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SPECTRAL MEASURES AND MOMENT PROBLEMS

F.-H. VASILESCU

Dedicated to Professor lon Colojoar# on the occasion of his 70" birthday

ABSTRACT. In this expository paper we try to emphasize some connections between
functional analysis, in particular operator theory, and moment problems. A central role
in this discussion is played by the operator-valued positive measures, in particular the
spectral measures, which are mathematical objects related to the spectral decompositions
of linear operators, domain in which I. Colojoard has important contributions (see, for
instance, the monograph [Col]).

PartI. MOMENTS ON SEMI-ALGEBRAIC COMPACT SETS
I.1. INTRODUCTION

This chapter is a revisited and expanded version of the work [Vas2] (see also [Cla],
[Dem?2], [PuVal], [Vas7] etc.). Results as Theorems 1.3.1, 1.4.8 and Corollaries 1.4.9 and
1.4.10 have been subsequently obtained by the author.

Lett = (t1,...,t,) denote the variable in the real Euclidean space R™, and let
P(R™) be the algebra of real polynomial functions in ¢1,...,t,. f @ = (aq,...,an) €
Z" is an arbitrary multi-index, set t = ¢ - - - 0.

For technical reasons, we often use polynomial with complex coefficients. We de-
note by Pc(R") the space P(R™) ® C, i.e., the space of all polynomials on R™ having
complex coefficients.

Let v = (Ya)aezz (Y0 > 0) be an n-sequence of real numbers. We set
1.1.1) Ly(t*) =74, a€lZl,
and extend L., to Pc(R™) by linearity.

The n-sequence v = (Ya)aczs is said to be positive semi-definite if L, is positive
semi-definite (that is, L., (pp) > 0 for all p € Pc(R™)).

Let K C R" be aclosed set. The n-sequence 7 is said to be a K-moment sequence if
there exists a positive Borel measure 1 on K such that t* € L' () and v =[5 t*dpu(t)
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forall o € Z'}. When such a measure . exists, then it is called a representing measure of
the sequence .

To solve the K-moment problem ([Berg]) means to characterize those n-sequences
of real numbers v = (’ya)aezi (70 > 0) which possess a representing measure on K.

Let P(K)={p|K : p€ P(R")},andlet P, (K)={p € P(K) : p|K > 0}.
If the sequence ~y possesses a representing measure 4 on K, then the linear func-
tional L., satisfies the condition

(1.1.2) L.(p) >0, pe P (K),

and L, (1) > 0.

Condition (I.1.2) is also sufficient ([Hav]). Nevertheless, except for the cases when
P4 (K) can be completely described, this condition is, in practice, difficult to verify. For
this reason, to solve the K -moment problem, one possibility is to seek a “test subset”
© C P4 (K), expressed as explicitly as possible in terms of K, such that condition (I.1.2)
restricted to © imply the existence of a representing measure on K.

Let P = {p1,...,pm} be a finite family in P(R™), and let
(1.1.3) Kp={seR%pi(s) >0,j=1,...,m}.

A closed subset X' C R™ will be called (in this text) semi-algebraic if there exists a
family P such that K = Kp.

In the next section we shall construct a fairly explicit "test set” for every semi-
algebraic compact set K, which in turn will lead to an explicit solution to the /' -moment
problem.

1.2. MOMENTS ON SEMI-ALGEBRAIC COMPACT SETS

Remark 1.2.1. Let P = {p1,...,pm} be a finite family in P(R™). Suppose that K =
Kp is compact. We attach to the family P a family P constructed in the following way.

As we clearly have m; = sup p;(t) < oo, we set p,(t) = m;lpj (), t € R™, if
m; > 0,and p; = p; if m; = 0,;’6;(17...,m.

We define P = {0,1,p1,...,Pm}.

Note that K = Kp = K5, and that 0 < p(t) < 1 forallt € K andp € P.

We denote by Ap the set of all products of the form

aea(l=m)-- (1= m)
for polynomials q1,...,qk,71,...,7 € P and integers k,[ > 1.

We clearly have p| K > 0 for all p € Ap. Note also that the set Ap is explicitly
constructed in terms of P.

One can prove the following assertion (practically contained in the proof of Theo-
rem 2.3 from [Vas2]).
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Theorem 1.2.2. Let P = {po = 1,p1,. .., pm } be afinite family in P(R™). Suppose that
K = Kp is compact and that the family P generates the algebra P(R™).

An n-sequence of real numbers v = (Va)aezi (7o > 0) is a K-moment sequence if
and only if the linear form L., is nonnegative on the set Ap.

In addition, the representing measure of a K-moment sequence is uniquely deter-
mined.

Remark 1.2.3. An alternate proof of Theorem 1.2.2 was given in [PuVal]. Another proof
can be derived from the representation theorem for real algebras given in [BeSc] (see
also [Kril] and [Kri2]; see [PrDe] for general representation theorems, leading to solu-
tions to various moment problems, and [BCR] for other connexions). We are indebted to
E. Becker and A. Prestel for some discussions concerning the actual state-of-the-art.

We shall give in the sequel a proof of Theorem 1.2.2, following the lines of Theo-
rem 2.3 from [Vas2].

Remark 1.2.4. Let P = {p1, ..., pm} be a finite family in P(R™) such that X' = Kp be
compact. Let also P be constructed as in Remark 1.2.1.

Let ay, = ax(K) = inf{ty : t € K} and by, = bi(K) = sup{ty : t € K}. Then
we set ﬁm+k(t) = (tk — ak)/(bk — ak) if by > ayg, ﬁi-{-k(t) = :t(tk - ak), if b, = ay,
k=1,...,n.

We define P = {0,1,p1,...,Pm,Pmsk : ax < bg, k = 1,...,n}, and Py =
{Lprop s ak=by, k=1,...,n}

Notice that K = Kp = K, and that 0 < p(t) < 1forallt € K and p € P.
Definition 1.2.5. Let P = {p1,...,pm} C P(R™) be such that K = Kp be compact,

and let P and P, be as in Remark 1.2.4. We denote by Ap the set of all products of the
form

qge(l =) (= by
for polynomials q1,...,qk,71,...,7 € P,hi,....,hy € Py and integers k, [, u > 1.

The next result is a version of Theorem 1.2.2, holding for a set P = {p1,...,pm}
in P(R™) not necessarily containing a family of generators.

Theorem 1.2.6. Let P = {p1,...,pn} be a finite family in P(R™) such that K = Kp
be compact. An n-sequence of real numbers v = (70‘)04621' Yo > 0, is a K-moment
sequence if and only if the linear form L., is nonnegative on the set Ap.

Proof. We shall show that Theorem 1.2.6 can be obtained as a consequence of Theorem
[.2.2.

We keep the notation from the Remark 1.2.4. As the condition from the statement
is clearly necessary, we shall deal only with its sufficiency.
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If {k : ar = by} # (), without loss of generality we may suppose the existence of
anintegerd € {0,1,...,n — 1} such that ay, = by, forall k > d + 1. We first discuss the
cased > 1.

Let u = (uy,...,uq) be the variable of R?. Let also x: R? — R™ be given by
k(u) = (u,a), where @ = (ags1,...,a,) € R4 IfQ = {pok : p € P}, and
K4 = k™ 1(K), then K, is compact (in fact, K = K4 x {a}) and K; = Kg. Moreover,
AQ ={pok : pE€ Ap}, as one can easily check.

Let us denote, for simplicity, r(t) = (tx —ax)/(by —ag), k =1,...,d, r(t) =
tr —ap, k=d+1,...,n. Asrp € Apfork=d+1,...,n, it follows that
Lo (rft - rtrgly - rh) = 0

for all integers k1 > 0,...,k, > 0, provided kg1 + - - - + k,, # 0. Because the algebra
P(R™) is generated by 1,71, ..., 7y, we derive the formula

L€M) = L (t¢Na", ¢ezl nezi.
Setting §¢ = L (t(&0), § = (0¢)gez » we infer that

Ly(p) =Ls(por), pePR").
In particular, Ls is positive on AQ, and the latter contains d linearly independent poly-

d

nomials of first degree. In fact, Ky C [] [a;,b;] and we may apply Theorem 1.2.2.
j=1

Consequently, there exists a positive measure v on Ky such that §¢ = f K, us dv(u),

€ 74 . If 0, is the Dirac measure concentrated at a, then © = v ® 6, is a representin
T M p g
measure for .

The case d = 0 is obtained in a similar manner, and a representing measure for vy is
709a~ ]
We shall prepare the proof of Theorem 1.2.2, which needs some auxiliary results.

Definition 1.2.7. Let K = Kp be a semi-algebraic compact set. We denote by 7(P) the
family of all linear mappings L : P(R™) — R such that L(1) = 1 and L(r) > 0 for all
r € Ap. Clearly, m(P) is a convex set.

Lemmal.2.8. Forall L € m(P)andr € Aponehas0 < L(r) < 1.

Proof. (See also [Cas], Lemme 2.) Letr = ry---1, € Ap, where either r; € P or
1—r; € Pforall j. As we have

L—rpooorp =0 —r)+ri(L—r2)+-+ri-rp_1(l —7g),

one obtains L(1 —r) > 0, whence L(r) < 1. O



SPECTRAL MEASURES AND MOMENT PROBLEMS 177

Remark 1.2.9. (1) Let I'; (K) be the positive cone generated by Ap. The previous proof
shows that if » € Ap, then 1 —r € T (K). A similar argument also shows that if
p,q € Ap, then (1 — p)q € T (K). In particular, if L: P(R™) — R is positive on Ap,
then L((1 — p)q) > 0 forall p,q € Ap. If, in addition, L(1) = 0, then L = 0.

(2) As in [Cas], we identify the set 7(P) with a subset of the compact space X =
[0,1]247, which is possible via the fact that the unital algebra generated by P in P(R™)
coincides with P(R™), and by Lemma 1.2.8. This subset is also closed, for if Ly is a
cluster point of 7(P) in X, then Lo(r) > 0,7 € Ap, Lo(1) = 1, and L can be extended
by linearity to P(R™). Therefore, in the algebraic dual of P(R™), endowed with the weak
topology induced by Ap, the set 7w(P) is convex and compact.

Lemma 1.2.10. Let L be an extreme point of 7 (). Then L is multiplicative on P(R").

Proof. We proceed as in the proof of [Cas], Lemme 3. Let p € Ap be fixed. It suffices to
prove that L(pq) = L(p)L(q) forall ¢ € Ap. Let a = L(p). We have three possibilities:

If 0 < a < 1, we consider the linear functionals L1(r) = o~ ! L(pr) and La(r) =
(1 — o) *L((1 — p)r),r € P(R™). Itis easily seen that L1, Ly € 7(P), via Re-
mark 1.2.9 (1). As we have L = aLj + (1 — a) Lo, and L is an extreme point of 7(P),
we must have L = L, whence L(pq) = L(p)L(q).

If & = 0, then Lo(r) = L(pr) is positive on Ap, and Lo(1) = 0, whence Loy = 0,
by Remark 1.2.9 (1). This implies that L(pq) = 0 = L(p)L(q).

If & = 1, we apply the previous argument to the functional Lq(r) = L((1 — p)r),
and obtain L(pq) = L(q) = L(p)L(q). O

Lemma 1.2.11. For every L € 7(P) there exists a uniquely determined probability mea-
sure pon K such that L(p) = [, pdu forall p € P(K).

Proof. This assertion coincides with [Cas], Théoréme 1. Here is a different proof.

Let Ly € 7w(P) be an extreme point. Then Lg is multiplicative on P(R"™), by
Lemma 1.2.10. Thus, if ¢ = (c1,...,¢,) € R™is given by ¢; = Lo(t;), then we have
Lo(p) = p(c) forall p € P(R™). Since 0 < Lo(p) < 1,p € Ap, by Lemma 1.2.8, we
obtain that ¢ € K, and that

|Lo(p)| = Ip(c)| < llpllx = sup Ip(t)|, pe P(R").

