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1. Introduction

The classical Cayley transform r(t) = (t —i)(t +i)~! is a bijective map between
the real line R and the set T\ {1}, where T is the unit circle in the complex plane.
If p(t) = > p_, axt’ is a polynomial of one real variable, generally with complex
coefficients, then the function
n n
porHz) = Zikak(l + 21 —2)7F = Z(—l)kak(i‘yz)k(l —Rz2) 7k,
k=0 k=0

defined on T \ {1}, is a sum of fractions with denominators in the family
{(1 = 2)¥;k > 0}, or in the family {(1 — Rz)*;k > 0}, the latter consisting of
positive functions on T. This remark allows us to identify the algebra of polynomi-
als of one real variable with sub-algebras of some algebras of fractions. As a matter
of fact, a similar identification can be easily obtained for polynomials in several
real variables. We shall use this idea to describe the structure of some algebras of
unbounded operators.

We start with some notation and terminology for Hilbert space linear op-
erators. For the properties of the unbounded operators, in particular unbounded
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self-adjoint and normal operators, and the Cayley transform, we refer to [?], Chap-
ter 13.

Let 'H be a complex Hilbert space. For a linear operator T' acting in H, we
denote by D(T') its domain of definition. If T" is closable, the closure of T" will be
denoted by T. If T is densely defined, let T* be its adjoint. We write T} C T» to
designate that T extends T7.

We recall that a densely defined closed operator T is said to be normal (resp.
self-adjoint) it D(T) = D(T*) and T*T = TT* (resp. T =T*).

If D(T) = D(T™*), the equality T*T = TT™* is equivalent to |Tz| = ||T*x||
for all x € D(T) (see [11], Part IT). Clearly, every self-adjoint operator is normal.

Let D be a dense linear subspace of H, let L(D) be the algebra of all linear
mappings from D into D, and let, for further use, B(H) be the algebra of all
bounded linear operators on H.

Set

L#(D) ={T € L(D);D(T*) > D,T*D C D}.
If we put T# = T*|D, the set L# (D) is an algebra with involution 7" — T7.

Let A be a subalgebra of £# (D) such that for every T' € N one has T# € N.
We also assume that the identity on D belongs to . With the terminology from
[20], the algebra N is an O*-algebra.

As in the bounded case (see [18], Definition 11.24), we say that an O*-algebra
N is a normal algebra if N consists of (not necessarily bounded) operators whose
closures are normal operators.

One of the main aims of this work is to describe normal algebras in terms
of algebras of fractions (see Theorem 4.8). We briefly recall the definition of the
latter algebras in a commutative framework. In the next section, a more general
framework will be presented.

Let A be a commutative unital complex algebra and let M C A be a set
of denominators, that is, a subset closed under multiplication, containig the unit
and such that if ma = 0 for some m € M and a € A, then a = 0. Under these
conditions, we can form the algebra of fractions A/M consisting of the equivalence
classes modulo the relation (a1, m1) ~ (a2, m2) if ayms = asmy for aj, a2 € A and
mi, mg € M, endowed with a natural algebraic structure (see [6] or [24] for some
details; see also the next section for a more complete discussion). The equivalence
class of the pair (a, m) will be denoted by a/m.

If A is a commutative unital normed complex algebra whose completion B is
a semisimple Banach algebra, and M C A is a set of denominators, the Gelfand
representation allows us to replace A/ M by an algebra of fractions of continuous
functions. Specifically, if @ denotes the Gelfand transform of any a € A (computed
in B), and S stands for the set {a; a € S} for a subset S C A, then M is a set of
denominators in A and the natural assignement A/M 3 a/m — a/m € A/M is
a unital algebra isomorphism, as one can easily see.

The remark from above shows that the algebras of fractions of continuous
functions on compact spaces are of particular interest. Their role in the study
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of scalar and operator moment problems, and in extension problems, has been
already emphasized in [2] and [25]. In the present work, we continue the investi-
gation concerning the algebras of fractions of continuous functions, showing their
usefulness in the representation of normal algebras.

We shall briefly describe the contents of this article. In the next section, fol-
lowing some ideas from [6], we present a general construction of spaces of fractions,
sufficiently large to allow a partially noncommutative context. Some exemples,
more or less related to moment problems, are also given.

As mentioned before, algebras of fractions of continuous functions on com-
pact spaces are of particular interest. In the third section, we describe the dual of
some spaces of fractions of continuous functions (Theorem 3.1), extending a result
from [25], stated as Corollary 3.2. Other examples of algebras of fractions of con-
tinuous functions, needed in the next sections, some of them considering functions
depending on infinitely many variables, are also presented.

In the fourth section, we introduce and discuss the algebras of unbounded nor-
mal operators. To obtain a representation theorem of such an algebra, identifying
it with a subalgebra of an algebra of fractions of continuous functions (see Theo-
rem 4.8), we need versions of the spectral theorem for infinitely many unbounded
commuting self-adjoint or normal operators (see Theorem 4.2 and Theorem 4.3).
This subject has been approached by many authors (see, for instance, [4] and [19]).
A recent similar result of this type, which we are aware of, is the main theorem in
[16], obtained in the context of semi-groups. Inspired by a result in [18] stated for
one operator, our main tool to obtain the versions of the spectral theorem men-
tioned above is the Cayley transform, leading to an approach seemingly different
from other approaches for infinitely many operators.

Some examples of unbounded normal algebras are also given in this section.

The last section contains an extension result of the so-called subnormal fami-
lies of unbounded operators to normal ones. We use the main result from [2] to get
a version of another result from [2], which, unlike in the quoted work, is proved
here for families having infinitely many members (see Theorem 5.2), using our
Theorem 4.3. The statement of Theorem 5.2 needs another type of an algebra of
fractions, which is also included in this section.

Let us mention that fractional transformations have been recently used, in
various contexts, in [2], [9], [10], [14], [15], [25] etc. See also [11], [23], [26] for other
related results.

2. Spaces of fractions

In this section we present a general setting for a construction of spaces of fractions,
associated with real or complex vector spaces, with denominators in appropriate
families of linear maps. We adapt some ideas from [6].

Let K be either the real field R or the complex one C, let E be a vector space
over K, and let L(E) be the algebra of all linear maps from FE into itself.
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Definition 2.1. Let M C L(E) have the following properties:
(1) for all My, My € M we have M1 My € M,
(2) the identity map I on E belongs to M;
(3) M is commutative;
(4) every map M € M is injective.
Such a family M C L(E) will be called a set of denominators.

Definition 2.2. Let M C L(E) be a set of denominators. Two elements (x1, M),
(x2, M3) from E x M are said to be equivalent, and we write (x1, M) ~ (22, Ma),
lf Mlxg = Mgl‘l.

Remark 2.3. The relation ~ given by Definition 2.2 is clearly reflexive and symmet-
ric. It is also transitive because if (z1, M) ~ (z2, M2) and (z2, Ma) ~ (23, M3), we
infer easily that Ma(Myxs — Msz1) = 0, via condition (3), whence Mix3 = M3,
by condition (4). Consequently, the relation ~ is an equivalence relation. This al-
lows us to consider the set of eqivalence classes E x M/ ~, which will be simply
denoted by E/M. The eqivalence class of the element (z, M) will be denoted x/M.

The set E/M can be organized as a vector space with the algebraic operations

xl/Ml +332/M2 = (MQZ‘l —|—M13;‘2)/M1M2, r1,x0 € B, My, Ms € M,

and
Mz/M)=(Mx)/M, NeK,z € E, M € M,

which are easily seen to be correctly defined.

Definition 2.4. The vector space E/M will be called the space of fractions of E
with denominators in M.

Note that, if Axq is the (commutative) algebra generated by M in L(E), the
linear space E/M is actually an A -module, with the action given by

N(z/M)= (Nz)/M, x € E, N € Apm, M € M.

If we regard the multiplication by My € M as a linear map on E/M, then
My has an inverse on E/M defined by

My Hx/M) = x/(MyM), € E, M € M.

We also note that the map E 5 z +— z/Ip € E/M is injective, which allows
the identification of F with the subspace {x/Ig, x € E} of E/M. For this reason,
the fraction x/M may be denoted by M ~'x for all z € E, M € M.

We define the subspaces

E/M={,£€E/M; Mé € E}, M € M.

We clearly have

E/M= | E/M. (2.1)

MeM
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A set of denominators M C L(E) has a natural division. Namely, if M/, M €
M, we write M'|M" | and say that M’ divides M" if there exists My € M such
that M” = M’'M,.

A subset My of M is said to be cofinal if for every M € M we can find an
My € Mg such that M| M.

