition implies that each set of associators Assµ(k) inherits a left
action of the group GRT 1(k) which commutes with the right action of the pro-
unipotent group GT 1(k). The following proposition is a consequence of the fact
that these actions are both free and transitive:
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Proposition 10.3.9. Each element Φ in the set of Drinfeld’s associators Assµ(k),

where µ ∈ k×, determines a group isomorphism sΦ : GRT 1(k)
'−→ GT 1(k).

Proof. Let φ : P̂aB+
'−→ ĈD+ be the categorical equivalence of operads asso-

ciated to our element Φ ∈ Assµ(k). Let φ̃+ : P̂aB+
'−→ P̂aCD+ be the operad iso

which lifts this categorical equivalence in Proposition 10.3.8. We define the image

of an isomorphism ψ : P̂aCD+
'−→ P̂aCD+ under our iso sΦ : GRT 1(k)

'−→ GT 1(k)

by considering the composite operad morphism sΦ(ψ) = φ̃+
−1 ◦ ψ ◦ φ̃+. �

10.3.10. Pro-unipotent structures (continued). The graded Grothendieck-Teich-
müller group GRT 1(k) satisfies GRT 1(k) = limm GRT 1(k)/ Fm GRT 1(k) where
each quotient GRT 1

m(k) = GRT 1(k)/ Fm GRT 1(k) is a unipotent algebraic group,
as in the case of the pro-unipotent group GT 1(k). The action of the group GRT 1(k)
on the set of associators Assµ(k) is also pro-algebraic so that Assµ(k) forms a pro-
torsor under this action (see §10.2.18).

We refer to [48, §5] for a description of the Lie algebra grt1 associated with the
pro-algebraic group structure on GRT 1(k). We have a filtration Fm grt1 of the Lie
algebra grt1 so that grt1 = limm grt1 / Fm grt1 as in the case of the Lie algebra gt1

associated to the pro-unipotent group GT 1. The isomorphism sΦ : GT 1(k)
'−→

GRT 1(k) associated to an associator Φ ∈ Assµ(k) induces an iso sΦ : gt1
'−→ grt1

at the Lie algebra level.
The filtration splits on grt1 (according to a result of [48]) so that this Lie

algebra grt1 is accordingly equipped with a canonical weight grading and we have
grt1m = E0

m gt1. The argument of the cited reference relies on a description of the

Lie algebra grt1 in terms of Lie power series P (t12, t23) ∈ L̂(t12, t23) satisfying an
analogue of the relations (a-e) of Theorem 10.3.7. The idea is that the Lie analogue
of the semi-classical hexagon relation (d) follows from the other relations, which are
all homogeneous. We refer to [48, §5] for details. We just record the group version
of this observation:

Proposition 10.3.11 (see [48, Proposition 5.7]). In Theorem 10.3.7, the semi-
classical hexagon relation (d) holds as soon as we have an element Φ(t12, t23) ∈
G T̂(t12, t23) satisfying the unit relation (a), the involution relation (b), the hexagon
relation (c), and the pentagon relation (e) of the theorem.

Proof. We refer to [48, Proposition 5.7] for the proof of this result at the Lie
algebra level. �

This proposition has also the following immediate consequence:

Proposition 10.3.12 (see [48, Proposition 5.9]). The elements of the graded
Grothendieck-Teichmüller group GRT 1(k) are in bijection with the power series
Φ(t12, t23) satisfying the equations of the set of Drinfeld’s associators Ass0(k) for
the parameter µ = 0. �

In §10.2.12, we recall that, according to a result of Furusho [64], the penta-
gon equation automatically implies the hexagon equation in the set of Drinfeld
associators. This result also holds for the graded Grothendieck-Teichmüller group
GRT 1(k), whose defining equations therefore reduce to the unit (a), involution (b),
and pentagon equations (e) of Proposition 10.3.4.
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10.4. The Knizhnik-Zamolodchikov associator

To conclude this chapter, we give an outline of Drinfeld’s definition of the
Knizhnik-Zamolodchikov associator [48]. This construction is well documented in
the quantum group literature. Besides Drinfeld’s original article [48], we can refer
to the books [39, 95, 154]. The purpose of our account is just to survey the main
steps of the construction, and we will give references for details.

10.4.1. The Knizhnik-Zamolodchikov connections. The Knizhnik-Zamolodchi-
kov associator has complex values, and we therefore consider a complex coefficient
version of the Drinfeld-Kohno Malcev algebra p̂(r)C, which we get by taking the
ground field k = C in the construction of §10.2.1. For short, we write p̂(r) =

p̂(r)C throughout this section. We also consider the group P̂r = G Û(p̂(r)) which
represents a complex Malcev completion of the pure braid group with r strands.
We deal with connections in trivial fiber bundles X × F which have this group
G = G Û(p̂(r)) as structure group, and are determined by connection forms ω ∈
Ω1(X, g) with value in the corresponding Lie algebra g = p̂(r). We refer to [139]
for a modern introduction to the theory of connections in general fiber bundles and
the definition of connection forms with values in Lie algebras.