If L € n(P)isof the form L = > A;L;, where \; > 0, > A; = 1, L; an
JjeJ jeJ
extreme point of 7(P), J finite, then
L) <Y ML) <Y Ajllplx = lplle,  p e PR,
jeJ jeJ

by the first part of the proof.
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Since the set 7(P) is convex and compact (see Remark 1.2.9(2)), by virtue of the
Krein-Milman theorem we have that every L € 7(/P) is in the closure of the convex hull
of the set of extreme points of 7(P), whence we deduce that

IL(p)| < llpllx, L en(P), pe P(R"),

by the previous similar estimates. This implies the existence and uniqueness of the mea-
sure i for each L € w(P), by the Riesz representation theorem, via the density of P(K)
in the space of all real-valued continuous functions on K, given by the Weierstrass ap-
proximation theorem. O

Proof of Theorem1.2.2. Let v = (Ya)aezz (70 > 0) be a K-moment sequence. Then

the linear form I = ~; 'L, is an element of 7(7P), and the conclusion follows from
Lemmal.2.11. g

The representing measure previously obtained is always uniquely determined, as a
consequence of the theorem of Weierstrass asserting the density of the space P(K) in the
space of all continuous functions on K.

Remark 1.2.12. (1) Forn = 1, if P = {p1,...,pm} C P(R) and if K = Kp is
compact, a positive semi-definite n-sequence v = (74 )aez, is a K-moment sequence if
and only if each sequences py (S)-y are positive semi-definite forall k = 1, ..., m, where
(57)a = Va+1 forall @ € Z, as shown in [BeMa].

(2) Let K = Kp, and let Xp be the family of all polynomial functions in P, (K)
of the form ¢? + ¢3p;, - - - pj., where ¢1,q2 € P(R") are arbitrary, and {j1,...,jx}
C {1,...,m}. It is shown in [Schl] that if K = Kp is compact, then a sequence
Y = (Ya)aezr (70 > 0) is a K-moment sequence if and only if L, (p) > 0 for all
pE Xp.

(3) A certain test set” is constructed in [Cas], in a rather intricate manner (using
extremal points of some spaces of polynomial functions), for an arbitrary compact set
with nonempty interior. Although that “test set” is hard to describe in explicit terms, it is
the method of [Cas] which has been adapted to obtain a proof for Theorem 1.2.2 above.

(4) The case of an arbitrary compact set is treated in [Dem2], by extending the
techniques from [Vas2].

For some applications, it is useful to have a better localization of the support of the
representing measure of a moment sequence. In this respect, we have the following (see
Theorem 2.9 from [Vas2]; see also [McG])).

Theorem 1.2.13. Let P = {ps1,...,pm } be afinite family in P(R™) such that K = Kp
is compact. Let also v = ('Ya)aezi (70 > 0) be a K-moment sequence, and let . be the
representing measure of . Assume that there exists an » € P(R™) such that L.,(rp) > 0
forall p € Ap. Then

supp(p) C {s € K : r(s) > 0}.
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If L, (rp) = 0 for some » € P(K) and for all p € Ap, then
supp(p) C {s € K : r(s) =0}.

Proof. Assume first that L (r) > 0. Then the sequence v, = L,(t*r),a € Z7,
is a K-moment sequence, by Theorem 1.2.2. Let p’ be the representing measure of
v = (Ya)aezy. Since [pdy’ = [prdp forall p € P(K), we obtain the equality
[ fdp = [ frdu for all continuous functions f on K, by the Weierstrass approxima-
tion theorem. This implies that 1/ = ru. As ' is a positive measure, an easy measure
theoretic argument shows that u(B) = 0, where B = {s € K : r(s) < 0}.

Assume now that L (r) = 0. We have two cases:
a) There is a go € Ap such that L (gor) > 0. As Ly((qo + €)r) = Ly(gor) > 0

for any € > 0, we may assume that go(s) > 0 for all s € K. Then, by the first part of the
proof,

supp(p) C{s € K : qo(s)r(s) >0} ={se K : r(s) >0}.

b) If L,(pr) = 0 for all p € Ap, then the measure 7y = 0, whence, again by a
measure theoretic argument, we deduce that supp(p) C {s € K : r(s) = 0}. O

Remark 1.2.14. With the notation of Theorem 1.2.13, assuming the existence of a poly-
nomial » € Pc(R"™) such that L (rp) > 0 for all p € Ap, writing r = ' + ir”, with
' 7" € P(R"™), we obtain L~ (r'p) > 0 and L., (r""p) = 0 forall p € Ap. Consequently,

supp(p) C {s€ K : r'(s) > 0,7"(t) = 0},
via Theorem 1.2.13.
Example 1.2.15. (1) Let K = [0,1]" C R"™. If p;(t) = tj,pnt4(t) = 1 —t;,5 =
1,...,n,and P = {1,p1,...,pn}, then P = {0,1,p1,...,pn} and K = Kp. Itis
easily seen that the condition L., (r) > 0 (r € Ap) from our Theorem 1.2.2 is equivalent
to the condition (13) from Theorem 1 in [HiSc] (stated in n dimensions). Therefore,
Theorem 1.2.2 provides, in particular, a new proof for the existence of a solution to the
Hausdorff moment problem in several variables. In other words, ¥ = (Ya)aczn (70 > 0)
is a K-moment sequence, with K = [0, 1]™ C R", if and only if

Ly (-t (1= 1) - (1= 1)) > 0,

for all integers k1 > 0,...,k, > 0,¢; >0,...,¢, > 0. This condition is equivalent to

Z (—1)l (?)%Jrg >0, a,f€Z.

0<£<p
Conversely, using the above mentioned result from [HiSc], one can give a different
proof of Theorem 1.2.2 (see [PuVal] for details).
Q) Let K = {t € R* : t2 4+ ... +t2 < 1}, i.e., the unit ball in R". Let
pi(t) = (1+4)/2,pnij(t) = (1=1;)/2, 5 =1,....m, panga(t) =1 =t — -+ — £,
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and poyio(t) = t2 + -+ 2. If P = {1,p1,...,Pn,P2ns1}, then K = Kp, and
P =1{0,1,p1,...,pans1}.

By virtue of Theorem 1.2.2, ¥ = (Ya)aezy (70 > 0) is a K-moment sequence,
with K = {t € R";¢} + --- + ¢2 < 1}, if and only if

kon
Lv(plfl o 'p2721++22) >0,
for all integers k1 > 0,..., kap4o > 0.

Using Theorem 1.2.13, we obtain that v = (7&)&621 (v > 0) is a K-moment
sequence, with K = {t € R™ : t3 + .- +t2 = 1}, if and only if

k; n
Ly(py" - pons) 20,

for all integers k1 > 0,..., k2, > 0,kopy1 = 0, kap42 > 0, and

an 2
L'Y(plfl T 'p2n++2 ) =0,
for all integers k1 > 0,..., ko, > 0,kopny1 > 0, kopgo > 0.

Remark 1.2.16. The methods developed in this section also allow us to approach some so-
called “complex moment problems”, that is, moment problems in the complex Euclidean
space C". Identifying the space C™ with the space R?", we may derive easily some
useful assertions, stated only in terms of complex variables. We shall briefly present the
necessary changes for this transfer of information.

If z = (z1,..., 2y) is the variable in the complex Euclidean space C", we denote
by P(C™) the algebra of all complex polynomial functions in z1, . . ., Z,, 21, . - ., 2n. The
algebra P(C™) can be identified with the algebra Pc(R?*").

Lety = (Yo, 8)a, pezn be an 2n-sequence of complex numbers. We set

(L.2.1) L(z°2") = va 3, a,B €L,

and extend L., to P(C™) by linearity.

The concepts of K-moment sequence (KX C C™ a compact subset) and of positive
semi-definiteness are defined as for real sequences.

Let P = {p1,...,pm} be a finite family in P(C™) such that p; is a real valued
function on C" for all j = 1,...,n. Weset Kp := {w € R" : p;(w) > 0,j =
1,...,m}. Suppose that K = Kp is compact. As in Remarks 1.2.1 and 1.2.4, we attach
to the family P a family P constructed in the following way.

Because we have have m; = sup p;(w) < oo, we set p;(z) = m}lpj(z), zeCn,

weK
ifm; >0,and p; =p;ifm; =0,j=1,...,m.

Now, let ar, = inf{Rz : t € K}, b, =sup{Rz : t € K}, e, =inf{Sz : t €
K}, di = sup{Szy : t € K}. We put pi1k(Z,2) = (Rzx, — ar)/(bx, — ax) if by, > ag,
and p,, . (2,2) = Rz — ag) if bp = ay, k = 1,...,n. Similarly ppnik(2,2) =
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(Szk — Ck)/(dk — Ck) if di > ¢, and ﬁm+n+k(2’ Z) = (%Zk — Ck) ifdy, = ¢, k =
1,...,n. Define

ﬁ = {07 17}317 v 7]5777,})

ﬁ = {07 17}317 R 7ﬁmaﬁm+jaﬁm+n+k © Gy < bjack < dk,j,k = 17' . .771}
and

7)0 == {17:l:]§m+j’ j:ﬁm+n+k . a/j = bj,ck = dk,],k = 17 e 7n}.

We have K = Kp = K and 0 < p(w, w) < 1forallw € K and p € P.

As in Remark 1.2.1, we denote by Ap the set of all products of the form

gl —mr1)-- (=)
for polynomials ¢1, ..., qk,71,...,7 € P and integers k,l > 1. We also denote by Ap
the set of all products of the form
gL = ) (U= )by -y

for polynomials q1,...,qk,71,...,7 € P,hi,...,hy € Pyand integers k, [, u > 1.

Theorems 1.2.2 and 1.2.13 lead to the following assertion (not explicitly mentioned
in [Vas2]; see also [Vas7]).

Theorem 1.2.17. Let P = {p1, ..., pn } be afinite family in P(C™) such that p, is areal
valued functionon C™ for all j = 1,...,n. Suppose that KX = Kp is compact.

(i) A 2n-sequence of complex numbers v = (va,5)a,sezn With a5 = 75, for all
a,3 € ZT and 0 > 0 is a K-moment sequence if and only if the linear form
L., is nonnegative on the set Ap.

When the family {1,p1,...,pm} generates the algebra P(C™), the set Ap
may be replaced by Ap.

(i1) Assume that v = (va,@)a,@em (70,0 > 0) is a K-moment sequence, and let
be the representing measure of +. Also assume that there exists a real valued
polynomial » € P(C™) such that L. (rp) > 0 for all p € Ap. Then

supp(p) C{w € K : r(w,w) > 0}.
If L, (rp) = 0 for some r € P(C™) and for all p € Ap, then

supp(p) C{w € K : r(w,w) =0}.
Proof. (i) Writing z; = t; + is;, i.e., t; = Rzj, s; = Sz, = 1,...,n, we have a
natural map, say 6, given by
C"2z=(z1,--r2n) = (t1,-- s tn,S1,---,8n) = (t,5) € R x R",
which allows the identification of C™ with R?",

The hypothesis on v implies the equality L., (p) = L(p) for all p € P(C™).
Therefore, L,(p) is a real number whenever 5 = p. In particular, setting ¥, 3 :=
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L.Y(tasﬁ), a,f € 7%, and 7 = (:Ya,ﬂ)a,ﬂezi, we get a 2n-sequence of real numbers
with Y0 > 0. We have in fact Lz (q) = L (go 6~ ') forall ¢ € Pc(R?™).

IfP:={pob! :pc Pl then Ap ={rof=' : re Ap}and K := 0(K) =
(0(K))p. Therefore, yisa K-moment sequence if and only if 5 is a & -moment sequence.
Moreover, i is a representing measure for 7 if and only if y := ji 0 1 is a representing
measure for . Consequently, the assertion follows directly from Theorem 1.2.2.

(i1) Using the discussion from (i), we infer easily the assertion, as a consequence of
Theorems 1.2.2 and 1.2.13. We only note that, without loss of generality, the polynomial
r € P(C™) may be assumed to be a real-valued function. O

Example 1.2.18. Let D™ = {z € C" : |z;| < 1,5 =1,...,n}, i.e. the unit polydisc in
C™. We consider the following polynomials:

p1j(Z,2) = (L+Rz;)/2, p2;(Z,2) = (1+S25)/2,
p3,;(2,2) = (1= Rz;)/2, paj;(Z,2) = (1—Sz)/2,
ps.j(Z,2) = 1 —|z]?, p6.;(Z,2) = |z %,

forall j = 1,...,n. Note that, if P = {1,p1j,p2,D55, : j = 1,...,n}, then P =
{0, 1ap17j7p2,jap57j : j = 1, ey n}, and D™ = Kp.