If M'|M”, and so M" = M'My, the map E/M’ > z/M' — Myx/M" €
E/M?" is the restriction of the identity to E/M’, showing that E/M’ is a subspace
of E/M". This also shows that the vector space E/M is the inductive limit of the
family of vector spaces (E/M)nyrem.

Remark 2.5. If there is a norm || || on the vector space E, each space E/M can
be endowed with the norm

€l = [IMEl, & € E/M, M € M. (2.2)

Assuming also that M consists of bounded operators on E, it is easily seen
that

€2z < [|Mollll€llarr, € € E/M,
whenever M" = M'M, showing that the inclusion E/M’ C E/M" is continuous,
and so E/M can be viewed as an inductive limit of normed spaces. If F is a

topological vector space and T': E/M — F'is a linear map, then T is continuous
if T'|g /s is continuous for each M € M (see [17] for details).

Remark 2.6. Assume that E is an ordered vector space and let E be the positive
cone of E. Let also M C L(FE) be a set of denominators. If one has M (F;) C F
for all M € M (i.e., every M € M is a positive operator), we say that M is a set
of positive denominators. If M is a set of positive denominators, we may define a
positive cone (E/M ) in each space E/M by setting

(E/M)y ={{ € E/M; M{ € E, }.

If F is another ordered vector space with the positive cone Fy, a linear map
¢: E/M — F is said to be positive if ¢((E/M)+) C Fy for all M € M.

Remark 2.7. Assume that E = A is an algebra. Let M C L(A) be a set of
denominators. Also assume that M is an A-module map of the A-module A for
all M € M. In other words, M (ab) = aM () for all a,b € A and M € M. Then
the fraction space A/ M becomes an algebra, with the multiplication given by the
relation

(a//MI)(a;I//MH) — (a/a”)/(M/MH), a/,a/I 6 A, MI,M/I 6 M
Particularly, let A be an algebra with unit 1. For each ¢ € A we set M.(a) =
ca, a € A, i.e., the left multiplication map by ¢ on A. A subset Q C A is said to
be a set of denominators if the family Mg = {My; ¢ € Q} C L(A) is a set of

denominators. In this case, we identify @ and Mg and write A/ Mg simply A/Q.
If @ is in the center of A, then A/Q is an algebra.
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Example 2.8. Let A be a complex x-algebra with unit 1, and let L : A+— C be a
positive form on A. This pair can be associated, in a canonical way, with a certain
pre-Hilbert space, via the classical construction due to Gelfand and Naimark. To
briefly recall this construction, let N' = {a € A;L(a*a) = 0}. Since L satisfies
the Cauchy-Schwarz inequality, it follows that A is a left ideal of A. Moreover,
the quotient D = A/N is a pre-Hilbert space, whose inner product is given by
(a+N,b+N)=L(b*a) ,a,b € A.

Note also that D is an 4-module. Therefore, we may define a linear map
M, on D associated to any a € A, via the relation M,(Z) = (azx), z € A, where
T=x+N.

Let C be the center of A, and fix Cyp C C nonempty. The map M, is injective
if r. = 1+ c¢*c for each ¢ € Cy. Consequently, the set M of all maps of the form

al DR am
M- M
where a7, ...a,, are arbirary nonnegative integres and ci,...,c,, are arbitrary

elements from Cy, is a set of denominators in £(D). This shows that we can consider
the space of fractions D/ M.

The following particular case is related to the classical Hamburger moment
problem in several variables. Let us denote by Z7} the set of all multi-indices
a = (a1,...,an), le., aj € Zy for all j = 1,...,n. Let P, be the algebra of all
polynomial functions on R™, with complex coefficients, endowed with its natural
involution. We denote by t* the monomial ¢7* - - - t&~, where t = (¢1, ..., t,) is the
current variable in R", and o € Z7 .

If an n-sequence v = (Ya)aczy of real numbers is given, we associate it with
the functional L, : P, — C, where L,(t*) = v4,a € Z. Assuming L, to be
positive, we may perform the construction described above, and obtain a pre-
Hilbert space D, = D. The spaces of fractions obtained as above will be related
to the family Co = {t1,...,t,}. Setting A;p = (t;p,p € D,,j = 1,...,n, the
denominator set as above , say M., will be given by the family of maps of the
form

(1+ AP - (14 AR,

where a4, . .. a,, are arbirary nonnegative integres. And so, we can form the space
of fractions D, /M., as a particular case of the previous construction.

Ezample 2.9. Let C[0, 1] (resp. C|0, 1)) be the algebra of all complex-valued contin-
uous functions on the interval [0,1] (resp. [0,1)). We consider the Volterra operator
V)= [y f(t)dt, t € [0,1), f € C[0,1), which is an injective map. Let Cy/[0, 1)
be the subspace of C|0, 1) consisting of those functions f such that V™ f € C]0, 1]
for some integer n > 0 (depending on f). Let V = {V"™;n > 0}, which, regarded
as a family of linear maps on C[0, 1], is a family of denominators. Therefore, we
may form the space of fractions C0,1]/V. Note that the space Cy[0,1) may be
identified with a subspace of C|0, 1]/V. Indeed, if f € Cy[0,1) and n > 0 is such
that V™ f € CI0,1], we identify f with the element V" f/V™ € C[0,1]/V™, and
this assignment is linear and injective.
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Ezample 2.10. Let ©Q be a compact space and let C(2) be the algebra of all
complex-valued continuous functions on 2, endowed with the natural norm || f||c =
Sup,eq | f(w)], f € C(2). We consider a collection P of complex-valued functions
p, each defined and continuous on an open set A, C Q. Let u be a positive
measure on € such that u(2\ A,) = 0, and p (extended with zero on Q\ A,)
is p-integrable for all p € P. Via a slight abuse of notation, we may define the
numbers 7y, = fQ pdp, p € P, which can be called the P-moments of u. A very
general, and possibly hopeless moment problem at this level, might be to char-
acterize those families of numbers (y,)pep Which are the P-moments of a certain
positive measure.

Let us add some natural supplementary conditions. First of all, assume that
Qo = NpepA, is a dense subset of §2. Also assume that there exists R C P a family
containing the constant function 1, closed under multiplication in the sense that
if 7', 7" € R then 7’7" defined on A,» N A, is in R, and each r € R is nonnull on
its domain of definition. Finally, we assume that for every function p € P there
exists a function r € R such that the function p/r, defined on A, N A,, has a
(unique) continuous extension to Q. In particular, all functions from the family
Q = {1/r;r € R} have a continuous extension to 2. Moreover, the set Q, identified
with a family in C(Q), is a set of denominators. This allows us to identify each
function p € P with a fraction from C(Q)/Q, namely with h/q, where h is the
continuous extension of p/r and ¢ = 1/r for a convenient »r € R. With these
conditions, the above P-moment problem can be approached with our methods
(see [25]; see also Corollary 3.2).

Summarizing, for a given subspace P of the algebra of fractions C(Q)/Q, and
a linear functional ¢ on P, we look for necessary and sufficient conditions on P
and ¢ to insure the existence of a solution, that is, a positive measure p on 2 such
that each p be p-almost everywhere defined and ¢(p) = fQ pdp, p € P. We may
call such a problem a singular moment problem, when no data are specified. With
this terminology, the classical moment problems of Stieltjes and Hamburger, in
one or several variables, are singular moment problems.

3. Spaces of fractions of continuous functions

Let Q be a compact space and let C(Q2) be the algebra of all complex-valued contin-
uous functions on €, endowed with the natural norm || f|ec = sup,cq |f(w)], f €
C(€2). We denote by M (£2) the space of all complex-valued Borel measures on {2,
sometimes identified with the dual of C(€2). For an arbitrary function h € C(Q),
we set Z(h) = {w € Q;h(w) = 0}, which is obviously a compact subset of Q. If
w € M(Q), we denote by |u| € M(Q) the variation of .

We discuss certain spaces of fractions, which were considered in [25]. Let Q be
a family of nonnegative elements of C'(€2). The set Q is said to be a multiplicative
family if (1) 1 € Q, (ii) ¢’,¢"” € Q implies ¢'¢” € Q, and (iii) if gh = 0 for some
g € Qand h € C(Q), then h = 0. As in Remark 2.7, a multiplicative family is
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a set of denominators, and so we can form the algebra of fractions C'(2)/Q. To
unify the terminology, a multiplicative family @ C C(Q2) will be called, with no
ambiguity, a set of (positive) denominators.

To define a natural topological structure on C(2)/Q, we use Remark 2.5. If

CQ)/q=A{fe€CQ)/Qaqf € C(O)},
then we have C(Q)/Q = UyeoC(R)/q. Setting || fllco,q = ||¢f]lco for each f €
C(Q)/q, the pair (C(2)/q,] * ||co,q) becomes a Banach space. Hence, C()/Q is
an inductive limit of Banach spaces (see [17], Section V.2).
As in Remark 2.6, in each space C(2)/q we have a positive cone (C(Q)/q)+
consisting of those elements f € C'(2)/q such that qf > 0 as a continuous function.
We use in this text sometimes the notation ¢~! to designate the element 1/¢
for any q € Q.