The Knizhnik-Zamolodchikov associator is constructed from the holonomy of
certain flat connections, defined over the configuration spaces of points in the com-
plex plane

F (C, r) = {(z1, . . . , zr)|zi 6= zj(∀i 6= j)}, r ∈ N,

and determined by the complex 1-forms

(a) ωKZ =
∑

1≤i<j≤r
}tij ⊗ d log(zi − zj) ∈ Ω1(F (C, r), p(r)),

where } denotes a fixed parameter, we set d log(u) = du/u, and tij are the gen-
erators of the Drinfeld-Kohno Lie algebra p(r). These connections are called the
Knizhnik-Zamolodchikov connections after the work of these authors in conformal
field theory [99] (see also [53] for a reference book on this subject).

10.4.2. The holonomy of the Knizhnik-Zamolodchikov connections. Let γ(s) =
(z1(s), . . . , zr(s)) be any smooth path γ : [0, 1] → F (C, r), going from one point
a0 = γ(0) to another a1 = γ(1) in the configuration space F (C, r). Let

(a) hγ : s 7→ hγ(s) ∈ Û(p̂(r)),

be the solution of the differential equation

(b)
dhγ
ds

=
∑

1≤i<j≤r
} · (z′i(s)− z′j(s)) ·

tij
zi(s)− zj(s)

· hγ

with values in the complete enveloping algebra Û(p̂(r)) and such that hγ(0) = 1.
Note that hγ(s)⊗hγ(s) and ∆hγ(s) satisfy the same differential equation, have the
same initial value ∆hγ(0) = hγ(0) ⊗ hγ(0) = 1 ⊗ 1, and as a consequence, agree
on all s ∈ [0, 1]. The element hγ(1) is therefore group-like and defines an element

in our structure group P̂r = G Û(p(r)). The iso hγ(1) : {γ(0)} × F → {γ(1)} × F
determined by the action of this group element hγ(1) ∈ P̂r on the fibers of a trivial

bundle F (C, r)×F with structure group P̂r represents a parallel displacement along
the path γ (see [139, §6.3]). If we have γ(0) = γ(1) so that γ is a loop, then this
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group element hγ(1) ∈ P̂r is also called the holonomy of the connection around the
loop γ.

The Knizhnik-Zamolodchikov connections are flat (see for instance [39, §16.2]
or [95, §XIX.2] for the details of this verification), and as a consequence (see [139,
§6.6]), we have an identity hα(1) = hβ(1) for all homotopic paths α, β : [0, 1] →
F (C, r) with a given origin α(0) = β(0) = a0 and end-point α(1) = β(1) = a1 in the
configuration space F (C, r). The holonomy morphisms h : γ 7→ hγ(1) associated to
the Knizhnik-Zamolodchikov connections give rise to representations of the braid
groups, the monodromy representations. The article [103], by T. Kohno, gives
an explicit description of these representations. This topic is also addressed in
Drinfeld’s article [48] as an application of the Knizhnik-Zamolodchikov associator
construction.

10.4.3. The definition of the Knizhnik-Zamolodchikov associator. We fix some
r ≥ 2. We now study the system of differential equations

(a)
∂w

∂zi
=
∑
i6=j

} · tij
zi − zj

· w,

where w is a function, defined on a subdomain of the configuration space F (C, r),
and with value in the algebra Û(p̂(r)).

We see that (a) is invariant under the action of the group of affine transforma-
tions z 7→ az + b, where a ∈ C×, b ∈ C, and as a consequence, any solution of this
system (a) is determined by a solution of a system depending on r − 2 variables
(we refer to [154, §12.2] for a nice and detailed analysis of this dependence). When
we take r = 3, we obtain

(b) w(z1, z2, z3) = (z3 − z1)}(t12+t23+t13) ·G
(z2 − z1

z3 − z1

)
,

where G(z) is a solution of the equation

(c) G′(z) = } ·
( t12

z
+

t23

z − 1

)
·G(z).

Let C = {z = x + iy|y 6= 0 or 0 < x < 1}. The classical theory of Fuchsian
equations (see for instance [174, §4.3]) implies that this differential equation (c) has
a unique analytic solutionG0(z), defined for z ∈ C, and such thatG0(z) ∼z→0 z

}t12 .
We also have an analytic solution G1(z) such that G1(z) ∼z→1 (1 − z)}t12 . The
solutions w0 and w1 of the Knizhnik-Zamolodchikov system (a) associated to these
functions are determined by asymptotic behaviors of the form:

w0(z1, z2, z3) ∼ (z2 − z1)}t12(z3 − z1)}(t13+t23), for |z2 − z1| � |z3 − z1|,(d)

w1(z1, z2, z3) ∼ (z3 − z2)}t23(z3 − z1)}(t12+t13), for |z3 − z2| � |z3 − z1|.(e)

The solutions G0(z) and G1(z) of equation (c) differ by a constant factor of the
variable z. We precisely take this factor, such that G1(z) = G0(z) · ΦKZ(t12, t23),

to define the Knizhnik-Zamolodchikov associator ΦKZ(t12, t23) ∈ G Û(p(3)). This

element ΦKZ(t12, t23) ∈ G Û(p(3)) can equivalently be characterized by the relation

(f) w1(z1, z2, z3) = w0(z1, z2, z3) · ΦKZ(t12, t23),

where we consider the solutions of the Knizhnik-Zamolodchikov system (a) with
the asymptotic behavior prescribed in (d-e).
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We aim to check that our element ΦKZ(t12, t23) satisfies the constraints of
Proposition 10.2.11, for a parameter µ such that } = µ/2iπ. We devote the next
paragraph to a brief survey of the argument lines given in [48, §2].