Let ¥ = (Ya,8)a,pezn be a 2n-sequence of complex numbers with Ya,5 = 75,a
forall o, 3 € Z"} and yp,0 > 0. By Theorem 1.2.17, v is a K-moment sequence, with
K = D" if and only if

k k kin ko, ke,n
Lv(pl,lilp1,12’2 o 'pl,l{z 172,211 " 'pG?n ) >0
for all integers k11 > 0,k12 > 0,...,ksn > 0. As we have the obvious identity
2+ 2;+2Z; = |zj + 1|> + 1 — |2;]?, it follows that each expression p]f}ilp]fjéz o ~p§i‘f' can
be written as a linear combination with positive coefficients of expressions of the form
(1= ]z1[2)™ - (1 = |2zn|?)™|p(2)|% where n = (11, ...,7m,) € Z'} and p is an analytic
polynomial. Consequently, if

12.2) Loy((X = [z1]*)™ - (1= |za>)™)[p(2)]?) = 0

forally = (n1,...,mn) € Z7 and all p € P,(C"), then v is a K-moment sequence,
where P,(C"™) is the algebra of analytic polynomials on C™. Condition (I.2.2) is equiva-
lent to

12.3) >SS (= <2’> CaCaYarepie >0

a,BEL] £<r)
for all y € Z and all sequences of complex numbers (Ca)aem with only finitely many
nonzero terms.
Condition (I.2.2) is also necessary.

For n = 1, a different characterization is given in [Atz], where Hilbert space meth-
ods are used.
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Example 1.2.19. Let T" = {z € C" : |z;| = 1,j = 1,...,n}, i.e., the torus in C".
It follows from Theorem 1.2.17 (ii), as well as from the previous example, that v is a
K-moment sequence, with ' = T" if and only if

1.2.4) Ly(Ip(z)]*) = 0
and
1.2.5) Lo((1— |z )™ - (1= |za))™)Ip(2)[?) = 0,

forally = (n1,...,m,) € Z%, n # 0, and all p € P,(C"). Condition (I.2.5) can be
considerably simplified. Namely, it can be replaced by the condition

(1.2.6) Lo((1=]z1)™ - (1 = |za?)™)Ip(2) ) = 0,

foralln = (n1,...,mn) € Z}, In| = 1,and all p € P,(C"). Indeed, from (I.2.6) we infer
easily that L., (|z1]2%1 - - - |2, [p(2)|?) = L, (|p(2)|?) for all integers k1 > 0, ..., k, >
0, and this last equality leads us easily to (1.2.5).

Conditions (I.2.4) and (I.2.6) can be used to recapture the classical solutions to
trigonometric moment problems in one or several variables. For instance, if ¢ = (¢q)aczn
is an n-sequence of complex numbers with ¢ > 0 and c_, = ¢, for all « € Z", we
define the 2n-sequence ¥ = (Ya,3)a,8ez7 BY Va8 = Ca—p forall a, 8 € Z%. The
2n-sequence vy has a representing measure concentrated in T™ (which clearly implies
the existence of a representing measure for ¢ on T") if (i) L,(|p(z)|*) > 0 and (ii)
Ly ((1—|zj*)|p(2)|?) = 0forall j = 1,...,nand p € P,(C). Condition (i) is equivalent
to the classical Carathéodory-Féjer condition

Z Ca,g)\,l;\g >0
a,B

for each finite family (A, ), of complex numbers, while (ii) follows from the fact that
Yate; fte; = Va,p forall o, 3 € Z7, with e; = (d15,...,0,;) and dy; the Kronecker
symbol.

1.3. DECOMPOSITION OF POSITIVE POLYNOMIALS

In this section we give an application of Theorem 1.2.2, which describes the struc-
ture of those polynomials that are positive on a semi-algebraic compact set.

Let K = Kp be a semi-algebraic compact set. As in the previous section, we
denote by I'; (K) the positive cone generated by Ap in P(R™). Then we have the fol-
lowing decomposition theorem (a version of which is stated in [Vas2], without proof, as
Theorem 2.10):

Theorem 1.3.1. Let P = {po = 1,p1,. .., pm } be afinite family in P(R™). Suppose that
K = Kp is compact and that the family P generates the algebra P(R™).

If p € P(R™) is strictly positive on K, then p € T} (K).
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The proof of Theorem 1.3.1 is based on Lemma 1.3.2 below, which is a version of
Lemma 4 from [AmVa].

The linear space A = P(R™) will be endowed with the finest locally convex topol-
ogy. A basis of the topology of the space A consists of all convex, absorbent and sym-
metric subsets of A.

Lemma 1.3.2. With the conditions of Theorem 1.3.1, the constant polynomial 1 € A
belongs to the interior of I' (K).

Proof. Let A" C A consist of all p € A for which thereis ane =€, > 0 with 1 + Ap €
't (K) for any A € (—e,€). The set A’ is a linear space. Indeed, 1 + A(p + ¢q) =
(1/2)(1 +2Xp + 1+ 2Xq) € Ay, if [A| < min{e,/2,60/2}, p,q € A Similarly,
14+ Aep € A4 forall ¢ € Rif | is sufficiently small.

Note that Ap generates the linear space A, as a direct consequence of the hypothe-

sis. In particular, for every fixed multi-index o € Z} there exists a finite family (g;) e s
in Ap C T'; (K) such that

= g = > gt Y g

jed jeJy jeJ_

-1
where +¢; > 0forj € Jy. Sete = (Z |Cj|) JIf0 < A <, then
j€J

LMY =) cigi+14+ > A+ Y (=A¢)(1—g;),
JEJ4 jEJ_ jEJ_

showing that 1+ \t* € Iy (K), since 1 — g; € ' (K) forall j € J, by Remark 1.2.9(1).
Similarly, 1 + X\t* € T (K) if —e < XA < 0. Hence any monomial t* € A’. Conse-
quently, 4’ = A.

Set A, =T (K)andU = (A4 —1)N(1— Ay ), which is a convex set containing
zero. Let f € A. Then 1+ \f € A, for |\| < e. Therefore, \f € A, —1,—Af € 1-A,,
and so A\f € U for all |A\| < e. In other words, U is absorbent. Since U is clearly

symmetric, it follows that U is a neighbourhood of the origin. Hence V =U +1 C A4
is a neighbourhood of 1 in A. O

Corollary 1.3.3. If p ¢ ' (K), there exists a linear functional L : A — R such that
L(p) <0and LIT'1(K) > 0.

Proof. As the interior of A; = ' (K) is nonempty, Mazur’s theorem implies the ex-
istence of a linear functional L: S — R such that L(p) < ni{ L(z). Since A4
TEAL

is a cone, we cannot have irg L(z) < 0. Therefore LII'y (K) > 0. Moreover,
TEAL

inf L(z) < inf L(el) = 0, whence L(p) < 0. O
Lot () < inf L(el) = 0, whence L(p) <
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Proof of Theorem I1.3.1. Let p € P(R™) be such that p(t) > 0 for all t € K. Assuming
p ¢ T4 (K), from Corollary 1.3.3 we derive the existence of a linear functional L: S — R
such that L(p) < 0 and LT (K) > 0. As Ap C I‘+(K) Theorem 1.2.2 implies the

existence of a positive measure 4 on K such that L(q) = ||  qdp for all ¢ € P(R™).
Therefore, 0 < || e pdp = L(p) <0, whichis a contradlctlon and completes the proof
of Theorem 1.3.1. U

Remark 1.3.4. A decomposition theorem via positive linear functions on compact convex
polyhedra was given in [Han]. Theorem 1.3.1 above seems to give an answer to a question
from [Han]. A particular case of Theorem 1.3.1 is stated in [Kri2]. See also [Cas], [Put],
[Schl] etc. for related results.

1.4. MOMENTS AND SUBNORMALITY

That there exists a strong connection between the moment problem and subnormal-
ity has been known for a longtime (see [SzN1], [Emb], [Atz], [Agl2], [Ath], [AtPe], to
quote only a few).

In this section we apply the results from the second section to refine some results
from [AtPe].

Let H be a complex Hilbert space, and let £(H) be the algebra of all bounded linear
operators acting on H.

IfT = (Th,...,T,) € L(H)™ is a commuting multioperator (briefly, a ¢.m.), then
for every p € P((C”) (Z,2) = 3. ca gz%2?, we set
a,B
1.4.1) p(T*,T) = capl*T"
a,p
(with 7% = T .- T forall @ = (ai,...,0,) € Z7; this is part of the so-called

“hereditary functional calculus”, considered in [Agl1] and [Ath]).

Formula (I.4.1) can be expressed in a slightly different manner, at least for polyno-
mial functions from Pc(R") = P(R™) ® C.

Let M7, : L(H) — L(H) be the operator X — T7 X7y, X € L(H),j=1,...,n,
and let Mr = (Mr,,..., Mr,), whichis a c.m. on L(H).

Forevery p € Pc(R™), p(t) = Y aqt®, we define

(1L4.2) p(Mr) =" aa Mg,

which is, in fact, a unital algebra homomorphism. Note also that
(1.4.3) p(T",T) = p(Mr)(1), pe Pc(R"),
where p(Z, z) = > a,Z%2%, and 1 is the identity on H.
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We recall that a c.m. T € L(H)™ is said to be subnormal if there exist a Hilbert
space K D H and ac.m. N € L(K)™ consisting of normal operators (which is called a

normal extension of T') such that T; = N;|H, j = 1,...,n. Among all normal exten-
sions of a subnormal c.m. 7' there exists a minimal one, which is unique up to unitary
equivalence. In that case one also have || T;|| = || N;||, j = 1, ..., n (see [Ito] for details).

Let K = Kp be a semi-algebraic compact subset of R™. Let also 7 be the mapping
(14.4) C"22=(21,---,2n) — (J21]% .- -, |2a]?) € R™
Note that the set 7! (K) C C™ is also compact.

With this notation, we have the following (see Theorem 3.1 from [Vas2]):

Theorem 1.4.1. The commuting multioperator " € £L(H)™ has a normal extension N €
L(K)" (K > M), whose joint spectrum lies in 771(K), ifand only if (po7)(T*,T) > 0
forallp € Ap.

Proof. If N is a normal extension of 7', and if E is the spectral measure of N whose
support lies in L = 771 (K), then forall p € Ap, p(t) = 3 ant®, and x € H we have:

((por)(T* D) = Y aa|[ T2
= aa|N°z?
- /Z aaZ2% d(E(2)z, )

— [p)dutt) = o
K
since p|K > 0, where 1(A) = (E(771(A))x, z) for all Borel sets A C R™.

Conversely, we proceed as in [Ath], Theorem 4.1. The major change is the use of
Theorem 1.2.6 instead of the corresponding result from [HiSc].

Letx € H, x # 0, and let
Yo = (T"T%x,x), «€Zl.
Then
Ly(p) = ((por)(T", T)x,x), p € P(K).
In particular, L (p) > 0if p € Ap, and 9 = |lz[|* > 0. According to Theorem 1.2.6,

there exists a positive Borel measure p,, on K such that

(T* Tz, x) :/to‘ Ay (t).
K
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The support of i, is, in fact, contained in K N R for all z € H, since
Ly(tjp) = ((pon)(T™, T)Tjz, Tjz) >0, j=1,...,n,
implying the desired inclusion, via Theorem 1.2.13.

A standard polarization argument, the uniqueness of the representing measure and
an obvious change of variable implies the existence of a positive operator-valued measure
Fr on K NRY such that

(1.4.5) T*T™ = / t**dPr(t), «€Zl.
KNR?
Then the assertion follows from [Lub], Theorem 3.2. O

Remark 1.4.2. As noticed in [AtPe] (referring to the proof of [Lub], Theorem 3.2), if F
is the spectral measure of the minimal normal extension N € L(XC)" of the subnormal
cm. T € L(H)", then one has the equality

(1.4.6) Fr(A) = PyE(T ' (A)H
for all Borel subsets A C K, where Py is the orthogonal projection of X onto H, and Frr
is as in (1.4.5).

Moreover, if E'(A) = E(r71(A)), A C K a Borel subset, then the measures £’
and Fr have the same support.

The uniquely determined positive operator-valued measure that satisfies (1.4.5) is
called the representing measure of the subnormal c.m. T € L(H)™.

The next result is a enlarged version of Theorem 3.4 from [Vas2].

Theorem 1.4.3. LetT' = (Fa)aezi be a sequence of bounded self-adjoint operators on
H,withTy = 1. Letalso Lr: P(R™) — L(H) be the mapping

Lr(p) = Z colq if p(t) = anto‘.