Let Qo C Q be nonempty. Let F = 3° o C(f2)/q, that is, the subspace
of C(Q)/Q generated by the subspaces (C(€2)/q)q4e0,, which is itself an inductive
limit of Banach spaces. Let also ¢ : F — C be linear. As in Remark 2.5, the map
1 is continuous if the restriction ¥|C(£2)/q is continuous for all ¢ € Q.

We note that the values of ¢ do not depend on the particular representation
of the elements of F.

Let us also note that the linear functional ¢ : F — C is positive (see Remark
2.6 or [25]) if ¥|(C(2)/q)+ > 0 for all g € Q.

The next result, which is an extension of the Riesz representation theorem,
describes the dual of a space of fractions, defined as above.

Theorem 3.1. Let Qg C Q be nonempty, let F = quQo C(Q)/q, and let o : F —
C be linear. The functional ¥ is continuous if and only if there exists a uniquely
determined measure py, € M(Q) such that |uy|(Z(q)) = 0, g1 is |uy|-integrable
for all g € Qo and Y(f) = [, fduy for all f € F.

The functional ¥ : F — C is positive, if and only if it is continuous and the
Measure Ly, s positive.

Proof. Let p € M(Q) be a measure such that |u|(Z(g)) = 0 and ¢! (which is
|u|-almost everywhere defined) is |u|-integrable for all ¢ € Q. We set ¢(f) =
Jo fdu for all f € F. This definition is correct. Indeed, if f = 3, ;7}/q; =
> rwex Pi/q) are two (finite) representations of f € F, with A}, hy € C(Q) and
4, qy € Qo, setting Z = UjesZ(q}) U Urex Z(q;,), we easily derive that f(w) =
2ier W)/ ai(w) = 2 ek b (w)/ gy (w) for all w € Q\ Z. As [u|(Z) = 0, we infer
that f is a function defined |p|-almost everywhere and the integral ¢ (f) = [, fdu
does not depend on the particular representation of f.

Clearly, the functional v is linear. Note also that

WB(f)] = \ [t < [ i < Sl [l @)
for all f = h/q € C(2)/q, showing the continuity of .
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Conversely, let 1 : F — C be linear and continuous. For every ¢ € Qg we set
04(h) = ¥(h/q), h € C(). Since the map C(2) 3 h — h/q € C(?)/q is continuous
(in fact, it is an isometry), the map 6, is a continuous linear functional on C(2).
Therefore, there exists a measure v, € M(Q) such that 6,(h) = [, hdvg, h € C(Q),
for all g € Qp.

Note that ¥(hq1/q1) = ¥ (hqg2/q2) for all ¢1,q2 € Qo and h € C(£2), because
hq1/q1 and hga/qa are two representations of the same element in F. Therefore,
0g, (ha1) = ¥(har/q1) = ¥(hg2/q2) = 04, (hg2) for all ¢1,q2 € Qo and h € C(),
implying the equality qiv4, = q2vg,. Consequently, there exists a measure p such
that 1 = qug for all ¢ € Q.

The equality p = qv, implies the equality || = ¢|vg|. This shows the set
Z(q) must be |u|-null. Moreover, the function ¢! is |u|-integrable for all ¢ € Qo.
Consequently, v, = ¢~ 1, and the function ¢~! is p-integrable for all ¢ € Q.

If f € F is arbitrary, then f = EjeJ hjqul, with h; € C(2), ¢; € Qo for all
j € J, J finite. We can write

v(f) = Zeqj(h/j) = Z/ hjdvy, = / fdp,
jeJ jes /¢ @
giving the desired integral representation for the functional .

As we have [, hdp = ¢ (hq/q) for all h € C(Q) and ¢ € Qo, and ¥ (hg/q)
does not depend on g, it follows that the measure p is uniquely determined. If we
put g = iy, we have the measure whose existence and uniqueness are asserted by
the statement.

Let ¢ : F — C be linear be linear and positive. Then, as one expects, ¥
is automatically continuous. Indeed, if h € C(Q) is real-valued and ¢ € Qp, the
inequality —||h||co/q < h/q < ||h||so/q implies, via the positivity of 1, the estimate
[v(h/q)] < ||h/4]lco,q(1/q). If h € C(Q) is arbitrary, the estimate above leads to
[(h/q)] < 2||h/qllco,q¥(1/q), showing that ¢ is continuous. Finally, the equality
P(f) = [ fdpy, f € C(Q)/q, ¢ € Qo shows that 1 is positive if and only if yy is
positive. [l

The next result is essentially Theorem 3.2 from [25].

Corollary 3.2. Let Qy C Q be nonempty, let F = quQo C(Q)/q, and let ¢ : F —
C be linear. The functional ¥ is positive if and only if

sup{[¢(hg")|; h € C(Q), [|hlloo <1} =v(¢™"), g € Qo. (3.2)

Proof. Set g = ¢|C(Q)/q for all ¢ € Qp. Then, since || f|lco,q = ||]lcc Whenever
f=h/qe C(Q)/q, we clearly have

[4qll = sup{[¥(hg™")I; h € C(Q), [|hllo < 1}.

If ¢ is positive, and p is the associated positive measure given by Theorem
3.1, the estimate (3.1) implies that

1l < /Q ¢y = 9(q) < [Wall,
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because ||1/¢||co,q = 1. This shows that (3.2) holds.

Conversely, we use the well-known fact that a linear functional 8 : C(Q2) — C
is positive if and only if it is continuous and ||6|| = 6(1)

Assuming that (3.2) holds, with the notation of the proof of Theorem 3.1, we
have

10g11 = llvbgll = 1(1/q) = 04(1),
showing that 6, is positive for all g. Therefore, the measures v, are all positive,

implying that the measure p1 = i is positive. Consequently, ¥ must be positive.
O

Definition 3.3. Let @ C C(Q2) be a set of denominators. A measure p € M(£2) is
said to be Q-divisible if for every ¢ € Q there is a measure v, € M(2) such that

M= qlq.

Theorem 3.1 shows that a functional on C'(2)/Q is continuous if and only if
it has an integral representation via a Q-divisible measure. In addition, Corollary
3.2 asserts that a functional is positive on C(€2)/Q if and only if it is represented
by a Q-divisible positive measure p such that y = qv, with v, € M(Q) positive
for all ¢ € Q.

As a matter of fact, the concept given by Definition 3.3 can be considerably
extended, as shown by the next example.

Ezxample 3.4. This is a continuation of the discussion started in Example 2.9,
whose notation will be kept. We fix an indefinitely differentiable function ¢, with
support in [0,1]. Note the identity

1 1
[ vt = v [ vrmet @, (3.3)
0 0

valid for all h € C[0,1] and all integers n > 0. If we set du(t) = ¢(t)dt and
dvn(t) = (=1)"¢(™ (t)dt, and referring to Definition 3.3, we may say, by (3.3),
that the measure p is V-divisible.

It is plausible that the study of M-divisible measures, defined in an appro-
priate manner for a set of denominators M consisting of linear and continuous
operators on C(Q), can be related to the study of continuous linear functionals on
the space C'(2)/ M, via a possible extension of Theorem 3.1.

Example 3.5. Let 81 be the algebra of polynomials in z, z, z € C. We will show that
this algebra, which is used to characterize the moment sequences in the complex
plane, can be identified with a subalgebra of an algebra of fractions of continuous
functions. This exemple will be extended to infinitely many variables in the last
section (similar, yet different examples were considered in [2]). Let Rq be the set
of functions {(1+ |2|?)~%;2 € C,k € Z, }, which can be continously extended to
Cx = CU {oo}. Identifying R, with the set of their extensions in C(Cy), the
family R1 becomes a set of denominators in C'(C,). This will allows us to identify
the algebra & with a subalgebra of the algebra of fractions C(Cs)/R1.
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Let Sf)l,z, k > 1, be the space generated by the monomials 272!, 0 < j+1 < 2k.
We put Sﬁg = C. Let also Sf?,z, k > 1, be the space generated by the monomials
22,0 < j < k. Put S = {0}.

Set S1 = Sfllz + Sf,z, k > 0. We clearly have S; = Y, < S1,%. Since Sy
may be identified with a subspace of C(Cs)/7, where ri(2) = (1 + |2]2)7F for
all k > 0, the space 81 can be viewed as a subalgebra of the algebra C'(Co)/R1.
Note also that r,;l € Sy forall k> 1 and 81 C S1,; whenever £ < 1.

