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Abstract

Extension results, expressed in terms of complete boundedness, leading to neces-
sary and sufficient conditions for the solvability of power moment problems with
unbounded operator data are given. As an application, necessary and sufficient con-
ditions for the existence of selfadjoint and normal extensions for some classes of
commuting tuples of unbounded linear operators are obtained.
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1 Introduction.

Let 2 be a nonempty set, and let 3 be a g-algebra of subsets of €. Let also H
be a complex Hilbert space, and let B(H) be the algebra of all bounded, linear
operators on H. A fundamental concept in functional analysis, connecting the
objects above, is that of spectral measure (sometimes designed as a resolution
of the identity, see [Rud], Definition 12.17). Given a spectral measure £ : ¥ —
B(H), one can associate to each measurable function f :  — C a densely
defined, closed operator in H, say f(T), as a result of an integration, and
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the assignment f — f(T') enjoys a long list of useful properties (see [Rud],
Theorem 13.24).

The construction of a spectral measure is not always an easy matter. An
important tool to perform such a construction is offered by Naimark’s dilation
theorem (see, for instance, [Pau], Theorem 4.6). Naimark’s theorem shows that
the construction a spectral measure, associated to a certain problem, can be
often reduced to the construction of a (somewhat more accessible object called)
positive measure, i.e., an operator-valued map F : ¥ — B(H), assuming
positive values, such that F,, = (F(x)z,y) is a complex-valued measure
for all x,y € H, where (x, %) is the inner product of H.

Given a positive measure F' : ¥ — B(H), and a linear space S consisting of
Y-measurable complex-valued functions on €2, we may consider the following

subset of H:
Drs:={r €M, feL*(F,,), fcS}

It is easily seen that Dps is a subspace of H. Moreover, by replacing, if nec-
essary, the measure F' by its compression to the closure of Dgs, we may
assume, with no loss of generality, that the space Dps is dense in H. In that
case, we have a map assigning to each function f € S a sesquilinear form s;
on D = Dgg, given by s¢(x,y) == [ fdF,,, z,y € D.

Conversely, given an inner product space D, a linear space S consisting of
Y-measurable complex-valued functions on €2, and a map assigning to each
function f € S a sesquilinear form s; on D, a positive measure F' : ¥ — B(H)
such that s¢(z,y) = [ f dF,, for all z,y € D is sought, where H is the Hilbert
space obtained by completing the inner product space D. This is a special
type of a moment problem which is described in [Vasl] (where other details
and references concerning such problems can be found).

The main purpose of this paper is to characterize, in terms of complete bound-
edness and complete positivity (fruitful concepts introduced by Arveson [Arv],
and extended to more general conditions by Powers [Pow]), the existence of
extensions of some linear maps, defined on subspaces of fractions of contin-
uous functions, whose values are sesquilinear forms on inner product spaces
(see Theorem 2.5), following the scalar model initiated in [Vas2].

In the third section, a solution to a moment problem as described above (see
Theorem 3.2) is given. This result is then applied to obtain necessary and
sufficient conditions for the existence of selfadjoint or normal extensions for
certain commuting families of unbounded operators.

As a sample, we present a particular case of Theorem 3.3. Let T,T5 : D —
D be commuting symmetric operators in the inner product space D. The
operators 17, Ty admit commuting selfadjoint extensions if and only if for all



ly,lo €eZy,meNand xy,...,Zm,Y1,--.,Ym € D with

YAA+TH (A +T5) 2y, 25) <1, D (A +TH) 1+ T3) 25,550 < 1,
7j=1

J=1

and for all m xm two variable polynomial matrices p = (p; ) with the property
supy, g, [|(1+63) " (1 +13) "2p(t1, t2) [ < 1, we have

Z pjk T17T2 '/L‘kuy]> = ]-7
k=1

where || * ||, is the norm in the algebra of m x m complex matrices.

Theorem 3.3 gives a characterization of the existence of selfadjoint extensions
whose joint spectral measure is supported by a given set, for some finite fam-
ilies of commuting symmetric operators.

The existence of normal extensions is characterized by Theorem 3.4. We note
that the present normal extension results are essentially different from the
corresponding ones in [StSz2] or [Vas2].

Now, let us describe some of the main tools used in this work. Let €} be
a compact Hausdorff space and let C'(€2) be the algebra of all continuous,
complex-valued functions, endowed with the sup-norm || f||e = sup,eq | f(w)|-
As before, let H be a complex Hilbert space, and let B(H) be the algebra of
all bounded, linear operators on H. We shall use the following results:

Theorem A. Let ¥ : C(Q) — B(H) be linear, positive and unital. Then WV is
completely positive and completely contractive.

This assertion is essentially Theorem 4 in [Sti], see also [Pau], Theorem 3.11
and Proposition 3.6.

Theorem B. Let M C C(R2) be a subspace with 1 € M. If & : M — B(H)
is a unital, complete contraction, then there ezists a (completely) positive map
U :C(Q2) — B(H) extending ®.

This is a consequence of Arveson’s extension theorem (see [Arv] or [Pau,
Corollary 7.6).

Let Q be a family of non-null positive elements of C'(€2). We say that Q is a
multiplicative family if (1) 1 € Q, (ii) ¢, ¢" € Q implies ¢'¢" € Q, and (iii) if
qgh = 0 for some ¢ € Q and h € C(Q2), then h = 0.

Let C(€2)/Q denote the algebra of fractions with numerators in C(£2), and
with denominators in the multiplicative family O, which is a unital C-algebra



(see, for instance, [Wae] for details). This algebra has a natural involution
f — f, induced by the natural involution of C'(2).

To define a natural topological structure on C(Q2)/Q, for every ¢ € Q we
define the space

CQ)/q:={f € C)/qf € C(Q)}.

Obviously, C(Q2)/q D C(Q). Setting || f|lcc,q := ||¢f]|c for each f € C(Q)/q,
the pair (C(Q)/q, || * ||,q) becomes a Banach space (see also [Vas2]).

Remark 1.1 In the family Q there is a natural partial ordering, which is
reflexive and transitive but not necessarily symmetric, written as ¢'|q" for
q,q" € Q, meaning ¢ divides ¢", that is, there exists a ¢ € Q such that

7" =dq

Assuming that the constant function 1 has no divisor in Q \ {1}, the relation
q'|q" becomes symmetric too, but this hypothesis is not necessary for further
development.

Note also that if ¢, ¢" € Q and ¢'|q¢", then C(Q2)/q' C C(Q)/q" with continuous
inclusion mapping iy o = C(2)/q¢ — C(Q)/q".

Indeed, if ¢" = ¢'q and f € C(Q)/¢, then

oo = g @S oo < llalloollg’fllose = llqllooll fllocq -

For this reason, C(Q2)/Q = U,cg C(2)/q can be naturally regarded as an
inductive limit of Banach spaces.

As noticed in [Vas2], the algebras of fractions of continuous functions provide
an appropriate framework for the study of positive measures having a certain
decay related to the given multiplicative family.