[e3 (03

Assume that K = Kp is a semi-algebraic compact subset of R™. Then there exists
a uniquely determined positive operator-valued measure Fr on K such that Lr(p) =
J5 pdFy forall p e P(K) ifand only if Lr(p) > O forall p € Ap.

In the affirmative case, assume, moreover, that there exists an » € P(R™) such that
Lr(rp) > 0forall p € Ap. Then

supp(Fr) C {s € K : r(s) > 0}.
If Lr(rp) = 0 for some » € P(R") and for all p € Ap, then
supp(Fr) C {s € K : r(s) = 0}.
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Proof. The construction of the measure Fr- is performed as in the first part of the proof of
Theorem 1.3.1, using Theorem 1.2.6. The uniqueness of the measure F1 follows from the
uniqueness of each measure p,, = (Fr(%)z, z), © € H.

The remaining assertions are obtained via Theorem 1.2.13. g

Remark 1.4.4. Theorem 1.4.3 contains, as a particular case, the following classical result
of [SzN1]:

A sequence (I'x ) ez, in £L(H) can be represented under the form I'y, =
fol t* dF(t), k > 0, for a certain operator-valued positive measure on
[0,1] if and only if we have i (=1 ("")Tjs+x > O for all integers
m,k > 0. =
See also [MaN] for further connections.
A consequence of Theorem 1.4.3 is the following fact (see also Theorem 3.4 from
[Vas2)]).

Corollary 1.45. LetT € L(H)™ be a subnormal c.m., and assume that the support of the
representing measure Fr de 7' is contained in the semi-algebraic compact set K = Kp.

If there exists an € P(R™) such that ((pr) o 7)(T*,T) > 0 for all p € Ap, then
supp(Fr) C {s € K : r(s) > 0}.
If there exists r € Pc(K) suchthat (ro7)(T*,T) = 0, then one also has (ror)(N*, N) =
0, where N is the minimal normal extension of 7".

Proof. The inclusion supp (Fr) C {t € K : r(t) > 0} follows from Theorem 1.4.3.
Assume now that (r o 7-) T*,T) = 0. Then for every p € Ap we have

(17,
((pr) o )(T™,T) = (pr)(Mr)(1) = p(Mr)r(Mr)(1) = 0,
because of the relation (r o T)(T*, T) = r(Mr)(1) = 0. From Theorem 1.4.3 (see
also Remark 1.2.14), we deduce that supp (Fr) C {s : r(s) = 0}. According to
Remark 1.4.2, supp (E’) = supp (Fr). This shows that (r o 7)(Z,2) = 0 for all z €
supp (F), and so (ro7)(N*,N) = 0. O

Most of the assertions from [AtPe] (Propositions 4-8 ; see also [McG] and [Lem2])
are now consequences of our Theorem 1.4.3.

Example 1.4.6. Let us consider (as in [Vas2]) a family of polynomials {p1,...,pm},

where
n
)=1-> cinte, j=1,...,m,
k=1

with the following properties:
() ¢;x > 0 for all indices j, k;
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(ii) forevery k € {1,...,n} thereexistsa j € {1,...,m} such that c;; # 0;
(iii) p; # 1forallj € {1,...,n}.

Let P = {1,p1,. -, Pm; Pmt1,- -+ Pmtnts Where pomii(t) = tg,k = 1,...,n.
It is easily seen that K = Kp is compact. From Theorem 1.2.2 we derive the following
assertion (see Proposition 3.6 from [Vas2]):

Proposition 1.4.7. Let T € L(H)™ beac.m. and let K = Kp. Then T has a normal
extension N € L(K)™ (K D H), whose joint spectrum lies in 7= (K), if and only if

p*(Mr)(1) := pr(Mr)** -+ p (M7)* (1) = 0
forall o = (ai,...,an) € Z7.
Proof. Itis easy to check that every polynomial function from Ap is a linear combination
with positive coefficients of expressions of the form t5p; (t)* - - - p,,, ()% for all a €
VAN A
Since Mﬁ is positive on the space L£(H) for all 8, the hypothesis implies that
Mﬁp(MT)O‘(l) > 0, a € Z7, B € Z7, which is equivalent to the condition (r o

T)(T*,T) > 0 for all r € Ap via the above remark. Hence the assertion is a conse-
quence of Theorem [.4.1. O

The next result is not explicitly stated in [Vas2].

Theorem 1.4.8. Let P = {p1,...,pn} be afinite family in P(C™) such that p; is a real
valued functionon C" for all j = 1,...,n. Suppose that X = K» is compact.

Letalso I' = (T'a,5)a,sez; be a sequence of bounded operators acting on 7, such
that I';, 5 =I'gq foralla, g € Z}, and ' o = 1. Set

LF(EQZ’B) = Fa,@, Oé,ﬁ S Zi,
and extend Ly to P(C™) by linearity.
(i) The 2n-sequence I' = (I'a,5)a,sezn Can be represented as

Top= /Eo‘zﬁde(z), a,B e,

where FT is an operator-valued positive measure with compact support in C”, if
and only if L is nonnegative on the set Ap.

(i1) Assume that I" has a representing measure Fr. Also assume that there exists a
real valued polynomial » € P(C™) such that L. (rp) > 0 for all p € Ap. Then

supp(p) C{w € K : r(w,w) > 0}.
If L, (rp) = 0 for some r € P(C™) and for all p € Ap, then
supp(p) C{w € K : r(w,w) =0}.

Proof. We proceed as in the proof of Theorem 1.4.3, replacing the use of Theorems
1.2.6 and 1.2.13 by that of Theorem 1.2.17. 0
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The next result is a characterization of completely monotonic (multi-)sequences
of operators (i.e., sequences satisfying condition (I1.4.7) below) (see Theorem 3.7 from
[Vas2]; see also [SzN1] and [MaN]).

Corollary 1.4.9. LetI' = (I'a,3)a,sezz be asequence of bounded operators acting on H,
suchthatI';, ; =I'g forall o, 8 € Z%, and I'g o = 1. There exists an operator-valued
positive measure Fr onD™ ={z € C" : |z;| < 1,5 =1,...,n} suchthat

Top= /Eazﬁ dFr(z), «o,f€Zy

]D)n
if and only if
(14.7) > Y (e <"> caCalate, e > 0
o, BEL £<n) ¢

for all n € Z7} and all sequences of complex numbers (Ca)aezi with only finitely many
nonzero terms.

Proof. Asin Example 1.2.18, condition (I.4.7) is equivalent to
(1.4.8) Le((1 = [ )™ -+ (1= [z])™ [p(2)*) > 0

foralln = (n1,...,n,) € Z7 and all p € P,(C™). In particular, this shows that (1.4.7) is
necessary.

Condition (1.4.7) is also sufficient. An argument from Example 1.2.18 shows that
(1.4.7) implies the positivity of Lt on Ap. Then the existence of an operator valued
positive measure F1 on D™ with the desired properties follows by Theorem 1.4.8. O

Then next two results are seemingly new.

Corollary 1.4.10. Let © = (O, )qcz~ be a sequence of bounded operators acting on H,
such that ©F = ©_, for all « € Z", and ©9 = 1. There exists an operator-valued
positive measure Fr on T™ such that

®a:/zo‘de(z), aeZ”

Tn
if and only if
(1.4.9) > CatsOup >0
a,ﬂEZi

for all sequences of complex numbers (Ca)aezi with only finitely many nonzero terms.
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Proof. LetI' = (I'a,3)a,8ezn be givenby I'a 3 = ©q—p. Note that I'y, 5 = T'g o for all
a,f € Z%,and I'g g = 1. As in Example 1.2.19, there exists an operator-valued positive
measure Fr on T"™ such that

Top :/ 7928 dFy(2), a,BeZl

if and only if
(1.4.10) > catslap >0
a,ﬂEZi
and
(14.11) > ) (e (Z)Caﬁgra+5,@+5 >0
o BEL €<
for all n € Z} with || = 1, and all sequences of complex numbers (cq)aczn With

only finitely many nonzero terms. It is easily seen that condition (I.4.10) is equivalent to
condition (I.4.9), while condition (I.4.11) follows from the fact that I'o1¢; gte; = Lo
foralla, € Z% and j = 1,...,n. O

Corollary 1.4.11. The multioperator T" = (T4, . . ., T),) consisting of commuting bounded
operators in H has a unitary dilation if and only if there exists an n-sequence © =
(On)acz» of bounded operators in 7, such that:

(1) T* =0, foralla € Z;

(2) 0, =0_,foralla € Z", and ©¢ = 1;

(3) > catsOa—p = 0 for all of the sequences of complex numbers (cq)aczn
a,BELY
with only finitely many nonzero terms.

Proof. The assertion is a consequence of the previous corollary, via the Naimark dilation
theorem (see [Nai]). [l

Remark 1.4.12. The positivity condition (I1.4.9) (as well as condition (3) from Corol-
lary I.4.11) may be checked on a considerably smaller family of sequences (Ca)aezi (see
[Vas7] for details).

PartII. MOMENTS ON UNBOUNDED SEMI-ALGEBRAIC SETS

II.1. INTRODUCTION

This chapter contains a synthesis of the results from [Vas6], [Vas5] and [PuVa4].
Some results (e.g., Theorems I1.2.3 and I1.2.4) appear in a more general form.

Let R be an algebra of complex-valued functions, defined on the Euclidean space
R™, such that the constant function 1 € R, and if f € R then f € R. We recall that a
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linear map L: R — C is said to be of positive type if L(f f) > 0 forall f € R. If L is of
positive type on R, we shall always assume that L(1) > 0 (i.e., L is not degenerate).

A linear map L: R — C is said to be a moment form if there exists a finite positive
Borel measure p on R" such that L(f) = [;, fdu, f € R. In that case, y is called a
representing measure for L.

Every moment form is obviously of positive type.

Let R be an algebra as above, and let L : R — C be of positive type. As it is well
known (see the classical paper [GeNa]), this pair can be associated, in a canonical way,
with a Hilbert space which will be called here the associated GN-space.

We shall be particularly interested in the sequel by the following case. Let P,, =
Pc(R™) be the algebra of all polynomial functions on R™, with complex coefficients.

An n-sequence vy = (Va)aem is said to be positive semi-definite if the associated
linear map L., : P,, — C (see the first chapter) is positive semi-definite, where L., (t*) =
Vo, € LT}

An n-sequence y = <%‘)an1 is said to be a moment sequence when it is a R™-
moment sequence (in the sense of the first chapter). This is equivalent to saying that the
form L. is a moment form.

We shall describe in the following some solutions to the (determined) moment prob-
lem for the algebra P,,, with support in a not necessarily compact semi-algebraic set, in
particular solutions to what is usually called the Hamburger moment problem (in several
variables), via extended sequences. Let us explain what we mean by this in the case of
the plane. We obtain, as a particular case, the following result:

A 2-sequencey = (Ym,,mo)mi,moez, (70,0 > 0) is a moment sequence if and only
if there exists a positive semi-definite 4-sequence 6 = (S, mo,ms,ma)mi,ma,ms,mscZ
with the following properties:

(1) Ymi,ma = 5m1-,m27010 ;
’ _ .
(2 ) 5m1,m2,m3,m4 - 5(m1,m2,m3+1,m4) + 5m1+2,m2,m3+1,m49

” _
(2 ) 5m1-,m27m3-,m4 = O(m1,ma,m3,ma+1) + 5m17m2+2,m37m4+1

for all my, ma, ms, my € Z It is clear that the positive semi-definite 4-sequences &,
having the properties (2'), (2”), are completely determined, and the 2-sequences ~y have
a representing measure if and only if they are restrictions of such 4-sequences.

The passage from a 2-sequence to an extended one is partially motivated by the fact
that there are 2-sequences which are positive semi-definite and which are not moment
sequences (see, for instance, [Fug]). Therefore, some new parameters must be introduced.
In addition, when the moment problem has several solutions, a parameterization of all
solutions is also of interest. The existence of “optimal” choices for such parameters is
still to be investigated.

When one seeks, in this context, representing measures whose support is concen-
trated in R}, then the corresponding moment problem is called the Stieltjes moment prob-
lem (in several variables).
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Solutions to Hamburger and Stieltjes moment problems, in several variables, by
extended sequences, are provided, in particular, in the next sections. For a thorough
discussion concerning these problems in one variable, as well as for historical remarks,
we refer to the monographs [Akh] and [ShTa] (see also [BCR], [Dev], [Esk], [Fug], [Hav],
[KoMi], [Sch2], etc. for various solutions in several variables).