According to Theorem 3.4 from [25], a linear map ¢ : S; — C has a positive
extension 1 : C(Cuo)/R1 + C with ||¢x| = [|[¢x]| if and only if ||¢x]| = #(r "),
where ¢, = ¢|S1 and ¥, = Y|C(Cwx) /7, for all k& > 0 (the norms of the func-
tionals are computed in the sense discussed in Remark 2.5).

This result can be used to characterize the Hamburger moment problem in
the complex plane, in the spirit of [25]. Specifically, given a sequence of complex
numbers v = (v;,1);j>0,1>0 With y00 =1, vex > 0if £ > 1 and v;,; = 7;,; for all
j > 0,1 >0, the Hamburger moment problem means to find a probability measure
on C such that v;; = [ z9z'du(z), 7 > 0,1 > 0.

Defining L., : 1 — C by setting L. (27z!) = ~;, for all j > 0,1 > 0 (extended
by linearity), if L, has the properties of the functional ¢ above insuring the ex-
istence of a positive extension to C(Cu)/R1, then the measure u is provided by
Corollary 3.2.

For a fixed integer m > 1, we can state and characterize the existence of
solutions for a truncated moment problem (for an extensive study of such problems
see [7] and [8]). Specifically, given a finite sequence of complex numbers v = (7).
with y00 =1, 75, > 0if 1 < j < m and v;; = 4,; for all j > 0,1 > 0, j #
I, 7+ 1 < 2m, find a probability measure on C such that v;; = fzjildu(z) for
all indices j,1. As in the previous case, a necessary and sufficient condition is that
the corresponding map L, : S, — C have the property ||L,| = L(r;;}), via
Theorem 3.4 from [25]. Note also that the actual truncated moment problem is
slightly different from the usual one (see [7]).

The similar space 77, introduced in [2], can be used to characterize the fol-
lowing moment problem: Find a probability measure p on C such that the double
sequence of the form v = (v,0, Vk,k)j>0,k>1 (With v90 =1 and v, > 0if &k > 1)
be a moment sequence in the sense that v; 0 = [ 27du(2), vk = [ |2[**du(z).

Ezxample 3.6. We are particularly interested in some special algebras of fractions
of continuous functions, depending on infinitely many variables, necessary for our
further discussion.

Let Z be a (nonempty) family of indices. We consider the space R%, where,
as before, R is the real field. Denote by ¢t = (¢,),ez the independent variable in
RZ. Let ZS_I) be the set of all collections a = («,),ez of nonnegative integers, with
finite support. Setting t° = 1 for 0 = (0),e7 and t* = Haﬁéo to for t = (t,).ez €

R, o = (a,).e7 € Zf), a # 0, we may consider the algebra of complex-valued
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polynomial functions Pz on R, consisting of expressions of the form Y aecg Cat®,

with ¢, complex numbers for all o € J, where J C Zf) is finite. Note also that
the map Pz > p — p € Pr is an involution on Pz, where p(t) = > c 7 Cat® if
p(t) = Zae] Cata.

When dealing with finite measures, an appropriate framework is the space of
all continuous functions on a compact topological space. But neither the space R?
is compact nor the functions from Pz are bounded. If we consider the one-point
compactification R, of R, then we can embed RZ into the compact space (Ro ).
This operation leads us to consider the space Pz as a subspace of an algebra of
fractions derived from the basic algebra C'((Rs)?), via a suitable multiplicative
family. Specifically, we consider the family Q7 consisting of all rational functions
of the form go(t) = [],, (1 + t2)~% t = (t,).ez € R, where a = (a,) € ZSFI),
a # 0, is arbitrary (see also [9]). Of course, we set go = 1. The function ¢, can
be continuously extended to (R )% \ RZ for all a € Zf). Moreover, the set Or

becomes a set of denominators in C'((Roo)?). Set also pu(t) = ¢ (t) "L, t € RT, a €
AR

Let Pz, be the vector space generated by the monomials t?, with 8, <
2,0 € I, a, 3 € ZSFI). It is clear that p/p, can be continuously extended to
(Roo)® \ R for every p € Pr., and so it can be regarded as an element of
C((Rxo)®). Therefore, Pz, is a subspace of C((Rw)?)/qa = paC((Re)?) for
all a € ZZ.

Ezxample 3.7. We give now another example of an algebra of fractions, which will
be used in the next section to describe the normal algebras.

As before, let Z be a (nonempty) family of indices. We consider the space
TZ, where T is the unit circle in the complex plane. Denote by z = (2,),e7 the
independent variable in TZ. Let Zf) be defined as in the previous example. Setting
(R2)? =1 for 0 = (0),ez, (R2)* = [1a, 20(Rz,)% and similar formulas for (3z)®

whenever z = (2,)ier € TZ, a = (a,),e7 € ZSFI), a # 0, we may consider the
algebra of complex-valued functions Rz on TZ, consisting of expressions of the
form 3° sc 7 Ca,p(R2)¥(S2)?, with ¢, 5 complex numbers for all o, 3 € J, where
J C Zf) is finite.

We may take in the algebra Rz a set of denominators Sz consisting of all
functions of the form sa(t) = [, .0(1 — R2)*, 2 = (2.).e1 € TZ, where a =
() € Zf), a # 0, is arbitrary. We put sg = 1. Clearly, St is a set of denominators
also in C((T)?).

Note that the map

Proprport € Rz/St,

where 7 : (T\{1})? + RZ is given by 7(z), = —S2,/(1-R2,), ¢ € Z, is an injective
algebra homomorphism, allowing the identification of Pz with a subalgebra of

Rz/Sz.
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Remark 3.8. Let Q be a compact Hausdorff space, let A be unital C*-algebra, and
let C'(€2, A) be the C*-algebra of all A-valued functions, continuous on 2. Let Q be
set of denominators in C(2), which can be identified with a set of denominators in
C (€, A). Therefore, we may consider the algebra of fractions C'(2, A)/Q. Let Qg be
an arbitrary subset of Q and let 7 = > o Fy be asubspace of > .o C(R2,4)/q
such that ¢~ € F, et F, C C(Q, A)/q for all ¢ € Q,.

Let H be a Hilbert space, let D be a dense linear subspace of H, and denote
by SF(D) the space of all sesquilinear forms on D. Let ¢ : F +— SF(D) be linear.
Suppose that ¢(q¢~1)(z,z) > 0 for all z € D\ {0} and ¢ € Qp. Then ¢(¢~ ) induces
an inner product on D, and let D, be the space D, endowed with the norm given
by || [12 = ¢(g~") (%, %). Set ¢q = ¢|F,. We may define the quantities

¢q ()l = sup{l¢q(f)(z, vl llzllg < 1, [lylly < 13,
and

1641l = sup{ll¢q(£)l; llafllco <1}
We say that the map ¢ : F — SF(D) is contractive if ||¢q4|| < 1 for all ¢ € Q.

4. Normal algebras

We keep the notation and terminology from the Introduction.

Let Ap, As be self-adjoint in H. Trying to avoid, at this moment, any in-
volvement of the concept of a spectral measure for unbounded operators, we say
that Ay, Ay commute if the bounded operators (A1 + ily)~! and (A + ily)~?
commute, where Iy, is the identity on H, which is one of the possible (classi-
cal) definitions of the commutativity of (unbounded) self-adjoint operators. It is
known that the operator N in normal in H if and only if one has N = A; + i A,
where Ay, Ay are commuting self-adjoint operators (see [11], Part II, or [20]).
For this reason, given two normal operators N’, N” having the decompositions
N' = AL +iAy,, N" = A} + iAY, with A}, A}, A, A self-adjoint, we say that
N',N" commute if the self-adjoint operators A}, A5, A}, AY mutually commute.

Let N' C L#(D) be an O*-algebra. As mentioned in the Introduction, we say
that N is normal if N is normal for each N € \.

A homonymic concept, defined in the framework of bouneded operators, can
be found in [18]. The aim of this section is to describe the structure of normal
algebras, extending Theorem 12.22 from [18]. Let us recall the essential part of
that result.

Theorem A. Let N be a closed normal algebra of B(H) containing the identity,
and let A be the mazimal ideal space of N'. Then there exists a unique spectral
measure E on the Borel subsets of A such that N = fA NdE for every N € N.

This result leads us to some versions of the Spectral Theorem, called here
Theorem 4.2 and Theorem 4.3, valid for an arbitrary family of not necessarily
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bounded, commuting self-adjoint or normal operators (see also [4], [16], [19] etc.
for various approaches to this topic).

Remark 4.1. Let Q) be a topological space and let E be a spectral measure, defined
on the family of all Borel subsets of 2, with values in B(H). For every Borel function
f:9Q— Cweset Dy = {z € H; [, |fIPdEs. < oo}, where E, (%) = (E(x)x,y).
Then the formula

(W (f)e,y) = /Q JdE,, €Dy yeH

defines a normal operator ¥(f) for each f, with ¥(f)* = U(f) (see [18], especially
Theorem 13.24, for this and other properties to be used in this text).