2 Positive maps on spaces of fractions

Let © be a compact Hausdorff space, let Q@ C C(Q2) be a multiplicative family,
and let C'(2)/Q be the algebra of fractions with numerators in C(2), and with
denominators in Q.

We use throughout the text the notation ¢~! to designate the fraction 1/q for
any ¢ € Q. In each space C'(£2)/q we have a positive cone (C(€2)/q)" consisting
of those elements f € C(£2)/q such that gf > 0 as a continuous function.



Let D be an inner product space (whose inner product will be denoted by
(x,%)), and let SF(D) be the vector space of all sesquilinear forms on D. The
Hilbert space completion of D will be denoted by H.

Definition 2.1 Fiz a ¢ € Q. A linear map ¢ : C(Q)/q — SF(D) will be
called unital if Y(1)(x,y) = (x,y), x,y € D. We say that ¢ is positive if (f)
is positive semidefinite for all f € (C()/q)".

More generally, let Qy C Q be nonempty. Let F = 3,0, C()/q, and let
v F — SF(D) be linear. The map 1 is said to be unital (resp. positive) if
»|C(Q)/q is unital (resp. positive) for all ¢ € Q.

Following [Pow|, we shall also use a stronger positivity definition. A linear
subspace F = 3 cq, Fy of C(2)/Q (where Qy C Q and F, C C(£2)/q for
all ¢ € Qo) will be called symmetric, if for all ¢ € Qp and f € F, we have
f € F,. We denote by M (F) the linear space of all finite matrices over F, i.e.
all matrices (f;x);jken such that f;, # 0 for at most finitely many (j, k) € N2.
The set M(C(£2)/Q) has the structure of a *-algebra in an obvious manner,
and it can be identified with U,co M(C(Q)/q). For ¢ € Q, let K, denote
the set of all f = (fjx)jken in M(C(2)/q) such that for all w €  the matrix
(q(w) fjr(w));ken is positive semidefinite. Then an easy calculation shows that
K = U,egq Ky is a cone, which is admissible in the sense of Powers (see [Pow],
Definition 3.1).

Let ¢ : F — SF(D) be linear. We say that ¢ is completely positive (in the
sense of Powers [Pow]), if for all matrices f = (fjx)jren € M(F)NK we have

i i o(fin) (T, ;) >0, (z)jen € DV. (1)

Theorem 2.2 Let Qy C Q be nonempty, let F = Y ,co, C(Q)/q, and let
W F — SF(D) be linear and unital. The map 1) is positive if and only if

sup{[:(hg™")(z,2)[; h € C(Q), [[hlloo < 1} =(¢ )(z,2), ¢ € Qo, z€D.

If ¢ + F — SF(D) is positive, there exists a unique positive B(H)-valued
measure F' on the Borel subsets of € such that

VN@,9) = [ FdFuy, JEF, ayeD.

Proof. Let ¢ : F — SF(D) be linear and unital. Set ¢; = ¢|C(Q2). The
map 1 is positive if and only if there exists a positive, unital, linear map
Uy : C(Q) — B(H) such that ¢ (h)(z,y) = (¥1(h)z,y), z,y € D. This can
be obtained by standard extension arguments, which will be briefly presented
for the convenience of the reader.



Assuming 1 positive, if h € C(Q2) is positive, then
0 < 4u(h)(@,2) < [|hllollz]?, = €D,
because 1, is also unital. From this estimate we derive

[ (h)(z, 9) < Ihllollzl Iyl 2,y € D,

via the Cauchy-Schwarz inequality. Using the density of D in ‘H and the Riesz
theorem concerning the dual of H, we derive the existence of a positive op-
erator Wy(h) € B(H) such that ¥y (z,y) = (¥1(h)z,y), z,y € D. Moreover,
the assignment h — Wy(h), h > 0, is additive and positively homogeneous. As
every function h € C({2) is an algebraic combination of four positive functions,
we derive easily the general assertion.

Conversely, the existence of a positive, unital, linear map ¥, : C(Q2) — B(H)
such that ¢ (h)(z,y) = (V1(2),y), x,y € D clearly implies that 1, is positive.

We use the fact that a linear functional 0 : C'(2) — C is positive if and only
if it is continuous and [|6]| = 0(1)

Set (k) = w(hg ), h € C(2), q € Q.

Suppose 1 positive and fix an z € D. As C(Q2) C F and each positive function
h € C(f) is also positive in C(2)/q, the map 1), is positive on C(2). Put
Yez(h) = Yy(h)(x,x), h € C(2), which is a positive functional on C(f2).
Hence 3

el = sup{t:(hg~ ) (@ 2)]; h € C(Q), [Ih]l < 1}

= (1) (z,2) = ¥(¢"")(z,2), ¢ € Qo

which is the stated condition.

Conversely, the equality ||| = ¥(¢~")(z,2) = ¥,(1)(x, ) shows that 1.,
is positive on C'(§2). Then there exists a positive (Borel) measure fi,, on 2
such that ¢, ,(h) = Jq hdpge, b € C(2), for all g € Qy.

The relation 9y, (hq1) = ¥(h)(x,2) = g (hq) for all ¢,q € Qp and
h € C() implies the equality qifig, » = Gofig- Therefore, there exists a
positive measure p, such that p, = g, for all ¢ € Qy.

The equality p, = qug. shows the set {w; ¢(w) = 0} must be p,-null. Con-
sequently, 11, = ¢~ 'p, and the function ¢~ is u,-integrable for all ¢ € Q,.
Moreover, the measure pu, is uniquely determined because of the equality
w(h)(xvx) = thd:ufE? h € C(Q) Setting 4,ux,y = Hz+y — Hz—y + Zﬂx+iy -
ify—iy, T,y € D, we have the representation ¢ (h)(z,y) = [ohdu,, for all
h € C(2) and z,y € D, via the polarization formula. This shows, in par-
ticular, that the map ¢ = |C(Q) is (unital and) positive. Therefore, there



exists a unital positive map ¥; : C(Q2) — B(H) such that i, (h)(z,y) =
(U1(h)z,y), v,y € D. It is well known that the map ¥ has an integral repre-
sentation Uy (h) = [, hdF, where F' is a positive B(H)-valued measure F' on
the Borel subsets of (). As F, , = ., for all z,y € D, and D is dense in H,
the measure F' is uniquely determined.