A solution to the Hausdorff moment problem with operator data is recorded as early
as 1952 (see [SzN1]). Since then, there have occurred many other contributions in this
area. See [AtPe], [Fri], [MaN], [Nar], [Sch2], [StSz2], [Vas2], [Vas4] etc. for further
development.

In the third section of this chapter we present operator versions of the results from
[Vas6] and [PuVa4], which extend the corresponding results concerning the solutions of
the moment problems of Hamburger and Stieltjes type, in several variables, to the case of
operator data. Such assertions were already discussed in [Vas5], and they were obtained
replacing the numerical data by sequences of hermitian (or even sesquilinear) forms as
moment data. Characterizations of unbounded subnormal tuples of operators, also devel-
oped in [Vas5], will be discussed in the last section of this chapter.

II.2. SCALAR MOMENT PROBLEMS IN UNBOUNDED SETS

In the first part of this section we present extensions of some results from [Vas6]
(see also [Dem5]).

The next result is well known.

Lemma 11.2.1. Assume that S is a symmetric densely defined operator in the Hilbert
space H. If the sets R(S £ i) are dense in H, then the closure of S is a self-adjoint
operator.

Proof. Let A be the closure of S, which is also a symmetric operator. From the classical
identity
(A £ 1)) = [ Az]® + [l2]?, =€ D(A),

it follows that R(A =+ 1) are closed subspaces of H. As we have R(A £1) D R(S £ 1),
our hypothesis implies R(A +1) = H.

Let V be the Cayley transform of A (see [Rud], 13.17). Since D(V) = R(A +
i), R(V) = R(A — i), the operator V is unitary, and so A must be selfadjoint (via
[Rud], 13.19). O

The next assertion is an extension of [Vas6], Lemma 2.2.

Lemma 11.2.2. Let 0;(t) = (1 +¢5)"" 1 < j < n, t = (t1,...,t,) € R" Let
also {p1,...,pm} be a finite subset in P,, consisting of polynomial functions with real
coefficients. We set 0;(t) = (1 +p;()*) ", n+1<j<n+m,t=(t1,...,t,) €R",
and let 0 = (0;)1<j<n+m. Denote by Ry the complex algebra generated by P,, and
by (0;)1<j<n+m- Let p: Popim — Rg be given by p: p(t,s) — p(¢,0(t)). Then pis
a surjective unital algebras homomorphism, whose kernel is the ideal generated by the
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polynomials o;(t,s) = s;(1+3) — 1,1 < j < n, 0j(t,s) = s;(1 + p;(t)*) — 1,
n+1<j;<n+m.

Proof. That p is a surjective unital algebra homomorphism is obvious. We have only to
determine the kernel of p.

Let p € Paptm be a polynomial with the property p(t,6(t)) = 0,t € R™. We
write p(t,s) = > pa(t)s”, with ps € P, \ {0} only for a finite number of indices
peztm
(. Then we have

p(t,s) = p(t,s) — p(t, 0(1))

= pe(t)(s” —6(t)")

B#0
= D (55— 0;(0)(t,s,6(1),
1<j<n+m
where /; are polynomials.
Leta; = max{3; : pg #0},1 <j <n,and let
= [ @+gm>H»,
1<j<n+m
where (;(t) = t;, 7 =1,...,n,((t) = pj(t), s = n+1,...,n+ m. Then, from the
above calculation, we deduce the equation
(I.2.1) TMp(ts) = Y (514G — gyt s),
1<j<n+m
with ¢; € Pap4m for all indices j.
If a; = O for all j, then p(t, s) = po(t) = p(t, 0(t)) = 0. Therefore, with no loss
of generality, we may assume a; # 0 for some indices j.

It is easily seen that the polynomials 7,0;,1 < j7 < n + m, have no common
zero in C2"+™, By a special case of Hilbert’s Nullstellensatz (see, for instance, [Wae],
Section 16.5), there are polynomials 7, (5;)1<j<n+m il Pantm such that

(11.2.2) R+ Y o6 =1
1<j<ntm
If we multiply (I.2.2) by p, and use (II.2.1), we obtain the relation
p=Y. ojlg7+d;p),
1<j<n+m
which is precisely our assertion. (]
In the next statement, the algebra Ry will have the meaning from Lemma I1.2.2.

This statement does not appear explicitly in [Vas6], and it extends Remark 2.4 from that
paper (see also Theorem 2.5 from [PuVa4]).
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Theorem 11.2.3. Let L: Ry — C be a linear map of positive type such that L(py|r|?) >
0,7 € Ry, k =1,...,m. Then L has a uniquely determined representing measure whose

support lies in the set () p; ' (R4).
k=1
If 11 is the representing measure of L, then the algebra R is dense in L2(u).

Proof. The pair Ry, L can be associated with a GN-space H, obtained as a completion of
the quotient Rg /N, with N = {r € Rg; A(r7) = 0}.

We have in H the operators
Ti(r+N)=t;r+ N, reRy, j=1,...,n,
Se(r+N)=per+ N, r€Ry, k=1,...,m,
which are symmetric and densely defined, with D(T;) = D(Si) = Ry/N for all j, k.
We note that 7T} satisfies the conditions of Lemma II.2.1 for each j. Indeed, if r € Ry is
arbitrary, then the functions u (t) = (¢; F1)0;(¢)r(¢) are solutions in R of the equations
(t; £ 1)us(t) = r(t). This implies the equalities R(T; + i) = D(T}), and therefore
Lemma I1.2.1 applies to 7';. Hence T} is essentially selfadjoint, and let A; be the closure
of Tj .

Similarly, Sy is essentially self-adjoint, and let By be the closure of Sy, k =
1,...,m.

(11.2.3)

We shall show that the operators
(= A) e (= AL = 507 (= S) ™
mutually commute. Indeed, the previous argument shows that the maps (i — 7;) ™! and
(i — Sk)~! are well defined on D = D(T;) = D(S}), and leave this space invariant,
for all j, k. Moreover, the maps (i — Ty) 7, ..., (i—T,) "5 (- S1)7 ..., (i— Sm) ™t
mutually commute on D. Since A; extends 7T;, we clearly have
(=A)(-A4)" = (-T;)7)E=0, £€D,
implying (i— A;)~D = (i—1})~". Similarly, (i— Bg) "D = (i— Sj)~!. Therefore,
forall j,l =1,...,n,j # [, we have
(=4 i-A)Te=(-T) " (-T)7'¢
T)7'i-15)7'¢
(i—4;)7"¢

=
|
—

—

=(i-A4)"
where £ € D is arbitrary. Similarly,
G—Bp) 'i—-B) =(G-B)"'(i— B¢
forall k,l=1,...,m, k # [, and
(i—A)" (- By) 6= (- Br) '(i—4;)7¢
forallj=1,...,n,k=1,...,m.
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Since (i— A1)~ Y, ..., (i—A,)" Y, (i—-B1)™%,...,(i— Bm) ! are bounded and D
is dense, this implies that they mutually commute. In particular, the selfadjoint operators
Aj,..., A, have a joint spectral measure (see, for instance, [Vasl]). If F is the joint
spectral measure of Ay, ..., A,, then pu(x) := (E(x)(1 +N),1 + N) is a representing
measure for L. In other words, we have the equality

(11.2.4) L(r) = / r(t) du(t), € Re.

RTL
Indeed, if 7(T') is the linear map on D given by »(T)(f + N) = rf + N, forallr, f €
Ryo, then we have 0(A)° > (T)P, for all B € Z™, where 6(A)? is given by the
functional calculus of A. This follows from the obvious relations #(A) =" > (T)~#, and
6(A)=B(H(A)P —0(T)?) = 0. Therefore:

(TO(T)P(14+N), 1+ N) = (A“0(A)P 1+ N),1 +N)
_ /tae(t)ﬁdw(t)u I RENY

R™

We prove now the assertion concerning the support of the representing measure.
Note that By, = pip(A), k =1,...,m, where p(A) is given by the functional calculus of
A. Indeed, as we clearly have Sy, C p(A), and Sy, is essentially selfadjoint, we must have
Sk = pr(A) for all k. Condition A(pg|r|?) > 0,7 € Rg,, k = 1,...,m, implies that
S is positive for all k. Therefore, p(A) is positive for all k. The spectral measure Fj,
of pi(A) is given by Fy,(B) = E(p;,'(B)) for all Borel sets B C R. Since the spectral
measure Fj, must be concentrated in R4 for all &, it follows that the spectral measure E

m
of A is concentrated in the set [ p,;l(RJr), which implies that the representing measure
k=1

m
of L itself is concentrated in the same set (] p;, ' (R4).

We have only to discuss the uniqueness of the representing measure of L.

Let v be an arbitrary representing measure of L. Then the space H can be identified
with a subspace of L?(v). Indeed, we must have (r1,r2)g = [r172dv for all 1,75 €
Rg. Therefore, as the functions from N are null v-almost everywhere, the space H is
identified with the closure of Ry in L?(v).

We proceed now as in [Fug], Theorem 7. The operators (H; f)(t) = t;f(t). t =
(t1,...,tn) € R", f € D(H;) = {g € L*(v) : tjg € L*(v)},j = 1,...,n, are
commuting selfadjoint in L?(v). Clearly, H; D T}, and so H; D A; for all j. Therefore,
since (A; +iu)~! = (H; +iu)~!|H forall u € R, it follows that the spectral measure F;
of H; leaves invariant the space H, as a consequence of [DuSc], Theorem XII.2.10, for all
j. If Ey is the joint spectral measure of H = (Hy,...,H,),then Eg(B; X --- X By,) =
Ey(By)- - En(By) for all Borel sets By, ..., B, in R. This implies that the space H
is invariant under Fy. Hence, xp = Ep(B)1 € H for all Borel subsets B of R™,
where y g is the characteristic function of B. This shows that L?(v) = 'H, since the
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simple functions form a dense subspace of L?(v). In particular, we have the equalities
H; = Aj,j = 1,...,n. Therefore, with y and E as above, u(B) = (E(B)1,1) =
(Fu(B)1,1) = [ xpdv, for all Borel sets B. Consequently, 4 = v, showing that the
representing measure is unique.

Finally, since the space H is identified with the closure of R in L? (1), the previous
discussion shows that R4 must be dense in L?(p1). U

For the sake of simplicity, for any integer N > 1, we denote by e¢; € Zf ,Jj =
1,..., N, the multi-index whose coordinates are null except for the j-th coordinate (where
j < N), which is equal to one.

A solution to the multivariate moment problem in a not necessarily bounded semi-
algebraic set is given by the following, which is a new version of Theorem 2.7 from
[PuVa4].

Theorem 11.2.4. Let {p1,...,pn} a finite subset in P,, consisting of polynomial func-
tions with real coefficients. Write p;.(t) = > ckat®, t e R", k=1,...,m.
«@

An n-sequence v = (Ya)aczn (70 > 0) is @ moment sequence and has a repre-
m

senting measure whose support lies in the set pk_,l(RJr) if and only if there exists a
k=1

positive semi-definite (2n 4 m)-sequence § = ((iaﬂ))(a g)ezn xzn+m With the following
’ + 75+
properties:

(1) Yo = (a0 foralla € 27 ;

2) 5((1,5) = 5(a,ﬁ+ej) +5(a+261,ﬁ+e]~) for all (Oé,ﬂ) S err X Zi+m, 1<j<n,and
O(af) = O(aper) T Ly CheChnO(atern, ey Tor all (o, B) € 2 x ZT™,
n+1<k<n+m;

3 Y CraGenberydatere iy > 0forall k =1,...,m and all finite col-

.8, n.m’
lections of complex numbers (a¢y)e, -

In the affirmative case, the n-sequence ~ has a uniquely determined representing measure
in R™ if and only if the (2n + m)-sequence § is unique.