If f is E-almost everywhere defined (in particular, almost everywhere finite)
on (2, we keep the notation fQ fdE, , whenever the integral is well defined.

In the following, for every complex number A, the operator A\l will be simply
written as .

The next statement is a version of Theorem 13.30 from [18] (stated and
proved for one self-adjoint operator). We adapt some ideas from the proof of quoted
theorem, to get a statement for infinitely many variables.

Theorem 4.2. Let (A,),ez be a commuting family of self-adjoint operators in H.
Then there exists a unique spectral measure E on the Borel subsets of (Roo)? such
that each coordinate function (ROO)I S5t —t, € Ry is E-almost everywhere finite.
In addition,

(A,x,y) = / tdE, 4(t), v € D(A,), y € H,
(Roo)®

where
D(A,) ={z € H;/ |t.|?dE, () < oo},
(Roo )

forallLeT.
If the set T is at most countable, then the measure E has support in RT.

Proof. Let U, denote the Cayley transform of the self-adjoint operator A, for each
t € Z. Since

U = (A —i) (A, +i) ' =1-2i(A, +i)" ', 1 €T,

the collection (U,),ez is a commuting family of unitary operators in B(H). More-
over, the point 1 does not belong to the point spectrum of 1 —U, for all ¢, as follows
from the general properties of the Cayley transform [18].

Let B be the closed unital algebra generated by the family (U,,U;),cz in
B(H), which is a commutative unital C*-algebra. Let I'(B) be the space of char-
acters of the algebra B.

Standard arguments from the Gelfand theory allow us to assert that the map

I'(B)> 7y~ (U.(7)).ez € T*



Unbounded Normal Algebras 15

is a homeomorphism, and so the space I'(B) may be identified with a closed sub-
space, say (2, of the compact space TZ.

By virtue of the Theorem A above, there exists a spectral measure F' defined
on the Borel subsets of  such that U, = [, 2,dF(z), where z = (z,),cz is the
variable in TZ and the map U, has been identified with the coordinate function
z — z, for all ¢.

Set C, = {z € Q;2, = 1}. We want to prove that F(C,) = 0 for all ..
Assuming that this is not the case for some ¢, we could find a nonnull vector x,
such that E(C,)x, = x,. In addition,

-Ux, = /Q(l —z,)dF(z)x, = /CL(l —z,)dF(z)x, =0,

which contradicts the fact that the kernel of 1 — U, is null.

In particular, this shows that the function (1 — z,)~! is defined F-almost
everywhere for all ¢.

For technical reasons, we may extend the set function F' to the family of all
Borel subsets of TZ by putting F(8) = F(8 N Q) for every Borel subset 3 of TZ.
Let k7 : (Ry)? — TZ be the map given by

(ROO)I o>t = (tL)LEI = w = (wL)LEI S TI

where w, = k,(t) = (t, —i)(t, +4) "t if t, # oo and w, = 1 if t, = co. The map kz
is a homeomorphism and the superposition E = Forkrisa spectral measure on
the Borel subsets of (R )Z.

If D, = {t € (Row)%;t, = o0}, then E(D,) = F(xk(D,)) = F(C,) = 0, as
noticed above. In other words, the coordinate function (Ry)? 3¢ — ¢, € Ry is E—
almost everywhere finite. Moreover, if §,(z) = i(142,)(1—z,) 7' = =3z, (1-Rz,) ",
then 6, is F-almost everywhere defined, and one has

/(R IOy WOCTLE / 6,(2)dF) ., (2

for all x € Dy, and y € H, via a change of variable and the Remark above. As the
function 6, is real-valued, the operator A, given by the equality

(Ax,y) = / t.dE; 4(t), x € Dy, y € H
(Roo)?

is self-adjoint. The arguments from the last part of Theorem 13.30 in [18] show
that A, must be precisely A,. For the convenience of the reader, we sketch this
argument. The equality (1—z,)6,(z) = i(1+ z,) leads to the equality A,(1—U,) =
i(1 + U,). This shows that A, is a self-adjoint extension of the inverse Cayley
transform A, of U,. But any self-adjoint operator is maximally symmetric ([18],
Theorem 13.15), and so A, = A,.

The equality

DA)={x € H;/ t.|?dE, . (t) < oo},
(Roo)®
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for all « € Z, is a consequence of [18], Theorem 13.24.

To prove the uniqueness of the measure FE, we consider another spectral
measure G, defined on the Borel subsets of (R )% such that the G-measure of
set D, = {t € (Rw)%;t, = oo} is null for all ¢. In other words, each coordinate
function (Roo)? 3¢ — t, € Ry is G-almost everywhere finite, and

(A,x,y) = / t.dGyy(t), x € D(A,), yeH, L.
(Roo)*

Then the map H = Go 551 defines a spectral measure on the Borel subsets of the
compact space (R )?. Because 7' = 0, where 0(z) = (6,(2)),ez, we must have

U, = /( . k(1) dG(t) = /T 2dH(2),

where z = (2,),e7 is the variable in TZ. As the unital C*-algebra generated by the
polynomials in z,,%,, ¢ € Z, is dense in both C(Q) and C(T?), via the Weierstrass-
Stone density theorem, the scalar measures F, , and H, , are equal for all z,y € H.
Therefore, the spectral measures F' and H must be equal too. Consequently, the
spectral measures measures £ and G obtained from F and H respectively, must

be equal, which completes the proof of the theorem.
Finally, if the set Z is at most countable, then the measure F has support in

the Borel set
(Roo)*\ | J D, =R%.
LeZ

O

We may consider the one-point compactification C, of the complex plane C.
Then, for every family of indices Z, the space (Cuo)? is compact. A version of the
previous result, valid for normal operators, is given by the following.

Theorem 4.3. Let (N,),cz be a commuting family of normal operators in H. Then
there exists a unique spectral measure G on the Borel subsets of (Coo)? such that
each coordinate function (Coo)? 3 2 — 2, € Co is G-almost everywhere finite. In
addition,

(N,z,y) = / 2,dGy y(2), v € D(N,), y € H,
(Cos)®
where
D(N,)={z € H;/ |zb|2dGI7m(z) < o0},
(Cao)®

forallteX.
If the set T is at most countable, then the measure G has support in CT.

Proof. We write N, = A, +iA!, where (A}, A),ez is a commuting family of self-
adjoint operators. Set £ = (Zx {0})U({0} xZ), By = A} if A = (1,0), and By = A7
if A = (0,:). We may apply the previous theorem to the family of commuting self-
adjoint operators (By)xcc. Therefore, there exists a spectral measure E on the
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Borel subsets of (R )* such that each coordinate function R > ¢ — ty € R is
E-almost everywhere defined. Moreover,

(Brz,y) = / tadE, 4(t), € D(By), y € H, A€ L.
(Roo)”

We define a map 7 : (Roo)* — (Coo)? in the following way. If ¢ = (t))xez is
an arbitrary point in (Rso)?, we put 7(¢) = (z,),ez, where z, = t(,0) + it(o,,) for
all v € Z. Clearly, we put z, = oo if either ¢(, oy = oo or t(g ,) = oo.

We consider the spectral measure given by G = Eo7~ !, defined on the Borel
subsets of (Co)Z. Setting

A, ={z € (Cxo)¥;2 =00},
B, = {t € (Ruo) it (0 = 00}, C, = {t € (Ruc)“3t(0,) = o0},
we obtain 771(A4,) C B,UC, for all « € Z. Since E(B, UC,) = 0, it follows that

G(A,) = 0, that is, the coordinate function z — z, is G-almost everywhere finite.
In addition,

/ 21dGy(2) = / (Hooy + it (0.0))dEs (=)
(Coo)® (Roo)*

= ((A] +iA))z,y) = (N.z,y)
for all x € D(N,) = D(A))ND(AY),y € H and ¢ € T.
We also have

D(N,) ={z € ’H;/ |zL|2dGr,m(z) < o0},
(Cxo)®

for all « € Z, as a consequence of [18], Theorem 13.24.
Because G(A,) = 0 for all ¢ € Z, the last assertion follows as in the proof of
Theorem 4.2. g

Ezample 4.4. Let Q be a Hausdorff space, let C'(Q2) be the space of all complex-
valued continuous functions on €2, and let F be a spectral measure, defined on the
family of all Borel subsets of 2, with values in B(H). Assume that the measure F
is Radon, that is, the scalar positive measures E,, ., * € H, are all Radon measures
(see [5] and [16] for details). We shall see that the set Do = Nec(a)Dy is a dense
subspace in ‘H and
Now = {U(f)|Doci f € C()}

is a normal algebra.