10.4.4. The verification of associator equations. We immediately see that the
reduction t12 = t13 = 0 makes our functions w0 and w1 equal, and similarly as
regard the reduction t13 = t23 = 0. We deduce from these observations that
the Knizhnik-Zamolodchikov associator satisfies the unit relation ΦKZ(t12, 0) =
ΦKZ(0, t23) = 1. The involution relation ΦKZ(t12, t23) · ΦKZ(t23, t12) = 1 follows
from an easy inspection too.

To establish the pentagon equation, we consider asymptotic zones

x2 − x1 � x3 − x1 � x4 − x1,(a)

x3 − x2 � x3 − x1 � x4 − x1,(b)

x2 − x1 � x4 − x1 and x4 − x3 � x4 − x1,(c)

x3 − x2 � x4 − x2 � x4 − x1,(d)

x4 − x3 � x4 − x2 � x4 − x1,(e)

in the range of variation formed by real variables such that {x1 < x2 < x3 < x4}.
Each of these zone is associated to a vertex of the Mac Lane pentagon, with the rule
that we have xj − xi � xl − xk whenever the parenthesized word corresponding to
our vertex includes the pattern (xk · · · (xi · · ·xj) · · ·xl). For instance, we associate
zone (c) to the word ((x1x2)(x3x4)). The Knizhnik-Zamolodchikov system r = 4
of §10.4.3 admits solutions wi = wi(x1, x2, x3, x4), i = 1, . . . , 5, associated to the
vertices of the Mac Lane pentagon, with an asymptotic of the form

w1 ∼ (x2 − x1)}t12 · (x3 − x1)}(t13+t23) · (x4 − x1)}(t14+t24+t34),(f)

w2 ∼ (x3 − x2)}t23 · (x3 − x1)}(t12+t13) · (x4 − x1)}(t14+t24+t34),(g)

w3 ∼ (x2 − x1)}t12 · (x4 − x3)}t34 · (x4 − x1)}(t13+t23+t14+t24),(h)

w4 ∼ (x3 − x2)}t23 · (x4 − x2)}(t24+t34) · (x4 − x1)}(t12+t13+t14),(i)

w5 ∼ (x4 − x3)}t34 · (x4 − x2)}(t23+t24) · (x4 − x1)}(t12+t13+t14)(j)

in the corresponding zones (a-e). The factors (xl−xk) occurring in these asymptotic
expansions correspond to the variable groupings (xk . . . xl) that occur in the paren-
thesized words associated with each asymptotic zones. The exponent of this factor
xl − xk is the sum

∑
ij tij running over all pairs i < j that come separated in the

merging operation ((xk · · ·xi · · · )(· · ·xj · · ·xl) from which the grouping (xk . . . xl)
arises. The notation ∼ asserts that wi, i = 1, . . . , 5, differs from the given expan-
sion by a function φ(u, v) which depends analytically on the asymptotic factors
(xl−xk)/(x4−x1) deduced from these expansions. The existence of such functions
follows from the theory of differential equations (we refer to [53] for the detailed
argument).

One can prove identities w2 = w1 ·ΦKZ(t12, t23), w4 = w2 ·ΦKZ(t12 + t13, t24 +
t34), w5 = w4 ·ΦKZ(t23, t34), w3 = w1 ·ΦKZ(t13 + t23, t34), and w5 = w3 ·ΦKZ(t13 +
t23, t34) by checking that regularized forms of these functions (where we multiply
by some asymptotic factors to eliminate divergence) satisfy the same differential
equations, and agree at some initial value of the cyclically ordered quadruple x1 <
· · · < x4 on the projective line RP1 (see [48, §2], or [154, §12.4] for a detailed
account of this proof). The pentagon equation Φ(t12, t23 + t34) ·Φ(t13 + t23, t34) =
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Φ(t23, t34) ·Φ(t12 + t13, t24 + t34) ·Φ(t12, t23) of Proposition 10.2.11(d) immediately
follows.

The hexagon equation of Proposition 10.2.11(c) is established by the same line
of arguments (see for instance [154, §12.4] for full details on this verification).

The definition of the Knizhnik-Zamolodchikov associator is now complete.





Recapitulation and Outlook





The Homotopy Interpretation of the
Grothendieck-Teichmüller Group

We have already observed that the classifying space of the operad of colored
braids B(CoB) defines a model of the operad of little 2-discs D2 (see §5.2). We also
have π1 B(CoB(r)) = Pr, the pure braid group on r strands, and πn B(CoB(r)) = 0
for n > 1.

We now consider the classifying space operad associated the Malcev completion

of the operad of colored braids ĈoB with the field of rationals as coefficient fields

k = Q. We then have π1 B(P̂aB(r)) = π1 B(ĈoB(r)) = P̂r for each r, where P̂r
denotes the Malcev completion of the pure braid group Pr, and πn B(CoB(r)) = 0

for all n > 1. We also have a canonical operad morphism ι : B(CoB) → B(ĈoB),
yielded by the adjunction unit of the Malcev completion process at the level of our
operads in groupoids, and this morphism clearly corresponds to the rationalization
map ι : Pr → P̂r associated to the pure braid group at the level of fundamental

groups. We can therefore regard the operad B(ĈoB) as a model for the rational-
ization of the operad of little 2-discs, and we use this model for the definition of
a rational homotopy type of E2-operads in simplicial sets (or in topological spaces
after realization). We precisely say that an operad P is a rational E2-operad if this
operad is connected to the classifying space of the colored braid operad by a chain
of weak-equivalences of operads

P
∼←− · ∼−→ B(ĈoB),

where a weak-equivalence of operads consists, as we explain in the introduction
of §4, of an operad morphism φ : R → S whose components φ(r) : R(r) → S(r)
are weak-equivalences of simplicial sets (respectively, topological spaces). We have
an obvious extension of this definition in the unitary setting. We then consider

the unitary operad B(ĈoB)+ = B(ĈoB+) associated to the unitary extension of the
Malcev completion of the colored braid operad.