If f € F is arbitrary, then f = Y., hjqj’l, with h; € C(Q), ¢; € Qy for all
j € J, J finite. We can write

=Sy (h)aa) = Y [ hydpge = [ fdp = [ fdF.,

jeJ jeJ

for all x € D, from which we easily derive the formula in the statement. The
measure [’ being positive, the map ¢ must be also positive. O

Remark 2.3 Let F := X .0, C(2)/q for a nonempty Qy C Q, and let 1) :
F — SF (D) be a unital positive map on F. Set 1, = |C(Q)/q and 1, .(f) =
Vo (f)(x,2) for all g € Qo, h € C(Q)/q and = € D. If 1), is defined as in the
proof of Theorem 2.2, we have the equality

[Yaall = sup_|tqu(f)] = sup qu( )| = el = (g™, )

[[fllo0,q< [IZ[ESSS

for all g € Qy and x € D.
We shall need the following fact:

Lemma 2.4 Let Q be a multiplicative system on ) and let q,q1,q2 € Q be
such that ¢ = q1qz. Suppose that b : C(Q)/q — SF(D) is a positive, linear
map satisfying

U(g™)(x,x) > 0 and (g, ') (a,2) > 0, for allz € D\ {0},
s0 that (¥, %), = (g 1) (%, %) and (x,%)q, := (g7 ") (*,*) are scalar products
on D. Let D, and D,, denote the completions of D with respect to (x,%),

and (x,%),,, respectively. Then there exist uniquely determined linear maps
v,:C(Q) — B(D,) and ¥, ,, : C(2) — B(D,,) such that, for all h € C(Q),

<\Ilq(h)x7 y)q = ¢<h/Q>(xa y), z,y €D, (2>
and

<\Pq,q1(h)x7y>q1 =(h/q)(z,y) = <\I/q(hQZ)xyy>q’ z,y € D. (3)

Moreover, the maps ¥V, and W, ,, are unital, completely contractive and com-
pletely positive.



Proof. By the positivity of 1) we obtain, for all h € (C(Q2))" and = € D,

U(h/q)(@,2) < hlloctb(a) (@, 2) = [|hlloo(z, 2)q - (4)

If h is an arbitrary continuous function on €2, it can be written in the form
h = hy —hy+i(hs —h4) with continuous functions satistying 0 < h; < ||h||o on
(2. Representing the sesquilinear forms (x,y) — t(h;/q)(x,y) in polar form,
we conclude from (4) that we have for all z,y € D with ||z||, < 1 and ||y|, <1

[¥(h/q) (@, y)] < 16][|s -

Therefore, there exists a unique operator ¥, (h) € B(D,), such that (2) holds.
Moreover, the linearity and positivity of ¢ imply the linearity and positivity
of ¥,. Because of

(We(D)z, y)g = (g ) (@,y) = (z,y)q, x,y € D,

we see that W, (1) is the identity operator on D,. Hence, by Theorem A in the
Introduction, V¥, is completely positive and completely contractive.

As ¢ divides ¢, we have C'(§2)/q1 C C(€2)/q and the restriction of ¥ to C'(2)/q
is positive. Hence, replacing in the preceding arguments ¢ by ¢;, we obtain a
unique linear map V¥, ,, : C(Q2) — B(D,,) such that

(Woq ()2, y) gy =tb(h/q1) (. y) = P(haz/q)(x,y)
=(Uy(hg2), y)q

for all h € C(Q2) and z,y € D, and as before, ¥, ,, is completely positive and
completely contractive. O

Let 7 < 7 be another partial ordering on the set Q. We say that 7 < 7 is
multiplicative if ¢ < ¢” implies ¢'|¢” for all ¢, ¢" € Q.

As usually, a subset Qy C Q is said to be cofinal if for every ¢ € Q we can
find a ¢’ € Qg such that g < ¢'.

In the next statement we shall use the notation || * ||, to designate the
canonical norm of the C*—algebra M, (C(€2)) of n X n matrices with entries
from C(2). Similarly, for further use, the symbol || * ||, denotes the canonical
norm in the C*-algebra M, (C). The norms used in the statement (a) of the
next theorem were introduced in Remark 2.3.

Theorem 2.5 Let Q be a multiplicative system on ) endowed with a mul-
tiplicative partial ordering ” < 7, and let Qy be a cofinal subset of Q with
1€ Q.

Let F =Y e, Fq, where Fy is a vector subspace of C()/q such that ¢~ €
Fy CF, forall ¢ € Qp and q € Qp, with ¢ < q. Let also ¢ : F — SF(D) be



linear and unital, and set ¢, = Q| Fy, Ggu(x) = dq(*)(x, x) for all ¢ € Qy and
reD.

The following two statements are equivalent:

(a) The map ¢ extends to a unital, positive, linear map ¥ on C(Q)/Q such
that, for all x € D and q € Qp, we have:

[q.ell = | Pgll, where by = P|C(2)/q, qo(*) = Py(¥)(x, ).

(b) (i) ¢(g ") (x,2) >0 for allx € D\ {0} and q € Q.
(i) Forallge Qo, n €N, x1,...,Zn,Y1,--.,Yn € D with

n

>l enm) S 13 ola ) < 1,

j=1
and for all (f;x) € Myu(F,) with ||(qfjx)|lne <1, we have

n

> (i) (@ ys)| <

Jk=1

If F is a symmetric subspace of C(Q)/Q, then (a) and (b) are equivalent to
(¢c) ¢ is completely positive.

Proof. If ¢ : F — SF(D) extends to a unital, positive ¢ : C(Q2)/Q — SF (D)
such that ||| = ||¢q| for all ¢ € Qp and x € D, then ||| = ||¢gzl =
dlg Nz, z) = (¢ ') (z,x), by Theorem 2.2 and Remark 2.3. Because of
lqllet < g 'forallqg e QO and the positivity of ¢, we obtain for all z € D\{0}:

$g ) (@, 2) = (g ), 2) = ¥([lall) (@, 2) = llgl| X {z, 2) > 0,
and thus we have (i).

Applying Lemma 2.4, we obtain, for all ¢ € 9, a uniquely determined lin-
ear map V¥, : C(Q2) — B(D,) satistying (2), that is completely positive and
completely contractive. In particular, for all n € N, x1,..., 2., y1,...,yp € D
with

Dollasllz =" ola ) (ay,x) <1, Y [lylls = Zcb Wy, 95) < 1,
=1 j=1 j=1

and for all (f;5) € M, (F,) with ||(¢fx)|lne < 1, we have

n

Z ¢(fgk xkay]

jk=1

n

Z (Qfik)TrsYi)ql <1




which proves (ii). Hence (a) implies (b).

Moreover, if F is a symmetric subspace of C'(2)/Q and F' = (fjx)jk=1,..
M, (F) is positive in the natural order of M, (C(2)/Q), then F' € M, (F,) for
some ¢ € Qqy and F is positive in M, (C(2)/q), i.e. ¢F is positive in M, (C(2)).
By the complete positivity of ¥,, we obtain for all z,...,z, € D,

n n

03 S (0, (af i) 7,0, ii O fia) (wn,13).

=1 k=1
Hence, we have shown that, in this case, (a) implies (c).