Proof. We prove first that conditions (1), (2) and (3) are necessary. Assume that the
sequence vy = (’Ya)aem has a representing measure y. Define

O(a,8) = /t“@(t)ﬁ du(t), (a,B) €2 x 2,
Rn,

where 0;(t) = (1+¢;(£)?) 711 < j <n+m,with(;(t) = t;,1 < j <n,((t) = p;(t),
n+1<j<n+m,andf = (0;)1<j<ntm. Clearly, 6 = (5(a,ﬁ))(a,ﬂ)ezixzfm isa



198 F.-H. VASILESCU

positive semi-definite (2n + m)-sequence, satisfying (1). Since

/ (6;()(1 + ¢ (1)) — 1)E0()? dpu(t) = 0
R

forall (o, 3) € Z7 x erfm, 1 < j < n+ m, we also have (2). Moreover, as the support

of uliesin N p; ' (R4 ), we have
k=1

/Pk(t)\zasnﬁ@(ﬁ)”fdu(t) >0

R &m

for all kK = 1,...,m and all polynomials agntgs” € Pan+m, showing that (3) also
&

holds.
Conversely, assume that the 2n + m-sequence § = (5(a,ﬁ))(a,,8)621 27 exists. Let

0; be as above, and let Ry be the algebra generated by P, and 0 = (0;)1<j<nt+m. We
shall define a positive semi-definite map A on Ry, via the equality

A(r) = Ls(p), r € R,
where Ls: P2, — C is the linear map associated with 9, and p € Payqq, satisfies
r(t) = p(t,0(t)), t € R™.

Notice first that A is correctly defined. Indeed, by virtue of Lemma II.2.2, the
algebra Ry is isomorphic to the quotient Poy, 4, /Z,, where Z,, is the ideal generated in
Pa,, by the polynomials o;(t,s) = s;(1 + ¢;()*) — 1,1 < j < n + m. Note that
condition (2) implies Ls|Z, = 0. Therefore, the map A, which can be identified with the
map induced by L on the quotient P2y, 1, /Z,, is correctly defined, and positive semi-

definite as well, on Ry. By virtue of Theorem II.2.3, there exists a uniquely determined
representing measure g for A. In particular

Yo = 5((1,0) = /tadu(t)a a € Zia

showing that -y has a representing measure.
We have only to discuss the uniqueness of the representing measure of .

If 4 is uniquely determined, and if 14/, ;' are two representing measures for -y, then
we must have

/ t40(t)Pdy (t) = / t40(t)Pdu” (t)
RTL R’Vl
by the uniqueness of 8. Therefore [, 7(t)du'(t) = [ (t)du” (t) forall r € Ry, implying
' = ", by Theorem I1.2.3.
Conversely, if the representing measure p of 7y is unique, and if the sequences ¢, 6”
satisfy (1), (2), (3), then we have 5(’11[, = fRn t*0(t)Pdu(t) = 5(’1’1[, for all indices o, f3,
which completes the proof of the theorem. |
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The main result of [Vas6] is now a consequence of Theorem I1.2.4.

Corollary 11.2.5. Ann-sequence y = (VQ)QGZi (7o > 0) is a moment n-sequence if and
only if there exists a positive semi-definite 2n-sequence § = (5(aﬂ))(aﬁ)ezi <77} with the
following properties:

(1) Ya = (a0 forall a € Z7.

2) 5((1,5) = 5(a,ﬁ+ej) + 5(a+261~,6+ej) forall o, 8 € Zi, 1<j53<n.
In the affirmative case, the n-sequence ~ has a uniquely determined representing measure
in R™ if and only if the 2n-sequence ¢ is unique.

This is a particular case of Theorem II.2.4, obtained forp; = --- = p,,, = 0.

Corollary 11.2.6. A sequence v = (Va)aez, (70 > 0) is @ moment sequence, and has
a uniquely determined representing measure, if and only if there exists a uniquely deter-
mined positive semi-definite 2-sequence 6 = (5(a,5))(aﬂ)ezz+, with the following proper-
ties:

(1) Ya = (a0 foralla € Z,.
2) 5((1,5) = 5(a,6+1) + 5(a+2,6+1) forallo, 3 € Z.

The next result is a solution to the Stieltjes moment problem in several variables
(see also Theorem 2.6 from [Vas6])).

Corollary 11.2.7. An n-sequence v = (Ya)aczr (0 > 0) is @ moment sequence, and
has a representing measure in R"?, if and only if there exists a positive semi-definite 2n-
sequence § = (6<aﬂ))(aﬂ)ezixzi with the following properties:

(1) Ya = (a0 forall a € Z7.
(2) O(a,8) = O(a,B+e;) T O(atae; pre;) fOralla, g e 2,1 < j < n.
3) (6(a+ejﬁ))(aﬁ)ezixzi is a positive semi-definite 2n-sequencefor j = 1,...,n.

In the affirmative case, the n-sequence ~ has a uniquely determined representing measure
in R if and only if the 2n-sequence ¢ is unique.

This is a particular case of Theorem I1.2.4, obtained for py (t) = tx, k= 1,...,n.

Corollary 11.2.8. A sequence v = (Va)aez, (70 > 0) is a moment sequence, and has
a uniquely determined representing measure in R, if and only if there exists a uniquely
determined positive semi-definite 2-sequence 6 = (J(a,3))(a.8)ez,, With the following
properties:

(1) Yo = a0 foralla € Z,..

2) 6(&,&) = 5(a7/8+1) + 5(a+2,ﬁ+1) forall o, 8 € Z.

(3) The sequence (d(q+1,8))a,sez, IS Positive semi-definite.

There is an alternate approach developed in [PuVa4]. We shall shortly present it in
the remaining part of this section. We start with Proposition 2.1 from [PuVa4].
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Theorem 11.2.9. Let Ty, ...,T,, be symmetric operators in 7. Assume that there exists

a dense linear space D C (| D(T;Ty) such that T;Tpx = T T;x, x € D, j # k;
g, k=1

j.k =1,...,n. If the operator (T} + --- + T}7)| D is essentially self-adjoint, then the

operators 1y, . . ., T;, are essentially self-adjoint, and their closures T4, . .., T,, commute.

The proof of this result, stated for n = 2, can be found in [Nel], Corollary 9.2. For
a different approach and an arbitrary n see [EsVa], Theorem 3.2.

Lemma 11.2.10. If A is a positive densely defined operator in H, then A is essentially
self-adjoint if and only if the range of I + A is dense in H.

The proof can be found in [StZs], Lemma 9.5.

Lemma 11.2.11. Letp = (p4,...,pm) be a given m-tuple of real polynomials from P,,,
and let

Op(t) =L+t + - +2+p(t)° + - +pu(®H ™, teR™

Denote by Ry, the C-algebra generated by P,, and 0. Let p: P, 1 — Ry, be given
by p : p(t,s) — p(t,0p(t)). Then p is a surjective unital algebra homomorphism, whose
kernel is the ideal generated by the polynomial o (¢, s) = s(1 + 2 4 --- + 2 + py (t)% +
et pm(t)?) — 1.

The result above is precisely Lemma 2.3 from [PuVa4].

Remark 11.2.12. Set0(t) = (1 +t3+---+t2)"1, t = (t1,...,t,) € R™, and let Ry be
the C-algebra of rational functions generated by P,, and 6. Let p: P41 — Ry be given
by p : p(t,s) — p(t,0(¢)). Then p is a surjective unital algebra homomorphism, whose
kernel is the ideal generated by the polynomial o (t,s) = s(1 + ¢ + --- +t2) — 1. This
is a particular case of the previous lemma, obtained for p = (0).

A key result in this approach is the following (see [PuVa4], Theorem 2.5).

Theorem 11.2.13. Letp = (p1, ..., pm) be agiven m-tuple of real polynomials from P,,,
and let

Op(t) =L+t + - +t2+p1(t)° + - +pu(®)H ™, teR™
Denote by Ry, the C-algebra generated by P,, and 6,,. Let A be a positive type map on
Ro, suchthat A(pg|r|*>) > 0,7 € Sp_, k =1,...,m. Then A has a uniquely determined

m

representing measure whose support is in the set p,;l(RJr). Moreover, the algebra
k=1

R, is dense in L?(y).

The proof follows the lines of the proof of Theorem II1.2.3, using Theorem 11.2.9
instead of Lemma I1.2.1. We omit the details.
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Corollary 11.2.14. Let Ry, be the C-algebra generated by 7,, and 6(t) = I+t -+
2y~ t = (t1,...,t,) € R", and let A: Sy — C be an arbitrary positive semi-definite
map. Then A has a uniquely determined representing measure p in R™, and the algebra
R is dense in L?(u).

Moreover, if A(¢|r[*) > 0, 7 € Rg,, j = 1,...,n, then the support of  is
contained in R"}.

We apply the previous theorem with p = (0).
The next result is another general moment theorem, holding on arbitrary semi-
algebraic sets (see [PuVa4], Theorem 2.7).

Theorem 11.2.15. Let~ = (%)aem (o > 0) be an n-sequence of real numbers, and let
P = (P1,-..,pm) € P, where p,(t) = > aret, k =1,...,m, with I, C Z" finite
gely
for all k. Then ~ is moment sequence, and it has a representing measure whose support is
intheset (" p; ' (Ry), if and only if there exists a positive semi-definite (n -+ 1)-sequence

k=1
6 = (0(a,)) (a,8)ez7 x2, With the following properties:

(1) Ya = (a0 forall o € Z7.

2) dap) = Oap+1) + Z Oatae; p+1) T Zlg D @keknd(atrn ) for all
nelg
ac€Zh,BeL,.
(3) The (n+ 1)-sequences ( 3. ared(a+e,5))(a,m)ezn xz, are positive semi-definite
(el
forallk =1,.

The n-sequence ~ has a uniquely determined representing measure on ﬂ Dy YRy if
=1
and only if the (n + 1)-sequence § is unique.

The proof follows the lines of Theorem II1.2.4, using Theorem 11.2.13 instead of
Theorem I1.2.3. We omit the details.

Theorem II.2.15 shows that for a given n-sequence v = (fya)aezn there exists a
one-to-one correspondence between the convex set M, , of all representing measures

of v, with support in ﬂ pi ' (Ry), and the convex set E. , of all extensions § =

(5(a 8))(a, B)EL XL w1th the properties (1), (2), (3) from this theorem. This correspon-
dence obviously preserves the extremal points. In addition, if e: R™ — R™*! is given by
€(t) = (t,0p(t)), t € R™, then for every u € M., ,, the measure u.(B) = p(e~1(B)), B
a Borel setin R**! is a representing measure for 9.

Theorem I1.2.15 (as well as Theorem I1.2.4) applies, in particular, for compact semi-
algebraic sets, providing alternate solutions to the corresponding moment problems.

Another solution of the Hamburger moment problem in several variables is given
by the following.
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Corollary 11.2.16. An n-sequence v = (Va)aezy (Y0 > 0) is @ moment sequence if and
only if there exists a positive semi-definite (n + 1)-sequence § = (6(a,p))(a,8)ez7 x2;
with the following properties:

(1) Yo = (a0 forall a € 7.

2) 0ap) = O(a,p+1) + O(at2er,64+1) o+ O(at2en 11 TOralla € Z, 5 € Zy.
The n-sequence ~ has a uniquely determined representing measure in R™ if and only if
the (n + 1)-sequence 4 is unique.

This is a consequence of Theorem I1.2.15, with p = (0) (see [PuVa4], Theo-
rem 2.8).

We also have an alternate solution to the Stieltjes moment problem in several vari-
ables.

Corollary 11.2.17. An n-sequence v = (Ya)aezz (70 > 0) is @ moment sequence, and
it has a representing measure in R”;, if and only if there exists a positive semi-definite
(n + 1)-sequence § = (J(a,5))(a,5)ezn xz, With the following properties:

(1) Yo = (a0 forall o € Z7.

2 6(&»5) = 6(067[3+1) + 6(a+2el,ﬁ+1) +---+ 6(06+26n-ﬂ+1) forall a € Zi, ﬁ c Z+_

3) (6(a+ejﬁ))(aﬁ)ezixz+ is a positive semi-definite (n 4 1)-sequence for all j =
1,...,

The n-sequence ~y has a uniquely determined representing measure in R’ if and only if
the (n + 1)-sequence ¢ is unique.

n.

Corollary I1.2.17 is a particular case of Theorem I1.2.15, with p(t) = (t1,...,t5)
(see [PuVa4], Theorem 2.9).

II.3. MORE ABOUT THE UNIQUENESS

The uniqueness of a representing measure of a moment n-sequence is characterized
in Theorem II.2.4 by the uniqueness of the associated (2n + m)-sequence. Using some
of the previous assertions and techniques, we shall discuss in this section an operator
theoretic characterization of the uniqueness of the representing measure, as well as some
related results, in the spirit of [Vas6], Section 3.