The operad of parenthesized braids, considered in the definition of the Grothen-
dieck-Teichmüller group, is endowed with a morphism towards the operad of colored
braids ω : PaB → CoB, and this morphism defines an equivalence of groupoids in
each arity by construction (a categorical equivalence of operads in the terminology
of §5.2.2). This categorical equivalence induces a weak-equivalence of operads in
simplicial sets (respectively, topological spaces) at the classifying space level Bω :

B(PaB)
∼−→ B(CoB) (see Proposition 5.2.6). If we take the Malcev completion

of the parenthesized braid operad P̂aB, then we similarly get a weak-equivalence

Bω : B(P̂aB)
∼−→ B(ĈoB) so that B(P̂aB) forms another instance of rational E2-

operad. In the unitary setting, we similarly obtain an operad B(P̂aB)+ which forms
an instance of a rational unitary E2-operad.

299
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We aim to work in the homotopy category of operads in simplicial sets (respec-
tively, topological spaces), which we intuitively define by adding the formal inverses
of the weak-equivalences to the morphisms of the ordinary category. We explain in
the next volume a definition of this homotopy category Ho(SimpOp) (respectively,
Ho(TopOp)) in terms of a model structure on operads. We moreover establish the
existence of an equivalence of categories between the homotopy category of operads
in simplicial sets and the homotopy category operads in topological spaces. We
more precisely check that we have a Quillen equivalence (we explain the definition
of this notion in the next volume), defined at the level of model categories, and
which induces this category equivalence at the homotopy category level. We can
therefore perform homotopy computations in the category of operads in simplicial
sets or in the category of operads in topological spaces equivalently. For simplicity,
we assume for the moment that we work in the category of topological operads
Op = TopOp.

The model category approach is better suited when we need to perform homo-
topy computations. The model structure notably includes the definition of a class
of objects, called cofibrant, which are the analogue, in our context, of the cell com-

plexes of topology. We can pick a cofibrant replacement Q̂2 of the classifying space

of the Malcev completion of the parenthesized braid operad Q̂2
∼−→ B(P̂aB) in order

to get a cofibrant model of rational E2-operad. We assume to simplify our account

that the augmentation Q̂2
∼−→ B(P̂aB) associated to this cofibrant replacement is a

fibration of operads (we explain the definition of this notion in the next volume).
In the case of cofibrant objects, we have an identity between the morphism set of
the homotopy category, and a set of homotopy classes of morphisms in the model
category. We can accordingly identify the automorphism group associated to any
model of E2-operad with a group of homotopy classes of homotopy equivalences

φ : Q̂2
∼−→ Q̂2 associated to our model.

We can also perform the cofibrant replacement process in the category of Λ-
operads of §3.2. (We explain the definition of an appropriate model structure on
Λ-operads in the second volume too.) We then obtain a cofibrant operad equipped
with restriction morphisms, so that the unitary operad associated to this Λ-operad

Q̂2+ defines a cofibrant model of a rational unitary E2-operad.
Recall that we define the Grothendieck-Teichmüller group GT 1(Q) as a group

of automorphisms associated to the unitary operad of parenthesized braids P̂aB+.
Thus, any element of the Grothendieck-Teichmüller group φ ∈ GT 1(Q) induces

an isomorphism Bφ+ : B(P̂aB)+
'−→ B(P̂aB)+, and by a standard construction of

the theory of model categories, we can lift this iso to a weak-equivalence on our
cofibrant replacement:

Q̂2+

∼
����

∃B̃φ+ // Q̂2+

∼
����

B(P̂aB)+ '
Bφ+ // B(P̂aB)+

.

We will see that the mapping B : φ+ 7→ B̃φ+ induces a group morphism

B : GT 1(Q)→ AutHo(TopOp)(Q̂2+)
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from GT 1(Q) towards the group of homotopy automorphism classes of Q̂2+. We
also have the following observation:

Proposition A. The morphism Bφ+ : B(P̂aB)+ → B(P̂aB)+ associated to
an element of the Grothendieck-Teichmüller group φ ∈ GT 1(Q) acts identically in
homology.

Proof. We know that the spaces B(P̂aB(r)) satisfy H∗(B(P̂aB(r))) = H∗(D2(r)),
where we consider the homology with Q coefficients (see [35, §V]). We accordingly

have an identity between H∗(B(P̂aB)) and the Gerstenhaber operad Gerst2. The
proposition follows from the requirement that the elements of the Grothendieck-
Teichmüller group φ ∈ GT 1(Q) act identically in arity 2 and the preliminary ob-
servation that the Gerstenhaber operad is generated by operations µ = µ(x1, x2)
and λ = λ(x1, x2) in arity 2 precisely (see §4.2.13). �

Recall that we use the notation Op1 for the category of unitary operads in
general, and the notation Op∗, in the special case where the tensor unit of the
ambient symmetric monoidal category is the final object (see §3.2). In this context,
which includes the case of operads in topological spaces, the category Op∗ actually
forms a full subcategory of Op (with the same class of weak-equivalence). From

now on, we consider that our mapping B : φ+ 7→ B̃φ+ has values in the group

AutHo(TopOp∗)(Q̂2+) formed by the homotopy automorphisms of the object Q̂2+ in
the category of unitary operads TopOp∗.