Suppose now that ¢ : F — SF(D) is a unital, linear map satisfying conditions
(i) and (ii). In particular, for all ¢ € Qy, the sesquilinear form (x, x), := ¢(¢!)
defines a scalar product on D. We write D, for the completion of D with
respect to the corresponding norm || * ||, (see also Lemma 2.4) and still denote
the extended scalar product by (x,%),. As ¢ is unital, we have D; = H.
By (ii), for all h € ¢F,, the sesquilinear form ¢(h/q) extends to a uniquely
determined bounded sesquilinear form on D,. Hence there exists a unique
operator ®,(h) € B(D,), satisfying

3(h/a)(z,y) = (g~ )(Pg(h)z,y) = (Dg(h)2,y)q

for all z,y € D. Note that ®,(1) is the identity operator on D,. From condition
(ii), we conclude that the unital linear map

®,: qF, — B(D,)

is a complete contraction and hence, by Theorem B in the Introduction, it
extends to a completely positive unital map ¥, : C(Q2) — B(D,). Thus,

(Wo(af)z,y)qg = d(f)(2,y), feFy x,y€D. (5)

Applying Lemma 2.4 to the map f — (¥,(¢f)*,*), from C(Q)/q to SF(D),
we obtain a unique, unital, completely contractive and completely positive
linear map U, ,, : C(Q2) — B(D,,), satisfying

<\I}q,q1<h)$’y>th = <\Ijq(hQ2)x’y>q (6)

and

(Waq (M), Y)gr | = [(Yg(hga)z, y) gl < [[Plloollllgn[[¥llgr (7)
for all h € C(Q), z,y € D, 1,9 € Qo, ©2 € Q, 1¢2 = q.

For every ¢ € Q, we denote by K, the set of all those families

= (a(f, =, y))fEC(Q)/(L syeD € CC(Q)/¢xDxD

10



satisfying

la(fs 2 9)| < llafllcllzllollylle,  f e C)/gq, ,y €D. (8)

Endowed with the product topologies, the topological spaces K, ¢ € Qo, and
hence K := [ ,cq, K, are compact.

For each q € Qp, let now H, be the set of all a = (ay)yeg, € K such that for
all ¢ € Qp with ¢’ < ¢: the map f — ay,(f,*,*) is a positive linear map from
C(Q)/q to SF(D) extending ¢|F, and satisfying

ag(f,2,y) = a(f2,y), [ €CQ)/d, z,yeD. (9)

Clearly, the sets H, are closed in K and hence compact. In order to prove
Nyea, Hq # 0, it therefore suffices to show that all finite intersections Hy, N
--NH,, with ¢, ..., g, € Qo are not empty. As Q, is cofinal in Q, there exists
some ¢ € Qp such that ¢; < ¢ for j = 1,...,n. Let the operator ¥, € B(D,)
and, for all divisors ¢ € Qy of ¢, the operators ¥, ,, € B(D, ) be as constructed
above. We define for all z,y € D, ¢ € Qq, and all f € C(Q)/¢"

0 if ¢ does not divide ¢
<\Ijq,q’(q/f)$7 ?/>q/ if ¢’ divides ¢

for all f € C()/¢, x,y € D. Notice, that a := (ay)yeo, € K by (7).

aq’(f,l’,y) = {

Fix an index j € {1,...,n} and let ¢ € Qy satisfy ¢’ < ¢;. Then there are
4, G; € Q such that ¢; = ¢'q; and q = ¢;G;. We conclude from (6) that for all
feC()/q and x,y € D we have:

ag (f,2,y) =(Vyq (¢'f), Yy = <\I’q(q/ng~jf)xay>q = (Yy(qf)r, y)q
:<\I!q,qj <QJf)x7 y>¢Ij = a%’(f? x, y) )
so that f +— ay(f,*, %) is a linear map from C(2)/¢ to SF(D) which is

positive by the positivity of ¥, , and extends ¢|F, because of F, C F, and
(5) Hence, a := (aq/)q’er S qu N---N an.

It follows that there exists some b = (by)qe0, € Nyeg, Hy- We define now, for
all f € C(2)/Q = Uye, C()/g. 2.y € D:

V(f)(z,y) = by(f,x,y)if feC(Q)/q.

To see that this is well defined, suppose that f € C(Q)/q;, 7 = 1,2 with
q1,q2 € Qo. As Qq is cofinal in Q there exists some ¢ € Qg such that ¢; < ¢
and ¢; < ¢, and so both divide ¢q. As b € H,, we have for all z,y € D,

bQ1<f7may) = bQ(f7x7y) = qu(f,m,y),

11



and the map (z,y) — b,(f,z,y) is a sesquilinear form on D. Thus, ¢ :
C(Q)/Q — SF(D) is a well defined linear map which is easily seen to be
positive and extends ¢.

Given q € Qy, we see from the fact that b satisfies (8) that

I bgll < Mgl < Nlzlly = dla™ ") (@, 2) = Sgula™) < [dgell,
for all x € D, which completes the proof of (a).

Finally, suppose that F is a symmetric subspace of C(2)/Q and that the
condition in (c) is satisfied. Then ¢ is a completely positive map on F in the
sense of [Pow]. Note also that every f = f € C(Q)/Q can be represented
as f = h/q with h € C(Q) real valued and ¢ € Qy (via the fact that Qy is
cofinal in Q). Setting g = ||h||/q, we have g € F,, and the difference g — f
is positive in F, (even when g — f is regarded as a matrix). In other words,
with the terminology of [Pow], the space F is cofinal in C(€2)/Q with respect
to the admissible cone K (see Definition 2.1). We conclude from Theorem 3.7
in [Pow] that ¢ extends to a completely positive map ¢ on C(Q2)/Q, showing
that (c) implies (a), via Theorem 2.2. O

In the scalar case D = C, we identify SF(D) with C. Using the fact that, in
this situation, bounded linear functionals on F, are automatically completely
bounded and the cb-norm coincides with the norm ([Pau], Theorem 3.9), we
obtain, as a particular case, Theorem 3.7 in [Vas2].

Corollary 2.6 Let Q be a multiplicative system on €0 endowed with a mul-
tiplicative partial ordering 7 < 7 and let Qg be a cofinal subset of Q with
1€ Q.

Let F =Y e, Fq, where Fy is a vector subspace of C()/q such that ¢~ €
Fy CF, forallq € Qy and q € Qy, with ¢' < q. A linear functional ¢ : F —
C with ¢(1) > 0 extends to a positive linear functional i : C(Q2)/Q — C with

191C(Q)/qll = |¢|Fqll for all g € Qo if and only if [|¢|F4|| = ¢(q) > 0 for all
q € Qp.

Proof. Without loss of generality we may assume ¢(1) = 1. With the remarks
above, the statement follows directly from Theorem 2.5. O

For every ¢ € Q we denote by Z(q) the set {w € Q; ¢(w) = 0}, that is the
zeros of ¢ on €. For subsets Q; of Q we write Z(Q,) := U,cq, Z(q).

Combining Theorem 2.5 with Theorem 2.2, we show now:

Corollary 2.7 Suppose that, with the hypotheses of Theorem 2.5, condition
(b) is satisfied. Then there ezists a positive B(H)—-valued measure F' on the
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Borel subsets of € such that

HNw,y)= [ fdFry, fEF, 2y eD. (10)

For every such measure F and every q € Q, we have F(Z(q)) = 0. Hence, if
Q contains a countable subset Q with Z(Q1) = Z(Q), then F(Z(Q)) = 0.