Definition 11.3.1. Let S = (S1,...,5,) be a tuple consisting of symmetric operators
in a Hilbert space H. We say that S has a smallest selfadjoint extension if there exist a
Hilbert space L D H and a tuple A = (A4, ..., A,) consisting of commuting selfadjoint
operators in /C with the following properties:

() A4;08;,5=1,...,m
(2) if B = (By,...,By) is a tuple consisting of commuting selfadjoint operators

in a Hilbert space £ D H such that B; D S;,j = 1,...,n,then £ D K and
Bj DAj,jZL...JI.



SPECTRAL MEASURES AND MOMENT PROBLEMS 203

Remark 11.3.2. (i) In the previous definition, we write &C O H when there exists a linear
isometry from H into K, which allows the identification of H with a closed subspace of
IC. In particular, the smallest selfadjoint extension, when exists, is uniquely determined.

(i) If S = (S1,...,Sn) is a tuple consisting of symmetric operators in a Hilbert
space H such that the closures Ay, ..., A, of S1,...,.5, are commuting selfadjoint op-
erators, then A = (A, ..., A,) is the smallest selfadjoint extension of S.

If n = 1, and the deficiency indices are equal, this condition is also necessary.
Indeed, if S = S; is a closed symmetric operator whose deficiency indices are equal,
then D(S) equals the intersection of the domains of all selfadjoint extensions of S, as
proved in the Appendix of [Dev]. Assuming that S has a smallest selfadjoint extension
A = Ay, we infer readily that S = A.

For n > 1, the smallest selfadjoint extension, whose structure is not yet well un-
derstood, may have unexpected properties. For instance, it follows from Theorem 4.4 of
[BeTh] (see also Theorem I1.3.4 below) that, for some tuples of symmetric operators, the
smallest selfadjoint extension may exist in a Hilbert space strictly larger than the given
one.

The next result is Theorem 3.3 from [Vas6].

Theorem 11.3.3. Let Sy, ..., .S, be symmetric operators in a Hilbert space H, such that
D = D(S1) = --- = D(Sy), is invariant under Sq,...,S,. Letalso 4;,..., A, be
commuting selfadjoint operators in a Hilbert space K D H, with 4; 5 S;,j=1,...,n.
Let
Ko={Q+A)™"™...(1+ A%z : x € D,m € Z,},
which is a linear subspace of /C invariant under A4, ..., A,.
The tuple A = (A44,...,A,) is a smallest selfadjoint extension of the tuple S =

(S1,...,S,) ifand only if

(1) the subspace Ky is dense in C;
(2) if By,..., B, are commuting selfadjoint operators in a Hilbert space £ > H,
suchthat B; O S;, j =1,...,n,then

1+ BE) ™™ (L+ B)™"a = |1+ AD)™™ - (14 A7) ™™= |

forallz € D,m € Z.

Proof. Since D is invariant under Sy, ...,S, and A; D S; forall j, it is easily seen that
Ko is a linear subspace of K, invariant under A4, ..., A,.

Assume that A is the smallest selfadjoint extension of S. Let G be the closure of /g
in IC, and set C; = A;|Ko, j = 1,...,n. We shall show that the closures of Cy,...,C),
are commuting selfadjoint operators in G.
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Putr,,(A) = (1+A43)"™ ... (1+A2)"™, m € Z,,and lety = r,,(A)z, = € D,
be fixed. For every index j we have:

y=rm(A)z = (Cj £ i)rm(A) [J(1+ SP)(S; Fi)z.
k£
This shows that R(C;j £ i) = Ko. According to Lemma I1.2.1, the closure C; of the
operator Cj is selfadjointin G. Clearly, C; C A;, implying that (i—C;)~! c (i—4;)!
for all indices j. From commutation of (i—A;)~!, (i— Aj)~! we obtain the commutation
of (i—C;)71, (i — Ck)~* for all indices j, k.

The hypothesis on A implies that C‘j = A; for all j. Therefore, the closure of
Ay coincides with A; for all j. In particular, the subspace Ky is dense in C, which is
condition (1).

If By, ..., B, are commuting selfadjoint operators in a Hilbert space £ D H such
that B; D S;, j = 1,...,n, then, by the hypothesis on A, one must have £ D K and
Bj D Ajforall j. Hence (1+B3)™™--- (1+ B2) ™z = (1+A3)™™ - (1+A2) ™z
forall z € D and m € Z4, i.e., condition (2) also holds.

Conversely, suppose that conditions (1) and (2) are satisfied. We shall show that A
is the smallest selfadjoint extension of S.

Let By, ..., B,, be commuting selfadjoint operators in a Hilbert space £ O H such
that B; D S;, j = 1,...,n. We may define a linear map from Ky into £ via the formula
’CO — [:,
I1.3.1)

(14+AH™™ . (1 + A2) ™z (1+ B~ (1+ B2) ™.

Condition (2) shows that the map (I1.3.1) is well defined and isometric. Moreover, g
is dense in KC via condition (1). Therefore, the map (II.3.1) extends to a linear isometry
from K into £, and we may identify /C with a closed subspace of £. Note that A;|/Cy =
B;|Ky for all j, via this identification. Let us show that the closure of A;|KCy is A;.
Indeed, assuming the existence of a pair u @ Aju in the graph of A; orthogonal to all
pairs 7, (A)x & Ajry, (A)z with x € D and m > 0 arbitrary (see the notation above),
we infer that (u, (1 + A3)r,,(A)z) = 0. This implies u = 0 because of the equality
(14 A?)ICO = Ky. Therefore, B; D Aj, j = 1,...,n, showing that A is the smallest
selfadjoint extension of .S. O

Lety = (’Ya)aezi be a positive semi-definite n-sequence and let L., : P, — C be
the associated linear map, given by L. (t%) = 74, @ € Z'. Then we have a GN-space
H associated with the pair (P, L~ ), which is obtained as the completion of the quotient
Pn /N, where N = {p € P, : Ly(pp) =0}.

As in some previous discussions, we define in H the operators
(I1.3.2) Ti(p+N)=tip+ N, pePy j=1,...,n,
which are symmetric and densely defined, with D(7;) = P,, /N forall j.

The next result is Theorem 3.4 from [Vas6].
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Theorem 11.3.4. Let v = (%)aezi be a moment n-sequence. The representing mea-
sure of ~ is unique if and only if the tuple ' = (T7,...,T;,) has a smallest selfadjoint
extension.

Proof. Suppose that the tuple 7' = (77, ..., T, ) has a smallest selfadjoint extension A =
(A1,...,A,), acting in a Hilbert space L D 'H = H,,. If E4 is the spectral measure of
A, then p(x) = (E4(x)(1 + N, 1+ N) is a representing measure for 7 (see the proof of
Theorem I1.2.3).

Let v be another representing measure for . Let B, f(t) = t;f(¢), t € R™, f €
D(B;) = {g € L*(v) : tjg € L*(v)}, j = 1,...,n. Since [|p|*du = [ |p|*dv for
all polynomials p € P,,, the space H may be regarded as a closed subspace of L2(v),
and B; D Tj for all j. Moreover, By, ..., B, are commuting selfadjoint operators. The
hypothesis implies that L?(v) D K and B; D Aj, j = 1,...,n. Therefore, if E is the
spectral measure of B = (By, ..., B,), then B4 = Eg|K, and

v(¥) = (Ep()1,1) = (EA(+)(1 + N), 1+ N) = p(x).
Conversely, suppose that v has a unique representing measure y. Then P,, C L?(1), and
let A;f(t) =t;f(t),t € R™ fe D(A;)={g€ L*(n) : tjge LA (W}t j=1,....,n
and A = (Ay,...,A,). We shall use Theorem II.3.3 to prove that A is the smallest
selfadjoint extension of 7.

First of all, note that the space /gy from Theorem I1.3.3 is equal in this case to the
space Ry (defined in Lemma I1.2.2). Since Ry is dense in L?(y), condition (1) from
Theorem I1.3.3 is fulfilled.

Next, let B = (Bj, ..., B,) be a tuple consisting of commuting selfadjoint opera-
tors in a Hilbert space £ D 'H, such that B; D T}, j = 1,...,n. If Ep is the spectral
measure of B, then v(x) = (Ep(x)1,1) is a representing measure for +, and we must
have v = pu.

Let r € Ry be arbitrary. We have

AP = /|r edu) /|r Pd(En(o)1,1) = (B
Particularly, if 7,,,(t) = (1 +¢3)™™--- (1 +2)~™ and p € P,,, we obtain the equalities

[[7m (A )pIIZIITm( )p(A )1\|=||7"m( (B = [[rm (Bl

showing that condition (2) from Theorem I1.3.3 is also fulfilled. By virtue of this theorem,
the tuple A is the smallest selfadjoint extension of 7. |

Corollary 11.3.5. A positive semi-definite sequence v = (vx)rez, has a uniquely de-
termined representing measure, say w, if and only if the operator 1" given by (I1.3.2) is
essentially selfadjoint. In this case, the space of polynomial functions is dense in L2(y).

Proof. The fact that 7" is essentially selfadjoint is well-known (see, for instance, [Dev]).
It can be obtain from Theorem II.3.4, via Remark I1.3.2(ii) and the fact that the operator
T commutes with the natural involution on H, and so its deficiency indices are equal (see
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[DuSc], Theorem XII1.4.18). As for the last assertion, we identify the space H. with a
closed subspace of L?(u). Since the closure of T, say A, is selfadjoint in H.,, we obtain
that (1 + A?)~™p € H, for all p € P; and all integers m > 0. But (1 + A?)~™p =
(1+t*)~™p, implying that Ry is in H. The density of Ry in L?(p) concludes the proof
(see also [Fug]). O

Other uniqueness results, related to [Vas3], can be found in [Vas6] as well.

I1.4. OPERATOR MOMENT PROBLEMS IN UNBOUNDED SEMI-ALGEBRAIC SETS

We recall the notation from Lemma I1.2.2. Let P,, = P(R™) be the complex algebra
of all polynomial functions on R™. Let 0;(t) = (14¢3)"", 1 < j <n,t = (t1,...,tn) €
R™. Letalso {p1, ..., pm | be afinite subset in P,, consisting of polynomial functions with
real coefficients. We set 0;(t) = (1 +p;(t)*)"Ln+1<j<n+mt=(t1,...,tn) €
R™, and let = (0;)1<j<n+m- Denote by Ry the complex algebra generated by P,, and
by (0)1<j<n+m-

We fix a Hilbert space H and a dense linear subspace D in H. Let also £(H) be the
algebra of all bounded linear operators on H.

As in [Vas5], a sesquilinear map A on Ry ® D is said to be a moment form if there
exists a finite positive £(H)-valued measure F on R™ (see [Ber]) such that

M) =S / 103k AF D)5, )

Gk o
forall g = > f; @z, = Y. g9x ® gr € Re ® D. In this case, F is a representing
j k

measure for j(

If A is a moment form, then A is positive semi-definite, i.e., A(¢,¢) > 0 for all
®€ERgRD.

A sesquilinear form A on Ry ® D is said to be unital (respectively Ro-Symmetric)
if A(l®z,1®z) = ||z||? = € D (respectively A(r - ¢,9) = A(¢,7 - ), r € Ry,
0,1 € Ry ® D); see [Vas5] for more details.

Of course, in the definitions above, one can replace the algebra Ry by another
algebra of functions, in particular by P,,.

The next assertion is an operator version of Theorem I1.2.3 (see also Theorem 2.2
and Theorem 2.8 from [Vas5]).

Theorem 11.4.1. Let A be a positive semi-definite form on Ry ® D, which is unital and
Reg-symmetric. Then A is a moment form having a uniquely determined representing
measure.

If, moreover, A(prp,p) > 0forall p € Rp @ Dand k = 1,...,m, then the

m
support of the representing measure of A is concentrated in the set p,;l(RJr).
k=1
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One can follow the lines of the proof of Theorem II.2.3. We omit the details.

Remark 11.4.2. Let © = (@a)aezi be an n-sequence consisting of sesquilinear forms
on D , with O the restriction to D of the scalar product of H. The sequence © can be
associated with a sesquilinear form Ag given by

Ao(6,0) = Ot p(Tarys)
o.f

forall g = Y t* @ x4, = Y. tP @ yg € P, @ D.
a B

We say that © is of positive type, respectively a moment sequence, if Ag is of
positive type, respectively Ag is a moment sequence.