We have already mentioned that we have a functor H∗ : TopOp → g Op, from
the category of topological operads TopOp towards the category of graded operads
g Op, yielded by the classical homology of topology spaces, and an induced functor
H∗ : TopOp∗ → g Op1 on unitary operads. We easily see that homotopic operad
morphisms φ, ψ : P → Q induce the same morphism in homology: the underlying

spaces Q∆1

(r) of a path object of Q in the category of operads are path objects in
topological spaces; morphisms φ, ψ : P → Q, which are homotopic in the category
operads, are therefore homotopic as maps of topological spaces. Accordingly, the
homology defines a functor H∗ : Ho(TopOp) → g Op on the homotopy category of
topological operads Ho(TopOp), and similarly in the unitary setting.

Proposition A implies that the image of our mapping B : φ+ 7→ B̃φ+ lies in the
kernel of the group morphism

AutHo(TopOp∗)(Q̂2+)
H∗−→ Autg Op1

(H∗(Q̂2)+)

induced by the homology functor H∗ : Ho(TopOp∗)→ g Op1.

In the foreword, we already mentioned that AutHo(TopOp∗)(Q̂2+) represents the

set of connected components of a space hAutTopOp∗(Q̂2+) (actually a monoid) as-

sociated to the operad Q̂2+. Motivated by the result of Proposition A, we con-

sider the space hAut1
TopOp∗

(Q̂2+) formed by the sum of connected components

of hAutTopOp∗(Q̂2+) associated to maps φ such that H∗(φ) = Id .
The main result of this work reads as follows:
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Theorem B. The mapping B : GT 1(Q)→ AutHo(TopOp∗)(Q̂2+) induces a group
isomorphism

GT 1(Q)
'−→ ker{H∗ : AutHo(TopOp∗)(Q̂2+)→ Autg Op1

(H∗(Q̂2+))︸ ︷︷ ︸
= π0 hAut

1
TopOp∗

(Q̂2+)

},

and we have

π∗(hAut
1
TopOp∗

(Q̂2+) = 0

when ∗ > 0.

We give the proof of this theorem in volume II, after a tour through deformation
complexes.
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The Grothendieck Program

The definition of the Grothendieck-Teichmüller group by Drinfeld was moti-
vated by applications to quantum group theory and by Grothendieck’s program
aiming to understand a geometric counterpart of absolute Galois groups. The pur-
pose of the this outlook chapter is to give an overview of this program, and to survey
the connections between the structures occurring in our study of the homotopy of
operads and the objects arising on the arithmetic side of the subject.

In Grothendieck’s proposal [82], the fundamental objects are the moduli spaces
of marked curves Mgn already considered in §4.3.5 in the genus zero case. We
mostly deal with this case g = 0 yet. We then have

M0r+1 = F (P1(C), r + 1)/PGL2(C),

where we consider the diagonal action of the group PGL2(C) on the configuration
space of points in the projective line P1(C). In previous chapters, we used the
notation CP1, borrowed from topology, for the projective line. In what follows,
we prefer to adopt the notation of algebraic geometry P1(C) which stresses the
existence of a scheme P1 underlying this topological space P1(C) = CP1.

For r ≥ 2, we have an identity M0r+1 = F (P1(C) \ {∞, 0, 1}, r − 2) since
for each configuration (z0, . . . , zr) ∈ F (P1(C), r + 1), we have one and only one
transformation g ∈ PGL2(C) mapping this z = (z0, . . . , zr) to a configuration of
the form (∞, 0, 1, z′3, . . . , z′r), and we can use this identity to regard each space
M0r+1, r ≥ 2, as a scheme defined over Q in the sense of algebraic geometry. In
the particular case r = 4, we obtain M04 = P1(C) \ {∞, 0, 1}. We refer to [85]
for a modern textbook on moduli spaces of curves, addressed from the algebraic
geometry approach. We also refer to [125] for an account of the connections with
operads and the theory of Gromov-Witten invariants.

To start our survey, we recall the construction of an action of the absolute
Galois group GQ = Gal(Q̄|Q) on the profinite fundamental group of the moduli
spaces π̂1(M0r+1), and the relationship between the definition of this action and
the definition of the Grothendieck-Teichmüller group.

The action of the absolute Galois group on the fundamental group of algebraic
varieties. We first consider étale (or algebraic) fundamental groups, in the sense
of [81, §V], and the homotopy exact sequence

(a) 1→ πet1 (X ×k ks)→ πet1 (X)→ Gal(ks|k)→ 1,

which relates:

– the étale fundamental group πet1 (X) associated to any integral scheme X
over a field k,

– the étale fundamental group πet1 (X ×k ks) associated to the scheme X̄ =
X ×k ks, where ks denotes the separable closure of the field k,
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– and the absolute Galois group Gal(ks|k).

We refer to the books [137, §I.5] and [168, §5] for good introductions to this subject,
besides the original text [81], where the étale fundamental group was first defined
and studied.