Proof. The existence of F' with (10) follows from Theorems 2.5 and 2.2. If
F'is any such measure and ¢ € Q, since Q is cofinal in O, there exists some
qo € Qo with ¢ < qo, and hence Z(q) C Z(qo). Fix an z € D\ {0} and an
arbitrary € > 0. With A, := {w € ;0 < go(w) < e/d(qo ") (z, )}, we obtain

qo(w) €
PralZ@) < [, 40 el < [, e ey )

£
< AdF, , =
WM&@@A% e

and thus F, ,(Z(f)) =0 for all x € D, which implies F'(Z(q)) = 0. By means
of the o—additivity of the scalar measures, we also obtain the last statement
of the Corollary. O

3 Selfadjoint and normal extensions

In a classical paper by Fuglede (see [Fug]) dealing with the multidimensional
power moment problem, an operator theoretic characterization of moment
multi-sequences in terms of existence of some commuting selfadjoint exten-
sions is given. This is an important motivation to study selfadjoint or normal
extensions of some given linear transformations.

To fix the terminology, let T7i,...,T,, be linear operators defined on a dense
subspace D of a Hilbert space H. Assume that D is invariant under 71, ..., T,
and that T3,...,7T, commute on D. We say that the tuple T' = (T1,...,T,)
has a selfadjoint (resp. normal) extension if there exists a Hilbert space K
containing H as a subspace, and a tuple A = (Ay, ..., A,) consisting of com-
muting (in the sense, that the corresponding spectral measures commute)
selfadjoint (resp. normal) operators in K such that D C N7_, D(4;) and
Tix = Ajz, v €D, forall j=1,...,n.

Remark 3.1 Our methods give primarily some “dilations” but, as in the
proofs of Theorem 3.3 in [Bi] and Lemme 2 in [Fo|, we can prove that these
are actually extensions. Let us explain the meaning of this assertion, giving
some direct arquments.

Note that if S : D(S) C H — H is a symmetric operator with SD(S) C D(S),
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and if B : D(B) C K +— K is a selfadjoint operator such that H C K, D(S) C
D(B?) and S*x = PB*z,x € D(S), k = 1,2, where P is the orthogonal
projection of IC onto H, then Sx = Bx for all x € D(S). Indeed, we have

(Sx,Sx) = (Sx, PBx) = (Sz, Bx)

and
(Bx,Sz) = (PBux, Sz) = (S*1,7) = (B*v,2) = (Bz, Bx),

for all x € D(S). Therefore
|Sz — Bz||* = (Sz, Sx) — (S, Bx) — (Bx, Sz) + (Bz, Bx) = 0,
for all x € D(S).

Similarly, if S : D(S) C H +— H is an arbitrary linear operator and if B :
D(B) C K +— K is a normal operator such that H C K, D(S) C D(B),
Sx = PBx and ||Sz|| = ||Bx| for all x € D(S), then Sx = Bx for all
x € D(9).

Let D be a complex inner product space and let ¢ : P,, — SF(D) be a linear
unital map. We are interested to find a positive measure F' on the Borel subsets
of R", with values in B(H), where H denotes the completion of D, such that
o(p)(z,y) = [pdF,, forall p € P, and x,y € D, which is, in fact, an operator
moment problem (see, for instance, [Vasl]). When such a positive measure F
exists, we say that ¢ : P, — SF(D) is a moment form and the measure F' is
said to be a representing measure for ¢. When the representing measure F' of
¢ vanishes on the complement of the closed subset K in R", we say that ¢ is
a K-moment form.

We intend to apply the characterization given by Theorem 2.5. As in [Vas2],
we shall use the following framework.

Let Z} be the set of all multi-indices o = (s, ..., o), i.e., a; € Z, for all
jg=1...,n.

Let P, be the algebra of all polynomial functions on R", with complex coef-
ficients. We shall denote by ¢* the monomial ¢7* - - - t2», where t = (¢1,...,t,)
is the current variable in R", and o € Z}.

Let (Roo)™ = (RU {oo})™, i.e., the Cartesian product of n copies of the one
point compactification R,, = RU{oo} of the real line R. We consider the family
Q,, consisting of all rational functions of the form ¢, () = (1 +¢3)7* -+ (1 +
2yt = (t1,...,t,) € R", where o = (v, ..., ) € Z7 is arbitrary. The
function ¢, can be continuously extended to (R)" \ R™ for all a € Z7.
Moreover, the set Q,, becomes a multiplicative family in C'((Ry)"). Set also
Pa(t) =qu(t) ', teR", € 2.
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Let P, be the vector space generated by the monomials t# = tf L. P with
Bj < 2a4,5 = 1,...,n,a € Z. For each p € P, 4, the rational function
p/Da can be continuously extended to (R, )™ \ R", and so it can be regarded
as an element of C'((Ry)"). Therefore, P, , is a subspace of C((Rx)")/¢a =
PaC((Rso)™) for all v € Z7.

Fix a closed set K C R™. As we are primarily interested in the unbounded case,
we will assume, in general, that K is unbounded. We write K for the closure of
K in (Ry)", which is a compact space. Let Q,(K) be the set of all functions
from Q,, (extended to (Rw)™ and) restricted to K. This is a multiplicative
family in C(K). For ¢ € Q,(K) let Alq) == {a € Z1; qu| K = ¢q}. We
introduce a partial ordermg in Q,(K) by defining ¢ < ¢ if for all & € A(¢)
there exists some 3 € A(q”) such that 3 —a € Z7. In this case we have
g =q qﬁ_a|f( , which shows that the partial ordering “<” is multiplicative.
Notice, that the space P, (K) of all restrictions to K of polynomials in P, may
be regarded as a subspace of the algebra of fractions C(K)/Q,(K). Indeed,
with P, = Y,caq) PralK, we have ¢7' € P, € C(K)/q and P,(K) =
Ugean ik 73 Moreover because of Pno C Pupgif B—a € Z7, we see that
Py C 77 i Whenever qd <4q".

This discussion shows that the required conditions to apply Theorem 2.5 are
fulfilled. Note also that if s = > ,c(g) Sa € Py = Xaca(q) PralK for a fixed

g € Qu(K), we have gs = Y acA(q) Sal = LacA(q) Sala € C(K). Hence, s €
C(K)/q and |[|s]|soq = sup,cz |5q| = sup,ci [5¢a| for all @ € A(g), which
provides the natural norm of the space P,.

Let ¢ : P, — SF(D) be a unital, linear map. If ¢ is a K-moment form, then
we clearly have ¢(p) = 0 for each polynomial p such that p|K = 0.

Conversely, the linear map ¢ : P, — SF(D) is said to be K-compatible if it
has the property that ¢(p) = 0 whenever p|K = 0. In such a case, ¢ induces
a linear map on P, (K), say o, given by o(f) = é(p), for all f € P,(K) and
p € P, with f = p|K. As the map ¢ is unambiguously defined by ¢, it will be
also denoted by ¢.

Notice, that K-compatibility can only be violated if K is contained in the set
of zeros of a polynomial p # 0. In particular, if int K" # (), then every linear
map ¢ : P, — SF(D) is K-compatible. In the case n = 1, every linear map
¢ : P, — SF(D) is K-compatible for all unbounded closed subsets K of R

It is clear that if ¢ : P, — SF(D) is a positive, linear map such that
6(p)(, 2)] < supyee |aa(O)p(D)]6(pa) (2, 7) for all p € Py, z € Dand a € Z1,
then ¢ is K-compatible. Nevertheless, a stronger condition is necessary in or-
der to derive the existence of a representing measure for such a form.
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Theorem 3.2 Let K C R" be closed and unbounded, let D be a complex inner
product space and let ¢ : P, — SF(D) be a unital, linear map.