That Ny is an O*-algebra follows easily from [18], Theorem 13.24. To prove
that Dy is a dense subspace in H, we adapt some ideas from [16], page 225. We
fix a function f € C(£2) and a compact set K C Q. Fix alsoy = E(K)zx € E(K)H.
As the function fxx is bounded, where y k is the characteristic function of K, we
have [, |f[*dE,, = [ |fI?dE,y = [x |f|?dE; ., via the standard properties of
the spectral measure E (see [18], Theorem 13.24). In particular, y € Dy, and so
Ukek@) E(K)H C Do, where K(€) is the family of all compact subsets of 2. To
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prove the density of D, in H, it sufficient to prove that the set Uxcx o) E(K)H
is dense in H.
Fix an x € H. It follows from [5], Proposition 2.1.7, that

sup ||E(K)z||*> = sup / dEy o = / dE, . = ||z||?.
KeK(Q) Kek(Q)JK Q

In particular, there is a sequence (Kj)r>1 of compact subsets in Q such that

limg— oo ||E(Kg)x| = ||z||. As the vectors x — E(Ky)x = E(Q\ Ki)z and E(Ky)x

are orthogonal, we infer that

lo = E(Kp)z]? = ||2)|* — | B(Kx)2]?,

for all k > 1. Therefore, limy_, o, E(K})x = x, showing the desired density.

We have only to show that the closure of the operator ¥(f)|Do equals U(f)
for each f € C(Q2). With f € C(Q) and = € Dy, we refine a previous argument.
Because we have

sup /dEw7w:/dEw7wa sup /|f|2dEw7:E:/ |f|2dEw7wa
KeK(Q)JK Q KeK(Q)JK Q

(via [5], Proposition 2.1.7), and left side integrals depend increasingly on the
compact set K, there is a sequence (Kj)r>1 of compact subsets in Q such that
limg o0 [|E(Kg)z|| = ||2||, and limg o0 || (f)E(Kg)z|| = || (f)x||. The orthogo-
nality of the vectors © — E(K})z and E(K})z on one side, and that of the vectors
U(f)x — U(f)E(Kg)x and U(f)E(Kg)x on the other side show, as above, that
limg_oo E(Kg)r = x and limg_0o ¥(f)E(Kg)xz = U(f)x, which implies that the
closure of the operator ¥(f)|Dw is equal ¥(f).
Consequently, N, is a normal algebra.

Ezample 4.5. Let 2 be a topological space of the form Q = U, >19Qy,, where (Qy,)n>1
is an increasing sequence of Borel subsets. Let also A be an algebra of Borel
functions on €2, containing the constant functions and the complex conjugate of
every given function from A. Also assume that f|q, is bounded for all f € A and
n > 1.

Let E be a spectral measure (not necessarily Radon), defined on the family of
all Borel subsets of 2, with values in B(H). Setting D = Nfe 4Dy, then D is dense
in H and N = {¥(f)|D; f € A} is a normal algebra. Indeed, if f € A, and so f|q,
is bounded for all n > 1, we have E(Q,)z € Dy. In addition, lim, . E(Q, )z =z
for all x € 'H, showing that D is dense in H. Moreover, if x € Dy, then the sequence
U(f)E(Qy,)z is convergent to V(f)z, implying U(f)|D = ¥(f) for each f € A. It
is clear that N is an O*-algebra, and therefore, Ny is a normal algebra.

Lemma 4.6. If A is a normal algebra and Ny, N2 are arbitrary elements, then
N1, No commute.

Proof. We first note that if S € N is symmetric, then S is selfadjoint, which
is clear because S is normal. Note also that for an arbitrary N € N we have
NN# = N#N, as a consequence of the fact that N(N)* = (N)*N.
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Now, let S1, S5 € A be symmetric. Note that
2i(5152 — 5251)33 = (Sl — ZSQ)(Sl + ZSQ)JJ — (Sl + ZSQ)(Sl — ZSQ)J;
= (Sl + ZSQ)*(Sl + ZSQ)J; — (Sl + ZSQ)(Sl + ZSQ)*Z‘ =0,

for all x € D, since (S7 + 4S2) is normal and (S7 + i52)* = (S1+9S2)* D (S1—1S2).
It follows from Proposition 7.1.3 in [20] that S;, Ss commute.

If N1, Ny, € N are arbitrary, we write N1 = S1; + 1S12, No = Sa1 + iS22,
with S, symmetric. The previous argument shows that the selfadjoint operators

S11, S12, S21, S99 commute. Therefore, the normal operators N1, Ny also commute.
O

Lemma 4.7. Let Ay, ..., A, be commuting self-adjoint operators and let Uy, ..., U,
be the Cayley transforms of A1, ..., A, respectively. Then we have:
n n
[[e-v,-unk =45+ 43,
j=1 J=1
for all integers k1 > 1,...,k, > 1.
In particular, the operator H?:1(2 -U; - U;)ki is positive and injective for
all integers k1 > 1,...,k, > 1.

Proof. We have the equality U; = (A; —i)(A4; 4+ i)~! for all indices j, by the
definition of Cayley transform, whence 1 — U; = 2i(A; + i)~'. Because one has
(2i(Aj +14)71)* = —2i(A; —i)~', via the selfadjointness of A;, we infer 1 — Ui =
—2i(A; — i)', Therefore,

2-U; — U =2i(A; +0) (A — i) — (A5 +0))(A4; —i) ' =4(A2+ 1)

Taking into account that the operators (A? + 1)~ 5 = 1,...,n, are all
bounded and commute, we deduce easily the stated formula. The remaining asser-
tions are direct consequences of that formula. O

Theorem 4.8. Let N' C L#(L) be a normal algebra. Then there exists a family of
indices T, a compact subspace Q C TZ, a set of denominators M C C(S2), and an
injective x-homomorphism N'> N — ¢n € C(Q)/ M.

In addition, there exists a uniquely determined spectral measure F on the
Borel subsets of Q such that ¢ is F-almost everywhere defined and

(Nz,y) = /Q On(2)dFy 4(2), z €D,y € H.

Proof. Let A = (A,),ez be a family of hermitian generators of the algebra A
Such a family obviously exists because N = (N + N#)/2 + i(N — N#)/2i and
both (N + N#)/2, (N — N#)/2i are hermitian. Every A, can be associated with
the Cayley transform U, of A,. As in the proof of Theorem 4.2, since the selfadjoint
operators (A4, ),er mutually commute, the corresponding Cayley transforms, as well
as their adjoints, mutually commute. Let B be the closed unital algebra generated

by the family (U,,U;),ez in B(H), which is a commutative unital C*-algebra.
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It follows from Lemma 4.6 that each operator 2—U, — U} is injective. If M is
the family of all possible finite products of operators of the form 2—U, - U/, 1 € Z,
and the identity 1, then M is a set of denominators consisting of positive operators.

We define a map from N to B/ M by associating to each generator A, the
fraction i(U, —U})/(2— U, —U;), and extending this assignment to A by linearity
and multiplicativity. Let us do this operation properly.

Setting A = 1 for 0 = (0),e7 and AY = [L., 20 A7 for a = (@)ez €
7D

1, a # 0, we may define p(A) = > ., cqaA” for every polynomial p(t) =
Y acy Cat™ in Pr. As a matter of fact, we have the equality N' = {p(A); p € Pr}
because A is family of generators of . If we put W, = (U, — U}*)/(2 — U, — U})
and W = (W,),ez, then ®(p(A)) = p(W) for each polynomial p. To show that
this definition does not depend on a particular representation of p(A), it suffices
to show that p(W) = 0 implies p(A) = 0 for a fixed polynomial p € Pz such that
p(A) = Zaej caA%. Let B € ZSFI) be such that o, < 3, forall: € Z and « € J.
Also set V,, = [[,(2—-U, = U;)" and D, = [[,(i(U, — U;))* for all v and « in
7" Then

Vap(W) = Y caVaW® =Y caVs-aDa = 0.
aeJ aceJ
It follows from Lemma 4.7 and the fact that D is invariant under A® for
all a, that the operator ij1 is defined on D and leaves it invariant, for all (.
Consequently, for an arbitrary = € D we have:

p(A)x = Z caDaVa_lm = Z can_aDaVﬁflm = 0.
acd aced

This allows us to define correctly an injective unital x-homomorphism from the
algebra N into the algebra B/ M.