For any g ∈ πet1 (X), we consider the automorphism cg : πet1 (X ×k ks) →
πet1 (X ×k ks) given by the conjugation action cg(x) = gxg−1 on the normal sub-
group πet1 (X ×k ks). Let Out(πet1 (X ×k ks)) be the outer automorphism group of
the group πet1 (X ×k ks), the quotient of the automorphism group by the group of
inner automorphisms ch : x 7→ hxh−1 such that h ∈ πet1 (X ×k ks). The mapping
ρ : g 7→ cg induces a group morphism ρX : Gal(ks|k)→ Out(πet1 (X×kks)) naturally
associated to the homotopy exact sequence.

We assume k = Q, so that ks = Q̄, and we set GQ = Gal(Q̄|Q). We consider the
analytic space X(C) associated to the scheme X, and we assume that X is locally
of finite type over Q. We then have an identity (see [81, §§XII.5.1-5.2]):

(b) πet1 (X ×k ks) = π̂1(X(C)),

where π̂1(X(C)) denotes the profinite completion of the fundamental group of the
space X(C). We therefore have a group morphism

(c) ρX : GQ → Out(π̂1(X(C))),

naturally associated to the scheme X, and which we deduce from the homotopy
exact sequence (a).

The Teichmüller tower. The main idea of the Grothendieck program [82] is to
get information on the absolute Galois group GQ from the morphisms (c) associated
to the moduli spaces X = Mgn, and by using the geometry of the topological
curves Σ = Σgn underlying the objects C ∈Mgn. The morphism ρX is injective for

X = M04 = P1 \{∞, 0, 1} (by a theorem of Belyi [19], see also [168, §§4.7.6-4.7.7]
for an account of the arguments). The issue is therefore to characterize the image of
the absolute Galois group GQ within the fundamental group π̂1(P1(C) \ {∞, 0, 1}).

The (topological) fundamental group π1(Mgn) is identified with the mapping
class group Γgn of the surface Σgn (up to elements of finite order). We refer to [24,
§4] for a classical introduction to this subject. Recall that Γgn, explicitly defined
as the group of isotopy classes of orientation preserving diffeomorphisms on Σgn, is
generated by Dehn twists along curves drawn on Σgn. We can also use decompo-
sitions of the surface Σgn along curves in order to determine this group Γgn from
smaller pieces involving the mapping class group of surfaces with boundary compo-
nents. The proposal of [82] is to use an algebraic counterpart of the combinatoric
of Dehn generators and surface decompositions in order to understand the relations
satisfied by the image of the absolute Galois group GQ in the outer automorphism
groups Out(π̂1(Mgn)). These ideas are put in applications in [86] and [140] with
as main outcome a lifting of the morphisms ρ : GQ → Out(π̂1(Mgn)) to the auto-
morphism groups Aut(π̂1(Mgn)) and the determination of relations satisfied by the
image of the absolute Galois group in Aut(π̂1(Mgn)).

In the previous paragraph, we have not been precise about base points taken for
étale fundamental groups. In basic references on the subject, the base point is just
a fixed geometric point of the scheme. But this choice does not enable us to get a
counterpart, at the level of étale fundamental groups, of the operations on mapping
class groups associated to surface decompositions. To handle the issues, one idea is
to consider the Deligne-Mumford compactification Mgn of the moduli space Mgn
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and to take tangent vectors at the infinity of the compactification as base points
for the étale fundamental groups of the schemes Mgn. This notion of tangential
base point was introduced by P. Deligne in [44, §15]. We also consider fundamental
groupoids rather than fundamental groups. In [90, 91], Ihara gives a definition
of an action of the absolute Galois group on the tower of fundamental groupoids
with tangential base points, and use this approach to give a proof of the relations
satisfied by the image of the absolute Galois group in the étale fundamental groups
in the genus zero case g = 0. We go back to the subject of relations in the next
paragraph.

We have already considered the Deligne-Mumford compactification in the genus
zero case in §4.3.5. We notably recalled that the collection of these moduli spaces
forms an operad M(r) = M0r+1 with composition operations ◦k : M0r+1×M0s+1 →
M0r+s representing the gluing of stable curves in the the moduli spaces (see [71,
125]). The tangential base points, which one considers in this case, are indexed by
planar binary trees with r+1 leaves, corresponding to the mark points of our curves,
and numbered from 0 to r (we refer to [68] for the geometric interpretation of this
correspondence). The leave indexed by 0 provides such a tree with a root, and
the composition operation inherited from the moduli space is identified with to the
grafting operation used in the representation of the magma operad in §6.1. Thus, in
order to model the combinatorial structures underlying the mapping class groups
in the genus zero case, we actually deal with an operad in groupoids πet(M) pΩ
formed by the collection of the étale fundamental groupoids of the moduli spaces
M0r+1 together with a choice of tangential base points defining an operad in sets
isomorphic to the magma operad of §6.1.

We have a surjective morphism P̂aB → πet(M) pΩ , from the profinite comple-
tion of the parenthesized braid operad of §6.2 towards this operad in groupoids
πet(M) pΩ , which, at the level of automorphism groups, maps any generating el-
ement of the pure braid group aij ∈ Pr (see §10.2.2) to the corresponding Dehn
twists in the mapping class group Γr+1n.

The definition of the profinite Grothendieck-Teichmüller group. We go back to
the case of the space M04 = P1 \{∞, 0, 1} and we consider the morphism ρ =
ρP1 \{∞,0,1} from the absolute Galois group GQ to the outer automorphism group

of the étale fundamental group of this scheme P1 \{∞, 0, 1}.
The topological fundamental group associated to this space is identified with the

free group F(x, y), where x (respectively, y) is a loop turning around 0 (respectively,

1). We accordingly have πet1 (P1 \{∞, 0, 1}) = F̂(x, y), where the notation F̂(x, y)
now refers to the profinite completion of the free group on two generators (x, y).