The map ¢ is a K-moment form if and only if

(i) ¢(pa)(z,z) >0 for all z € D\ {0} and o € Z.
(i) The map ¢ is K-compatible and for all « € ZL, m € N and x1, ..., Ty,
Yls -+ Ym € D with

S owa) (@) <1, > da) Yy, y5) < 1,
j=1

J=1

and for all f = (fjr) € Mu(P,) with sup,ck [lq() f(t)||m < 1, where
q = qu|K, we have

m

> o(fiw)(@n, y;)

Jk=1

<1

Proof. Assume first that ¢ is a K-moment form and let F' be a representing
measure of ¢ carried by K. Then we have ¢(p)(z,y) = [x pdF,, forallp € P,
and x,y € D. As noticed above, such a map ¢ is K-compatible. Therefore, it
induces a linear and unital map ¢ : P,(K) — SF(D). Moreover, if ¢ € Q,,(K)
and a € A(q), we have for all z € D\ {0},

0l (@,2) = 6(pa) (2,2) = [ padFra> [ dFuy = o] >0,
K K

as po > 1 and F is positive. This shows that condition (i) in Theorem 2.5
holds for ¢.

To prove condition (ii), we define a unital, linear map ¢ : C'(K <)/ Qn(K () —
SF(D) via the equation ¢(f)(z,y) = [ [ dFyy for all f € C(K)/Qn(K) and
z,y € D. This definition is correct, since for each f € C(K)/Q,(K) we can
find an index o € Z7} such that h := fqa| K € C(K). Then we have

J 1P < Bl [ pocdFos = [l (pa) (,2) < o,

for all z € D. This shows that each f € C(K)/Q, is integrable with respect
to each measure F} ,, and hence integrable with respect to each measure F}, ,,
for all x,y € D, by the polarization formula. Moreover, the restriction of
1) to the space C([A()/q is clearly positive, for all ¢ € Q,( A) Thus, v is a
unital, positive extension of ¢. Setting, as before, 1, = w|C’( )/4q, wqx( ) =

V(%) (2, ), dg = @\ Py, Pgu(x) = y(x)(z,x) for all ¢ € Q,(K) and x € D, we

have:

Sq )z, 2) = U(q ) (2, 2) = [[Wgall > 16gall > d(a™") (2, ),

16



via Theorem 2.2. This shows that the map ¢ : P,(K) — SF(D) satisfies
condition (a) in Theorem 2.5.

FixaeZ}, meNand zy,...,Zm,Y1,...,Yn € D such that

m m
Z¢ xjaxj Z¢ %717] <1,
7j=1

J:

—_

> o(a )5 y5) Zcbpa (yj,y5) <1,
j=1

where ¢ = qo|K. Take f = (fjz) € Mm(Pq) with sup,c [l¢(®)p() |l < 1.
Then, by (ii) in Theorem 2.5, we infer that

m

> o(fin)(@ryy)| <

jk=1

Conversely, assume that conditions (i) and (ii) are fulfilled. Because ¢ is K-
compatible, it induces the unital, linear map ¢ : P,(K) — SF(D), as noticed
before. Moreover, conditions (i) and (ii) in the statement above imply condi-
tions (i) and (ii) in Theorem 2.5. Note also that the function gq, 1 is null on

.....

the set K \ K, and this set contains the zeros of any function from Q,(K).

By virtue of Theorem 2.5, and by Corollary 2.7 as well, it follows that the
map ¢ extends to a unital, positive, linear map having a representing measure
F on the Borel sets of K , whose support lies in K. Then the measure F' given
by F(B) := F(B N K) for all Borel sets B in R" is a positive B(H) valued
measure satisfying

op)w,y) = [ pdFuy = [ pdF,. peP.
Hence, ¢ is a K—moment form. a

Remark 1 In the statements of Theorem 3.2, the conditions (i) and (ii) may
be replaced by similar conditions, in which the multi-index o runs only in a
cofinal family in 7T, (with respect to the partial ordering § < n for two multi-

indices £ = (&1,...,&,), = (m1,...,m,), meaning that & <mn;, j=1,...,n),
which suffices to apply Theorem 2.5.

Note also that if the map P, > p — p|K € P,(K) is injective, then P, =
Pr.olK where o is the only multi-indexr such that A(q) = {a}, for all g €

Q,(K).

We shall use the following well-known fact: If S = (S1,...,5,) is a tuple of
(not necessarily bounded) commuting normal linear operators in a Hilbert
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space IC, in the sense that their spectral measures F1, ..., E, commute, then
there exists a unique spectral measure E' on C", satisfying E(A; x...x A,) =
Ey(Ay)--- E,(A,) for arbitrary Ay,..., A, in g-algebra Bor(C) of all Borel
sets in C, and Sjx = [cn 2;dE(2)z for all x in the domain D(S;) of S;, j =
1,...,n. We call E the joint spectral measure of S and say that E has support
in a closed set K C C™if E(C"\ K) = 0. In particular, when S = (51, ..., 5S,)
consists of commuting selfadjoint operators, the support of their joint spectral
measure lies in R™ (details concerning joint spectral measures and integrals
can be found in [B-S]; see also [Rud] for some details).

Theorem 3.3 Let K C R" be closed and let T = (Ty,...,T,) be a tuple of
symmetric, linear operators defined on a dense subspace D of a Hilbert space
‘H. Assume that D is invariant under Ty, ..., T, and that Ty, ...,T, commute
on D. Let ¢r : P, — SF(D) be the linear unital map given by

or(p)(z,y) == (p(T)z,y), p€ Py ax,yeD.

The tuple T' admits a selfadjoint extension such that its joint spectral measure
has support in K if and only if the map ¢r 1s K-compatible and for all o €
2y, meNand x1,...,Tm, Y1, Ym € D with

m

S brlpa)(es ) S 1 3 orlra) g ) < 1

=1

and for all p = (pj ) € My(P,) with sup,c g [|q(t)p(t)||m < 1, where g = qa|f(,

we have
m

> dr(piw) @k, v5)

Jk=1

<1

Proof. Assume first that 7" admits a selfadjoint extension. Then there exists
a Hilbert space K containing H and a tuple A = (Ay,...,A,) consisting
of commuting selfadjoint operators in K such that D C D(A%) and Tz =
A%z, x € D, for all a € Z;. Moreover, the joint spectral measure E : Bor(R")
of A vanishes on R" \ K. If we define F' : Bor(R™) — B(H) by F(S) :=
PE(S)|H for all S € Bor(R"™), where P is the orthogonal projection of K
onto H, we have for all p € P,, z,y € D,

| pdFu, = [ pdE,, = < L. p(z)dE(z)x,y> — (p(A)z, )
=(p(T)z,y) = ¢r(p)(z,y).