As in the proof of Theorem 4.2, the space I'(B) of characters of the algebra
B may be identified with a closed subspace €2 of the compact space TZ. Then B is
identified with C(Q), and the function U, with the coordinate function TZ 3 z —
z, € C for all ¢. Hence, the set of denominators M corresponding to M will be the
set of all possible finite products of functions of the form 2 — z, — z,, « € Z, and
the constant function 1. As noticed in the Introduction, the algebra of fractions
B/M can be identified with the algebra of fractions C(Q)/M. The image of the
algebra N in C(2)/ M will be the unital algebra generated by the fractions ,(z) =
—32,/(1 — Rz,), ¢ € Z. Specifically, if N € N is arbitrary, and if py € Pr is a
polynomial such that N = py(A), then, setting ¢ = py 0 6, where 6§ = (0,),¢7,
the map M 5 N — ¢n € C(Q2)/ M is a *-homomorphism.

As in the proof of Theorem 4.2, there exists a spectral measure F' defined on
the Borel subsets of Q such that U, = [, z,dF(z) for all .. Moreover, if C, = {z €
Q; 2z, = 1}, we have F(C,) = 0 for all ¢. This shows that the function ¢, which is
not defined on a finite union of the sets C,, is almost everywhere defined.

Fix an N € N, N = pn(A), with pn (1)) = D¢ 7 cat®. Because we have
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(Aa,y) = /Q 6,(2)dFs(2), x € D(A,), y € H,

we can write the following equations:
[ on2)Fe @) = [ (ox 00)(:)aF )
Q Q
= ca /Q I1 67 (2)dFey(z) = > ca /Q 11 A (2)dFey (2)

aceJ a,#0 aceJ o, #0
= (pnv(A)z,y) = (Na,y),
for all x € D and y € H, via the usual properties of the unbounded functional
calculus (see [18]).
The measure F' is uniquely determined on €2, via the uniqueness in Theorem
4.2, O

Remark 4.9. We may apply Theorem 4.3 to the family {N; N € N}, A’ a normal
algebra, which is a commuting family of normal operators in H. According to this
result, there exists a unique spectral measure E on the Borel subsets of ((COO)N such
that each coordinate function (Coo)V 3 z — 2y € Co is E-almost everywhere
finite, and

(Nx,y>:/ zNdEy(2), € D(N),y € H, N € N.
(Coc)V

5. Normal extensions

In this section we present a version of a Theorem 3.4 in [2], concerning the existence
of normal extensions. Unlike in [2], we prove it here for infinitely many operators.
Fix a Hilbert space H, a dense subspace D of H, and a compact Hausdorff
space 2. As before, we denote by SF (D) the space of all sesquilinear forms on D.
For the convenience of the reader, we shall reproduce some statements from
[2], to be used in the sequel. We start by recalling some terminology from [2].
Let Q C C(Q) be a set of positive denominators. Fix a ¢ € Q. A linear map
P : C()/q — SF(D) is called unital if ¥(1)(z,y) = (z,y), x,y € D. We say that
1 is positive if (f) is positive semidefinite for all f € (C(Q2)/q)+.
More generally, let Qo C Q be nonempty. Let C = 3 o C()/g, and let
¥ : C — SF(D) be linear. The map v is said to be wnital (resp. positive) if
»|C(2)/q is unital (resp. positive) for all ¢ € Q.

We start with a part from Theorem 2.2 in [2].

Theorem B. Let Qo C Q be nonempty, let C = 3 o C()/q, and let ¢ : C —
SF (D) be linear and unital. The map 1 is positive if and only if

sup{[¢(hg™")(z, )]s h € C(Q), ||hlls < 1} = 9(¢”")(z,2), ¢ € Qo, x € D.
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Let again Qp C Q be nonempty and let F = quQo Fy, where ¢7! € F, and
F, is a vector subspace of C(Q2)/q for all ¢ € Q. Let ¢ : F — SF(D) be linear.
Suppose that ¢(¢~1)(z,z) > 0 for all z € D\ {0} and ¢ € Qp. Then ¢(¢~ ) induces
an inner product on D, and let D, be the space D, endowed with the norm given
by [+ 12 = élg ), %)

Let M, (Fy) (resp. M, (F)) denote the space of n x n-matrices with entries
in Fy (resp. in F) . Note that M, (F) = >_ co, Mn(Fy) may be identified with
a subspace of the algebra of fractions C(Q2, M,,)/Q, where M,, is the C*-algebra
of n x n-matrices with entries in C. Moreover, the map ¢ has a natural extension
¢" : My (F) — SF(D"™), given by

o) 06 y) = X 050, g),
k=1
for all f = (fjx) € Mp(F) and x = (x1,..., %),y = (Y1,...,Yn) € D™.

Let ¢y = ¢" | M, (F,). Endowing the Cartesian product D" with the norm
%z = >5=1 dla™ ) (zj,25) if x = (21,...,2,) € D", and denoting it by Dy, we
are in the conditions of Remark 3.8, with M,, for A and Dy for D, . Hence we
say that the map ¢" is contractive if ||¢7 || < 1 for all ¢ € Qp. Using the standard
norm || * ||, in the space of M,, the space M, (F,) is endoved with the norm
1250 oo = 5P (@) F1. (@)l for all (f1.) € M (F,).

Following [3] and [13] (see also [12]), we shall say that the map ¢ : F —
SF(D) is completely contractive if the map ¢™ : M, (F) — SF(D") is contractive
for all integers n > 1.

Note that a linear map ¢ : F +— SF(D) with the property ¢(q~!)(x,z) > 0
for all z € D\ {0} and ¢ € Qy is completely contractive if and only if for all ¢ € Qy,
neN z,..., 20, Y1,...,Yn € D with

D dlg Nway) <1, > dlg )y < 1
J=1 Jj=1
and for all (f;x) € My (Fy) with |[(¢f;k)lIn,c0 <1, we have

n

D o(fiw)(@ry;)| < L. (5.1)

Jik=1

Let us now recall the main result of [2], namely Theorem 2.5, in a shorter
form (see also [21] and [25] for some particular cases).

Theorem C. Let Q be a compact space and let Q@ C C(Q) be a set of positive
denominators. Let also Qg be a cofinal subset of Q, with 1 € Qqy. Consider F =
quQo Fq, where F, is a vector subspace of C(2)/q such that r—* € F, C F, for
all r € Qg and q € Qqp, with r|q. Let also ¢ : F — SF(D) be linear and unital,
and set ¢g = ¢|Fq, Pgz(*) = ¢q(x)(x, ) for all ¢ € Qo and x € D.

The following two statements are equivalent:
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(a) The map ¢ extends to a unital, positive, linear map ¥ on C(Q)/Q such that,
for all x € D and q € Qq, we have:

[Vgell = [l¢gzll, where by =Y|C(Q)/q, Ygu(x) = 1g(*)(z, ).

() (1) ¢lg V) (z,2) >0 for allz € D\ {0} and q € Qo.
(ii) The map ¢ is completely contractive.

Remark. A ”minimal” subspace of C(Q2)/Q to apply Theorem C is obtained as
follows. If Qg is a cofinal subset of Q with 1 € Qg, we define F, for some g € Qg
to be the vector space generated by all fractions of the form r/q, where r € Qg
and r|g. It is clear that the subspace F = F4 has the properties required
to apply Theorem C.

We also need Corollary 2.7 from [2].

q€Qo

Corollary D. Suppose that, with the hypotheses of Theorem B, condition (b) is
satisfied. Then there exists a positive B(H)-valued measure F' on the Borel subsets
of Q such that

o(f)(z,y) = /Qdew)y, ferF, x,yeD. (5.2)
For every such measure F and every q € Qo, we have F(Z(q)) = 0.

Example 5.1. We extend to infinitely many variables the Example 3.5. Let Z be a
(nonempty) family of indices. Denote by z = (z,),ez the independent variable in
CZ. Let also z = (2,),ez. As before, let ZSFI) be the set of all collections o = («v,),e7
of nonnegative integers, with finite support. Setting z° = 1 for 0 = (0),e7 and
2% = [1,, 202 for 2 = (2.).e1 € CIa=(a,)ez € Zf)
the algebra of complex-valued functions Sz on CZ, consisting of expressions of
the form >°, 5c 7 Ca,32“ZP, with ¢, 5 complex numbers for all o, 3 € J, where

J C Zf) is finite.

We can embed the space Sz into the algebra of fractions derived from the
basic algebra C((Cs)?), using a suitable set of denominators. Specifically, we
consider the family Rz consisting of all rational functions of the form rq(t) =
L., 201 +12])7*, 2 = (2).ez € C*, where o = (o) € Zf), a # 0, is arbitrary.
Of course, we set g = 1. The function r, can be continuously extended to (Co)?\

CZ for all o € Zf). In fact, actually the function fgz.(z) = 2°2774(z) can be

continuously extended to (Cu )% \ C* whenever 3, + 7, < 2a,, and 3, =7, = 0 if

a,=0,forall LeZ and o, 8,7 € Zf). Moreover, the family Rz becomes a set of

denominators in C((Cu)?)). This shows that the space Sz can be embedded into

the algebra of fractions C((Cws)?)/Rz.