In the tangential base point approach of [90, 91], one considers a loop x based

at the tangent vector
−→
01, the image of this loop under the map θ(z) = 1− z, which

forms a loop θ(x) based at
−→
10 in the fundamental groupoid, and the straight path

p, which goes from
−→
01 to

−→
10. The loops x and y = p−1θ(x)p correspond to the

previously considered generators of the fundamental group π̂1(P1(C) \ {∞, 0, 1}),
based at a point near 0.

We have already mentioned that the morphisms ρ : GQ → Out(π̂1(Mgn))
can be lifted to the étale fundamental groupoids of the moduli spaces equipped
with tangential base points. In the case (g, n) = (0, 4), which we now exam-
ine with more details, this approach can also used to prove that the morphisms
ρ : GQ → Out(F̂(x, y)) admits a lifting to the group of automorphisms of the free

Benoit Fresse
Crayon

Benoit Fresse
Crayon

Benoit Fresse
Crayon

Benoit Fresse
Crayon

Benoit Fresse
Crayon

Benoit Fresse
Crayon

Benoit Fresse
Crayon

Benoit Fresse
Crayon



306 THE GROTHENDIECK PROGRAM

group F̂(x, y). To be more precise, one can prove that we have an automorphism

ρ(σ) : F̂(x, y) → F̂(x, y), canonically associated to any element σ ∈ GQ, such that
ρ(σ)(x) = xλ, where λ = χ(σ) denotes the image of σ under the cyclotomic char-

acter χ : GQ → Ẑ×, and ρ(σ)(y) = fσ(x, y)−1yλfσ(x, y) for some fσ = fσ(x, y) ∈
F̂(x, y). Furthermore, by using paths in the moduli spaces M04 = P1 \{∞, 0, 1}
and M05 = (P1 \{∞, 0, 1} × P1 \{∞, 0, 1}) \ ∆, one can prove that this group el-
ement fσ(x, y) satisfies profinite analogues (with extra λ exponent factors) of the
involution, pentagon and hexagon relations of §10.1. The profinite Grothendieck-

Teichmüller group ĜT , as defined by V. Drinfeld in [48], precisely consists of the

group automorphisms φ : F̂(x, y)→ F̂(x, y) of the form:

φ(x) = xλ,

φ(y) = f(x, y)−1 · yλ · f(x, y),

where we consider any pair (λ, f(x, y)) such that the geometric involution, pentagon
and hexagon constraints hold. The construction of the action of the absolute Galois
group GQ on the étale fundamental group of the moduli spaces M0r+1 therefore

yields an injective group morphism ρ : GQ ↪→ ĜT .
The proof of Drinfeld’s involution, pentagon and hexagon relations for the pair

(λ, fσ(x, y)) associated to a Galois group element σ ∈ GQ is given in [90, 91] by
using the fundamental groupoids with tangential base points approach. We also
refer to [117] for another approach, relying on a cohomological interpretation of
Drinfeld’s relations, of this question.

We note that the group ĜT encodes the geometric information captured by the
action of the absolute Galois group in genus zero only. We have a generalization of
this group, defined by considering the whole collection of moduli spaces Mgn, intro-
duced by P. Lochak, H. Nakamura, and L. Schneps in [116]. We do not go further
into applications of Grothendieck-Teichmüller groups in the profinite setting. We
refer to the cited articles for the reader willing to learn more about this subject. We
now give a brief survey on an arithmetic counterpart of the pro-unipotent groups
of §10.

The category of mixed Tate motives. The pro-unipotent groups GT (Q) and
GRT (Q) are actually related to motivic fundamental groups of Tate motives.

Briefly recall that the idea of a motive was introduced by Grothendieck as an
attempt to unify the cohomology theories occurring in algebraic geometric: the
singular cohomology of the topological space underlying any algebraic variety or
Betti cohomology, the de Rham cohomology, the l-adic cohomologies, the crystalline
cohomology, and more generally, any suitable cohomology theory satisfying the Weil
axioms. Motives are supposed to form an abelian category under the category of
algebraic varieties so that the mapping M : X 7→ M(X), which assigns a motive
M(X) to any algebraic variety X, defines a universal Weil cohomology theory. We
refer to [6] for a comprehensive introduction to this subject.

The definition of a category of motives with all expected properties has not
been established yet. Nonetheless, a definition of a category of pure motives (well
suited when we restrict ourselves to smooth projective varieties), has been proposed
by Grothendieck (see [6]). In a more general setting, we have Deligne’s language
of realization systems, which formalize the structures carried by the images of a
motive under a cohomology theory, as well as Hanamura’s [84], Levine’s [114], and
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Voevodsky’s [175] triangulated categories of mixed motives, which define candidates
for the derived category of the abelian category of mixed motives.

The connection between Grothendieck-Teichmüller groups and motives is made
precise in the work of Deligne-Goncharov [45] and in the work of Terasoma [173].
We then mostly consider a category of (rational) mixed Tate motives, which is
defined as a subcategory of the category of mixed motives. We follow [45] for our
account. We consider varieties and motives defined over a field k of characteristic
0.