Hence, F' is a representing measure for ¢ which vanishes on R” \ K and ¢r
is a K—moment form. It now follows from Theorem 3.2 that the condition in
the theorem must be satisfied.
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Conversely, suppose that the condition in the statement holds.

First note that, ¢r(pa)(z,2) = (po(T)x,z) > (x,x) for all o € Z7. Thus,
if the condition in the statement is fulfilled for 7', then the map ¢ satisfies
conditions (i) and (ii) of Theorem 3.2. Hence, there exists a positive measure F’
on the Borel sets of R” with values in B(H), which is a representing measure
for ¢, and which vanishes on R" \ K. By the Naimark dilation theorem
([Pau], Theorem 4.6), there exists a Hilbert space K, a bounded linear operator
V :'H — K and a selfadjoint spectral measure E on the Borel sets of R™ with
values in B(K), such that F(A) = V*E(A)V for all A € Bor(R"). Moreover,
the measure F also vanishes on R™ \ K.

Because of F(K) = 1y and E(K) = 1k, the operator V is an isometry. Hence,
identifying H with its isometric image V(H), we see that

F(S)=PE(S)|H, S € Bor(R"),

where P denotes the orthogonal projection from X onto H. We then obtain
selfadjoint operators Ay, ..., A, by

D(A) = {z € K; /K [t 2d(E(t)z, 2)} < oo}

and
A= [ LBz, @€ D(Ay).
K

As we have 0 < ¢r(|p|*)(z,2) = [ [p(t)|?d(F (t)z,z) < +oo for all p € P,
and = € D, using a well known argument (see [Bi] or [Fol), we infer that

(T72,y) = 6r(t)(,y) = [ (P (D))

_ /Kt“d<E(t)m,y> = (A%, y) = (PA%z,y),

provided x,y € D. Hence, PA%x = Tz for all x € D, o € Z’}, which shows
that the selfadjoint tuple A := (A;,..., A,) is a dilation of T' = (T, ...,T},),

and so A is actually a selfadjoint extension of T', via Remark 3.1. a

Remark 2 When K = R", the previous statement becomes much simpler.
Indeed, in this case the map ¢r is automatically R™-compatible and we have
P, = Pn,o where a is the only multi-index such that ¢ = q.. Therefore, with
the notation of Theorem 3.3, the tuple T = (T1,...,T,) admits a selfadjoint
extension if and only if for all € ZI,, m € N and 1, ..., Zm,Y1,...,Ym €D
with

Y Pa(Dxja;) <1, Y (pal(Tysy;) <1,

J=1 Jj=1
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and for all p = (pjx) € M (Pr,a) with sup;cgn [|¢a(6)p(t)||m < 1, we have

Z Pik(T)Tr, y;)| <
k:

The particular case n = 2 has been already presented in the Introduction.

We now consider situations in (Cy,)", where C,, is the one point compact-
ification of the complex plane C. From now on, let O, denote the family
of all functions of the form g¢,(2) := (1 + [21]*)7 -+ (1 + |2,|*) 7", with
2= (21,...,2,) € C*and @ = (vq,...,a,) € Z. As in the real case, the
functions ¢, extend continuously to (Cy )™ and Q,, is a multiplicative family

in C((Ca)™).

For all o € Z'}, we denote by 7, ,, the linear spaces generated by the monomials
247 = zfl - 28z -z such that, for j = 1,....,n, we have §+1; < 2q;
or {; =mn; = qj.

Note, that for all f € 7, , the function ¢, f extends continuously to (C,)" and
that 7, C T, if a; < B, j = 1,...,n. We also consider the linear subspace

7;1 = Zan7+l ,];L,Oc of C((Coo)n)/Qn

Let now K be an unbounded closed subset of C* and K its closure in (Cu)".
We define (as in the discussion before Theorem 3.2) 7,,(K) := {f|K'; f € 7.},
and let Q,(K) denote the set of restrictions to K of all functions in Qn
(extended to (Cs)™), which is a multiplicative set in C(K). For ¢ € Q,(K)
let A(q) = {a € Z7; qalK = ¢}. We introduce a partial ordering in this
set by defining ¢’ < ¢” if for all « € A(¢') there exists some € A(q”) such
that 3 —« € Z7. In this case we have ¢" = q’qB_a|f(, so the partial ordering
“<” is multiplicative. The space 7,(K) may be regarded as a subspace of

the algebra of fract1ons C(K)/Qn(K). Indeed, with 7, := 3" c a(g) Tn.al K, We

have ¢°! € 7T, ¢ C(K)/q and T,(K) = Ugeo, (k) Zg- Moreover, because of
Tno CThpif ﬁ — o € 27, we see that 7y C T, whenever ¢’ < ¢”. Hence, the
conditions to apply Theorem 2.5 are fulﬁlled.

Let now T" = (Ty,...,T,) be a tuple of linear operators defined on a dense
subspace D of a Hilbert space ‘H such that 7;(D) C D and T;Tx = T}, T;z for
all j,k € {1,...,n}, x € D. In this situation, we may define a unital linear

map ¢r : 7, —>SF( ) by
Or(")(e,y) =(T%, ") , 2,y €D, acll, ()

which extends by linearity to the space 7,, of all polynomialsin zy,...,%7,...,Z,
which is generated by these monomials. An easy induction proof shows that,

20



for all o, §in Z7% with § —« € Z7, and € D\ {0}, we have

0 < (z,z) < ¢r(g,')(z,7) < dr(qz")(z, 7). (12)

When the map ¢r : 7, — SF(D) is K-compatible (that is, ¢r(p) = 0if p € 7,
and p|K = 0), then it induces a map from 7,,(K) into SF(D), for which we
keep the same notation.

Theorem 3.4 Let K C C" be closed and let T = (T,...,T,) be a tuple of
linear operators defined on a dense subspace D of a Hilbert space H. Assume
that D 1is invariant under Ty, ..., T, and that Ty, ..., T, commute on D. The
tuple T admits a normal extension having a joint spectral measure whose sup-
port lies in K if and only if the map ¢p : T, — SF(D) is K-compatible, and
forallao € Z,, m € N and xy,...,Zm, Y1, ..., Ym € D with

Yool )@ 2) <1, > or(en )y, y) < 1,
j=1 Jj=1

and for all p = (pj ) € My (7,) with sup,ck ||q(t)p(t)||m < 1, where ¢ = qa|f(,

we have
m

> dr(pin) (e, v5)

k=1

<1

Proof. If the condition of the theorem is fulfilled, and so we have a linear
and unital map ¢r : 7,,(K) — SF(D) induced by ¢r, then conditions (i) (by
(12)) and (ii) of Theorem 2.5) are satisfied for ¢7. Hence, by that theorem
and Corollary 2.7, there exists a regular, positive B(H)-valued measure F' on
the Borel sets of K, such that (10) holds for ¢; and such that F(K \ K) = 0.
Because ¢r is unital, F(K) is the identity operator on H. As in the proof
of the preceding theorem, by the Naimark dilation theorem ([Pau], Theorem
4.6), there exists a Hilbert space K containing H as a closed subspace and a
spectral measure F : Bor(K) — B(K) such that F(A) = PE(A)|H for all
A € Bor(K), where P denotes the orthogonal projection from K onto H. For
Jj=1,...,n,let N; be the corresponding normal operators with domains