To be more specific, for all a € Zf), a # 0, we denote by Sgl the linear

, @ # 0, we may consider

spaces generated by the monomials 2727, with 3, + v, < 2a, whenever a, > 0,
and §, =, = 0if a, = 0. Put 8¢} = C.
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We also define Sgl, for a € Zf), a # 0, to be the linear space generated
by the monomials |z|?% = Hﬂﬁéo(mz)@, 0#8, 6, <a foral.eZ and |2| =
(|2.])iez. We define S5y = {0}.

(1)

Set Sz.0 = Sgl + Séz()x for all @ € Z’. Note that, if f € Sz o, the function
rof extends continuously to (Co,)? and that 810 CSzpifa, <p, forall el
It is now clear that the algebra Sz = Za cz® 87,0 can be identified with

+

a subalgebra of C((Cuo)?)/Rz. This algebra has the properties of the space F
appearing in the statement of Theorem C.

Let now T = (T,),ez be a family of linear operators defined on a dense
subspace D of a Hilbert space H such that T,(D) CD and T,Txxz = T,,T,z for all
L,k €L, xeD.

Setting T'“ as in the case of complex monomials, which is possible because
of the commutativity of the family 7" on D, we may define a unital linear map
(bT ZSI — SF(D) by

or(2°2%)(2,y) = (T°2,T7) , w,yeD,a,BeLy, (5.3)

which extends by linearity to the subspace Sz generated by these monomials.

An easy proof shows that, for all «, 5 in Zf) with 8 —«a € Zf), and x €
D\ {0}, we have

0< (z,2) < opp(ryt)(z,z) < quT(rgl)(x,x). (5.4)
The polynomial 7! will be denoted by s, for all « € Zf).

The family T' = (7,),ez is said to have a normal extension if there exist a
Hilbert space K D H and a family N = (N,),cz consisting of commuting normal
operators in K such that D C D(N,) and N,oz = T,z for all x € D and + € 7.

A family T = (T,),ez having a normal extension is also called a subnormal
family (see, for instance, [1]).

The following result is a version of Theorem 3.4 from [2], valid for an arbitrary

family of operators. We mention that the basic space of fractions from [2] is slightly
modified.

Theorem 5.2. Let T = (T,),ez be a family of linear operators defined on a dense
subspace D of a Hilbert space ‘H. Assume that D is invariant under T, for all
t € Z and that T is a commuting family on D. The family T admits a normal
extension if and only if the map ¢ : Sz — SF(D) has the property that for all

aEZf),mENandxl,...,mm,yl,...,ymepwith

Do or(sa)(wa) <1, > ér(sa)ysy;) <1,
j=1

Jj=1
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and for all p = (pj k) € Mp(Sz,0) with sup, |74 (2)p(2)||m < 1, we have

m

> r(ir)(@n, ;)| < 1. (5.5)

k=1

Proof. We follow the lines of the proof of Theorem 3.4 in [2].

If the condition of the theorem is fulfilled, and so we have a linear and unital
map ¢r : Sg — SF(D) induced by (5.3), then conditions (i) (by (5.4)) and (ii) of
Theorem C are satisfied for ¢p. Hence, by that theorem and Corollary D, there
exists a positive B(H)-valued measure F on the Borel sets of Q = (Co. )%, such
that (5.2) holds for ¢7. Because ¢ is unital, F(2) is the identity operator on H.
By the classical Naimark dilation theorem (see, for instance [12]), there exists a
Hilbert space K containing H as a closed subspace and a spectral measure F on
the Borel subsets of Q with values in B(K), such that F(x) = PE(x)|H, where
P denotes the orthogonal projection from C onto H. As in Remark 4.1, for each
1 € Z, let N, be the normal operator with domain

D(N,) = {x eK; /K |2L|2dE$7m(z)} < oo}

and
Nax = / zdE(z)x, x € D(N,),
K

L

where K, = {z € Q;2, # oo}. For all x,y € D, « € Z, we have

(PN,z,y) = (N,z,y) = / 2B,y (2)
K,

- /Q 2dFy () = br(2)(,y) = (T, ),

because F(K,) = F(Q). Indeed, F(Q \ K,) = F({z € Q;z, = oo}) =
F(Z((1+ ]2]*)7') = 0, by Corollary D. Hence, PN,z = T,z for all z € D, + € T.
Note also that

[Tl = or(122)w ) = [ JoPdFea(z) =
Q

/ 2B, . () = | Nz

L

for all x € D, v+ € Z, which shows that N = (N,),ez is a normal extension of
T = (T,).ez, via the following:

Remark. Let S : D(S) C ‘H — H be an arbitrary linear operator. If B :
D(B) C K — K is a normal operator such that H C K, D(S) C D(B), Sz =
PBz and ||Sz|| = ||Bz|| for all z € D(S), where P is the projection of K onto
H, then we have Sx = Bz for all x € D(S). Indeed, (Sz,Sz) = (Sz, Bx) and
(Bx, Sz) = (PBx,Sx) = (Sx,Sz) = (Bz, Bx). Hence, we have ||Sx — Bzx|| = 0
for all € D(S) (see [2], Remark 3.1).
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We continue the proof of Theorem 5.2.
Conversely, if T' = (T,),ez admits a normal extension N = (N,),ez, the latter
has a spectral measure E with support in Q = (C4,)%, via Theorem 4.3. Then for

all o € Zf), the space D is contained in
D(T) € D(N®) = {x €K; / 29 RdE, . (2) < oo}.
Q

It follows that, for all f € C(Q)/r,, the function f is integrable on £ with respect
to the positive scalar measure E; ,. Using the decomposition 4E, , = E; 4y z4y —
Ee—yo—y+iEotiyotiy— 1EBo_iyo—iy, We see that ¢ : C(Q)/Rz — SF(D), defined
by

vN@9) = [ JEEs (). 0.y € D, f € C@)/Ra,
is a linear map which is obviously unital and positive. Moreover,
(272" (w,y) = (N2, NOy) = (T2, T"y) = ¢1(:"2") (2, ),

for all z,y € D and a € ZSFI), because N¢ extends T“, showing that ¢ is an
extension of ¢r.

Setting ¢ = ¢T7 wra = ’@[ch(ﬂ)/raa wra,w(*) = wra(*)(ﬁvx)v ¢To< = ¢|8Ta7
Oroz(%) = p, (x)(x,2) for all o € Zf) and z € D, we have:

oy ") (@, 2) = (g ) (@,2) = Yol = 16raoll = 603" (@, 2),
via Theorem B. This shows that the map ¢ : St — SF(D) satisfies condition (a)
in Theorem C. We infer that the condition in the actual statement, derived from
condition (b) in Theorem C, should be also satisfied. This completes the proof of
Theorem 5.2. ]

Remark 5.3. Let T = (T,),ez be a family of linear operators defined on a dense
subspace D of a Hilbert space H. Assume that D is invariant under 7, and that
T is a commuting family on D. If the map ¢r : Sz — SF(D) has the property
(5.5), the family has a proper quasi-invariant subspace. In other words, there
exists a proper Hilbert subspace £ of the Hilbert space H such that the subspace
{r € D(T,)N L;Tx € L} is dense in in L for each ¢ € Z. This is a consequence of
Theorem 5.3 and Theorem 11 from [1].

We use Example 3.5 for the particular case of a single operator. We take
Z = {1} and put S¢ = Si, which is the set of all polynomials in z and z, z € C.
The set Rz = Ry consists of all functions of the form ry(z) = (1 + |z|?)~*, with
ze€Cand keZ,.

Considering a single operator S, we may define a unital linear map ¢g : S1 —
SF(D) by
¢s(272)(w,y) = (872, 8%) . x,y €D, j€Ly,
extended by linearity to the subspace S;. The next result is a version of Corollary

3.5 from [2] (stated for a different basic space of fraction).
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Corollary 5.4. Let S : D(S) C H — H be a densely defined linear operator such
that SD(S) C D(S). The operator S admits a normal extension if and only if for
almeZi,neNand x1,...,Zn,Y1,---,Yn € D(S) with

n m m' L L n m m' N .
Zzik!(m_k)!@ xj,Ska;) <1, sz@ ys, SFys) < 1,

j=1k=0 J=1k=0

and for all p = (pj k) € My(Sm), with sup,cc ||(1+ |2]2)"™p(2)||ln < 1, we have

> (ds(piw)Teyi)| < 1.
7,k=1

Corollary 5.3 is a direct consequence of Theorem 5.2.

The case of one operator, covered by our Corollary 5.3, is also studied in [22],
via a completely different approach.
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