Recall that the Tate motive T is classically defined as the tensor inverse T =
L−1 of a motive L such that M(P1) = 1⊕L, where we consider a splitting of the
motive associated to the projective line P1. The triangulated category of rational
Tate motives, denoted by DMT (k)Q, is generated by iterated extensions of shifted
objects Q(n) in any of our rational triangulated categories of mixed motives, where
we set Q(1) = T ⊗Q for the object representing the Tate motive in this triangulated
category, and Q(n) = Q(1)⊗n. This category DMT (k)Q is actually identified with
the derived category of an abelian category MT (k) as soon as the Beilinson-Soulé
vanishing conjecture holds, and we know at least this is so when k is a number field
(see [113]). We refer to this category MT (k) as the abelian category of mixed Tate
motives over k.

Let OS be a ring of S-integers in the number field k. In [45], a subcategory
of mixed Tate motives over OS , denoted by MT (k), is also defined within MT (k).
One can apply the Tannakian formalism to identify this category MT (OS) with the
category of representations of an affine group scheme Gω associated to a realization
functor ω : MT (OS)→ModQ. Deligne and Goncharov also defines an affine group
scheme GMT(OS) (a commutative Hopf algebra) in the category MT (OS) so that

ω(GMT(OS)) = Aut⊗(ω), and call this object GMT(OS) the fundamental group of
the category of mixed Tate motives MT (OS). This is this group which replaces the
absolute Galois in the pro-unipotent setting.

The motivic fundamental group of Tate motives. We now assume k = Q and
OS = Z. Deligne-Goncharov [45] and Terasoma [173] define a motivic counterpart
πmot1 (P1 \{∞, 0, 1}), in the category MT (Z), of the fundamental group of the variety
P1 \{∞, 0, 1}. This motivic fundamental group πmot1 (P1 \{∞, 0, 1}) has a Betti
realization πB1 (P1 \{∞, 0, 1}), which is identified with the prounipotent completion
of the fundamental group of the topological space P1(C)\{∞, 0, 1}), as well as a de
Rham realization πDR1 (P1 \{∞, 0, 1}) (we refer to [44, §10] for the original definition
of this de Rham realization of fundamental groups).

We use the notation GBMT(Z) for the Betti realization of the motivic funda-

mental group GMT(Z) of the integral category of mixed Tate motives MT (Z). We

have a group morphism ρ : GBMT(Z) → Aut(πB1 (P1 \{∞, 0, 1})) defining a motivic

analogue, in the Betti realization, of the previously considered morphism ρ : GQ →
Aut(π̂1(P1 \{∞, 0, 1})), where we consider the usual Galois group GQ = Gal(Q̄|Q).

We also have πB1 (P1 \{∞, 0, 1}) = F̂(x, y), the prounipotent completion of the free
group with two generators, and one can prove, just as in the profinite setting, that
the morphism ρ factors through the Grothendieck-Teichmüller group GT (Q) re-

garded as a subset of the automorphism group of this free group F̂(x, y) (see [172]
for an outline of the arguments). Note that we now consider the whole group GT (Q)
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which differs from the prounipotent group GT 1(Q) of §10.1 by a multiplicative fac-
tor Q×.

The obtained morphism

(d) ρ : GBMT(Z) → GT (Q)

is conjecturally an isomorphims (Deligne-Ihara). A result of F. Brown [36] gives
the injectivity of this morphism.

Let us mention that the group GBMT(Z) is according to a statement of [45], the

(product of a scalar factor with the) prounipotent completion of a free group on a
sequence of generators s3, s5, . . . , s2n+1, . . . . The Deligne-Ihara conjecture therefore
amounts to the conjecture that we have an identity between:

– the Lie algebra gt1(Q) of the prounipotent Grothendieck-Teichmüller group
GT 1(Q) (see §10.1.7), or equivalently, the Lie algebra grt1(Q) of the graded
Grothendieck-Teichmüller group GRT 1(Q) (see §10.3.10),

– and a free complete Lie algebra L̂(s3, s5, . . . , s2n+1, . . . ).

The Knizhnik-Zmolodchikov associator and multizetas. The Knizhnik-Zamo-
lodchikov associator of §10.4 has also an interpretation in terms of a period isomor-
phism connecting the Betti realization and the de Rham realization of the motivic
fundamental group πmot1 (P1 \{∞, 0, 1}) (see [172] for an introduction to this sub-
ject).

The Knizhnik-Zamolodchikov associator actually represents a generating power
series of the multizeta values:

ζ(k1, . . . , kr) =
∑

n1>···>nr>0

1

nk1
1 · . . . · nkrr

.

The number ζ(k1, . . . , kr) precisely appears (with a correcting sign) as the coefficient
of the term xk1−1yxk2−1y · · · yxkr−1 in the expansion of the power series of the
Knizhnik-Zamolodchikov associator Φ(x, y) ∈ G T̂(x, y) in the completed tensor

algebra T̂(x, y). The other terms of this expansion can be obtained from multizetas
by an explicit procedure (see [110]).

The multizeta values form an algebra. The result established by F. Brown
in [36] actually asserts that a motivic counterpart of this algebra, where we only
retain relations underlying an algebraic definition of multizetas in terms of motivic
periods (see [79]), is isomorphic to the completed tensor algebra underlying the free
Malcev complete group GBMT(Z). The injectivity of the map (d) in the Deligne-Ihara

conjecture arises as a consequence of this result.
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France, 1977.
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