LetT’ = (Fa)aezi be an n-sequence of self-adjoint operators in L(H ), with T the
identity on H. The sequence I is associated with the hermitian form

AF(@J/’) = Z <Fa+[3$&ay[3>a

a,ﬂEZi

where p = 1% ® 24, 9 = > tP ® yg are arbitrary elements from P,, @ H.
o 3

We say that I is of positive type, respectively a moment sequence, if Ar is of positive
type, respectively Ar is a moment sequence.

Theorem 11.4.3. Let©® = (GQ)QGZZ be an n-sequence consisting of sesquilinear forms
on D, with O the restriction to D of the scalar product of .
The n-sequence © is a moment sequence if and only if there exists a 2n-sequence
Q = (Qa,8))(a,p)ezn xz7 cONsisting of sesquilinear forms on D, which is of positive
type, with the following properties:
(1) ©a = Qa0 foralla € Z7.
2) Q(a,ﬁ) = Q(a,ﬁ-{-ej) + Q(a+2€j,ﬁ+e]‘) forall o, 3 € Zi, 1<j53<n.
In the affirmative case, the n-sequence © has a uniquely determined representing measure
in R™ if and only if the 2n-sequence € is unique.
The n-sequence © has a representing measure whose support is concentrated in R

if and only if there exists a 2n-sequence (2 satisfying (1) and (2), and which, in addition,
has the property Aq(t;p, ¢) > 0forallp € P, @ Dandj =1,...,n.

This is an operator version of Corollaries I1.2.5 and I1.2.7 (see also Theorem 2.4
and Theorem 2.9 from [Vas5]). It can be directly proved or obtained from an operator
version of Theorem I1.2.4. We omit the details.

Corollary 11.4.4. LetT' = (Fa)aezi (Ty = 14) be an n-sequence of self-adjoint oper-
ators in L(H).

The n-sequence I" is a moment sequence if and only if there exists 2n-sequence A =
(A(aﬂ))(aﬂ)emxm consisting of self-adjoint operators in £(H ), which is of positive
type, with the following properties:
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(1) T = A0 foralla € Z7.

(2) Ata,p) = A(a,pre;) T A(atae; prey foralla, s € 2,1 < j <n.
In this case, the n-sequence I" has a uniquely determined representing measure in R™ if
and only if the 2n-sequence A is unique.

The n-sequence I has a representing measure whose support is concentrated in R’
if and only if there exists a 2n-sequence A satisfying (1) and (2), and which, in addition,
has the property that the 2n-sequence (A(a+e,~,ﬁ))(a,ﬁ)ezixzi is of positive type for all
7=1,...,n.

This assertion coincides with Corollary 2.6 from [Vas5].

Following some ideas from [PuVa4], we may discuss a slightly different point of
view, which reduces the number of parameters and gives a good control of the support of
the representing measures.

Let R, be as in Lemma I1.2.11.

Theorem 11.4.5. Let A be a positive semi-definite form on Ry ® D, which is unital and
Re,-symmetric. Then A is a moment form having a uniquely determined representing
measure.

If, moreover, A(pry, ) > Oforall ¢ € Rg, ® D and k = 1,...,m, then the

m
support of the representing measure of A is concentrated in the set pgl(R+).
k=1

The proof follows the line of Theorem I1.2.13. We omit the details. See also Theo-
rem 2.8 from [Vas5].
Theorem 11.4.6. Let © = (ea)aezi be an n-sequence consisting of hermitian forms on

D, with © the restriction to D of the scalar product of H. Letalso p = (p1,...,pm) be

an m-tuple of real polynomials from P,,, where py.(t) = > axets, k = 1,...,m, with
€l
Ij; C 7% finite for all k.

The n-sequence © is a moment sequence and has a representing measure whose

support is in the set (" p; ' (R4.) if and only if there exists a (n + 1)-sequence of positive
k=1

type Q = (Q(a,ﬁ))(o;ﬁ)eZixZ+r consisting of hermitian forms on D, with the following
properties:

(1) ©a = Qa0 foralla € Z7.
2 Qap) = Qapr1) T 2 QUat2e; 41+ 2 Do akerknQatetn a1 forall
j=1 k=1¢,nely,
a€lh,BEly.
3) Aa(prp, ) >0forallp e Py @Dandk=1,...,m.

The n-sequence © has a uniquely determined representing measure on [ p;l(R+) if
k=1
and only if the (n + 1)-sequence 2 is unique.



SPECTRAL MEASURES AND MOMENT PROBLEMS 209

This is the operator version of Theorem I1.2.15. See Theorem 2.9 from [Vas5].

II.5. SUBNORMAL MULTIOPERATORS

In this section, the techniques developed in the previous ones are used to describe
the existence of normal extensions for some tuples of unbounded operators. We mainly
discuss the results from [Vas5] (see also [StSz1], [StSz2], [Dem3], [Dem4] for similar
topics).

Two operators T;: D(T;) C H — H, j = 1,2, are said to be permutable ([IoVa])
if

TiTox = T2T1£E, S D(TlTQ) n D(TQTl)

A multioperator T' = (T4, ..., T,) in H is said to be permutable ([IoVa]) if T, Tk

are permutable forall j,k =1,...,n.

According to [IoVa], Corollary 3.4, every multioperator consisting of commuting
self-adjoint operators is permutable.

Remark 11.5.1. Let S = (S1,...,Sm) be permutable. Denote by II,,, the group of
permutations of the set {1,...,m}. If

D = ﬂ D(Srq)y - Srm))

melly,

then one can easily see that

S Spx = Sﬂ"(l) - -Sw(m)x, x e D.

Particularly, given a permutable multioperator " = (77, ..., T;,) and a multi-index
a = (ai,...,an) € ZT, we can define, unambiguously, the operator 7' = 17" - - - T;*n
by Setting S == Sal =1, SalJrl = ... = SQIJFOQ = Ts, Sa1+---+an,1+1 =

-+ = S0, ++a, = In,on the subspace
Da(T) = m D(Sﬂ'(l) T Sﬂ(m));
well,,
with m = |a|. We also set
D¥(T) = (] D).

ani

The direct extension of the concept of bounded subnormal (multi)operator (see also
[StSz1]) leads to the following.

Definition 11.5.2. Let T = (74,...,T,) be a multioperator in H. We say that T is
subnormal if there exists a Hilbert space K D H and a multioperator N = (N1, ..., Ny,)
in XC consisting of commuting normal operators such that 7; C N; forall j =1,...,n.
In this case, NN is said to be a normal extension of 7.
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We shall identify in the following the complex Euclidean space C™ with the real
Euclidean space R?" via the map

R?™ 3 (t1, ..., tn, 81,y 80) — (21,--.,2n) € C",

where z; = t; +1is;, j = 1,...,n. With this identification, the space P2, is itself

identified with the space of all finite sums of the form 3" ¢, 37%25.
B

The function z — z; will be denoted by 2z;,j =1...,n.

Remark 11.5.3. Suppose that the multioperator T = (T4, ...,T},) is subnormal in H
and let N = (Ny,...,N,) be a normal extension of 7" in K. As mentioned before, the
multioperator N is permutable. This implies that 7" is also permutable. Then we have
D*(T) ¢ D*(N) and T%z = N%z forall x € D*(T) and o € Z';. In particular,
ToTP = TP on D> (T) for all multi-indices a, 3.

Let D C D>°(T) be a linear subspace dense in H. Then the equation
AT(ZO‘zﬁ Rx,72"® y) = (TBJF&:U,TC”F”y), a,p,§,mell, x,y€D,

(extended by linearity) defines a sesquilinear form on P2, ® D. As a matter of fact,
the form A is positive semi-definite. Indeed, if F be the spectral measure attached to
N, because Pa, C L*(E, ) for each x € D> (N), it follows that E is a representing
measure for the corresponding form A n on the space Pa,, ® D> (N). Therefore, Ay is
positive semi-definite. Since A is the restriction of Ay to Pa, ® D, it follows that Ap
must be positive semi-definite too.

Remark 11.5.4. The identification of R?"*! with C* x R permits the identification of
Papn+1 with the algebra generated by the family of (linearly independent) monomials

G={z%Pu* : zeC", ueR, a,BeLy, keZy}.
The basis G is invariant under the involution
Ziﬂ+1 E] (aaﬁa k) - (/B,Oé, k) € Ziﬂ+17

and under multiplication as well.

Let Q = (Qa,8),k)a,8ezn kez, bea (2n + 1)-sequence of sesquilinear forms on
D C H such that (g g),0 is the restriction of the scalar product to D. Setting

’ ’ ’ 1" 1" 1"
AQ(EQ Zﬁ Uk ®1'/,2a Zﬁ ’LLk ®CL‘I/) = Q(aurﬁu_’a/urﬁ/)’kurku(.I‘/,.I'/I)

forallo/,o”, 3’3" € Z%, k', k" € Z, ', 2" € D, we obtain, by extension, a sesquilin-
ear form on Pa,11 ® D. We say that the sequence €2 is of positive semi-definite is the
form Ag is positive semi-definite. Note that if € is of positive type, then

(I1.5.1) Q) ke(®,y) = Qaa kY, 2), ,B€Zy, k€Zy, x,yeD,

via a standard argument of positive semi-definiteness.
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Theorem 11.5.5. Let T' = (T4,...,T,) be a multioperator in H and let D C D(Ty) N
--- N D(T},) be a linear subspace. Assume that D is dense in 7 and invariant under
Ti,..., Ty

Then there exist a Hilbert space K D> H and a multioperator N = (N1, ..., N,)in
K consisting of commuting normal operators such that N; > T;|Dforall j =1,...,nif
and only if there exists a (2n + 1)-sequence Q = ((a,5),k)a,sezn kez., Of sesquilinear
forms on D with the following properties:

(1) £(0,0),0 Is the restriction of the scalar product to D.

(2) Q is of positive type.

3) Qo,e;)0(x,y) = (Tjz,y) forallz,y e Dand j = 1,...,n.
4) Q(ej_’ej)ﬁo(x,x) = ||Tyz||?, i =1,...,n,x € D.

(&) Q(a,ﬁ),k = Q(a,ﬁ),k-‘,—l + Z Q(a+ej,ﬁ+ej),k+1 forall o, € Z , k € Z.
j=1

In the affirmative case, if in addition the closure of T;|D extends T forall j = 1,...,n,
then 7" is subnormal.

Sketch of proof. Assume first that there exists a multioperator NV with the stated proper-
ties. Let also E be the spectral measure of N, which acts on the Borel subsets in C™. We
define the maps

Q(a,ﬁ),k(ma y)

(I15.2) iy . .,
- < 2801 4 ||2|12) dE(z):z:,y>, a,BeEL!, ke, z,yeD.

We shall verify that the sequence 2 = (Q(a',a”),k)a',a”ezi,keh has proper-
ties (1)—(5).

Properties (1), (3) and (4) are easily verified.

Let us show that Q is of positive type (see Remark I1.5.4). Indeed, if 7(2) = (2, (1+
lz]|?)~1), 2 € C™, then F7(x) = PE(771(x))|H is a representing measure for the form
Aq, where P is the orthogonal projection of X onto H, which follows from (I1.5.2).

Property (5) is a consequence of the identity
[+ 122+ 2™ = 1022251+ |2+ = o.

Conversely, if the (2n+ 1)-sequence € is given, and if A, is the associated positive
semi-definite form on Pa,, 1 ® D (see Remark I1.5.4), we use the GN-procedure to get
the result. O

Remark 11.5.6. (1) Although the previous theorem is not an explicit characterization of
the power subnormal multioperators (i.e., a characterization only in terms of the given
multioperator), it leads to explicit characterizations, provided one can construct directly
the sequence €2. Such cases do exist, as will be shown in some work in progress.
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(2) Our methods permit the control of the support of the spectral measure of a nor-
mal extension of a subnormal multioperator. As in TheoremI1.2.15,letp = (p1,...,pm)

be an m-tuple of real polynomials from Ps,,, where pi(2,2) = > agey252", k =
§nely
1,...,m, with Iy C Z finite for all k. If we replace condition (5) from Theorem II.5.5

by the stronger condition

Qa.p)e = La,p), 41 T Z Qate;pre;)e+1

j=1

m
YD akerbinu Qe ptamris) o4
k=1&n,A\,p€l)

forall a, 8 € Z", ¢ € Z, and add the condition
6) Aa(pry, @) >0forall p € Papy1 @ Dandk =1,...,m,

then we obtain that the support of a normal extension of 7' may be chosen to lie in
m
-1
N p, (Ry).
k=1
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