D(N;) = {:c eK; /K 2| d(E(2)x,2)} < oo}

and
Nz = / 2z;dE(z)x, x € D(N;).
K

Going back to the arguments from [Bi] and [Fo|, for all z,y € D, j =1,...,n,
we have

(PNe,y) =(Nya,y) = [ 2d(B(),y) = [ zd(F(z)a.y)
=0r(5|K) (@) = 6r(z))(x.y) = (Tyz,).
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Hence, PNjxz =Tz for all z € D, j = 1,...,n. Note also that

I Tjll* =¢r(|2*) (, 2) Z/Klzjl2d<F(Z):v>$>

[ P, 0) = [Nl

for all z € D, 7 = 1,...,n, which shows that the tuple N := (Ny,..., N,,) is
a normal extension of T'= (T1,...,T,) (see also the proof in Remark 3.1).

Conversely, if T'= (T3, ...,T,) admits a normal extension N := (Ny,..., N,)
with joint spectral measure E having support contained in K, then, for all
a € 21, the space D is contained in

D(T®)  D(N®) = {x cK. /K 2% Pd(E (), ) < oo} |

It follows that, for all f € C(K)/(ga|K), the function f is integrable on K
with respect to the positive scalar measure dE, , := d(E(*)z,z). Using the
decomposition 4E, , = Fyiy oty — Foeya—y + 1 8ptiyatiy — ey z—iy We see

that 1 : C(K)/Qn(K) — SF(D), defined by

W(Ny) = [ FEAERY), @y eD, feCR)/Qu(K),

K

is a linear map which is obviously unital and positive. Moreover, 1) is an
extension of ¢ because N extends T'. As the map v has support in K, the
map ¢r should be K-compatible.

~

If we set ¢ = ¢, P, = 1/J|C:(K)/q, Vgw(¥) = V(%) (2, 7), dg = ATy, gu() =
y(*)(x, x) for all ¢ € Q,,(K) and « € D, we have:

Sq )z, 2) = U(q ), 2) = [[Wgall > 160l = d(a7") (@, ),

via Theorem 2.2. This shows that the map ¢ : 7,(K) — SF(D) satisfies
condition (a) in Theorem 2.5. Consequently, by Theorem 2.5, we infer that
the condition in the statement is satisfied. a

For the particular case n = 1, the set Q; consists of all functions of the form
q = (1+ 2?7, with z € C and | € Z, . Because of

0 () = (14 22) = z (2) ik

we obtain from Theorem 3.4:

Corollary 3.5 Let S : D(S) C H — H be a linear operator such that
SD(S) C D(S). The operator S admits a normal extension if and only if
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foralll e Zt, m e N and x1,...,Tm, Y1, -, Ym € D(S) with
m 1 l m l
9 HIEEAEET RIS 9 of W IECE
=1 k=0 j

and for all p = (pjx) € My (Th), with sup,cc |(1+ [2?)7'p(2)||m < 1, we have

m

> ds(pin)(@n, y;)

jk=1

<1

Instead of working with (R)" and (Cu)"™, we could also have taken the one
point compactifications R™ U {oco} and C" U {oco}. Instead of Q,,, one then
considers the multiplicative family {¢* ; k € Z, }, where ¢(t) := 1+ |t||? for all
t € R", respectively ¢t € C". Instead of P, , and 7, , the linear hull 7, of the
space of all polynomials of degree < 2k — 1 and the functions ¢/, 0 < j < k,
have to be taken.

The formulations and the proofs of the corresponding variants of Theorems 3.2,
3.3 and 3.4 are left to the reader.

A different characterization of tuples of symmetric operators having selfadjoint
extensions can be found in [Vasl]. The actual statement of Theorem 3.4 is more
explicit in terms of the given data. The case of one operator, covered by our
Corollary 3.5, also occurs in [StSz2], with a completely different approach.

For a further characterization for subnormal operators see also Theorem 3 in
[StSz1]

Let us finally mention that our main result (Theorem 2.5) has been recently
extended to a a noncommutative context in [Dos].

References

[Arv] W. B. Arveson, Subalgebras of C*-algebras, Acta. Math. 123 (1969) 141-224.

[Bi] E. Bishop, Spectral theory for operators on a Banach space, Trans. Amer.
Math. Soc., 86 (1957) 414-445.

[B-S] M. S. Birman and M. Z. Solomjak, Spectral Theory of Self-Adjoint Operators
in Hilbert Space, D. Reidel Publishing Comp., Dordrecht, 1987.

[Dos] A. Dosi, Local operator algebras, fractional positivity and the quantum
moment problem, Trans. Amer. Math. Soc. 363 (2011), 801-856.

[Fo] C. Foiag, Décompositions en opérateurs et vecteurs propres. I. Etudes de ces
décompositions et leurs rapport avec les prolongements des opérateurs, Rev.
Roumaine Math. Pures Appl. 7 (1962) 241-281.

23



[Fug] B. Fuglede, The multidimensional moment problem, Expo. Math. 1 (1983)
47-65.

[Pau] V. Paulsen, Completely bounded maps and operator algebras, Cambridge
University Press, Cambridge, 2002.

[Pow]| R. T. Powers, Selfadjoint algebras of unbounded operators. II, Trans. Amer.
Math. Soc., 187 (1974) 261-293.

[Rud] W. Rudin, Functional Analysis, McGraw-Hill Book Company, New York,
1973.

[Sch] K. Schmiidgen, Unbounded Operator Algebras and Representation Theory,
Operator Theory: Advances and Applications Vol. 37, Birkh&duser Verlag,
Basel/Boston/Berlin, 1990.

[Sti] W.F. Stinespring, Positive functions on C*-algebras, Proc. Amer. Math. Soc.,
6 (1955) 211-216.

[Sto] J. Stochel, Solving the truncated moment problem solves the full moment
problem, Glasgow Math. J. 43 (2001) 335-341.

[StSz1] J. Stochel and F.H. Szafraniec, On normal extensions of unbounded
operators II, Acta Sci. Math. Szeged 53 (1989) 153-177

[StSz2] J. Stochel and F.H. Szafraniec, The complex moment problem and
subnormality: A polar decomposition approach, J. Functional Analysis 159
(1998) 432-491.

[Vasl] F.-H. Vasilescu, Operator moment problems in unbounded sets, Recent
Advances in Operator Theory and Related Topics. The Bela Szokefalvi-Nagy
Memorial Volume. Operator Theory: Advances and Applications, Vol. 127,
613-638, Birkhauser Verlag, Basel, 2001.

[Vas2] F.-H. Vasilescu, Spaces of fractions and positive functionals, Math. Scand.
96 (2005) 257-279.

[Wae| B. L. van der Waerden, Algebra, Vol. 2, Frederick Ungar Publ. Co., New
York, 1970.

24



